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DOUBLY-RESONANT SADDLE-NODES IN (C30) AND
THE FIXED SINGULARITY AT INFINITY IN
PAINLEVE EQUATIONS: ANALYTIC CLASSIFICATION

by Amaury BITTMANN

ABSTRACT. — In this work, we consider germs of analytic singular vector fields
in C? with an isolated and doubly-resonant singularity of saddle-node type at the
origin. Such vector fields come from irregular two-dimensional differential systems
with two opposite non-zero eigenvalues, and appear for instance when studying
the irregular singularity at infinity in Painlevé equations (Pj),=r,...,v for generic
values of the parameters. Under suitable assumptions, we prove a theorem of an-
alytic normalization over sectorial domains, analogous to the classical one due to
Hukuhara-Kimura—Matuda for saddle-nodes in C2. We also prove that these secto-
rial normalizing maps are in fact the Gevrey-1 sums of the formal normalizing map,
the existence of which has been proved in a previous paper. Finally we provide an
analytic classification under the action of fibered diffeomorphisms, based on the
study of the so-called Stokes diffeomorphisms obtained by comparing consecutive
sectorial normalizing maps a la Martinet—Ramis / Stolovitch for 1-resonant vector
fields.

RESUME. — Dans ce travail, nous considérons des germes de champs de vecteurs
singuliers dans (C2,0) ayant une singularité isolée doublement résonante de type
noeud-col & lorigine. Ces champs de vecteurs proviennent de systémes différentiels
irréguliers en dimension deux, avec deux valeurs propres opposées non-nulles, et
apparaissent par exemple dans I’étude des singularités irrégulieres a l'infini des
équations de Painlevé (Pj);j—s .. v pour des valeurs génériques des parametres.
Sous des conditions adéquates, nous démontrons un théoreme de normalisation
analytique sur des domaines sectoriels, analogue a un résultat de Hukuhara, Ki-
mura et Matuda pour les noeud-cols dans C2. Nous prouvons également que ces
normalisations sectorielles sont en fait les sommes 1-Gevrey de la normalisation
formelle, dont ’existence a été prouvée dans un précédent papier. Nous terminons
en fournissant une classification analytique sous l'action de difféomorphismes fi-
brés, basée sur I’étude des difféomorphismes de Stokes obtenus en comparant les
normalisations sectorielles consécutives a la Martinet—Ramis / Stolovitch pour des
champs de vecteurs 1-résonants.

Keywords: Painlevé equations, singular vector field, irregular singularity, resonant sin-
gularity, analytic classification, Stokes diffeomorphisms.
2010 Mathematics Subject Classification: 34M30, 34M35, 34M40, 34M55.



1716 Amaury BITTMANN
1. Introduction

As in [3], we consider (germs of) singular vector fields Y in C* which can
be written in appropriate coordinates (z,y) := (x, 41, y2) as

0 0 0
— 2 _ —

where A € C* and Fy, F, are germs of holomorphic functions in (C3,0) of
homogeneous valuation (order) at least two. They represent irregular two-
dimensional differential systems having two opposite non-zero eigenvalues:

2 dy&fj’ — (@) + Fi(ey(x))
x? dyjix) = \ya(z) + Fo(z,y(z)).

These we call doubly-resonant vector fields of saddle-node type (or simply
doubly-resonant saddle-nodes). We will impose more (non-generic) condi-
tions in the sequel. The motivation for studying such vector fields is at least
of two types.

(1) There are two independent resonance relations between the eigen-
values (here 0, —\ and \): we generalize then the study in [17, 18].
More generally, this work is aimed at understanding singularities
of vector fields in C3. According to a theorem of resolution of sin-
gularities in dimension less than three in [20], there exists a list of
“final models” for singularities (log-canonical) obtained after a finite
procedure of weighted blow-ups for three dimensional singular ana-
lytic vector fields. In this list, we find in particular doubly-resonant
saddles-nodes, as those we are interested in. In dimension 2, these
final models have been intensively studied (for instance by Mar-
tinet, Ramis, Ecalle, Ilyashenko, Teyssier, ... ) from the view point
of both formal and analytic classification (some important ques-
tions remain unsolved, though). In dimension 3, the problems of
formal and analytic classification are still open questions, although
Stolovitch has performed such a classification for 1-resonant vector
fields in any dimension [28]. The presence of two kinds of resonance
relations brings new difficulties.

(2) Our second main motivation is the study of the irregular singular-
ity at infinity in Painlevé equations(P;);=r, .. v, for generic values
of the parameters (cf. [33]). These equations were discovered by
Paul Painlevé [23] because the only movable singularities of the
solutions are poles (the so-called Painlevé property). Their study
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DOUBLY-RESONANT SADDLE-NODES IN (C3,0) 1717

has become a rich domain of research since the important work
of Okamoto [21]. The fixed singularities of the Painlevé equations,
and more particularly those at infinity, where notably investigated
by Boutroux with his famous tritronquées solutions [5]. Recently,
several authors provided more complete information about such sin-
gularities, studying “quasi-linear Stokes phenomena” and also giv-
ing connection formulas; we refer to the following (non-exhaustive)
sources [6, 7, 11, 12, 13, 14]. Stokes coefficients are invariant under
local changes of analytic coordinates, but do not form a complete
invariant of the vector field. To the best of our knowledge there
currently does not exist a general analytic classification for doubly-
resonant saddle-nodes. Such a classification would provide a new
framework allowing to analyse Stokes phenomena in that class of
singularities.

In this paper we provide an analytic classification under the action of
fibered diffeomorphisms for a specific (to be defined later on) class of
doubly-resonant saddle-nodes which contains the Painlevé case. For this
purpose, the main tool is a theorem of analytic normalization over secto-
rial domain (a la Hukuhara—Kimura—Matuda [9] for saddle-nodes in (C?, 0))
for a specific class (to be defined later on) of doubly-resonant saddle-nodes
which contains the Painlevé case. The analytic classification for this class
of vector fields, inspired by the important works [17, 18, 28] for 1-resonant
vector fields, is based on the study of so-called Stokes diffeomorphisms,
which are the transition maps between different sectorial domains for the
normalization.

In [32, 33] Yoshida shows that doubly-resonant saddle-nodes arising from
the compactification of Painlevé equations (P;);=r,...v (for generic values
for the parameters) are conjugate to vector fields of the form:

0 0 0
1.2) Z=2>"—+(-(1 —+(1 —
(1.2) 2 5+ (=( ﬂLwlyz)erm)ylay1 + ( +vy1y2+a2:v)yzay2
with v € C* and (ay,az) € C? such that a; + az = 1. One should notice
straight away that this “conjugacy” does not agree with what is tradi-
tionally (in particular in this paper) meant by conjugacy, for Yoshida’s
transform ¥ (z,y) = (z,¢¥1(x,y), ¥2(x,y)) takes the form

Qi k(T
13) ey = f1e X S pn |

(ko,k1,ka)EN?
ki+ka>1
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1718 Amaury BITTMANN

where each g; x is formal power series although x appears with negative
exponents. This expansion may not even be a formal Laurent series. It is,
though, the asymptotic expansion along {z = 0} of a function analytic in
a domain

(1.4) {(z,2z) € S xD(0,r) | |2122]| < v|z|}

for some small v > 0, where S is a sector of opening greater than 7 with
vertex at the origin and D(0,r) is a polydisc of small poly-radius r =
(r1,72) € (Rs0)?. Moreover the (¢; x(z));x are actually Gevrey-1 power
series. The drawback here is that the transforms are convergent on regions
so small that taken together they cannot cover an entire neighborhood
of the origin in C3 (which seems to be problematic to obtain an analytic
classification a la Martinet—Ramis).

Several authors studied the problem of convergence of formal transfor-
mations putting vector fields as in (1.1) into “normal forms”. Shimomura,
improving on a result of Iwano [10], shows in [27] that analytic doubly-
resonant saddle-nodes satisfying more restrictive conditions are conjugate
(formally and over sectors) to vector fields of the form

(1.5) xQ% + (—)\+a1x)ylaiy1 + ()\+a2:6)y28iy2
via a diffeomorphism whose coefficients have asymptotic expansions as
x — 0 in sectors of opening greater than 7. Stolovitch then generalized
this result to any dimension in [28]. More precisely, Stolovitch’s work offers
an analytic classification of vector fields in C™*! with an irregular sin-
gular point, without further hypothesis on eventual additional resonance
relations between eigenvalues of the linear part. However, as Iwano and
Shimomura did, he needed to impose other assumptions, among which the
condition that the restriction of the vector field to the invariant hypersur-
face {z = 0} is a linear vector field. In [4], the authors obtain a Gevrey-1
summable “normal form”, though not as simple as Stolovitch’s one and
not unique a priori, but for more general kind of vector field with one zero
eigenvalue. However, the same assumption on hypersurface {x = 0} is re-
quired (the restriction is a linear vector field). Yet from [33] (and later [3])
stems the fact that this condition is not met in the case of Painlevé equa-
tions (P;)j=r,...,v. In comparison, we merely ask here that the restricted
vector field be orbitally linearizable (see Definition 1.7), i.e. the foliation
induced by Y on {z = 0} (and not the vector field Yj{,—o} itself) be lin-
earizable. The fact that this condition is fulfilled by the singularities of

ANNALES DE L’INSTITUT FOURIER
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Painlevé equations formerly described is well-known. As discussed in Re-
mark 1.17, the more general context also introduces new phenomena and
technical difficulties as compared to prior classification results.

1.1. Scope of the paper

The action of local analytic / formal diffeomorphisms ¥ fixing the origin
on local holomorphic vector fields Y of type (1.1) by change of coordinates
is given by
(1.6) T,Y :=d¥(Y)o ¥ !,

In [3] we performed the formal classification of such vector fields by ex-
hibiting an explicit universal family of vector fields for the action of formal
changes of coordinates at 0 (called a family of normal forms). Such a result
seems currently out of reach in the analytic category: it is unlikely that an
explicit universal family for the action of local analytic changes of coordi-
nates be described anytime soon. If we want to describe the space of equiva-
lent classes (of germs of a doubly-resonant saddle-node under local analytic
changes of coordinates) with same formal normal form, we therefore need
to find a complete set of invariants which is of a different nature. We call
moduli space this quotient space and would like to give it a (non-trivial)
presentation based on functional invariants & la Martinet-Ramis [17, 18].
We only deal here with z-fibered local analytic conjugacies acting on vector
fields of the form (1.1) with some additional assumptions detailed further
down (see Definitions 1.1, 1.3 and 1.7). Importantly, these hypothesis are
met in the case of Painlevé equations mentioned above. The classification
under the action of general (not necessarily fibered) diffeomorphisms can
be found in [2]).

First we prove a theorem of analytic sectorial normalizing map (over a
pair of opposite “wide” sectors of opening greater than m whose union covers
a full punctured neighborhood of {# = 0}). Then we attach to each vector
field a complete set of invariants given as transition maps (over “narrow”
sectors of opening less than ) between the sectorial normalizing maps. Al-
though this viewpoint has become classical since the work of Martinet and
Ramis, and has latter been generalized by Stolovitch as already mentioned,
our approach has some geometric flavor. For instance, we avoid the use of
fixed-point methods altogether to establish the existence of the normal-
izing maps, and generalize instead the approach of Teyssier [31, 30] rely-
ing on path-integration of well-chosen 1-forms (following Arnold’s method

TOME 68 (2018), FASCICULE 4
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of characteristics [1]). As a by-product of this normalization we deduce
that the normalizing sectorial diffeomorphisms are Gevrey-1 asymptotic
to the normalizing formal power series of [3], retrospectively proving their
1-summability (with respect to the x—coordinate). When the vector field
additionally supports a symplectic transverse structure (which is again the
case of Painlevé equations) we prove that the (essentially unique) secto-
rial normalizing map is performed by a transversally symplectic diffeomor-
phism. We deduce from this a theorem of analytic classification under the
action of transversally symplectic diffeomorphisms.

1.2. Definitions and main results

To state our main results we need to introduce some notations and
nomenclature.

e For n € N5, we denote by (C™,0) an (arbitrary small) open neigh-
borhood of the origin in C”.

e We denote by C{z,y}, with y = (y1,y2), the C-algebra of germs
of holomorphic functions at the origin of C3, and by C{z,y}*
the group of invertible elements for the multiplication (also called
units), i.e. elements U such that U(0) # 0.

e X(C3,0) is the Lie algebra of germs of singular holomorphic vector
fields at the origin C3. Any vector field in x(C3,0) can be written
as

Y = ble s ve) -+ buCe g gm) g + b )
with b,b1,by € C{z,y1,y2} vanishing at the origin.

e Diff(C3,0) is the group of germs of a holomorphic diffeomorphism
fixing the origin of C3. It acts on x(C3,0) by conjugacy: for all

(®,Y) € Diff(C?,0) x x(C?,0)
we define the push-forward of Y by ® by
(1.7) O (Y):=(dP-Y)od !,

where d® is the Jacobian matrix of ®.
e Diffs,(C3,0) is the subgroup of Diff(C3,0) of fibered diffeomor-
phisms preserving the z-coordinate, i.e. of the form (z,y) —

(z,9(2,5)).
e We denote by Diffg,(C3, 0;1d) the subgroup of Diffg,(C3, 0) formed
by diffeomorphisms tangent to the identity.

ANNALES DE L’INSTITUT FOURIER
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All these concepts have formal analogues, where we only suppose that the
objects are defined with formal power series, not necessarily convergent
near the origin.

DEFINITION 1.1. — A diagonal doubly-resonant saddle-node is a vector
field Y € x(C3,0) of the form
18 v=aZ (g4 Aey) e+ (e + Paley)) e
oz ’ o ’ 0y2 ’
with A € C* and Fy, Fy € C{x,y} of order at least two. We denote by
SN diag the set of such vector fields.

Remark 1.2. — One can also define the foliation associate to a diagonal
doubly-resonant saddle-node in a geometric way. A vector field Y € x(C3,0)
is orbitally equivalent to a diagonal doubly-resonant saddle-node (i.e. Y is
conjugate to some VX, where V € C{z,y}* and X € SNyy,) if and only
if the following conditions hold:

(1) Spec(DoY) = {0, —A, A} with A #£ 0;

(2) there exists a germ of irreducible analytic hypersurface Ho ={S=0}
which is transverse to the eigenspace Ey (corresponding to the zero
eigenvalue) at the origin, and which is stable under the flow of Y;

(3) Ly(S) = U.S?%, where Ly is the Lie derivative of Y and U €
C{z,y}*.

By Taylor expansion up to order 1 with respect to y, given a vector field

Y € SN giag written as in (1.1) we can consider the associate 2-dimensional
system:

d
(1.9) 22 = a(2) + A(0)y(2) + Flz.y(@)),
with y = (y1,92), such that the following conditions hold:

o a(x) = (Z;Ei%) , with a1,z € C{z} and ay, as € O(2?)
o A(z) € Maty o(C{x}) with A(0) = diag(—A,A), A € C*

Fi(x, .
o Ble.y) = (e ) with Fi, By € oy and B, € O(ly ).

Based on this expression, we state:

DEFINITION 1.3. — The residue of Y € SN giag is the complex number
Tr(A
res(Y) := (((x))) .
z |z=0

We say that Y is non-degenerate (resp. strictly non-degenerate) if res(Y) ¢
Q<o (resp. R(res(Y)) > 0).

TOME 68 (2018), FASCICULE 4



1722 Amaury BITTMANN

Remark 1.4. — Tt is obvious that there is an action of Diffg;, (C3,0;1d)
on SN giag. The residue is an invariant of each orbit of SAgp under the
action of Diffg, (C3,0;1d) by conjugacy (see [3]).

The main result of [3] can now be stated as follows:

THEOREM 1.5 ([3]). — Let Y € SN giag be non-degenerate. Then there
exists a unique formal fibered diffeomorphism ® tangent to the identity
such that:

5 0

R d
(110)  ®.(Y) ="~ + (-A + @z + 01(y1y2))y187y1

+ A+ a2z +ea(y2))yeg -
Y2

where A € C*, ¢1, ¢y € C[v] are formal power series in v = y1y2 without

constant term and ay,as € C are such that a; + az = res(Y') € C\Qo.

DEFINITION 1.6. — The vector field obtained in (1.10) is called the
formal normal form of Y. The formal fibered diffeomorphism ® is called
the formal normalizing map of Y.

The above result is valid for formal objects, without considering problems
of convergence. The first main result in this work states that this formal
normalizing map is analytic in sectorial domains, under some additional
assumptions that we are now going to precise.

DEFINITION 1.7.
e We say that a germ of a vector field X in (C2,0) is orbitally linear if

0 0
X = MY =— + Aoys—
Ul(y) < 1Y1 o + 2y28y2) )

for some U(y) € C{y}* and (A1, \2) € C%.

o We say that a germ of vector field X in (C2,0) is analytically (resp.
formally ) orbitally linearizable if X is analytically (resp. formally)
conjugate to an orbitally linear vector field.

e We say that a diagonal doubly-resonant saddle-node Y € SN giag
is div-integrable if Y{{,—oy € x(C?,0) is (analytically) orbitally lin-
earizable.

Remark 1.8. — Alternatively we could say that the foliation associated
to Y|fz—o) is linearizable. Since Y|(,—¢} is analytic at the origin of C? and
has two opposite eigenvalues, it follows from a classical result of Brjuno
(see [16]), that Yj{,—o} is analytically orbitally linearizable if and only if it
is formally orbitally linearizable.

ANNALES DE L’INSTITUT FOURIER
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DEFINITION 1.9. — We denote by SNgiag,o the set of strictly non-
degenerate diagonal doubly-resonant saddle-nodes which are div-integrable.

The vector field corresponding to the irregular singularity at infinity in
the Painlevé equations (P;),=r . v is orbitally equivalent to an element of
SNtb o, for generic values of the parameters (see [33]). We can now state
the first main result of our paper (we refer to section 2. for more details on
I-summability).

THEOREM 1.10. — Let Y € SN giag,0 and let & (given by Theorem 1.5)
be the unique formal fibered diffeomorphism tangent to the identity such
that
5 0

0
Ty + (At ax+ 01(?/1:U2))y187y1

d,(Y)

0
+ (A +agx + 02(?/1112))3/267
Y2

=: Yiorm »

where A # 0 and ¢1(v), c2(v) € vC[v] are formal power series without con-
stant term. Then:

(1) the normal form Yyorm is analytic (i.e. c1,co € C{v}), and it also is
div-integrable, i.e. ¢c; + co = 0;

(2) the formal normalizing map ® is 1-summable (with respect to x) in
every direction 0 # arg(£\).

(3) there exist analytic sectorial fibered diffeomorphisms ®; and ®_,
(asymptotically) tangent to the identity, defined in sectorial do-
mains of the form S, x (C2,0) and S_ x (C?2,0) respectively, where

S+:={x€(C‘O<|x|<rand‘arg<%) <g+e}

(G)l<3+4
arg X 5 €

(for any € € |0, Z[ and some r > 0 small enough), which admit d as
weak Gevrey-1 asymptotic expansion in these respective domains,
and which conjugate Y to Yyorm. Moreover ®, and ®_ are the
unique such germs of analytic functions in sectorial domains (see
Definition 2.2).

S_::{J:E(C‘O<|x|<7‘and

Remark 1.11. — Although item (3) above is a straightforward conse-
quence of the I-summability of & (item (2) above), we will in fact start
by proving item (3) in Corollary 4.2, and establish the 1-summability of
item (2) in a second step (see Proposition 5.6). What we will obtain at
first directly is only the weak l-summability (see Subsection 2.3) of P
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(see Proposition 4.18), and not immediately the 1-summability. To obtain
the “true” l-summability, we will need to prove that the transition maps
between &, and ®_ are exponentially close to the identity (see Proposi-
tion 5.2), and then to use a fundamental theorem of Martinet and Ramis
(see Theorem 2.22).

DEFINITION 1.12. — We call &, and ®_ the sectorial normalizing maps
of Y € SNdiag,O-

They are the 1-sums of & along the respective directions arg(i\) and
arg(—iA). Notice that &, and ®_ are germs of analytic sectorial fibered
diffeomorphisms, i.e. they are of the form

d, .S, x(C?0) — Sy x (C%0)
(@, y) — (2, P4,1(2,y), P4 2(2,y))
and
d_:S5_ x(C%*0)— S_x(C%0)
(z,y) — (2, -1 (z,y), P 2(2,y))

(see Section 2. for a precise definition of germ of analytic sectorial fibered
diffeomorphism). The fact that they are also (asymptotically) tangent to
the identity means that we have:

Dy (z,y) = 1d(z,y) + O (z, ¥)[*).

In fact, we can prove the uniqueness of the sectorial normalizing maps
under weaker assumptions.

PrOPOSITION 1.13. — Let ¢4 and ¢_ be two germs of sectorial fibered
diffeomorphisms in Sy x (C%,0) and S_ x (C?,0) respectively, where S
and S_ are as in Theorem 1.10, which are (asymptotically) tangent to the
identity and such that

((P:I:)*(Y) - Ynorm .

Then, they necessarily coincide with the sectorial normalizing maps ®,
and ®_ defined above.

Since two analytically conjugate vector fields are also formally conjugate,
we fix now a normal form
0 0
Yiorm = xZ% + (At a1z — c(v))yla—y1 + (A +agx + c(v))?h% )
with A € C*, R(a1 + a2) > 0 and ¢ € vC{v} vanishing at the origin.

ANNALES DE L’INSTITUT FOURIER
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DEFINITION 1.14. — We denote by [Yyorm| the set of germs of holomor-
phic doubly-resonant saddle-nodes in (C3,0) which are formally conjugate
to Ynorm by formal fibered diffeomorphisms tangent to the identity, and
denote by [Ynorm]/Diffﬁb(((j37 0;1d) the set of orbits of the elements in this
set under the action of Diffg,(C3,0;1d).

According to Theorem 1.10, to any Y € [Yiorm] We can associate two
sectorial normalizing maps ®,,®_, which can in fact extend analytically
in domains Sy x (C2,0) and S_ x (C2,0), where Sy is an asymptotic sector
in the direction arg(£i\) with opening 27 (see Definition 2.3):

(S+7 S,) € Asarg(i)\),Zﬂ X ASarg(fi)\),Zﬂ' .

Then, we consider two germs of sectorial fibered diffeomorphisms @y, ®_,
analytic in Sy, S_», with

Sy =S, N8N {éR (f) > o} € ASagin.m

(1.11) A
Soxi= 51 NS N{R(5) <0} € ASurg(.x

defined by:

b, = ((I)+ ¢} (b:l)\S’)\X((C{O) € Diﬁ.ﬁb(sarg(A)’E;Id), Vee [O,TF[

O_,:=(d_o (I’.T.l)|S,,\><((C?,O) € Diﬂ’ﬁb(Sarg(,,\)@;Id), Veel0,n].
Notice that @, ®_, are isotropies of Yyorm, i-€. they satisfy:
(112) (q):tk)*(ynorm) = Ynorm .

DEFINITION 1.15. — With the above notations, we define Ax(Ynorm)

(resp. A_x(Yoorm)) as the group of germs of sectorial fibered isotropies of
Yiorm, tangent to the identity, and admitting the identity as Gevrey-1 as-
ymptotic expansion (see Definition 2.4) in sectorial domains of the form
Sx x (C2,0) (resp. S_x x (C?,0)), with S+ € ASarg(),»- The two secto-
rial isotropies ®, and ®_ defined above are called the Stokes diffeomor-
phisms associate to Y € [Yaorm]-

Our second main result gives the moduli space for the analytic classifi-
cation that we are looking for.

THEOREM 1.16. — The map

[Ynorm]/Diﬁﬁb(Cg, 0; Id) — Ay (Ynorm) X A—)\(Ynorm)
Y+— ((P)\, CI)_)\)

is well-defined and bijective.

TOME 68 (2018), FASCICULE 4
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In particular, the result states that Stokes diffeomorphisms only depend
on the class of Y € [Yiorm] in the quotient [Ynorm]/Diﬁﬁb(C370;Id). We
will give a description of this set of invariants in terms of power series in
the space of leaves in Section 5.

Remark 1.17. — In this paper we start by proving a theorem of sectorial
normalizing map analogous to the classical one due to Hukuhara—Kimura—
Matuda for saddle-nodes in (C2,0) [9], generalized later by Stolovitch in
any dimension in [28]. Unlike the method based on a fixed point theorem
used by these authors, we have used a more geometric approach (following
the works of Teyssier [30, 31]) based on the resolution of an homological
equation, by integrating a well chosen 1-form along asymptotic paths. This
latter approach turned out to be more efficient to deal with the fact that
Y|{z—=0} is not necessarily linearizable. Indeed, if we look at [28] in details,
one of the first problem is that in the irregular systems that needs to be
solved by a fixed point method (for instance equation (2.7) in the cited
paper), the non-linear terms would not be divisible by the “time” variable
t in our situation. This would complicate the different estimations that are
done later in the cited work. This is the first main new phenomena we
have met. Then we will see that the sectorial normalizing maps ¢, ®_
in the corollary above admit in fact the unique formal normalizing map ®
given by Theorem 1.5 as “true” Gevrey-1 asymptotic expansion in Sy €
Sarg(n),n and S— € S, 2,y Tespectively. This will be proved by studying
O, 0(®_)"!in S NS_ (and more generally any germ of sectorial fibered
isotropy of Yyorm in “narrow” sectorial neighborhoods S1y C Sy NS_
which admits the identity as weak Gevrey-1 asymptotic expansion). The
main difficulty is to prove that such a sectorial isotropy of Yyorm over the
” sectors described above is necessarily exponentially close to the
identity (see Lemma 5.20). This will be done via a detailed analysis of
these maps in the space of leaves (see Definition 5.10). In fact, this is the
second main new difficulty we have met, which is due to the presence of
the “resonant” term

“narrow

cm(y1y2)™ log(x)
x
in the exponential expression of the first integrals of the vector field

(see (5.3)). In [28], similar computations are done in Subsection 3.4.1. In
this part of the paper, infinitely many irregular differential equations ap-
pear when identifying terms of same homogeneous degree. The fact that
Y|{2=0} is linear implies that these differential equations are all linear and
independent of each others (i.e. they are not mixed together). In our situ-
ation, this is not the case and then more complicated.
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1.3. Painlevé equations: the transversally Hamiltonian case

In [33] Yoshida shows that a vector field in the class SN o naturally
appears after a suitable compactification (given by the so-called Boutroux
coordinates [5]) of the phase space of Painlevé equations (P;);=r,... v, for
generic values of the parameters. In these cases the vector field presents an
additional transverse Hamiltonian structure. Let us illustrate these com-

putations in the case of the first Painlevé equation:
d22’1
P

As is well known since Okamoto [22], (Pr) can be seen as a non-autonomous
Hamiltonian system

=622 +t.

62’1 - OH
ot Oz
322 - oOH
ot 0z
with Hamiltonian
2
(1.13) H(t, 21, 29) i= 223 + 12y — %,

2
More precisely, if we consider the standard symplectic form w := dz; A dzo
and the vector field
0 O0H 0 0H 0
TO 0m0m 02 0m
induced by (Py), then the Lie derivative

2H 2H
zﬂ@:(ada+éaz@QAw=dmAw

(1.14)

belongs to the ideal (dt) generated by dt in the exterior algebra Q*(C3)
of differential forms in variables (¢, z1,22). Equivalently, for any t1,ty €
C the flow of Z at time (ty — t1) acts as a symplectomorphism between
fibers {¢t = ¢1} and {t = t2}. The weighted compactification given by the
Boutroux coordinates [5] defines a chart near {t = oo} as follows:

3

22 = Y2 5

_2

21 =y1x 5
_4
t=x"5.

In the coordinates (z,y1,y2), the vector field Z is transformed, up to a

translation y; — y; + ¢ with ¢ = ﬁ, to the vector field
5
-Y

1.15 7=
(1.15) pp:
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where

ox 5 5 5 1

. 24 5, 48¢ N 3 0
-y — — -z —.
5 Y1 5 Y1 5 Y2 B
We observe that Y is a strictly non-degenerate doubly-resonant saddle-
node as in Definitions 1.1 and 1.3 with residue res(Y") = 1. Furthermore we
have:

0 4 2 2 0

4
dt = —35%x_%dx

1 1
dzy ANdzy = E(dyl Adys) + 5?(2y1dy2 — 3yadyr) A dx

1
IS ;(dyl Adys) + (dx),

where (dz) denotes the ideal generated by dz in the algebra of holomorphic
forms in C* x C2. We finally obtain

dy; A d 1
Ly (H) = —(3y2dy1 — (2¢ + 2y1)dy2) A dz
T %)
Ly (dz) = 2zdx .
Therefore, both Ly (w) and Ly (dz) are differential forms who lie in the

ideal (dz), in the algebra of germs of meromorphic 1-forms in (C3,0) with
poles only in {z = 0}. This motivates the following;:

DEFINITION 1.18. — Consider the rational 1-form
dy; A d
(1.17) w = S A2 .
x

We say that vector field Y is transversally Hamiltonian (with respect to w
and dx) if

(1.18) Ly (dz) € (dz) and Ly (w) € (dz).

For any open sector S C C*, we say that a germ of sectorial fibered diffeo-
morphism ® in S x (C2,0) is transversally symplectic (with respect to w
and dz) if

" (w) € w+ (dx)
(Here ®* (w) denotes the pull-back of w by ®). We denote by Diff,(C3, 0;1d)
the group of transversally symplectic diffeomorphisms which are tangent
to the identity.
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Remark 1.19.

(1) The flow of a transversally Hamiltonian vector field X defines a
map between fibers {x = 21} and {z = z»} which sends wj;—,
onto Wig—g,, since

(exp(X))*(w) € w+ (dz) .

(2) A fibered sectorial diffeomorphism @ is transversally symplectic if
and only if det(d®) = 1.

DEFINITION 1.20. — A transversally Hamiltonian doubly-resonant
saddle-node is a transversally Hamiltonian vector field which is conjugate,
via a transversally symplectic diffeomorphism, to one of the form

B) B) B
_ .2 _
(119) Y=z p + (=Ay1 JrFl(:c,y))ay1 + (Ay2 Jer(ﬂc,y))ay2 ,

with A € C* and Fy, Fy analytic in (C3,0) and of order at least 2.

Notice that a transversally Hamiltonian doubly-resonant saddle-node is
necessarily strictly non-degenerate (since its residue is always equal to 1),
and also div-integrable (see Section 3). It follows from Yoshida’s work [33]
that the doubly-resonant saddle-nodes at infinity in Painlevé equations
(Pj)j=1,.,v (for generic values of the parameters) all are transversally
Hamiltonian. We recall the second main result from [3].

THEOREM 1.21 ([3]). — Let Y € SN qiag be a diagonal doubly-resonant
saddle-node which is supposed to be transversally Hamiltonian. Then, there
exists a unique formal fibered transversally symplectic diffeomorphism <i>,
tangent to identity, such that:

N 0 0
$,. (V) = xQ% + (=X + a1z — c(y1y2))mn a0
d
(1.20) + (A a2z + c(y192))y2 5 -
Y2

= Ynorm ;
where A € C*, ¢(v) € vC[v] a formal power series in v = y1y2 without
constant term and ay,as € C are such that a1 + as = 1.

As a consequence of Theorem 1.21, Theorem 1.10 we have the following;:

THEOREM 1.22. — Let Y be a transversally Hamiltonian doubly-
resonant saddle-node and let ® be the unique formal normalizing map
given by Theorem 1.21. Then the associate sectorial normalizing maps ®
and ®_ are also transversally symplectic.
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Proof. — Since ® is 1-summable in Sy x (C2,0), the formal power series
det(d‘i)) is also 1-summable in Sy x (C?,0), and its asymptotic expan-
sion has to be the constant 1. By uniqueness of the 1-sum, we thus have
det(d®y) = 1. O

Let us fix a normal form Y, as in Theorem 1.22, and consider two
sectorial domains Sy x (C2,0) and S_, x (C2,0) as in (1.11). Then, the
Stokes diffeomorphisms (®y, ®_) defined in the previous subsection as

Dy :=(dyo <I>:1)|skx(<c2,o)
d_, = ((I)_ o q’;l)\s’_xx(Cz,O)v

are also transversally symplectic.

DEFINITION 1.23. — We denote by A{ (Ynorm) (resp. Ay (Yoorm)) the
group of germs of sectorial fibered isotropies of Ynorm, admitting the iden-
tity as Gevrey-1 asymptotic expansion in sectorial domains of the form
Sy x (C2,0) (resp. S_x x (C2,0)), and which are transversally symplectic.

Let us denote by [Yiorm)w the set of germs of vector fields which are
formally conjugate to Yiorm via (formal) transversally symplectic diffeo-
morphisms tangent to the identity. As a consequence of Theorems (1.16)
and (1.22), we can now state the following result.

THEOREM 1.24. — The map

[Ynorm]u/Diffw ((CB, 0; Id) — AL:\) (Ynorm) X Abi)\<Ynorm)
Y+ — (‘I))\, (I)_)\)

is a well-defined bijection.

1.4. Outline of the paper

In Section 2, we introduce the different tools we need concerning asymp-
totic expansion, Gevrey-1 series and 1-summability. We will in particular
introduce a notion of “weak” 1-summability.

In Section 3, we prove Proposition 3.1, which states that we can always
formally conjugate a non-degenerate doubly-resonant saddle-node which
is also div-integrable to its normal form up to remaining terms of order
O(z), for all N € Ny, and the conjugacy is actually 1-summable.

In Section 4, we prove that for all Y € SN fib,0, there exists a unique
pair of sectorial normalizing maps (P, P_) tangent to the identity which
conjugates Y to its normal form Y;..m over sectors with opening greater
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than 7 and arbitrarily close to 27. The existence is given by Corollary 4.2,
while the uniqueness clause stated in Proposition 1.13 is proved thanks to
Proposition 4.16. Moreover, we will see that ®; and ®_ both admit the
unique formal normalizing map ) given by Theorem 1.5 as weak Gevrey-1
asymptotic expansion (see Proposition 4.18).

In Section 5, we show that the Stokes diffeomorphisms ®, and ®_,,
which admit a priori the identity only as weak Gevrey-1 asymptotic ex-
pansion, admit in fact the identity as “true” Gevrey-1 asymptotic expan-
sion. This will be done by studying more generally the germs of sectorial
isotropies of the normal form in sectorial domains with “narrow” opening
(see Corollary 5.2). Using a theorem by Martinet and Ramis [17] refor-
mulated in Theorem 2.22, which is a “non-abelian” version of the Ramis—
Sibuya theorem, we will obtain the fact that d is 1-summable in every direc-
tion 6 # arg(£A\), of 1-sums ®; and ®_ respectively in the corresponding
domains (see Corollary 5.6). We then give a short proof of Theorem 1.10,
just by using the different lemmas and propositions needed and proved
earlier in this paper. After that, we will once again use Theorem 2.22 in
order to obtain both Theorems 1.16 and 1.24. We give in Proposition 5.24
a description of the moduli space of analytic classification in terms of some
spaces of power series in the space of leaves.

Acknowledgments. The author thanks his PhD advisors, namely
Daniel Panazzolo and Loic Teyssier: their many advices were absolutely
necessary to do this work. He also thanks Laurent Stolovitch for his inter-
est and his advices.

2. Background

We refer the reader to [4, 15, 17, 25] for a detailed introduction to the the-
ory of asymptotic expansion, Gevrey series and summability (see also [28]
for a useful discussion of these concepts), where one can find the proofs of
the classical results we recall (but we do not prove here). We call z € C
the independent variable and y := (y1,...,y) € C", n € N, the dependent
variables. As usual we define y* := y]fl ooyl for k= (ky,..., k,) € N7,
and |k| = k1 +--- 4+ k,. The notions of asymptotic expansion, Gevrey-1
power series and 1-summability presented here are always considered with
respect to the independent variable z living in (open) sectors, the depen-
dent variable y belonging to poly-discs

D(O,I‘) = {y: (yla“'vyn) eC” ‘ |y1| <T1""|yn| <rn}7
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of poly-radius r = (r1,...,7,) € (Rso)™. Given an open subset
UcCt ={(z,y) €CxC"}

we denote by O(U) the algebra of holomorphic function in ¢. The algebra of
germs of analytic functions of m variables x := (z1, ..., z,,) at the origin is
denoted by C{x}. The results recalled in this section are valid when n = 0.
Some statements for which we do not give a proof can be proved exactly
as in the classical case n = 0, uniformly in the dependent multi-variable
y. For convenience and homogeneity reasons we will present some classical
results not in their original (and more general) form, but rather in more
specific cases which we will need. Finally, we will introduce a notion of
weak Gevrey-1 summability, which we will compare to the classical notion
of 1-summability.

2.1. Sectorial germs

Given r > 0, and «,8 € R with o < (3, we denote by S(r,a, ) the
following open sector:

S(r,a,B) ={reC|0<|z|] <rand a <arg(x) < 8}.
Let 0 € R, n € Ryp and n € N.

DEFINITION 2.1.

(1) An z—sectorial neighborhood (or simply sectorial neighborhood) of
the origin (in C"*!) in the direction § with opening 7 is an open
set S C C"*! such that

Sgs(r,a—g—e,e+g+e) x D(0,r)
for some r > 0, r € (Rx()" and € > 0. We denote by (Sp,,, <) the

directed set formed by all such neighborhoods, equipped with the
order relation

(21) S1 <SS« 5D25;.

(2) The algebra of germs of holomorphic functions in a sectorial neigh-
borhood of the origin in the direction 6 with opening 7 is the direct
limit

O0(Sp,) == @0(8)
with respect to the directed system defined by {O(S) : S € Sy, }.

We now give the definition of a (germ of a) sectorial diffeomorphism.
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DEFINITION 2.2.
(1) Given an element S € Sy, we denote by Diffg,(S;1d) the set of
holomorphic fibered diffeomorphisms of the form
D S — o(S)
(@,y) — (%, 01(2, ), P2(2,y)) ,

such that ®(x,y) — Id(z,y) = O(||z,y||*), as (z,y) — (0,0) in S.
(1

(2) The set of germs of (fibered) sectorial diffeomorphisms in the di-
rection # with opening 7, tangent to the identity, is the direct limit

Diffﬁb(Sg’n; Id) = llﬂ Diffﬁb(S; Id)
with respect to the directed system defined by {Diffp(S;1d) : S €
So.n}. We equip Diffs,(Sp,; Id) with a group structure as follows:
given two germs ®, ¥ € Diffg,(Sp,;Id) we chose corresponding
representatives &g € Diffg,(S;1d) and ¥y € Diffg,(7;1d) with
S, T € Sy, such that T C ®o(S) and let ¥ o P be the germ defined
by U 0 ®.(2)

We will also need the notion of asymptotic sectors.

DEFINITION 2.3. — An (open) asymptotic sector of the origin in the
direction ¢ and with opening 7 is an open set S C C such that
S e m 80,17’ .
0<n’'<n

We denote by ASg ., the set of all such (open) asymptotic sectors.

2.2. Gevrey-1 power series and 1-summability
2.2.1. Gevrey-1 asymptotic expansions

In this subsection we fix a formal power series which we write under two
forms:

fay) =S iyt = 3 fgaiy € Clayl,
k>0 (jo.j)ENn+1

using the canonical identification Cfz,y] = C[z][y] = C[y][x]. We also
fix a norm || - || in C**+1.

(1) This condition implies in particular that ®(S) € Sy .
(2) One can prove that this definition is independent of the choice of the representatives.
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DEFINITION 2.4.

e A function f analytic in a domain S(r,a, ) x D(0,r) admits f as
asymptotic expansion in the sense of Gérard—Sibuya in this domain
if for all closed sub-sector S’ C S(r,a, 3) and compact K C D(0,r),
for all N € N, there exists a constant Cs/ g y > 0 such that:

fey) = S iy < Csuenli@y) Y
Jo+ji+.jn <N
for all (z,y) € 8’ x K.

e A function f analytic in a domain S(r,a, ) x D(0,r) admits f as
asymptotic expansion (with respect to x) if for all k € N, fi(y) is
analytic in D(0,r), and if for all closed sub-sector S C S(r,, ),
compact subset K C D(0,r) and N € N, there exists Ag/ g,n >0
such that:

N

Fa,y) =Y fu(y)a®| < Aso ke nla™ T
k>0

for all (z,y) € 8’ x K.

e An analytic function f in a sectorial domain S(r,«,5) x D(0,r)
admits f as Gevrey-1 asymptotic expansion in this domain, if for
allk € N, fi(y) is analytic in D(0, r), and if for all closed sub-sector
S’ C S(r,a, ), there exists A,C > 0 such that:

N-1
fla,y) = fuly)a®| < ACN(NY)[a"|
k=0
for all N € N and (z,y) € S’ x D(0,r).

Remark 2.5.

(1) If a function admits f as Gevrey-1 asymptotic expansion in
S(r,a, ) x D(0,r), then it also admits f as asymptotic expansion.

(2) If a function admits f as asymptotic expansion in S(r,a, 8) x
D(0,r), then it also admits f as asymptotic expansion in the sense
of Gérard—Sibuya.

(3) An asymptotic expansion (in any of the different senses described
above) is unique.

As a consequence of Stirling formula, we have the following characteri-
zation for functions admitting 0 as Gevrey-1 asymptotic expansion.
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PRrROPOSITION 2.6. — The set of analytic functions admitting 0 as
Gevrey-1 asymptotic expansion at the origin in a sectorial domain
S(r,a, 8) x D(0,r) is exactly the set of analytic functions f in S(r,«, 5) X
D(0,r) such that for all closed sub-sector S’ C S(r,a, ) and all compact
K C D(0,r), there exist As: k,Bs/ x > 0 such that:

Bg:
|f(177y)| < AS/,KeXp < isxiK) '

We say that such a function is exponentially flat at the origin in the corre-
sponding domain.

2.2.2. Borel transform and Gevrey-1 power series

DEFINITION 2.7.
e We define the Borel transform B(f) of f as:

B()(ty) = 3 P

k>0

o We say that f is Gevrey-1 jfB(f) is convergent in a neighborhood of
the origin in Cx C™. Notice that in this case the fi(y), k > 0, are all
analytic in a same polydisc D(0,r), of poly-radiusr = (ry, ..., ry) €

A

(Rs0)™, so that B(f) is analytic in D(0, p) x D(0, r), for some p > 0.

Possibly by reducing p,r1,...,r, > 0, we can assume that B(f) is
bounded in D(0, p) x D(0,r).

Remark 2.8.

(1) If a sectorial function f admits f for Gevrey-1 asymptotic expansion
as in Definition 2.4 then f is a Gevrey-1 formal power series.
(2) The set of all Gevrey-1 formal power series is an algebra closed

under partial derivatives 7, By By
Remark 2.9. — For technical reasons we will sometimes need to use an-

other definition of the Borel transform, that is:

&
B y) = 3 om0y
k>0
The first definition we gave has the advantage of being “directly” invert-
ible (via the Laplace transform) for all 1-summable formal power series
(see next subsection), but behaves not so good with respect to the prod-
uct. On the contrary, the second definition will be “directly” invertible only
for 1-summable formal power series with null constant term (otherwise a
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translation is needed). However, the advantage of the second Borel trans-
form is that it changes a product into a convolution product:

~ A

B(fg) = (B(f) = B(3)).
where the convolution product of two analytic functions hihs is defined by
t
(hn xha)(t,3) = [ (s, yhals — ty)ds.
0

The property of being Gevrey-1 or not does not depend on the choice of
the definition we take for the Borel transform.

2.2.3. Directional 1-summability and Borel-Laplace summation

DEFINITION 2.10. — Given 6 € R and § > 0, we define the infinite
sector in the direction @ with opening § as the set

)
Ao = {t e C*|arg(t) — 0| < 2}.

We say that f is 1-summable in the direction 6 € R, if the following three
conditions holds:

e f is a Gevrey-1 formal power series;

A

e B(f) can be analytically continued to a domain of the form AZ% x
D(o,r);
e there exists A > 0, M > 0 such that:

¥ (t,y) € A% x D(0,1), [B(f)(t,y)| < Mexp(Alt]).
In this case we set Ag 5, := A% UD(0, p) and

1£l1x0,6,00 = sup IB(f)(t,y)exp(—Alt])] .
(t,y)EAg,5,,xD(0,r)

If the domain is clear from the context we will simply write || f|x.

Remark 2.11.

(1) For fixed (A, 6,9, p,r) as above, the set B g5, of formal power se-
ries f 1-summable in the direction § and such that || f||x..5,pr < +00
is a Banach vector space for the norm || - [|x,0,5,p,r- We simply write
(B, || - [Ix) when there is no ambiguity.

(2) We will also need a norm well-adapted to the second Borel trans-
form B (cf. Remark 2.9), that is:

1RG50 = sup BI04+ X H) exp(=Alt])]
(t,y)€Ng,5,,xD(0,r)
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We write then %lj\i’fg’ 5,p.x the set space of formal power series f which

are l-summable in the direction ¢ and such that | f 1855550 < 00

/ bis bis
(3) If A > A, then %Aﬁﬁyﬁyl‘ C %)\/19757%1‘ and %A,G,é,p,r - sB)\’79,57p7r'

PROPOSITION 2.12 ([4, Proposition 4.]). — If f,5 € B85 | then

fgemyis ;. and:

~ . 4 A .

~ || bis bis A 1| bis
||fg||)\1,§9,5,p,r < A ||f”)\1,50,6,p,r||g||)\t§0,5,p,r .

Remark 2.13. — If A > 4x, then || - ||} , p.r 18 @ sub-multiplicative norm,
ie.
bis ~ 1| bis
)\,H,B,p,r||g||)\,0,5,p,r .

||fg||])a\i,bé,5,p,r < ||f|
DEFINITION 2.14. — Let g be analytic in a domain and A% x D(0,r)
and let A > 0, M > 0 such that

Y (t,y) € Ags x D(0,r), |g(t,y)| < Mexp(At]).

We define the Laplace transform of g in the direction 6 as:

uwmwy:Lm ot ) exp (L) &

)

X

which is absolutely convergent for all x € C with ?R(%) > A and for all
y € D(0,r), and analytic with respect to (x,y) in this domain.

Remark 2.15. — As for the Borel transform, there also exists another
definition of the Laplace transform, that is:

Lolo)ay) = [ attyyesn (- T)ar.

t
efR~ ¢ x

PROPOSITION 2.16. — A formal power series f € C[z,y] is 1-summable
in the direction 0 if and only if there exists a germ of a sectorial holomorphic
function fy € O(Sp,~) which admits f as Gevrey-1 asymptotic expansion
in some S € Sy . Moreover, fy is unique (as a germ in O(Sy ,)) and in
particular

fo = Lo(B(f)).
The function (germ) fy is called the 1-sum of f in the direction 6.

Remark 2.17. — With the second definitions of Borel and Laplace trans-
forms given above, we have a similar result for formal power series of the

form f(z,y) = S fr(y)ak with:
fo = Lo(B(f)) + f(0,¥).

We recall the following well-known result.
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LEMMA 2.18. — The set Xy C C[x,y] of 1-summable power series in
the direction 6 is an algebra closed under partial derivatives. Moreover the
map

Yo — O(Sg)ﬂ)
fr—to

is an injective morphism of differential algebras.

DEFINITION 2.19. — A formal power series f € Clz,y] is called 1-
summable if it is I-summable in all but a finite number of directions,
called Stokes directions. In this case, if 1, ...,0, € R/9r7 are the pos-
sible Stokes directions, we say that f is 1-summable except for 61, ...,0.
More generally, we say that an m—uple (f1, ..., fm) € Clz,y]™ is Gevrey-1
(resp. 1-summable in direction 0) if this property holds for each component
fj,7=1,...,m. Similarly, a formal vector field (or diffeomorphism) is said
to be Gevrey-1 (resp. 1-summable in direction 6) if each one of its compo-
nents has this property.

The following classical result deals with composition of 1-summable
power series (an elegant way to prove it is to use an important theorem of
Ramis—Sibuya).

PROPOSITION 2.20. — Let ®(z,y) € C[z,y] be 1-summable in direc-
tions 6 and 0 — w, and let ®, (x,y) and ®_(x,y) be its 1-sums directions

0 and 0 — 7 respectively. Let also fi(x,2), ..., fu(x,2) be 1-summable in
directions 0, 0 — m, and f1 +,..., fn+, and fi._,..., fn,— be their 1-sums
in directions 6 and 6 — w respectively. Assume that

(2.2) £(0,0) =0, forall j=1,...,n.

Then

\i/(a:,z) = i)(x, fl(x, Z),..., fn(x, z))
is I-summable in directions 0,0 — 7w, and its 1-sum in the corresponding
direction is

\I/:t(l’7 Z) = (P:t(x7 fl,:l:(x7 Z)7 ey fn,:ﬁ:(m7 Z)) )
which is a germ of a sectorial holomorphic function in this direction.

Consider Y a formal singular vector field at the origin and a formal
fibered diffeomorphism ¢ : (z,y) — (z, d(z,y)). Assume that both ¥ and
¢ are 1-summable in directions 6 and 6 — 7, for some 6 € R, and denote by
Y,,Y_ (resp. ¢y, ¢_) their 1-sums in directions 6 and 6 — 7 respectively.
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As a consequence of Proposition 2.20 and Lemma 2.18, we can state the
following:

COROLLARY 2.21. — Under the assumptions above, ¢, (Y) is 1-summ-
able in both directions 6 and 6 — 7, and its 1-sums in these directions are
v+ (Yy) and ¢_(Y_) respectively.

2.2.4. An important result by Martinet and Ramis

We are going to make an essential use of an isomorphism theorem proved
in [17]. This result is of paramount importance in the present paper since
it will be a key tool in the proofs of both Theorems 1.10 and 1.16 (see
Section 5). Let us consider two open asymptotic sectors S and S” at the
origin in directions # and 6 — 7 respectively, both of opening 7:

S e ./489777
= .AS@,WJ
(see Definition 2.3). In this particular setting, the cited theorem can be

stated as follows.

THEOREM 2.22 ([17, Théoréme 5.2.1]). — Consider a pair of germs of
sectorial diffeomorphisms

(¢,¢") € Diffap,(Sp,0;1d) x Diffpp, (Sp—r,0; Id)
such that ¢ and ¢’ extend analytically and admit the identity as Gevrey-1
asymptotic expansion in S x (C%,0) and S’ x (C2%,0) respectively. Then,
there exists a pair (¢4, ¢_) of germs of sectorial fibered diffeomorphisms
((,254_, d)_) S Diﬂ‘ﬁb(59+%7n; Id) X Diﬁ‘ﬁb(sg_%7n;]:d)

with 1 € |, 2n[, which extend analytically in S1 x (C?,0) and S_ x (C?,0)
respectively, for some Sy € ASgyz 2 and S— € ASg_z 2r, such that:

-1
{¢+ © (¢*)\S><(<C?,O) =@
¢y o0 (¢—)\_51/><((c270) =¢.

There also exists a formal diffeomorphism (ZS which is tangent to the identity,
such that ¢ and ¢_ both admit ¢ as Gevrey-1 asymptotic expansion in
Sy x (C2,0) and S_ x (C2,0) respectively.

In particular, in the theorem above (;AS is 1—summable in every direction
except 0 and § — 7, and its 1-sums in directions 6+ 7 and 6 — 5 respectively

are ¢4 and ¢_. For future use, we are going to prove a “transversally
symplectic” version of the above theorem.
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COROLLARY 2.23. — With the assumptions and notations of Theo-
rem 2.22, if ¢ and ¢’ both are transversally symplectic (see Definition 1.18),
then there exists a germ of an analytic fibered diffeomorphism v €
Diffg, (C3,0;1d) (tangent to the identity), such that

oy :=¢r0¢Y and o_:=¢_oY
both are transversally symplectic. Moreover we also have:
{J+ o (Uf)ﬁglx(cz,o) =
010 (0-)jgix(cro) = ¥-
Proof. — We recall that for any germ ¢ of a sectorial fibered diffeomor-

phism which is tangent to the identity, ¢ is transversally symplectic if and
only if det(Dg) = 1. First of all, let us show that

det(D¢y ) = det(D¢_) in (S, NS_) x (C2,0).

Since ¢4 and ¢_ both are sectorial fibered diffeomorphism which are tan-
gent to the identity and transversally symplectic, then

-1
det(¢4 o (¢—)|(S+HS,)><(C2,O)) =1.
The chain rule implies immediately that
det(D¢, ) = det(Dé_) in (S; NS_) x (C2,0).

Thus, this equality allows us to define (thanks to the Riemann’s Theorem
of removable singularities) a germ of analytic function f € O(C3,0). Notice
that £(0,0,0) = 1 because ¢ and ¢_ are tangent to the identity. Now, let
us look for an element 9 € Diffg,(C3,0;1d) of the form
(23) 1/] : (xvylqu) = (95,1/11(%}’)73/2)
such that

oy i =¢rotpand o_ :=¢_oY
both be transversally symplectic. An easy computation gives:

det(0) = (det(Dex) o ) det(Dy) = 1
ie.
(f o) det(de) = 1.

According to (2.3), we must have:

(2.4) (fov)

Let us define

o
oy

Y1
F(xaylay2) ::/ f(.f,Z,yg)dZ,
0
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so that (2.4) can be integrated as

Foy =y +h(z,y2),
for some h € C{x, y2}. Notice that

oF
—(0,0,0) =1
a?/1( )
since f(0,0,0) = 1. Let us chose h = 0. Then, we have to solve
Fo ’(/J =Y,

with unknown 1 € Diffg,(C?,0;1d) as in (2.4). If we define
D (l’»}’) = ($7F(37,Y)ay2) ;
the latter problem is equivalent to find 1) as above such that:
Poyp=1d.

Since D®(y = Id, the inverse function theorem gives us the existence of the
germ 1) = &1 € Diffg;, (C3, 0;1d). O
2.3. Weak Gevrey-1 power series and weak l-summability

We present here a weaker notion of 1-summability that we will also need.
Any function f(z,y) analytic in a domain Y xD(0, r), where i C C is open,

and bounded in any domain U x D(0,r’) with r{ < ry,...,7/, < r,, can be
written
(2.5) fle,y) =Y Fi@)y',

jenNn

where for all j € N*, Fj is analytic and bounded on ¥, and defined via the
Cauchy formula:

1 f(z,2)
J (2im)m |1 |=r P— (z1)7+L L (2,)In L 1

Notice that the convergence of the function series above is uniform in every

compact with respect to x and y. In the same way, any formal power series

~

f(z,y) € C[x,y] can be written as
fley) =" E@)y'.
jenn
DEFINITION 2.24.

e The formal power series f is said to be weakly Gevrey-1 if for all
j € N, Fj(x) € C[z] is a Gevrey-1 formal power series.
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e A function
y) = Fix)y
jenNn
analytic and bounded in a domain S(r,a, ) x D(0,r), admits f
as weak Gevrey-1 asymptotic expansion in x € S(r, «, ), if for all
j € N", Fj admits FJ as Gevrey-1 asymptotic expansion in S(r, o, 3).
e The formal power series f is said to be weakly 1-summable in the
direction 6 € R, if the following conditions hold:
— for all j € N, Fj(z) € C[z] is I-summable in the direction 0,
whose 1-sum in the direction ¢ is denoted by Fje;
— the series fo(z,y) == D jenn Fjo(z)y? defines a germ of a secto-
rial holomorphic function in a sectorial neighborhood attached
to the origin in the direction 6 with opening greater than .
In this case, fo(x,y) is called the weak 1-sum of f in the direction 6.

As a consequence to the classical theory of summability and Gevrey
asymptotic expansions, we immediately have the following:

LEMMA 2.25.

(1) The weak Gevrey-1 asymptotic expansion of an analytic function
in a domain S(r,«, 3) x D(0,r) is unique.

(2) The weak 1-sum of a weak 1-summable formal power series in the
direction 0, is unique as a germ in O(Sp ).

(3) The set Eéweak) C C[x, y] of weakly 1-summable power series in the
direction 0 is an algebra closed under partial derivatives. Moreover
the map

E(Oweak) . 0(80771-)
Fr—fo
is an injective morphism of differential algebras.

The following proposition is an analogue of Proposition 2.20 for weak
l-summable formal power series, with the a stronger condition instead

of (2.2).
PROPOSITION 2.26. — Let
=Y &i(2)y’ € Cla,y]
jeNn
and
F® (2, 2) Z F(/C )z} € Cllz, 2],
jenn
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for k =1,...,n, be n+1 formal power series which are weakly 1-summable
in directions 6 and 0 — w. Let us denote by &, J(rl)7 cee J(rn) (resp. ®_,
fﬁl), e fﬁ")) their respective weak 1-sums in the direction 6 (resp. 6 — 7).

Assume that Fék) =0 forallk=1,...,n. Then,

U(z,2) == bz, fD(2,2),..., [V (z,2))
is weakly 1-summable directions 6 and § — m, and its 1-sum in the corre-
sponding direction is

U (2,2) = Du(, [ (2,2),..., [ (2,2)),
which is a germ of a sectorial holomorphic function in this direction with
opening T.
Proof. — First of all,
‘il(x,z) = <i>(ac7 f(l)(x, Z),..., f(")(a:,z))

is well defined as formal power series since for all k =1,...,n, Fék) =0.It
is also clear that

Uy (x,z) = q)i(amfﬂ(:l)(x,z), ceey in)(a:,z))
is an analytic in a domain Sy € Sy, (resp. S- € Sp_r ), because

j(tk)(x,O) =0 for all k = 1,...,n. Finally, we check that U, admits ¥
as weak Gevrey-1 asymptotic expansion in Si. Indeed:

Uy (,2) = Dy (2, [ (2,2), ..., [ (2,2))
=3 @)+ (@) (1P (@) . (f (2, 2))
jeNn

=Y (@)e(@) | D () s(2)2

jENn 1>1

> (F)s(2)7!

n>1
= > (T)+()y’
jeNn
where for all j € N, (¥;)+(x) is obtained as a finite number of additions
and products of the (CDk)i,(Flil))i,. . 7(Flgn))i, |k| < [1]. The same compu-
tation is valid for the associated formal power series, and allows us to define
the W;(x), for all j € N". Then, each (¥;)+ has ¥; as Gevrey-1 asymptotic
expansion in S4. O
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As a consequence of Proposition 2.26 and Lemma 2.25, we have an ana-
logue version of Corollary (2.21) in the weak 1-summable case. Consider ¥
a formal singular vector field at the origin and a formal fibered diffeomor-
phism ¢ : (z,y) — (z, ngS(x,y)) such that ngS(x, 0) = 0. Assume that both Y
and ¢ are weakly l-summable in directions € and 6 — 7, for some 6 € R,
and denote by Y, Y_ (resp. ¢4, ¢_) their weak 1-sums in directions 6 and
0 — 7 respectively.

A

COROLLARY 2.27. — Under the assumptions above, ¢.(Y) is weakly 1-
summable in both directions 6 and 0 — 7, and its 1-sums in these directions
are ¢4 (Y} ) and ¢_ (Y_) respectively.

2.4. Weak 1-summability versus 1l-summability

As in the previous subsection, let a formal power series f(z,y) € C[z, y]
which is written as
fl,y)="> @)y,
jeNn
so that its Borel transform is
B(f)(t,y) =Y B(E)(t)y'.
jeNn

The next lemma is immediate.

LEMMA 2.28.

A

(1) The power series B(f)(t,y) is convergent in a neighborhood of the
origin in C"*! if and only if the B(ﬁ}), j € N" are all analytic and
bounded in a same disc d(0, p), p > 0, and if there exists B, L > 0

such that for all j € N*, sup |B(Fj)(t)| < L.BHl.
ted(0,p)

A

(2) If (1) is satisfied, then B(f) can be analytically continued to a
domain Ag% x D(0,r) if and only if for all j € N", B(F}) can be
analytically continued to Ag% and if for all compact K C Ag’, there
exists B, L > 0 such that for all j € N", sup|B(F})(t)| < L.BHl.

teK

(3) If (1) and (2) are satisfied, then there exists A\, M > 0 such that:

V (t,y) € A3 x D(0,1), [B(f)(t,y)| < M.exp(Alt])
if and only if there exists A\, L, B > 0 such that for all j € N",
vt € AR, IB(E)(0)] < LB exp(Alt]).
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Remark 2.29.

(1) Condition (1) above states that the formal power series f is
Gevrey-1.

(2) As usual, there exists an equivalent lemma for the second definitions
of the Borel transform (see Remark 2.9).

A

The following corollary gives a link between 1l-summability and weak
1-summability.
COROLLARY 2.30. — Let
(2.6) fa,y) =) Fx)y’ € Clz,y]
jenr
be a formal power series. Then, f is 1-summable in the direction 6 € R, of
I-sum f € O(Sp ), if and only if the following two conditions hold:

e f is weakly 1-summable in the direction 0
e there exists A, d, p such that for all j € N, ||Fj||x.0,5,, < oo and the
power series » iy [|Fjl|x,0,5, ,¥y) is convergent near the origin of C™.

Proof. — This is an immediate consequence of Lemma 2.28. |

Remark 2.31. — We can replace the norm || - |[x,6,5, by || - ||'§i)2’6,pin the
second point of the above corollary.

Notice that there exists formal power series which are weakly 1-summable
in some direction but which are not Gevrey-1: for instance, the series

/= Zﬁj(x)yj,

where for all j € N, Fj(z) is such that B(E})(t) = H%, is weakly 1-
7
summable in the direction 0 € R, but is not Gevrey-1, since B(F}) has
a pole in every —1 — 0.
J j—too

2.5. Some useful tools on 1-summability of solutions of singular
linear differential equations

For future reuse, we give here two results on the 1-summability of formal
solutions to some singular linear differential equations with 1-summable
right hand side, which generalize (and precise) a similar result proved in [17]
(Proposition p. 126). The authors use a norm || -||g, but we will need to
use a norm || - ||2is later (in the proof of Proposition 3.15).
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PROPOSITION 2.32. — Let b be a formal power series 1-summable in the
direction 0; consider a domain Ay s , as in Definition 2.10. Let use denote
by by its 1-sum in this direction 6. Let us also fix a, k € C.

(1) Assume ||IA)||]E‘s < 400 and that k € C\{0} is such that dj :=
dist(—k, Ng,5,,) > 0 and Bd, > Clak|, where C > 0 is a con-

stant large enough, independent from parameters k,(3,0,0,p (for
instance, one can take C = %pr@)

lar differential equation

+5). Then, the irregular singu-

d .
(2.7) de—a(:E) + (1 + ax)ka(z) = b(x)
x
has a unique formal solution & such that a(0) = %5(0) Moreover, a
is 1-summable in the direction 6, and
. B ;
2.8 < ———F—|bl5-
(28) lalls < 57—l

Finally, the 1-sum ag of a in the direction 6 is the only solution to
2 dag
dx
which is bounded in some Sg . € Sp x.
(2) Assume ||b||s < +oco and that R(k) > 0. Then the regular singular
differential equation

() + (1 + ax)kag(x) = by(x)

(2.9) xj—z(m) + ka(z) = b(x)

admits a unique formal solution & which is also 1-summable in the
direction 6, of 1-sum ag. Moreover, agy is the only germ of solution
to the differential equation

xj—i(x) + ka(z) = be(x)

which is bounded in some Sg . € Sp .

Proof. — (1) Since b is 1-summable in the direction 6, we can choose
p >0 and § > 0 such that B(b) can be analytically continued to (and is
bounded in) any domain of the form Ay 5, ND(0,R), R > 0.

Let us apply the Borel transform B to equation (2.7): we obtain

(2.10) (t + )B(@)(t) + ok /0 B(a)(s)ds = B)(t)

The derivative with respect to ¢ of this equation shows that g(&) is solution
of a linear differential equation, with only one (regular) singularity at t =
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—Fk (but this singularity is not in Ay 5, by assumption):

dB(a) ~ . dB(b)
5O+ (L ak)B(@)(t) = = = ().

(t+ k)

Since B(b) can be analytically continued to Ag 5., the same goes for d5(b) (t)

dr
and then for B(a). Since B(a)(0) = % = @, we can write:

B(a)(t) = (t+ k)~ =% (5 (0).k* + / " d50)

| ds (s).(s + k)**Fds)

= (t4k)"tok (E’(O).kak + B(b)(t).(t + k)** — B(b)(0).k**

-« tNAs.s ak=l4g
k/OB(b)()( +k) d)

~ A

= (t+ k)" 1ok (B(b)(t).(t + k)ok

- ak/o Bl)(s).(s + k)ak—lds>

~ A

5 B)()
B@) =G m

= kit 4 k)oK /t B(B)(s).(s + k)*1ds.
0

The fact that B(b) is bounded in any domain of the form Ay s, N D(0, R),
R > 0, implies that the same goes for g(d). Let us prove inequality (2.8).
For all R > 0, for all Gevrey-1 series f € C[x,y] such that B(f) can be
analytically continued to Ag s ,, we set:

I£1155% = sup  {IB(F)(#)(1+ B2[t]*) exp(—Bt])[} € RU {oc} .
teAg s5,,ND(0,R)

Notice that ||f\|gls = supR>O{Hf||21fR} for all f as above, and that for all
R > 0, Hd||}§lsR < +00, since B(a) is bounded in any domain of the form
Ags, N D(0,R). Fix some R > 0, and let t € Ags, N D(0,R). From
equation (2.10) we obtain

(2.11) B(a)(t) = ( (E(E)(t) — ak /0 E(a)(s)ds)
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an then
(A bis eXp(ﬁ|tD bis /lt eXp(ﬁu)
B@)0) < gy |3 P + ok all [ R
1 exp(Blt|) [ bi ~11bi C}
< — b is k is
Ty 1B + akllall S

with C = QEXTPQ) + 5. Here we use the following:

LEMMA 2.33. — There exists a constant C > 0 (e.g. C' = %XTP@) +5),
such that for all B > 0, we have:

t exp(Su) C exp(ft)
> — < .
Vt/O,/O 1 2uzdu\ 1 272

Proof. — Let F: u i?5(25537 for u > 0. For ¢ € [0, B] we have:

! exp(2) 2
/0 F(u)du < 55

since F' is an increasing function over R, :

(1 — Bu)?
Moreover for all ¢ > 0, we have F'(t) > F'(0) = 1. Hence for all ¢ € [0, %]
K 2) 2
/ Fydu < S22 2 gy
0 5 p
Fort > %, the following inequality holds:
¢ exp(2) 2 t
(2.12) F(u)du < =Ft)+ | F(u)du.
0 5 B 2
In addition, if u > g, then:
(1-pu)? _ 1
2.1 >
(2.13) 1+ p62u2 7 5
Therefore, for all u > %:
1 (1 — BU)Q ﬂ
= — 2 .
F'(u) = BF(u). Sy > £F()
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/ /F du+/()d

Hence:

exp(2 2 ’
S75 o5 W / i
< FO) 9 exp(2) + 25

5p

1749

Let us go back to the proof of the original lemma. Finally, we have:

~ (1bis i Claklllalg%
(2.14) a5 < [Ilblb # ;
and consequently:
~ || bis < B bis .
lallf < 57— g 115
As a conclusion: 8
lall5® < [

B Bdy — Clok|

and ag is the 1-sum of é in the direction 6.

(2) Let us write b(z) = 2is0 bjz’. A direct computation shows that the
only formal solution to equation (2.9) is a(z) =3_ ;5 ajz? where for all

jEN,aj:

J+k”

% . it exists since k ¢ Z<o, and then k+ j # 0. In particular,

we see immediately that a is Gevrey-1, because the same goes for b. In other

words, the Borel transform B(a) is analytic in some disc D(0, p), p > 0. In

D(0, p), B(a) satisfies:

(2.15) tdi(t&) (t) + kB(a)(t) = B(b)(t).

The general solution near the origin to this equation is
y(t) = 7+7/B(; )s*7lds, c € C.
In particular, the only solution analytic in D(0, p) is the one with ¢

ie.
A k—1
:—tk/o B(b)(s)s" "ds.

Since B(b) can be analytically continued to an infinite domain that

=0,

have

denoted by Ag s, bisected by Rie' (because b is 1-summable in the di-
rection ), B(a) can also be analytically continued to the same domain.
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Moreover, there exists > 0 such that [|b]|s < +00, i.c. Vt € Agsp:
B()(1)] < [Iblls exp(Bl]) -
Thus, for all t € Ag 5 ,, we have:

|exp(=p[t])B(a)(t)]

1 [t] N . .
< W / |exp(—5|t|)|‘8(b) (S elarg(t) )’ ‘Sk—l ez(k—l)arg(t) ds
0

< 1 /Itl | exp(—0s)| ‘B(ZA)) (s ciarg(t)) ‘ sk —1qs
SR

HBHB i R(k)—1
< R s ds

_ ls
R(k)

Thus, a is 1-summable in the direction 6. O

3. 1l-summable preparation up to any order N

The aim of this section is to prove that we can always formally conjugate
a non-degenerate doubly-resonant saddle-node, which is also div-integrable,
to its normal form up to a remainder of order O(z?V) for every N € Nyg.
Moreover, we prove that this conjugacy is in fact l-summable in every
direction 6 # arg(+\), hence analytic over sectorial domains of opening at
least .

PROPOSITION 3.1. — Let Y € SNgiag be a non-degenerate diagonal
doubly-resonant saddle-node which is div-integrable, such that doY =
diag(0, —A, \), A # 0. Then, for all N € Ns, there exists a formal fibered
diffeomorphism ¥V ]:/)iFfﬁb((C?’; Id) tangent to the identity and 1-summ-
able in every direction 6 # arg(+\) such that:

(W), (V) = xQ%—i—((— ()\+d(N)(y1y2)) —l—alm) +$NF1(N)(x,y)> ylaiyl
+ (()\+d(N)(y1y2) —|—a2x) +1’NF2(N)(x7y)) yzaiw

=YW

where A\ € C*, (a3 + az) = res(Y) € C\Qco, d™N)(v) € vC{v} is an analytic

germ vanishing at the origin, and Fl(N)7 F2(N) € C[x,y] are 1-summable in
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the direction 0, and of order at least one with respect to y. Moreover, one
can choose d® = ... = dW) for all N > 2.

DEFINITION 3.2. — A vector field YV) as is the proposition above is
said to be normalized up to order .

Remark 3.3.

(1) Observe that this result does not require the more restrictive as-
sumption of being “strictly non-degenerate” (i.e. f(a; + a2) > 0).

(2) As a consequence of Corollary 2.21, the 1-sum \I/éN) of ) in the
direction 6 is a germ of sectorial fibered diffeomorphism tangent
to the identity, i.e. \I/(QN) € Dif fab(Sp x; Id), which conjugates Y to
the 1-sum YQ(N) of Y(V) in the direction 6.

In order to prove this result we will proceed in several steps and use
after each step Proposition 2.20 and Corollary 2.21 in order to prove the
1-summability in every direction 6 # arg(+\) of the different objects. First,
we will normalize analytically the vector field restricted to {x = 0}. Then,
we will straighten the formal separatrix to {y; = y2 = 0} in suitable
coordinates. Next, we will simplify the linear terms with respect to y. After
that, we will straighten two invariant hypersurfaces to {y; = 0} and {y; =
0}. Finally, we will conjugate the vector field to its final normal form up
to remaining terms of order O(z").

3.1. Analytic normalization on the hyperplane {z = 0}
3.1.1. Transversally Hamiltonian versus div-integrable

We start by proving that an element of SN giag which is transversally
Hamiltonian is necessarily div-integrable.

PROPOSITION 3.4. — IfY € SN giag is transversally Hamiltonian, then
Y is div-integrable.

Proof. — Let us consider more generally a diagonal doubly-resonant
saddle-node Y € SN diag such that Yjr,_gy is a Hamiltonian vector field
with respect to dy; A dys (this is the case if YV is transversally Hamil-
tonian): there exists a Hamiltonian H(y) = Ay1y2 + O(||y||?) € C{y}, such
that

0 oOH 0 OH 0
_ 2 7 o . T
V=rgt (( I ”Fl(‘”’”> g <8y1 ”FQ(Q””’O ayz)’
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where Fy,Fy € C{z,y} are vanishing at the origin. If we define J :=
((1) _01) € M,(C) and VH := '(dH), then Y|{,—0} = JVH. According
to the Morse lemma for holomorphic functions, there exists a germ of an
analytic change of coordinates ¢ € Diff(C2, 0) given by

(3.1) y = (Y1, 92) = ¢(y) = (y1 + O(|ly[|*), = + O(lly[I*)),

such that H(y):= H(¢ '(y)) = y12. Let us now recall a trivial result
from linear algebra.

LEMMA 3.5. — Let J := (9—01) € My(C), and P € My(C). Then,
PJtP = det(P)..

As a consequence we have:

COROLLARY 3.6. — Let H € C{y} be a germ of an analytic function at
0, Yy := JVH the associated Hamiltonian vector field in C? (for the usual
symplectic form dy; Adys), and an analytic diffeomorphism near the origin
denoted by ¢. Then:

(3.2) 0. (Yo) := (Do) (Yoop ) =det(Dpoy ) JVH,
where H :== H o o™ 1.

As a conclusion we have proved that Y is div-integrable. ]

3.1.2. General case

Now we prove how to normalize the restriction to {x = 0} of a div-
integrable element of SN giag.

PROPOSITION 3.7. — Let Y € SN giag be div-integrable. Then, there
exists 1 € Diffg,(C3,0;1d) of the form

b (@y) = (@ + Oyl y2 + O(lly 1))

such that

BulY) =2 5L (< () +aTr (a3

(A + )y + x%(ay))a% ,

with v := 11y2, d(v) € vC{v} and T1,T» € C{z,y} vanishing at the origin.
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Proof. — By assumption, and according to a theorem due to Brjuno
(cf. [16]), up to a first transformation analytic at the origin in C2, we can
suppose that

0 0
Yiig=or = (A+ 1 —y1=— — .
H{a=0y = (A + (Y))( - +y28y2)
Then, it remains to apply the following lemma to Y|{,—o}- O

LEMMA 3.8. — Let Y be a germ of analytic vector field in (C%,0) of
the form

(3.3) Yo = (At h(y)) (—yaj ; yaz) ,

with h € C{y} vanishing at the origin. Then there exists ¢ € Diff(C2,0;1d)
such that

(3.4) 6.(Yo) = (A + d(v)) (yaj + yaj) ,

with v := y1y2 and d € vC{v}.
Remark 3.9. — In other words, we have removed every non-resonant
term in h(y). In fact, we re-obtain here a particular case (with one vector

field in dimension 2) of the principal result in [29] (which is itself inspired
of Vey’s works).

Proof. — We claim that ¢ can be chosen of the form

3(y) = (g1 g ™))

for a conveniently chosen v € C{y}. Indeed, let us study how such a
diffeomorphism acts on Y. Let us consider U := (A + h(v)) and L :=
(—yla%1 + Yo aim), such that Yy = UL. An easy computation shows:
¢+«(Yo) = ¢.(U.L)
=(U-1=LL(y)]ed L,

where L is the Lie derivative of associate to L. We want to find v such
that the unit

D:=[U1~LL(7)] oo™
is free from non-resonant terms, i.e. is of the form

D=\+dyy) = A+ de(yiy)* .

k>1
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Notice that if a unit W =737, , Wi (y1y2)F € C{y}™ is free from non-
resonant terms, then:

Wop ™t =W
L(W)=0.
Thus, let us split both U and + in a “resonant” and a “non-resonant” part:
U= Ures + Un—res
Y = Yres T Vn-res

where

Un-res - Z Ukl,kzyfl y§2
k1#£k2

Ures = Z Uk,k(ylyQ)k
k

Tn-res = Z ’Ykl,kzyflyém
k1#k2

Yres = Zryk,k(ylyQ)k-
k

Then the non-resonant terms of U(1 — L,(v)) are
(Un—res - (Un—res + Ures)‘cL (’Yn—res)) © d)il .

Hence, the partial differential equation we want to solve is:

UI]—T
Lr(y)= ﬁ .

One sees immediately that this equation admit an analytic solution (and
even infinitely many solutions) v € C{y}, since the unit U € C{y} is
analytic. O

3.2. l-summable simplification of the “dependent” affine part

We are concerned by studying vector fields of the form

(3.5) Y:J:Z%—I—(—/\y1—|—f1(3:,y))8iyl+(/\y2+f2(m,y))aiy2,
with
{flmy) = —d(yya)ys + 2Ti(2.y)
foz,y) = d(y1y2)y2 + 2Ta(z,y),
where d(v) € vC{v} and T1,T € C{z,y} are of order at least one.
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PROPOSITION 3.10. — Let Y € SN giag be a doubly-resonant saddle-
node of the form

0 0 0
_ 2 _
Y=z I + (—=Ay1 +f1(I7Y))ay1 + (>\92+f2(1’7Y))8y2 ;

where f1, fo € C{z,y} are such that fi(x,y), f2(z,y) = O(||(x,y)|*). Then
there exist formal power series 31, 2, 41, Qa, Bl, Bg € 2C[x] which are
I-summable in every direction 0 # arg(+M\), such that the formal fibered
diffeomorphism

~

O (z,y1,y2) — (%?31(@ + (14 a1(z))ys + Bi(@)ye,

Ba(@) + a2(@)ys + (1 + (@) ).

(which is tangent to the identity and 1- summable in every direction 6 #
arg(+\)) conjugates Y to

. d R 0
_ 27 _ __
¢ (Y) =275+ (( A+a1x)y1+F1(x7y))ay1

A 0
+ (A + azr)ys + FQ(JEJ))@T/Q ,

where a1,as € C and 13’1, Fy € Clz,y] are of order at least 2 with respect
toy, and 1-summable in every direction 0 # arg(£M\).

Remark 3.11. — Notice that &)\{wzo} = Id, so that F;(0,y) = fi(0,y) for
i = 1,2. Moreover, the residue of <i>*(Y) is a1 + as.

The proof of Proposition 3.10 is postponed to Subsection 3.2.2.

3.2.1. Technical lemmas on irregular differential systems

LEMMA 3.12. — There exists a pair of formal power series

(91(2), 92(2)) € (2C[a])?
which are 1-summable in every direction § # arg(+M\), such that the formal
diffeomorphism given by
O (2,91, 92) = (2,91 — 01(2), y2 — 9o (),
(which is 1-summable in every direction § # arg(£\)) conjugates Y in (3.5)

to:

N 0 0
_ 2 _ PY 0 —
(36) Yi(z,y)== oz + (= Ay + gl(%)’))ayl + (Ay2 +92(~T7Y))8y2a

where §1, §o are formal power series of order at least 2 such that §;(x,0) =
J2(2,0) = 0, and are I-summable in every direction 6 # arg(+\).
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In other words, in the new coordinates, the curve given by (y1,y2) = (0,0)
is invariant by the flow of the vector field, and contains the origin in its
closure: it is usually called the (formal, 1-summable) center manifold.

Proof. — This is an immediate consequence of an important theorem
by Ramis and Sibuya on the summability of formal solutions to irregu-
lar differential systems [24]. This theorem proves the existence and the
1-summability in every direction 6 # arg(£\), of g1 and ga: (91 (x), J2(z))
is defined as the unique formal solution to

d
= =M (@) + i3 (@), yol@))
d
=2 = Xpa(2) + folw, 11 (@), 42(a))
such that (91(0),92(0)) = (0,0). The 1-summability of §; and g comes
from Proposition 2.20. a

The next step is aimed at changing to linear terms with respect to y in
“diagonal” form.

LEMMA 3.13. — There exists a pair of formal power series (p1,p2) €
(C[z])? which are 1-summable in every direction  # arg(£\), such that
the formal fibered diffeomorphism given by

Do(z,y1,y2) = (2, y1 + P2(2)y2, y2 + 2P1(2)Y1)
(which is tangent to the identity and I-summable in every direction 6 #

arg(£\)) conjugates Y1 in (3.6), to

(B) Yalwy) = a5 + (Nt o (@) + Haoy) -

(A + (@) + f?zz(x,y))a% ,

where 1, @, Hy, Hy are formal power series which are 1-summable in every
direction 0 # arg(£\) and Hy, Hy are of order at least 2 with respect toy.

Proof. — Let us write

91(x,y) = xby (x)ys + xé1(x)y2 + G1(z,y)
G2(z,y) = xéa(x)y1 + xbo(z)y2 + Ga(2,y),

where 31, 32, ¢y, Co, G’h ég are formal power series 1-summable in the direc-
tion @ # arg(+\), such that G; and G2 are of order at least 2 with respect
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to y. Let us consider the following irregular differential system naturally
associated to Y7:

(3.8) 72 () = B)a(a) + Gla,a(x)),

N B —)\—i—xlA)l(x) xé1(x) A _ G‘l(x,z(:c))
Bm_( wé5() A+xl§2<w)>’ G(x’z(x))_<é )

We are looking for
A 1 xpa(x)
P(z) = GLy(C
@ = (e 7)€ GLalClaD.
where p1, P2 are 1-summable formal power series in x every direction 6 #

arg(£), such that the linear transformation given by z(z) = P(z)y(x)
changes equation (3.8) to

2V (2) = Ala)y(e) + Al y(a)
with
A B A+ zdy () 0 ﬁl(x y(z))
Afz) = < 0 A+x&2(az)>’ H(z,y(z)) = <Hz(w .V(:E)))’

where a1, ao, H 1, fIg are 1-summable formal power series in x every direc-
tion 6 # arg(£A). We have:

dy

2= (2) = P(2) " (B(x)P(x) -

dP
27
. dx

@)y (@) + P(a) G, P(e)y (@)

and we want to determine A (z) and P(x) as above so that

This gives four equations:
(3.9)

o (w) = ba(w) + wéa(x)ps(x)
) = 2\ +aby(x) — 2 — wby (2))p1 () + E2(x) — 2281 (2)p1 ()

2?2 (2) = (=2\ + 2y (2) — 2 — wba(2))pa(2) + &1 (x) — 2?ea(x)pa(w)?.

Thanks to the theorem by Ramis and Sibuya on the summability of for-

mal solutions to irregular systems [24], we have the existence and the 1-
summability in every direction 6 # arg(+\), of p1 and po: (P1(x), p2(x)) is
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defined as the unique formal solution to

$2%($) = (2 + aby(x) — x — aby (2))p1(x) + E2(x) — %6 (x)p1 (2)?
mQ%(ﬂﬁ) = (=2\ + b1 (z) — & — wba(2))pa(2) + &1(2) — 2°85(x)pa(w)?

such that

(51(0),52(0)) = (— 20 80,

Notice that d; and ao are defined by the first two equations in (3.9). Finally,
H is defined by

H(z,y) := P(x) 'G(z, P(2)y),
and, by Proposition 2.20, it is l-summable in every direction 6
arg(£A). O
The goal of the last following lemma is to transform a;(z) and aq(z)
in (3.7) to constant terms.

LEMMA 3.14. — There exists a pair of formal power series (41, {s) €
(C[z])? with ¢1(0) = G2(0) = 1, which are 1-summable in every direction
0 # arg(+\), such that the formal fibered diffeomorphism of the form

&)3('T7y17 y2) = (.’E, le(x)thAQ(x)yQ) 3

(which is tangent to the identity and I-summable in every direction 6 #
arg(£\)) conjugates Yz in (3.7), to

N 0 A 0
— 2 _
YB(an)_x 8l‘+(( >‘+a1x)y1+F1(x,y))ayl

. 0
+ (()‘ + a2x)y2 + FQ(xa y))ai )
Y2
where F, Fy are formal power series of order at least 2 with respect to
y which are 1-summable in every direction 6 # arg(+\) and (a1,as) =

(@1(0), a2(0)).

Proof. — We can associate to Y3 the following irregular differential sys-

tem:

xQ%(x) = A(x)z(z) + H(z,2(z)),

and we are looking for a change of coordinates of the form z(z) = Q(z)y(z),
where

Q) = (M7 0) € GLacli)

Q(I
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with §1(0) = ¢2(0) = 1, such that the new system is

xzj—;’(x) = A(x)y(x) + f‘(z,y(:c)) ,
with
N *)\+Q1CC 0 & _ Fl(x,y(x))
Alw) = ( 0 A+ a2x> o Floy@) = ( A2(337Y(33))) 7
and (a1, az2) = (41(0),a2(0)). We have
()
= Q(2) 1(A(2)Q(x) - 2%(96)) y(2) + Q(z) ' H(z, Q(x)y(x))
—Ataix 0
( 0 1 A+ a2m>
so that
2dQ a N A A+ a1z 0
B -awaw-aw (5,0 )
and we obtain:
d@ v oy (@) —a
{w?i‘%(m—qu(a:)(al(x)—al) _[ze-ae(

)

23 (@) = ada(0) aa(e) —ag) | A2 0 o (Aa() 0
dz ——(2) = G2() (17)
) d

Ga(x) = exp

if we set §1(0) = G2(0) =1,

and the expression [ st, for 7 = 1,2, means the only anti-deriv-
ative of % without constant term. Since a; and ao are l-summable

in every direction 6 # arg(£\), the same goes for §; and ¢2, and then for
F1 and F5 by Proposition 2.20. O

3.2.2. Proof of Proposition 3.10.

We are now able to prove Proposition 3.10.
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Proof of Proposition 3.10. — We have to use successively Lemma 3.8
(with Yy := Y|{z—0}), followed by Proposition 3.10, then Proposition 3.15
and finally Proposition 3.19, using at each step Corollary 2.21 to obtain
the 1-summability. O

3.3. 1-summable straightening of two invariant hypersurfaces

For any 6 € R, we recall that we denote by Fy the 1-sum of a 1-summable
series F' in the direction 6. Let § € R with 6 # arg(4+)) and consider a
formal vector field Y, 1-summable in the direction @ of 1-sum Yy, of the
form

(3.10) Y = g:?ﬂ + (M (x)y + Fl(a;,y))i + A2 (@)y2 + Fo(z,y))=— 9

Ox o ya’
where:
e \i(z)=-A+ax
o \o(z) = A+ asx
e A#0
e aj,a €C
o for j = 1,2,

= > ED(x)y™ € Clz,y]

neN?
[n|>2

is 1-summable in the direction 6 of 1-sum

39 x Y j{: FHnO

neN?
[n|>2
In particular, there exists A, B,y > 0 such that for all n € N2,
|n| =2, for j=1,2:
In| exp(p)
L+ p2ftf?”

for some p > 0 and € > 0 such that (R.A) N Ay, = 0 (see Def-
inition 2.10 and Remark 2.11 for the notations). Notice that Fj g
is analytic and bounded in some sectorial neighborhood S € Sy »

Vi€ Apep |B(Fj0)(t) < AB

of the origin. For technical reasons, we use in this subsection the
alternative definition of the Borel transform B, with its associate
norm || - || (see Remarks 2.9 and 2.11 and Proposition 2.12).
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ProproOSITION 3.15. — Under the assumptions above, there exists a pair
of formal power series (¢1,¢2) € (Clz,y])? of order at least two with
respect to 'y which are 1-summable in every direction 6 # arg(+\), such
that the formal fibered diffeomorphism

(i)(zv}’) = (I7y1 + Qg)l(x’y)va =+ QgQ(an)) 5

(which is tangent to the identity and I-summable in every direction 6 #
arg(£\)) conjugates Y in (3.10) to

. 0 2 0
A S
brep = 27 5=+ (FA+ @12) + 2R (@ y))ylay1

+ ((A + an) =+ leQ(xv}O)yQaia
Y2

where Ry, Ry € C[x,y] are 1-summable in every direction 6 # arg(+\).
Proof. — We follow and adapt the proof of analytic straightening of in-

variant curves for resonant saddles in two dimensions in [19]. We are looking
for

o \ij(x7Y) = (x»yl +1/A11A(x,¥),y2+1ﬁ2(x7y)),
with 11,19 of order at least 2, and Ry, Ro as above such that:
. () =
i.e.
(3.11) AV - YVyep =V o 0.
Then, we will set & := ¥~1. Let us write

Ty =gy By = Z Tl’n(:r)y“

[n|>2
Ty :=y1ya Ry = Z Ty m(z)y"
[n|>2
=) dra(@)y”
In|>2
hy = thon(z)y”,
[n|>2

so that equation (3.11) becomes:

200

022

4 (1 i gj;) M)y + 1) + %MW )

= Ai(z)(y1 + 1/31) + Fl(%:lh + '&17?/2 + 152)
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and

50 0 . .
ai;ﬂ; + 671/}2()\1( Yyr +T1) + <1 + ({;52> (Aa(x)ya2 4 T3)

= Ao (2) (Y2 + o) + oz, y1 + D1,y + o).

These equations can be written as:

(3.12) )
> (61,n<w>¢1,n(x> +22 SR (g) 4 Tl,nu)) y"
In[>2
= Bl +Da(e3) 0+ daloy) - i@ G ,9) ~ Bo@) G (o)
=) Gnla)y"
In[>2
> (62,n<x>¢2,n(x) +22 0 ) T2,n<x>> y"
In[>2

= Bo(opn + 91(@¥), 2 + $2(,3)) fﬂ(x)g—ff(x,y) f@(x)z—fj(x,y)

= > Ga@)y
In[>2

where §; n(z) = Ai(z)n1 + Aa(x)ne — Aj(x), 7 = 1,2. We are looking for
Tl, Tg such that

Tl,n:(), ifni=00rny =0
TQ’n:()? ifni=0o0rny =0.
Notice that (jn, for j = 1,2 and |n| > 2, depends only on the wl k’s and

the FZ 1’s, for i = 1,2, [k| < n. We can then determine the coefficients 1;
and Tjjn, j=1,2, |]n| > 2, by induction on |n|, setting

Tin=0, ifny=00rny,=0
T},nzo, ifni=0o0rny =0
1,217n20, ifn; >21landne > 1
7]12,11:0, ifny >1landny, > 1,

and solving for each n = (n1,n2) € N? with |n| > 2, the equations

$2 dwl,n
dz

IIJ2 dqﬁln
dz

51,n(33)1/31,n(50) + () =Cin(z), ifng=00rny=0

52’n(x)1/32,n(x) + () = Can(x), ifny=0o0rmny=0.
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LEMMA 3.16. — There exists 3 > 4w, M > 0 such that for all n € N?
with [n| > 2, and for j = 1,2, ||¢;all3® < +o0 and:

[

where the norm corresponds to the domain Ag . , (see Definition 2.10).

5° < M| Gmll5

Proof. — For n = (ny,ny) € N2 with ny +ny > 2 we have :

51,n(x) = Al(x)(nl — ].) =+ /\Q(SU)’N,Q
B Ang + 1) + z(—ay + agng), ifny =0
—Any —1)+a1z(ng —1), ifny=0

and

52,11(.73) = /\2(33‘)(77,2 — 1) + /\1(33)711

B A(ng — 1) 4+ agx(ng — 1), ifny =0
—A(n1 + 1)+ x(—as + ayny), if ny =0.
We will only deal with §; n(x) (the case of Jan(x) being similar). Notice
that we are exactly in the situation of Proposition 2.32. In particular, using
notation in this definition, we respectively have on the one hand:
(—ai + azny)
3.13 Ek=Ano+1),aa = ——=,
(3.13) (nz+1) A(ng + 1)

and
di = min{|A(nz + 1)| = p, [A(no + 1)||sin(8 + €)|, [A(nz + 1)|sin(6 — ¢)[}
n1 = 0, and on the other hand

(—ag + ainy)

(3.14) E=-An1+1),a= N D)

and
(3.15)
dic = min{|A(n1 + 1)] = p, A(ny + D[ sin(0 + )], [A(n1 + 1) sin(6 — )|}

when no = 0. We can chose the domain Ag. , corresponding to the 1-
summability of Fy and F, with 0 < p < |\, so that di > 0, since € > 0 is
such that (R.\) N Ag, = 0. Finally, we chose

C(lax| + [az])
min{|A| — p, |Asin(0 + €)], | Asin(0 — €)[}
(with C = QQXP(Q) +5), so that ||13’1||gis < +o0. This choice of 3 implies
Bdy > C|ak| as needed in Proposition 2.32, in both considered situations,

>0

8>
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namely n; = 0 and ngy = 0 respectively. Since for j = 1,2 and |n| > 2, (jn
depends only on the 1); ’s and the Fz‘,k’S, for i = 1,2, |k| < n, we deduce
by induction that

GinllB® < +00, ifny =0o0rng =0

”CZH”?S <+oo, ifny=00rn; =0
and then, thanks to Proposition 2.32:

7 bis ﬁ
[jnllg® < (5(|)\| —p) — C(|a1] + |az])

The lemma is proved, with

).[¢imllg® for j=1,2.

s

M= <ﬁmiﬂ{|/\ = p,[Asin(0 + €)], [Asin(0 — €)[} — C(las] + |a2|)> '

In order to finish the proof of Proposition 3.15, we have to prove that
for j = 1,2, the series zlAJj =Y nen? ||z/3j,n\|gisy“ is convergent in a poly-disc
D(0,r), with r = (r1,72) € (Rx0)? (then, Corollary 2.30 gives 1-summab-
ility). We will prove this by using a method of dominant series. Let us
introduce some useful notations. If (B, || -||) is a Banach algebra, for any

formal power series f(y) =", fay™ € B[y], we define f:=3_ | fally™,

and f(y) := f(y,y). If g =3, gny™ € B[y] is another formal power series,
we write f < g if for all n € N2, we have ||fa] < |lgnl|- We remind the
following classical result (the proof is performed in [26] when (B, ] -||) =
(C,|-]), but the same proof works for any Banach algebra).

LEMMA 3.17 ([26, Theorem 2.2, p. 48]). — For j = 1,2, let
fi=)_ finy" € Byl
In|>2

be formal power series with coefficients in a Banach algebra (B, || - ||), and
of order at least two. Consider also two other series

9i= > giny" € Bly}, j =12,
In|>2
of order at least two, which have a non-zero radius of convergence at the
origin. Assume that there exists o > 0 such that for j = 1,2:
ofi <G+ f1,y2+ f2) .
Then, f; and fy have a non-zero radius of convergence.

Taking 5 > 4w, according to Proposition 2.12, for all f,f] € B we
have:

17alI5= < IIFIB=Ngll5™
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0)

This implies that (B, || - [|[5*) is a Banach algebra as needed in the above
lemma. It remains to prove that there exists ¢ > 0 such that for j = 1,2:

o < Fj(y1 + 1,92 + ).

Remember that there exists M > 0 such that for j = 1,2:

[.nll5 < M.|[Cnll5
where
Gi= Z Cin(z)y"”
In|>2
R . 5 o N1
= Ao+ (@ 3) + Dol ¥) - Ti@) G2 (@y) = @) G2 (2,)
G2 = Z Cn(2)y
[n|>2
N . 5 o NNoL
= Paloy + (@ 3). 0 + (e, ¥) ~ Ti(@0) G (@y) = To@) G ..
If we set 0 := ﬁ, then we have

Yo + 1a(,))

01/31 <G < Fl(xayl +1/;1(an)7

+Em%%mw+im%%mw

a@<6<ﬁ@m+ﬁmwm+@mw>

Moreover, we recall that

Tin=0, ifng=0o0rny =0
T2,n=O, ifny=00rny =0
77211,n:0, ifny >1landng > 1
1/;2,n=0, ifny >1and ng > 1,

so that we have in fact more precise dominant relations:

01/31 <E<F1 x7y1+1/71(33,
01/32 <C72<F2 Z,Y1 +1@1($,

Y)ayQ +§(1‘7y
Y)ay2 + @2@7’}0

It remains the apply the lemma above to conclude.
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Remark 3.18. — In the previous proposition, assume that for j = 1,2,

Biw,y)= >, EJ @y

neN?,| |n|>2

in the expression of Y satisfies

{ﬂ&”(m

=0, Vn=(ny,ng)|n +ne>2and (n1 :OOI'TLQZO)
F,(lz)(O) =0, Vn=(ny,ng)|n+ne >

2 and (n1:00rn2:0).

Then, the diffeomorphism d in the proposition can be chosen to be the
identity on {z = 0}, so that

{ylyle(%}’) = F1(0,y) + xS (z,y)
yiyaRo(z,y) = Fo(0,y) + 285(z,y),

where S;,9; are l-summable in the direction § # arg(£\) and both
F1(0,y), F5(0,y) € C{y} are convergent in neighborhood of the origin in
C2. Indeed, we easily see by induction on |n| = n; + ny > 2 that zﬁl and
1/32 can be chosen “divisible” by z, and that ¢1,(2 are such that {;n(z) is
also “divisible” by z if ny = 0 or ny = 0.

3.4. 1-summable normal form up to arbitrary order N

We consider now a (formal) non-degenerate diagonal doubly-resonant
saddle node, which is supposed to be div-integrable and 1-summable in
every direction 6 # arg(4\), of the form

N o ~
Yorep = xz% + ( — A+ a1x —d(y1y2) + le(x,y))ylaTJl
+ (A +ax+d + 285 (z, —_—
( 2 (y1y2) 2( Y))yQ I
where:
e )\ € (C\{O};

e 5,8 € Clx,y] are of order at least one with respect to y and
1-summable in every direction 6 € R with 6 # arg(£\);

o a:=res(Yprep) = a1 + a2 ¢ Qgo ;

e d(v) € vC{v} is the germ of an analytic function in v := y1yo

vanishing at the origin.

ANNALES DE L’INSTITUT FOURIER



DOUBLY-RESONANT SADDLE-NODES IN (C3,0) 1767

As usual, we denote by Yprep.0, 51,0, 52,0 the respective 1-sums of }A/, 5‘1, Sy
in the direction 6. Let us introduce some useful notations:

(3.16) Vorep = Yo+ DC + RR,
where
° ﬁ = yla%l + yza%
e Yy = )\3 +x (z% + a1y1£ + agygﬁ)
e D(z,y) =d(y1y2) + DM (z,y) = d(y112) + x( Sl) is 1—sum-
mable in the direction 8 of 1-sum Dy : it is called the “tangential”

part. Dy is also dominated by |ly|| = max(|y1], |y2|) (D is of order
at least one with respect to y).

e R(z,y) =2zRWV(z,y) == Sﬁsl) is 1-summable in the direction

0 of 1-sum Ry: it is called the “radial” part. Ry is also dominated
by [|¥]lee = max(Jy1], |ly2]) (R is of order at least one with respect
toy).

The following proposition gives the existence of a 1-summable normalizing

map, up to any order N € Ny, with respect to .

ProPOSITION 3.19. — Let
(3.17) Yorep = Yo+ DC + RR

be as above. Then for all N € Ny there exist dN)(v) € C{v} of order
at least one and ®V) ¢ Diffg,(C3, 0;1d) which conjugates Y brep (Tesp. its
I-sums Ypyep. ¢ In the direction 6) to

Y™ —y, 4 <d<N> (y192) + ¥ DM (z, y)) C 4 2RV (2, 9)R
(resp. Yb(N) =Yy + (d(N) (y1y2) + xNDéN) (z, y)) ? + xNRéN) (z, y)ﬁ)

where DIN), R(N) are 1-summable in the direction 6, of order at least one

with respect toy, of 1-sums Df(,N), R((;N) in the direction 6. Moreover, one
can choose d® = ... =dW) for all N > 2, and dV) = d.

Proof. — The proof is performed by induction on V.

e The case N =1 is the initial situation here, and is already proved
with Yprep = Y.

e Assume that the result holds for N € N5 . We will proceed in three
steps.
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First step. — Let us write

RM(z,y)= > RUD (2)yi"ys.

ni+n2>1

We are looking for an analytic solution 7 to the equations:

(318) ﬁy(N) (T) = _"I}'NR(N) + (xN-‘rlR(N"rl)) ° AT
EYO(N)(T) _ 7$NRéN) + (INHRéNH)) oA, ,
for a convenient choice of RWV+1), RéN D with

AT(x7 y) = (l‘, Y1 eXp(T(x7Y))7 Y2 eXp(T(J?, Y>)) )

and

N—

m(z,y) =2V ro(yrye) + 2V i(y)

where 71(y) = 32 4, TLjrje yl'y2?. More concretely, A, is the for-
mal flow of R at “time” 7(2,y).

If we admit for a moment that such an analytic solution 7 exists,
then A, € Diffg,(C3,0;Id) and therefore A= € Diffg,(C3,0;1d).
Consider d) and DN=1) such that

dNTY (z129) + 2V 1DV D (2, 2)
= (4 () + XDV, y)) 0 A7 (2 2)

(N_l)(:v z)

= (d(N) (y1y2) + xND(gN) (, y)) ) A;l(x, z),

dN+D (2122) + CL’N71D~9

with DV = 0 if N = 1. Consequently, the two equations given
in (3.18) imply that
(A) (Y)Y = v, + (d(NH)(zle) + J;Nﬁlf)(Nfl)(x,Z)> 7
+ 2N RINHD (g z)ﬁ
Ay y My = Yo 4+ (dNHD (2129 + N1 pN-1 T,% 7
0 )

+ 2N TRV (g, z)ﬁ
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Indeed:

Ly ) ()
dA- - YN = | Ly o) (y1 exp(7(2,y)))
Ly ) (y2 exp(7(2,)))

72

= | Ly (1) +y1(Lyan (7)) exp(7(z,y))
(Ly a0 (y2) + y2(Ly ) (7)) exp(7(z,y))

(Yo n (d(N+1) +xN71B(N71))?

wN+1R(N+1)ﬁ) oA (z,y).

These computations are also true with the corresponding 1-sums
of formal objects considered here, i.e. with Y(N) D(N) D(N 1)
RéNH) instead of YN D) DWN-1) R(N“) respectively. We
use Proposition 2.20 to obtain the 1-summability of the objects
defined by compositions.

Let us prove that there exists a germ of analytic function of the
form

m(z,y) = 2N 1o (yiye) + 2N (y)
of order ate least one with respect to y in the origin, with
= Z 717j1j2y{1y%2
J17#J2

satisfying equation (3.18). This equation can be written

2 (A4 ae = dN(grye) - 2 DN (@,y) + 2V RV (@,y) ) 1 o
or oy
(N) N (V) N p(N) or
+ (>\ + asx + dYW (y1y2) + " DV (z,y) + 27 RV (=, Y)) Y2 9

= —2VNRW) 4 (xN+1R(N+1)> oA,
or equivalently

50T
T Fa12Yy1 7—

+a:13 or
or 2LY2

o %3 (A+d( ) (y1y2) +mND(N)(x,y)) Lz(T)

+ (xNR(N)($7y)) Lay(r) = _aNR) 4 (xN+1R(N+1)) oA, .
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(3.19)
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Let us consider terms of degree N with respect to x:

lozn)
(N = D71o(y1y2) + (al +as + 2051 R (Oa)’)) Y1y - % (y172)

+ </\ + d(N)(y1y2)> Lz(n)=—-R™N(0,y)

(here dx 1 is the Kronecker notation), and let us define

ré\s,)ov ZRkk

k>1

We use now the fact that Im(Lz)@Ker(Ly) is a direct sum, and that
Ker(Lp) is the set of formal power series in the resonant monomial
v = y1y2. Isolating the term £ 5(71) on the one hand, and the others
on the other hand, the direct sum above gives us:

d
v(al +as + 205 R0, v)) g(v) + (N = Do) = —RY(0,v)
7'0(0) = 0
and
—1

- (N) _ pWV) drg

Lo ()= ST ) <(26N,1(R (0,9) =R (0,0)) )y 452 (4130)
+RM(0,y) — R (0,v>)

1 (0) = 0

Since RWY) is analytic with respect to y, R (0,v) is analytic near
v = 0. Furthermore, as Rﬁé\é)((), 0) = 0 and a1+a2 ¢ Qo, the first of
the two equation above has a unique formal solution 7o with 74(0),
and this solution is convergent in a neighborhood of the origin.
Once 7 is determined, there exists a unique formal solution 71 to
the second equation satisfying 7 (y) = Zh;ﬁn 1,j1j2Y1 Y5, which
is moreover convergent in a neighborhood of the origin of C2.
Therefore A, is a germ of analytic diffeomorphism fixing the ori-
gin, fibered, tangent to the identity and conjugates Y () (resp.
YH(N)) to YV := (A,).(Y(M)) (resp. to Y( ) (AT)*(YQ(N))).
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Equation (3.19) implies that both (Ly o (7) + 2N R®™)) and
(Lyon(T) + xNRéN)) are divisible by 2V*+1, so that we can define:
6

- N p(N)
RO (0,2) = (DT ) 04 )

Ly (1) + 2V RSV

R(QNJFI) (x,2) := 8 o oA (z,2).

By Proposition 2.20, R¥*1 (resp. DV=1) is 1-summable in the
direction 6, of 1-sum RéNH) (resp. DéNﬁl)).

Finally, notice that d¥*Y o A.(0,y) = d™) (y1,12), 7(0,y) = 0
and then A,(0,y) = (0,y1,y2) if N > 1, so that dV+1) = (V)
when N > 1.

Second step. — Fxactly as in the previous step which dealt with
the “radial part” (in fact the computations are even easier here), we
can prove the existence of a germ of an analytic function o, solution
to the equation:

Looo(0) = —2zN 1DV 4 (2N DMy o

I's
(3.20) e .
Lym(o) = =N D 4 (N DgY) o Ty

for a good choice of 5(N), ﬁéN), with

Ty (z,2) := (z,y1 exp(—o(x,2)),y2 exp(o(z,2)))

and

N-1

o(z,z) = $N7200(2122) + o01(z),

where 01(z) =32, ., 01,5 2211237 Here, we take og = 0 if N = 1.

Notice that I', is the formal flow of C at “time” o(x,z).

Again, as in the first step with the “radial part”, we have on a
r, e Dlﬁﬁb(C3 0;1d) and then also I'; 1 € Diffgp,(C3,0;1d). If we
consider RV+D and R (NF1) such that

RN (z,y) := R4V o T (2, y)
R (2,2) == RN o T, M (a,y),
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then it follows from (3.20) that
(To) (V) =Yy + (VD (1) + 2V DV (w,y)) €
4 gNHLRIN+HD (x, y)ﬁ
() (F3™) = Yo + (¢ (o) + 0¥ Df YV (@,3)) ©
+ xNJrl]:%(gNH)(x, y)ﬁ

Notice that the degree of the monomial #Vt! in front of RV+1
is indeed N + 1 (and not N): this essentially comes form the fact
that T, (and F;l) preserves the resonant monomial v = y;y2. We
choose:

5 i N—17(N-1)
D (o) = (DD or )

EYH(N) (J) + :ENflbéN_l)

N (ay) = ( — )Of;l(ﬂc,w

By Proposition 2.20, D) (resp. é(N‘H)) is 1-summable in the
direction @, of 1-sum f?éN) (resp. ﬁ?éNH)). We finally define YN =
(To)u(¥®), and YN 1= (). (7).

Third (and last) step. — As in both previous steps, we can prove

Su

the existence of a germ of an analytic function ¢, solution to the
equation:

L50 (@) = =eN D) 4 (MDY ) o
Ly (9) = =2V DY + (& D) o,
0
for a good choice of D(N+1), DéNH), with

Fip(‘ray) = (I7y1 eXp(fsa(xay))va eXP(@(%Y)))
and
p(z,y) = 2N eo(yrya) + 2N 1 (y) ,

where ©1(y) = 3, 2, @1 o U1 U3
Again, we have on a I', € Diffg;, (C3,0;1d) and then also F;l €
Diffgy, (C3, 0;1d). If we consider RV and RéNH) such that

RV (2,y) = RV 0T (2, y)

RéNH)(l‘, z) = ééNH) © F;l(a:,y) ’
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then we have:

(Tp)e (FN)) = Yo + (dV+D (g195) + 2V DO+ (3, 3)) T
+ VLRIV (4 y)ﬁ

(To)e (V) = Yo + (AN (g1g5) + 2V D (2,3)) C
+ xNHR((,NH)(:E, y)ﬁ

As above, notice that the degree of the monomial x
R(N+1D s indeed N 4 1. We choose:

N+1 i front of

Lo (9) + 2N DI -
DN (z,y) = ( v oI (@,y)
Lo () + fo)éN)
N Y, _
Dé +1)(m7Y) = < : o N+1 ) OFLpl(maY)'

By Proposition 2.20, DN+ (resp. RIN*+1D) is 1-summable in the di-
rection @, of 1-sum DéN) (resp. RéNH)). We finally define Y (N+1) .=
(P)e (V) and Y™ o= (D) (V™).

3.5. Proof of Proposition 3.1

We now give a short proof of Proposition 3.1, using the different results
proved in this section.

Proof of Proposition 3.1. — We just have to use consecutively Propo-
sition 3.7 (applied to Yy := Y|{z—0}), Proposition 3.10, Proposition 3.15
and finally Proposition 3.19, using at each time Corollary 2.21 in order to
obtain the directional 1-summability. a

4. Sectorial analytic normalization

The aim of this section is to prove that for any ¥ € SN gjag,0 and for
any 1 € [, 27|, there exists a unique pair

((I)_;,_, (D_) S Diffﬁb(Sarg(i,\m;Id) X Diffﬁb(Sarg(_MM;Id)

whose elements analytically conjugate Y to its normal form Y;omm (given by
Theorem 1.5) in sectorial neighborhoods of the origin with wide opening.
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The existence of sectorial normalizing maps ®; and ®_ in domains of the
form Sy € Sarg(in),y and S— € Surg(—in),y for all g € [, 27], is equivalent
to the existence of a sectorial normalizing map ® in domains S € Sy,
for all @ € R such that 6 # arg(£\). At the end of this section we will also
prove that & and ®_ both admit the unique formal normalizing map P
(given by Theorem 1.5) as weak Gevrey-1 asymptotic expansion in domains
St € Sag(in),g and S € S,15(—in),y respectively. In particular, this will
prove that ® is weakly 1-summable in every direction 6 # arg(£). We start
with a vector field Y V) normalized up to order N > 2 as in Proposition 3.1.
First of all, we prove the existence of germs of sectorial analytic functions
ay € O(S4),a- € O(S-), which are solutions to homological equations of
the form:

Ly (ag)=aMTAL(z,y),

where M € Nyg and Ay € O(Sy) is analytic in Sy (see Lemma 4.6).
In order to construct such solutions, we will integrate some appropriate
meromorphic 1-form on asymptotic paths (see Subsection 4.4). Once we
have these solutions oy, a—, we will construct the desired germs of sectorial
diffeomorphisms as the flows of some elementary linear vector fields at
“time” ay (x,y). After that, we will prove in Subsection 4.5 that there exist
unique germs of sectorial fibered diffeomorphisms tangent to the identity
which conjugate Y € SNgp o to its normal form, by studying the sectorial
isotropies in sectorial domains with wide opening. We go on using the
notations introduced in Subsection 3.4, i.e.

AeC*

a1 + a2 ¢ Qgo

¢« Cim i 2 4y 0
: ylayl yQayz

o Rimyigl + il

Yy = )\? + x(m% + alyla%l + ang%)

For € € ]0, 5[ and r > 0, we will consider two sectors, namely

. ™ . T
Si(r,e):=8 (r, arg(i\) — 56 arg(i\) + 5 + e)

and

S_(r,e)=2S8 (r, arg(—i\) — m

5~ e, arg(—i\) + Ty e) .

2
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Let us consider a (weakly) 1-summable non-degenerate div-integrable
doubly-resonant saddle-node normalized up to an order N+ 2, with N > O:
YD) = ¥ o+ (clyage) + VDN (0,3)) € + 2N ROV (1, y)R

(formal)
V' =¥ 4 (clyaye) + 02D (2,3) € + 2V 2RY (2,9 R
(analytic in S (r,€) x D(0,r))

where D(V+2) RIN+2) are of order at least one with respect to y, and

(weak) l-summable in every direction § € R with 6 # arg(£\): their

respective (weak) 1-sums in the direction arg(+i)) are D‘iN”),R(iN“),

which can be analytically extended in Sy (r,€) x (C2,0). In order to have
the complete sectorial normalizing map, we have to assume now that our
vector field is strictly non-degenerate, i.e.

?R(al + (l2)>0 .

PROPOSITION 4.1. — Under the assumptions above, for all n € |r, 27|,
there exist two germs of sectorial fibered diffeomorphisms

U, € Diffgp (Sarg(in),n; 1d)
U_ € Diffap (Sarg(—ir),n; Id)
of the form

(4.1) Uy (2,y) = (2,y + O(lyl*)

which conjugate Yi(NH) to its formal normal form

Yoorm = 22 (A + a1z — C(ylyz))yli + A+ azz + c(y192))y2 55—,
ox oy Y2

where c(v) € vC{v} is the germ of an analytic function in v := y1y2 van-

ishing at the origin. Moreover, we can choose W above such that

qji(£7 y) = Id(.’II, y) + INP(iN) (J?, y) ;

where P(iN) = (0, Py 1+, P> 4 ) is analytic in Sy (r, €) x (C2,0) (for some r > 0
and € > ) and of order at least two with respect toy.

By combining Propositions 3.1 and 4.1 we immediately obtain the fol-
lowing result.

COROLLARY 4.2. — Let Y € SNﬁb’o be a strictly non-degenerate di-
agonal doubly-resonant saddle-node which is div-integrable. Then, for all
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1 € |, 27|, there exist two germs of sectorial fibered diffeomorphisms

(I)+ S Diﬁ‘ﬁb(sarg(i)\),'r];ld)
d_ ¢ Diffﬁb(Sarg(fm)m; Id)

tangent to the identity such that:

0 0
_ 20 _ K
(@1)(Y) =2 o+ (=A+a1r — c(y1y2))01 o

)\ _
+ (A + a2z + c(y192))y2 3

= Ynorm )

where A € C*, R(a1 + a2) > 0, and c(v) € vC{v} is the germ of an analytic
function in v := yyys vanishing at the origin.

As already mentioned, we will also prove at the end of this section that
®, and ®_ are unique as germs (see Proposition 1.13), and that they
are the weak 1-sums of the unique formal normalizing map & given by
Theorem 1.5.

4.1. Proof of Proposition 4.1

We give here two consecutive propositions which allow to prove Propo-
sition 4.1 as an immediate consequence. When we say that a function
f U — C is dominated by another g : U — R, in U, it means that
there exists L > 0 such that for all u € U, we have |f(u)| < L.g(u).

PROPOSITION 4.3. — Let YfEN”) =Yy + Di? + Riﬁ, where

Dai(z,y) = c(yrye) + 2N 2D (2,y)
Ri(z,y) = aV2RN ™ (1,y),

with N € Nsg, ¢(v) € vC{v} of order at least one, and D(iN+2),R§[N+2)

analytic in Sy (r,€) x (C%,0) and dominated by ||y -

Assume R(a1 +ag) > 0. Then, possibly by reducing r > 0 and the neigh-
borhood (C2,0), there exist two germs of sectorial fibered diffeomorphisms
oy and p_ in Sy (r,€) x (C%,0) and S_(r,€) x (C2,0) respectively, which

. (N+2)
conjugate Y to

(4.2) Yg, =Y+ C:C,
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where Cy(x,y) = Dy o pL'(x,2). Moreover we can chose o to be of the
form

(4.3) P+ (7,y) = (2,91 exp(p+(,y)), y2 exp(p+(7,¥))) s

N+1 >

where py(x,y) = 2N+ pi(2,y) and p+ is analytic in Sy (r,€) x (C?,0) and

dominated by ||y ||cc-
Remark 4.4. — Notice that @3 is of the form
e (2,2) = (z,20 (L + 2Nz, 2)) , 22 (1 + 2V (2, 2)))

where 9 is analytic in Sy (r,€) x (C?,0) and dominated by ||z||s. Conse-
quently:
Cu(2,2) = e(ar22) + 2N L (w,2),

where c is the same as above and C is analytic in S4(r,€) x (C2,0) and
dominated by ||z co-

PROPOSITION 4.5. — Let Ye 4+ =Yy + C’i?, where

Cy(x,2) = c(z129) + a:NHCE_LNH)(x, z),

with N € N5, c(v) € vC{v} of order at least one, and C’iNH) analytic in

S+ (r,€) x (C?,0) and dominated by ||z||o. Assume R(a; + az) > 0. Then,
possibly by reducing r > 0 and the neighborhood (C?,0), there exist two
germs of sectorial fibered diffeomorphisms 14 and ¢_ in Si(r,€) x (C%,0)
and S_(r,€) x (C%,0) respectively, which conjugate Y¢ & to

(4.4) Yiorm = Yo + () C .
Moreover, we can chose 1+ to be of the form

(4.5) Vi(2,2) = (v, 21 exp(—xx (2, 2)), 22 exp(x£ (2, 2))) ,

where x+(2,2) = 2V X+ (2,2) and Y is analytic in S+(r,€) x (C?,0) and
dominated by ||2]| -

If we assume for a moment the two propositions above, the proof of
Proposition becomes obvious.

Proof of Proposition 4.1. — It is an immediate consequence of the
consecutive application of the previous two propositions, just by taking
VU =14 oy with the notations above. O
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4.2. Proof of Propositions 4.3 and 4.5

In order to prove Propositions 4.3 and 4.5, we will need the following
lemmas. The first one gives the existence of analytic solutions (in sectorial
domains) to a homological equations we need to solve.

LEMMA 4.6. — Let Z4 :=Y) +Ci(x,y)? —&-:cRi_Ll)(x,y)ﬁ, with C4,
R;l) analytic in Sy (r,e) x (C%,0) and dominated by ||y|~ and let also
A4 (z,y) be analytic in Si(r,€) x (C?,0) and dominated by |y||so. Then
for all M € Nsq, possibly by reducing r > 0 and the neighborhood (C2,0),
there exists a solution a4 to the homological equation

(4.6) Lz, (o) = xMHAi(x,y),

such that a+(x,y) = May (x,y), where a4 is a germ of analytic function
in Si(r,€) x (C2,0) and dominated by ||y||co-

We will prove this lemma in Subsection 4.4. The following lemma proves
that ¢4 and 14 constructed in Propositions 4.3 and 4.5 are indeed germs of
sectorial fibered diffeomorphisms in domains of the form S (r,€) x (C2,0).

LEMMA 4.7. — Let fi,g+ be two germs of analytic and bounded func-
tions in Sy (r,€) x (C2,0), which tend to 0 as (z,y) — (0,0) in St(r,€) x
(C2,0). Then

¢+ 1 (2,y) = (z,y1 exp(f+(2,¥)), y2 exp(g+(2,Y)))

defines a germ of sectorial fibered diffeomorphism analytic in Sy (r,€) x
(C?,0) (possibly by reducing r > 0 and the neighborhood (C?,0)).

Let us explain why these lemmas imply Propositions 4.3 and 4.5.

Proof of both Propositions 4.3 and 4.5. — It is sufficient to apply
Lemma 4.6 with M = N +1, Ay = —RY"? oy = py and 2o = Y V2
for Proposition 4.3, and with M = N, Ay = —C’iNJrl), a+ = x+ and
Zy = Y?,i for Proposition 4.5. Then we use Lemma 4.7 to see that ¢
and 4 are germs of sectorial fibered diffeomorphisms on the considered
domains, and we finally check that they do the conjugacy we want. With
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the notations above:
EY(N+2) (ac)
+
dpy - VIV = Ly vz (g1 exp(px(2,5)))
EYiN+2) (YJZ eXP(Pi (33’ Y)))

1:2

= | Ly (1) + 91(Lyoven (p1))) explps (2, )
(Ly ovin (y2) + y2(Ly oven (p))) exp(px (. y))

= (7A+a1x*Dﬂ:(I7Y))yl eXp(pi(x,y))>
(A +agx + Di(2,y))y2 exp(p+(z,y))

(We have used EY:Q(:N+2) (ps) = _wN+2R§EN+2)>

= (Yo + Oiﬁ) o p+(z,y)
= Y?7i o (,Dj:(x7y)7
(N+2)y _
so that (¢4 ).(Yy ) =Yz , and then

£y?’i(.’1?)
Ay Yo . = | Lyy , (z1exp(=x(,2)))
EY?,i (22 eXp(X(.Z', Z)))

56'2

= | (Lyy , (21) + 21(Lyy |, (X)) exp(—x(z, 2))
(Lyg , (22) + 22(Ly (X)) exp(x(x, 2))

= (7/\+a1’1:7€(2122))21 GXP(X(JHZ))>
(A + a2 + c(2122)) 22 exp(x(z,y))

(We have used Ey? i(Xi) — _$N+1C:(|:N+1))
= (Yo + c(u)?) o (z,2)
= Ynorm © ¢i (.TJ, Z),

so that (dJi)*(Yﬁ i) = Yiorm- 0
4.3. Proof of Lemma 4.7
Proof of Lemma 4.7. — We consider two germs of analytic functions

f+, 9+ in Si(r,€) x (C%,0) which tend to 0 as (z,y) — (0,0) in Sy (r,€) x
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(C2,0), and we define

é+ : (2,y) = (7, y1 exp(f+(7,y)), y2 exp(g+ (2, y))) -

Let us first prove that ¢4 is into. Let x = (z,y1,y2) and X’ = (2/, 9}, y%) in
Si(r,€) x (C2,0) such that ¢4 (x) = ¢4 (x'). Since ¢ is fibered, necessarily
x = 2’. Then assume that (y1,y2) # (¥}, y%), such that

(y1 — 95,92 — ¥5)|loo >0

and for instance [|(y1 — ¥}, ¥2 —¥5)|lco = |y1 —y1| > 0 (the other case can be
done similarly). We denote by D, the derivative with respect to variables
(y1,y2). According to the mean value theorem:

ef+(®) _ of+(x")

4.7
(4.7) Y1 — Y1

< sup [|Dy(e"*)(2,2)[|s,
z€ly,y’]

where z = (21,22), y = (y1,y2) and y' = (y1, y4). Consequently we have:

0 = |yrefs 0 g of2 )

Yy ef=00 _efs ")

— efi(x) |y1_yll| ]_+

ef+ (=) Y1 — y’l

! fe(x) _ ofx(x")
> e/ 1y — o S
Z ¢ |y1 y1| (1 ‘efi(x) yl —y’l
/
> |0y, — i (1= | =2 || sup |[Dy(e)(@,2)]oo] |-
efj:(x) ’
z€ly,y’]

Assume that we chose (C2,0) = D(0,r) small enough such that fy is
analytic in

Si(r,€) x D(0,3r; +6) x D(0,3ry + §)

with § > 0 small. Without lost of generality we can take r; = ro. We apply
Cauchy’s integral formula to z; — ef*(®#1:22) for all fixed 2, integrating
on the circle of center 0 and radius 3r; = 3rs. Similarly we also apply
Cauchy’s integral formula to zo — ef*(*#1.22) for all fixed z;, integrating
on the circle of center 0 and radius 37, = 37r;. Then we obtain

sup || Dy (e*)(2,2)| < 4371-exp < sup (Ifi(X)|)>,

z€ly,y’] x€S4 (r,e)xD(0,r)
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such that:
0— ’ylefi () g ef= ()

3
|y1—y1|l1—4exp< sup <2|fi<x>|>>].
x€S+ (r,e)xD(0,r)

Since fi(x) ;:) 0, we can choose r, 71 and ro small enough such that:

> ’efi(x)

5 4
eXP( sup (2|fﬂ:(x)|)> S1<3
x€S4 (r,e)xD(0,r)
Finally we obtain:
0— ‘ylefi(x) —ylef= 6
/
S ereeol l=—wnl _
g ‘e 6
and so, if y1 # ¥}, we have 0 = |y1e/=®) — ylef+&)| > 0, which is
a contradiction. Conclusion: (y1,y2) = (yi,v5) and then ¢4 is into in

Sy (r,e) x (C%,0). Since ¢4 is into and analytic in Sy (r,e) x (C2,0), it
is a biholomorphism between S (r,¢) x (C?,0) and its image which is nec-
essarily open (an analytic function is open), and of the same form. a

4.4. Resolution of the homological equation: proof of Lemma 4.6

The goal of this subsection is to prove Lemma 4.6 by studying the ex-
istence of paths asymptotic to the singularity and tangent to the folia-
tion, and then to use them to construct the solution to the homological
equation (4.6). For convenience and without lost of generality we assume
A = 1 during this subsection (otherwise we can divide our vector field by
A # 0, make x — Az and finally consider exp(—iarg())).S+(r, €) instead of

S1(r, €): these modifications do not change a; and a2,>.

4.4.1. Domain of stability and asymptotic paths

We consider

Zy =Yy + Ci(an)? + wRil)(ﬂ:,y)ﬁ

72

= | (=1 + Cs(z,y)) + a1z + 2RV (2, y))
yo(14 Cx(x,y) + azz + 2RY (2,y))
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with R(a; + a2) > 0, and Cg, R;l) analytic in Sy (r,¢) x D(0,r) and dom-
inated by ||y||co. More precisely, we consider the Cauchy problem of un-
known x(t) := (z(t),y1(t),y2(t)), with real and increasing time ¢ > 0,
associated to

+1
Xy = Zy,
. 1+ (%)l‘ + Cy +
i.e.
(4.8)
dj - +iz?
dt 1+(%)LL‘+C¢
dyl :tlyl W
2 _(1+C R
dt 1+(%)£+Ci( ( + i(‘r7Y))+alx+$ + (.’I},y))
dyo +iys 0
ar 1+ Cy(x, Ry (x,
dt 1+(%)$+C’i( + Ci(z,y) +azz + xRy’ (2,y))
x(t) = %0 = (0, ¥1,0, Y2,0) € Sx(r,e) x D(0,r).

We denote by (t,%0) + ®%, (xo) the flow of X with increasing time ¢ > 0
and with initial point x¢: % (x0) = xo. We will prove the following:

PROPOSITION 4.8. — Forall e €0, 5|, there exists finite sectors S+ (r, €),
Sy (r',€) with r,7" > 0 and an open domain Q4 stable by the flow of (4.8)
with increasing time t > 0 such that

Si(r',e) x D(0,r') C Qr C S1(r,e) x D(0,1),

(cf. Figure 4.1). Moreover, if xo € 3 then the corresponding solution
of (4.8), namely x(t) := @Y% (xo) exists for all t > 0 and x(t) — 0 as
t — +o0.

Remark 4.9. — This will prove that the solution x(¢) to (4.8) exists for
all ¢ > 0 and tends to the origin: it defines a path tangent to the foliation
and asymptotic to the origin. Moreover, notice that the domain €2 depends
on the choice of r and 7’ > 0.

DEFINITION 4.10. — We define the asymptotic path with base point
Xo € {13 associated to X the path vy x, = {tbtxi (x0), t = 0}.

For convenience and without lost of generality we only detail the case
where “+ = +7 (the case where “+ = —” is totally similar). If we write
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S(x)

Figure 4.1. Representation of the projection pr,(£24.) of the stable do-
main €4 in the x-space.

a:=ay +az and b := 5% in the case “+ = +” we have:
dr iz?
dt  1+bx+Cy
d ¢+ RY(a,
S _ iy | -1+ 2 + (z,¥) X
dt 1+bx+ Ci(z,y)

oy g
%:ZyQ 1+ 2+ + (I7y) T
dt 14 bx+ Ci(x,y)

x(t) = xo = (20, ¥1,0,¥2,0) € S4(r,€) x D(0,r).

We also consider the differential equations satisfied by |z(t)|, |y1|(%), |y2| (%)
and 0(t) := arg(x(t)):
djz(?)] iz(t)
= |z(t
PO e T e

dlya|(t) . ¢+ RU®)
ydt = lyal(®)R (“”(t) (1 +2bx(t) . C, (x(1) >>

a 1)
dly2|(t) : 5+ RL(x()
=207 — yal(t t
dt ()R { i (t) 1+ ba(t) + Co(x(t))
do(t) _ g 1x(t) '
dt 14 bz(t) + C1(x(1))

For any non-zero complex number ¢ and positive numbersiR,B > 0,
we denote by X ({, R, B) the sector of radius R bisected by i(R, and of
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opening 7 — 2 arcsin(B) = 2arccos(B):
(¢ R, B) :={x € D(0, R) | 3(Cx) > B|Cx|}
={x€ D(0, R) | —arccos(B) < arg(z) —arg(i¢) < arccos(B)}.

For T, R > 0, we denote by © (R, T) (resp. ©_(R,T)) the sector of radius
R bisected by R4 (resp. R_) and of opening 2 arccos(T):

O+ (R, T):={x € D(0,R) | R(x) > T|z|}

={x € D(0,R) | —arccos(T) < arg(z) < arccos(T)}
©_(R,T):={x € D(0,R) | R(x) < =T|z|}

={zx € D(0,R) | —arccos(T) < arg(z) — 7 < arccos(T)}

~—~ o~~~

Since R(a) > 0 by assumption, we can choose w’ € ]0, é}%'(a"l) [, such that
Y4 (a,r,w’) contains iR~q. Indeed, we have

larg(i) — arg(ia)| = |arg(a)| < arccos(w’) .
In particular, we have:
0 < arccos(w') — |arg(a)| < g

so that
0 < cos(arccos(w’) — |arg(a)]) < 1.
Hence we take w > 0 such that

(4.9) w € |cos(arccos(w’) — |arg(a)l), 1],
and then ¥, (1,r,w) C X1 (a,r,w’). Indeed, if x € 3, (1, r,w), then:
(4.10) — arccos(w) < arg(z) — g < arccos(w) ,
and therefore
larg(x) — arg(i.a)| < arccos(w) + |arg(a)| (by (4.10))
< arccos(w') (by (4.9)).

Finally, we fix p € ]0,v/1 — w?[ small enough such that
O4(rp) Ny (Lrw) #0
O_(r,p) NS (l,rw)#0
and
Si(rye) CE4p(1,rw)UO4(r,pn) UO_(r,pu).
More precisely, we must have 0 < € < arccos(u). The idea is now to study

the behavior of t — z(t) (where t — x(t) = (x(t), y1(¢), y2(t)) is the solution
of (4.8)) over each domains % (1,7,w), 04 (r, 1), ©_(r, u) (cf. Figure 4.2).
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-
arccos(w)/
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-
N
N
_ N
(&) °
arccos{@ N
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\\
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\ (LR+

Figure 4.2.

Representation of domains ¥ (1,rw), Yi(a,rw'),

O (r,p), ©_(r,pu), Sy(r,e) (with modified radii for more clarity).

We can now prove the following result, which is a precision of Proposi-
tion 4.8.

LEMMA 4.11.

(1)

(2)

There exists r,r1,r2 > 0 such that ¥4 (1,r,w) x D(0,r) is stable
by the flow of (4.8) with increasing time t > 0. Moreover in this
region |x(t)|, ly1|(t) and |y2|(t) decrease and go to 0 ast — +oo.
There exists 0 < ' < r, 0 < rj <711, 0 <714 < ro and an open
domain Q. stable under the action flow of (4.8) with increasing
time t > 0 such that

Sy (r',e) x D(0,r') C Q. C S (r,e) x D(O,r).

Moreover, if xy € OL(r',u) (resp. z9 € O_(r',p)), then 6(t) =
arg(z(t)),t > 0 Is increasing (resp. decreasing) as long as x(t)
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remains in ©4(r',u) (resp. ©_(r',u)). Finally, there exists to > 0
such that for all t > to, z(t) € T (1,r,w).

Proof. — We fix ¢ € ]0, min(w, u)[, ¢’ € ]0,w’[ and we take r > 0 small
enough such that for all x = (z,y) € S4(r,¢) x D(0,r), we have
N
1+br+ Ch(x)
a 1
g+ RV (x)
1+ bz + Ci(x)

<46

< 4.

—a
2

Consequently for all x € S x D(0,r) we have the following estimations:

T

1 +bx+C+(x)> <lzl(1+9)

aj o 2+ RV (zy) aj
(5] 0) < (i (B ) < (5] ).

Moreover:

Clzl(1+0) < m(

e if z € X, (1,r,w) then

1T
4.11 —_— - —90);
(a.11) R (o) < lellw - 9)
o if v € ¥ (a,r,w) (in particular if z € ¥4 (1,7,w)) then

. %JFRS,-U(xay) ’ n.
(4.12) %(zx <1+ba:+C+(x,y)>> < —lz|(w" = §&);

o if € ©_(r,pu) (resp. ©4(r, 1)) then

ey ) < lele=o)

~ T
(resp. Ry (1 bz + Cr )> > x| (p — 5))
Hence:

o forallt >0
dla(t
(4.13) —(1+0))z(t)? < % < —(1+8)|z(t))?
and then, as long as x(t) € Sy (r,€) x D(0,r), we have

|0l
t)| > ;
[(¢)] L+ (14 6)[xolt
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e forallt >0, if z(t) € ¥4 (1,r,w), then

(4.14) w < —(w=9)|z@)f
and
Al < (w5l (1))
) Al®) _ g
< W =0yl @)](t)]
so that |z(t)],|y1](t) and |y2|(t) are decreasing as long as z(t) €
Yi(1,rw);
o forallt >0, if z(t) € ©_(r,u) (resp. O, (r, 1)) then
e —(p = 0)|zol
a(t) <= (p=0)z(t)] < WCWOOH

(1 — 6)|o] )

deo
<reSp. 0 > (= 0)z(®) > 1+ (14 0)|aolt

so that t — 6(t) is strictly decreasing (resp. increasing) as long as
x(t) € ©_(r, 1) (resp. ©4(r, u)). Moreover, if 6y = 6(0) is such that
xo = x(0) € O_(t, w)\X4 (1, 7,w) (resp. Oy (r, p)\X4(1,7,w)), then
as long as x(t) € ©_(r, u) (resp. O4(r, ) we have:

0(t) < 6 — (’%?)m@ + (14 8)[zolt)

(resp. 0(t) > 6o + (/;T_g) In(1+(1+ 5)|x0|t)> .

We see that x(t) € X4 (1,r,w) for all
(exp(li_‘s(eo — & —arccos(w))) — 1)
(1 + 6)|ol
(exp(}:g (5 — arccos(w) — 6p)) — 1)
<resp. to 1= (1+0)[zo] ) .
Indeed, if ¢t > to, with tg as above, and if z(t) € ©,(r, u), then we
have:

o(t) > 0y + (‘1“‘5) In(1 + (1+ 8)|zolt)

+9

p=9o 140 (g7
> 0y + <1+6) In (exp (M—5 (90 5 arccos(w))))

=0y + - — arccos(w) — 0y = g — arccos(w)

2ol 3
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and therefore

—arccos(w) < arg(z(t)) — g <0.

Hence, we have z(t) € ¥4 (1,7, w). Moreover, notice that

exp((%_g)(e + arcsin(w)))

4.16 to <
(4.16) 0 (14 6)|zo|

On the one hand ¥, (1,r,w) x D(0,r) is stable by the flow of (4.8)
with increasing time ¢ > 0. Indeed in this region |z(t)|,|y1|(¢) and |y2| (%)
are decreasing, and as soon as z(t) goes in X (1,r,w) N O_(r,u
Y4+ (1,7,w) N O4(r,u)), which is non-empty and contains a part of the
boundary of ¥ (1,r,w) with constant argument, 6(t) is decreasing (resp.
increasing). Then, x(t) remains in ¥ (1,7, w). On the other hand, as long
as we are x(t) belongs to ©_(r, u) (resp. O (r, u)) we can re-parametrized
the solutions by (—0) (resp #) (we are now going to make an abuse of

notation, writing when needed z(6) or z(t)):

a
2

=~y < lyl.
d(=0) Storm) =

dlz| :7‘x|3‘3(m) <l | 1+5
d(-0) S(ivmrorm)
d %(ﬁ> 146
resp. dja| _ |x‘(\1“’+() < ‘x|,i
do \S( 1+baL’+.CUr (x) ) o
. ( 2+RP(zy) ))
d[y| %<m(l+bw+0+(w,y) < |

Y1 o
do %( 14+bz+Cy (x) )
a (1)
a((glen))
| et Orey)))

< el

a-e) —

Q’)H

( +ba:+C+ (x) )

. ( 2+RP(zy) ))
dlyi| %<m (1+bz+C+(w,y) 1£1+8
resp. = |y <l

1
§R “+R(1)(my)
( ] |y2 B ( (1+bx+0+(x,y>)>
resp. = <

~
|
3( 1+ba;fc+(x) )
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Hence, if 6y := 6(0) is such that zg := x(0) € O_(r, ) (resp. O, (r, 1)), for
t < tg we have:

ol0)] < aol exp (500 - 00)

<resp. 5(8)] < || exp (;ff;wu) - eo>))

- o)

e (2 Fot0 - %)))

)

exp <|i|f§ O() — 90)>>.

DEFINITION 4.12. — We define the domain 2 as the set of all

21(8) < lynol exp (
(4.17)

(resp. ly1](t) < |yi,0

132l (8) < lya.0] exp (

(resp. ly1|(t) < |y1.0

X = (%Zlh?&) S S+(’I“, 6) X D(O,I‘)
such that:

o if () > wlz| then:

ol < rewp (55 arg(o) - arcsing) )
|

il < raesp (1255 (ang(o) — avcsinge))

|5+ ¢’ .
ly2| < roexp pr; (arg(z) — arcsin(w)) );

o if §(z) < —wlz| then:

+0 .
— 5(71' — arcsin(w) — arg(x)))

1
|z| < rexp (
W

al g
il < rvesp (B arcsin(o) - ang(e) )
w—
al g

ly2| < roexp <|jtj5 (m — arcsin(w) — arg(x))).

We see that Q4 is stable by the flow of (4.8) with increasing time ¢ > 0.
We have seen that for any initial condition in Q4 , the solution exists for
any t > 0, stays in Q4 , and after a finite time ¢y > 0 enters and remains in
¥+ (1,r,w). Finally, we have:

Si(r',e) x D(0,r') C Q4 C Sy(r,e) x D(0,r),

TOME 68 (2018), FASCICULE 4



1790 Amaury BITTMANN

where
7! —rexp( </~L ) € + arcsin(w )) <r
Tl =7 exp ( ( 3l > (e+ arcsm(w))) <7
w—
7l = 15 exp ( (25> (e + arcsin(w))) <Tg.
-
Let xg = (mo,yo) € ¥4 (1,r,w) x D(0,r). From (4.14) and (4.15) we have
forallt >0
|z
()| €« —F————
(@)l 14+ (w—9)|zolt
(4.18) 2] (t) < T
(14 (1 + 9)|zolt) ™50
|y1‘(t) < ol —5
(14 (1 + 9)|zo|t) T3
which proves that the solutions goes to 0 as t — +o0. (|

Remark 4.13. — Another stable domain Q_ is defined similarly when
dealing with the case “+ = —7”

4.4.2. Construction of a sectorial analytic solution to the homological
equation

We consider the meromorphic 1-form 7 := 9% which satisfies 7-(Z1) = 1.
Let also A (z,y) be analytic in S4(r, €) x (C?,0) and dominated by ||y||co,
and M € N5 . The following proposition is a precision of Lemma 4.6.

PROPOSITION 4.14. — For allxg € Q4 (see Definition 4.12), the integral
defined by

ay(xg) = —/ eMPIAL(x) T
Y+,x0

is absolutely convergent (the integration path v+ x, Is the one of Defini-
tion 4.10). Moreover, the function xo — a4 (Xq) is analytic in Q. , satisfies
LZi (Oéi) = IMJrlA:t(X)

and a4 (z,y) = 2M

by [ylloo-

Gy (z,y), where ay is analytic on Qy and dominated

Proof. — We are going to use the estimations obtained in the previous
paragraph.
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e Let us start by proving that the integral above is convergent. We
begin with:
T a)MH AL () ia(t)?
at(xg) = — 5 dt
0 z(t) 14 bz (t) + C1(x(1))
_ _i/+°° z(t)MH AL (x(t)) d&t
o 1+bx(t)+Cu(x(t)
Since x(t) € Qq for all ¢ > 0 and Ay (z,y) is dominated by ||y||co,
we have then:

oM AL (x(1))
1+ bx(t) + Cr(x(t))
where C' > 0 is some constant, independent of xg and ¢. For ¢t > 0
big enough, we deduce from paragraph 4.4.1 that:

‘ ()M AL (x()) ‘
1+ bx(t) + Cr(x(1))

(4.19) < Cla(®)M Iy ()l

‘xo‘ M+1 1
< Cllyol
L@ =0olt) (14 (14 ) aolt)

=, Q. )
and then the integral is absolutely convergent.
e Let us prove the analyticity of a4 in Q4: it is sufficient to prove
that it is analytic in every compact K C .. Let K be such a
compact subset. Let L > 0 such that for all x € K, we have:

A (x) <L
1+ bz + Cr(x)
Since K in a compact subset of Q1 C S (r,€) x (C2,0) and S+ (r, ¢€)
is open (0 ¢ Si(r,e€)), there exists § > 0 such that for all x =
(x,y1,y2) € K, we have § < |z| < r. Finally, according to the
several estimates in paragraph 4.4.1, there exists B > 0 such that
for all xg € K and t > 0, we have:

|70
lz(t)] < Bm .
Hence:
B(OMPAL) | e lmo
L+ba(t) + Cp(x(t)] (1+ (w — 0)|zolt)M+1
LBMA+1,.M+1

<
S+ (w— 8)at) ML’
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and the classical theorem concerning the analyticity of integral with
parameters proves that a is analytic in any compact K C 4, and
consequently in Q4.

e Let us write F(x) := %’ so that
—+oo
ax(xg) = — F(®Y%, (x0))dt.
0

For all xq € Qx, the function ¢ — x(t) = ®%, (xo) satisfies:

o o +1
a(<I>Xi( 0)) 1+b|$(q>§?i(x0))|+C+(‘I>txi(xo))

The classical theorem about the analyticity of integral with param-
eters tells us that we can compute the derivatives inside the integral
symbol:

(L7, ax)(x0)

+oo
:7/0 Lz, (Fo®°)(xo)ds

J
)

0

Z+ (04 (x)).

+o0
dF(®%, (x0)).dP%, (%0).-Z+(x0)ds

F(@%, (x >>.§(<I>;+;<XO>>“:0 (=

1+ba’:0+ci Xo )

1
+ bxg —l— Ci(Xo)> ds

+

-
(-
-
-

F(®, (x0))- 5 (B, (x0))je=adl

1+b$0+CiX +°°6

0 F o @, (x0))ds
14 bxg Jr Cy(xo

H_

1+bx0+(]i (%0

)
D) 1o ws ol
')k

= Ty +1A:|: (Xo)

e Let us prove that a4 (z,y) := O‘i;ﬁ’y) is bounded and dominated
by ||¥lloo in Q4. The fact that it is analytic in Q4 is clear because
ay is analytic there and 0 ¢ Q4. As above, there exists there exists
C > 0 such that for all xg := (29, y0) € Q4 and for all t > 0:

(D, (x0))M T AL (Ph, (x0))
(1+ b (@Y, (x0)) + C1 (P (x0)))

< Ol (@R, (xo)II™ ly (P, (%0)) oo
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We will only deal with the case where zg € O (r, 1) (the case where
¥4 (1,r,w) is easier and can be deduced from that case). On the one
hand from (4.17) we have for all ¢ < ¢o:

@, (o)l < Dlsul. where D = exp( 15 arccos(u +4)
t / / 151+
(@, () <Dl where D' i= exp( 5 arccosti)+) ).
On the other hand we have seen in (4.18) that for all ¢ > ¢o:
|2(9%, (x0))]

(P (x X t
[l2(®%, (x0))I < L+ (w = 0)[|z(@%, (%0))II(t — t0)

[y(®%, (%0))llse < I¥ollso -
Hence, we use the Chasles relation and the estimations above to
obtain:
~ |Ol:|:(l’0,y0)|
< - v 7
|6t (20, y0)| < oM

CDM*1D"|lyol|so|o ™ to]
= M
|70

Cllyolloo /+°° dt
2ol Jiy (14 (w = 8)]a(, (x0))|(t — t0))
< CDM D' |yolloo |zl [to]
Cllyollool(@%, (x0))[**!
M (w = 8)wo|M|2(D, (x0))|
and according to (4.16) we have
DD’ n 1
(140) M(w-Y9)

+

(420) s (eo.yo)l < ( ) CDM oo 0

4.5. Sectorial isotropies in “wide” sectors and uniqueness of the
normalizations: proof of Proposition 1.13.

We consider a normal form Yo as given by Corollary 4.2. We study
here the germs of sectorial isotropies of the normal form Yjorm in S+ X
(C2%,0), where Sy € Sarg(+ir),n 18 a sectorial neighborhood of the origin
with opening 7 € ], 27| in the direction arg(4i\). Proposition 1.13 states
that the normalizing maps (®;,P_) are unique as sectorial germs. It is
a straightforward consequence of Proposition 4.16 below, which show that
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the only sectorial fibered isotropy (tangent to the identity) of the normal
form in over “wide” sector (i.e. of opening > ) is the identity itself.

DEFINITION 4.15. — A germ of sectorial fibered diffeomorphism ®g,,
in the direction § € R with opening n > 0 and tangent to the identity, is
a germ of fibered sectorial isotropy of Yyorm (in the direction 6 € R with
opening 1 > 0 and tangent to the identity) if (®g ,)«(Ynorm) = Ynorm in
S € Sp,. We denote by Isotgy(Y,Se,n;1d) C Diffa,(Se,;1d) the subset
formed composed of these elements.

Proposition 1.13 is an immediate consequence of the following one.
PROPOSITION 4.16. — For all n € |, 27|

Isotap (Ynorm, Sarg(+ir),n; 1d) = {Id}.
Proof. — Let

gb : (l‘, y) — (‘T7 (bl (.'13, Y)7 ¢2 (SL’, Y)) € ISOtﬁb(Ynorma Sarg(:l:i)\),n; Id)

be a germ of a sectorial fibered isotropy (tangent to the identity) of Y;orm in
S+ € Sarg(+in),y With ) € |, 27[. Possibly by reducing our domain, we can
assume that St is bounded and of the form S; x D(0,r) (where, as usual,
Sy is an adapted sector and D(0,r) a polydisc), and that ¢ is bounded in
this domain. We have

¢«(Ynorm) = Ynorm
ie.
dé - Yaorm = Ynorm © ¢
which is also equivalent to:

5‘ 0 0
¢1 + 1*C(ylyz)+alz)y17¢l + (1+c(y1y2)+a2x)y2—1
0y1 Y2

(-
= ¢1( 1 —c(p12) + arm)
(4.21)
P2 (1 el Far)in G+ (L lune) + ase)e
= ¢2(1 + c(P1¢2) + azz) .
Let us consider 9 := ¢1¢2. Then
PG (- Lmclynpe) ol g+ (1 elge) + o) = (@1 baz)ev,

By assumption we can write

J1,.J2
E , Vir g (T)Y1' 927

J1+J222
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where 1, j,(z) is analytic and bounded in Sy for all ji,j2 > 0 and such
that

Y Csup ([, (@)))yd v3°

i1 TS
is convergent near the origin of C? (e.g. in D(0,r)). Consequently, with an
argument of uniform convergence in every compact subset, we have for all
J1,J2 2 0:
ds
3132 w]ldz

o @+ U2 =g+ (e = 1) + a2z = 1)2)¥5, 52 (2)

min(j1,j2)

:(jl_j2) Z w]l l,j2— l )

For j; = jo=j > 1, we have
V(@) = by~ D@ra) e C.

Since R(a1 + az) > 0, the function x +— 9; j(x) is bounded near the origin
if and only if b;; = 0 or j = 1. For j; > ja, we see recursively that
¥j,.i,(x) = 0. Indeed, we obtain by induction that

1/)j1,j2 (x) = bjlst eXp (jQ — jl) x_(al(j1_1)+a2(j2_1)) 5
X

and since it has to be bounded on S, we necessarily have b;, ;, = 0.
Similarly, for j1 < ja, we see recursively that v;, ;,(x) = 0. As a conclusion,
Y(z,y) = b1,1y1y2 = Y12 (we must have by 1 = 1 since ¢ is tangent to the
identity). We can now solve separately each equation in (4.21):

3¢1 091 091
1— e i
2z T (=1 = c(yry2) + a12)y1 i + (1 + c(y1y2) + azz)y2 9
= ¢1(—1 = c(y1y2) + a1z)
0 0 0
P2 (1= clune) + an)n 5 + (14 clynge) + ool

= ¢2(1 + c(y1y2) + azx) .

As above for i = 1,2 we can write

¢2 T y Z d)l \J1 J2 yily??

Jitj221

where ¢; j, ;,(x) is analytic and bounded in Sy for all ji, jo > 0 and such

that
Z (sup (ld)i’jl’]é( )|)> y{th

tia>1 \"E%%
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is a convergent entire series near the origin of C2 (e.g. in D(0,r)). As above,
using the uniform convergence in every compact subset and identifying
terms of same homogeneous degree (j1, j2), we obtain:

o SPLIE (1) 4 (j — i 41+ (@10~ 1)+ 0202)0)b1,5,52(2)

min(j,j2)

- Z D151 —1,j2—1 () (J1 — j2 — D)y

x%%ﬁﬁmruhfﬁfLHMM+@mfwnwmmww

min(j1,j2)

- Z b2, —1,,—1(2) (J1 — j2 + ey

From this we deduce:

{051,170(55) =p1,0 € C\{0}
¢2,0,1(x) = go,1 € C\{0}

with p1,0go,1 = 1. Then, using the assumption that ¢; ;, ;, (z) is analytic
and bounded in Sy for all j1,j2 > 0, we see (by induction on j > 1) that

vi>1 ?1,5+1,; =0
$2,4+1 = 0.

Indeed, we show recursively that for all j > 1, we have:

dé,j42,5 ‘
552%(%) + (J + 1)(a1 + a2)zdr ji2,i41(x) =0,
and the general solution to this equation is:

$1j42,541(2) = pipa e UTD@OTR) Dwith pj ;04 € C.

The quantity ¢i ji2,+1(2) is bounded near the origin if and only if
Pj+2,j+1 = 0, since R(a; + az) > 0. The same arguments work for ¢o ; 11,
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> 1. Consequently:

o SMIE (0) 4y — 11+ (a1 — 1)+ 2))1 s, (2)

min(j,jz2)

=(h—Jj2—1) Z D151 —1ja—1(T)y

ﬁi%fﬂuwwp—ﬁ—1+murHMn—wmwmmxm

min(j,jz2)

=(1—J2+1) Z b2, —1,j2—1 () -

Once again, we see recursively that for ji1 > jo + 1, ¢1 5, 4, () = 0. Indeed,
we obtain by induction that

i1 - o ‘
¢11j17j2 (‘T) = Pj1,j2 €XP <]2 il ) x (a1(j1=1)+azj2) 5

and since this has to be bounded on Sy, we necessarily have pj, j, = 0,
and therefore ¢1 j, j,(x) = 0. Similarly, for j; < j» + 1, we prove that
®j1.5.(x) = 0. As a conclusion, ¢1(x,y) = y1. By exactly the same kind of
arguments we have ¢a(z,y) = yo. a

4.6. Weak 1-summability of the normalizing map

Let us consider the same data as in Lemma 4.6. The following lemma
states that an analytic solution to the considered homological equation
in St € Sarg(+ir),y With n € [7,27[, admits a weak Gevrey-1 asymptotic
expansion in this sector. In other words, it is the weak 1-sum of a formal
solution the homological equation. Let us re-use the notations introduced
at the beginning of the latter section.

LEMMA 4.17. — Let
Z =Yy +C(x, y)? + zRW(z, y)ﬁ

be a formal vector field weakly 1-summable in St € Surg(+in),y, Withn €
[, 27| and C, RM of order at least one with respect to'y. We denote by

Zi=Yo+ Ca(r,y)C + 2RV (2,y)R

the associate weak 1-sum in St. Let also A € C[z,y] be weakly 1-summable
in Sy, of 1-sum A4 and of order at least one with respect to y. Then, any
sectorial germ of an analytic function of the form a(z,y) = x™ai(z,y),
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with M € Nsg and &+ analytic in Si, which is dominated by ||y||~ and
satisfies

‘CZ;(: (ai) = ‘TM+1A:|:(’Iay) )

has a Gevrey-1 asymptotic expansion in S, denoted by «. Moreover, « is
a formal solution to

Lz(a) =2MT A(z,y).

Proof. — Let us write Z as follow:

0 0
7 = xz% 4+ (—()\ + d(yly?)) +arx + Fl(l'7y))y187y1

0
+ (A + d(y1y2) + agz + Fa(, }’))y2@ )
2
with Fy, Fy weakly l-summable in St € Surg(+in),n, With n € [7r,277 [, of
weak 1-sums F 1, F5 1 respectively, which are dominated by ||y||, and with
d(v) € vC{v} without constant term. Consider the Taylor expansion with
respect to y of d,Fy,F5,A and «a:

d(y1y2) = 21@1 dryyyh
Fi(z,y) = Zj1+j2>1 Fyj(x)y?
Fy(z,y) = Zj1+j2>1 Fyj(x)y’
Alz,y) = Zj1+j2>1 Aj(z)y?

a(@,y) = 25 4jpz1 (@)Y

(same expansions are valid in St for the corresponding weak 1-sums). As
usual, possibly by reducing Sy, we can assume that S+ = Sy x D(0,r)
(where Sy is an adapted sector and D(0,r) a polydisc). The homological
equation

Lz(a) =2 Ay (z,y)

can be re-written:

oo oo
x2£ + (=N +d(y1y2)) + a1z + Fy 4 (x, y))yla—y1
oo

+ (A +d(y1y2) + acr + Fo 1 (2,y))y =Mt AL (2,y).

Ntad

Y2
Using normal convergence in any compact subset of Si, we can compute
the partial derivatives of

alz,y)= > aa)y!

J1+j221
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with respect to x, y; or y» term by term, in order to obtain after identifi-
cation: V j = (j1,j2) € N2,

davs
2289+

dz

where Gji(x) depends only on dk7F1,k,i,F2,k,i,Oék,i and Al,:ta for £ <
min(j1,J2), k| < |j| — 1 and |1] < |j|. We obtain a similar differential
equation for the associated formal power series. Let us prove by induction
on [j| > 0 that:

(1) Gj + is the 1-sum of Gj in Sy,
(2) G;;(0)=0if j = (j,7)
(3) aj+ is the 1-sum ¢ in Sy.

(4.22) (@) + (A2 = J1) + (a1 + agja)r)ey 4 (2) = Gy +(2),

It is paramount to use the fact that for all j € N?, a; 1 is bounded in Sy.

e For j = (0,0), we have G(o,0) = 0 and then gy = 0.
o Let j = (j1,j2) € N? with |j| = ji + j2 > 1. Assume the property
holds for all k € N? with |k| < |j| — 1.

(1) Since Gj(z) depends only on di, Fi x, Fb x, cu and Ay, for k <
min(j1,j2), k| < [j| — 1 and |1] < |j|, then Gj is 1-summable
in Si, of 1-sum Gj,i~

(2) We also see that G;;(0) =0, if j = (7, ).

(3) If j1 # ja, then point 1. in Proposition 2.32 tells us that
there exists a unique formal solution a;(x) to the irregular dif-
ferential equation we are looking at, and such that «;(0) =
mGj(O). Moreover, this solution is l-summable in St
since the same goes for Gj.

(4) If however j; = j» = j > 1, since G(; ;)(0) = 0 we can write
Gj(x) = xé(m)(x) with G(M)(aﬁ) 1-summable in S, and
then the differential equation becomes regular:

doyj )+
r dz

Since R(a1 +az2) > 0, according to point 2. in Proposition 2.32,

(z) + (a1 + az)jo ).+ (x) = Gy ().

the latter equation has a unique formal solution a; ;)(z) such

G ;.4 (0)
that a(; ;)(0) = (ai+&2)j’

summable in Sy, and its 1-sum is the only solution to this

and this solution is moreover 1-

equation bounded in Si. Thus, it is necessarily a; ;) +-
O

We are now able to prove the weak 1-summability of the formal normal-
izing map.
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PROPOSITION 4.18. — The sectorial normalizing maps (P, ®_) in
Corollary 4.2 are the weak 1-sums in St € Sag(+2),y Of the formal normal-
izing map d given by Theorem 1.5, for all n € [m,2r[. In particular, d is
weakly 1-summable, except for arg(£M\).

Proof. — The normalizing map ®4 from Corollary 4.2 is constructed
as the composition of two germs of sectorial diffeomorphisms, using suc-
cessively Propositions 3.1 and 4.1. The sectorial map obtained in Proposi-
tion 3.1 is 1-summable except in directions arg(£A). The sectorial transfor-
mation in Proposition 4.1 is constructed as the composition of two germs of
sectorial diffeomorphisms, using successively Proposition 4.3 and 4.5. Both
of these two sectorial maps are built thanks to Lemma 4.6. Lemma 4.17
above justifies that each of these maps admits in fact a weak Gevrey-1
asymptotic expansion in a domain of the form Si € Sug(1n),y, for all
1 € [m, 2m]. Consequently, the same goes for the sectorial diffeomorphisms
of Proposition 4.1, and then for those of Corollary 4.2 (we used here Propo-
sition 2.26 for the composition). Using item 3 in Lemma 2.25, we deduce
that the weak Gevrey-1 asymptotic expansion of the sectorial normalizing
maps of Corollary 4.2 is therefore a formal normalizing map, such as the

one given by Theorem 1.5. By uniqueness of such a normalizing map, it
is ®. O

5. Analytic classification

In this section, we end up the proofs of both Theorems 1.10 and 1.16.
In order to do this, we prove that the Stokes diffeomorphisms @, and ®_
obtained from the germs of sectorial normalizing maps ¢, and ®_, which
a priori admit identity as weak Gevrey-1 asymptotic expansion, admit in
fact identity as “true” Gevrey-1 asymptotic expansion. This will be done
by studying more generally germs of sectorial isotropies of the normal form
Yhorm in sectorial domains with “narrow” opening, and by considering the-
ses isotropies in the of space of leaves. Using Theorem 2.22, which is a
“non-abelian” version of the Ramis—Sibuya theorem due to Martinet and
Ramis [17], this will has as consequence the fact that the sectorial normaliz-
ing maps ¢ and ®_ both admit the formal normalizing map d as Gevrey-1
asymptotic expansion in the corresponding sectorial domains. This proves
Theorem 1.10. Moreover, another consequence will be Theorem 1.16. Fi-
nally, we will describe the moduli space of analytic classification in terms
of some spaces of power series.
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From now on, we fix a normal form

0 0
Yaorm = 27 2= + (=X + a1z — c(y192))y15— + (A + 2@ + c(y112))y2 5 —

Ox oy dya’

with A € C*, R(a1 + a2) > 0 and ¢ € vC{v} vanishing at the origin. We
denote by [Yhorm] the set of germs of holomorphic doubly-resonant saddle-
nodes in (C3,0), formally conjugate to Yorm by formal fibered diffeomor-
phisms tangent to the identity. We refer the reader to Definition 2.1 for
notions relating to sectors.

DEFINITION 5.1. — We define Af\weak) (Yaorm) (resp. A(Weak)(Ynorm)) as
the group of germs of sectorial fibered isotropies of Yyorm, admitting the
identity as weak Gevrey-1 asymptotic expansion in sectorial domains of
the form Sy x (C2%,0) (resp. S_, x (C2,0)), where:

Sy € ASarg(A),ﬂ'
S—>\ € A‘S’arg(f/\),ﬂ'

(see Definition 2.3).

We recall the notations given in the introduction: we have defined
Ax(Yaorm) (resp. A_x(Yiorm)) as the group of germs of sectorial fibered
isotropies of Yiorm, admitting the identity as Gevrey-1 asymptotic expan-
sion in sectorial domains of the form Sy x (C?,0) (resp. S_ x (C2%,0)). It
is clear that we have:

A:I:)\( norm) A(iw)\eak) (Ynorm) C ISOtﬁb(}/y Sarg(ik),n; Id)a v ne ]03 71—[ .
The main result of this section is the following.

PROPOSITION 5.2. — Any 1 € A(Weak (Yaorm) admits the identity as
Gevrey-1 asymptotic expansion in Si,\ x (C2,0). In other words:

weak
Ai;% )(Ynorm) A:i:A( norm)-
5.1. Proofs of the main results (assuming Proposition 5.2)

In this subsection, we prove the main results of this paper, assuming
Proposition 5.2 above holds.
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5.1.1. Analytic invariants: Stokes diffeomorphisms

According to Corollary 4.2, to any Y € [Yhorm|, We can associate a pair
of germs of sectorial fibered isotropies in Sy x (C%,0) and S_) x (C?,0)
respectively, denoted by (®y, P_»):

Oy = ((I)+ © (P:I)\SAX((CZ,O) € ISOtﬁb(K Sarg()\),n; Id)7 v ne ]Ovﬂ—[
d_, = (‘I), o (I)jrl)|s_/\><((cz’0) € ISOtﬁb(K Sarg(,A)’n;Id) , Vne }0,7‘1‘[,

where (®,®P_) is the pair of the sectorial normalizing maps given by
Corollary 4.2.

PROPOSITION 5.3. — For any given n € |0, w[ the map

[Ynorm} — TIsotgp (Y, Sarg()\),n; Id) x ISOtﬁb(Y, Sarg(,,\)’n; Id)
Y — ((I))\, (I),)\) s

actually ranges in A(Aweak)(Ynorm) X A(ffak) (Yaorm)-

Proof. — The fact that the sectorial normalizing maps @, ®_ given by
Corollary 4.2 both conjugate Y € [Yiorm] t0 Yaorm in the corresponding
sectorial domains proves that the arrow above is well-defined, with values
in Isotp (Y, Sarg(n),ni Id) X Isotsn (Y, Sarg(—2),n; 1d), for all n € ]0,x[. The
fact that ®,, admits the identity as weak Gevrey-1 asymptotic expansion
in St x (C2,0) comes from Proposition 4.18 (®, and ®_ admits the same
weak Gevrey-1 asymptotic expansion in Sy x (C%,0) and S_, x (C2,0))
and from Proposition 2.26. g

The subgroup Diffs,(C3,0;1d) C Diffg,(C3,0) formed by fibered diffeo-
morphisms tangent to the identity acts naturally on [Yyorm] by conjugacy.
Now we show that the uniqueness of germs of sectorial normalizing maps
(P4, P_) implies that the Stokes diffeomorphisms (®y,P_,) of a vector
field Y € [Yiorm] is invariant under the action of Diffg;, (C?, 0;1d). Further-
more, this map is one-to-one.

PROPOSITION 5.4. — The map

weak weak
[Ynorm] — Ag\ )(Ynorm) X A(_)\ )(Ynorm)
Y — ((I))\, @_,\)

factorizes through a one-to-one map

[Ynorm]/Diﬁ'ﬁb(C?ﬁ, 0; Id) — Af\weak) (}/norm) X A(_w)\eak) (Ynorm)
Y — (CI))\, (I)_)\) .
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Remark 5.5. — This very result means that the Stokes diffeomorphisms
encode completely the class of Y in the quotient [Ynorm] /Diﬁﬁb((C3, 0;1d)
as they separate conjugacy classes.

Proof. — First of all, let us prove that the latter map is well-defined.
Let V,Y € [Viorm) and © € Diffg,(C3,0;1d) be such that ©,(Y) = Y. We
denote by @ (resp. ®) the sectorial normalizing maps of Y (resp. Y), and
(®x, D)) (resp. (P, ®_y)) the Stokes diffeomorphisms of ¥ (resp. Y). By
assumption, 4 o O is also a germ of a sectorial fibered normalization of
Y in Sy x (C2,0), which is tangent to the identity. Thus, according to the
uniqueness statement in Theorem 1.10:

@i == (i)i 00.
Consequently, in Sy, x (C2,0) we have

)
@)\ = ((I)+ e] (I):l)|SA><(C27O)
=P,0000 'od_

and similarly

D\ = (P_0® )5, x(c2,0
P 0000 Lo (d )t

I
Ko

-

Let us prove that the map is one-to-one. Let Y,Y € [Yiorm] share the
same Stokes diffeomorphisms (®y, P_y). We denote by & (resp. d.) the
germ of a sectorial fibered normalizing map of Y (resp. Y) S+ x (C2,0).
We have:

D o(®d_)l=0
d_o(d ) 1=0

A=®, 0(®_)"1  in Sy x (C2,0)
A=P_o(®L)"' in S_, x (C%0).
Thus:

(@) lod, = (P_)"lod_ in Sy x (C2,0)

(é+)710 ‘I)+ = (&)_)710 d_ in S_>\ X (C2,0) .
We can then define a map ¢ analytic in a domain of the form (D(0,7)\{0}) x
D(0,r) by setting:

pls, = (@4)"To®y  in Sy
Q5. = (P_)"to®_ inS_.
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This map is analytic and bounded in (D(0,7)\{0}) x D(0,r), and the
Riemann singularity theorem tells us that this map can be analytically
extended to the entire poly-disc D(0,7) x D(0,r). As a conclusion, ¢ €

Diffg,(C?,0;1d), @1 = &1 0 p and ¢, (V) =Y. O

5.1.2. Proof of Theorem 1.10: 1-summability of the formal normalization

As a first consequence of Proposition 5.2, we obtain Proposition 5.6,
which states that the formal normalizing map from Theorem 1.5 [3] is in
fact 1-summable.

PROPOSITION 5.6. — The unique formal normalizing map d givenin 1.5
is the Gevrey-1 asymptotic expansion of the unique germs of sectorial nor-
malizing maps ®, and ®_ in Sy x (C%,0) and S_ x (C2,0) respectively. In
particular, ® is I-summable in every direction  # arg(+\), and (., d_)
is its Borel-Laplace 1-sum.

Proof. — Let us consider the unique germs of a sectorial normalizing
map ®; and ®_ in S, x (C2,0) and S_ x (C?,0) respectively, and their
associated Stokes diffeomorphisms:

— weak
Br = (@1 0 DY) 15, x(c2.0) € AL (Viorm)
D_\= (CI)— © (I)Il)|S_,\><((C2,O) € A(,“;\eak) (Ynorm) .
According to Proposition 5.2,
A(i“fak) (Ynorm) = A:EA(Ynorm) 3

so that ® and ®_, both admit the identity as Gevrey-1 asymptotic ex-
pansion, in Sy x (C2,0) and S_j x (C?,0) respectively. Then, Theorem 2.22
gives the existence of

(¢4, ¢—) € Diffap(Sarg(in),n; Id) X Diffap (Sarg(—ir),n; 1d)
for all € ]m, 27], such that:
{¢+ ° (¢—)\751A><((c2,0) = 0y
¢— o ((b—&-)‘_glikx((p’o) = (b—/\ )

and the existence of a formal diffeomorphism QAS which is tangent to the
identity, such that ¢, and ¢_ both admit ¢ as Gevrey-1 asymptotic ex-
pansion in S, x (C2,0) and S_ x (CZ%,0) respectively. In particular, we
have:

(@4+) 7" 0 ) (syus_n)x(c2,0) = (P2) 710 0)|(s,US_2)x(C2,0) -
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This proves that the function ® defined by (®,) " to¢, in S, x (C?,0) and
by (®_)"togp_ in S_ x (C?,0) is well-defined and analytic in D(0,r)\{0} x
D(0,r). Since it is also bounded, it can be extended to an analytic map ®
in D(0,7) x D(0,r) by Riemann’s theorem. Hence:

¢+=<I>+O(I>
b =D_od.

In particular, by composition, & and ®_ both admit éo &1 as Gevrey-1
asymptotic expansion in Sy x (C%,0) and S_, x (C?,0) respectively. Since
@, and ®_ conjugates Y to Yiorm and since the notion of asymptotic
expansion commutes with the partial derivative operators, the formal dif-
feomorphism qu ®~! formally conjugates Y to Yiorm. Finally, notice that
¢ o & is necessarily tangent to the identity. Hence, by uniqueness of the
formal normalizing map given by Theorem 1.5, we deduce that pod~! = &,
the unique formal normalizing map tangent to the identity. g
We are now ready to prove Theorem 1.10.

Proof of Theorem 1.10. 1t is a straightforward consequence of Proposi-
tion 5.6 above. |

5.1.3. Proof of Theorem 1.16

Proof of Theorem 1.16. — Propositions 5.4, together with Proposi-
tion 5.2, tell us that the considered map is well-defined and one-to-one.
It remains to prove that this map is onto. Let

q))\ S AA(Ynorm)
(I)—)\ S A—k(}/norm) .

According to Theorem 2.22, there exists
(¢+a ¢—) € Diﬁﬁb (Sarg(i)\),'r]; Id) X Diﬂﬁb (Sarg(—i)\),'q; Id)

with € ]m, 27|, which extend analytically to S; x (C2,0) and S_ x (C2,0)
respectively, such that:

O 0 (05) 5, x(c2,0) = Ptr

and there also exists a formal diffeomorphism é which is tangent to the
identity, such that ¢+ both admit ¢ as asymptotic expansion in St x (C?,0).
Let us consider the two germs of sectorial vector fields obtained as

Y:t = ((ZS:T:l)*(Ynorm)
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In particular, since ¢ is the Gevrey-1 asymptotic expansion of ¢, the

vector fields Y3 both admit (¢).(Ynorm) as Gevrey-1 asymptotic expansion.
The fact that ¢, o (¢_)~! is an isotropy of Yyorm implies immediately that
Y+ =Y_on

(5.1) (84 NS_) x (C%0) = (SyUS_y) x (C?,0).

Then, the vector field Y, which coincides with Y3 in S x (C2,0), de-
fines a germ of analytic vector field in (C3,0) by Riemann’s theorem. By
construction, Y € Diffg,(C3, 0;1d)+ (Yiorm) and admits (@, ®_,) as Stokes
diffeomorphisms. O

5.1.4. Proof of Theorem 1.24

In a similar way, we prove now Theorem 1.24.

Proof of Theorem 1.24. — Let Ynorm € SN diag,0 be a normal form which
is also transversally symplectic. We refer to Subsection 1.3 for the notations.
It is clear from Theorems 1.16 and 1.22 that the mapping is well-defined
and one-to-one. It remains to prove that it is also onto. Let

(b)\ S A{S\J (Ynorm)

(I)—A S Ai)\(Ynorm) .
Since AY (Ynorm) € Ax(Yaorm) and A“y (Yoorm) € A—x(Ynorm), according to
Theorem 2.22 there exists

(¢+a ¢—) € Diffg, (Sarg(i)\),n; Id) x Diffgy, (Sarg(fi/\),n; Id)
with n € |7, 27|, which extend analytically in Sy x (C2,0) and S_ x (C2,0)
respectively, such that:
¢z o0 (¢:F>\TS‘1;U><(C2,O) =Py

and there also exists a formal diffeomorphism é which is tangent to the
identity, such that ¢+ both admit (]3 as Gevrey-1 asymptotic expansion in
S+ x (C2,0). According to Corollary 2.23, there exists a germ of an analytic
fibered diffeomorphism 1 € Diffgy,(C?,0;1d) (tangent to the identity), such
that

ot i=¢r09

both are transversally symplectic. Then, we have:

010 (V)5 x(c2,0) = Pt

The end of the proof goes exactly as at the end of the proof of the previous
theorem. ]
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5.2. Sectorial isotropies in narrow sectors and space of leaves:
proof of Proposition 5.2.

A normal form
0

9]
Ynorm =22 - - a A -
o T (=A+ a1z — c(y192)) )01 o0 + (A + a2z + c(y1y2))y2 3

is fixed for some A € C*, R(a; + a2) > 0 and ¢ € vC{v} (vanishing at the
origin). The aim of this subsection is to prove Proposition 5.2 stated at the

beginning of this section. Let us denote a : res(Yiorm) = a1 + az, m := L

+oo
c(v) = Z cpo®.
k=1
If m ¢ Nsg, we set ¢, := 0. We also define the following power series

- Ck k
(5.2) é(v) =m z "
ol k—m

and

and we notice that é(v) € vC{v}.

5.2.1. Sectorial first integrals and the space of leaves

In a sectorial neighborhood of the origin of the form Sy x (C?,0) (resp.
S_x x (C2,0)), with Sy € Sarg(+2),e and € € |0, 7[, we can give three first
integrals of Yjorm which are analytic in the considered domain. Let us start
with the following proposition.

PrOPOSITION 5.7. — The following quantities are first integrals of
Yiorm, analytic in Sty x (C2,0):
Y192
WEN = —
2a
-\ Cm ™ log(x ¢ —a
(5.3) hl,i,\(l’,}’) ‘= Y1 €xXp (3: + (y1y233 g() + (y;y2)> r~

A em(yry2)" log(z) vy _
ha,+a(@,y) = y2 exp (— mupe)" log(z) _ Eprtz) ) o

x x x
(we fix here a branch of the logarithm analytic in St , and we write simply
h; and w instead of hj +x and w4 respectively, if there is no ambiguity on
the sector Sy ). Moreover, we have the relation:

hlhg =w.

Proof. — It is an elementary computation. (|
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Remark 5.8. — In other words, in a sectorial domain, we can parametrize
a leaf (which is not in {z = 0}) of the foliation associated to Yorm by:

A ¢(hihox®
y1(x) = hyexp <x — ¢m(hihg)™ log(x) — C(lzx)) ™

X
A E(hyhox®
(5~4) y2(33> — h2 exp (_I + cm(h1h2)m log(m‘) + c(1m2x)> 12
(hl, hg) S CQ .
COROLLARY 5.9. — The map

Hi)\ : Si)\ X ((C2,O) — Si)\ X (C2
(.’L’,y) — (337hl,ﬂ:)\(%}’)ahZi)\(%Y))a

(where hi 4, ho +x are defined in (5.3)) is a sectorial germ of a fibered
analytic map in Siy x (C?,0), which is into. Moreover, there exists an
open neighborhood of the origin in C?, denoted by T'+y C C2?, such that

Haa(Sea x (C?,0)) = Six x Ty
In particular, H4 induces a fibered biholomorphism
Si)\ X ((CQ,O) H—ﬂ) Si,\ X Fi)\

which conjugates Yyorm tO x2%, ie.

0
* Ynorm =a2? = .
(Han)s( ) =25
DEFINITION 5.10. — We call 'y the space of leaves of Yy orm in S+ X

(C2,0).

Remark 5.11. — The set ') depends on the choice of the neighbor-
hood (C?,0), but also on the choice of the sectorial neighborhood S €

Sarg(:t)\),e-
5.2.2. Sectorial isotropies in the space of leaves

Now, we consider a germ of a sectorial isotropy ¥y € A(iw;ak)(Ynorm)
and we denote by I, , the (germ of an) open subset of C? such that:

Haix o (Sea x (C%,0)) = Spn x Iy

PROPOSITION 5.12. — With the notations and assumptions above, the
map
(5.5) Uy = ”Hi,\oz/;io’}{;:Si,\ xFi,\—>Si,\><1“’i,\
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is a sectorial germ of a fibered biholomorphism from Sy X 'Ly to S1) X
I, \, which is of the form:

V(@ hy,ho) = (2,91 42 (h1, ha), Yo 1x(h1, he)) -

In particular, U1 1 and Uy 1 are analytic and depend only on (hi,ha) €
Ty, while Uy induces a biholomorphism (still written W4 ):

WiA:PiA——%F;A
(h1,h2) — (W1,4x(h1,h2), Yo £2(h1,h2)).

Proof. — We only have to prove that ¥; 1) and W5 ;5 depend only on
(h1,h2) € Tyy. By assumption, ¥, is an isotropy of xga%:
0 0
5.6 Uiy)a(2? =) =2?—.
(56) (War)o(a® o) = 22
We immediately obtain:

OWy11n OV 1y
= = —= =0. |
Ox ox
In the space of leaves I'y equipped with coordinates (hq, ha), we denote

by w the product of hy and hs:
w(hl, h2) = hlhg .

We define the two following quantities:

fi(z,w) :==exp (i — cpw™ log(z) — E(wx“)) ™

T

(5.7) ) ) .

)

A
fo(x,w) := exp <_9c + cnw™ log(x) +
such that the leaves of the foliations are parametrized by:

{yl(x) = h1fi(z, hihs)

, (h1,h2) € C?.
92(9«") = h2f2(3?7h1h2)

Notice that:
(5.8) filz,w) fa(z,w) = 2.

Moreover, one checks immediately the following statement.

LEMMA 5.13. — For all w € C:

lim |fi(z,w)| = lim |fz(z,w)| = +o0
z—0 z—0

€SN TES_ )

li =1l =0.
lim | fi(z, w)| = lim | fo(2, w)[ = 0
TES_ ) zESN
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Using notations of Proposition 5.12, we also assume from now on that
(C%,0) = D(0,r), with r = (r1,72) € (Rs0)? and 71,72 > 0 small enough
so that

1A (Sta x D(0,1)) C S\ x D(0,1")
for some ' = (r{,r5) € (Rso)?. Let us now define in a general way the

following set associated to the sector Sy, and to a polydisc D(0, ), with
r:.= (f1, fg).

DEFINITION 5.14. — For all x € Siy et ¥ := (F,72) € (Rsg)?, we
define
Tiun(z,7) =4 (hi, h e(CQ‘ hil<—T forje{1,2 }
r(o) = { o) € € I € T for e 1.2)
We also consider the:
Tix(®) = |J Taa(e,¥)
reESL
= (h1,he) € C? |3z € Syy s.t. |h, gL, for j € 1,2}
{ e st Il S T g 009 € 002

(cf. Figure 5.1).
Since we assume now that (C2,0) = D(0,r), then we have:
Pixn=Tua(r),
and

F/i/\ C Fi,\(r’) .

Remark 5.15.

(1) It is important to notice that the particular form of Wy, implies
that the image of any fiber

{z =20} x Pxar(xo,r)
by Wy, is included in a fiber of the form
{z =20} x Txa(z0, 7).
(2) If (h1,h2) € Txa(z, 1), then

(59) |h1h2‘ < nra

||

(3) As (hy,h2) € T'1) varies the values of w = hyhg cover the whole C.
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ra@) = J T

€Sy

[P

Figure 5.1. Representation of the space of leaves in terms of |hy| and
|ho| when ¢ = 0: in this case, it is a Reinhardt domain (cf. [8]).

5.2.3. Action on the resonant monomial in the space of leaves

Let us study the action of ¥, on the resonant monomial w = hihs in
the space of leaves.

LEMMA 5.16. — We consider a biholomorphism
Uiy Ty — T,
(hi,ho) — (W14 (h1, ha), Yo 4 (h1, ho)),
such that for all x € S1), we have
Uy (Ter(zo,1)) C Tin(wo,r).

We also define W, 4+ := Wy +3Wa +x. Then, for all n € N, there exists
entire (i.e. analytic over C) functions ¥, x , and W, _» , such that

Uy a(h ha) =Y Wy nn(hiho)h]
n=0

Uy oa(hi,ha) =D Wy xn(haho)hy .

n=0

Moreover, the series above uniformly converge (for the sup-norm) in every
subset of T'y of the form T'yy(T), with ¥ := (#172) and

0<f]‘<7‘j, j€{1,2}
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(cf. Definition 5.14). More precisely, for all 71,75,6 > 0 such that
0<7+d<r;, je{l,2}

for all x € S4) and w € C we have

7] z,w)|"
wa?| < F1fp = o W Ym0,
‘\I/ N (w)| < Ty fQ(l',’LU)
WA = |xe| | 72+ 0

Proof. — Let us give the proof for ¥,, x, U1  and Uy 5 in 'y (the same
proof applies also for ¥,, _ in I'_y by exchanging the role played by h;
and hg). We fix some 0 < 7; < rj, j € {1,2}, and 6 > 0 such that

0<fj+5<7"j, j€{1,2}.

For a fixed value w € C, we consider the restriction of ¥, » to the hyper-
surface My, := {h1he = w} N Ty: this restriction is analytic in M,,. The
map

w
w - hl — \I/w,)\<h17 h7>
1
is analytic in
Mw,l = U Qx w s

TESH
lwz®|<rire

where for all x € Sy with |wz®| < rirg, the set €, is the following
annulus:

wa:_{hleCH < |h] <

w fao(x, w)‘

wall
fl (SU, ’U}) '
In particular, ¢,, admits a Laurent expansion
(Pw(hl) = (hla ) Z \IJw-Q—n
n=>—L

in every annulus Qj ,,, with € Sy such that |wz®| < r172. Moreover for
all z € S such that |wz?®| < rire, Cauchy’s formula gives

1 \IlwA(hly hﬂ)
(510) \1111,,)\7n(w) = %% Tlldhl , fOr all n e N,
v(z,w) 1
where y(x,w) is any circle (oriented positively) centered at the origin with
a radius p(z,w) satisfying

"lUfg(l',U})

< plx,w) <
e \ ol )

1 ‘

f1($,w) .
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If |lwz®| < (71 + §)(F2 + §), we can take for instance
7140 ‘
f1($7w) .

Therefore, for all z € Sy and all w € C such that |wz?®| < 7179, for all
¢ € C with [¢] < ¢, we also have:

ol w) =

1 Vo (b, )
(5.11) Tyan(w+§) = —% ——————dhy, forall n € Z,
27y (w aw) hytt
where y(z, w) is the same circle (of radius p(z, w) = ‘ff(lj,g)) ) for all [£| < 0.

Moreover, since for all x € Sy, we have
\I/)\<F,\(.%‘,I‘)) C F)\(x, I‘/) s

and since for all (b}, h}) € Tx(x,r’") we have
,r,/ ,r,/

A ARS 172 ,

| 1 2| |£L’a‘
then for all x € S\ and w € C such that |wz®| < 7172, the following
inequality holds for all hy with |hy| < m
w rirh
—)I < .

The well-known theorem regarding integrals depending analytically on a

(5.12) [ WA (R1,

parameter asserts that for all n € Z the mapping ¥, » » is analytic near
any point w € C. Hence, it is an entire function (i.e. analytic over C).
Moreover, the inequality above and the Cauchy’s formula together imply
that for all n € Z and for all (z,w) € S\ x C such that |wz?| < 7172, we
have:

! .. Y
(5.13) [Wopam(w)] < — L2 = 1172

fl ({I}7 U}) "
Fi+6 |

According to Lemma 5.13, for a fixed value w € C, if n < 0, the right
hand-side tends to 0 as z tends to 0 in S). This implies in particular that
Wy an = 0 for all n < 0. Consequently:

(5.14) W (hl, ;L”l) =" Wy n(w)h?.

n>=0

|z2]p(z, w)m o

Moreover, for all w € C the series converges normally in every domain of

the form
7"1‘} ,yforallz € Sy, 0 <7 <7y,

Qpw =< h1 €C|lh| <
’ { "1' ACXD)
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since the Laurent expansion’s range is n > 0. This actually means that the
series converges normally in an entire neighborhood of the origin in C. In
particular, for all fixed w € C, the map

w n
hy = Wy 5 (hh h) = Z W an(w)hY
1 n>=0
is analytic in a neighborhood of the origin. Finally, the series
(5.15) Uy a(hi,he) = Wy xn(haho)h}
n=0

converges normally, and hence its sum is analytic in every domain of the
form T'\(F), with 0 < 7 <7 and 0 < 7y < 7. O

5.2.4. Action on the resonant monomial

Since Y1) € Aiwfak) (Ynorm), the mapping 14y is of the form

(5.16) Yia(z,y) = (z,1,42(2,y), Y2, 42 (2,Y))

with 91 15,92, 1+ analytic and bounded in Sy 5 x D(0,r). Moreover, by as-
sumption ¥4 admits the identity as weak Gevrey-1 asymptotic expansion,
i.e. we have a normally convergent expansion:

(5.17) Giaa(r,y) =vi+ Y bizax(@)y®,
keN?

where 9; + x is holomorphic in S4 ) and admits 0 as Gevrey-1 asymptotic
expansion, for i = 1,2 and all k = (k1, ko) € N2

LEMMA 5.17. — With the notations and assumptions above, let us de-
fine Yy £ = Y1,42¥2,+x. Then 1, x and 1), _x can be expanded as the
series

. a Y1y2 n "
e =20 3 (22) (L)

n=1

Y1y2 Y2 "
v,— ) = ¢ \IIU/— n( )
oale) = o+ 2 oo (52) (7 mm )

n>1

which are normally convergent in every subset of S x D(0,r) of the form
Six x D(0,F), where D(0,F) is a closed poly-disc with ¥ = (71, 72) such
that

0<7<r;, je{l,2}.
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Here Wy ».n and Wy, _» n, forn € N, are the ones appearing in Lemma 5.16.
Moreover, for all closed sub-sector S C Sy and for all closed poly-disc
D C D(0,r), there exists A, B > 0 such that:

(5.18) [ty e (7, Y1, ¥2) — y1y2| < Aexp ( - |> V(z,y) €S xD.

In particular, 1, 4+ admits y1y2 as Gevrey-1 asymptotic expansion in S4 » X
D(o,r).

Proof. — By definition, we have
UiyoHir=Hirotix.

In particular, for all (z,y) € Sty x D(0,r):

Y1 Y2 e (T, y1,92)
(5.19) Uy (x o )> - .

1(z, y;gz) fg(SC Yiyz e

)’ xa

Thus, according to Lemma 5.16 we have:

’(/)v A(l‘ y =T Zq}w/\n (y1y2> (fl( ylylyz)>

n=0

Yo, -A(2,y) = z* Z Yw,-xn (y;ih) <f2(xz,/2y”a’2)>

n>=0

(5.20)

Besides we know that 1, +) admits y,72 as weak Gevrey-1 asymptotic
expansion in Sy x D(0,r):

(5.21) boex (@, y1,02) = 192 + > Yo sax(@)y",
keN2

where for all k = (ki, ko) € N? the mapping 1, 4+ x is holomorphic in Sy
and admits 0 as Gevrey-1 asymptotic expansion. Let us compare both ex-
pressions of 1, 1+ above. Looking at monomials y¥ with k; = ko in (5.21),
and at terms corresponding to n = 0 on the right-hand side of (5.20), we
must have for all z € S and v € C with |v| < ryre:

5.22 ) - (i)
(5.22) v+ Z¢ Ak(k k) (T)0" = 29V, 3 0 -

a
k>0

Since ¥y, 41,0 is analytic in C, there exists (a4 x)ren C C such that

(5.23) ‘I’wi,\()( ) ZOH:Ak:( )
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This can only happen if oty = 0 whenever k£ # 1, for ¢, 1k is holo-
morphic in S1) and admits 0 as Gevrey-1 asymptotic expansion. A further
immediate identification yields

Uy +x,0(w) =w.

Thus
a Y1y2 [ "
%,A(%Y) =YY+ Z \I}Uh)\," ( ) (fl( 1/11/2))
n>1 T “ga
n
Y1Y2 Y2
v, — 5 - @ \I’w —An ( )
a2 S an (52) (70 )

Let us prove that 1, 4+ admits y;y> as Gevrey-1 asymptotic expansion
in Syy x (C2,0). We have to show that |¢, 11 (%, y1,y2) — y192| is expo-
nentially small with respect to x € Syy, uniformly in y € D(0,r). As for
the previous lemma, we perform the proof for v,  only (the same proof
applies for 1, _» by exchanging y; and y2). From the computations above

we derive

(5:24) |thox (2, y1,52) — y1y2| < D 2Ty am (y1y2) (f @, yly )>
1

Let us fix 71,72,0 > 0 in such a way that

n>1

O<7j+d<r;, je{l,2}.

Let us take |z|, |y1] and |yz| small enough so that

2x € Sy
and

< <

[y1ly2 |2a‘ 1T .
According to Lemma 5.16, for all £ € Sy and all w € C:
iy | (&, w)|"

5.25 = |V an(w)] < 22 |22
5:25) i < fafo = )] < 71 | 25
In particular for Z = 2z and w = “¥2 we derive |[w®| < 7172, from which

we conclude

Y1y2 riry | fi(2x, 282 1"
5.26 Wunn (2] < -
( ) WA, 7o |2axa| 1+ J
Consequently, for all (z,y1,y2) € Sx x D(0,T) with
2x € S,\
ly1y2| < < Trire,
\2“|
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Ty (fl( Yo ))” ( Y1 )"
= 203 71+ fi(zw, £222)
) ()
F1+6 Ji(z, 22)
Since ¢(v) is the germ of an analytic function near the origin which is null
at the origin, we can take r1,r2 > 0 small enough in order that for all closed

sub-sector S’ C Sy, for all 71 € ]0,7[ and 75 € ]0,73[, there exist A, B > 0
satisfying:

we have

‘77[111,)\(3373/1,92) - y1y2| g Z z*

(52 (o3, 10) € 8 % D(O.T) = (o, 32) ~ el exo (- ).
Let us prove this. We need here to estimate the quantity:

J1(2z, £22) ‘

frz, 522)

. A m (20 @
291 exp <_2x_cm(y1y;) log(2) (y12yx2 ) . (y;yz)ﬂ.

(5.28)

On only have tot deal with the case where z € S’ is such that 2z € S’

(otherwise, x is “far from the origin”, and we conclude without difficulty).
We have:

(5.29) (x,y1,y2) € 8" x D(0,%) et 2z € S

f1(2-'177 ylgz) B
— |V < 2" —— ) < 1.
fl(xa y;gQ) | ‘eXp |$‘

Hence
n
1Yo (@91, 92) — y1y2| < T;Z% %exp <|§|>
riTh | F exp(— )|
TR - 5 e (- )
cm(-2).
for a convenient A > 0. 0

The latter lemma implies ¥, 1 o(w) = w, having for consequence the
next result.
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COROLLARY 5.18. — For all closed sub-sector S’ C Sy, and for all
71 €]0,71[ and 73 € |0, rs[, there exists A, B > 0 such that for all x € S':

Il < |f (xrfl“blhzﬂ Aexp(—1)
! l — |\Pw7i($,h1,h2) — hlhl‘ < 7{1@'.
|ha| T2 |x ‘

< - s
| f2(z, hihs)]
In particular, there exists C' > 0 such that:

< 7:71

= fi(w, hihg)|
T2

< - s

| |f2(, hihg)]

Jexp (e (1 o)™ log(a) + ke )|
’eXP(Cm(‘I’w(Lh1,h2))mlog(g;) + 5(za(\pw(2hl,h2))m))‘

|1l

|ha

== < C.

5.2.5. Power series expansion of sectorial isotropies in the space of leaves

Now, we give a power series expansion of W, 4y and W, 1 in the space
of leaves. Let us introduce the following notations:

N(1,+):=N(2,—):=1
N(1,-):=N(2,4) :=-1.

LEMMA 5.19. — With the notations and assumptions above, there ex-
ists entire functions (i.e. analytic over C) denoted by U, 1., j € {1,2},
n > N(j,+), such that for j € {1,2} :

Uia(hi,h) =325 Ny Yirn(hiho)ht

Uja(hisha) = 3o noy Yiam(haha)hs.
These series converge normally in every subset of T'yy of the form T'y ,(T)
with 0 < 71 < 1 and 0 < 7y < ro (cf. Definition 5.14). More precisely, for
all 71,79,6 > 0 such that

0<7:j+(5<7“j,j€{1,2}
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there exists C' > 0 such that for all x € S+ and for all w € C, we have:

n—1

\I/ n <C /‘fl(x7w)| , 21
W) < O

/ n+1
[Ty p 0 (w)] < C?M, n>-1

wa®| < 717y = 2] (71 +9)
1y anw) < S M@0
s AT |$U‘| (7:24—6)71 ) =
n—1

\II A <C/‘f2(x7w)| , 21
| 2,—A, (w)| T2 (7:2+5)n n

Moreover:
Uy _5-1(0) =W¥s,-1(0) =0.

Proof. — We use the same notations as in the proof of Lemma 5.16, and
as usual, we give the proof only for ¥, (the proof for ¥_, is analogous, by
exchanging the role played by hy and hsg). For fixed w € C, the maps

w
w1 hy = Wy ) (hl, h)
1
and
w
wo : hy = Ua y (hh h)
1
are analytic in

Mw,l = U Qm,w

€S
|lwz®|<rirs

(see the proof of Lemma 5.16). In particular, ¢ and ¢ admit Laurent
expansions

w n
p1(h1) = W1 (hh hl) = > Uiaa(w)h]

n>—"L1
w
hi) =WV hi,— | = Wy s n(w)h?
902( 1) 2,A< 1’h1) >ZL 2,7, (w) 1
nz—Lz

in every annulus €., with z € Sy such that |wz®| < r1ry. Using the
same method as in the proof of Lemma 5.16, we prove without additional
difficulties that for all n € Z, ¥, ), and W3y, are analytic in any point
w € C, and thus are entire functions (i.e. analytic over C). Moreover, we
also show in the same way as earlier that for all 71,75, > 0 with

0<7:j+5<7"j7j€{172},
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for all n € Z and for all (z,w) € Sy x C such that |wa®| < 7172, we have:

r! fﬂm7uﬂ "
Uian(w)] < 1 F
[ U150 (w)] |fi(z, W (@, he, 32)) | 71 +6
e f1($>w)’n
Paan(w)] < i F
[Wa,xn(w)] |fo(z, W (@, ha, 32)) | 1 +6

According to Corollary 5.18, there exists C' > 0 such that for all (z,w) €
Sy x C with |wz?| < 7172, we have:

|n—1

C / |f1 (l‘ w) )
(71 +0)"
Oy |fa(a, )"
[z (P +6)"
According to the statement in Lemma 5.13, for a fixed value w € C, if we

look at the limit as x tends to 0 in S of the right hand-sides above we
deduce that:

(Wi (w)] <

[Woxn(w)] <

Ui an(w)] =0, Vn
[Woan(w) =0, Vn

Consequently:
Wy x(h1,ha) =Y Wy n(hiho)h

n=1

Uoa(h1 ho) = > Wo s n(hiho)hl .

n>—1
These function series converges normally (and are analytic) in every domain
of the form[y(T) with ¥ := (71, 72) and
0<7+0<r;, je{1,2}

(cf. Definition 5.14). Moreover, for any fixed value of hs, on the one hand
the function series

hi = o a(hi,ha) = Y Wa s n(hiho)h}
n>—1
is analytic in a punctured disc, since
‘fQ(xa hl; h2)| :C_—>(>) 07
€SN

and on the other hand, we already know that the function hy — Wy x(h1, h2)
is analytic in a neighborhood of the origin. Thus, we must have Uy 5 _1(0) =
0. O
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5.2.6. Sectorial isotropies: proof of Proposition 5.2

The following lemma is a more precise version of Proposition 5.2. We
recall the notations:

N(1,4)=N(2,-) =1
N(1,-)=N(2,4) = -1.

LEMMA 5.20. — With the notations and assumptions above, we con-
sider 145 € A(Weak)(Ynorm), with
(5.30) Yia(x,y) = (z,%1,£x(2,y), Y2, 41(2,y)) -

Then, fori € {1,2}, 1; » and ¢; _x can be written as power series as follows:

Yy (2,y) Y1y y "
ot e (xS S ()

n>2N(i,+)+

7/)i,—>\(xa}’)yi+fi< ¢v_x£x y)> Z)q, “‘(yly2><f2(wy2yly2)>n

n>N (i

which are normally convergent in every subset of Sy x D(0,r) of the form
Six x D(0,F), where D(0,F) is a closed poly-disc with ¥ = (71, 79) such
that 0 < 7; < rj, j € {1,2}. Here U; » n, ¥; _an (fori=1,2 andn € N)
are given in Lemma 5.19. Moreover, for all closed sub-sector S’ C S+ and
for all closed poly-disc D C D(0,r), there exists A, B > 0 such that for
j=1,2:

(5.31) [Vjex (2,91, 92) — ;] < AEXp< z |> V(z,y)€e S xD.

As a consequence, ¥; +x admits y; as Gevrey-1 asymptotic expansion in
Sia x D(0,r).

Remark 5.21. — In particular,we have ¥; » 1(w) = ¥g _1(w) = 1 and
Uy _a—1(w) =¥ n —1(w) = w.

Proof. — By definition, we have
WiroHin=Hiros.

In particular, for j = 1,2 and all (z,y) € Sty x D(0,r):

‘ Y1 Y2 Y@y, ye)
(5.32) W,y (33 x )> o

2, 8) folw BE) ) f(, Leslime) )0

’ xra
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Thus, according to Lemma 5.19 we have for i = 1, 2:

(5.33)
Yo (@,y) !
Yix(z,y) = fi <I7 Axa) Z Wixn (yjﬂ?) <f1 (;7/1@/132)>
n>N(i,+) x
m _ "
1/%,—(95,}’) :fi < > Z \Ij% )\"(yly2><f2(l.7y2yl?12)>
n>N z

and these series are normally convergent (and then define analytic func-
tions) in any domain of the form S’ xD(0, ¥), where S’ is a closed sub-sector
of S1 and D(0, ) is a closed poly-disc with ¥ = (71, 72) such that

0<7j<r;, je{l,2}.

Let us compare the different expressions of ¥ 1+, j = 1,2. We know that
;. +x(2,y1,y2) admits y; as weak Gevrey-1 asymptotic expansion in S4y x
D(0,r). Thus, we can write:

(5.34) biaa(@ Y 02) =y + > ¥ eak(@)y®,
keN?2

where for all k = (k1, k2) € N?, ¢, 1, k is analytic in S1, and admits 0 as
Gevrey-1 asymptotic expansion. As usual, let us deal with the case of i
and 15 » (the other one being similar by exchanging y; and y2). According
to the expressions given by Lemmas 5.16 and 5.19, we can be more precise
on the index sets in the sums above:

V(@ y1,92) = 1 + Z Prax(@)yrt s
k=(k1,k2)EN?
k1>2ka+1
Yo x(T,y1,92) = y2 + Z 1/’2,A,k($)yfly§2 :

k=(k1,kz)EN?
k1>ko

(5.35)

Let us deal with 1 » (a similar proof holds for ¢ ). Looking at terms for
n = 1in (5.33) and at monomials terms y* such that k; < ko +1 in (5.35),
we must have for all z € Sy, y1,y2 € C with |y1| < r1, |y2| < ra:

P ( ;)’))

P 1 C Y192
(5.36) 1+Z¢1,,\,(k+1,k)(33)y192 T i, ) ‘1’1,>\,1( o )

k>0 ) gz
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According to Lemma 5.17 and Corollary5.18, we have:

fi(z, P, A("I?’y))
fi(w, 122) =1+ Z Fjl,jz( )yilyh
T e Jj12j2+121

=1+ o (Iy11)

(z,y)—0
(z,y)eSArxD(0,r)

for some analytic and bounded functions Fj, j,(x), j1 = j2. As in the proof
of Lemma 5.17, using the fact that 1) admits the identity as weak Gevrey-1
asymptotic expansion, we deduce that ¥y  ;(w) = 1, and then:

1/J1,)\(96,y) =y + N ( ,W> Z‘I’l, An <y1y2) (fl( ylylyz))

n=2

=yt Y, @)yt

k=(k1,k2)€EN?
k1Z2ko+2

It remains to show that i ) admits y; as Gevrey-1 asymptotic expansion
in Sy x D(0,r). From the computations above, we deduce:

|1 (2, 1, 92) — v

Y192 Y1 )
v (5F) (i) i |

) ga y o

Using Lemma 5.19, Corollary 5.18 and the same method as at the end of
the proof of Lemma 5.17, we can show the following: we can take rq,79 > 0
small enough such that for all closed sub-sector S’ of S for all 7 € ]0, 7|
and 75 € ]0, 15[, there exists A, B > 0 satisfying:

- B
(5:31) (o3 10) € 8’ xDI0.F) = o avin, i) -] < Aexp (- ).
A similar proof holds for 12 x, %2 —x and ¥ . U

Remark 5.22. — It should be noticed that in the expressions

bra@,y) = +f1( Lt ) > Vian (yf)(fl(xybwz))

n>2
¢1,—/\(x7}’) =y1+fi <$, W) Z Vi an <y1y2><f (xy2yly2)>
n=0 2\ e

given by Lemma 5.20, the expansion of ¢ ) with respect to y = (y1,92)
starts with a term of order 1, namely y;, followed by terms of order at
least 2, while in the expansion of 3 _», the term of lowest order is a
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constant, namely ¥y _ o(0). Similarly, the expansion of 12 _ (with respect
toy = (y1,¥2)) starts with yo, while the expansion of ¢ _» starts with the
constant ¥y 5 (0).

5.3. Description of the moduli space and some applications

From Lemmas 5.19 and 5.20, we can give a description of the moduli
space Ay (Yaorm) X A—x(Yaorm) of a fixed analytic normal form Y;orm.

5.3.1. A power series presentation of the moduli space

We use the notations introduced in Section 4. We denote by O(C) the
set of entire functions, i.e. of functions holomorphic in C. We consider the
functions f; and fy defined in (5.7) and introduce four subsets of (O(C))N,
denoted by 51,A(Yn0rm)a EZ,A(Ynorm), 51.,7)\(Ynorm) and 52,7)\(Ynorm)a de-
fined as follows. On remind the notations

N(17+) :N(27_) =1
N(L _) = N(27+) = -1

DEFINITION 5.23. — For j € {1,2}, a sequence (¥n(w))n>n(j+)+1 €
(O(C))N belongs to Ej £x(Ynorm) if there exists an open polydisc D(0,r)
and an open asymptotic sector

(5.38) S\ € ASarg(+0) 27
such that for all ¥1, 72,6 > 0 with
O<rm+o<r,, i€{l,2}

there exists C > 0 such that for all x € Sy (resp. x € S_y) and for all
w € C, if lwx®| < 7179 then:

()] < B s 2 i ) € 0 Yaoen)
ont)] < o P > 0, i ()32 € EaFaorn)
ot < o B s 0, ) € 1)
ont)] < LTy 0 i )52 € 2 (Fam).
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As explained in Section 4, we can associate to any pair

(¢A7¢—A) € A)\(Ynorm) X A—)\(Ynorm)
two germs of sectorial biholomorphisms of the space of leaves corresponding
to each “narrow” sector, which we denote by ¥, and ¥_,, defined by:
(5.39) Uiy i=Hiyothiy oMy,

where H 1 is given by Corollary 5.9. According to Lemmas 5.19 and 5.20,
if we write U1y = (2, U1 1, P2 1), then for j = 1,2 we have:

U;a(h1,he) = hj + Z U an(h1h2)ht
n2N(j,+)+1

WjA(h1,he) = hj + Z Vj —xn(hiha)hy
n>N(G,—)+1

(5.40)

(¥ axan)n € & xx. Conversely, given (¥; 1x)n, € & xx for j = 1,2, the
estimates made in Section 4 show that

Yo = Hiy oWy oHay
where U4y (z,h) = (2, ¥ £a(h), Y2 £2(h)), belongs to AL (Yaorm). Con-

sequently, we can state:

PROPOSITION 5.24. — We have the following bijections:
Ay (Yaorm) — €10 (Yaorm) X E2.A(Yaorm)
Ya > (W15, Pay)
and
A2 (Yoorm) — E1,-x(Yaorm) X E2—x(Ynorm)
Yox— (W1,-x, W2 )

(notice that we identify here Uiy(x,h) = (x, ¥ 1x(h), ¥s 11 (h)) with
(U1,4a(h), U242 (h))).

5.3.2. Analytic invariant varieties and two-dimensional saddle-nodes

We can give a necessary and sufficient condition for the existence of an-
alytic invariant varieties in terms of the moduli space described above. We
recall that for any vector field Y € [Yiorm] as in (1.1) (cf. Definition 1.14),
there always exist three formal invariant varieties:

o €= {(y1,12) = (91(2), g2(2))},
o My ={y1 = filz,y2)}
e and Hy = {y2 = fo(z,y1)},
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where g1, g2, f1, fo are formal power series with null constant term. The
first one is classically called the center variety, and we have C = H; N Ho.
If Y = Yiorm, then:

C={y1 =y2 =0}
Hi={yp =0}
j‘fgz{yQZO}.

PROPOSITION 5.25. — Let Y € [Yiorm]| and (®x, P_») € Ax(Yaorm) X
A_x(Ynorm) be its Stokes diffeomorphisms. We consider

Uy =Hiro®iyoHy,
as above. Then:

(1) the center variety C is convergent (analytic in the origin) if and only
if Up 3,0(0) = ¥1,-1,0(0) = 0;

(2) the invariant hypersurface H; is convergent (analytic in the origin)
if and only if for all n > 0, we have Uy _ ,(0) = 0;

(3) the invariant hypersurface Hy is convergent (analytic in the origin)
if and only if for all n > 0, we have U3 ) ,,(0) = 0.

Proof. — It is a direct consequence of the power series representation
(5.40) of the Stokes diffeomorphisms (@), ®_»). Let us explain item (2)
(the same arguments hold for (1) and (3) with minor adaptation). The fact
that ¥y _ ,(0) = 0 for all n > 0 means that ¥y _, is divisible by h;.
Equivalently, both ®; y and ®; _, are divisible by y;, so that the analytic
hypersurface {y; = 0} has the same pre-image by the sectorial normalizing
maps ¢, and ®_. These pre-images glue together in order to define an
analytic invariant hypersurface H;. O

Notice that if we consider the restriction of a formal normal form Yorm
to one of the formal invariant hypersurfaces, we obtain precisely the normal
form for two-dimensional saddle-nodes as given in [17]. When one of these
hypersurfaces is convergent (i.e. analytic), we recover the Martinet—Ramis
invariants by restriction to this hypersurface, as we present below.

PROPOSITION 5.26. — Suppose that the formal invariant hypersurface
H; is convergent (i.e. analytic in the origin). Then, the Martinet—Ramis
invariants for the saddle-node Y|s¢, are given by:

Uy (0,ha) = ha + Uy 5 0(0) € Af f(C)
s —2(0,h2) = ha + Z U2,-xn(0)h3 € Diff(C,0).

n>2

Similar result holds for the hypersurface Hs.
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5.3.3. The transversally symplectic case and quasi-linear Stokes
phenomena in the first Painlevé equation

Let us now focus on the transversally symplectic case studied in Theo-
rem 1.24. Let Yyorm € SN, diag,0 De transversally symplectic (i.e. its residue
is res(Yoorm) = 1). Using the notations introduced in paragraph 5.3.1, we
define the following sets:

(SI,A(Ynorm) X gQ,A(Ynorm))w
L \I/)\ = (\Ill,)\; ‘1’2,)\) € gl,)\(Ynorm) X 52,>\(Yn0rm)
o such that: det(DWU,) =1

and

(81,—)\(Ynorm) X 52,—)\(Ynorm))w
. \IJ—)\ = (\1’1,—)” \112,—/\) € gL—A(Ynorm) X gZ,—A(Ynorm)
N such that: det(DU_,) =1 ’

According to Proposition 5.24, the map

A:I:)\<Ynorm) — gl,:ﬁ:A(Ynorm) X gZ,:I:)\(Ynorm)
Yo > Wiy = Hay 0thry o Hiy

given in (5.39) is a bijection (notice that again, we identify here ¥ 1 (2, h) =
(x, %1, 22(h), Ty 45 (h)) with (U1 4x(h), P2 £x(h))). An easy computation
based on (5.3) gives:

dy; A d
(5.41) (HIL)* (W) = dhy Adhs + (dz) .
This means in particular that 1)1, is transversally symplectic with respect
to w = durAdys 4o
(5.42) (Y+2)"(w) = w + (dz),

if and only if U4 5 = (¥ 1, Uy 1) preserves the standard symplectic form
dhy A dhg in the space of leaves, i.e. det(D¥,y) = 1. In other words:

PRrROPOSITION 5.27. — We have the following bijections:

A;/(Ynorm) L> (gl,A(Ynorm) X E2,A(Ynorm))w
Px — (P12, Pan)
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and
A\ (Yaorm) — (E1,-2(Ynorm) X €2, 2 (Yaorm))w
Yox > (V1,-5, V2 )
(notice that we identify here Uiy(x,h) = (x, ¥ £x(h), ¥s 11 (h)) with
(P1,4a(h), W2 45 (h))).

5.3.4. Quasi-linear Stokes phenomena in the first Painlevé equation

In [2], we link the study of quasi-linear Stokes phenomena (see [13] for
the first Painlevé equation) to our Stokes diffeomorphisms. For instance, in
the case of the first Painlevé equation, we show that the quasi-linear Stokes
phenomena formula found by Kapaev in [13] allows to compute the terms
Us.2,0(0) and ¥y _x ¢(0) in (5.40). More precisely, elementary computations
(using Kapaev’s connection formula) give:

oy

VT

Moreover, our description of the Stokes diffeomorphisms implies a more

ool

Uy2,0(0) =¥y _x0(0) = R

precise estimate of the order of the remaining terms in Kapaev’s formula.
In a forthcoming paper, we will use the study of some non-linear Stokes
phenomena for the second Painlevé equations (see e.g. [6]) in order to com-
pute coefficients of the W; 43’s.
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