Université Grenoble Alpes

ANNALES DE
LINSTITUT FOURIER

Johan M. COMMELIN

On compatibility of the /-adic realisations of an abelian motive
Tome 69, n° 5 (2019), p. 2089-2120.

<http://aif.centre-mersenne.org/item /AIF_2019__ 69_5_2089_0>

© Association des Annales de l'institut Fourier, 2019,

Certains droits réservés.
Cet article est mis a disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE.
http://creativecommons.org/licenses/by-nd/3.0/fr/

s

MERSENNE

Les Annales de I'institut Fourier sont membres du
Centre Mersenne pour I’édition scientifique ouverte
Www.centre-mersenne.org


www.centre-mersenne.org
http://aif.centre-mersenne.org/item/AIF_2019__69_5_2089_0
http://creativecommons.org/licenses/by-nd/3.0/fr/

Ann. Inst. Fourier, Grenoble
69, 5 (2019) 2089-2120

ON COMPATIBILITY OF THE /-ADIC
REALISATIONS OF AN ABELIAN MOTIVE

by Johan M. COMMELIN (*)

ABSTRACT. — In this article we introduce the notion of quasi-compatible sys-
tem of Galois representations. The quasi-compatibility condition is a mild relax-
ation of the classical compatibility condition in the sense of Serre. The main the-
orem that we prove is the following: Let M be an abelian motive in the sense of
Yves André. Then the ¢-adic realisations of M form a quasi-compatible system of
Galois representations. (In Theorem 5.1 we actually prove something stronger.) As
an application, we deduce that the absolute rank of the f-adic monodromy groups
of M does not depend on £. In particular, the Mumford—Tate conjecture for M
does not depend on 4.

RiESUME. —  Dans cet article, nous introduisons la notion de systéme quasi-
compatible de représentations galoisiennes. La condition de quasi-compatibilité
est un affaiblissement de la condition de compatibilité a la Serre. Le principal
théoréme que nous prouvons est le suivant: Soit M un motif abélien & la Yves
André. Alors les réalisations £-adiques de M forment un systéme quasi-compatible
de représentations galoisiennes. Comme application, on en déduit que le rang absolu
des groupes de monodromie ¢-adiques de M ne dépend pas de £. En particulier, la
conjecture de Mumford—Tate pour M ne dépend pas de £.

1. Introduction

1.1. MAIN RESULT. — The main result of this article is:

THEOREM 5.1. — Let M be an abelian motive over a finitely generated
subfield K C C. Let E be a subfield of End(M), and let A be the set of
finite places of E. Then the system Hx(M) is a quasi-compatible system
of Galois representations.
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To understand this result we need to explain what we mean by:

(i) the words “abelian motive”;
(ii) the notation Hp (M); and
(iii) the words “quasi-compatible system of Galois representations”.

1.2. ABELIAN MOTIVES. — In this text we use motives in the sense of
André [1]. Alternatively we could have used the notion of absolute Hodge
cycles. Let K C C be a finitely generated subfield of the complex numbers.
An abelian motive over K is a summand of a Tate twist of the motive
of an abelian variety over a finite K-algebra. In practice this means that
an abelian motive M is a package consisting of a Hodge structure Hg (M)
and for each prime ¢ an {-adic Galois representation Hy(M ), that arise in
a compatible way as summands of Tate twists of the cohomology of an
abelian variety.

1.3. A\-ADIC REALISATIONS AND THE NOTATION Hy (M). — Let M be an
abelian motive over K, and let E be a subfield of End(M). Since M is finite-
dimensional, the field E' is a number field. Let A be the set of finite places
of E. For each prime number ¢, the field E acts Qg-linearly on the Galois
representation Hy(M) by functoriality. Because Ey = E® Q; = HAM E,
we get a decomposition Hy(M) = @, , Hx(M) of Galois representations,
where Hy(M) = H¢ (M) ®g, Ex. We denote with Hp (M) the system of
A-adic Galois representations Hy (M) as A runs through A.

1.4. QUASI-COMPATIBLE SYSTEMS. — In Section 3 we develop a varia-
tion on the concept of compatible systems of Galois representations that
has its origins in the work of Serre [27]. Besides the original work of Serre,
we draw inspiration from Ribet [24], Larsen-Pink [15], and Chi [5]. The
main feature of our variant is a certain robustness with respect to exten-
sion of the base field.

By this we mean the following. For the purpose of this introduction,
let K be a number field; in Section 3 the field K is allowed to be any
finitely generated field of characteristic 0. Let p: Gal(K/K) — GL,(Qy)
and py: Gal(K/K) — GL,(Qu) be two Galois representations. Let v be a
place of K such that the residue characteristic of v is neither £ nor ¢'. Let
¥ be an extension of v to K. Assume that p, and py are unramified at v /v.
Let Fy,, be a Frobenius element with respect to v; that is, a lift of the
inverse of the Frobenius automorphism of x(v)/k(v) to the decomposition
group Dy, C Gal(K/K). Here 1(v) and £(v) denote the residue field of
and the residue field of v respectively.
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We can now contrast the usual compatibility condition with our condi-
tion. Recall that p, and p are called compatible at v if the characteristic
polynomials of pg(F3/,) and pe (Fy ) have coefficients in Q and are equal.
Note that extensions of v to K are conjugate. Consequently, neither the
condition that the representations are unramified nor the compatibility
condition on the characteristic polynomials depends on the choice of .

Our variant replaces the compatibility condition on the characteristic
polynomials of p¢(Fy,,) and pg(Fy/,) by the analogous condition for a
power of Fy/, that is allowed to depend on v: We say that py and py are
quasi-compatible at v if there exists an integer n such that the characteristic
polynomials of p,(F' gL/U) and py (F, g/v) have coefficients in Q and are equal.

We may also take endomorphisms into account. Instead of only consider-
ing systems of Q-linear Galois representations where ¢ runs over the finite
places of Q, we may consider systems of F-linear Galois representations
where A runs over the finite places of a number field E. This was already
suggested by Serre [27], and Ribet pursued this further in [24].

The quasi-compatibility condition mentioned above must then be
adapted as follows. Let py : Gal(K/K) — GL,(E,) and py : Gal(K/K) —
GL,(Ex) be two Galois representations. Assume that the residue charac-
teristic of v is different from the residue characteristics of A and X, and
assume that py and py/ are unramified at v. We say that p) and py/ are
quasi-compatible at v if there is a positive integer n such that the charac-
teristic polynomials of px(F3),) and px( ) have coefficients in F and
are equal.

The system H (M) mentioned above is quasi-compatible if for all A\, ' €
A there is a cofinite subset U C Spec(Ok) such that Hy(M) and Hy/ (M)
are quasi-compatible at all places v € U.

n
/v

1.5. RELATED WORK. — In [17], Laskar obtained related results.
Though he does not state this explicitly, his results imply that for a large
class of abelian motives the A-adic realisations form a compatible system of
Galois representations in the sense of Serre. The contribution of the main
result in this paper is that M may be an arbitrary abelian motive; although
we need to weaken the concept of compatibility to quasi-compatibility to
achieve this. See Remark 5.9 for more details.

1.6. ORGANISATION OF THE PAPER. — Every section starts with a para-
graph labeled “README”. These paragraphs highlight the important parts
of their section, or describe the role of the section in the text as a whole.
We hope that these paragraphs aid in navigating the text.

TOME 69 (2019), FASCICULE 5
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In Section 2 we recall the definition of abelian motives in the sense of
André [1]. We also recall useful properties of abelian motives. This section
does not contain new results. In Section 3 we give the main definition of
this paper, namely the notion of a quasi-compatible system of Galois rep-
resentations. In Section 4 we recall results showing that abelian varieties
and so-called CM motives give rise to such quasi-compatible systems. These
results are known over number fields, and we make the rather straightfor-
ward generalisation to finitely generated fields. Section 5 is the heart of
this paper, as it proves the main result. See below for an outline of its
contents. Finally, Section 6 and Section 7 are appendices. In the former we
show that quasi-compatible systems share some of the familiar properties
of compatible systems in the sense of Serre. The latter appendix shows that
for abelian motives the Mumford—Tate conjecture does not depend on the
prime number ¢ that occurs in its statement.

1.7. OUTLINE OF THE MAIN PROOF. — Shimura showed that if M =
H!(A), with A an abelian variety, then the system Ha (M) is an E-rational
compatible system in the sense of Serre. In Theorem 4.1 we recall this result
of Shimura in the setting of quasi-compatible systems of Galois represen-
tations.

In Section 5 we prove the main result of this paper, namely that Hp (M)
is a quasi-compatible system of Galois representations for every abelian
motive M. Roughly speaking, the proof works by constructing a family of
abelian motives over a certain Shimura variety such that M is a fibre of
this family of motives. Verifying the quasi-compatibility condition for M
may then be reduced to verifying the quasi-compatibilty condition at a cMm
point on the Shimura variety. At such a ¢M point we can prove the result
by reducing to the case of abelian varieties mentioned above. To make this
work, we need a recent result of Kisin [14]: Let . be an integral model of
a Shimura variety of Hodge type over the ring of integers Ok of a p-adic
field K, satisfying some additional technical conditions. Then every point
in the special fibre of . is isogenous to a point that lifts to a ¢M point of
the generic fibre #x. We refer to Section 5.6 and Section 5.7 for details.

1.8. TERMINOLOGY AND NOTATION. — We say that a field is a finitely
generated field if it is finitely generated over its prime field. A motive M
over a field K C C is called geometrically irreducible if Mc is irreducible.
If G is a semiabelian variety, then we denote with End®(G) the Q-algebra
End(G) ® Q. If X is a scheme, then X°' denotes the set of closed points
of X.

ANNALES DE L’INSTITUT FOURIER
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If E is a field, V' a finite-dimensional vector space over F, and g an
endomorphism of V, then we denote with c.p.5(g|V) the characteristic
polynomial of g. If there is no confusion possible, then we may drop E
or V from the notation, and write c.p.(g|V') or simply c.p.(g).

Let E be a number field. Recall that E is called totally real (TR) if for
all complex embeddings o: E < C the image o(F) is contained in R. The
field E is called a complex multiplication field (cm) if it is a quadratic
extension of a totally real field, typically denoted E°, and if all complex
embeddings o: E < C have an image that is not contained in R.

Let C be a Tannakian category, and let V be an object of C. With (V)®
we denote the smallest full Tannakian subcategory of C' that contains V.
This means that it is the smallest full subcategory of C' that contains V' and
that is closed under directs sums, tensor products, duals, and subquotients.

ACKNOWLEDGEMENTS. — This paper is part of the author’s PhD the-
sis [6]. I warmly thank Ben Moonen for his thorough and stimulating super-
vision. I also thank him for pointing me to Kisin’s paper [14]. I thank Netan
Dogra and Milan Lopuhaé for several useful discussions. Anna Cadoret, Bas
Edixhoven, Rutger Noot, and Lenny Taelman have provided extensive feed-
back, for which I thank them. In particular, Rutger Noot pointed me to the
work of Laskar [17]. I express gratitude to Pierre Deligne for his interest
in this work; his valuable comments have improved several parts of this
paper. Finally, I thank the referees for their comments.

2. Abelian motives

README. — We briefly review the definition of abelian motives in the
sense of André [1], and we recall some of their useful properties.

2.1. — Let K C C be a field, and let K be the algebraic closure of K
in C. Let X be a smooth projective variety over K. For every prime
number ¢, let Hj(X) denote the Galois representation HY, (X 5z, Q). Write
Hgp(X) for the Hodge structure Hg;,, (X(C), Q).

In this text a motive over K shall mean a motive in the sense of An-
dré [1]. To be precise, our category of base pieces is the category of smooth
projective varieties over K, and our reference cohomology is Betti coho-
mology, Hg(-). The resulting notion of motive does not depend on the
chosen reference cohomology, see [1, Prop. 2.3]. We denote the category of
motives over K with Motg. If X is a smooth projective variety over K,
then we write H'(X) for the motive in degree i associated with X. The

TOME 69 (2019), FASCICULE 5



2094 Johan M. COMMELIN

cohomology functors mentioned in Section 2.1 induce realisation functors
on the category of motives over K. Let M be a motive over K. For every
prime ¢, we write Hy (M) for the ¢-adic realisation; it is a finite-dimensional
Q¢-vector space equipped with a continuous representation of Gal(K /K).
Similarly, we write Hg (M) for the Betti realisation; it is a polarisable Q-
Hodge structure.

2.2. — The category Motk is a semisimple neutral Tannakian category
and therefore the motivic Galois group of a motive is a reductive alge-
braic group. We further mention that Kinneth projectors exist in Mot .
If K = C, then we know that the Betti realisation functor is fully faithful
on the Tannakian subcategory generated by motives of abelian varieties,
see Theorem 2.6.

2.3. — Let M be a motive over C, and let ¢ be a prime number. There
is an isomorphism of Qg-vector spaces Hp(M) ®g Q¢ = H,(M) that is
functorial in M. If M is defined over K, then there is an isomorphism of
Qg-vector spaces Hy(M) = Hy(Mc); and therefore

This isomorphism was proven for varieties by Artin in [2, Exposé XI|. The
generalisation to motives follows from the fact that the isomorphism is
compatible with cycle class maps.

2.4. — Let V be a Q-Hodge structure. The Mumford—Tate group Gg(V)
of V is the linear algebraic group over QQ associated with the Tannakian
category (V)® generated by V with the forgetful functor QHS — Vectg
as fibre functor. If V' is polarisable, then the Tannakian category (V)® is
semisimple; which implies that Gg(V) is reductive.

For an alternative description, recall that the Hodge structure on V is
determined by a homomorphism of algebraic groups S — GL(V ®q R),
where S is the Deligne torus Res% G- The Mumford-Tate group is the
smallest algebraic subgroup G of GL(V) such that Gg contains the image
of S. Since S is connected, so is Gg(V).

If M is a motive over a field K C C, then we write Gg (M) for Gg(Hg(M)).

2.5. — Let K C C be a field. An abelian motive over K is an object
of the Tannakian subcategory of motives over K generated by the motives
of abelian varieties over K and the motives H(Spec(L)) for finite field ex-
tensions L/K. Recall that H(A) = A" H!(A) for every abelian variety A
over K, and thus we have (H(A))® = (H!(A))®. If A is a non-trivial abelian
variety, then the class of any effective non-zero divisor realises 1(—1) as a

ANNALES DE L’INSTITUT FOURIER
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subobject of H?(A), and therefore 1(—1) € (H*(A))®. In particular 1(—1)
is an abelian motive.

Let M be an abelian motive over K. By definition there are abelian va-
rieties (A;)¥_; and field extensions (Lj)é»:1 such that M is contained in the
Tannakian subcategory generated by the H(A;) and H(Spec(L;)). Put A =
15, 4;, so that H(A) = @F_, H(4;), and let L be a common overfield
of the fields L;. It follows that M is contained in (H'(A4) & H(Spec(L)))®.
Upon replacing L by its normal closure, we see that for every abelian mo-
tive M over K there is a finite field extension L/K, and an abelian variety A
over L, such that the motive M, is contained in (H!(A))®.

THEOREM 2.6. — The Betti realisation functor Hg(-) is fully faithful
on the subcategory of abelian motives over C.

Proof. — See [1, Thm. 0.6.2]. |

2.7. — In the rest of this section we focus on so-called ¢M motives. They
will play a crucial role in the proof of our main result. An important tool
in understanding abelian CM motives is the half-twist construction that we
describe in Section 2.10.

DEFINITION 2.8. — A motive M over a field K C C is called a CM
motive if Hg(M) is a ¢cM Hodge structure, i.e., if the group Gg(M) is
commutative.

2.9. — Let E be a cM field. Let X(E) be the set of complex embeddings
of E. The complex conjugation on F induces an involution o ~ o' on (E).
If T is a subset of ¥(E), then we denote with TT the image of T" under
this involution. Recall that a ¢cM type ® C X(E) is a subset such that
U = X(F) and N®' = @. Each cM type ® defines a Hodge structure
Eg on E of type {(0,1),(1,0)}, via

Es®eC=C®  EM~c®  ELO~cC®

2.10. HALF-TwISTS. — The idea of half-twists originates from [12],
though we use the description in [18, §7]. Let V be a Hodge structure of
weight n. The level of V, denoted m, is by definition max{p—q | V% # 0}.
Suppose that End(V') contains a cM field E. Let Z(E) denote the set of
complex embeddings F < C. Let T C X(F) be the embeddings through
which E acts on @pﬂn/z} VP4, Assume that TN TT = @. Note that if
dimg(V) = 1, then the condition T NTT = & is certainly satisfied.

Let ® C 3¥(F) be a CM type, and let Eg be the associated Hodge struc-
tureon E. If TN® = @ and m > 1, then the Hodge structure W = E¢ gV

TOME 69 (2019), FASCICULE 5
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has weight n 4+ 1 and level m — 1. In that case we call W a half-twist of V.
Note that under our assumption TNTT = & we can certainly find a M type
with TN ® = &, so that there exist half-twists of V. For each cM type ®
with T'N ® = &, there is a complex abelian variety Ag well-defined up to
isogeny, with H},(A¢) & Fg. By construction we have £ C End(Hj(Ag))
and E C End(W). Note that V = Homy(Hg(Ag), W). In the next para-
graph we will see that this construction generalises to abelian motives.

2.11. — Let M be an abelian motive over K C C. Assume that M is
pure of weight n, and assume that End(M) contains a cM field E. Note
that Hg (M) is a Hodge structure of weight n. Let T C X(F) be the set of
embeddings through which E acts on €D, 1,, o) Hs (M)P?. Assume that 7N
Tt = @. Then there exists a finitely generated extension L/K, an abelian
variety A over L, and a motive N over L, such that E C End(H!(A)),
and E C End(N), and such that My, = Hom;(H'(A), N). Indeed, choose
a OM type & C X(E) such that TN® = &. Put A = A, and N =
H'(A3) ®5 Mc. Then Mc = Homy(H!(A), N), by Theorem 2.6 and the
construction above. The abelian variety A and the motive N are defined

over some finitely generated extension of K, and so is the isomorphism
Mc = Hom g (H'(A), N).

3. Quasi-compatible systems of Galois representations

README. — In this section we develop the notion of quasi-compatible
systems of Galois representations, a variant on Serre’s compatible systems
of Galois representations [27]. We follow Serre’s suggestion of developing
an E-rational version, where F is a number field; which has also been done
by Ribet [24] and Chi [5]. The main benefit of the variant that we develop
is that we relax the compatibility condition, thereby gaining a certain ro-
bustness with respect to extensions of the base field and residue fields. We
will need this property in a crucial way in the proof of Theorem 5.1.

3.1. — Let & be a finite field with ¢ elements, and let K be an algebraic
closure of k. We denote with Fj,,. the geometric Frobenius element in
Gal(k/k), i.e., the inverse of x — 2.

3.2. — Let K be a number field. Let v be a finite place of K, and
let K, denote the completion of K at v. Let K, be an algebraic clo-
sure of K. Let K/k be the extension of residue fields corresponding with
K, /K,. The inertia group, denoted I, is the kernel of the natural surjec-
tion Gal(K,/K,) — Gal(k/k). The inverse image of Fj, in Gal(K,/K,)

ANNALES DE L’INSTITUT FOURIER



¢-ADIC REALISATIONS OF ABELIAN MOTIVES 2097

is called the Frobenius coset of v. An element o € Gal(K/K) is called a
Frobenius element with respect to v if there exists an embedding K < K,
that extends the composite embedding K — K, — K, such that « is the
restriction of an element of the Frobenius coset of v.

3.3. — Let K be a finitely generated field. A model of K is an integral
scheme X of finite type over Spec(Z) together with an isomorphism between
K and the function field of X. Remark that if K is a number field, and
R C K is an order, then Spec(R) is naturally a model of K. The only model
of a number field K that is normal and proper over Spec(Z) is Spec(Ok).

3.4. — Let X be a model of K, and recall that we denote the set of
closed points of X with X Let € X! be a closed point. Let K, be the
function field of the Henselisation of X at x; and let x(x) be the residue
field at x. We denote with I, the kernel of Gal(K,/K,) — Gal(i(x)/k(z)).
Every embedding K < K, that extends the composite embedding K
K, = K, induces an inclusion Gal(K,/K,) — Gal(K/K).

Like in Section 3.2, the inverse image of Fi(y)/x(x) in Gal(l_(x/Kx) is
called the Frobenius coset of . An element o € Gal(K/K) is called a
Frobenius element with respect to x if there exists an embedding K — K,
that extends the composite embedding K < K, < K, such that « is the
restriction of an element of the Frobenius coset of x.

DEFINITION 3.5. — Let K be a field, let E be a number field, and let \
be a place of E. A \-adic Galois representation of K is a representation of
Gal(K/K) on a finite-dimensional Ex-vector space that is continuous for
the A-adic topology.

Let py: Gal(K/K) — GL(Vy) be a A-adic Galois representation of K.
We denote with Gx(px) or Ga(Vy) the Zariski closure of the image of
Gal(K/K) in GL(Vy). In particular, if E = Q and A\ = {, then we de-
note this group with Gg(ps) or G¢(Vy).

3.6. — For the rest of Section 3, we fix the following notation: Let K be
a finitely generated field, let E be a number field, and let A be a set of finite
places of E. Fix A € A, and let p = p) be a Aadic Galois representation
of K.

Let X be a model of K, and let 2 € X! be a closed point. We use the
notation introduced in Section 3.4. We say that p is unramified at x if there
is an embedding K < K, for which p(I,) = {1}. If this is true for one
embedding, then it is true for all embeddings.

Let F, be a Frobenius element with respect to x. If p is unramified
at x, then the element F, , = p(F;) is well-defined up to conjugation. For

TOME 69 (2019), FASCICULE 5
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n € Z, we write P, , ,(t) for the characteristic polynomial c.p.(Fﬁp). Note
that P, ., (t) is well-defined, since conjugate endomorphisms have the same
characteristic polynomial.

3.7. — In the following definitions, one recovers the notions of Serre [27]
by demanding n = 1 everywhere. By not making this demand we gain a
certain flexibility that will turn out to be crucial for our proof of Theo-
rem 5.1.

DEFINITION 3.8. — Let z € X° be a closed point of some model X of K.
The representation p is said to be quasi-FE-rational at x if p is unramified
at x, and Py , ,(t) € E[t], for some n > 1.

DEFINITION 3.9. — Let A1 and Ay be two finite places of E. Fori = 1,2,
let p; be a \;-adic Galois representation of K.

(1) Let X be a model of K, and let x € X! be a closed point. Then
p1 and po are said to be quasi-compatible at x if p; and py are
both quasi-E-rational at x, and if there is an integer n such that
Py o .n(t) = Py p,.n(t) as polynomials in E[t].

(2) Let X be a model of K. The representations p; and py are quasi-
compatible with respect to X if there is a non-empty open sub-
set U C X, such that p; and py are quasi-compatible at x for all
re Ul

(3) Let X be a model of K. The representations p; and py are
strongly quasi-compatible with respect to X if p; and py are quasi-
compatible at all points x € X! that satisfy the following condition:

The places A1 and Ao have a residue characteristic that
is different from the residue characteristic of x, and p;
and po are unramified at x.
(4) The representations p; and py are (strongly) quasi-compatible if

they are (strongly) quasi-compatible with respect to every model
of K.

Remark 3.10. — Let A1, Ao, p1, and p2 be as in the above definition.

(1) If there is one model X of K such that p; and py are quasi-compat-
ible with respect to X, then p; and ps are quasi-compatible with
respect to every model of K, since all models of K are birational
to each other.

(2) It is not known whether the notion of strong quasi-compatibility is
stable under birational equivalence: if p; and ps are quasi-compat-
ible with respect to some model X of K, there is no a priori reason
to expect that p; and po are strongly quasi-compatible with respect
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to X. However, by definition there exists a non-empty open subset
U C X such that p; and pe are strongly quasi-compatible with
respect to U; and of course U is birational to X.

(3) It is not known whether strong quasi-compatibility is an equiva-
lence relation: Let p1, p2, and p3 be respectively Aj-adic, As-adic,
and Az-adic Galois representations of K. Suppose that p; and ps are
strongly quasi-compatible and suppose that p; and p3 are strongly
quasi-compatible. Then it is not known whether p; and ps are
strongly quasi-compatible. This remark also holds for strong quasi-
compatibility with respect to a specific model of K.

DEFINITION 3.11. — A system of Galois representations of K is a triple
(E, A, (pA)ren), where E is a number field; A is a set of finite places of E;
and the py are A-adic Galois representations of K.

3.12. — In what follows, we often denote a system of Galois represen-
tations (E, A, (px)rea) with pa, leaving the number field E implicit. In
contexts where there are multiple number fields the notation will make
clear which number field is meant, e.g., by denoting the set of finite places
of a number field E’ with A’, etc.

DEFINITION 3.13. — Let py be a system of Galois representations of K.

(1) Let X be a model of K. The system py is (strongly) quasi-compat-
ible with respect to X if for all A1, A2 € A the representations py,
and py, are (strongly) quasi-compatible with respect to X.

(2) The system pyp is called (strongly) quasi-compatible if for all A1, Ao €
A the representations py, and py, are (strongly) quasi-compatible.

Remark 3.14. — The first two points of Remark 3.10 apply mutatis
mutandis to the above definition: compatibility is stable under birational
equivalence, but for strong compatibility we do not know this.

LEMMA 3.15. — Let pp be a system of Galois representations of K. Let
L be a finitely generated extension of K, and fix an embedding K — L
that extends K C L. Let p, denote the system of Galois representations
of L obtained by restricting the system pp to Gal(L/L).
(1) The system py is quasi-compatible if and only if the system p/y is
quasi-compatible.
(2) If the system p/, is strongly quasi-compatible, then the system pa
is strongly quasi-compatible.

Proof. — Without loss of generality we may and do assume that A =
{A1,A2}. Let X be a model of K. Let Y be an X-scheme that is a model
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of L. Let z € X! be a closed point whose residue characteristic is different
from the residue characteristic of A\ and \s.

For the remainder of the proof, we may and do assume that py, and py,
are both unramified at x. Then p) and p  are both unramified at all
points y € YL If y € Y is a closed point, and k denotes the residue
extension degree [k(y) : £(z)], then F, , and F} . are conjugate for all
A € A. This leads to the following conclusions:

(i) For every point y € Y., if P4, and p)  are quasi-compatible at y,
then py, and p,, are quasi-compatible at z; and

(ii) if px, and py, are quasi-compatible at z, then p) and p), are
quasi-compatible at all points y € Y,

Together, these two conclusions complete the proof. O

Note that I cannot prove the converse implication in point (ii), for the
following reason. Let y € Y be a closed point whose residue characteristic
is different from the residue characteristic of Ay and A\o. If p’A1 and p’A2 are
unramified at y, but py, and py, are not unramified at the image x of y
in X, then I do not see how to prove that p} and p), are quasi-compatible
at y.

3.16. — Let pa be a system of Galois representations over K. Let E' C
E be a subfield, and let A’ be the set of places X of E’ satisfying the
following condition:

For all places A of F with A|\, we have A € A.

For each ) € A’, the representation py = GBAIX Py is naturally a \-adic
Galois representation of K. We thus obtain a system of Galois representa-
tions pp.

LEMMA 3.17. — We use the notation of the preceding paragraph. If pp
is a (strongly) quasi-compatible system of Galois representations, then py/
is a (strongly) quasi-compatible system of Galois representations.

Proof. — To see this, we may assume that A’ = {\|,; \;} and A is the
set of all places A of E that lie above a place X' € A’. Let X be a model
of K. Let z € X! be a closed point whose residue characteristic is different
from the residue characteristic of A and A3. Assume that py; and py, are
both unramified at x. Suppose that for all A1, A2 € A, the representations
P, and py, are quasi-compatible at x. If pa is a strongly quasi-compatible
system, then this is automatic. If pa is merely a quasi-compatible system,
then this is true for 2 € U, for some non-empty open subset U C X.
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Since we assumed that A is a finite set, there exists an integer n > 1 such
that P(t) = P, ,, »(t) does not depend on A € A. We may then compute

Popyon(t) = [[ NmEY Prp () = Nm;, P(t).
AN

See [11] for a very general definition of the norm map Nm. We conclude that
Py p,,.n(t) is a polynomial in E’[t] that does not depend on A\ € A’. O

3.18. — A counterpart to the preceding lemma is as follows. Let py be
a system of Galois representations over K. Let F C E be a finite extension,
and let A be the set of finite places A of E that lie above the places A € A.

Let A € A be a finite place of E. Write Ey for E @ Ey and recall
that F\ = H7\I/\ E;\. Consider the representation gy = p) ®g, E\, and
observe that it naturally decomposes as py = @;\‘ A\ Px» Where p5 = p) ®p,
E;\. We assemble these Galois representations p5 in a system of Galois
representations that we denote with p5 or py ®g E.

LEMMA 3.19. — We use the notation of the preceding paragraph. If py
is a (strongly) quasi-compatible system of Galois representations, then px
is a (strongly) quasi-compatible system of Galois representations.

Proof. — Let X be a model of K and let z € X! be a closed point. Let
X € A be a place that lies above A € A, and let n > 1 be an integer. Then
P:v,pk,n = P:r,ﬁ;mu O

LEMMA 3.20. — Let pa and p), be two systems of Galois representa-
tions over K. Then one may naturally form the following systems of Galois
representations:

(a) the dual: py = (E, A, (P)aca);
(b) the direct sum: pp @ ply = (E, A, (px ® p\)rer);

(c) the tensor product: pp ® ply = (E, A, (px ® py)rea);
(d) the internal Hom: Hom(pa, p}y) = (E, A, (Hom(px, p)))rea)-

If pp and p), are systems of Galois representations over K that are both
quasi-compatible, then the constructions (a) through (d) form a quasi-
compatible system of Galois representations.

Proof. — It follows immediately from the following lemma. |

LEMMA 3.21. — Let V and V' be finite-dimensional vector spaces over
a field E, of dimension n respectively n'. Let g and g’ be endomorphisms
of V and V' respectively.
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(1) There exist polynomials with integral coeffecients that depend only
on n and n' that express the coefficients of the characteristic poly-
nomial ¢.p.(g ® ¢'|V & V') in terms of the coefficients of c.p.(g|V)
and c.p.(¢'|V").

(2) There exist polynomials with integral coeffecients that depend only
on n and n' that express the coefficients of ¢.p.(¢ ® ¢'|V @ V') in
terms of the coefficients of ¢.p.(g|V') and c.p.(¢'|V’).

Proof. — Write f for c.p.(g|V) and f’ for c.p.(¢'|V’). For point 1, note
that c.p.(¢g® ¢'|[V @ V) = f- f'. For point 2, put f = [[/_,(z — o;) and
[ =TIj— (& — &}) in Elz], and note that

cp(g@d|VeV)=]]-aa))

(2]

n ’ﬂ/
i
=1 [[=/ei = o))
i=1 j=1

= res, (f(y), /' (/) - y™),

where res, (-, ) denotes the resultant of the polynomials in y. O

4. Examples of quasi-compatible systems

README. — In this section we show that abelian varieties and abelian
CM motives give rise to strongly quasi-compatible systems of Galois repre-
sentations, in respectively Theorem 4.1 and Theorem 4.9. These results are
known over number fields. We recall their proofs and generalise the results
to finitely generated fields.

Let M be a motive over a finitely generated field K C C. Let £ C
End(M) be a number field, and let A be the set of finite places of E. Let £
be a prime number. Then Hy(M) is a module over By = E® Q = H,\w E,.
Correspondingly, the Galois representation Hy (M) decomposes as Hy(M) =
@D, Ha(M), with Hy(M) = He(M) ®@p, Ex. The A-adic representations
H) (M), with A € A, form a system of Galois representations that we denote
with Hp (M). It is expected that Ha(M) is a quasi-compatible system of
Galois representations, and even a compatible system in the sense of Serre.
Indeed, this assertion is implied by the Tate conjecture.

The following theorem is a slightly weaker version of a result proven
by Shimura in [30, §11.10.1]. We present the proof by Shimura in modern
notation, and with a bit more detail. The proof is given in Section 4.7,
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and relies on Proposition 4.2, which is Proposition 11.9 of [30]. For similar
discussions, see [5], [24, §I1], [20], and [21].

THEOREM 4.1 ([30, §11.10.1]). — Let A be an abelian variety over a
finitely generated field K, and let E C End’(A) be a number field. Let
A be the set of finite places of E whose residue characteristic is different
from char(K). Then H} (A) is a strongly quasi-compatible system of Galois
representations.

Proof. — See Section 4.7. O

PROPOSITION 4.2 ([30, Prop. 11.9]). — Let E be a number field. Let .
be a set of prime numbers, and let A be the set of finite places of E that
lie above a prime number in £ . For every prime number ¢ € £, let Hy be
a finitely generated Ey-module. Recall that By = E® Qp = HAM E\. Write
H) for Hy ®p, Ey, so that Hy = ®>\|€ H,.

Let R be a finite-dimensional commutative semisimple E-algebra; and
suppose that, for every prime number { € £, we are given E-algebra
homomorphisms R — Endg, (H;). Assume that for every r € R the char-
acteristic polynomial c.p.q, (r|H,) has coefficients in Q and is independent
of £ € £. Under these assumptions, for every r € R the characteristic
polynomial c.p., (r|Hx) has coefficients in E and is independent of A € A.

Proof. — The assumptions on R imply that R is a finite product of finite
field extensions K;/F. Let ¢; be the idempotent of R that is 1 on K; and 0
elsewhere. For r € R, observe that

c.p.q, (r[He) = Hc.p.@é(eiﬂeng), c.p.p, (r[Hy) = HC~P-EA(€i7"|€iH>\)~
K3 K3
We conclude that we only need to prove the lemma for R = K;, and
H, = ¢;Hy, i.e., that we can reduce to the case where R is a field.

Suppose R is a finite field extension of E, and choose an element 7 € R
that generates R as a field. Let fg be the minimum polynomial of 7 over Q.
Observe that c.p.g, (7|He) is a divisor of a power of fF in Q[t]. Since both
are elements of Q[t] and f§ is irreducible, we conclude that c.p.q, (7|H,) is
equal to ( Io )4, for some positive integer d. Since 7 is semisimple, it follows
that H, = Qq[n]¢ as Qq[r]-modules. Let H be the R-vector space R?. By
construction H; = H ®g Q, as (R ®qg Q¢)-modules. Because R ®qg Q; =
R®p E®qgQy, this implies that Hy 2 HQg E) as (RQg E))-modules. For
all € R, we have c.p.p, (r|[Hx) = c.p.g(r[H), and therefore c.p., (r|Hx)
has coefficients in E and is independent of A € A. a
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COROLLARY 4.3 ([24, Thm. I1.2.1.1]). — Let A be an abelian variety
over a finitely generated field K, and fix a prime number ¢ # char(K). Let
E C End’(A) be a number field. Then Hj(A) is a free Eg-module.

LEMMA 4.4. — Let A be an abelian variety over a finite field x of char-
acteristic p. Note that Spec(k) is the only model of , and let x denote the
single point of Spec(k). Let E be a number field inside End®(A), and let
A be the set of finite places of E whose residue characteristic is different
from p. Then P, ,, 1(t) has coefficients in E and is independent of A € A. In
particular, H} (A) is a quasi-compatible system of Galois representations.

Proof. — Let E[F,4] be the subalgebra of End’(A) generated by E and
F4, where F is the Frobenius automorphism of A over k. Note that E[F4]
may naturally be viewed as the subalgebra of End(Hj}(A)) generated by £
and Fy ,,. This algebra is semisimple by work of Weil. For every r € E[Fy]
the characteristic polynomial c.p.(r|H}(A)) has coefficients in Q, and is
independent of ¢, by Theorem 2.2 of [13]. It follows from Proposition 4.2

that P, ,, 1(t) has coefficients in E and is independent of A € A. O

LEMMA 4.5. — Let T — G - A be a semiabelian variety over some
field K, and let E be a number field inside End"(G). Then E naturally
maps to End”(A) and End®(T).

Proof. — Let f be an endomorphism of (. Consider the composition
g: T — G N G — A. The image of g is affine, since it is a quotient
of T', and it is projective, since it is a closed subgroup of A. It is also
connected and reduced, and therefore factors via 0 € A(K). We conclude
that f(7') C T, which proves the result. O

LEMMA 4.6. — Let X be the spectrum of a discrete valuation ring.
Let n (resp. x) denote the generic (resp. special) point of X. Let A be a
semistable abelian variety over . Let E be a number field inside End”(A).
Let X\ be a finite place of E such that the residue characteristics of A and x
are different. Then A has good reduction at x if and only if H}(A) is
unramified at x.

Proof. — This is a slight generalisation of the criterion of Néron—-Ogg—
Shafarevic [29, Thm. 1]. It is clear that if A has good reduction at z, then
H}(A) is unramified at z. We focus on the converse implication. Let ¢ be
the residue characteristic of A. By [29, Thm. 1] it suffices to show that
H}(A) is unramified at . Let H}(A)! denote the subspace of H}(A) that
is invariant under inertia. Let G' be the Néron model of A over X. Recall
that H}(A)! = H}(G,), by [29, Lem. 2]. It follows from the definition of
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the Néron model that E embeds into End(G) ® Q. Hence E embeds into
End(G,) ® Q, and we claim that H} (A)! = H}(G,) is a free E,-module.
Recall that with Fy we mean F ® Qy = HM@ E)\. Before proving the claim,
let us see why it is sufficient for proving the lemma. By Corollary 4.3 we
know that H}(A) is a free Ep-module. Thus H}(A)/H}(A)! is a free Ey-
module. We conclude that H(A) is unramified at z, if and only if H}(A)
is unramified at z.

We will now prove the claim that H} (A4)! = H}(G,) is a free E;-module.
Since A is semistable, the special fibre G, is a semiabelian variety T —
G, — B. The semiabelian variety G, is a special case of a 1-motive, and
thus we have a short exact sequence

0 — H}(B) — H}(G,) — H}(T) — 0.

We also have H} (T') = Hom(T', Gy,) @ Q(—1), see [7, variante 10.1.10]. By
Lemma 4.5, the action of E on G, gives an action of F on both T and B.
Since Hom(7T, Gy,) ® Q is a free E-module, we know that H}(T) is a free
Eg-module. By Corollary 4.3 we also know that H} (B) is free as E,-module.
Therefore, H} (G,;) = H}(A)! is free as E,-module. O

4.7. PROOF OF THEOREM 4.1. — Let X be a model of K, and let
x € X be a closed point. Let A®) be the set of places A € A that have a
residue characteristic £ that is different from the residue characteristic of x.
If there is a A € A®) such that H}(A) is unramified at z, then A has good
reduction at x, by Lemma 4.6. Assume that A has good reduction at x. We
denote this reduction with A,. It follows from Lemma 4.4 that P, , 1(t)
has coefficients in F and is independent of A € A(®), ]

PRrROPOSITION 4.8. — Let M be an abelian motive of weight n over a
finitely generated field K C C. Let E C End(M) be a ¢M field such that
dimg(M) = 1, and let A be the set of finite places of E. Then the system
H) (M) is a strongly quasi-compatible system of Galois representations.

Proof. — Let X be a model of K, and let € X! be a closed point. Let
A®) be the set of finite places of E whose residue characteristic is different
from the residue characteristic of z. Fix A € A®). Let m be the level of M,
that is max{p — ¢ | Hg(M)?? # 0}. We apply induction to m, and use
half-twists as described in Section 2.10.

Suppose that m = 0; in particular n is even. By Lemma 3.15 we may
replace K by a finite field extension and therefore we may assume that M is
a Tate motive: M = 1(—%)® E. The Frobenius element F} acts on Hy (M)
as multiplication by #Ko(x)”/ 2. Thus Hp (M) is a strongly quasi-compatible
system.
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Suppose that m > 1. Let T C X(F) be the set of embeddings through
which E acts on €,>,,/o1 He(M)P4. Since dimp(M) = 1 we know that
TNTT = @. It follows from the discussion in Section 2.10 and Section 2.11
that there exists a finitely generated extension L/K, an abelian variety A
over L, and a motive N over L such that My, = Hom(H*(A), N), and such
that the level of N is m — 1, and dimg(N) = 1. By Theorem 4.1 we know
that H} (A) is a strongly quasi-compatible system, and by induction we may
assume that H} (V) is a strongly quasi-compatible system. It follows from
Lemma 3.20 that Hx (M) = Homp (H} (A), H (N)) is a quasi-compatible
system of Galois representations over L, and we will now argue that it is
even a strongly quasi-compatible system.

We may assume that A is semistable over L, possibly after replacing L
with a finite field extension. Since A is a semistable ¢M abelian variety, we
know that A has good reduction everywhere, and thus H} (A) is unramified
at . Hence H, (M) is unramified at z if and only if H}(N) is unramified
at z. Finally, Lemma 3.15 shows that Hj (M) is also a strongly quasi-
compatible system of Galois representations over K. g

THEOREM 4.9 (See also [25, Cor. 1.6.5.7]). — Let M be an abelian ¢M
motive over a finitely generated field K C C. Let E be a subfield of End(M),
and let A be the set of finite places of E. Then the system Hy (M) is a
strongly quasi-compatible system of Galois representations.

Proof. — By Lemma 3.15 we may replace K by a finitely generated ex-
tension and thus we may and do assume that M decomposes into a sum
of geometrically isotypical components M = M; & ... & M,. Observe that
E C End(M;) for i = 1,...,r. By Lemma 3.20 we see that it suffices to
show that Hy (M;) is a strongly quasi-compatible system for i = 1,... 7.
Therefore we may assume that M = (M’)®* where M’ is a geometrically
irreducible cM-motive. If M’ is a Tate motive, then the result is trivially
true. Hence, let us assume that F' = End(M’) is a cM field. Notice that
dimg/(M') = 1. By assumption E acts on (M')®* and thus we get a
specific embedding E C Maty,(E’). We may find a field E C Maty,(E’)
that contains F, and such that [E : E'] = k. Then M = M’ ®p E as
motives with F-action. Let A be the set of finite places of E. By Propo-
sition 4.8, the system Ha/(M’) is a strongly quasi-compatible (quasi-FE’-
rational) system of Galois representations, and by Lemma 3.19 we find
that H;(M) = Ha(M') ®p E is a strongly quasi-compatible (quasi-FE-
rational) system. We conclude that Hp (M) is a strongly quasi-compatible
(quasi- E-rational) system of Galois representations by Lemma 3.17. (|
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5. Deformations of abelian motives

README. — In this section we prove the main result of this article, which
is the following theorem.

THEOREM 5.1. — Let M be an abelian motive over a finitely generated
field K C C. Let E be a subfield of End(M), and let A be the set of finite
places of E. Then the system Hy (M) is a quasi-compatible system of Galois
representations.

5.2. — The proof of this theorem relies heavily on the fact that an
abelian motive can be placed naturally as fibre in a family of abelian mo-
tives over a certain Shimura variety of Hodge type. We summarise this
result in Lemma 5.4. Its proof uses the rather technical Construction 5.3.
Once we have the family of motives in place, the rest of the section is
devoted to the proof of the main theorem. The following picture aims to
capture the intuition of the proof.

The picture is a cartoon of an integral model of a Shimura variety, and the
motive M fits into a family M over the generic fibre, such that M = My,.
The Zariski closure X of the point A in this integral model is a model for the
field K. We give a rough sketch of the strategy for the proof that explains
the three steps in the picture:

(1) We have a system of Galois representations Hy (Mp,) and we want
to show that it is quasi-compatible at = € X¢;

(2) we replace x by an isogenous point y in the sense of Kisin [14]; in
such a way that

(3) we may assume that y lifts to a special point s.
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The upshot is that we have to show that the system Hj (M) is quasi-
compatible at y. We will see that this follows from Theorem 4.9.

5.3. CONSTRUCTION. — Fix an integer g € Zso. Let (G, X) —
(GSpQQ,Y)i) be a morphism of Shimura data, and let o € X be a mor-
phism S — Grg. In this paragraph we will construct an abelian scheme over
an integral model of the Shimura variety Shx (G, X), where K is a certain
compact open subgroup of G(Af). Along the way, we make two choices,
labeled (i) and (ii) so that we may refer to them later on.

Let G denote the Zariski closure of G' in GSp,, /Z. Note that Gz, is re-
ductive for almost all primes p. For each integer n > 3, let KC,, (resp. an))

denote the principal congruence subgroup of G(Z) (resp. GSpQQ(Z)) con-
sisting of elements congruent to 1 modulo n. Observe that we have K,) =
ICEn) N G(Ay). This gives a morphism of Shimura varieties

ShKZ(n) (Ga X) — ShIC’(n) (GSPZgafJi)'

By applying Lemma 3.3 of [19] with p = 6 we can choose n in such a way
that it is coprime with p and such that this morphism of Shimura varieties
is a closed immersion. In [19], Noot assumes that p is prime, but he does
not use this fact in his proof.

(i). — Fix such an integer n, and write K for K(,). Since n > 3, the
subgroup ICzn) is neat, hence K is neat, and therefore Shx (G, X) is smooth.
As is common, we denote with 7 1 »/Z[1/n] the moduli space of principally
polarised abelian varieties of dimension g with a level-n structure. Recall
that 7 1, is smooth over Z[1/n]. Let F' C C be the reflex field of (G, X).
We have a closed immersion of Shimura varieties

Shic(G, X) < Sh; (GSpag, HF) = g 1nc

that is defined over F’. Let .%k (G, X) be the Zariski closure of Shi (G, X)
in @/, 1, over Op/[1/n]. Recall that Shi(G, X) is smooth. Hence there
exists an integer multiple Ny of n such that i (G, X)o,, [1/n] is smooth.

For a prime number p, let K, be KN G(Q,), and let K? be K N G(AF).
Since K = K, is a principal congruence subgroup we have K = KC,K?. The
group K, is called hyperspecial if there is a reductive model G’ /Z, of G/Q
such that K, = G'(Z,). By Section 3.2 of [31] such a hyperspecial subgroup
is a maximal compact open subgroup of G(Q,). Observe that K, = G(Z,)
and recall that Gz, /Zpy is reductive for almost all prime numbers p. Thus
the set of primes for which K, is not hyperspecial is finite. Write N; for
the product of those prime numbers, and let N be the integer Ny - N1. By
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construction K = KC,K? and K, is hyperspecial for almost all p, so that we
may apply results by Kisin [14] in Sections 5.6 and 5.7.

The point h € X is a complex point of Y (G, X). After replacing F’
by a finite extension F' C C we may assume that the generic fibre of the
irreducible component . C k. (G, X)o,.[1/n) that contains the point / is
geometrically irreducible.

(ii)). — Choose such a field F C C. In the following paragraphs we
will consider the closed immersion of Shimura varieties .7 — o7 1 ,, as a
morphism of schemes over Op[1/N].

LEMMA 5.4. — Let M be an abelian motive over a finitely generated
field K C C. There exist

e finitely generated fields F C L C C, with K C L;

e a smooth irreducible component . of an integral model of a
Shimura variety over F, such that the generic fibre S is geomet-
rically irreducible;

e an abelian scheme f: A — .¥;

e an idempotent motivated cycle v on A/.%;

e a family of abelian motives M/.%},, such that M /. = Im(v)(m),
for some m € 7Z;

e an isomorphism M = My, for some point h € . (L).

Proof. — Since M is an abelian motive, there exist a principally polarised
complex abelian variety A, a motivated projector vy on A, and an integer m
such that Mc = (4,9, m). Write V for Hg(M). Observe that Gg(V) is
naturally a quotient of Gg(A). Write G for Gg(A), and let h: S — Gg
be the map that defines the Hodge structure on Hg(A). Let X be the
G(R)-orbit of h in Hom(S, Gg). Let g be dim(A). The pair (G, X) is a
Shimura datum, and by construction we get a morphism of Shimura data
(G, X) — (Gszg,f)i). Now run Construction 5.3, choosing

(i) an integer n > 3;
(ii) a number field F' C C;

and producing a closed immersion of Shimura varieties . < 7, 1., over
Op[1/N], for some integer N.

It follows from Construction 5.3, that the Hodge structure V gives rise
to a variation of Hodge structure V on .#¢ such that the fibre of V above h
is V, and such that h is a Hodge generic point of ./ with respect to
the variation V. The embedding of Shimura varieties . — 7, 1, gives a
natural abelian scheme f: A — .. The point h is also a Hodge generic
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point with respect to f because f is induced by an embedding of Shimura
varieties. Observe that A = Aj,.

The motivated projector vy acts on Hj(A), and V' = Im(yo)(m). Since h
is a Hodge generic point of .7, the projector =y spreads out to a projector
7 on the variation of Hodge structure @, R* fc +Q, and V. = Im(v)(m).

By Theorem 2.6, the projector v is motivated, and thus we obtain a
family of abelian motives M /.7 whose Betti realisation is V.. In par-
ticular My, = Mc. Finally, the point h, the projector v, and the family of
motives M are all defined over a finitely generated subfield L C C that
contains the fields F' and K. O

5.5. — We will now start the proof of Theorem 5.1. We retain the as-
sumptions and notation of Construction 5.3 and Lemma 5.4. Write S for
L. Recall that V is the m-th Tate twist of the image of v in @, R fc . Q; it
is the variation of Hodge structure that is the Betti realisation of M /S(C).
Because h is a Hodge generic point, the field F is a subfield of End(V). Let
(e;)i be a basis of E as Q-vector space.

Let £ be a prime number. By Theorem 2.6, the projector v on @, R'fc,.Q
induces a projector on ), R’ fs Qg over S that spreads out to a projector v,
on @, R f.Qq over the entirety of .. Let V; denote Im(v,)(m). Note that
Vi, s is the -adic realisation of M/S.

By Theorem 2.6 we see that £, = E ® Qy is a subalgebra of End(Vy,s).
Since S is the generic fibre of .7, we see that Ey, C End(V,). This has two
implications, namely

(i) we obtain classes e; ; € End(V;) that form a Q-basis for E;; and

(ii) because By = E® Qp = Hklé E), the lisse f-adic sheaf V, de-
composes as a sum @/\le V), of lisse A-adic sheaves, where V) =
Ve ®@p, E.

5.6. — Let p be a prime number that does not divide N, so that I
decomposes as K,KP, and K, is hyperspecial. Let F,/F, be a finite field.
Let z € (F,) be a point. Kisin defines the isogeny class of = in [14,
§1.4.14]. It is a subset of .7 (F,).

Let y be a point in .#(F,) that is isogenous to 2. Proposition 1.4.15 of [14]
implies that there is an isomorphism of Galois representations Hj (A,) =
Hj(Ay) such that v, , € End(Hj(A;)) is mapped to ¢, € End(Hj}(A,)),
and such that e; ¢, is mapped to e;¢,. This implies that V,, = V,, as

E,[Gal(F,/F,)]-modules. We conclude that Vs, = V, as A-adic Galois
representations.
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5.7. — We need one more key result by Kisin [14]. Theorem 2.2.3 of [14]
states that for every point z € #(FF,), there is a point y € .#(FF,) that is
isogenous to x and such that y is the reduction of a special point in S.

5.8. — We are now set for the attack on Theorem 5.1. Let A\; and Ao
be two finite places of E. Let £; and £ be the residue characteristics of A\;
respectively As. Let X be the Zariski closure of h in . Note that X
is a model for the residue field of h. Let U C X be the Zariski open
locus of points « € X such that the residue characteristic p of x does not
divide N - #; - 2. To prove Theorem 5.1, it suffices to show that Hy, (M)
and Hy, (M) are quasi-compatible at all points x € U Fix a point z € U°.
Observe that by construction the representations Hy, (M) and Hy, (M) are
unramified at x. Let F, be the residue field of x. We want to show that
Vi, .« and Vy, , are quasi-compatible. This means that we have to show that
the characteristic polynomials of the Frobenius automorphisms of Vy, ,
and V,,, are equal, possibly after replacing the Frobenius automorphism
by some power. Equivalently, we may pass to a finite extension of IF,. This
is what we will now do.

As mentioned in Section 5.7, Theorem 2.2.3 of [14] shows that there
exists a point y € . (qu) such that y is isogenous to = and such that y
is the reduction of a special point s € S. The point y is defined over a
finite extension of ;. As explained in the preceding paragraph, we may
replace [F; with a finite extension. Thus we may and do assume that y is
F,-rational. By our remarks in Section 5.6 it suffices to show that Vy, 4
and V,,, are quasi-compatible. In other words, it suffices to show that
Hy, (M) and Hy, (M) are quasi-compatible at y. Recall that s is a special
point in S. Therefore Mj is an abelian ¢CM motive, and we conclude by
Theorem 4.9 that Hy, (M) and Hy, (M) are quasi-compatible at y. This
completes the proof of Theorem 5.1.

Remark 5.9. — Laskar [17] has obtained similar results. Let M be an
abelian motive over a number field K. Let £ C End(M) be a number
field, and let A be the set of finite places of E. Laskar needs the following
condition: Assume that Gg(M)*? does not have a simple factor whose
Dynkin diagram has type Dy or, more precisely, type D]}jI in the sense of
Table 1.3.8 of [8]. Then Theorem 1.1 of [17] implies that the system H (M)
is a compatible system in the sense of Serre after replacing K by a finite
extension. If Gg(M)?! does have a simple factor whose Dynkin diagram
has type Dﬂ then Laskar also obtains results, but I do not see how to
translate them into our terminology. See [17] for more details.
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6. Properties of quasi-compatible systems

README. — We establish some properties of quasi-compatible systems:
(1) (Definition 6.1) We recover the notion of a Frobenius torus, just as
in the classical concept of a compatible system in the sense of Serre.

(2) (Theorem 6.4) Let K be a finitely generated field. Let E be a num-
ber field, and let A be a set of finite places of E. Let py and p/y be
two quasi- E-rational quasi-compatible systems of semisimple Galois
representations of K. If there is a place A € A such that py = p)
as A-adic Galois representations, then p, and py are isomorphic as
quasi- E-rational systems of Galois representations of K.

(3) (Proposition 6.5) We show that under reasonable conditions, we
can recover the field E' as subring of Endg g, k) g, (pr) for some
AeA.

(4) (Lemma 6.14) Let pp be a quasi-compatible system of semisimple
Galois representations. We prove that the absolute rank of Gy (py)
is independent of A.

DEFINITION 6.1 (See also [5, §3]). — Let K be a finitely generated field,
let X be a model of K, and let © € X be a closed point. Let E be a
number field, and let A be a finite place of E. Let p be a semisimple A-adic
Galois representation of K. Assume that p is unramified at x. The algebraic
subgroup H,, C Gx(p) generated by Fy , is well-defined up to conjugation.
Note that H,, is a finite-index subgroup of Hy, and therefore the identity
component of H,, does not depend on n. We denote this identity component
with T (p).

If there is an integer n > 0 such that F', is semisimple, then we call
T.(p) the Frobenius torus at . In this case the algebraic group T,(p) is
indeed an algebraic torus, which means that Ty (p) g, = GF,, for some k > 0.

m?’

Remark 6.2. — For the remainder of this section we fix the following
notation: Let K be a finitely generated field. Let E be a number field, and
let A be the set of finite places of E whose residue characteristic is different
from char(K).

Now fix A € A, and let p = p) be a A-adic Galois representation of K.
Let 2 € X be a closed point of some model X of K. Assume that there
is an integer n > 0 such that F}', is semisimple. Also assume that p is
quasi- F-rational.

Fix an integer n > 0 such that F}', is semisimple and generates the
Frobenius torus Ty (p), and such that c.p.(F}',) has coefficients in E. Let
(i) be the roots of c.p.(F; ) in some algebraic closure Eof E.LetT C E*
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be the subgroup generated by the ay; it is a free abelian group with an
action of Gal(E/E). Let Ey be an algebraic closure of Ey, and fix an em-
bedding E < E) that extends E < Ej. As Gal(E)/E))-module, I' may
be canonically identified with the character lattice Hom(T%(p) g, , Gy, 5, )-
Let T be the algebraic torus over FF whose character lattice is I'. By con-
struction we have Tg, = T, (p).

The upshot of this computation is that we may view T,.(p) in a canon-
ical way as an algebraic torus over F, if p is a quasi-FE-rational Galois
representation.

PROPOSITION 6.3. — Fix A € A. For i = 1,2, let p; be a A-adic Galois
representation of K. If p; and py are semisimple, quasi-compatible, and
G (p1 @ p2) Is connected, then p; = pa.

Proof. — See Sections 6.6 through 6.13. g

THEOREM 6.4. — Let pp and p), be two quasi-compatible systems of
semisimple Galois representations. Assume that Gx(px @ p)\) is connected
for all X € A. If there is a X\ € A such that py = p), then ppy = py.

Proof. — This is an immediate consequence of Proposition 6.3. g

PROPOSITION 6.5. — Let £ be the set of prime numbers different
from char(K). Let py be a quasi-compatible system of semisimple Ga-
lois representations of K. Let p be the quasi-compatible system of Galois
representations obtained by restricting to Q C E, as in Section 3.16; in
other words, py = 69/\\5 px. Assume that Gy(py) is connected for all ¢ € £ .
Fix Ao € A. Define the field E' C E to be the subfield of E generated by
elements e € E that satisfy the following condition:

There exists a model X of K, a point x € X°, and an inte-

ger n > 1, such that Py ,, «(t) € E[t] and e is a coefficient

of Py py,n(t)-
Let ¢ be a prime number that splits completely in E/Q. If the endomor-
phism algebra Ende g, 1 g, (pe) is isomorphic to E ® Q, then E = E'.

Proof. — We restrict our attention to a finite subset of A, namely Ag =
{Mo} U{A|£}. Let U C X be an open subset such that for all A;, A\a € Ay
the representations py, and py, are quasi-compatible at all x € U°. For
each z € U, let n, be an integer such that P, (t) = Py, n,(t) € E[t] does
not depend on A € Ag.

Let ) be a place of E’ above £. Let A; and Ay be two places of FE
that lie above X'. We view py, and p,, as N-adic representations. Since ¢

TOME 69 (2019), FASCICULE 5



2114 Johan M. COMMELIN

splits completely in E/Q, the embeddings Q, — E), — E), are isomor-
phisms. By definition of E’ we have P,(t) € E'[t]. Therefore py, and px,
are quasi-compatible \’-adic representations; hence they are isomorphic by
Proposition 6.3. Let py: be the \-adic Galois representation ®>\I>\' Px, as
in Section 3.16. We conclude that EndGal(K/K),E,A, () = Matg. g (E)),
which implies [E : F'] = 1. O

6.6. — Let X be a model of K. There is a good notion of density for
subsets of X¢. This is described by Serre in [26] and [28], and by Pink
in appendix B of [23]. For the convenience of the reader, we list some
features of these densities. Most of the following list is a reproduction of
the statement of Proposition B.7 of [23]. Let T C X! be a subset. If T has
a density, we denote it with px (7).

(1) If T C X has a density, then 0 < ux(T) < 1.

(2) The set X°' has density 1.

(3) If T is contained in a proper closed subset of X, then T has den-
sity 0.

(4) fTy ¢ T C Ty, € X such that px(Ty) and pux(T,) exist and are
equal, then px (T') exists and is equal to ux (Th1) = px (Ta).

(5) If Ty, Tp C X are two subsets, and three of the following densities
exist, then so does the fourth, and we have

px (T UTo) + px (Ty NTe) = px (Th) + px (Tz).

(6) If u: X — X' is a birational morphism, then T has a density if and
only if u(T") has a density, and if this is the case, then pux(T) =

px (w(T))-

6.7. — Chebotarev’s density theorem generalises to this setting. Let
Y — X be a finite étale Galois covering of integral schemes of finite type
over Spec(Z). Denote the Galois group with G. For each point y € Y with
image € X the inverse of the Frobenius automorphism of x(y)/(x) de-
termines an element F, € G. The conjugacy class of I, only depends on z,
and we denote it with F,.

THEOREM 6.8. — LetY — X be a finite étale Galois covering of integral
schemes of finite type over Spec(Z) with group G. For every conjugacy class

C C @G, the set {x € X' | F, = C} has density %
Proof. — See [23, Prop. B.9]. O

THEOREM 6.9. — Fix A € A, and let p be a semisimple A-adic Galois
representation of K. Assume that Gy (p) is connected. There is a non-empty
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Zariski open subset U C Gy (p) such that for every model X of K, and every
closed point z € X! the following statement holds: if p is unramified at x,
and for some n > 1 the Frobenius element F}', is conjugate to an element
of U(E)), then T,(p) is a maximal torus of Gy (p).

Proof. — See [5, Thm. 3.7]. The statement in [5] is for abelian varieties,
but the proof is completely general and is not even limited to Frobenius
elements. g

COROLLARY 6.10 ([5, 3.8]). — Fix A € A, and let p be a semisimple
M-adic Galois representation of K. Assume that Gx(p) is connected. Let
X be a model of K. Let ¥ C X°! be the set of points € X°' for which
p is unramified at x and T,(p) is a maximal torus of Gy(p). Then ¥ has
density 1.

LEMMA 6.11. — Let E be a field of characteristic 0. Let G be a re-
ductive group over E. Let p; and ps be two finite-dimensional semisimple
representations of G. Let S C G(E) be a subset that is Zariski-dense in G.
Assume that for all g € S we have tr(p1(g)) = tr(p2(g)). Then p1 = py as
representations of G.

Proof. — Note that trop; is a separated morphism of schemes G — AL.
Therefore we have tr(p1(g)) = tr(pz2(g)) for all g € G(E). By linearity, we
find that tr(pi(a)) = tr(pz2()) for all « in the group algebra E[G(E)]. By
Proposition 3 in [4, §12, no. 1], we conclude that p; = py as representations
of G(E), hence as representations of G. O

LEMMA 6.12. — Fix A € A. For i = 1,2, let p; be a semisimple A-adic
Galois representation of K. Write p for p1 & po. Assume that Gx(p) is
connected. If there is a model X of K, and a point x € X such that p is
unramified at x, and T, (p) is a maximal torus, and Py ,, »(t) = Py p,n(t)
for some n > 1, then p; = py as A-adic Galois representations.

Proof. — Write T for T,(p). Observe that Py ,, in(t) = Py p,.kn(t) for
all & > 1. Let H,, be the algebraic subgroup of G,(p) that is generated
by Fy',. Recall that T is the identity component of H,,. Note that for some
k > 1, we have Fﬁ’; € T(E)). Replace n by kn, so that we may assume
that F}', generates T' as algebraic group.

The set {FF" | k > 1} is a Zariski dense subset of T. Since Py ,, kn(t) =
P,y kn(t), for all & > 1, Lemma 6.11 implies that pi|r = pa|r. Note
that Gx(p) is reductive, since p is semisimple by assumption. Because T'
is a maximal torus of Gx(p) and G,(p) is connected and reductive, we
find that p; = po as representations of Gy(p), and hence as A-adic Galois
representations of K. (|
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6.13. PROOF OF PROPOSITION 6.3. — Let X be a model of K. By
Corollary 6.10, the subset of points x € X! for which T}, (p1 @© p2) is a max-
imal torus is a subset with density 1. By definition of quasi-compatibility,
and Section 6.6, the subset of points = € X' at which p; and p; are quasi-
compatible is also a subset with density 1. Once again by properties listed
in Section 6.6, these subsets have non-empty intersection: there exists a
point z € X such that T.(p1 @ p2) is a maximal torus and p; and py are
quasi-compatible at . Now Proposition 6.3 follows from Lemma 6.12. O

LEMMA 6.14. — Let pp be a quasi-compatible system of semisimple
Galois representations of K. Assume Gy (py) is connected, for all A € A.
Then the absolute rank of Gx(py) is independent of .

Proof. — Tt suffices to assume that A = {\;,A2}. Let X be a model
of K. Fori=1,2let ¥; C X be the set of points z € X! for which p,, is
unramified at z and T,(py,) is a maximal torus of Gy, (py,). Then X; has
density 1, by Corollary 6.10. Let U C X be an open subset such that py,
and p), are compatible at all z € U°.

Put ¥ = X, N Xy N U, by item (5) of Section 6.6 we know that X
is non-empty. Fix a closed point x € X. Since py, and py, are quasi-E-
rational and quasi-compatible at x, there exists a torus T over F such that
Tg,, = Ty(px;), see Remark 6.2. The tori Ty (px,) C Gy, (pa,) are maximal
tori, by assumption. We conclude that Gy, (pa,) and Gy, (pr,) have the
same absolute rank. O

Remark 6.15. — One property of compatible systems in the sense of Serre
that does not carry over to quasi-compatible systems is the independence of
the component group. For example, consider the following system of Galois
representations of Q: for £ = 2, and £ = 1 (mod 4), let py be the trivial
representation of Gal(Q/Q) on Qg; for £ = 3 (mod 4), let Gal(Q/Q) act
on Q, via Gal(Q(4)/Q), where the non-trivial element of Gal(Q(7)/Q) acts
as multiplication with —1.

This system of representations is unramified away from 2, and is quasi-
compatible, because pg(F}?) =1, for all £ # p # 2. However, the component
group Gy(p¢) depends on £ (mod 4).

7. Remark on the Mumford—Tate conjecture

README. — In this section we recall the Mumford—Tate conjecture. A
priori, this conjecture depends on the choice of a prime number ¢. We
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show that for abelian motives this conjecture does not depend on ¢, see
Corollary 7.5. For abelian varieties, this result is proven in [16, Thm. 4.3].

CONJECTURE 7.1 (Mumford-Tate). — Let M be a motive over a finitely
generated subfield of C. Let £ be a prime number. Under the comparison
isomorphism Hg(M) ® Q; = Hy(M), see Section 2.3, we have

MTC,(M):  Gp(M)® Q; = G3(M).

LEMMA 7.2. — Let K C L be finitely generated subfields of C. Let M
be a motive over K. Then Gg(My) = Gg(M) and G) (M) = Gy(M). In
particular MTCy(M) < MTC,(My).

Proof. — See [18, Prop. 1.3]. O

PROPOSITION 7.3. — Let M be an abelian motive over a finitely gen-
erated field K C C. Let Zg(M) be the centre of the Mumford—Tate group
Gg(M), and let Z¢(M) be the centre of G (M). Then Z¢(M) C Zp(M)®Qy,
and Zy(M)° = Zg(M)° ® Q.

Proof. — The result is true for abelian varieties, see [33, Thm. 1.3.1]
or [32, Cor. 2.11]. We use this result in the diagram below.

Fix a prime number ¢. By Lemma 7.2, we may replace K by a finitely
generated field extension, and therefore we may assume that there is an
abelian variety A over K such that M € (H(A))® and such that G,(A) is
connected. By definition of abelian motive, there is an abelian variety A
such that M is contained in the Tannakian subcategory of motives gener-
ated by H(A).

We have a surjection Gg(A) — Gg(M). Since Gg(A) is reductive, Zg (M)
is the image of Zg(A) under this map. The same is true on the f-adic side.
Note that Gg(A) is reductive, by Satz 3 in [9, §5]; see also [10]. Thus we
obtain a commutative diagram with solid arrows

Zo(A) ————— Zy(M) —— Gy(M)
Zp(A) ® Q¢ — Zp(M) ® Q¢ —— Gp(M) ® Q¢
which shows that the dotted arrow exists and is an inclusion. The vertical
arrow on the left exists and is an inclusion by the result on abelian varieties
mentioned at the beginning of the proof. The vertical arrow on the right
exists and is an inclusion, by Theorem 2.6.

Finally, observe that Zg(M) and Z;(M) have the same rank. Indeed, as
remarked at the beginning of the proof, we know that Z,(A)° — Zp(A4)° ®
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Q¢ is an isomorphism. The commutative diagram above shows that the
inclusion Zy(M)°® < Zp(M)° ® Q; must be an isomorphism. O

PROPOSITION 7.4. — Let M be an abelian motive over a finitely gener-
ated subfield K C C. Let £ be a prime number. If Gg(M) and G¢(M) have
the same absolute rank, then MTC(M), is true.

Proof. — We apply the Borel-de Siebenthal theorem, see [3]; or [22]:
since G§ (M) C Gp(M)®Q, has maximal rank, it is equal to the connected
component of the centraliser of its centre. By Proposition 7.3, we know
that the centre of G§(M) is contained in the centre of Gg(M) ® Q,. Hence
Gy (M) = Gp(M) @ Q. O

COROLLARY 7.5. — Let M be an abelian motive over a finitely gener-
ated subfield K C C. The Mumford-Tate conjecture is independent of the
choice of the prime number £.

Proof. — Note: For abelian varieties, a proof of this result can be found
in [16, Thm. 4.3].

Let £ be a finite set of prime numbers, and assume that MTC, (M) holds
for at least one prime ¢ € . Without loss of generality, we may and do
assume that the groups G;(M) are connected for all £ € £, by Lemma 7.2.
By Theorem 5.1 the Galois representations Hy (M) form a quasi-compatible
system, and by Lemma 6.14 the rank of the groups G¢(M) does not depend
on £. Since the Mumford—Tate conjecture is true for one £ € .Z, the groups
Gp(M) and G¢(M) have the same absolute rank for all £ € . The result
follows from Proposition 7.4. O

BIBLIOGRAPHY

[1] Y. ANDRE, “Pour une théorie inconditionnelle des motifs”, Publ. Math., Inst. Hautes
Etud. Sci. (1996), no. 83, p. 5-49.

[2] M. ARTIN, A. GROTHENDIECK & J.-L. VERDIER (eds.), Séminaire de Géométrie
Algébrique du Bois-Marie 1963-1964 (SGA 4). Théorie des topos et cohomologie
étale des schémas. Tome 3, Lecture Notes in Mathematics, vol. 305, Springer, 1973,
avec la collaboration de P. Deligne et B. Saint-Donat, vi+640 pages.

(3

A. BOREL & J. DE SIEBENTHAL, “Les sous-groupes fermés de rang maximum des
groupes de Lie clos”, Comment. Math. Helv. (1949), no. 23, p. 200-221.

N. BouRBAKI, Eléments de mathématique. Algébre. Chapitre 8. Modules et an-
neaux semi-simples, Springer, 2012, Second revised edition of the 1958 edition,
x+489 pages.

4

[5] W. C. CHI, “f-adic and A-adic representations associated to abelian varieties defined
over number fields”, Am. J. Math. 114 (1992), no. 2, p. 315-353.

[6] J. COMMELIN, “On f-adic compatibility for abelian motives & the Mumford-Tate
conjecture for products of K3 surfaces”, PhD Thesis, Radboud Universiteit Ni-
jmegen, 2017.

ANNALES DE L’INSTITUT FOURIER



¢-ADIC REALISATIONS OF ABELIAN MOTIVES 2119

[7] P. DELIGNE, “Théorie de Hodge. 1117, Publ. Math., Inst. Hautes Etud. Sci. (1974),
no. 44, p. 5-77.

, “Variétés de Shimura: interprétation modulaire, et techniques de con-
struction de modeles canoniques”, in Automorphic forms, representations and L-
functions (Oregon State University, Corvallis, Oregon, 1977), Part 2, Proceedings
of Symposia in Pure Mathematics, vol. XXXIII, American Mathematical Society,
1979, p. 247-289.

[9] G. FALTINGS, “Endlichkeitssitze fiir abelsche Varietédten tiber Zahlkérpern”, Invent.
Math. 73 (1983), no. 3, p. 349-366.

, “Complements to Mordell”, in Rational points (Bonn, 1983/1984), Aspects
of Mathematics, vol. E6, Vieweg & Sohn, 1984, p. 203-227.

[11] D. FERRAND, “Un foncteur norme”, Bull. Soc. Math. Fr. 126 (1998), no. 1, p. 1-49.

[12] B. vAN GEEMEN, “Half twists of Hodge structures of cM-type”, J. Math. Soc. Japan
53 (2001), no. 4, p. 813-833.

[13] N. KaTz & W. MESSING, “Some consequences of the Riemann hypothesis for vari-
eties over finite fields”, Invent. Math. 23 (1974), p. 73-77.

[14] M. KisIN, “mod p points on Shimura varieties of abelian type”, J. Am. Math. Soc.
30 (2017), no. 3, p. 819-914.

[15] M. LARSEN & R. PINK, “On ¢-independence of algebraic monodromy groups in
compatible systems of representations”, Invent. Math. 107 (1992), no. 3, p. 603-
636.

(8]

(10]

(16]

, “Abelian varieties, f-adic representations, and ¢-independence”, Math.
Ann. 302 (1995), no. 3, p. 561-579.

[17] A. LASKAR, “fl-independence for a system of motivic representations”, Manuscr.
Math. 145 (2014), no. 1-2, p. 125-142.

(18] B. MOONEN, “On the Tate and Mumford-Tate conjectures in codimension 1 for
varieties with h2? = 1", Duke Math. J. 166 (2017), no. 4, p. 739-799.

[19] R. NooTt, “Models of Shimura varieties in mixed characteristic”, J. Algebr. Geom.
5 (1996), no. 1, p. 187-207.

, “Classe de conjugaison du Frobenius d’une variété abélienne sur un corps
de nombres”, J. Lond. Math. Soc. 79 (2009), no. 1, p. 53-71.

, “The system of representations of the Weil-Deligne group associated to an
abelian variety”, Algebra Number Theory 7 (2013), no. 2, p. 243-281.

[22] S. PEPIN LEHALLEUR, “Subgroups of maximal rank of reductive groups”, in Au-
tour des schémas en groupes. Vol. III, Panoramas et Synthéses, vol. 47, Société
Mathématique de France, 2015, p. 147-172.

[23] R. PINK, “The Mumford—Tate conjecture for Drinfeld-modules”, Publ. Res. Inst.
Math. Sci. 33 (1997), no. 3, p. 393-425.

[24] K. RIBET, “Galois action on division points of Abelian varieties with real multipli-
cations”, Am. J. Math. 98 (1976), no. 3, p. 751-804.

[25] N. SCHAPPACHER, Periods of Hecke characters, Lecture Notes in Mathematics, vol.
1301, Springer, 1988, xvi+160 pages.

[26] J.-P. SERRE, “Zeta and L-functions”, in Arithmetical Algebraic Geometry (Pro-
ceedings of a Conference held at Purdue Univiversity, December 5-7, 1963), Harper
& Row, 1965, p. 82-92.

, Abelian l-adic representations and elliptic curves, Research Notes in Math-

ematics, vol. 7, A K Peters, 1998, With the collaboration of Willem Kuyk and John

Labute, Revised reprint of the 1968 original, 199 pages.

, Lectures on Nx (p), CRC Research Notes in Mathematics, vol. 11, CRC

Press, 2012, x+163 pages.

20]

(21]

27]

(28]

TOME 69 (2019), FASCICULE 5



2120 Johan M. COMMELIN

[29] J.-P. SERRE & J. TATE, “Good reduction of abelian varieties”, Ann. Math. 88
(1968), p. 492-517.

[30] G. SHIMURA, “Algebraic number fields and symplectic discontinuous groups”, Ann.
Math. 86 (1967), p. 503-592.

[31] J. TiTs, “Reductive groups over local fields”, in Automorphic forms, representations
and L-functions (Oregon State University, Corvallis, Oregon, 1977), Part 1, Pro-
ceedings of Symposia in Pure Mathematics, vol. XXXIII, American Mathematical
Society, 1979, p. 29-69.

[32] E. ULLMO & A. YAFAEV, “Mumford—Tate and generalised Shafarevich conjectures”,
Ann. Math. Qué. 37 (2013), no. 2, p. 255-284.

[33] A. Vasiu, “Some cases of the Mumford-Tate conjecture and Shimura varieties”,
Indiana Univ. Math. J. 57 (2008), no. 1, p. 1-75.

Manuscrit regu le 12 septembre 2017,
révisé le 22 février 2018,
accepté le 26 avril 2018.

Johan M. COMMELIN
Albert—Ludwigs-Universitit Freiburg
Mathematisches Institut
Ernst-Zermelo-Strafle 1

79104 Freiburg im Breisgau (Germany)

jmc@math.uni-freiburg.de

ANNALES DE L’INSTITUT FOURIER


mailto:jmc@math.uni-freiburg.de

	1. Introduction
	2. Abelian motives
	3. Quasi-compatible systems of Galois representations
	4. Examples of quasi-compatible systems
	5. Deformations of abelian motives
	6. Properties of quasi-compatible systems
	7. Remark on the Mumford–Tate conjecture
	Bibliography

