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STABILITY OF SOLUTIONS TO COMPLEX
MONGE-AMPERE FLOWS

by Vincent GUEDJ, Chinh H. LU & Ahmed ZERTAHI (*)

Dedicated to Jean-Pierre Demailly on the occasion of his 60th birthday

ABSTRACT. — We establish a stability result for elliptic and parabolic complex
Monge—Ampére equations on compact Kéahler manifolds, which applies in particu-
lar to the Kéhler—Ricci flow.

RisUME. —  Nous établissons un résultat de stabilité pour les équations de
Monge—Ampeére complexes elliptiques et paraboliques sur les variétés Kahleriennes
compactes, qui s’appliquent en particulier au flot de Kahler—Ricci.

1. Introduction

Several important problems of Kédhler geometry (e.g. finding canonical
metrics) necessitate to study the existence and regularity of solutions to
certain degenerate complex Monge-Ampere equations. The fundamental
work of Yau [18] guarantees the existence of smooth solutions to a large
class of equations. It has been generalized in various interesting directions,
providing weak solutions to several degenerate situations. We refer the
reader to [13] for a recent overview.

In this paper we are interested in the stability properties of solutions to
such equations. Let X be a compact Kéhler manifold of dimension n, 6 be
a Kahler form and dV' a volume form on X. Fix 0 < f a positive density
on X and let ¢ be a @-plurisubharmonic function solving

(1.1) MAy(p) = e fdV,

Keywords: Monge—Ampeére, stability, Kadhler—Ricci flow.
2010 Mathematics Subject Classification: 53C44, 32W20, 58J35.
(*) The authors are partially supported by the ANR project GRACK.
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where MAy(p) = (0+dd°p)™ denotes the complex Monge-Ampére measure
with respect to the form 6. Throughout this note we always assume that
the densities are normalized by [, fdV = 1.

If (f;dV) is a sequence of Borel measures converging in total variation to
fdV then, it follows from [12] that the corresponding sequence of solutions
(¢;) converges in L'(X) to ¢. Our aim is to establish a quantitative version
of this convergence.

Our first main result gives a satisfactory answer for LP densities with
respect to Lebesgue measure, p > 1 (see [3, 12, 16] for related results).

THEOREM 1.1. — Fix p > 1 and 0 < f,g € LP(X,dV). If ¢,¢ are
bounded 0-plurisubharmonic functions on X such that
MAg(p) = e? fdV ; MAgy() = e¥gdV,
then
le = ¥lloo < CIIf = gl
where C' > 0 depends on p,n, X,0,dV and uniform bounds on || f|p,|gllp-

We use some ideas of the proof of 1.1 to establish a stability result for
parabolic complex Monge-Ampeére flows. We consider the equation
(1.2) (w +ddp;)" = e?TF 9 fqV,
in X7 :=]0,T[ x X, where 0 < T < 400 and

e (wi)iejo,r) s a smooth family of Kéhler forms on X;

e there exists a fixed Kédhler form 6 such that 6 < w; for all ¢;

o F=F(tx,r): Xr:=[0,T]x X xR — R is smooth, non-decreasing
in the last variable, uniformly Lipschitz in the first and the last
variables, i.e. 3 L > 0 s.t. V ((t1,t2),z, (r1,72)) € [0,T]? x X x R?

(13) |F(t1,$,7’1) - F(t271'7r2>| < L(|T1 - T2| + ‘tl - t2|)v
e 0 < feC™(X,R).
Our second main result is the following:
THEOREM 1.2. — Fix F,G : Xp = [0,7] x X x R — R satisfying
the above conditions and fix p > 1. Assume that ¢ : [0,T] x X — R

is a smooth solution to the parabolic equation (1.2) with data (F, f) and
¥ [0,T[ x X — R is a smooth solution to (1.2) with data (G, g). Then

sup ¢ — 1| < sup o — ol + T sup |[F — G| + Allg — f|I,/",

Xr X X7
where A > 0 is a constant depending on X,0,n,p, L, a uniform bound on
@0, %0, %0, %o on X and a uniform bound on ||f|, and ||g]|,-
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2. Preliminaries
2.1. Elliptic complex Monge—Ampeére equations

Let (X, 6) be a compact Kéhler manifold of dimension n.

A function v : X = RU {—o0} is called quasi-plurisubharmonic (quasi-
psh for short) on X if it can locally be written v = p + ¢, where ¢ is a
plurisubharmonic function and p is a smooth function.

A function w is called #-plurisubharmonic (6-psh for short) if it is quasi-
psh on X and 6 + dd°u > 0 in the weak sense of currents on X. The set of
all f-psh functions on X is denoted by PSH(X, 6).

It follows from the seminal work of Bedford and Taylor [1, 2] that the
Monge—Ampere measure (6 + ddu)”™ =: MAg(u) is well-defined when u is
a bounded 6-psh function, and it satisfies several continuity properties.

We refer the readers to [13] for a detailed exposition of global pluripo-
tential theory. In this note we will need the following comparison principle.

PROPOSITION 2.1. — Assume that u,v € PSH(X,0) N L>°(X) are such
that e* MAg(u) > e""MAg(v) on X. Then u < v on X.

This result is well known (a proof can be found in [6, Lemma 2.5]). We
shall also need the following version of the domination principle :

PROPOSITION 2.2. — Fix a non-empty open subset D C X and let u,v
be bounded 0-psh functions on X such that for all { € 0D,

limsup(u — v)(z) = 0.
D>z—(¢

IfMAg(u)({u <v}ND)=0 thenu > v in D.

Proof. — Adding a large constant to both v and v, we can assume that
v > 0. For each € > 0 consider v, := (1 — €)v. Then v, € PSH(X,0) and

TOME 68 (2018), FASCICULE 7
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ve < v, hence limsupps, ,g9p(u(z) —v-(2)) = 0. The comparison principle
(see [5]) yields

/ Hﬁig/ 93</ " = 0.
{u<v:}ND {u<v:}ND {u<v}nD

Since 6} > £"6", we deduce that u > v. almost everywhere (with respect
to Lebesgue measure) in the open set D, hence everywhere in D. The result
follows by letting ¢ — 0. O

2.2. Complex Monge—Ampeére flows

We recall the following definition of (sub/super)solution which will be
used in this note.
DEFINITION 2.3. — Let ¢ : [0,T[ x X — R be a function satisfying:

e o is continuous in X7 :=[0,T] x X,

e for any x € X, the function ¢(-,x) is C! in [0,T] and ¢ = O its
partial derivative in t is continuous in [0,T] X X;

e for any t € [0,T] the function y; is bounded and wi-plurisub-
harmonic.

We say that the function ¢ is a
e solution to the equation (1.2) with data (F, f) if for any t €10, T,

(we + ddpy)™ = et )+F(tmtpt)de

e subsolution to the equation (1.2) with data (F, f) if for any t €
0,1,

(wi + ddp,)" > e?)H L2l £y
e supersolution to (1.2) with data (F, f) if for any t € ]0,T7,
(wi + ddp)" < e 20 £y,

All the above inequalities have to be understood in the weak sense of
currents: the LHS is a well defined Borel measure since ¢; is a bounded
wi-psh function (see [1]), while the RHS is a well defined measure which is
absolutely continuous with respect to Lebesgue measure.

ANNALES DE L’INSTITUT FOURIER
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3. Stability in the elliptic case
3.1. A general semi-stability result

Theorem 1.1 is a consequence of the following more general result which
generalizes stability results where the right-hand side does not depend on
the unknown function (see [9, 16]).

THEOREM 3.1. — Fix p > 1. Assume that 0 < f,g € LP(X,dV) and
, % are bounded 0-plurisubharmonic functions on X such that

MAg(p) = e?fdV and MAg () < e¥gdV.

Then there is a constant C > 0 depending on p,n,X,0 and a uniform
bound on log || f||, and log ||g||, such that

0OSsC
@ < v+ (C+ 20sex + 20sextp) exp (ZE (g = )14/,

Proof. — We use a perturbation argument inspired by an idea of
Kolodziej [14] (see also [17, proof of Theorem 3.11]) who considered the
local case.

For simplicity we normalize § and dV so that [, dV = Vol(f) = 1, and
we denote by || f||, the LP-norm of f with respect to the volume form dV.
We assume that || fl|p, |lgll, are uniformly bounded away from zero and
infinity (i.e. log | f|l,,log ||g||, are uniformly bounded).

If [(g— f)+ll, = 0 then g < f almost everywhere in X. In this case, ¢ is a
subsolution and ¥ is a supersolution to the same complex Monge-Ampeére
equation. Then the comparison principle (Proposition 2.1) yields ¢ < v in
X, which proves the result.

We assume in the sequel that ||(g — f)+||, > 0. Integrating the inequality
MAy(p) = e? fdV, we see that

inf(pg—log(/ de) =0
X X

hence supy ¢ < oscx . Similarly supy ¢ > 0, hence —infx ¢ < oscx .
Set & := e3"Px #/7||(g — f)+||117/n. If € > 1/2 then

sup(p — 1) < sup — inf ¢
X X X

<2 (swp— gt o) exp (“E2) (g - ). "

as desired.

TOME 68 (2018), FASCICULE 7
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So we can assume that e < 1/2. Holder inequality yields

+
————dV <
|| (9— f )+l
It follows from [15] that there exists a bounded #-psh function p such
that
(9—f)+
(g = )+l

where a > 0 is a normalization constant to insure that [, hdV = [, dV.
Since ||h]|, < 2 the uniform estimate of Kolodziej [15] guarantees that

MAy(p) = hdV := (a + > dV, supp =0,
X

_Clgpgoa

where C' only depends on p, 6, n.
Observe that one can use here soft techniques and avoid the use of Yau’s
Theorem (see [10, 13]). Consider now

ve = (1 —¢)p+ep— Cae+nlog(l —e),

where Cy is a positive constant to be specified hereafter, and ¢ < 1/2
is defined as above. Then . is a bounded 6-psh function, and a direct
computation shows that

> (1—2)" MAg(p) + " MAy(p)
> eLp-i—’rL log(l—a)fdv + e@(g — f)erV

We choose Cy = —infx ¢ so p— ¢ < Cy and . < ¢ + nlog(l —¢) < .
Thus

MAg(pe) = e?=(f + (g — f)4+)dV > e gdV.

In other words, . is a subsolution and v is a supersolution to the equation
MAy(¢) = e?gdV. The comparison principle (Proposition 2.1) insures that
we < 1, hence

o=t =9 =t +e(p—p)+ Cae —nlog(l —e¢)

< (Cy —inf o+ sup p + 2n)e
X X
sup n
= (C1 +osex ¢+ 2n) exp (XL (g — £/

Since C only depends on p, 8, n, the result follows. O

ANNALES DE L’INSTITUT FOURIER
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3.2. The proof of Theorem 1.1

Without loss of generality we normalize f,g and ¢ so that [ JdV =
Jx9dV = [ 6" = [, dV. Let ¢ be the unique bounded 6#-plurisub-
harmonic function on X normalized by supy ¢ = 0 such that MAy(¢) =
fdV. The existence of ¢ follows from Kolodziej’s celebrated work [15] and
moreover, —C' < ¢ < 0, where C' is a uniform constant depending on
X,0,p,||flp- Then ¢ is a subsolution while ¢ + C' is a supersolution to the
Monge—Ampere equation

MAy(u) = e* fdV.
It thus follows from the comparison principle (Proposition 2.1) that

p<Lp<o+C.

We thus obtain a uniform bound for ¢. The same arguments give a uniform
bound for 3 as well. 1.1 follows therefore from Theorem 3.1.

Remark 3.2. — In 1.1, one can replace the LP-norm of f — g by the
L'-norm, at the cost of decreasing the exponent 1/n to 1/(n +¢) (¢ > 0
arbitrarily small).

Namely under the assumptions of 1.1, for any € > 0, there exists a
constant C' > 0 which depends on p,n, X,0,e and a uniform bound on
[f1lp and [|g[[, such that

le — ¥l < CIIf — gl " .

Indeed repeating the proof with an exponent 1 < r < p close to 1, we get
a bound in terms of || f—gl||- +/™_Then observe that if we write r = (1—t)+tp,
by Hélder-interpolation inequality applied to h := |f —g| € LP(X), we have

/XthV<</thV)1_t (/th)t,

which implies that
1—-t)/r r
IAlle < RS R/

Sincet = (r—1)/(p—1)and 1 =t = (p —r)/(p — 1), we see that the
exponent (1 —1t)/r = (p—r)/r(p— 1) is arbitrary close to 1 as r — 1.

TOME 68 (2018), FASCICULE 7
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4. Stability in the parabolic case
4.1. A parabolic comparison principle

We establish in this section a maximum principle which is classical when
the data are smooth. It has been obtained for continuous data in [11], we
propose here a different approach which applies to our present setting:

THEOREM 4.1. — Fix ¢ : [0,T] x X — R a subsolution, ¢ : [0,T] x
X — R a supersolution to the parabolic equation (1.2), where 0 < f €
LP(X) with p > 1. Then

sup(p — ) < sip(% —10)+-

Xr

Recall that (g — o)+ = sup{wo — %0, 0}.

Proof. — Fix T" < T, 0 < e. We first assume that My := supy (@0 —
o) < 0 and we are going prove that ¢ < ¥ + 2¢t in X,

Consider w(t, z) := @(t,xz) — Y (t,z) — 2et. This function is upper semi-
continuous on the compact space [0,7”] x X. Hence w attains a maximum
at some point (tg,zg) € [0,7'] x X. We claim that w(to, zo) < 0. Assume
by contradiction that w(to,z) > 0, in particular tg > 0, and set

K= {ZL’ € X’ w(to,x) = w(t()?x())}'
The classical maximum principle insures that for all x € K,
atsp(t(b 1') 2 at¢(t07 IE) + 2e.

By continuity of the partial derivatives in (¢, x), we can find an open neigh-
borhood D of K such that for all x € D

at(p(t(h l‘) > 8t¢(t0735) +e.

Set u = @(tg,) and v := ¥(to,-). Since ¢ is a subsolution and 1) is a
supersolution to (1.2) we infer

(wto +ddcu)n > 6F(t0,z,u(:v))fF(to,:c,v(x))Jrs(wto +ddC’U)n,

in the weak sense of measures in D. Recall that

e 1 and v are continuous on D,
e [ is non-decreasing in r,
o u(z) > v(x) + ety for any = € K.

ANNALES DE L’INSTITUT FOURIER
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Shrinking D if necessary, we can assume that the latter inequality is true
in D. We thus get

(wiy +ddu)™ > e (wy, + ddv)™.
From this we see in particular that D # X, hence D # ().
Consider now @ := u+mingp (v —u). Since v > @ on 9D, Proposition 2.2
yields
/ e (wy, + ddv)™ < / (wiy + ddu)™
{v<a}nD

{v<a}nD

< / (wi, +ddv)™.
{v<a}nD

It then follows that 4 < v, almost everywhere in D with respect to the
measure (wy, +dd®v)™, hence everywhere in D by the domination principle
(see Proposition 2.2). In particular for all z € D,

(4.1) u(z) —v(z) + H@ljijn(v —u) =4(x) —v(z) <0,
Since K N 0D = (), we infer w(t,x) < w(to,zg), for all x € ID, i.e.
u(z) — v(zr) < u(zg) — v(xg) for all z € 9D,
contradicting (4.1). Altogether this shows that ¢y = 0, thus ¢ < v + 2¢t in
X7. Letting ¢ — 0 and 7" — T we obtain that ¢ < 1 in Xr.
We finally get rid of the assumption ¢g < tg. If My := sup x (¢o—10) > 0
then ¢ — My is a subsolution of the same equation since F' is non decreasing

in the last variable. Hence ¢ — My < % in Xp. This proves the required
inequality. ]

Remark 4.2. — We note for later works that the above proof only re-
quires t — ¢(t,-),%(t,-) to be C! in |0, T[ x X. This should be useful in
analyzing the smoothing properties of complex Monge-Ampere flows at
time zero.

4.2. A parabolic semi-stability theorem

We now establish a technical comparison principle which is a key step in
the proof of 1.2. The proof of this result does not require the smoothness
assumption on F, G, f, g. We assume in this subsection that

o F,G: X := [0,T][ x X x R — R are continuous;
e F (G are non decreasing in the last variable;
e [ @ satisfy condition (1.3) with the same constant L > 0.

TOME 68 (2018), FASCICULE 7
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e 0< f,ge LP(X) withp > 1.

THEOREM 4.3. — Assume that ¢ : [0,T] x X — R is a subsolution to
the parabolic equation (1.2) with data (F, f) and ¢ : [0,T[x X — R is a
supersolution to the parabolic equation (1.2) with data (G, g). Then

sup(yp — 1) < sup(yo — o)+ + T sup(G — F)y + A (g — )+ lI1/™,

X1 X Xr
where A > 0 depends on X, 0, n,p and a uniform bound on ¢, ¢,v, and
supy,. G(t,z,supx.. ¢).

Remark 4.4. — In the second term of the estimate above one can replace
supy, (G — F)4 by

sup (G —F)y,
[0,T[xXxI

where I = [infx,. ¢,supy,. ¢] is a compact interval in R.

Proof. — We first assume that ||(g — f) [, > 0. Since [, dV = [ 0" =
1, it follows from [15] that there exists p € PSH(X, #) N C%(X) such that

(9— 1)+
(4.2) (0 +dd°p)" = (a + | dV
(g = )+l
normalized by maxx p = 0, where a > 0 is a normalizing constant given by
g = F)+llp

We moreover have a uniform bound on p which only depends on the LP
norm of the density of (6 + dd®p)™ which is here bounded from above by 2,

(4.3) [£llse < Cola+1) < 2C,

where Cy > 0 is a uniform constant depending only on (X, 6, p).
Fix B,M > 0. For 0 < § < 1 and (¢,x) € X7 we set

ws(t,z) = (1 —0)p(t,x) + 0p + nlog(l — ) — Bét — Mt.

The plan is to choose B, M > 0 in such a way that ps be a subsolution
for the parabolic equation (1.2) with data (G, ¢g). The conclusion will then
follow from the comparison principle (Theorem 4.1).

Observe that for ¢ € 10, T fixed, ps(t,-) is we-plurisubharmonic in X
and

(w + ddes(t, )" 3 (1 — 8)" (e + ddleipg)" + 87(0 + ddp)".
Using that ¢ is a subsolution to (1.2) with density f, we infer

(9—f)+ av.

(4.4) (we+ddps(t, )" > e?HEEelinloa(=0) gqy 4 gn_ 221
19 = F)+llp

ANNALES DE L’INSTITUT FOURIER
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Set mg := infx_. ¢, m; := infx,. ¢ and choose M := supXT(G —F);.
Noting that ¢ > ps + d¢ and recalling that G is non decreasing in the last
variable, we obtain

ot x) + F(t,z,0(t, 7)) +nlog(l —9)

> ¢s(t,x) +d¢(t, ) + G (t,x, p(t,z)) — M +nlog(l — )+ Bé + M

> o5t x) + 5ot ) + G (t,x, p5(t, ) + do(t, x)) + nlog(l — 0) + B

= os(t,x) + omy + G (t,x, 0s5(t, z) + dmo) + nlog(l — §) + B.

The Lipschitz condition (1.3) yields
o(t,x) + F(t,z, o(t, ) + nlog(l — 9)
> ¢s(t, ) + G(t, x,0s(t,x)) + Bd — Lomg + 0mq + nlog(l — 9).

Using the elementary inequality log(1 —¢) > —2(log2)d for 0 < 6 < 1/2, it
follows that for 0 < 6 < 1/2,

Bé — Lémg + dmq + nlog(l —6) = (B — Lmg + mq — 2nlog2)d.
We now choose B := Lmy — m1 + 2nlog?2 so that
B(t2) + F(t,, plt,2)) + nlog(1 — 8) > ¢s(t,2) + G(t, 2, 05(1,2),
which, together with (4.4), yields

(9—f)+

(4.5)  (wy + dd®ps(t,- )" > ePst)+CEes(t) pqy 4 gn 2 2F
1(g = )+llp

On the other hand, if we set

My :=supy, My :=supy and N :=sup G(t,z, M),
Xr X7 Xr

then the properties of G insure

os(t,x) + Gt x, ps(t, x))
<(1-9) S;(lfsb +sup G(t,x, (1= 6)p(t,x))
<(1—=6)M + sup G(t,z, (1 —0)Mo)
<u—6Mﬁ+AgLHJV<N+nmﬂLMmMﬁ
Using (4.5) we conclude that for 0 < ¢ < 1/2,
(4.6)  (wy + ddps(t,- )™

> e®5 (t: )+ Gt 505 (,-)) <f 4 g M (9= )+ ) av,
1(g = )+l

where My := N + max{LM, M, }.

TOME 68 (2018), FASCICULE 7
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To conclude that s is a subsolution, we finally set
(4.7) 5 1= |l(g — F)4lI/meM/m.

Assume first that [[(g — f)+|, < 27" M2 so that § < 1/2. It follows

from (4.6) that
(w4 ddSpa(t, )" 3 90U (f 4 (g - f),)dV

s (6 ) +G (2,05 (t, ))ng,

VoWV

hence p; is a subsolution to (1.2) for the data (G, g) in D. The comparison
principle (Theorem 4.1) insures that for all (¢,z) € X,

ws(t ) —¢(t,2) < max(ps(0,-) = (0, )4)-
Taking into account the estimates (4.3) and (4.7), we get
plt,x) = (t,x) < max(p(0,-) = (0, )4 + TM + Arll(g = )4l
where
Ay := (My + 2Cy + 2nlog 2 + BT)eM2/m.
When |(g— f)+]l, > 27"e~M2, we can choose a constant Az > 0 so that
Pt x) = (t,2) < max(po — o)y + A2 e,

We eventually take A = max{A4;, As}.

Assume finally that ||(¢ — f)+|l, = 0 which means that g < f almost
everywhere in X. In this case we solve the equation (4.2) with the right
hand side equal to dV and repeat the same arguments with an arbitrary
0 > 0. The conclusion follows by letting § — 0. |

4.3. Proof of Theorem 1.2

The proof of Theorem 1.2 goes by symmetrizing the roles of ¢ and v, and
establishing uniform bounds on ¢, ¥, ¢, ¥ depending on uniform bounds for

9007<)0.01w0a¢0 and ||pr7 ”g”P

4.3.1. Bounds on ¢

By assumption, we can fix a, A > 0 such that
af <w; < A0, V (t,z) € Xp.

Let p be the unique bounded normalized §-psh function sup x p = 0 such
that MAy(p) = CyfdV, where Cy > 0 is a uniform normalization constant.

ANNALES DE L’INSTITUT FOURIER
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Then p is bounded by a constant depending only on the L? norm of f and
on 0, p. We set

Cy :=sup(ap — @o) and Cy := sup(pg — Ap).
X X
We next introduce the following uniform constants

Cs = sup F(t,z,po(t,z)) and Cy := inf F(t,x,po(t,x)).
B e (t,z,0(t,x)) TR (t, 2, ¢0(t, z))
A direct computation shows that the function defined on X by
u(t,z) :=ap — C; — max(C3 —nloga — log Cy, 0)t

is a subsolution to the parabolic equation (1.2) with data (f, F'). Indeed,
for fixed t € ]0, T, the Monge-Ampére measure of u; can be estimated as

(w +ddus)™ = a™(0 + dd®p)"™ = a"Cy fdV.

Since F' is non-decreasing in the last variable and ¢y > u; we obtain C3 >
F(t,x,p0) = F(t,z,u;). Thus

i F (o) fy o= max(Ca—nloga—log Co.0)+Cs fqy/

< a"CofdV < (wy + dduy)™.
A similar computation shows that the function defined on X1 by

v(t,x) := Ap + C2 + max(—Cy + nlog A + log Cy, 0)¢
is a supersolution to the parabolic equation
(4.8) (A0 + dd®v,)" = e HFLme) fqy

Since Af > w; we see that ¢, is a subsolution to the equation (4.8). The
parabolic comparison principle (Theorem 4.1) therefore yields

us s,

in XT.

4.3.2. Bounds on ¢

We now provide a uniform bound on ¢, assuming all data are smooth.
We only outline the proof since the arguments are classical. The previous
subsection has provided a uniform bound

_BO < Sﬁ(tal‘) < BOa v (tvx) € [OaT[ x X.

Since w; is smooth in ¢ and wy is uniformly Kéhler we can fix a positive
constant B; such that
—Biw; < wi < Brwg.
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Up to enlarging B; we can further assume that
—B; < 0. F(t,z,r) < By, ¥V (t,z,7) € [0,T[ x X x [—=By, Bo].

Set
ddh A (wg + ddCp)" L

At(h) = Awt+dd“<ﬂt (h) = (we + ddepe)™

)

and
n A (wy + ddCps)" 1
T = .
re(n) (wy + ddepy)™

A straightforward computation yields

G = Ag(Be) + Tr(wr) — O F (t, 7, 00) — $10-F(t, 7, 1)
< Ai(pt) = Bili(pr) + C — 00, F (L, z, 01),

using that ¢, hence 9, F(t, z, ), is uniformly bounded on X, and that
Try (W) < By Try(wi) = Bin — BiA(pr).

Consider
H(t,z) := ¢(x) — Brpe(x) — (C + 1)t.
It follows from the above computation that
0 .
<(’9t - At> H < —1—[By+ 0. F(t,z,01)]pr.

If H reaches its maximum at time zero, then

H < sup gy — By inf g,
b'e X

hence ¢, < C(T, By, B1) + supy @o. If H reaches its maximum at (to, o)
with g > 0, we obtain at (¢g,xo),

0

0 < <8t — At> H é -1 — [Bl -+ 87=F(t,1',§0t)}g0't,

hence ¢ (to, xo) < 0 since [By + 0, F(t, z, )] = 0. Therefore
Hypow = H(to,20) < —DB1 inf ¢y, < BobBh,

and we obtain an appropriate bound from above for ;.
The proof for the lower bound goes along similar lines, considering G =
ét(x) + Broe(x) + (C + 1)t

ANNALES DE L’INSTITUT FOURIER



STABILITY OF COMPLEX MONGE-AMPERE FLOWS 2833

5. Concluding remarks
5.1. Varying the reference forms

It is certainly interesting to study the stability properties when the ref-
erence forms 6, w; are varying. For simplicty we address this issue here only
in the elliptic case.

THEOREM 5.1. — Fix 0,w Kéhler forms. Fix p > 1 and 0 < f,g €
LP(X,dV). If ¢ (resp. ¥) is a bounded §-plurisubharmonic (resp. w-pluri-
subharmonic) function on X such that

MAg(p) = e?fdV and MA,(v) = e¥gdV,
then
lp = ¥lloe <C{IF = gly/™ +dw,0)}
where C' > 0 depends on p,n, X,w,dV and uniform bounds on || f||,, ||g|lp-
We use here the following distance on positive forms,
d(w,0) :==inf{t >0; e 'w <0< ew}.
Proof. — Set
c=inf{t>0; (1-tw <0< (1+t)w}.
Adjusting the constant we can assume that ¢ < 1/2 and ¢ ~ d(w, §). Now
e = (1 —c)p+nlog(l —c) + ci§f1/1
is a #-psh function whose Monge-Ampere measure can be estimated as
MAy(1he) = (1 —¢)"eVgdV > e¥gdV.
It thus follows from Theorem 3.1 that
e <@+ C|f =gl

for a uniform constant C. Note that the uniform norm of . is uniformly
controlled by ||| because ¢ < 1/2. From this and the definition of . we
obtain

Yv<o+C(|f =gl +c),

where C” is a uniform constant. Exchanging the roles of ¢ and v yields the
conclusion. ]
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5.2. Big classes

The ideas we have developed so far can also be applied to the more gen-
eral setting of cohomology classes that are merely big rather than K&hler.
We briefly explain the set up for the elliptic stability.

We assume that 0 is a smooth form representing a big cohomology class.
A #-psh function ¢ is no longer bounded on X, but it can have minimal
singularities. The function

Vo = sup{u € PSH(X,0) ; u <0}

is an example of #-psh with minimal singularities. Any other #-psh function
¢ with minimal singularities satisfies [[¢ — Vp|| L (x) < +00.
The pluripotential theory in big cohomology classes has been developed
n [4]. In short, the Bedford—Taylor theory can be developed, replacing X by
the ample locus of 8, a Zariski open subset in which Vj is locally bounded.
The a priori estimate of Kolodziej can be extended, as well as 1.1. It
suffices indeed to establish the following:

THEOREM 5.2. — Fix p > 1 and assume that 0 < f,g € LP(X,dV),
and p, v are 0-psh functions on X with minimal singularities such that

MAg(p) > e? fdV ; MAg(¢) < e¥gdV.
Then there is a constant C > 0 depending on p,n, X, 0 such that

<Y+ <C+ 2sup [Vy — ¢| + 2sup max(Vp — w,O))
X X
sup "
exp (ZEEL) |1 - gl
n
Proof. — Set ¢ := 5"Wx /7| f — g||]19/n If € > 1/2 then
sup(p — ) < (Sup |0 — Vol + sup max(Vy — 1, 0))
X X X

su
<2 (sup o — Vol + supmax(Vi — 0.0) ) exp () |7 — g/,

as desired. So we can assume that e < 1/2. Holder inequality yields

=9l 4y <
x If =gl
Let p be the unique #-psh function with minimal singularities such that
_ gy =9l _
MAy(p) = hdV := dV, supp =0,
e X
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where a > 0 is a normalization constant to insure that [, hdV = [, dV.
Since ||h]|p < 2, it follows from [4, Theorem 4.1] that

_Cl < p— ‘/9 < 07
where C' only depends on p, 8, n. Consider now
pe = (1 —€)p+ep— Cre +nlog(l —e¢),

where C5 is a positive constant to be specified hereafter. Then ¢, is a 6-psh
function with minimal singularities, and a direct computation shows that

MAg(p:) = (1 —¢)" MAg(p) + " MAg(p)
2 e‘P-‘r'fL log(l—s)fdv + egp|f _ gldV

If we choose Cy = sup x (Vy—¢) then p—¢ < Cs and . < p+nlog(l—e¢) <
. So we can continue the above estimate to arrive at

(5.1) MAy(p:) = €7 (f + [f — g[)dV > e*egdV.

It follows from (5.1) that . is a subsolution and % is a supersolution
of the equation MAy(¢) = e?gdV. The comparison principle [4, Proposi-
tion 6.3] insures that ¢, < v, hence

o=t =9~ +e(p—p)+ Coe—nlog(l —¢)

< (C1 4+ Cy +sup(p — Vi) + 2n)e
X

sup n
= (C1 + osex (o = Vo) + 2n) exp (XL | — g1/,

The result follows since C; only depends on p, 8, n. g
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