Université Grenoble Alpes

ANNALES DE
LINSTITUT FOURIER

Wolfgang ARENDT & A. F. M. TER E1sT

The Dirichlet problem without the maximum principle
Tome 69, n° 2 (2019), p. 763-782.
<http://aif.centre-mersenne.org/item /AIF_2019__69_2_763_0>

© Association des Annales de l'institut Fourier, 2019,

Certains droits réservés.
Cet article est mis a disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE.
http://creativecommons.org/licenses/by-nd/3.0/fr/

P

MERSENNE

Les Annales de I'institut Fourier sont membres du
Centre Mersenne pour I’édition scientifique ouverte
Www.centre-mersenne.org


www.centre-mersenne.org
http://aif.centre-mersenne.org/item/AIF_2019__69_2_763_0
http://creativecommons.org/licenses/by-nd/3.0/fr/

Ann. Inst. Fourier, Grenoble
69, 2 (2019) 763-782

THE DIRICHLET PROBLEM
WITHOUT THE MAXIMUM PRINCIPLE

by Wolfgang ARENDT & A. F. M. TER ELST (¥)

ABSTRACT. — Consider the Dirichlet problem with respect to an elliptic oper-
ator
d d d
A=— E Bkaklal— E 8kbk+ E Ck8k+60
k=1 k=1 k=1

on a bounded Wiener regular open set Q@ C RY, where agj,cx € Loo(Q,R) and
br,co € Loo(€2,C). Suppose that the associated operator on Lo(2) with Dirichlet
boundary conditions is invertible. Then we show that for all ¢ € C(99) there exists
a unique u € C(Q) N H} (Q) such that u|gn = ¢ and Au = 0.

loc - _
In the case when Q has a Lipschitz boundary and ¢ € C(Q) N H/2(Q), then we
show that u coincides with the variational solution in H!(Q).

REsuMmE. —  Considérons le probléme de Dirichlet par rapport & un opérateur
elliptique
d d d
A=— E Bkaklalfg BkkaFE ek O + co
k=1 k=1 k=1

sur un ensemble ouvert régulier de Wiener borné Q C R%, ot ag, ¢ € Loo (2, R)
et br,co € Loo(2,C). Supposons que 0 n’est pas une valeur propre de A avec
conditions aux limites Dirichlet. Alors nous montrons que pour tout ¢ € C(99Q) il

existe un unique v € C(Q) N HL
Dans le cas ot 2 a une frontiére Lipschitz et ¢ € C(Q)NH/2(Q), nous montrons

que u coincide avec la solution variationnelle dans H1 ().

(2) tel que ulgn = ¢ et Au = 0.
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764 Wolfgang ARENDT & A. F. M. TER ELST

1. Introduction

Let © C R? be an open bounded set with boundary I'. Throughout
this paper we assume that d > 2. The classical Dirichlet problem is to
find for each ¢ € C(I') a function u € C(Q) such that ulr = ¢ and
Au = 0 as distribution on Q. The set 2 is called Wiener regular if for every
¢ € O(T') there exists a unique u € C(Q) such that u|r = ¢ and Au =0
as distribution on 2.

The Dirichlet problem has been extended naturally to more general
second-order operators. For all k,l € {1,...,d} let ag: & — R be a
bounded measurable function and suppose that there exists a 1 > 0 such

that
d

(1.1) Re Y an(@) & & > pléf

k=1

for all x € Q and ¢ € C4. Further, for all k € {1,...,d} let by, c,co: Q@ — C
be bounded and measurable. Define the map A: HL () — D'(Q2) by

(Au, v)pr)xD(Q) Z /akl (Oru) 8w+z by, u O v
Q

k=1
+Z/ck(8ku)ﬁ+/couﬁ
Pailo) Q

forallu € HL () and v € C°(£2). Given ¢ € C(T'), by a classical solution
of the Dirichlet problem we understand a function u € C(Q) N H ()
satisfying Au = 0 and u|r = ¢. For the pure second-order case (that is by =
¢ = ¢o = 0) Littman—Stampacchia—Weinberger [11] proved that for all
© € C(T) there exists a unique classical solution u. Then Stampacchia [13,
Théoréme 10.2] added real valued lower order terms, under the condition
(see [13], (9.27)) that there exists a u’ > 0 such that

d
1.2 /cv—|— /bﬁv} '/v
(1.2) Qo ;Qkk MQ

for all v € C°(Q)*. Gilbarg-Trudinger [10, Theorem 8.31] merely assume
that

d
(1.3) /c0v+2/bkaku>o
Q k=1 Q

for all v € C°(2)" in order to obtain the same conclusion. A consequence
of these assumptions is a weak maximum principle, which implies that
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DIRICHLET PROBLEM WITHOUT MAXIMUM PRINCIPLE 765

lullo@ < leller) for all uw € Hy (@) N C(Q) satisfying Au = 0 and
u|r = ¢. We may consider (1.3) as a kind of submarkov condition since it
is equivalent to —Alg < 0 in D'(Q).

The aim of this paper is to show that the positivity condition (1.3)
and the maximum principle are not needed for the well-posedness of the
Dirichlet problem. In addition we allow the by and ¢ to be complex valued.
In order to state the main results of this paper in a more precise way we
need a few definitions. Define the form a: H(Q) x H*(Q2) — C by

d d
(1.4) a(u,v) = Z /akl (8ku)%+2/bkum
k=174 k=174
d
+Z/ck(8ku)5—|—/cou@.
/e Q

Let AP be the operator in Ly(f2) associated with the form al g1 ) x HE ()
In other words, AP is the realisation of the elliptic operator A in Lo(€)
with Dirichlet boundary conditions. This operator has a compact resolvent.
Moreover, if (1.3) is valid, then ker AP = {0} by [10, Corollary 8.2]. Instead
of (1.3) we assume the condition ker AP = {0}, which is equivalent to the
uniqueness of the Dirichlet problem (cf. Proposition 2.3 below).

The main result of this paper is the following well-posedness result for
the Dirichlet problem.

THEOREM 1.1. — Let Q C R? be an open bounded Wiener regular
set with d > 2. For all k,l € {1,...,d} let ar;: @ — R be a bounded
measurable function and suppose that there exists a p > 0 such that

d
Re Z an () &, & = pléf?

k=1

for all z € Q and ¢ € C?. Further, for all k € {1,...,d} let by, co: Q@ — C
and c: 2 = R be bounded and measurable. Let AP be as above. Suppose
0 & o(AP). Then for all p € C(T) there exists a unique u € C(Q)N H} ()
such that u|r = ¢ and Au = 0.

Moreover, there exists a constant ¢ > 0 such that

lullo@ < clieller)

for all ¢ € C(T), where u € C(2) N HL_(Q) is such that ulr = ¢ and
Au = 0.
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766 Wolfgang ARENDT & A. F. M. TER ELST

Instead of the homogeneous equation Au = 0 one can also consider
the inhomogeneous equation Au = fy + 22:1 Ok fr. We shall do that in
Theorem 2.13.

Adopt the notation and assumptions of Theorem 1.1. Define P: C(I') —
C(Q) by Py = u, where u € C(Q2) N HL_(Q) is such that ulr = ¢ and
Au = 0. Note that Py is the classical solution of the Dirichlet problem.

If Q has even a Lipschitz boundary (which implies Wiener regularity),
then there is also a variational solution of the Dirichlet problem that we
describe next. Denote by Tr: H'(Q2) — Lo(T) the trace operator. Again
let agi, bi, ck, co € Loo(€2) and suppose that the ellipticity condition (1.1)
is satisfied. Further suppose that 0 ¢ o(AP). Then for each ¢ € Tr H(Q)
there exists a unique u € H*(), called the variational solution, such that
Au = 0 and Tru = ¢ (cf. Lemma 2.1). Define v: Tr H}(Q) — H'(Q) by
setting yp = u.

The second result of this paper says that the variational solution and the
classical solution coincide, if both are defined.

THEOREM 1.2. — Adopt the notation and assumptions of Theorem 1.1.
Suppose that § has a Lipschitz boundary. Let o € C(T') N'Tr H'(Q). Then
Py = vy almost everywhere on ().

The last main result of this paper concerns a parabolic equation. Let A,
denote the part of the operator A in Cy(£2). So

D(A.) = {u € D(AP)NCy(Q) : APu e Cy(Q)}
and AC = AD|D(AC)-

THEOREM 1.3. — Adopt the notation and assumptions of Theorem 1.1.
Then —A. generates a holomorphic Cy-semigroup on Cy(§2). Moreover,
e~tey = ety for all u € Cy(Q) and t > 0.

In Section 2 we prove Theorem 1.1 via an iteration argument. Section 3
is devoted to the comparison of the classical and the variational solutions of
the Dirichlet problem. Theorem 1.2 is proved there with the help of a deep
result of Dahlberg [7]. We consider the semigroup on Cy(f2) in Section 4
and prove Theorem 1.3.

2. The Dirichlet problem

In this section we prove Theorem 1.1 on the well-posedness of the Dirich-
let problem. The technique is a reduction to the Stampacchia result men-
tioned in the introduction. For this reason we introduce the following two
forms and operators.

ANNALES DE L’INSTITUT FOURIER



DIRICHLET PROBLEM WITHOUT MAXIMUM PRINCIPLE 767

Adopt the notation and assumptions of Theorem 1.1. For all A € R define
the forms ay,by: H(Q2) x H(Q) — C by

ax(u,v) = a(u,v) + X (v, ), (Q)

and by (u,v) = Z/akl (Oru) 811)4—2/0;.3 (Oru) v—i—)\/uv

k=1

where a is as in (1.4). Define similarly Ay, By: HL .(Q) — D'(Q) and let
BP be the operator associated with the sesquilinear form b0|Hé(Q)XHé(Q).
It follows from ellipticity that there exists a Ay > 0 such that

I I
3 0] () < Reax,(v) and 3 [0/ () < Reby,(v)

for all v € H'(Q). Note that By satisfies the submarkovian condition
—By1q < 0, that is (1.3), and even Stampacchia’s condition (1.2) for all
A > 0. So we can and will apply Stampacchia’s result (in the proof of
Lemma 2.8).

We first investigate the operator AP in Ly (). Note that fO"‘ZZ:l Ok fr €
D'(Q) for all fo, f1,..., fa € L1(). The next lemma is also valid if the ay,
and ¢ are complex valued.

LEMMA 2.1. — Let f1,...,fa € L2(R2). Let p € (1,00) be such that
P> d+2 Further let fo € L;(2). Then there exists a unique u € H} ()

such that Au = fy+ Zk:l Ok fr.-

Proof. — There exists a unique T' € L(H}(Q)) such that (Tu, V) i) =
a(u,v) for all u,v € HE(Q). Then T is injective because ker AP = {0}.
Moreover, the inclusion Hg(2) < L2(Q) is compact. Hence the opera-
tor T is invertible by the Fredholm-Lax—Milgram lemma, [5, Lemma 4.1].
Clearly v — EZ:l(fk?’ OkV) L, (0) 1s continuous from H(€2) into C. Define
F: C(Q) — Cby F(v) = (fo,v)p()xp(0). We claim that F' extends to
a continuous function from H}(Q) into C. If d > 3, then H}(Q) C L.(Q),
where r = 24 So H}(Q) C Ly(9), where g is the dual exponent of . The
last inclusion is also valid if d = 2. So in any case the map F' extends to a
continuous function from H}(Q) into C. Then the lemma follows. O

The next lemma is valid for a general bounded open set 2 and does not
use the condition 0 ¢ o(AP). It is an extension of [1, Lemma 4.2].

LEMMA 2.2. — Let u € Co( )ﬂ HL (Q) and fi,...,fs € La(2). Let
P € (1,00) be such that p > d+2 Further let fo € Lz(2). Suppose that
Au= fo+ Zﬁzl Ok fr- Then u € H(Q).

TOME 69 (2019), FASCICULE 2



768 Wolfgang ARENDT & A. F. M. TER ELST

Proof. — As at the end of the previous proof there exists an My > 0 such
that | [;, foo| < Mo [[v]| () for all v € HY(Q). Set M = Mo+Y"0_, || fello-

Let € > 0. Set v. = (Reu — €)™. Then suppv. C Q is compact. Hence
there exists an open €; C R? such that suppv. C Q; C Q; C Q. Then
ve € HE (). Moreover,

Z/ ag; (Opu) 6;1}—1—2/ bku(?kv—&—Z/ ek (Opu) v+/ couv

k,l=1

(2.1) -/ fov+z T

k=1

for all v € C2°(£2;). Since u|g, € HY(Q4) it follows that (2.1) is valid for
all v € H}(£2;). Choosing v = v, gives

Z /akl Ok u) 8;U5+Z/bku6kv€+2/ck Opu) ve + /couva

k,l=1
d

< Mo [[vellm ) + > fxll2 10kvellz < M [Jve |l (-
k=1

On the other hand, dpv. = Op((Reu — €)7) = TjReyse Ok Rew for all
ke {1,...,d} by [10, Lemma 7.6]. Therefore

Re Z /akl (Opu) 8lv5+ReZ/bku8kv5
k,l=1
+ReZ/ck(3ku)vs+Re/couvs
Q Q
d
Z /akl é)kvs 8105+R62/bkuak1)5
AL
—&—Z/ck(ﬁkReu)vg—i—Re/cOuvg
k=179

Q

d d
= Rea(ve) + 5; /Q(Re bi) Oxve — ; /Q(Im br) (Im w) Opve
+5/Q(Reco) vE—/Q(Imco) (Im w) ve

o
> 5 vellfr o) = o llvell3 — e M 112 [Jvel| i1y — M [[ullz [[ve 2120
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where M’ = ||colloc + 3y [[bk |oc- Since [[oc]l2 = [(Reu—e)¥||2 < [lull2 <
Y2 ||ull ¢y (), it follows that

I
5 IRew =) F [ ) < M [[(Reu =)™ [l + Ao [Q lulEy 0

for all € € (0,1], where M” = M + M’ |Q|'/? (lullco o) +1)-

Therefore the sequence ((Rew —27")"),en, is bounded in H}(Q). Pass-
ing to a subsequence if necessary, we may assume without loss of generality
that there exists a w € H}(Q2) such that lim(Reu — 27")" = w weakly in
H}(Q). Then lim(Reu — 27™)" = w in Ly(). But lim(Reu — 27")F =
(Reu)t in La(Q). So (Reu)™ = w € H(Q). Similarly one proves that
(Reu)™, (Imu)*, (Imu)~ € HE (). So u e HL(Q). O

Lemma 2.2 together with the condition 0 ¢ o(AP) gives the uniqueness
in Theorem 1.1.

PROPOSITION 2.3. — For all ¢ € C(I") there exists at most one u €
C(Q) N HL () such that ulr = ¢ and Au = 0.

Proof. — Let u € C(Q)NHL () and suppose that u|r = 0 and Au = 0.
Then u € Cy(2). Hence u € H(2) by Lemma 2.2. Also Au = 0. Therefore
u € D(AP) and APu=0. But 0 ¢ 0(AP). So u = 0. O

In the next proposition we use that 2 is Wiener regular.

PROPOSITION 2.4. — Let A > A\ and p € (d,oc]. Let fo € L, /2(2) and
fis--oy fa € Lpy(Q). Then there exists a unique u € H}(Q) N Co(2) such

that Byu = fo + 2221 Ok fr.-

Proof. — Since ag; and ¢, are real valued for all k,1 € {1,...,d} we may
assume that fo, ..., fq are real valued. By [10, Theorem 8.31] there exists a
unique u € C(Q) N HL () such that Byu = fo + Y¢_, O fr and ulp = 0.
Then u € Cp(£2) and the existence follows from Lemma 2.2. The uniqueness
follows from Proposition 2.3. O

COROLLARY 2.5. — Let A > X\ and p € (d,oc]. Let fo € Ly/2(2) and

fiseooy fa € Ly(Q). Let u € HY(Q) and suppose that Byu = f0+ZZ:1 Ok fk-
Then u € Cp(R).

Proof. — By Proposition 2.4 there exists a @ € H}(2)NCy(2) such that
Byt = fo + 22:1 Ok fr. Then By(u — @) = 0. So by(u — @, v) = 0 first for
all v € C2°(Q) and then by density for all v € H} (). Choose v = u — 1.
Then § |lu — ﬁ||%{1(9) < Reby(u—1a)=0. Sou=1a¢e Cy(). O

We next wish to add the other lower order terms.

TOME 69 (2019), FASCICULE 2



770 Wolfgang ARENDT & A. F. M. TER ELST

PROPOSITION 2.6. — There exists a ¢ > 0 such that for all ® € C*(R9)
there exists a unique u € H'(Q) N C(Q) such that ulr = ®|r and Au = 0.
Moreover,

lullo@) < cll®lrlle)
For the proof we need some lemmas. In the next lemma we introduce a
parameter ¢ in order to avoid duplication of the proof.
LEMMA 2.7. — Fix § € [0, Ao + 1].

(1) For all f € La(Q2) and X\ > \g there exists a unique u € HE () such
that

d
(2.2) Z bi f,010) 1y() + ((co — 0 1q) f,v) 1, ()
1

k—
for all v € HL(Q).
For all A > g define Ry: La(2) — Lo(Q) by Rxf = u, where u € H}(Q)
is as in (2.2).
(2) There exists a ¢; > 0 such that
IR, < 1 (A= X0) 4 | fll oo

for all A > A\ and f € Ly(Q2), where % =
(3) There exists a ¢y > 1 such that

IRAf Nz, ) < ez lfllz, @

for all A € [Ao+1,00), p,q € [2,00] and f € L,(Q) with = & — 1.
(4) If x> Ao, p € (d,00] and f € L,(R2), then Ry f € Cy(Q).

1_ 1
2 4d-

Proof.

(1). This follows from the Lax—Milgram theorem.

(2). Define M = [co — 6 Lol n () + Dby bkl Lo Let A > Ao, f €
Ly(9) and set u = Ry f. Then

I
5 Hu”%—ll(ﬂ) + (A= /\0)||UH%2(Q)

< Reby, (u) + (A — Ao)”“”%g(m
= Re b)\(u)

d
= Re Z(bk [ O0ku)r,0) + Re((co — 6 1) f,u)r,(0)
k=1

< M| fllLo) lullzr (o)

ANNALES DE L’INSTITUT FOURIER
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So [ull g1y < 207 M || f]| 1,2y and

2
R = <Yy ——M .
[BAfl 222 = ullLa (@) O = o) [FAIFAE))

The Sobolev embedding theorem implies that there exists a ¢; > 0 such
that [[v|[z, @) < cillvllgi) for all v € H}(Q), where q% =1 — 2 (The
extra factor 2 is to avoid a separate case for d = 2.) Then [[Rxf||L,, () <

2u™te1 M || f]l 1, ()- Hence
1/2 1/2 _
IBAF L, < IRAFI S o) IBAFIE o) < 2 (A= 20) ™4 fllace),

where ¢y = (2/p)%/* 01/2 M.

(3). Apply Corollary 2.5 with p = 4d and A = A9 + 1. It follows that
Ryy41f € Co(Q) for all f € L,(Q2). Clearly the map R, 11|z, ) Lp(£2) —
Co () has a closed graph. Hence it is continuous. In particular, there exists
a c3 > 0 such that [|Rx,11fllz.@) = [Brxo+1fllco) < esllfllz, @ for all
feLy,(Q).

Let A > XA+ 1 and f € Lo(Q). Write u = Ry f and ug = Ry +1f. Then
b (u,v) = bagy1(uo,v) and ba(u —ug,v) = —(A = Ao — 1) (u,v),(q) for all
v € HY(Q). Hence u—ug € D(BP) and (BP+AI)(u—ug) = —(A=Xg—1) uo.
Consequently

Ry=(I—-M\=X—-1)(B”+A])"") Ryt

for all A > Ao + 1. Since the semigroup generated by —B” has Gaussian
bounds, there exists a ¢ > 1 such that ||(B? + A1) ™ lcosoo < ca A1 for
all A > A\g+ 1. Then ||R)\f||L<x>(Q) < 2c3¢4 Hf”Lp(Q) forall A > X\g + 1 and
f e Lp(Q).

Finally let p’ € (2,4d) and let ¢’ € (2,00) be such that & = L — L.
There exists a 6 € (0,1) such that i =104 %. Then % = l%qa, where
% = 3 — 15 Let ¢; > 0 be as in Statement (2). The operator Ry is bounded
from Lo(f2) into Ly(€2) with norm at most ¢; by Statement (2), and we
just proved that the operator R is bounded from L, (£2) into L (€2) with
norm at most 2c3 cs. Hence by interpolation the operator Ry is bounded
from L, () into L (€2) with norm bounded by ¢ 7 (2¢3 ¢4)? < ¢1 +2¢3 ca,
which gives Statement (3).

(4). This is a special case of Corollary 2.5. O

The main step in the proof of Proposition 2.6 is the next lemma.

TOME 69 (2019), FASCICULE 2



772 Wolfgang ARENDT & A. F. M. TER ELST

LEMMA 2.8. — There exist A > Ag and ¢ > 0 such that for all & €
CHQ)NH(Q) there exists a unique u € HY(Q)NC(Q) such that ulpr = ®|p
and Ayu = 0. Moreover,

lulle@) < cll®lrllem)-

Proof. — Choose § = 0 in Lemma, 2.7. Let ¢; and ¢ be as in Lemma 2.7.
Let A € (Ao + 1,00) be such that ¢; 2971 (A — Ag) "4 (14 |Q]) < 5. Let
R, be as in Lemma 2.7. Set ¢ = ®|r.

There exist unique w,w € Hg() such that ay(w,v) = ax(®,v) and
b (@, v) = by(®,v) for all v € HE(Q). Then @ € Co(Q) by Corollary 2.5.
Define u = ® —w and @ = ® — . Then @ € H'(Q) N C(Q) and |r = ¢.
Moreover, a(u,v) = 0 and by(@,v) = 0 for all v € Hg(Q2), and |il| g, <
lellery by the result of Stampacchia mentioned in the introduction ([13,
Théoréme 3.8]).

Let v € HE(9). Then

d
b (i — u,0) = (b t, Okv) Ly + (Co V) (o)
k=1

and @ — u = Ryu by the definition of Rj.
For all n € {0,...,2d} define p, = 2;11. Then py = 2, pog—1 = 4d,
p2q = 00 and - = pnlq — 4 forall n € {1,...,2d}. So [|a —ull., (o) <

Dn
e |lullz, (o) forallne{2,...,2d} and

i —ullr,, @ < c1 (A= Xo) " [l Ly
by Lemma 2.7(3) and (2). Then
lull,, @ < et (A= X0) " Jlull Ly ) + (1 +12D) 1] o o)
and
lullz,, @ < e lullz,, @ + @ +I[9Q) [l @

for all n € {2,...,2d}. It follows by induction to n that

n—1

lullz,, @ <e BTH (A= Ng) 4 ull o) + (1 +92]) Z sl o)
k=0

ANNALES DE L’INSTITUT FOURIER



DIRICHLET PROBLEM WITHOUT MAXIMUM PRINCIPLE 773

forall n € {2,...,2d}. Sou € Lp,, () = L4q(Q) and & —u = Ryu €
Co(2) by Lemma 2.7 (4). In particular u € C(£2). Moreover,

||“||LOO(Q)

= [lullz,,, @

< et TN = 20) T [ull o) + 24 (14121 G il o)
<™ A= X0) 1+ 19)) [full o @) + 24 (1+[2]) 47 ]| 1o ()
1 1~
<3 lullpo (@) +2d (1+12) 3 il £ (@)
by the choice of A. So
[l L) < 4d (1+12]) 3"l @) < 4d (1412 ST ol
and the proof of the lemma is complete. O

We next wish to remove the A in Lemma 2.8. For future purposes, we
consider the full inhomogeneous problem.

PROPOSITION 2.9. — Let p € (d,00], fo € L,/2(Q) and let fi,..., fqa €
L,(Q). Let u € H}(Q) be such that Au = fo—l—ZZ:l Ok fr. Then u € Co(R2).

Proof. — Without loss of generality we may assume that p € (d,4d).
Choose A = § = A\¢p + 1 in Lemma 2.7 and in Proposition 2.4. By Propo-
sition 2.4 there exists a unique @ € HE(Q) N Co(Q) such that Bri =
fo+ 0 O fr. If v € C2(9), then

d
ba(a,v) = (fo + Zakfkav>D’(Q)><D(Q)

k=1
= a(u,v)

d
)+ D (b, Ov) L0y + (o — 6 L) w,0) Ly ()
k=1

So
d

ba(ii — u,v) = Y (bg , k) Ly() + ((co — 6 1) 4, v) Ly
k=1

and by density for all v € Hg(Q). Hence u — @ = Ryu, where R is as in
Lemma 2.7. For all n € {0,...,2d — 1} define p, = 574

Ly () = L, (). It follows by induction to n that u € L, () and
u—1a € L, () for all n € {1,...,2d — 1}, where the last part follows from
Lemma 2.7(3). Hence u — @ € Ly,, ,(Q) = L4g(Q) and u € L,(Q). Then
Lemma 2.7 (4) gives u — @ = Ryu € Cp(2) and therefore u € Cy(). O

TOME 69 (2019), FASCICULE 2



774 Wolfgang ARENDT & A. F. M. TER ELST

COROLLARY 2.10. — Let p € (d, 00]. Then (AP)=1(L,(Q)) C Co(€2).

COROLLARY 2.11. — There exists ac’ > 0 such that ||(AP) 71 f||1__ () <
N fllowo) for all f € Loo(92).

Proof. — Closed graph theorem. a

Proof of Proposition 2.6. — Let ¢,A > 0 be as in Lemma 2.8 and let

¢ > 0 be as in Corollary 2.11. By Lemma 2.8 there exists a unique @ €

HY(Q) N C(Q) such that @|r = ®|r and Ay&@ = 0. By Lemma 2.1 there

exists a unique w € H}(Q) such that a(w,v) = a(®|q,v) for all v € HL(Q).

Set u = ®|q — w and W = P|q — 4. Then

a(w,v) = a(®[o,v) = ax(Pla,v) = A (P, v)1,(0) = ax(@,v) = A (P, v) 1,0
= Cl(’lIJ/U) + A (II}7U)L2(Q) - A (¢7U)L2(gz) = Cl(’lI}7’l)) - A (’ﬁ,’l})LQ(Q)

for all v € H}(Q). So
a(t —u,v) = a(w — w,v) = =\ (1, V)L, @)

Since @ — u € H(Q) it follows that AP(@ — u) = —\a. Consequently,
u =1+ \(AP)"ta € Cy(Q) by Corollary 2.10. Moreover,

lull ey = ullpw@) < lallpw@) +AIAT)  all L@

<SA+dNallr @ <@+ N ell®lrllem

and the proof of Proposition 2.6 is complete. O
Define |[-[[|: H,(2) = [0.00] by
1/2
llli=sup s 5 ([ va)
6>0 QoCS2 open Qo
d(Q,)=5

Finally we need the following Caccioppoli inequality.

PROPOSITION 2.12. — There exists a ¢ > 1 such that |||u]|| <
Nl 1,0y for all w € H'(Q) such that Au = 0.

Proof. — See [9, Theorem 4.4]. O

Now we are able to prove Theorem 1.1.

Proof of Theorem 1.1. — The uniqueness is already proved in Proposi-
tion 2.3.

Let ¢ > 0 and ¢’ > 1 be as in Propositions 2.6 and 2.12. Let ® € C*(R%)N
H'(R%). By Proposition 2.6 there exists a unique v € H'(£2) N C(Q) such
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that u|r = ®|r and Au = 0. Moreover,

lullg + Ml < lall g, + ¢ Tullzao
2+12) ¢ [ullo
(2.3) 2+ Q) ec [@rllem)-

It follows from (2.3) that we can define a linear map F: {®|r : ® € C1(R4)N
HY(RY} — HY(Q) N C(Q) by F(®|r) = u, where u € H(Q) N C(Q) is
such that u|r = ®|r and Au = 0. Now let ¢ € C(I'). By the Stone-
Weierstral theorem there are ®;,®,,... € C*(R?) N H'(R?) such that
lim®,|r = ¢ in C(T"). Set u, = F(®,|r) for all n € N. Then it follows
from (2.3) that (u,)nen is a Cauchy sequence in C(Q). Let u = limu,
in C(Q). Also (up)nen is a Cauchy sequence in H () by (2.3). So u €
H (). Since Au,, = 0 for all n € N, one deduces that Au = 0. Moreover,
u|r = limu,|r = lim ®,|r = . This proves existence. Finally,

<
<

||U||c(ﬁ) = lim ||uan(§)
<lim(2 + Q) e [ @alrllew) = 2+ Q) e [ellor)-
This completes the proof of Theorem 1.1. a

Theorem 1.1 has the following extension.

THEOREM 2.13. — Adopt the notation and assumptions of Theorem 1.1.
Let ¢ € C(T), p € (d, 0], fo € Ly/a(Q) and let fi,..., fa € Ly(Q).
Then there exists a unique u € C(Q) N H(Q) such that ulr = ¢ and
Au=fo+ 350 Okfr.

Proof. — The uniqueness follows as in the proof of Proposition 2.3.

By Lemma 2.1 there exists a ug € H} () such that Aug = fo —4—2221 Ok [k
Then uy € Cy(€2) by Proposition 2.9. By Theorem 1.1 there exists a u; €
C(Q)N HL (9) such that ui|r = ¢ and Au; = 0. Define u = ug+u;. Then
u € C(Q) N HL (). Moreover, u|r = ¢ and Au = fo + 22:1 Ok [k O

We conclude this section with some results for the classical solution.
They will be used in Section 3 and are of independent interest. Recall that
P: C(T) — C(Q) is given by Py = u, where u € C(Q) N H () is the
classical solution, so u|r = ¢ and Au = 0.

PROPOSITION 2.14. — Let ® € C(Q) N H(Q). Suppose there exists a

w € HY(Q) such that A® = Aw. Then w € C(Q) and P(®|r) = & — w.

Proof. — Write @ = ® — P(®|r). Then @ € Co(Q) N HL . (Q) and Aw =
AP = Aw = fo + ZL Ok fr, where fo = cow + Z;izl ¢ Qw € Ly(N) and
fr = —27:1 ai Ow — b w € La(Q) for all k € {1,...,d}. So w € H}(Q)

TOME 69 (2019), FASCICULE 2



776 Wolfgang ARENDT & A. F. M. TER ELST
by Lemma 2.2. Hence A( —w) = and @ —w € ker AP = {0}. Sow = &

® — P(]r).
We need the dual map of A. Define the map A': HL _(Q) — D'(Q) by

d d
(A'u, vV)pr ) x (o) = Z /alk (@@%-Z/@U%
Q i—Ja

k=1
d JR—
—Z/bk(aku)mr/auﬁ
k=1 Q Q

O

for all w € HL (Q) and v € C°(Q).

COROLLARY 2.15. — Suppose that ay, by, c, € W (Q) for all k,1 €
{1,...,d}. Let ® € C(Q). Suppose there exists a w € Hg(Q) such that

<(I>3AtU>D’(Q)><’D(Q) = a(w,v)
for all v € C2°(Q). Then w € C(Q) and P(®|r) = ® — w.
Proof. — By assumption one has (® — w, A'v)p/(q)xp) = 0 for all
v € CX(Q). Hence ® —w € HL () by elliptic regularity. So ® € H{ ()
and

(A, v)pr(a)xp(0) = (@, AV)p(0)xD() = a(w,v) = (Aw, v)pr (@) x D)
for all v € C2°(Q). Therefore A® = Aw and the result follows from Propo-
sition 2.14. O

The last corollary takes a very simple form for the Laplacian.

COROLLARY 2.16. — Let ® € C(Q2). Suppose that A® ¢ H~'(Q). Let
w € HE(Q) be such that A® = Aw as distribution. Then w € C(Q) and
P(®|r) = b —w.

This corollary is a special case of [2, Theorem 1.1].

3. Variational and classical solutions: comparison

In this section we show that the variational and classical solutions of
the Dirichlet problem are the same. For that we assume throughout this
section that € is an open set with Lipschitz boundary. Moreover, we adopt
the assumptions and notation of Theorem 1.1. Recall that for all ¢ € C(I)
we denote by Py € C(Q) the classical solution and for all ¢ € H'/2(T"), we
denote by vp € H'(Q) the variational solution of the Dirichlet problem.
We shall prove in this section that they coincide if both are defined.
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The fact that they coincide for restrictions to I' of functions in C(Q2) N
H'(9) is a consequence of Proposition 2.14. We state this as a proposition.

PROPOSITION 3.1. — Let ® € C(Q) N HY(Q2). Then P(®|r) = v(®|r)
almost everywhere.

So for the proof of Theorem 1.2 it suffices to show that the map ® — ®|r
from C(Q) N H'(Q) into C(T') N HY/?(T) is surjective. This is surprisingly
difficult to prove. We first prove Theorem 1.2 for the Laplacian with the
help of Proposition 3.1 and a deep result of Dahlberg. As a consequence we
obtain the desired surjectivity result. Then as noticed earlier, Theorem 1.2
follows for our general elliptic operator.

THEOREM 3.2. — Assume that ay; = 0g; and by, = ¢ = cog = 0 for
all k,1 € {1,...,d}. Let ¢ € C(I') N HY?(T). Then Py = ~p almost
everywhere.

Proof. — Let € Q. By Dahlberg [7, Theorem 1] there exists a unique
k. € L1(T) such that (Py)(z) = [1. ks ¢ do for all p € C(T).

Now let ¢ € C(T') N HY/?(T'). Without loss of generality we may assume
that ¢ is real valued. Then there exists a u € H! (2, R) such that ¢ = Tru.
Since H'() N C(Q) is dense in H! (), there exist u,ua,... € HY(Q,R)N
C(Q) such that limu, = u in H'(Q). Define v,, = (—||r () V un A
ol for all n € N. Then v, € H'(Q) N C(Q). Write ¢, = v,|r =
Trov, € C(T)NHY?(T) for all n € N. Then Py,, = vy, almost everywhere
for all n € N by Proposition 3.1.

Note that

lim ¢, = lim Trv, = (=[l¢llz @)V Tru Aol o =@

in H'/2(T"). So by continuity of v one deduces that yp = lim yp,, in H'(Q)
and in particular in Lo (). Passing to a subsequence, if necessary, we may
assume that

(vp)(x) = lim(ypn)(2)
for almost all 2 € Q. Using again that lim ¢, = ¢ in H'/2(T') and therefore

also in Ly(T"), we may assume that lim ¢, = ¢ almost everywhere on T.
Hence if z € Q, then

(Po)(x) = /szc pdo = 1im/F ky on do = lim(Pyp,)(x)

by the Lebesgue dominated convergence theorem. Since Py,, = y¢,, almost
everywhere for all n € N one concludes that (Py)(x) = (v¢)(z) for almost
all z € Q. O
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The desired surjectivity result is the following corollary of Theorem 3.2.

COROLLARY 3.3. — Let Q C R? be a bounded open set with Lipschitz
boundary. Let ¢ € C(T') N H'/?(T"). Then there exists au € H' () N C(Q)
such that ¢ = u|r.

Proof of Theorem 1.2. — This follows from Corollary 3.3 and Proposi-
tion 3.1. g

COROLLARY 3.4. — Adopt the notation and assumptions of
Theorem 1.1. Suppose that € has a Lipschitz boundary. Let u € C(Q) N
H () and suppose that Au = 0. Then u € H*(Q) if and only if ulr €
HY2(I).

Proof. — “=" is trivial.
“«" Suppose ulr € HY2(T'). Then u = P(ulr) = y(u|r) € HY(Q) by
Theorem 1.2. ]

4. Semigroup and holomorphy on Cy(Q)

In this section we prove Theorem 1.3. Throughout this section we adopt
the notation and assumptions of Theorem 1.1. We need several lemmas.

LEMMA 4.1. — The operator A, is invertible and, moreover, (A.)~! =
(AP) ey (@)-

Proof. — If v € Cy(Q), then (AP)~tv € Cy(Q) by Corollary 2.10. More-
over, AP((AP)~1v) = v. So (AP)~1v € D(A.) and A.((AP)"tv) = .
Hence A, is surjective. Since AP is injective, also A, is injective. Therefore
A, is invertible and (A.)™! = (AP) 7oy 0)- O

The next proof is inspired by arguments in [1, Theorem 4.4].
LEMMA 4.2. — The domain D(A.) of the operator A, is dense in Cp(£2).

Proof. — Let p € M(Q), the Banach space of all complex measures on
Q and suppose that fQ vdp =0 for all v € D(A.). There exist wy,wa, ... €
Ly () such that sup |lwn|L, @) < oo and lim [vw, = [,vdp for all
RS CO (Q)

Choose p = d + 2 and let ¢ € (1,2) be the dual exponent of p. It follows
from Proposition 2.9 that the operator (A”)~! extends to a continuous
operator from W~1P(Q) into Cp(Q2). Hence the operator (A”)~1* extends
to a continuous operator from M(Q) into Wy%(Q). In particular, there
exists a ¢ > 0 such that ||(AD)_1*w||W01,q(Q) <cllw||r, o) forallw € Ly(Q).
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For all n € N set u,, = (AP)~*w,,. We emphasise that u,, € D((AP)*).
Then sup |[ug|y1.0() < 0o. Note that Wy () is reflexive. Hence passing
0
to a subsequence if necessary, there exists a u € VVO1 "4(Q) such that lim u,, =
u weakly in W, %(Q).
Let v € C°(Q2). Then (AP)~!v € D(A,.) by Lemma 4.1. Therefore

O—/(AD) ’Udp*hm/ (AP) o) wy,
Q
= lim (v, (A”) " w ) La(@ )fhm(v Un) Lo (Q) fhm/ VU fhm/

Hence u = 0.
Again let v € C°(§2). Then

/ vdp = lim/ v, = lim(v, (A”)*up) 1, Q) = lima(v, u,) = 0,
Q Q

where we used (1.4). So p =0 and D(A.) is dense in Cy(€2). O
Now we prove that —A. generates a holomorphic Cyp-semigroup.

Proof of Theorem 1.3. — Let S be the semigroup generated by —AP.
Then S has a kernel with Gaussian upper bounds by [12, Theorem 6.10]
(see also [8, Theorem 6.1] for operators with real valued coefficients and [3,
Theorems 3.1 and 4.4]). Hence the semigroup S extends consistently to a
semigroup S on L,(Q) for all p € [1, 00].

Choose p € (d,o0]. Let t > 0 and u € Ly(€2). Since S is a holomorphic
semigroup, one deduces that Syu € D(AP) and AP Syu € Lo(Q). Next
the Gaussian kernel bounds imply that S; maps Lo(2) into L,(£2). So
AP Sopu = Sy AP Syu € Ly(Q) and

(4.1) Sopu € (AP)TH(L,()) € Co(Q)

by Corollary 2.10. Hence S,Cy(Q2) C Co(Q2) for all ¢ > 0. For all ¢ > 0 let
Sf = Stley): Co(R) = Co(R2). Then (Sf)¢>o is a semigroup on Cp().
Moreover, using again the Gaussian kernel bounds there exists an M > 1
such that ||S5] < HS(OO)H < M for all t € (0, 1].

Let t € (0,1] and u € D(A.). Then

t
10T = S9)ullcue = H |5 s
0

Co(2)

t
</ M || Aul|oods = Mt || Acu]|sc.
0
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So limg g Sfu = u in Cy(R). Since D(A.) is dense in Cy(2) by Lemma 4.2,
one deduces that lim; o Sfu = u in Cy(2) for all u € Cyp(2). So S° is a
Cp-semigroup.

Finally, using once more the Gaussian kernel bounds, it follows that the
semigroup S¢ is holomorphic (see [3, Theorem 5.4]). O

We conclude this section by establishing Gaussian kernels which are con-
tinuous up to the boundary. For this we use the following special case of [4,
Theorem 2.1].

PROPOSITION 4.3. — Suppose that |0€)| = 0. Let T be a semigroup in
Ly(2) such that Ty Loy () € C(Q) and T; Lo(Q) C C(Q) for all t > 0. Then
for all t > 0 there exists a unique k; € C(Q x Q) such that

(T) = [ ey ulo)dy
for all u € Ly(€2) and x € €.

We continue to denote by S the semigroup generated by —A” and we
also denote by S the holomorphic extension. For all 6 € (0, 7] let £(0) =
{z € C\ {0} : |arg z| < 8} be the open sector with (half)angle 6.

THEOREM 4.4. — Adopt the notation and assumptions of Theorem 1.1.
In addition assume that |0} = 0 and that by is real valued for all k €
{1,...,d}. Let 8 be the holomorphy angle of S. Then for all z € ¥.(6) there
exists a unique k, € C(ﬁ X ﬁ) such that the following is valid.

(1) ( = [ k= u(y)dy for all z € X(0), u € L2(Q) and
T € Q.

(2) k.(x,y) =0 for all z € ¥(0) and z,y € Q with x € O or y € O9.

(3) The map z + k, is holomorphic from X(8) into C(Q x Q).

(4) For all ¢’ € (0,0) there exist b,c,w > 0 such that

|z *yl
k()| < o]~/ ™
for all z € (') and =,y € Q.

Proof. — It follows from (4.1) that S,L2(Q2) C Co(Q) for all z € 3(0).
Since the coefficients by are real, also the adjoint operator satisfies the
conditions of Theorem 1.1. Therefore S} Ly(2) C Co(Q) for all z € X(0).
It follows from Proposition 4. 3 that for all z € E((‘)) there exists a unique
k. € C(Q2 x Q) such that ( = [, k- (y)dy for all u € La(2)
and z € €. Since S,u € C’O(Q) one deduces that k.(z,y) = 0 for all
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z € %(0), x € 02 and y € Q. Considering adjoints the same is valid with =
and y interchanged. If u,v € Cy(Q), then the map

2= (k2 u @ V) @ xe@x@)s = (521 V) Ly ()

is holomorphic on X(6). Therefore Statement (3) is a consequence of [6,
Theorem 3.1]. The Gaussian bounds of Statement (4) follow from [3, The-
orem 5.4]. O
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