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ON A QUESTION OF N. TH. VAROPOULOS
AND THE CONSTANT Cs(n)

by Rajeev GUPTA & Samya K. RAY (*)

ABSTRACT. — Let Ci[Z1, ..., Zyn| denote the set of all polynomials of degree at
most k in n complex variables and %, denote the set of all n-tuple T' = (T1,...,Th)
of commuting contractions on some Hilbert space H. The interesting inequality

K < lim Ca(n) < 2KG,
n— o0
where
Ci(n) = sup { [P : Ipllon oo < 1,p € ChlZ1, .., Zu, T € G}
and Kg is the complex Grothendieck constant, is due to Varopoulos. We answer

a long—standing question by showing that the limit lim,— oo C;(CTL) is strictly big-

el

ger than 1. Let C§[Z1,..., Z,] denote the set of all complex valued homogeneous
polynomials p(z1,...,2n) = Z;k:l a2z of degree two in n-variables, where
(aj)) is a n x n complex symmetric matrix. For each n € N, define the linear
map S : (C3121, -+, Zal, |- Ipno0) = (Mas |1+ ooms1) to be (p) = (a1).
We show that the supremum (over n) of the norm of the operators «,; n € N, is
bounded below by the constant 72 /8. Using a class of operators, first introduced by
Varopoulos, we also construct a large class of explicit polynomials for which the von
Neumann inequality fails. We prove that the original Varopoulos—Kaijser polyno-
mial is extremal among a, suitably chosen, large class of homogeneous polynomials
of degree two. We also study the behaviour of the constant Ck(n) as n — oo.

RESUME. —  Soit Cg[Z1,...,Zn] ensemble de tous les polynémes de degré
au plus k dans n variables complexes et %, ’ensemble de tous les n-tuples T' =
(T1,...,Tn) de contractions qui commutent sur un espace de Hilbert H. L’inégalité
intéressante

K& < lim Ca2(n) < 2KE,

n— oo

Ci(n) = sup {|p(T)|| : [Ipllpn 00 < 1,p € Ci[Z1,..., Z0), T € % }
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2614 Rajeev GUPTA & Samya K. RAY

et Kg est la constante complexe de Grothendieck, est due a Varopoulos. Nous

répondons & une question de longue date en montrant que limy,— oo CI("(ECM est stric-

el
tement plus grand que 1. Soit C5[Z1,...,Zy,] ensemble des polynémes homo-
N n s .
geénes complexes p(z1,...,2n) = Z]. o1 @ikZi 2k de degré deux dans n-variables,

ot ((aji)) est une matrice symétrique complexe n x n. Pour chaque n € N, on
définit la carte linéaire @, : (C3[Z1,...,Zn], | lpn,00) = (Mn,||-|lco—s1) par
“n(p) = ((ajk)). Nous montrons que le supremum (sur n) de la norme des opé-

rateurs &,; n € N, est borné inférieurement par la constante 72/8. En utilisant
une classe d’opérateurs, introduite par Varopoulos, nous construisons aussi une
grande classe de polyndémes explicites pour laquelle 'inégalité de von Neumann
n’est pas satisfaite. Nous prouvons que le polynéme de Varopoulos—Kaijser est ex-
trémal parmi une grande classe convenablement choisie de polynémes homogenes
de degré deux. Nous étudions également le comportement de la constante C(n)
lorsque n — oo.

1. Introduction

Let C[Zy,...,Z,] denote the set of all complex valued polynomials in
n-variables. For any continuous function f : X — C, on a compact set X,
we let || f|lx, 0o denote its supremum norm, namely,

[f1lx.00 = sup{[f(2)] : 2 € X}.

Let D™ denote the unit polydisc in C™. The von Neumann inequality [15]
states that ||p(T)|| < ||p|lp,ec for all p € C[Z] and for any contraction T on
a complex Hilbert space. For any pair of commuting contractions 17, 715,
a generalization of the von Neumann inequality: ||p(T1,T2)|| < ||plp2,co>
p € C[Z1, Zs] follows from a deep theorem of Ando [2] on unitary dilation of
a pair of commuting contractions. For n € N, let %,, denote the set of all n-
tuple T' = (11, ...,T,) of commuting contractions on some Hilbert space H.
In the paper [22], Varopoulos showed that the von Neumann inequality fails
for T in €, for some n > 2. He along with Kaijser [22] and simultaneously
Crabb and Davie [6] produced an explicit example of three commuting con-
tractions 71, T, T3 and a polynomial p for which [|p(T1, T2, T3)|| > ||p||ps cc-
For a fixed k € N, define (see [23] and [19, p. 24]):

Cr(n) = sup {[|p(T)]| : ||pllpr,0c < 1,p € Ci[Z1,...,Z,], T € €y}

and let C(n) denote limy_, o, Ci(n).

Since the counterexample to the von Neumann inequality in three vari-
ables, due to Varopoulos and Kaijser [22], involves a (explicit) homoge-
neous polynomial of degree two therefore C5(3) > 1. From the von Neu-
mann inequality and its generalization to two variables, it follows that

ANNALES DE L’INSTITUT FOURIER



ON A QUESTION OF N. TH. VAROPOULOS AND THE CONSTANT C5(n)2615

C(1) = C(2) = 1. In the paper [23], Varopoulos shows that
(1.1) K& < lim Cy(n) < 2K§,
n—oo

where Kg is the complex Grothendieck constant defined below.

DEFINITION 1.1 (Grothendieck Constant). — For a complex (real) array
A= ((ajk))nxn’ define the following norm

(1.2) [Alloo—s1 = sup {[{Av, w)| « [[v]le=(n) < 1, wllg=e ) < 1},

where v and w are vectors in C" (resp. R™). There exists a finite constant
K > 0 such that for any choice of unit vectors (x;)7 and (y)} in a complex
(resp. real) Hilbert space H, we have

(1.3) | sl 0| < KAl
Jk=1

for all n € N and A = ((ajk)). The least such constant is denoted by
K¢ and is known as the Grothendieck constant. Note that the definition
of K¢ depends on the underlying field. When it is the field of complex
numbers C (resp. R), this constant is known as the complex (resp. real)
Grothendieck constant and is denoted by K& (resp (K&)). It is known that
1.338 < K& < 1.4049, and 1.66 < K& < (1+f) see [20, §4]. Recently,

it has been proved in [5] that this upper bound of K¢ is strict which settles
a long-standing conjecture of Krivine [12, 13]. We refer the reader to [4]
for some explicit computations of this constant for small values of n. For
more on Grothedieck constant, we refer the reader to [20].

Since it is known that K& > 1, the inequality (1.1) is yet another way
to see that the von Neumann inequality fails eventually. We refer to the
inequality (1.1) as the Varopoulos inequality. In the paper [23], Varopoulos
had implicitly asked if lim,,_,o, Ca(n) = Kg? Recently, first named author
of this paper, has improved the Varopoulos inequality (1.1):

(1.4) K& < lim Cy(n) < MKG

n—oo
This inequality is proved by first obtaining a bound for the second derivative
of any holomorphic map f : D® — D, namely, ||[D?f(0)[cos1 < %
In this paper, we answer the question of Varopoulos in the negative by
improving the lower bound in the inequality (1.1). Indeed, we prove that
limy, 00 Ca(n) > 1.118KE.

In what follows, for each p € [1,00] and n € N, we denote the normed
linear space (C™,||-||p) by ¢#(n) and when the space is (R™,||-|l,) then

TOME 68 (2018), FASCICULE 6



2616 Rajeev GUPTA & Samya K. RAY

we choose to denote it by (& (n). Let C5[Z,...,Z,] denote the set of all
homogeneous polynomials of degree two in m-variables. A homogeneous
polynomial of degree two in n-variables is of the form

n
(21, 20) = E UjkZj 2k,
7,k=1

where A, := ((ajk)) is a symmetric matrix associated to p. Define the map
oy, C3[Zy,...,2Z,) — M} by the rule 7, (p) = A,, where M is the
set of all symmetric matrices of order n. Equip C§[Zy,...,Z,] with the
supremum norm || - ||pn,co and M; with the norm || - ||so—1. For each n € N,
|7t < 1, therefore ||.<7,| > 1.

In [9], it is shown that lim,,_, ||.7%,|| < 3v/3/4. In this paper, we prove
lim,, 00 ||, || = 7%/8, improving the bound lim,, o ||, = 1.2323, ob-
tained earlier in an unpublished article by Holbrook and Schoch (see their
related work [11]).

In Section 3, we investigate, in some detail, the constant Cy(n). We
exhibit a large class of examples of Varopoulos—Kaijser type and show that
the original Varopoulos—Kaijser example is extremal, in an appropriate
sense, in this large class of polynomials.

Let M, (C) (resp. M, (R)) denote the set of all n X n complex (real)
non-negative definite matrices.

DEFINITION 1.2 (Positive Grothendieck Constant). — Suppose A :=
((aj’f))an is a complex (real) non-negative definite array then there exists
K > 0, independent of n and A, such that (1.3) holds. The least such
constant is denoted by KZ;(C) (resp. KZ;(R)) and called complex (resp.
real) Positive Grothendieck constant. The values of K} (C) and KZ(R)
are exactly 4/m and 7 /2 respectively, see [20, p. 259-260] and [18, Remark
following Theorem 5.4]. To the reader, we also refer [17, Theorem 1.3] for
these constants.

The non-negative definite Grothendieck constant plays an important role
in operator theory. We refer [3, Theorem 1.9] for some important connec-
tions.

For any n x n complex matrix A := (a;;), we associate a homogeneous
polynomial of degree two denoted by p, and defined by p, (z1,...,2,) =
Z;L k—1 QjkZjZx. Suppose p is the following polynomial of degree at most
two in n-variables and of the form

n n
p(z1,...,2n) = ag + E a;z; + g Q2§ 2k
j=1 7 k=1

ANNALES DE L’INSTITUT FOURIER



ON A QUESTION OF N. TH. VAROPOULOS AND THE CONSTANT Cs(n)2617

with a;r = ag; (can be assumed without loss of generality) for all j, k =
1,...,n. Corresponding to p, one can define the following (n+ 1) x (n+ 1)
symmetric complex matrix

1 1 1

1Cl0 301 35Q2 - 50n
51 Qi1 a2 -+ Qip
1 e

(1 5) A(p) = | 362 a2 G22 A2n
1
§an A1n a2n e Qnn

It can be seen that |[pllpr 0o = [P, [[Dn+1,00- We define the following quan-
tity:
C’;(n)sup{”p“(T)”:O;&AeMn*((C),TG ‘ﬁn}
124 lIp7, 00

and let C; denote the quantity lim, . C; (n). It is clear from the def-
initions that Ca(n) > Ci(n) for each n. In this paper, we prove that
lim,, o0 C;(n) = 7/2. Since Kg < 1.4049 therefore lim, o Ca(n) >
7/2 > 1.118K¢.

Acknowledgement. We are very grateful to Prof. Gadadhar Misra and
Prof. Gilles Pisier for several fruitful discussions and suggestions. The au-
thors also express their sincere gratitude to Prof. Sameer Chavan and Prof.
Parasar Mohanty for their constant support. We also thank the referee and
the editor for several constructive suggestions which significantly improved
the presentation of the paper.

2. Improvement of the Lower Bound in the Varopoulos
inequality

In this section we improve the lower bound of the Varopoulos inequality
and as a consequence, we answer negatively a question of Varopoulos posed
in the paper [23]. The following theorem (see [9]) concerns an improvement
in the upper bound of the Varopoulos inequality.

THEOREM 2.1. — Suppose p is a polynomial of degree at most 2 in
n-variables and T € 6,,. Then ||p(T)| < %Kgnpﬂm,oo.

Throughout this paper, the vectors are assumed to be row vectors unless
specified otherwise. The following series of lemmas are the key ingredients
of this paper.

TOME 68 (2018), FASCICULE 6



2618 Rajeev GUPTA & Samya K. RAY

LEMMA 2.2. — For any symmetric n X n matrix A = ((ajk)), we have
the equality:

n

E xjamk:

j,k=

Z r(R;, Ri)|.
k=

Proof. — Fix z; € C™ with ||a:j||gz(m) < 1 for j = 1,...,n. Define
R; = (Lﬁ'l’ T Td 5-2) for j =1,...,n. We see that

m [/ —(p) (p) (p) (p)
_ Tyt + ),

m —(p) _ (p) —(p) (p)
9 xj l'j Ty — X
+ 1)2::1 ( 5 D)

Hxa‘le2<1 HR H@2<1

p=1
L (0)-()
— p)—(p
=R (Z ;T )
p=1
_ (@ k) £ (k, 75)
2 )
where Rz and 3z denote the real and imaginary part of z respectively. In
particular, we get that ||Rj||g]]2e(2m) = ||@j|l¢2(m) for each j =1,...,n. Since

A is a symmetric matrix therefore

n n
Y aglagar) = Y agifer ;)
jok=1 jok=1

RN (zj, 21) + (TR, 75)
- Z Ak 9

j,k=1

I
M§

ajk<Rj7 Rk>.

J,k=1

This shows that for each m € N and symmetric matrix A, one gets the
following identity

‘Za]k Tj, Tk ’ ‘Zaﬂg RJ,Rk )

This completes the proof. (|

”‘/L’]Hﬁ2(m)<1 ”R H//Z(gm)\

ANNALES DE L’INSTITUT FOURIER



ON A QUESTION OF N. TH. VAROPOULOS AND THE CONSTANT C5(n)2619

Remark 2.3. — For any matrix A, one can associate a symmetric matrix
S(A) = (A+A") /2, which has the property ||, [pr,co = [|Ps4) [[Dn 00 More-
over, if A is a non-negative definite matrix then S(A) is a real non-negative
definite matrix.

LEMMA 2.4. — Suppose A = (a;i) is a non-negative definite n X n
matrix. Then

n n
sup E Ajp2j2k| = SUup E AjkSjSk-
z; €T jk=1 sj:ilj,kzl

Proof. — Suppose A is a n X n complex non-negative definite matrix.
From Remark 2.3, we know that S(A) is a real non-negative definite matrix
with [|p, [[pn 00 = |Ps(a, [l ,00- Thus, to prove this lemma, it suffices to work
with real non-negative definite matrices only.

Let (2Y,...,22) be a maximizing vector for ||p,||pn 0o i€ (29,...,22)
satisfies
n n
_ 0.0
sup E A2 2k| = E ajkzj 2|
€T | j k=1 Jk=1
5. — ,—i/2,0 o _ n 0,0

Define z; = e z; for j = 1,...,n, where ¢ = arg (Zj,k:l aj;czjzk).

Then, we have the following

n n
Z s = Z 0.0
Ajkzj2k = ajkzjzk .
k=1 k=1
Therefore
n n n
aiZiZe + QiRZiZp = 2 ;2029
jk*j~k jk*<j<k = Jk<5 “k

Jik=1 Jik=1 Jik=1

and hence one concludes the following identity

n n n
sup E AjkZj2k + E Ajp2j2k| = 2 sup E AjkZjZk |-
%€l k=1 k=1 %€l k=1

TOME 68 (2018), FASCICULE 6



2620 Rajeev GUPTA & Samya K. RAY

Since A is real non-negative definite matrix therefore we observe the fol-
lowing

= sup
0;eR

Z a;i cos(0; + 6)
k=1

1 n n
5 sup E ajkzizk + E k25 2k
Z]‘GT S A
J,k=1 J,k=1

n
= sup E a;(cos B; cos B, — sin 6; sin Hk)’
J,k=1

9]‘€R
n n
= E @), €08 d; COS Ofy — E @, sin 6 sin dy,
Jk=1 Jk=1
n
< E @i, cos §; cos Oy,
J.k=1

n
< sup E Qi S;Sk,

sj:ilj,k:l
where 0, j =1,...,n, are chosen such that Z;ﬁk:l a;, cos(0; + 0y) is pos-
itive and attains maximum in modulus at 0; = J; for j = 1,...,n. The

last inequality in above computation can be deduced from the fact that
“For any convex subset {2 of R™ and for any non-negative definite matrix
A, the function f : Q — R defined by f(x) = (Az,z) is convex” (see [16,
Corollary 3.9.5]). Thus we get the identity

n n
E Ajpzjzk| = SUup E AjkSjSk-

k=1 SITEL k=1

sup
zj eT

This proves the claim. |

We now prove the main theorem as a corollary of Lemma 2.2 and Lem-
ma 2.4. For the proof, it would be convenient to introduce, what we call,
Varopoulos operators.

Let H be a separable Hilbert space and {e; }jeny be an orthonormal basis
for H. For any x € H, define 2% : H — C by z¥(y) = Zj Z;y;, where © =
> jxjej and y = 3. yje;. For x,y € H, we set [a:ﬁ,y] = 2%(y). Then HF :=
{xﬁ rx € H} is a Hilbert space when equipped with the operator norm.
Since the map ¢ : H — H* defined by ¢(z) = 2* is a linear onto isometry,
therefore H* is linearly (as opposed to the usual anti-linear identification)
isometrically isomorphic to H. The following definition is taken from the
Ph.D. thesis of the first named author of this paper [8] submitted to the
Indian Institute of Science in 2015.

ANNALES DE L’INSTITUT FOURIER



ON A QUESTION OF N. TH. VAROPOULOS AND THE CONSTANT C5(n)2621

DEFINITION 2.5 (Varopoulos Operator). — Let H be a separable Hilbert
space. For x,y € H, define the Varopoulos operator T, : CoH® C —
CoHa®C, corresponding to the pair (x,y), to be the linear transformation
with the matrix representation:

0 2f 0
Tpy=10 0 y
0 0 O
Notice that for any pairs (z1,y1) and (22, y2) in HOH, the corresponding
Varopoulos operators Ty, ,, and Ty, ,, commute if and only if [x%,yg] =
[a:g,yl]. If + = y, then we set T, := Ty ,. Since for any z1,z, € H, we
have [.’1?%,1)2] = [xg,xl], the corresponding Varopoulos operators T, and
T, commute.

THEOREM 2.6. — Cyf = 7/2.

Proof. — Suppose A is n X n non-negative definite matrix and suppose
that (T4,...,T,) is a tuple in C,, then,

pA(Tl,...,Tn) :pS(A)(Tl,...,Tn).

If b, denotes the (j, k) entry of the matrix S(A) then for every z,y € H,
we have the following

n
*
sup ‘<pS(A) (Tlv ‘e 7Tn)1‘7 y>| = Sup bjk<rfjx’ T, y>
llzll<1, [yl <1 SN Pyt
n
< sup § , bjk{Tj, Yk)
[EAISKPARSE e
n
< sup | Y k(e ).
lesli<t | 52

The last inequality is explained by the following computation, which can
essentially be found in [1]. Since ((b;x)) is a non-negative definite matrix
therefore there exist Vi,...,V, € C" such that b, = (V;,V4) for each

TOME 68 (2018), FASCICULE 6



2622 Rajeev GUPTA & Samya K. RAY

BLk=1....n
n m n n
P > bk, uk)| = S > (Do winVi Dy Vi
Tills k=1 [l =1 i=1 k=1
75 p J
lyell<1 llyell<1
n
< sup § § xjp‘/j7§ ykak
llzjlI<1 =7
lyell<1
1/2
< sw (S amy
5 lI<1 \ p=1 || j=1
1/2
sup E E Yip Vi
lyell<T\ =1 || k=1
m n 2
= sup E , E :ijvj
lzilI<1 =1 || =1

~ s Z<szvj,zmvk>

lles <1
Z bjr(x;, Tr)

7,k=1

= sup
llz;[1<1

Therefore, we get the following inequality

sup [(Psay (T -+ To)z, y)| sup
Izl <1, lyli<1 Hln\|<1

§ b]k -Tj»xk

7,k=1

Also note that

[(B5aDllege (my—e2m) =

SJ,tkE[ 1,1]

n
E : bjks;tr

=1

Jik

@@m»

1/2

3

SJ,tkE[ 1,1]

3

N

ZS]VJ
j=1

S],tke[ 1, 1

ANNALES DE L’INSTITUT FOURIER
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ON A QUESTION OF N. TH. VAROPOULOS AND THE CONSTANT C5(n)2623

2

> sV

= sup
sjel=L1] || j=1
n
= sup E ITETEIAR
SjE[—l,l] G k=1

Thus we get the identity H((bjk))HgD%o(n)_)%(n) = [|Pscay l{=1,1)7,00- By this
identity and Lemma 2.4 we get the following

su T,...,T,
(21) sup pTE%n ||pA( 1 )”
AeM;F(C)\{o} 124 lpm 00

< sup SUD||z; || 2 <1 | Z;kzl bik(x;, )|
BeM;(R)\{0} 1 Bllege (rny—sez ()

Using the definition of C3f, Lemma 2.2 and the inequality (2.1), we get the
following

SUP)|| Ry ]2 <1 | 227 ey bk (Ry, Ri)|

Cy < sup = K5(R) = /2.
BeM;} (R)\{0} 1Blleze (n) 21 (m)
Fix an nxn non-negative definite matrix Aand z; € C™, j =1,...,n, for

some m € N. Define the Varopoulos operator Tj (= Tg;) corresponding to
the vector R; € R?*™ (C C*™), where R; = (@,zw) forj=1,...,n.

2
Then, taking the form of p, (T1,...,T,) into account, we get
pa (T, Tl = Y au(Ry, Ry = D <]2]) (R, Ry).

J,k=1 J,k=1

We use Lemma 2.4 to subsequently obtain

SUPrew, ||pA (Tlv s Tn)”

sup

AeM;(C)\{0} [1P4 D 00
N SUP| 2 <1 X e by (B Bik)|
> sup .
BeM;F(R)\{0} HB”ZLEO(n)%EJ}R(n)
This proves the theorem. O

Theorem 2.6 shows that if we restrict ourselves to the set of homogeneous
polynomials of degree two coming from the real non-negative definite ma-
trices, then we obtain an analogous inequality to that of Varopoulos, where
the factor 2 on the right disappears and the constant K g gets replaced by
K} (R), that is,

sup [|p, (T1,.... 1)l = Kg(R)’

n,pa

TOME 68 (2018), FASCICULE 6



2624 Rajeev GUPTA & Samya K. RAY

where supremum is taken over all homogeneous polynomials p, of supre-
mum norm at most 1 with A being a non-negative definite matrix, the
tuple (T4,...,T,) being arbitrary in %, and n € N. The next corollary
shows that lim,, o, C2(n)/ Kg > 1. This, in turn, answers a long—standing
question of Varopoulos, raised in [23], in negative.

COROLLARY 2.7. — For some € > 0, we have the inequality

lim Cy(n) > (1 + €)K&.
n—oo

Proof. — We know that Ca(n) > Cy (n) for eachn € Nand K§ < 1.4049
therefore we have the following

nh_}rr;o Ca(n) > nh_}rr;o Cy(n)=7/2> Kg.
To complete the proof one can take € = 0.118. g

A variant of Corollary 2.7 on LP-spaces can be found in [21].

In the next theorem, we compute a lower bound for the norm of <7, as n
tends to infinity. This improves a bound obtained earlier in an unpublished
paper of Holbrook and Schoch where they had proved that lim,,_, ||| >
1.2323.

2

THEOREM 2.8. — lim, o |9, > &
Proof. — Fix a natural number [. Since lim,, ., C5 (n) = 7/2, there
exist n € N and a real non-negative definite matrix A; = ((aglk) ) of size n

such that

!
subre, |2 Ty Tk |
1
Suij €T|Z a‘gk)zjzk’
By Lemma 2.2 and the fact that K} (C) = 4/, we get the following for
the matrix A;

>n/2 -1/l

n )
SUP | ||, <1 Do o1 D (L5 Th)

4/7 >
[ Atlleoe (n)—e1 (n)

no
SUP||R; 2 <1 2 k=1 Ok (1 )

| Atll o (n) =21 (n)
@), @, .
_ SupTECnHzajkTJTkH . SuszeTHZaijJZk”

supzjeﬂz a§-lk)2’jzk‘ |‘Al||eoo(n)_>el(n)
||pAL ||]D)",oo

> (n/2-1/1)——t——"——.
v P

ANNALES DE L’INSTITUT FOURIER



ON A QUESTION OF N. TH. VAROPOULOS AND THE CONSTANT C5(n)2625

Rewriting the inequality appearing above, we see that, for each [ € N, there
exists a symmetric matrix A; such that for the corresponding polynomial
Da,» WE have the following estimate

[ Aulle (ny—e1.(n) S (/2 —1/1)
IlpAl ||]D>",oo 4/7T

Taking supremum over all the natural numbers [ on both the sides, we get
the following inequality
2

[ Al (m)ser(m) 7
8

> — ~ 1.2337.

leN HPAL D, 00

The result follows immediately from here. O

3. Varopoulos—Kaijser type examples and the constant

CQ(TL)

In this section, we focus on the constant C2(n) in more detail. We discuss
the asymptotic behaviour of Cy(n) and exhibit an explicit class of exam-
ples of Varopoulos—Kaijser type. For this, we mainly rely on a construction
which appeared in [7]. In this case, our main tool is a very general max-
imizing lemma which can also be of independent interest. For n = 3, we
successfully construct a very wide class of examples like Varopoulos—Kaijser
for which the von Neumann inequality fails and show that the Varopoulos—
Kaijser example is extremal on the class of certain 3 x 3 symmetric matrices
including symmetric sign matrices.

In [7], the authors produced an explicit set of real non-negative definite
matrices for which the positive Grothendieck constant goes up to 1.5. We
briefly describe their matrices as follows:

For | = k(k—1), define Fy, = {v1,...,v5k—1)}, the set of all k-dimensional
vectors with two non-zero components, either 1 and 1 or 1 and —1, ap-
pearing in that order. Define a real [ x [ non-negative definite matrix
A = ((@ij)1<i,j<t 88 aij = (v, v5). In [7], the authors showed that

SUP| X, o1 Yok i1 03 (X0, X;) 3k —3
SUPy,; e{1,-1} Zi,j:l AijWiWj 2k =1

Thus, in view of Lemma 2.4, we get a large class of Varopoulos—Kaijser
like examples for which the von Neumann inequality fails and Co(k(k—1)) >
3

;’z—j’. Notice that % is an increasing function in k and increases to 3

as k tends to infinity. Hence for this explicit class of matrices, we get the
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lower bound of lim,,,+ C2(n) to be equal to % Though we already got the
lower bound of lim,, . C2(n) to be equal to 7, it will be interesting to get
an estimate of Cy(n) as a function of n.

Motivated by the example of Varopoulos and Kaijser, provided in [22],
we develop the following maximizing lemma which enables us to compute
the supremum norm of polynomials.

LeMMA 3.1 (Maximizing Lemma). — Let Q be a bounded domain in
R"™. Suppose a function F = (fi,..., fm): Q@ CR"® — C™ is a continuously
differentiable and bounded function with f; non-vanishing forj =1,...,m.
Then we have the following

m

_ — " Of.
{z €Q: IF(2) )¢ m) = IFloo} € | {x €Q:dimg \/ TZ(:E) < 1},

j=1 k=1
where \/{v1, . ..,v,} denotes the subspace spanned by the vectors vy, ..., v,

and dimg denotes the dimension of the space over the field of real numbers
R.

Proof. — We notice the following identity

{z € Q:IF@)leem) = [ Fllasc} € U {z € 2:1£5(@) = If a0 }-

j=1
For f; :Q CR™ — C, we have
(3.1) i1 = (Rf)? + (S£5)*.

Differentiating (3.1) with respect to x;, on both the sides, we get the fol-
lowing

(3-2) 7|fy|2 =2RfiR

By (3.2) and the fact that, at the point of maximum of |f;|, all the partial
derivatives of |f;|?

k

axk

6fj

+ QC\fJ aJJjJ

are zero, we obtain

From (3.3), we observe that, at the point of maximum of |f;]?, the two

dimensional vectors (?)‘Egi L, St 9/ ) 1 < k < n, lie on a line passing through

the origin in R2. Therefore

64) frel:lfGe |—|fJ||Qoo}C{er e gl}_

This completes the proof. (|
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Remark 3.2. — To disprove the von Neumann inequality in three vari-
ables, Varopoulos and Kaijser [22] considered an explicit homogeneous poly-
nomial of degree two in three variables. While the computation of the supre-
mum norm of this particular polynomial is briefly indicated in their paper,
we indicate below, using Lemma 3.1, how to compute the supremum norm
of the Varopoulos—Kaijser polynomial. Of course, this recipe applies to the
entire class of Varopoulos polynomials.

The Varopoulos—Kaijser polynomial is the following homogeneous poly-
nomial of degree two

2, .2, .2
p(21,22,23) = 2] + 25 + 25 — 22120 — 22925 — 22327

Without loss of generality, we can take supremum over {(zi,z2,23) =
(1,e ¢®) : §,¢ € R} in the expression of p(z1, 22, 23) to compute the
quantity ||p||ps,co- If we consider the function g(6,¢) = 1 + €2 + ¢ —
2% — 2¢'® — 2¢10F) then ||p||ps 0o = sUpg ger |9(0, ¢)|. Taking partial
derivatives with respect to 6 and ¢ of g, we get the following expressions

@(9, }) = 2ie?? — 2" — 2j'(0+%)
ol
9 _ _ .
8—;(9, ¢) = 2ie¥® — 2jei® _ 2iei0+9),
Applying Lemma 3.1, we obtain that, at the point of maximum of |g|, the

vectors %%, %g—g and g(0,¢) — %(% + 2795) lie on a line passing through

the origin in R?. Note that

l @ @ 1 _ L0 i¢

%00 200 (e — ) (e + €' —1).
Therefore, at the point of maximum, 1—e —¢*® and (e —e'?)(e?? +¢'¢ —1)
lie on a line passing through the origin in R2. Since 1 — € — ¢** and
e’ + e — 1 are always collinear, one must have 1 — e? — ¢’ = 0 or
arg(e’® — e'®) € {0,7}. From this, it can be concluded that ||p||ps oo = 5.
We would like to bring the attention of the reader to [10] where the
computation of the supremum norm of this polynomial has also been done.

3.1. Extremal behaviour of Varopoulos—Kaijser example

In this subsection, we show that the Varopoulos—Kaijser example is ex-
tremal, in a certain sense, if we restrict ourselves to a class of symmetric
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3 x 3 matrices which includes the symmetric sign matrices. Sign matrices
are the matrices of which each entry is either 1 or —1. Varopoulos—Kaijser
example gives a lower bound for the quantity Cy(d3) and using extreme
point method, we establish an upper bound for the same. For this we need
the following definitions.

DEFINITION 3.3 (Correlation Matrix). — A correlation matrix is a com-
plex non-negative definite matrix whose all diagonal elements are equal to
1. We denote the set of all n x n correlation matrices by € (n).

For every natural number n, define the set d,, by
0, = {(Twl,...,Twn) txj € ﬁi with [Jz;|| < 1 for j = 1,...,n}.

Define C3(8,) := sup {|[p(T)|| : T € &,, p € P5(n) with [|p|lpn o < 1}.
For the rest of this section, we consider only the tuples of commuting and
contractive Varopoulos operators in §,,. From the definition, it follows that
C3(d,) < Ca(n). We prove the following bound on C3(d3).

Remark 3.4. — Given z1,...,z, € (?, we can define the vector R; =
(% zu) for j = 1,...,n. As noticed in Lemma 2.2, we know that
(R;,Ry) = M Hence for any degree two homogeneous polyno-
mial p(z1,...,2,) = szzl a;1%; 2k, where (a;)) is a symmetric matrix,
we get that

n
sup [p(T)| = sup | > ajile;,zx)
Tedn lleille2 <t | ;%20

THEOREM 3.5. — 1.2 < C3(d3) < f

Proof. — The fact that C3(d3) > 1.2 follows from [10].
Given a complex n x n matrix A, we define the following quantity
B(A):= sup [(4,B)|.
Be%€(n)

Every correlation matrix B can be written as (((x;,z;))) for some unit
vectors x;, 1 < ¢ < n, and vice versa. Let U denote the unit ball of
C*[Z1, ..., Zy,] with respect to supremum norm over the polydisc D". Sup-
pose A, denote the symmetric matrix corresponding to p € C*[Zy, ..., Z,].
Then, using Remark 3.4, we get

sup 5(A,) =sup sup
pel pEU ||zil 2 =1

= Cy(8y).

n
> gl ;)
ij=1
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The map B+ (A, B) is linear in B and % (n) is a compact convex set, we
conclude that

(3'5) ﬁ(A;D> = sup |<AP7B>|>
BEE(€(n))

where E(%(n)) is the set of all extreme points of € (n). Since all the ele-
ments of E(%(n)) have rank less than or equal to v/n ([14]) therefore when
n = 3, we conclude that the extreme correlation matrices have rank one. If
the correlation matrix (((z;,z;))) is of rank 1, then \/{x;;1 < ¢ < n} is one
dimensional. Using (3.5) and [9], for n = 3, we obtain the following

This completes the proof of the theorem. O

Remark 3.6. — In an unpublished work, Holbrook and Schoch have shown
that C2(d3) > 1.2323. Their method rely on explicit construction of a two
degree homogeneous polynomial as in Varopoulos—Kaijser (replacing the
coeflicients —2 in the Varopoulos—Kaijser polynomial by something like
—2.5959). In view of this and Theorem 3.5, we have 1.2323 < C3(d3) <
33~ 1.2990.

The following table shows that Varopoulos—Kaijser polynomial is ex-
tremal among the set of all symmetric sign matrices of order 3 as long
as the ratio ||p(T4,T%, T3)||/||pllps,c0 is concerned, where T3, 75 and T3 are
commuting Varopoulos operators. The total number of symmetric sign ma-
trices of order 3 is 26. To compute ||p||ps oo and ||p(T1, T2, T3)||, without loss
of generality, we can assume that every entry in first row and first column
of A,, symmetric matrix corresponding to p, is one. Since ||p||ps,~ and
|lp(T1, Tz, T5)|| are invariant under SA,S~!, for every permutation matrix
S of order 3, therefore it leaves us with the following 6 inequivalent matri-
ces, for which, we use Lemma 3.1 to compute the supremum norm of the
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polynomials.

N

=

pllps 00 | [1p(T1, T2, T5)||

|
—_ =
—_ =
ot
ot

1 5v/2 7

_ o | e = | e e = = e e e e |
—_

[N e B e N e G Sy e e el IS

1
1 9 9
1

We show that Varopoulos—Kaijser polynomial is also extremal among the

following matrices
S::{%a: (i%z}) :aGR}.

For ae > 0, the ratio ||p(Th, T, T5)||/||p||ps,cc is always 1. Hence we consider
the case when o < 0. Explicit computation shows that, for every symmetric
matrix %, in S, the corresponding homogeneous polynomial p, of degree
two satisfies the following

||p@Q||D3,oo = Ssup {‘1+ew+€i¢+6i9(1+6w—|-Oéew)—I—ew(l—&-em—l—aewﬂ}.
0,0€R

Suppose f(0, ) = |1+e?+ei+e (14+e +ae'®)+-e?(1+e'+ae'?)|. Using
Lemma 3.1, at point of maximum of f, we get that 1+ +ei? e¥ (14" +
ae'?) and e (14¢'® +ae’?) are collinear. Subtracting the third vector from
the second vector, we get 1+€% +¢'?, (e —ei?)(1+ €' +¢!?) are collinear.
We break the computation essentially into the following two cases

Case 1. — If 1 4 € + €% is zero then the maximum of f is 2 — 2av.
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Case 2. — Suppose 1+ e + ¢® £ 0. Then 1 and €*? — ' are collinear
and therefore at a point of maximum of f, we get that 8 = ¢ or 8 = ¢ + .
We deal with this case in the form of following two subcases.

(1) When 6 = ¢ then we need to maximize f(6,6) = |1+ 4e? +2(1 +
a)e?®| over § € R. We observe that f(6,0) = (17 + 4(1 + a)? +
8(3 4 2a) cos O + 4(1 + ) cos 20)'/2. At critical point 6y of f, we get
that

3+ 2a

—_— infy = 0.
30+ a) or sin 6y

cosbly = —
If « > —5/4 then the only possibility is sinfy = 0 i.e. e’ = £1.
In this case, maximum of f is either |7 + 2a| or 1 — 2a. As case
1 suggests, the quantity 1 — 2« can not be the maximum. In this

subcase if « is at most —5/4 then at cosfy = 72?(’1?3),

(3 +2a)?

_ 2 _
fwm%)<w+4a+a) 2

1/2
—4(1+ a)> .
(2) When 6 = ¢+ 7 then maximum of f is 3 — 2a.. This subcase proves
the redundancy of case 1 as far as the maximum of f is concerned.

Comparison of all the possible cases and explicit computation tells us
that for o < 0, the norm of the homogeneous polynomial p, of degree
two, is the following continuous function

I T4+ 2a, a>-1
po’ D3, -
2T 13220, a< —1

We define the following quantity Mg, = SUp|, ;=1 | Zajkzj2k|. By Re-
mark 3.4 and from [14], we see that Mg, = suppeg, [|p,, (T)|. Corre-
sponding to every matrix %, in the class S, we get

Mg, = sup ‘3 + 2(Rz1Z2 + aRzoZ3 + %2331)|

z51=1
= sup |3+ 2(cosf + cosd + acos(d — ¢))|

9,6€R
Define the function h(6, ¢) = 3 + 2(cos 6 + cos ¢ + acos(f — ¢)). Then the
critical points of the function h are the solutions of sin 6 + asin(d — ¢) =0
and sin¢ — asin(f — ¢) = 0. Therefore the critical points (6, ¢g) satisfy
sin fy + sin ¢g = 0. Thus, we get that g = —¢g or Oy = —¢g + 7 or Oy =
¢o + 7.
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Case 1. — If 0y = —¢g then
h(bo, d0) = 3 + 2(2cos Oy + a cos 26;)
= 4acos® 0y + 4cosby + 3 — 2a
=g(t), say,

where t = cos 6.

If @« > —1/2 then there is no critical point of g in (0,1). Hence the
maximum is 3 — 2« or |7 + 2«|. Between these, in the case when a €
(=1/2,0), clearly, 3 — 2« is bigger. If & < —1/2 then the maximum of g(t)
is among 3 —2a—1/a or |7+ 2a or 3—2a. A straightforward computation
shows that 3 — 2a — 1/« is bigger than the other two values. Therefore we
have the following

3 —2a,

o> —
Mg, =
3—-2a—-1/a, a<-—

SIS

Computations done till now leads to the following graph of the ratio Q :=
Mg,

Mo, 55
e ae(-1/2,0)
Q= Zle 4el-1,-1/2
W, a € (—oo,—1).

The ratio Q is increasing in (—oo,—1) and decreasing in (—1,0). Thus
maximum of the ratio Q is at —1 and hence Varopoulos—Kaijser polynomial
is the best in the class we have specified.
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