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A CURVATURE FORMULA ASSOCIATED TO A
FAMILY OF PSEUDOCONVEX DOMAINS
by Xu WANG (*)

Abstract. — We shall give a definition of the curvature operator for a family of
weighted Bergman spaces {Ht } associated to a smooth family of smoothly bounded
strongly pseudoconvex domains {Dt }. In order to study the “boundary term” in
the curvature operator, we shall introduce the notion of geodesic curvature for
the associated family of boundaries {∂Dt }. As an application, we get a variation
formula for the norms of Bergman projections of currents with compact support.
A flatness criterion for {Ht } and its applications to triviality of fibrations are also
given in this paper.
Résumé. — Nous définissons l’opérateur de courbure pour une famille d’espaces de Bergman pondérés {Ht } associés à une famille lisse de domaines lisses
bornés strictement pseudoconvexes {Dt }. Afin d’étudier le “terme au bord” dans
l’opérateur de courbure, nous introduisons la notion de courbure géodésique pour
la famille des bords associés. Comme application, nous obtenons une formule de variation pour les normes de projections de Bergman des courants à support compact.
Un critère de platitude pour {Ht } et ses applications à la trivialité des fibrations
sont également données dans cet article.

1. Introduction
In 2005, Berndtsson [3] found that the functional version of the classical
Brunn–Minkowski inequality, i.e. the Prekopa theorem [43], can be seen
as a special case of the subharmonicity property of the Bergman kernel
(see [38, 39] for early results with different point of view). It opens another
door (so called complex Brunn–Minkowski theory) of studying complex
geometry by using the Brunn–Minkowski theory in convex geometry. Below,
Keywords: Brunn–Minkowski theory, Prekopa theorem, ∂-equation, Hörmander theory.
Math. classification: 32A25, 32L25, 32G05.
(*) Research supported by the Knut and Alice Wallenberg Foundation, and the China
Postdoctoral Science Foundation.
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we shall give a short account of the complex Brunn–Minkowski theory, and
a simple example to show our motivation to write this paper.
Heuristically speaking, the Prekopa theorem can be seen as a version
of inverse Hölder inequality. In [8], Berndtsson gave another form of the
classical Hölder inequality:
Theorem A (Hölder inequality). — Let φ(t, x) be convex in t. Then
Z
(1.1)
t 7→ log
eφ(t,x) dx, dx = dx1 ∧ · · · ∧ dxn ,
Rn

is convex (if the integral is convergent).
Proof. — The proof follows by differentiating with respect to t:
 Z

Z
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Notice that, by the Cauchy–Schwarz inequality, we have
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(1.2)
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> 0.



The following result is due to Prekopa:
Theorem B (Prekopa theorem). — Let φ(t, x) be convex in t and x.
Then
Z
(1.3)
t 7→ − log
e−φ(t,x) dx,
Rn

is convex.
There are many ways to prove Theorem B. A famous observation of
Brascamp–Lieb (see [16]) is: one may use a weighted L2 -estimates of the
d-operator to prove Theorem B.
In [2], Berndtsson showed that one may also use Hörmander’s weighted
2
L -estimates of the ∂-operator (see [29]) to prove Theorem B. Moreover,
in [3], he established the following complex version of Theorem B:
Theorem C (Berndtsson’s theorem). — Let φ(t, z) be a plurisubharn
monic function on a pseudoconvex domain D ⊂ Cm
t × Cz . Then
(1.4)

(t, z) 7→ log K t (z, z),

is plurisubharmonic or equal to −∞ identically on D, where each K t denotes the weighted Bergman kernel associated to the fibre Dt := D ∩ ({t} ×
Cn ) and the weight φt := φ|Dt .
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In [3], Berndtsson gave two proofs of Theorem C. A crucial step in his
first proof is also the Hörmander’s L2 -estimates of the ∂-operator. Later
in [4], he pointed out that it will be more natural to look at Theorem C
as a curvature property of the direct image bundle (see [4, Theorem 1.1
and 1.2]). This is a milestone in the complex Brunn–Minkowski theory
(see [12]).
The complex Brunn–Minkowski theory has proved to be very useful in
several complex variables and complex geometry (see [5, 9, 10, 13, 14, 15]
and references therein). This paper is an attempt to study the curvature
formula of the direct image bundle associated to general Stein-fibrations
(see [23, 40, 41, 34, 44, 52] for other generalizations and related results).
The new results are the boundary term of the curvature formula and its
relation with interpolation family of convex bodies.
Let us start by looking at an almost trivial case of Theorem B. Let
F := {[a(t), b(t)]}06t61 ,

(1.5)

be a family of line segments. Let
D := {(t, x) ∈ R2 : a(t) < x < b(t), 0 < t < 1},
be the total space. Assume that b(t) > a(t) for each 0 6 t 6 1 and a, b are
smooth on a neighborhood of [0, 1]. Put
d2 b
d2 a
,
θ(b)
=
−
.
dt2
dt2
Let us introduce the following definitions:
θ(a) =

Definition 1.1. — We call θ the geodesic curvature of F.
Definition 1.2. — We call F an interpolation family if θ ≡ 0.
Remark. — F is an interpolation family if and only if both a and b are
affine functions.
Definition 1.3. — We call F a trivial family if there exists a real constant c such that for every 0 < t < 1, [a(t), b(t)] = [a(0), b(0)] + ct.
Put
(1.6)

φ(t, x) = 0, on D, φ(t, x) = ∞, on R2 \D,

then convexity of D is equivalent to convexity of φ. Thus Theorem B implies
that if D is convex then
Z
(1.7)
Φ : t 7→ − log(b(t) − a(t)) = − log e−φ(t,x) dx
R
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is convex on (0, 1). Moreover, by direct computation,
(1.8)

Φ̈ =

(b − a)(ä − b̈) + (ȧ − ḃ)2
d2 Φ
da
,
Φ̈
:=
, ȧ :=
.
(b − a)2
dt2
dt

We call
(1.9)

Geo :=

θ(a) + θ(b)
(b − a)(ä − b̈)
=
,
(b − a)2
b−a

the geodesic term in Φ̈ and
(1.10)

R :=

(ȧ − ḃ)2
(b − a)2

the remaining term in Φ̈. Thus we have:
Proposition 1.4. — The remaining term in Φ̈ is always non-negative.
Moreover, if the total space D is convex then the geodesic term in Φ̈ is also
non-negative.
Proposition 1.5. — Assume that the total space D is convex then
affine-ness of Φ is equivalent to triviality of F.
In this paper, we shall study the counterparts of the above notions in
complex geometry. In the next secion, we shall define the notion of geodesic
curvature (see Definition 2.8) for a smooth family of smoothly bounded
Stein domains (see Definition 2.5). Then Definition 2.10, interpolation family of Stein domains, can be seen as a generalization of Definition 1.2; and
Definition 2.16, trivial family of Stein domains, can be seen as a generalization of Definition 1.3.
Our main result, Theorem 2.11, is a curvature formula associated to
variation of Stein manifolds. Let {Dt } be a smooth family of smoothly
bounded n-dimensional Stein domains. Let L be a holomorphic line bundle
on the total space D. Let h be a smooth Hermitian metric on L. We shall
consider the associated family of Bergman spaces
H := {Ht },
where each Ht is the space of L2 -holomorphic L|Dt -valued (n, 0)-forms on
Dt . Then Theorem 2.11 reads that:
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Main Theorem. — Assume that L is flat or relatively ample. Then the
curvature of H contains two terms: the geodeisc term and the remaining
term. The remaining term is always semi-positive in the sense of Nakano.
Moreover, if the total space is pseudoconvex and L is semi-positive on the
total space then the geodesic term is also semi-positive in the sense of
Nakano.
Thus our main result can be seen as a generalization of Proposition 1.4.
In Section 2.5, we shall give a definition of the holomorphic section of the
dual of H (see Definition 2.14). Then our main application, Corollary 2.15,
can be stated as follows:
Application. — If the total space is pseudoconvex and L is nonnegative on the total space then log ||f || is plurisubharmonic for every holomorphic section f of the dual of H.
Corollary 2.15 can be seen as a generalization of Theorem C (see the
remark behind [4, Theorem 1.1]). In Section 5.2, we shall also use Corollary 2.15 to study variation of the Bergman projection of currents with
compact support. In particular, we shall give a variation formula for the
derivatives of the Bergman kernel (see Theorem 5.2).
In Section 6, we shall discuss the counterparts of Proposition 1.5 in complex case. We shall show that under some assumptions (see Theorem 2.17),
flatness of H and triviality of D are equivalent. As a direct corollary, we
shall give a triviality criterion for a class of holomorphic motions (see Corollary 2.18) of planar domains.

Acknowledgement
I would like to thank Bo-Yong Chen for introducing me this topic, Bo
Berndtsson for many inspiring discussions relating the curvature of the
direct images, his useful comments on this paper and suggestions on paper
writing. Thanks are also given to Qing-Chun Ji for his constant support
and encouragement.
I would also like to thank Laszlo Lempert for pointing out a mistake in
the first version of this paper regarding the assumptions of Lemma 2.9.
After the first version of this manuscript was completed, Laszlo Lempert
kindly sent me a preprint [51] of Dat Vu Tran. In [51], Dat Vu Tran gave
a careful study of curvature of Hilbert fields (see also [33]) and showed
that the curvature operator associated to a famlily of planar domains with

TOME 67 (2017), FASCICULE 1

274

Xu WANG

pseudoconvex global space is semi-positive, which covers our main theorem
in case each fibre is one-dimensional.
Last but not least, thanks are due to the referee for pointing out several
inaccuracies in this paper and hopefully making this paper more readable.

2. Basic definitions and results
2.1. List of notations
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.

π : X → B is a holomorphic submersion.
D is an open subset in X , Dt := D ∩ π −1 (t).
L is a holomorphic line bundle over X and Lt := L|Dt .
Ht is the space of L2 holomorphic Lt -valued (n, 0)-forms on Dt .
H := {Ht }t∈B .
it : the inclusion mapping Dt ,→ D.
t: coordinate system on B, tj components of t, ∂tj = ∂/∂tj .
P j
dt̄ ⊗ ∂ tj is the ∂-operator on H.
P j
dt ⊗ Dtj is the (1, 0)-part of the Chern connection on H.
Θj k̄ := [Dtj , ∂ tk ]: curvature operators on H.
θj k̄ (ρ): geodesic curvature of {∂Dt }.
η, ζ, µ: local coordinates on a fixed fibre Dt , µλ : components of µ.
e−φ : local representative of a Hermitian metric h on a line bundle L.
φj := ∂φ/∂tj , φjλ := ∂ 2 φ/∂tj ∂µλ , φλν̄ := ∂ 2 φ/∂µλ ∂ µ̄ν .
(ρλ̄ν ), (φλ̄ν ): inverse matrix of (ρλν̄ ), (φλν̄ ) respectively.
δV := V y means contraction of a form with a vector field V ;
α, β ∈ Nn , |α| := α1 + · · · + αn , fα := ∂ |α| f /(∂µ1 )α1 · · · (∂µn )αn .

2.2. Set up
Let π : X → B be a holomorphic submersion from an (n+m)-dimensional
complex manifold X to the unit ball B in Cm . Let D be an open subset
of X . Put
Dt = D ∩ π −1 (t).
The following assumption will be used throughout this paper.
The restriction of π to the closure of D (with respect to the topology
(A1) structure of the total space X ) is proper, and Dt is non-empty for
every t in B.
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Let L be a holomorphic line bundle over X . Put
Lt := L|Dt .
We shall consider the following family of vector spaces associated to
{Dt }t∈B :
Z
2
0
Ht := {f ∈ H (Dt , KDt + Lt ) :
in {f, f } < ∞},
Dt

where {·, ·} is the canonical sesquilinear pairing (see [18, p. 268]) with
respect to h. If we fix a local holomorphic frame, say e, of L, and write
h(e, e) = e−φ , then
{f (z) ⊗ e, f (z) ⊗ e} = e−φ(z) f (z) ∧ f (z).
Put
H = {Ht }t∈B .
Remark. — We know that each fibre Ht is an infinite dimensional
Hilbert space, moreover, the element in Ht may not be smooth up to the
boundary. Thus it is not easy to give a good definition of the curvature
operator on H (see [33] for a careful study of this subject). In order to
make things easier, we shall only define the curvature operator on sections
that are smooth up to the boundary.
Let it be the inclusion mapping
(2.1)

it : Dt ,→ D.

We shall introduce the following definition:
Definition 2.1. — We call u : t 7→ ut ∈ Ht a smooth section of H if
there exists an L-valued (n, 0)-form, say u, such that
(2.2)

i∗t u = ut , ∀ t ∈ B,

and u is smooth up to the boundary of D. We shall denote by Γ(H) the
space of smooth sections of H.
Remark. — One may choose u in the above definition such that u is
smooth on the total space X .
In order to give a precise definition of the ∂-operator on H, we shall
introduce the following definition (see [7], see also [31, p. 46] or [53] for the
admissible coordinate method):
Definition 2.2. — We call a smooth L-valued (n, 0)-form u on X a
representative of u ∈ Γ(H) if i∗t (u) = ut for all t ∈ B.
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∂-operator on H. Let u be a representative of u ∈ Γ(H). Then one
may write
X
(2.3)
∂u =
dtj ∧ ηj + dt̄j ∧ νj .
Since u ∧ dt, dt := dt1 ∧ · · · ∧ dtm , does not depend on the choice of u and
X
∂(u ∧ dt) =
dt̄j ∧ νj ∧ dt,
(2.4)
we know that each i∗t νj does not depend on the choice of νj . Let us define
∂ tj u : t 7→ i∗t νj .

(2.5)

Then the ∂-operator on H can be defined as
X
∂u :=
dt̄j ⊗ ∂ tj u.
From the definition, we know that ∂u ≡ 0 on B if and only if u ∧ dt is
holomorphic on D. We shall introduce the following definition:
Definition 2.3. — Let u be a smooth section of H. We call u a holomorphic section of H if u ∧ dt is holomorphic on D.
Chern connection on H. We shall write the (1, 0)-part of the Chern
P j
connection on H as
dt ⊗ Dtj . By definition, each Dtj should satisfy
(2.6)

∂tj (u, v) = (Dtj u, v) + (u, ∂ tj v), ∀ u, v ∈ Γ(H),

where ∂tj = ∂/∂tj and (·, ·) denotes the inner product on Ht .
Definition 2.4. — We say that the Chern connection is well defined
on H if for every 1 6 j 6 m, there exists a C-linear operator Dtj : Γ(H) →
Γ(H) such that (2.6) is true.
Remark. — By using Hamilton’s theorem (see [28]), in Section 4 (see
Proposition 4.1), we shall prove that the Chern connection is well defined
on H if D satisfies (A1) and the following assumption:
There is a smooth real valued function ρ on X such that for each
t ∈ B, ρ|π−1 (t) is strictly plurisubharmonic in a neighborhood of the
(A2) closure (with respect to the topology on π −1 (t)) of Dt . Moreover,
Dt = {ρ < 0} ∩ π −1 (t) and the gradient of ρ|π−1 (t) has no zero point
on ∂Dt .
Remark. — In Section 3.2, we shall prove that (A1) and (A2) together
implies that every smooth vector field on the base B has a smooth lift on
X that tangent to the boundary of D. Thus in this case, {Dt } is locally
trivial as a smooth family.
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Definition 2.5. — {Dt } is said to be a smooth family of smoothly
bounded Stein domains if D satisfies (A1) and (A2).
Assume that D satisfies (A1) and (A2). Then we can define the curvature
operators on H as follows:
(2.7)

Θj k̄ u := [Dtj , ∂ tk ]u = Dtj ∂ tk u − ∂ tk Dtj u, ∀ u ∈ Γ(H).

2.3. Previous results
We shall give a short account of Berndtsson’s results on “geodesic” formula for Θj k̄ . Let us recall the following notions in his curvature formula.
Geodesic curvature in the space of Kähler metrics. Let us denote
by Θ(L, h) the curvature of (L, h). If we write h locally as e−φ then we
have
(2.8)

Θ(L, h) = ∂∂φ.

If D is a product, say D = D0 × B, and
(2.9)

i∂∂φ|D0 ×{t} > 0, ∀ t ∈ B,

then {i∂∂φ|D0 ×{t} } can be seen as a family of Kähler metrics on D0 . Assume further that m = 1. Then there exists a smooth function, say c(φ),
such that
(i∂∂φ)n
(i∂∂φ)n+1
= c(φ)
∧ idt ∧ dt̄.
(2.10)
(n + 1)!
n!
By [20, Proposition 3], if {i∂∂φ|D0 ×{t} } is S 1 invariant then
The path {i∂∂φ|D0 ×{t} } defines a geodesic in the space of Kähler metrics
on D0 if and only if c(φ) ≡ 0.
In general, c(φ) is called the geodesic curvature in the space of Kähler
metrics. The geodesic curvature plays a crucial role on variation of Kähler
metrics on projective manifolds; see [20, 37, 45], to cite just a few. Another
way to look at the geodesic curvature is to use the notion of horizontal lift.
Horizontal lift. The notion of horizontal lift is introduced by Siu in [47].
In [7], Berndtsson found that one may also define the notion of horizontal
lift with respect to a relative Kähler form (a smooth d-closed (1, 1)-form
that is positive on each fibre). Let us recall his definition:
Let ω be a relative Kähler form on X . A (1, 0)-vector field V on X is
said to be horizontal with respect to ω if hV, W iω = 0 for every (1, 0)-vector
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field W such that π∗ (W ) = 0. Let v be a vector field on B. We call V a
horizontal lift of v if V is horizontal with respect to ω and π∗ V =v.
By Berndtsson’s formula (see [7, p. 3]), if we write ω = i∂∂φ locally then
for each 1 6 j 6 m, ∂/∂tj has a unique horizontal lift, say Vj , as follows:
X
(2.11)
Vj = ∂/∂tj −
φj ν̄ φν̄λ ∂/∂µλ .
Moreover, if m = 1 then
hV1 , V1 ii∂∂φ = c(φ).

(2.12)

By this formula, it is natural to define the notion of geodesic curvature for
general base dimension m and general fibration π.
Geodesic curvature of {h|Lt }. Let us assume that
iΘ(L, h)|Dt > 0, ∀ t ∈ B, or Θ(L, h) ≡ 0 on D,
In case iΘ(L, h)|Dt > 0, ∀ t ∈ B, let Vjh be the horizontal lift of the base
vector fields ∂/∂tj with respect to iΘ(L, h). We shall define the geodesic
curvature of {h|Lt } as:
(2.13)

cj k̄ (h) := hVjh , Vkh iiΘ(L,h) ; and cj k̄ (h) := 0 if Θ(L, h) ≡ 0 on D.

Another notion in Berndtsson’s curvature formula is the following:
Remaining term in Hörmander’s L2 -estimate (product case).
Assume that D = D0 × B. Then the vector fields ∂/∂tj are well defined on
X . Fix
uj ∈ Γ(H), 1 6 j 6 m, (see Definition 2.1).

(2.14)

Let a be the L2 -minimal solution of
t

∂ (·) = c,
t

where ∂ denotes the Cauchy–Riemann operator on Dt = D0 × {t} and
X
X t
(2.15)
c :=
(∂/∂tj y Θ(L, h))|Dt ∧ uj =
∂ φj ∧ uj .
Then we have the following remaining term in Hörmander’s L2 -estimate
R := ||c||2iΘ(L,h)|D − ||a||2 .
t

By Hörmander’s theorem (see [29]), if D0 is pseudoconvex then R is nonnegative. Thus in our case, R is always non-negative. Now we can state the
following theorem of Berndtsson (see [3] and [4, Theorem 1.1]):
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Theorem 2.6. — Assume that D = D0 × B, where D0 is a strongly
pseudoconvex domain with smooth boundary. If iΘ(L, h)|D0 ×{t} > 0, ∀ t ∈
B, then we have
X
X
(2.16)
(Θj k̄ uj , uk ) =
(cj k̄ (h)uj , uk ) + R, R > 0.
If Θ(L, h) ≡ 0 on D then
X

(2.17)

(Θj k̄ uj , uk ) ≡ 0.

Remark. — (2.16) can be found in the proof of [4, Theorem 1.1]. (2.17)
is a direct application of [4, (2.4)]. A special case of (2.16) for variation of
the Bergman kernel is given in [3].
The counterpart of Theorem 2.6 for a proper Kähler fibration was given
in [7] by Berndtsson. Let us recall the following notions in his formulae:
Remaining term in Hörmander’s L2 -estimate (Polarized fibration). Let
π : D → B,

(2.18)

be a proper holomorphic submersion. Assume that L is a relatively ample
line bundle on D, i.e. iΘ(L, h)|Dt > 0, ∀ t ∈ B. By the Ohsawa–Takegoshi
extension theorem (see [42, 48]), we know that the dimension of Ht :=
H 0 (Dt , KDt + Lt ) does not depend on t and our bundle H is just the
holomorphic vector bundle associated to the zero-th direct image sheaf
π∗ O(KD/B + L). For each j, let Vjh be the horizontal lift of ∂/∂tj with
respect to iΘ(L, h). Let us denote by
κ : TB → {H 1 (Dt , TDt )}t∈B ,

(2.19)

the Kodaira–Spencer map associated to the holomorphic fibration π. By [30,
Theorem 5.4], we know that each (∂Vjh )|Dt can be seen as a representative
of the Kodaira–Spencer class κ(∂/∂tj ). For each 1 6 j 6 m, let uj be a
smooth section of H. Put
X
b=
(∂Vjh )|Dt y uj .
Let a be the L2 -minimal solution of
t

∂ (·) = ∂φt b,
where ∂φt is the restriction of the (1, 0)-part of the Chern connection of L
on Dt . Then we have the following Hörmander type-remaining term:
Rh := ||b||2iΘ(L,h)|D − ||a||2 > 0.
t
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Remaining term in Hörmander’s L2 -estimate (Kähler fibration).
In this case, let us assume that the total space of the proper holomorphic
submersion π : D → B possesses a Kähler form ω. Let L be a flat line
bundle over D, i.e. Θ(L, h) ≡ 0 on D. By [4, Theorem 8.1], we know that
π∗ O(KD/B + L) is locally free. Let H be the associated vector bundle. For
each j, let uj be a smooth section of H. Put
X
b=
(∂Vjω )|Dt y uj ,
where each Vjω is the horizontal lift of ∂/∂tj with respect to the Kähler
form ω. Consider
t
∂ (a) = ∂φt b,
where a is the L2 -minimal solution. Then the associated Hörmander remaining term is
Rω := ||b||2ω|D − ||a||2 > 0.
t

Now we can state the following theorem of Berndtsson (see [7]):
Theorem 2.7. — Let π : D → B be a proper holomorphic submersion.
Let (L, h) be a holomorphic line bundle over D. If L is relatively ample
then we have
X
X
(2.20)
(Θj k̄ uj , uk ) =
(cj k̄ (h)uj , uk ) + Rh .
If L is flat then
(2.21)

X
(Θj k̄ uj , uk ) ≡ Rω .

Remark. — If L is trivial then (2.21) is just Griffiths’ formula (see [25,
p. 33]). In general, if the total space D is Kähler and there is a smooth Hermitian metric on L with non-negative curvature then by [4, Thereom 1.2],
we know that
X
(Θj k̄ uj , uk ) > 0.
If the boundary of each fibre is non-empty then, in general, the boundary
term should also appear in the curvature formula (see [39]). Our main result
is a study of the curvature of H for fibrations with boundary.

2.4. Basic notions for fibrations with boundary
Let D = {Dt }t∈B be a smooth family of smoothly bounded Stein domains
(see Definition 2.5). We shall define the notion of “geodesic curvature” of
{∂Dt } by using the notion of horizontal lift with respect to the Levi-form
on the boundary of D. Let ρ be the defining function in (A2). We call an
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(1, 0)-tangent vector field V on ∂D horizonal with respect to the Levi-form
if
hV, W ii∂∂ρ = 0, on ∂D,
for every (1, 0)-tangent vector field W on ∂D such that π∗ (W ) = 0.
Remark. — From the above definition, the notion of horizontal lift with
respect to the Levi-form on the boundary is compatible with the usual
notion of horizintal lift if we only consider the category of tangent vector
fields on ∂D. Same as before, we shall also define the notion of geodesic
curvature in the following sense:
Definition 2.8. — Assume that D satisfies (A1) and (A2) and for each
j, ∂/∂tj has a horizontal lift to ∂D with respect to the Levi-form i∂∂ρ on
∂D. Then we call
(2.22)

θj k̄ (ρ) := hVjρ , Vkρ ii∂∂ρ ,

the geodesic curvature of {∂Dt }t∈B with respect to the Levi form i∂∂ρ on
∂D.
Now a natural question is whether each base vector field has a horizontal
lift (with respect to the Levi-form) to ∂D or not. We have the following
lemma:
Lemma 2.9 (Key Lemma). — Assume that D satisfies (A1) and (A2).
Put
(2.23)

ω := i∂∂(− log −ρ),

where ρ is the defining function in (A2). For each j, let Vj be the horizontal
lift (on D) of ∂/∂tj with respect to ω. Then each Vj is smooth up to the
boundary of D and Vj |∂D is horizontal with respect to the Levi form i∂∂ρ
on ∂D. In particular, every smooth base vector field has a unique smooth
horizontal lift with respect to the Levi form and the geodesic curvature
θj k̄ (ρ) is well defined on ∂D.
As a generalization of Definition 1.2, we shall introduce the following
definition:
Definition 2.10. — Assume that D satisfies (A1) and (A2). We call
{Dt }t∈B an interpolation family in X if θj k̄ (ρ) ≡ 0 on ∂D.
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Remaining term in Hörmander’s L2 -estimate (fibration with
boundary). For each 1 6 j 6 m, let uj be a smooth section of H (see
Definition 2.1). Put
X
X
(2.24)
c=
(Vj y Θ(L, h))|Dt ∧ uj , b =
(∂Vj )|Dt y uj ,
where each Vj is the vector field in Lemma 2.9. Let a be the L2 -minimal
solution of
t

∂ (·) = ∂φt b + c,
in L2 (Dt , KDt + Lt ). Put
ω t := i∂∂(− log −ρ)|Dt .
Then we shall define
(2.25)

R := ||c||2iΘ(L,h)|D + ||b||2ωt − ||a||2ωt ,
t

if iΘ(L, h)|Dt > 0; and define
R := ||b||2ωt − ||a||2ωt ,
if Θ(L, h) ≡ 0. We shall show in Theorem A.5 that R is always non-negative.

2.5. Main theorem
Theorem 2.11. — Assume that D satisfies (A1) and (A2). If
(2.26)

iΘ(L, h)|Dt > 0, ∀ t ∈ B, or Θ(L, h) ≡ 0 on D,

then, using the above notation, see (2.7), (2.13), (2.22), (2.25), we have the
following curvature formula of H:
X
XZ
X
(2.27)
(Θj k̄ uj , uk ) =
θj k̄ (ρ)huj , uk idσ+ (cj k̄ (h)uj , uk )+R,
∂Dt

where h·, ·i denotes the point-wise inner product with respect to i∂∂ρ|Dt
and h, and the surface measure dσ with respect to i∂∂ρ|Dt is defined as
dσ :=

P
ρ ρλ̄ν ∂/∂µν
(i∂∂ρ|Dt )n
y
.
Pλ̄ λ̄ν
n!
ρλ̄ ρ ρν
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2.6. Applications
We shall show how to use our main theorem to study the complex geometry counterparts of Theorem 1.4. Let us give some positive-curvature
criterion of H first. Recall that, H is said to be semi-positive in the sense
P
of Nakano if (Θj k̄ uj , uk ) > 0, for all smooth sections u1 , . . . , um of H.
As a direct consequence of our main theorem, we shall prove that:
Corollary 2.12. — Assume that D satisfies (A1) and (A2). If D is
Stein and iΘ(L, h) > 0 on D then H is semi-positive in the sense of Nakano.
Another very useful notion of positivity is the Griffiths positivity. Recall
P
that H is said to be Griffiths semi-positive if (Θj k̄ u, u)ξj ξ¯k > 0, for every
smooth section u of H and every ξ ∈ Cm . It is known that a finite rank
vector bundle is Griffiths semi-positive if and only if its dual bundle is
Griffiths semi-negative. Moreover, the following is true:
Criterion for Griffiths semi-positivity. — A finite rank vector bundle
is Griffiths semi-positive if and only if the log-norm of the holomorphic
sections of its dual bundle are plurisubharmonic.
Then a natural question is whether there is a similar criterion in our
case, i.e. for the infinite rank vector bundle H. As a first step, we have to
define the notion of the holomorphic section of the dual of H.
Definition 2.13. — For each t ∈ B, let f t be a C-linear mapping from
Ht to C. We call f : t 7→ f t a smooth section of the dual of H if there
exists a smooth section, say P (f ), of H such that
(2.28)

f t (ut ) = (ut , P (f )t ),

for every ut ∈ Ht and every t ∈ B. We shall write the norm of f t as
||f t || := ||P (f )t ||.
Definition 2.14. — Let f : t 7→ f t be a smooth section of the dual of
H. We call f a holomorphic section if
(2.29)

t 7→ f t (ut )

is holomorphic for every holomorphic section u of H.
Remark. — Inspired by [14], we shall give a careful study of those holomorphic sections of the dual of H defined by a family currents with compact
support in fibres.
Now we are ready to state the main application of our main theorem:
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Corollary 2.15. — Assume that D satisfies (A1) and (A2). If D is
Stein and iΘ(L, h) > 0 on D then
log ||f || : t 7→ log ||f t ||

(2.30)

is plurisubharmonic for every holomorphic section f of the dual of H.
Remark. — If we choose f t as a fixed Dirac measure then we get the
plurisubharmonicity of the Bergman kernel [3]. In Section 5, we shall also
use Corollary 2.15 to study variation of the deriatives of the Bergman
kernel.
Triviality and flatness. In case every fibre Dt is compact without
boundary, we know that the criterions for flatness of H are quite usefull in the study of the uniqueness problems of extremal Kähler metrics
(see [5, 10]). In our case, we call H a flat bundle if
Θj k̄ u ≡ 0, ∀ 1 6 j, k 6 m.

(2.31)

for every smooth section u of H. From Proposition 1.4, one may guess
that flatness of H should be related to triviality of the fibration π. Let us
introduce the following definition as a generalization of Definition 1.3.
Definition 2.16. — Assume that D satisfies (A1) and (A2). We call
{Dt }t∈B a trivial family, or D is trivial, if there exists a biholomorphic
mapping Φ : D0 × B → D such that
Φ(D0 × {t}) = Dt , ∀ t ∈ B,

(2.32)
j

and Φ∗ (∂/∂t ) extends to a smooth (1, 0)-vector field on X for every 1 6
j 6 m.
The following theorem can be seen as a generalization of Proposition 1.5:
Theorem 2.17. — Assume that D satisfies (A1) and (A2). Assume
further that the total space D is Stein. If KX /B + L is trivial on each fibre
of π and Θ(L, h) ≡ 0 on D then flatness of H and triviality of D are
equivalent.
As a direct corollary of Theorem 2.17, we have
Corollary 2.18. — Let D0 be a smooth domain in C. Let
(2.33)

F : (t, z) 7→ (t, z + a(t)z̄)

be a mapping from B × D0 to B × C. Assume that a is holomorphic on B
and
(2.34)

|a| < 1, on B, a(0) = 0.

ANNALES DE L’INSTITUT FOURIER

CURVATURE FORMULA

285

Then {F ({t} × D0 )}t∈B is a trivial family if and only if a ≡ 0 on B.
Remark. — One may also give a direct proof of Corollary 2.18 by introducing the notion of Kodaira–Spencer class for deformations with boundary, we leave it to the interested reader.

3. Geodesic curvature and interpolation family
In this section, we shall give two proofs of Lemma 2.9 and show that our
Definition of interpolation family (see Definition 2.10) is compatible with
the usual definition of interpolation family of Hermitian norms on Cn for
n > 1.
Relation with Levi-flatness. By the definition of the geodesic curvature θj k̄ (ρ) (see Definition 2.8) of {∂Dt }, we have:
Assume that every fibre Dt is one dimensional. Then {Dt } is an interpolation family if and only if the boundary of D is Levi flat.
For higher fibre dimension case, the criterion for interpolation family
(see [45] and references therein) is not so obvious. We will give a study of
it in Section 3.3. Let us prove our Key Lemma first.

3.1. First proof of Lemma 2.9
Since Vj is a lift of ∂/∂tj , locally one may write,
X
(3.1)
Vj = ∂/∂tj −
vjλ ∂/∂µλ .
Put ψ = − log −ρ. By definition, we know that each Vj is determined by
hVj , ∂/∂µν ii∂∂ψ ≡ 0, on D, ∀ 1 6 ν 6 n,
thus
(3.2)

vjλ =

X

ψj ν̄ ψ ν̄λ , on D.

Fibre dimension one case. If n = 1, by direct computation, we have
∂
ρj ρµ̄ − ρρj µ̄ ∂
.
(3.3)
Vj := j −
∂t
|ρµ |2 − ρρµµ̄ ∂µ
By Assumption (A2), ρµ has no zero point near the boundary and ρµµ̄ > 0
near the boundary, thus Vj is smooth up to the boundary of D. Furthermore, (3.3) implies that Vj (ρ) = 0 on {ρ = 0}. Notice that, in case n = 1,
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every tangent vector field on ∂D is horizontal with respect to the Levi-form
on ∂D. Thus we know that if n = 1 then Vj |∂D is the horizontal lift of ∂/∂tj
with respect to the Levi-form.
General case. The general case can also be proved by direct computation (see the second proof below). But there is also a simple proof as
follows: If n > 2, fix x0 ∈ ∂D0 , then by Assumption (A2), (ρλν̄ )(x0 ) is a
positive definite matrix, thus one may choose local coordinates around x0
such that
(ρλν̄ (x0 )) = In , ρν (x0 ) = 0, ∀ ν > 2,
where In is the identity matrix. Now we have
ρj ρ1̄ − ρρj 1̄
ρj
(x0 ) = (x0 ), vjλ (x0 ) = ρj λ̄ (x0 ), ∀ λ > 2.
vj1 (x0 ) =
|ρ1 |2 − ρ
ρ1
By Assumption (A2), we know that ρ1 (x0 ) 6= 0, thus Vj is smooth up to
the boundary and
X
Vj (ρ)(x0 ) = ρj (x0 ) −
vjλ ρλ (x0 ) = ρj (x0 ) − ρj (x0 ) = 0.
Moreover, we have
hVj , ∂/∂µλ ii∂∂ρ (x0 ) = ρj λ̄ (x0 ) − vjλ (x0 ) = 0, ∀ λ > 2,
which implies that each Vj is horizontal with respect to the Levi form. The
proof is complete.

3.2. Second proof of Lemma 2.9
In this subsection, we will give an explicit formula for each Vj . Here we
shall use some computations from [17]. Put
X
X
ρα =
ρβ̄α ρβ̄ , |∂ρ|2 =
|ρα |2 .
By (3.1) and (3.2), we have
(3.4)

Vj = ∂/∂tj −

X

ψj ν̄ ψ ν̄λ ∂/∂µλ ,

where ψ = − log −ρ. One may verify that (see [17])


ρᾱ ρβ
(3.5)
ψ ᾱβ = (−ρ) ρᾱβ +
.
ρ − |∂ρ|2
By direct computation, we have

X
X
ρβ ρj
ρᾱ ρβ ρj ᾱ
ᾱβ
(3.6)
ψj ᾱ ψ ᾱβ = −
+
ρ
ρ
+
.
j ᾱ
ρ − |∂ρ|2
ρ − |∂ρ|2
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From (3.6), we know that each Vj is smooth up to the boundary of D and
is tangent to the boundary of D. By a direct computation, we also have
that each Vj is horizontal with respect to the Levi-form of the boundary of
D. Thus the proof of Lemma 2.9 is complete.

3.3. Geodesic curvature for {∂Dt }
Denote by V̂j the horizontal lift of ∂/∂tj with respect to i∂∂ρ. By the
proof of (3.2), we have
X
∂
∂
ρj ᾱ ρᾱβ β .
(3.7)
V̂j = j −
∂t
∂µ
By (3.4) and (3.6) and a direct computation, we get
(3.8)

θj k̄ (ρ) = hVj , Vk ii∂∂ρ = cj k̄ (ρ) +

|∂ρ|2 V̂j (ρ)V̂k (ρ)
,
(ρ − |∂ρ|2 )2

where
cj k̄ (ρ) := hV̂j , V̂k ii∂∂ρ .

(3.9)
Thus we have:

Proposition 3.1. — Let {Dt } be a smooth family of smoothly bounded
Stein domains. Then
X
X
(3.10)
θj k̄ (ρ)ξ j ξ¯k >
cj k̄ (ρ)ξ j ξ¯k , ∀ ξ ∈ Cm ,
on ∂D. Moreover, θj k̄ (ρ) ≡ cj k̄ (ρ) if and only if each V̂j is tangent to the
boundary of D.

3.4. Relation with interpolation of norms
Let h be a smooth Hermitian norm on the trivial vector bundle B × Cn .
Then for each t ∈ B, ht := h|t×Cn defines a Hermitian norm on Cn . It is
known that {ht } defines an interpolation family if and only if the curvature
of h vanishes identically on B (see Semmes [45]). Denote by Nt the unit
ball in Cn defined by ht . We shall prove that:
Proposition 3.2. — {ht } defines an interpolation family if and only if
the geodesic curvature of {∂Nt } vanishes identically.
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Proof. — Let us write
ht (z) =

X

hαβ̄ (t)z α z̄ β .

By definition,
ρ(t, z) := ht (z) − 1
is a defining function for {∂Nt }. By direct computation, we have that
V̂j (ρ) vanishes identically. Thus by Proposition 3.1, the geodesic curvature,
θj k̄ (ρ), of {∂Nt } is equal to cj k̄ (ρ). By (3.9),
X
(3.11)
cj k̄ (ρ) = hV̂j , V̂k ii∂∂ρ = ρj k̄ −
ρj ᾱ ρᾱβ ρk̄β ,
thus we have
(3.12)

θj k̄ (ρ) =

X

hαβ̄,j k̄ −

X


hαλ̄,j hλ̄ν hν β̄,k̄ z α z̄ β .

Thus θj k̄ (ρ) vanishes identically if and only if
X
(3.13)
hαβ̄,j k̄ −
hαλ̄,j hλ̄ν hν β̄,k̄ ≡ 0, on B.
Notice that (3.13) is equivalent to that the curvature of h vanishes identically. The proof is complete.


4. Curvature formula
4.1. Definition of the Chern connection
By Definition 2.4, it suffices to find a linear operator Dtj from Γ(H) to
Γ(H) such that
∂tj (u, v) = (Dtj u, v) + (u, ∂ tj v), ∀ u, v ∈ Γ(H),

(4.1)

is true. By Definition 2.2, the left hand side of (4.1) can be written as
∂tj (π∗ (cn {u, v})),

(4.2)

where u, v are arbitrary representatives (see Definition 2.2) of u, v and
2
cn = in such that cn {u, u} is a positive (n, n)-form on the total space.
Assume that D satisfies (A1) and (A2). Let Vj be the vector fields in
Lemma 2.9. Since Vj (ρ) = 0 on ∂D, by Corollary A.4, we have
∂tj (π∗ {u, v}) = π∗ (LVj {u, v}).

(4.3)
L

Let d be the Chern connection on L. Then we have
d{u, v} = {dL u, v} + (−1)n {u, dL v}.
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Using Cartan’s formula,
LVj = dδVj + δVj d,
we get that
LVj {u, v} = {Lj u, v} + {u, Lj̄ v},
where
Lj := dL δVj + δVj dL ,
and
Lj̄ := dL δV̄j + δV̄j dL .
Since v is an (n, 0)-form, we have
Lj̄ v = δV̄j ∂v,

(4.4)

By (2.5), we know that Lj̄ v is a representative of ∂ tj v. Thus we have
(4.5)

∂tj (u, v) = π∗ (cn {Lj u, v}) + (u, ∂ tj v), ∀ u, v ∈ Γ(H).

Notice that the (n, 0)-part of Lj u can be written as
(∂φ δVj + δVj ∂φ )u,

(4.6)

where ∂φ denotes the (1, 0)-component of dL . Thus we have

π∗ (cn {Lj u, v})(t) = i∗t (∂φ δVj + δVj ∂φ )u, v t .
Assumption (A2) implies that
{v t : v ∈ Γ(H)}.

(4.7)

is dense in the Hilbert space Ht (see the proof of Lemma 4.7 below).
Thus there is a unique element, say σ t , in Ht such that

(4.8)
i∗t (∂φ δVj + δVj ∂φ )u, v t = (σ t , v t ),
which implies that there is a unique element, σ t , in Ht such that
∂tj (u, v) = (σ t , v t ) + (u, ∂ tj v), ∀ u, v ∈ Γ(H).

(4.9)

Thus by Definition 2.4, we know that: H has a Chern connection if and
only if
σ : t → σt ,
defines a smooth section of H, i.e.
σ ∈ Γ(H).
By (4.8), σ is the Bergman projection to Ht of i∗t ((∂φ δVj + δVj ∂φ )u). Thus
by Hamilton’s theorem (see [24, 27, 28] or Appendix A.2), if {Dt } is a
smooth family of smoothly bounded Stein domains then σ ∈ Γ(H) and
t

(4.10)
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Thus we have:
Proposition 4.1. — If D satisfies (A1) and (A2) then the Chern connection is well defined on H.
Now we are ready to compute the curvature of the Chern connection
of H. First we shall show how to get a curvature formula for holomorphic
sections of H.

4.2. Curvature formula for holomorphic sections
Let u1 , · · · , um be holomorphic sections (see Definition 2.3) of H. By
definition of the Chern connection and (2.7), we have
(4.11)

(Θj k̄ uj , uk ) = (Dtj uj , Dtk uk ) − (uj , uk )j k̄ .

By (4.5), we have
(4.12)

(uj , uk )j k̄ = π∗ (cn {Lj uj , Lk uk }) + π∗ (cn {Lk̄ Lj uj , uk }).

Since each uj is a holomorphic section, we have i∗t (Lk̄ uj ) = (∂ tk uj )(t) ≡ 0.
Thus
(4.13)

π∗ {Lj Lk̄ uj , uk } = ∂tj π∗ {Lk̄ uj , uk } − π∗ {Lk̄ uj , Lj̄ uk } ≡ 0,

which implies that
(4.14)

(uj , uk )j k̄ = π∗ (cn {Lj uj , Lk uk }) − π∗ (cn {[Lj , Lk̄ ]uj , uk }).

We shall use the following formula:
Proposition 4.2.
[Lj , Lk̄ ] = dL δ[Vj ,V̄k ] + δ[Vj ,V̄k ] dL + hVj , Vk iiΘ(L,h) .
Proof. — By definition, locally we have
Lj = LVj − Vj (φ), Lk̄ = LV̄k .
Thus
[Lj , Lk̄ ] = [LVj , LV̄k ] − [Vj (φ), LV̄k ] = L[Vj ,V̄k ] + V̄k Vj (φ).
By Cartan’s formula, we have
L[Vj ,V̄k ] = dL δ[Vj ,V̄k ] + δ[Vj ,V̄k ] dL + δ[Vj ,V̄k ] ∂φ,
Thus


[Lj , Lk̄ ] − dL δ[Vj ,V̄k ] + δ[Vj ,V̄k ] dL = δ[Vj ,V̄k ] ∂φ + V̄k Vj (φ).
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By direct computation, we have
(4.15)

δ[Vj ,V̄k ] ∂φ + V̄k Vj (φ) = hVj , Vk iiΘ(L,h) .


Thus the proposition follows.
Now we can prove the following:

Lemma 4.3. — If iΘ(L, h)|Dt > 0, ∀ t ∈ B, then
X
X
(4.16)
π∗ (cn {[Lj , Lk̄ ]uj , uk }) = ||c||2iΘ(L,h)|D + B +
(cj k̄ (h)uj , uk ),
t

where c is defined by (2.24) and B is the boundary term defined by
XZ
B :=
θj k̄ (ρ)huj , uk idσ
∂Dt

If iΘ(L, h) ≡ 0 on D then
X
(4.17)
π∗ (cn {[Lj , Lk̄ ]uj , uk }) = B.
Proof. — By the above proposition, we have
X Z
X
cn
(4.18)
π∗ (cn {[Lj , Lk̄ ]uj , uk }) =
∂Dt

{δ[Vj ,V̄k ] uj , uk } + I,

where
I :=

(4.19)

X
(hVj , Vk iiΘ(L,h) uj , uk ).

Now the boundary term can be written as
X Z
XZ
cn
{δ[Vj ,V̄k ] uj , uk } =
∂Dt

∂Dt

(δ[Vj ,V̄k ] ∂ρ)huj , uk idσ.

We shall prove δ[Vj ,V̄k ] ∂ρ = θj k̄ (ρ) on ∂D. In fact, by (4.15), we have
δ[Vj ,V̄k ] ∂ρ + V̄k Vj (ρ) = hVj , Vk ii∂∂ρ ,
and by our key lemma, Vj |∂D = Vjρ , thus V̄k Vj (ρ) ≡ 0 on ∂D and
δ[Vj ,V̄k ] ∂ρ ≡ θj k̄ (ρ), on ∂D.
Thus
(4.20)

B=

X

Z
cn
∂Dt

{δ[Vj ,V̄k ] uj , uk }.

and (4.18) implies (4.17). Now let us prove (4.16): By (2.13), we have
hVj , Vk iiΘ(L,h) = cj k̄ (h) + hVj − Vjh , Vk − Vkh iiΘ(L,h)|Dt .
Since
(Vj − Vjh ) y (iΘ(L, h)|Dt ) = ((Vj − Vjh ) y iΘ(L, h))|Dt = (Vj y iΘ(L, h))|Dt ,
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by (2.24), we have
I=

(4.21)

X

(cj k̄ (h)uj , uk ) + ||c||2iΘ(L,h)|D .
t



Thus (4.16) follows.
By (4.11) and (4.14), we have
(4.22) (Θj k̄ uj , uk ) = π∗ (cn {[Lj , Lk̄ ]uj , uk })
+ (Dtj uj , Dtk uk ) − π∗ (cn {Lj uj , Lk uk }).

Let aj be the (n, 0)-part of i∗t (Lj uj ) and bj be the (n−1, 1)-part of i∗t (Lj uj ),
i.e.
aj = i∗t (∂φ δVj + δVj ∂φ )uj = i∗t [∂φ , δVj ]uj ,
and
bj = i∗t (∂δVj + δVj ∂)uj = (∂Vj )|Dt y uj .
Then we have
X
X
(4.23) ||
Dtj uj ||2 −
π∗ (cn {Lj uj , Lk uk }) = −||a||2 − π∗ (cn {b, b}),
where b is defined in (2.24) and
X
a=
((Dtj uj )(t) − aj ).
We shall prove that:
Proposition 4.4. — a is the L2 -minimal solution of
t

∂ (a) = ∂φt b + c,

(4.24)

where b and c are defined in (2.24).
Proof. — Since i∗t (∂uj ) ≡ 0 and i∗t (∂φ uj ) ≡ 0, we have
t

(4.25)

∂ aj + ∂φt bj = i∗t (∂[∂φ , δVj ] + ∂φ [∂, δVj ])uj
= i∗t ([∂, [∂φ , δVj ]] + [∂φ , [∂, δVj ]])uj .

Since
(4.26)

[∂, [∂φ , δVj ]] + [∂φ , [∂, δVj ]] + [δVj , [∂, ∂φ ]] ≡ 0,

and [∂, ∂φ ] ≡ Θ(L, h), we get that
(4.27)

t

∂ aj + ∂φt bj = −(Vj y Θ(L, h))|Dt ∧ uj .

Recall that by (4.10), each Dtj uj is just the Bergman projection to Ht of
aj . Thus this proposition follows from (4.27).
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By Lemma 4.3, (4.22) and (4.23), we have
(4.28)
X
XZ
X
(Θj k̄ uj , uk ) =
θj k̄ (ρ)huj , uk idσ +
(cj k̄ (h)uj , uk ) + R0 ,
∂Dt

where
R0 = ||c||2iΘ(L,h)|D − π∗ (cn {b, b}) − ||a||2 .
t

Now let us prove that R0 = R. It is enough to prove that
−π∗ (cn {b, b}) = ||b||2ωt .
But it follows directly from the following lemma:
Lemma 4.5. — b is primitive with respect to ω t := i∂∂(− log −ρ)|Dt .
Proof. — Recall that
b=

X

(∂Vj )|Dt y uj .

Since b is an (n − 1, 1)-form, by definition of primitivity, it suffices to show
that
ω t ∧ b ≡ 0, on Dt .
Thus it is enough to prove that
(4.29)

((∂Vj ) y i∂∂(− log −ρ))|Dt ≡ 0, ∀ 1 6 j 6 m.

By definition of Vj in our Key Lemma, (Vj y i∂∂(− log −ρ))|Dt = 0.
Thus (4.29) is true.

Remark. — Now we know that Theorem 2.11 is true if each uj is a
holomorphic section of H. For finite rank vector bundles, the curvature
operators are always pointwise defined, thus it is enough to find a curvature
formula for holomorphic sections in finite rank case. One may guess that
the same argument also works for the general infinite rank vector bundle.
In the next subsection, we shall prove that at least the curvature operators
for our bundle H are pointwise defined. Thus we know that (4.28) is also
true for general smooth sections of H.

4.3. Curvature formula for general sections
By the above remark, we need to prove that the curvature operators Θj k̄
on H are pointwise defined. We shall use the following two lemmas.
Lemma 4.6. — (Θj k̄ u, v) = (u, Θkj̄ v), ∀ u, v ∈ Γ(H).
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Proof. — By (2.6), we have
(u, v)k̄j = ∂ tk ((Dtj u, v) + (u, ∂ tj v))
= (∂ tk Dtj u, v) + (Dtj u, Dtk v) + (∂ tk u, ∂ tj v) + (u, Dtk ∂ tj v).
On the other hand,
(u, v)j k̄ = ∂tj ((∂ tk u, v) + (u, Dtk v))
= (Dtj ∂ tk u, v) + (Dtj u, Dtk v) + (∂ tk u, ∂ tj v) + (u, ∂ tj Dtk v).
Since (u, v)k̄j ≡ (u, v)j k̄ , the lemma follows by comparing the difference of
the above two equality.

Lemma 4.7. — Assume that D satisfies (A1) and (A2). Fix u ∈ Γ(H)
and t0 ∈ B. Then u|Dt0 can be approximated by holomorphic sections of
H in the following sense:
For every 0 < s < 1, there exists a holomorphic section u(s) of H over
an open neighborhood (may depend on s) of t0 such that
(4.30)

(η, s) 7→ u(s) |Dt0 (η), 0 < s < 1,

(η, 0) 7→ u|Dt0 (η),

is smooth up to the boundary of Dt0 × [0, 1).
Proof. — Fix a sufficiently small ε > 0 and consider
Dts0 := {ζ ∈ π −1 (t0 ) : ρ(t0 , ζ) < εs}.
Let us define u(s) as the Bergman projection to the space of L2 -holomorphic
forms on Dts0 of u|Dts . By Siu’s theorem [46], for every 0 < s < 1, Dts0 has a
0

Stein neighborhood in X . Thus by Cartan’s theorem, every u(s) extends to a
holomorphic section (also denoted by u(s) ) of H over an open neighborhood
of t0 . The regularity properties of {u(s) } follows directly from Hamilton’s
theorem (see Appendix A.2).

Now let us finish the proof of Theorem 2.11. By the above two lemmas,
for every uj ∈ Γ(H), 1 6 j 6 m, t0 ∈ B, we have
(s )

(s )

(Θj k̄ uj , uk )(t0 ) = lim (Θj k̄ uj , uk 1 )(t0 ) = lim (uj , Θkj̄ uk 1 )(t0 )
s1 →0

s1 →0

(s2 )

= lim lim (uj
s1 →0 s2 →0

(s )

, Θkj̄ uk 1 )(t0 )
(s2 )

= lim lim (Θj k̄ uj
s1 →0 s2 →0

(s)

(s)

(s )

, uk 1 )(t0 )

= lim (Θj k̄ uj , uk )(t0 ).
s→0
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(s)

are holomorphic sections of H defined in Lemma 4.7. By our
P
(s)
(s)
curvature formula for holomorphic sections, we know that (Θj k̄ uj , uk )
can be written as
XZ
X
(s)
(s)
(s)
(s)
θj k̄ (ρ)huj , uk idσ +
(cj k̄ (h)uj , uk ) + R(s),
where uj

∂Dt

where
R(s) = ||c(s)||2iΘ(L,h)|D + ||b(s)||2ωt − ||a(s)||2ωt .
t

(s)

Since a(s), b(s) and c(s) only depend on uj |Dt0 , by Lemma 4.7, let s → 0,
we know that (2.27) is true at t0 . Since t0 is an arbitrary point in B, the
proof of Theorem 2.11 is complete.
4.4. Proof of Corollary 2.12
For any fixed t0 ∈ B, one may choose a sufficiently large positive constant
A such that ρ + A|t|2 is strictly plurisubharmonic in a neighborhood of the
closure of D ∩ π −1 (U ), where U is a small neighborhhod of t0 . Now for
every ε > 0,
2
hε := he−ε(ρ+A|t| ) ,
defines a smooth Hermitian metric on L with positive curvature on a neighborhood of the closure of D ∩ π −1 (U ). Denote by Hε the associatied family
of Hilbert spaces with respect to hε . Denote by Θεjk̄ the assocaited curvature operator on Hε . Since the total space D is Stein, we know that θj k̄ is
semi-positive. By the construction of hε , we know that cj k̄ (hε ) is positive
on D ∩ π −1 (U ). Thus our main theorem implies that Hε is Nakano positive
on U . By Hamilton’s theorem, we have
X
X
(Θj k̄ uj , uk )(t0 ) = lim
(Θεjk̄ uj , uk )(t0 ) > 0, ∀ u, v ∈ Γ(H).
ε→0

Thus H is Nakano semi-positive at t0 . Since t0 is an arbitrary point in B,
we know that H is Nakano semi-positive.

5. Curvature of the dual family
In this section, we shall prove our main application Corollary 2.15. As
a direct application, we shall give a plurisubharmonicity property of the
derivatives of the Bergman kernel, which can be seen as a generalization of
Theorem C. In the last part of this section, based on a remarkable idea of
Berndtsson and Lempert [14], we shall show how to use Corollary 2.15 to
study plurisubharmonicity properties of the Bergman projection of currents
with compact support.
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5.1. Proof of Corollary 2.15
Let f be a holomorphic section of the dual of H. By Definition 2.13, we
know that there is a smooth section, say P (f ), of H, such that
f t (ut ) = (ut , P (f )t ),

(5.1)

for every ut ∈ Ht . Moreover, by Definition 2.14, we know that
f (u) : t 7→ f t (ut ),

(5.2)

is a holomorphic function of t if u is a holomorphic section of H. Thus we
have
0 ≡ ∂ tj f (u) = (u, Dtj P (f )),

(5.3)

for every holomorphic section u of H. By Lemma 4.7, we know that
Dtj P (f ) ≡ 0,

(5.4)
which implies that
(5.5)

∂tj ∂ tk (||P (f )||2 ) = (∂ tk P (f ), ∂ tj P (f )) + (Θj k̄ P (f ), P (f )).

By Corollary 2.12, we have
X
(Θj k̄ (ξj P (f )), ξk P (f )) > 0.
for every ξ ∈ Cm . Thus we have
X

∂ tk ∂tj (log ||P (f )||2 )ξj ξ¯k >

||

P¯
P
ξk ∂ tk P (f )||2 |(P (f ), ξ¯k ∂ tk P (f ))|2
−
,
||P (f )||2
||P (f )||4

on
(5.6)

Uf := {t ∈ B : ||P (f )t || > 0}.

By Schwartz inequality, we have
Notice that
(5.7)

P

∂ tk ∂tj (log ||P (f )||2 )ξj ξ¯k > 0 on Uf .

||P (f )|| : t 7→ ||P (f )t || = ||f t ||

is a smooth function on B. Thus log ||P (f )|| = log ||f || is plurisubharmonic
on B. The proof is complete.
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5.2. Variation of the derivatives of the Bergman kernel
For simplicity purposes, we shall only consider the following case:
Pseudoconvex family in Cn . — In this case, X is Cn × B and π is just
the natural projection to B. Assume that D satisfies (A1) and (A2). One
may look at D = {Dt }t∈B as a smooth family of smoothly bounded strongly
pseudoconvex domains in Cn . Moreover, we shall assume that L is a trivial
line bundle over X with Hermitian metric h = e−φ .
Variation formula of the derivatives of the Bergman kernel. Fix
η ∈ D0 , replace B by a smaller ball if necessary, one may assume that
η ∈ Dt , ∀ t ∈ B.

(5.8)
Let us consider
Dα η : f 7→ fα (η) :=

∂ |α| f
(η), ∀ f = f (µ)dµ ∈ Ht ,
(∂µ1 )α1 · · · (∂µn )αn

where α ∈ Nn , |α| := α1 + · · · + αn and dµ is short for dµ1 ∧ · · · ∧ dµn . By
Definition 2.14, we know that every Dα η defines a holomorphic section of
the dual of H. Put
·α η := P (Dα η).
i.e., ·α η is the unique smooth section of H such that
(f, ·α η) = fα (η) ∀ f ∈ Ht .

(5.9)

Let K t (ζ, η)dζ ⊗ dη be the Bergman reproducing kernel of Ht . Then (5.9)
implies that
(5.10) ·0 η = K t (µ, η)dµ, (·β η, ·α ζ) = (·β η)α (ζ) = (·α ζ)β (η) = Kαt β̄ (ζ, η),
where
Kαt β̄ (ζ, η) =

(∂ζ 1 )α1

∂ |α|+|β| K t
(ζ, η).
· · · (∂ζ n )αn (∂ η̄ 1 )β1 · · · (∂ η̄ n )βn

By (5.4), we have
(5.11) Kjtk̄αβ̄ (ζ, η) = ∂tj ∂ tk (·β η, ·α ζ) = ((·β η)k̄ , (·α ζ)j̄ ) + (Θj k̄ (·β η), ·α ζ).
By (2.27), we have
Z
(5.12)

(Θj k̄ (·β η), ·α ζ) =

θj k̄ (ρ)h·β η, ·α ζidσ + (cj k̄ (h)·β η, ·α ζ) + R,
∂Dt

where
(5.13)

R = (c, c0 )i∂∂φ|D + (b, b0 )ωt − (a, a0 )ωt ,
t

TOME 67 (2017), FASCICULE 1

298

Xu WANG

if i∂∂φ|Dt > 0, and
R = (b, b0 )ωt − (a, a0 )ωt ,
if i∂∂φ ≡ 0. Here
ω t = i∂∂(− log −ρ)|Dt ,
and (a, b, c) (resp. (a0 , b0 , c0 )) are forms associated to ·β η (resp. ·α ζ) respectively. Moreover,
t

t

∂ a = ∂φt b + c, ∂ a0 = ∂φt b0 + c0 .
Remark. — Theorem A.5 implies that R is non-negative as a Hermitian
form. Later we shall give an explicit expression of the Hörmander remaining
term R in case i∂∂φ ≡ 0. (thus c = c0 ≡ 0).
Hörmander remaining term for flat weight. Let us assume that
i∂∂φ ≡ 0. By definition, then we have c = c0 ≡ 0. Put
0 = ∂φt (∂φt )∗ + (∂φt )∗ ∂φt ,

(5.14)
We shall prove that:

Lemma 5.1. — If i∂∂φ ≡ 0 on D then
R = (Hb, Hb0 )ωt ,

(5.15)

where Hb denotes the 0 -harmonic part of b.
Proof. — Since i∂∂φ ≡ 0 and ω t is complete Kähler, we know that the
∂-Laplace 00 is equal to 0 . Denote by G the associated Green operator.
Let us omit ω t in (·, ·)ωt , then we have
t

(a, a0 ) = ((∂ )∗ G∂φt b, a0 ) = (G∂φt b, ∂φt b0 ).
t

Since b is primitive and ∂ -closed, we know that b is (∂φt )∗ -closed. Thus b
can be written as
b = Hb + (∂φt )∗ f, ∂φt f = 0.
Now
(a, a0 ) = (G∂φt (∂φt )∗ f, ∂φt b0 ) = (f, ∂φt b0 ) = (b − Hb, b0 ) = (b, b0 ) − (Hb, Hb0 ).
Thus
R = (b, b0 ) − (a, a0 ) = (Hb, Hb0 ).
Recall that
(5.16)

b = (∂Vj )|Dt y (·β η), b0 = (∂Vk )|Dt y (·α ζ).

Thus Lemma 5.1 implies that:
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Theorem 5.2 (Variation Formula of the Bergman Kernel). — The first
order variation formula of the Bergman kernel can be written as
Z
Z
t
n2
n2
(5.17)
Kjαβ̄ (ζ, η) = i
φj {·β η, ·α ζ} − i
δVj {·β η, ·α ζ},
Dt

∂Dt

Moreover, if i∂∂φ ≡ 0 on D then
(5.18)

Kjtk̄αβ̄ (ζ, η)

Z
= ((·β η)k̄ , (·α ζ)j̄ ) +

θj k̄ (ρ)h·β η, ·α ζidσ + (Hb, Hb0 ),

∂Dt

where b = (∂Vj )|Dt y (·β η), b0 = (∂Vk )|Dt y (·α ζ).
Proof. — Notice that (5.18) is a direct consequence of Lemma 5.1. Thus
it suffices to prove (5.17). Notice that (4.3) implies that
Z
t
n2
Kjα
(ζ,
η)
=
i
LtVj {·β η, ·α ζ}.
β̄
Dt

By Cartan’s formula
LtVj = i∗t (dδVj + δVj d),
thus we have
t
Kjα
(ζ, η)
β̄

n2

Z
δVj {·β η, ·α ζ} + i

=i

∂Dt

n2

Z
Dt

∂
{·β η, ·α ζ}.
∂tj

By the reproducing formula,
Z
Z
2
∂
t
n2
{·
η,
·
ζ}
=
2K
in
(ζ,
η)
−
i
φj {·β η, ·α ζ},
α
jαβ̄
j β
Dt ∂t
Dt
which implies (5.17).



Remark. — If α = β = 0 and φ ≡ 0 then (5.17) is Komatsu’s formula
(see [32]). Recently, Berndtsson [11] showed that (5.17) can be used to study
the comparison principle for Bergman kernels. In fact, if D is a product
then (5.17) is just [11, (2.2)].

5.3. Variation of the Bergman projection of currents
In the last section, we discussed the plurisubharmonicity properties of the
Bergman projection of the derivatives of the Dirac measure. Recently, it is
known that the plurisubharmonicity properties of the Bergman projection
of other kind of currents are also very useful (see [14]). In this subsection,
we shall show how to use Corollary 2.15 to study variation of the Bergman
projection of general currents with compact support.
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Smooth family of currents with compact support. Denote by At
the space of smooth sections of KDt + Lt over Dt . Put
A = {At }t∈B .
We shall introduce the notion of the dual of A by using the language of
currents. Denote by A0t the dual space of At , that is the space of L∗t -valued
degree (0, n)-currents with compact support in Dt . Fix f t ∈ A0t , we shall
formally write
Z
f t (ut ) =

f t ∧ ut , ∀ ut ∈ At ,

Dt

even though the (n, n)-current f t ∧ ut may not be integrable in general.
Put
A0 = {A0t }t∈B .
Denote by Supp f t the support of f t . Denote by KX /B the relative canonical
line bundle associated to π, recall that
(5.19)

KX /B := KX − π ∗ KB , KX /B |Dt ' KDt .

We shall introduce the following definiton:
Definition 5.3. — We call f : t → f t ∈ A0t a smooth family of currents
with compact support if
[
(5.20)
Supp f t b D, ∀ K b B,
t∈K

and for every smooth section κ of (KX /B + L)  (KX /B + L∗ ) over
X ×π X := {(x, y) ∈ X × X : π(x) = π(y)},
there exists a smooth section, say uf,κ , of KX /B + L∗ over X such that
(5.21)

f t (κt (v t )) = utf,κ (v t ), ∀ v ∈ C ∞ (X , KX /B + L), t ∈ B.

Remark. — Let us explain the meaning of (5.21). The right hand side
is clear, that is
Z
utf,κ (v t ) :=
utf,κ ∧ v t .
Dt

For the left hand side, by Assumption(A1), the restriction of π to the
closure of D is proper, thus we know that
Z
κt (v t ) : x 7→
κt (x, ·) ∧ v t (·), ∀ x ∈ π −1 (t),
Dt

defines a section in At . Thus f t (κt (v t )) is well defined. Hence (5.21) means
that the current defined by f (κ) is smooth up to the boundary of D.
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Bergman projection of smooth family of currents with compact
support. We shall prove the following proposition:
Proposition 5.4. — Assume that D satisfies (A1) and (A2). Let f :
t → f t ∈ A0t be a smooth family of currents with compact support. Then
f t : ut 7→ f t (ut ), ∀ ut ∈ Ht ,

(5.22)

defines a smooth section of the dual of H in the sense of Definiton 2.13.
Proof. — (5.20) implies that there exists a smooth real function, say χ,
on D such that
[
χ ≡ 1 on
Supp f t , Supp(χ|Dt ) b Dt , ∀ t ∈ B.
t∈B

Denote by K t the Bergman kernel of Ht . Put
χK : (x, y) 7→ χ(x)K π(x) (x, y), ∀ (x, y) ∈ D ×π D.
By Hamilton’s theorem (see Appendix A.2), Assumptions (A1) and (A2)
imply that χK is smooth up to the boundary, i.e., it extends to a smooth
section of (KX /B + L)  (KX /B + L∗ ) over X ×π X . By the reproducing
property of K t , we have
(χK)t (v t ) = (χv)t , ∀ v ∈ Γ(H).
Thus by (5.21), we have
f t (v t ) = f t ((χv)t ) = f t ((χK)t (v t ))
Z
t
t
= uf,χK (v ) =
utf,χK ∧ v t , ∀ v t ∈ Ht .

(5.23)

Dt

Let us write
2

utf,χK ∧ v t = in {v t , P (f )t }, ∀ v t ∈ C ∞ (Dt , KDt + Lt ).
Thus we have
(5.24)

f t ((χK)t (v t )) = (v t , P (f )t ), ∀ v t ∈ C ∞ (Dt , KDt + Lt ).

Since (χK)t (Ht⊥ ) = 0, we have P (f )t ∈ Ht . Thus P (f ) ∈ Γ(H), and
by (5.23), we have
(5.25)

f t (v t )) = (v t , P (f )t ), ∀ v ∈ Γ(H).

By Definition 2.13, we know that f defines a smooth section of the dual
of H.
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Remark. — By Lemma 4.7, if D satisfies (A1) and (A2) then Ht is equal
to the closure of {ut ∈ Ht : u ∈ Γ(H)}. Thus (5.25) implies that
Z
2
t
2
n2
(5.26)
||P (f )|| (t) = sup{|f (u)| : u ∈ Ht , i
{u, u} = 1}.
Dt

By this extremal property, one may generalize Corollary 2.15 to the case
that the metric h on L is singular.

6. Triviality and flatness
In this section, we shall prove Theorem 2.17 and use it to study triviality
of holomorphic motions.

6.1. Proof of Theorem 2.17
Triviality implies flatness. By definition, if D is trivial then one may
assume that the vector fields ∂/∂tj are well defined on D, tangent to the
boundary of D and can be extended to smooth vector fields on X . Thus
we have
θj k̄ (ρ) ≡ 0,

(6.1)

on ∂D. Moreover, in this case b ≡ 0. If Θ(L, h) ≡ 0 then we also have c ≡ 0.
Thus a ≡ 0 and R ≡ 0. By our main theorem, we know that H is flat.
Flatness implies triviality. By Theorem 2.11 and our assumption, we
have
X
XZ
(Θj k̄ uj , uk ) =
θj k̄ (ρ)huj , uk idσ + R,
∂Dt

where R > 0. Moreover, since D is Stein, we have
XZ
θj k̄ (ρ)huj , uk idσ > 0.
∂Dt

Thus if Θj k̄ ≡ 0 then R ≡ 0 and
(6.2)

θj k̄ (ρ) = hVjρ , Vkρ ii∂∂ρ ≡ 0 on ∂D.

Since
(6.3)

hVj , Vk ii∂∂(− log −ρ) =
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and Vj = Vjρ on ∂D, by (6.3) and (6.2), we know that hVj , Vk ii∂∂(− log −ρ) is
smooth up to the boundary of D. We shall use the following lemma, which
follows from
X
(6.4)
Vjψ = ∂/∂tj −
ψj λ̄ ψ λ̄ν ∂/∂µν ,
by direct computation.
Lemma 6.1. — Let ψ be a smooth function on D. Assume that ψ is
strictly plurisubharmonic on each fibre of D. Denote by Vjψ the horizontal
lift of ∂/∂tj with respect to i∂∂ψ. Then
X
[Vjψ , Vkψ ] = 0, [Vjψ , Vkψ ] =
cj k̄ (ψ)λ̄ ψ λ̄ν ∂/∂µν − cj k̄ (ψ)ν ψ λ̄ν ∂/∂ µ̄λ ,
where cj k̄ (ψ) := hVjψ , Vkψ ii∂∂ψ .
Let us apply this lemma to ψ = − log −ρ. Now by definition of Vj in
Lemma 2.9, we have Vj ≡ Vjψ . Since (− log −ρ)λ̄ν ≡ 0 on ∂D. By (6.3) and
the above lemma, we have
(6.5)

[Vj , Vk ] = 0, on D, and [Vj , Vk ] = 0, on ∂D.

on the boundary of D. Moreover, we shall prove that the following lemma
is true.
Lemma 6.2. — Assume that D satisfies (A1) and (A2). Assume further
that KX /B + L is trivial on each fibre of π and Θ(L, h) ≡ 0 on D. If R ≡ 0
then each Vjρ has a smooth extension, say Ṽj , that is holomorphic on fibres
and smooth up to the boundary of D.
If the above lemma is true then by (6.5), we have
[Ṽj , Ṽk ] = [Ṽj , Ṽk ] = 0, on ∂D.
Since Ṽj are holomorphic on fibres, we have
[Ṽj , Ṽk ] =

∂
∂
Ṽk − k Ṽj .
j
∂t
∂ t̄

Thus

∂
Ṽj ≡ 0, on ∂D.
∂ t̄k
Since ∂∂t̄k Ṽj are holomorphic on each fibre, we have
∂
Ṽj ≡ 0, on D.
∂ t̄k
Thus each Ṽj is a holomorphic vector field on D. Moreover,
[Ṽj , Ṽk ] ≡ 0, on ∂D.
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Thus D is trivial. The proof of Theorem 2.17 is complete.



Now let us prove Lemma 6.2:
Proof of Lemma 6.2. — We shall prove that R ≡ 0 implies that every
Vj |∂D (= Vjρ ) has a holomorphic extension to D. Notice that the proof of
Lemma 5.1 implies that
X
R = ||H( (∂Vj )|Dt y uj )||2ωt ,
where ω t = i∂∂(− log −ρ)|Dt . Thus R ≡ 0 implies that Hb ≡ 0. Since ω t is
d-bounded in the sense of Gromov (see [1, 21, 26]), and
X
b :=
(∂Vj )|Dt y uj
is ∂-closed, we know that there exists a smooth Lt -valued (n − 1, 0)-form
t
ut such that ∂ ut = b and
||ut ||ωt 6 2||b||ωt < ∞.
We claim that u : (η, t) 7→ ut (η) is smooth up the boundary of D and u = 0
on ∂D. In fact, if we can show
Z
{f, b} = 0,
(6.6)
Dt

∂φt -closed

for every
Lt -valued (n − 1, 1)-form f that is smooth up to the
boundary of Dt , then ∗b ∈ Im(∂φt )∗ , where ∗ is the Hodge-de Rham operator
with respect to (i∂∂ρ)|Dt and (∂φt )∗ is the adjoint of ∂φt with respect to
(i∂∂ρ)|Dt . By the regularity property of the ∂-Neumann problem (in fact,
in our case, it is Dirichlet problem), one may solve
(∂φt )∗ v t = ∗b.
where v : (η, t) 7→ v t (η) is smooth up to the boundary of D. Since (∂φt )∗ =
t

− ∗ ∂ ∗, we have
t

∂ (− ∗ v t ) = b.
Since v t ∈ Dom(∂φt )∗ , we have v t = 0 on ∂Dt . Thus || − ∗v t ||ωt < ∞. Since
there are no L2 (with respect to ω t ) holomorphic Lt -valued (n − 1, 0)-forms
on Dt , we have ut = − ∗ v t . Thus our claim follows from (6.6).
Now let us prove (6.6). Put ρt = ρ|Dt . Since b is smooth up to the
boundary, we have
Z
Z
Z
(6.7)
{f, b} = lim
{f, b} = lim (−1)n
{f, ut }.
Dt

r→0−
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Since
ωt >

(i∂∂ρ)|Dt
,
−ρ

we know that ||ut ||ωt < ∞ implies that
|ut |2i∂∂ρ|

Z

Dt

Dt

−ρ

(i∂∂ρ)n |Dt
< ∞.
n!

Thus
Z
lim inf
r→0−

{ρt =r}

|ut |2i∂∂ρ| dσ = 0.
Dt

Since f is smooth up to the boundary, we know that
Z
(6.8)
lim (−1)n
f ∧ ūt = 0.
r→0−

{ρt =r}

Thus (6.6) follows from (6.7) and (6.8), and our claim is proved.
By our assumption, KX /B + L is trivial on π −1 (t), thus there exists a
holomorphic section, say e, of KX /B + L, that has no zero point in π −1 (t).
Now fix t ∈ B, 1 6 j 6 m. Put
uj = e, uk = 0, ∀ k 6= j.
t

By our claim, one may solve ∂ ut = (∂Vj )|Dt y e such that ut = 0 on the
boundary. Since e has no zero point in π −1 (t), one may write
ut = V y e, on Dt .
Thus we have
t

∂ (Vj − V ) = 0, on Dt ; Vj − V = Vj on ∂Dt .
Thus Vj |∂Dt has a holomorphic extension, say V˜j |Dt , to Dt . The regularity
property of V˜j follows from the regularity property of ut . The proof is
complete.


6.2. Triviality of holomorphic motions
We shall show how to use Theorem 2.17 to study triviality of holomorphic
motions.
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Basic notions on holomorphic motion. Recall that that if every fibre
Dt is a domain in C then:
∂D is Levi-flat if and only if θj k̄ (ρ) ≡ 0.
It is known that the boundary of the total space of a holomorphic motion
of a planar domain is Levi-flat. Recall that, by definition, a homeomorphism
F : (z, t) 7→ (f (z, t), t),

(6.9)

from D0 × B to D is called a holomorphic motion (see [36]) of D0 (with
total space D) if f (·, 0) is the identity mapping and f (z, ·) is holomorphic
for every fixed z ∈ D0 .
Curvature formula for holomorphic motions. Assume that D0 is a
smooth domain in C and F is smooth up to the boundary. Assume further
that L is trivial and φ ≡ 0 on D. Put
VjF := F∗ (∂/∂tj ) = ∂/∂tj + fj (z, t)∂/∂ζ.
By definition, VjF (ρ) ≡ 0 on ∂D. Thus
VjF = Vj = Vjρ , on ∂D.
Hence we have
||

X

(VjF − Vj ) y uj ||ωt < ∞,

which implies that
X
X
X
(Θj k̄ uj , uk ) = ||H( (∂Vj )|Dt y uj )||2 = ||H( (∂VjF )|Dt y uj )||2 .
Criterion for Θj k̄ ≡ 0 by using the Bergman kernel. Put
J = fz̄ /fz .
Since
∂/∂ ζ̄ = zζ̄ ∂/∂z + zζ ∂/∂ z̄,
and
zζ =

fz
−fz̄
, z =
,
|fz |2 − |fz̄ |2 ζ̄
|fz |2 − |fz̄ |2

we have
(6.10)

(∂VjF )|Dt = (fjz zζ̄ + fj z̄ zζ )dζ̄ ⊗

∂
(fz )2 Jj
∂
=
dζ̄ ⊗
.
∂ζ
|fz |2 (1 − |J|2 )
∂ζ

Thus Θj k̄ ≡ 0 is equivalent to


Z
(fz )2 Jj
(6.11)
(z(ζ, t), t) idζ ∧ dζ̄ = 0.
K t (ζ, η̄)
|fz |2 (1 − |J|2 )
Dt
for every (η, t) in D and every j.
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Proof of Corollary 2.18. — Since J = a(t) now, by (6.11), we know that
Θj k̄ ≡ 0 is equivalent to
Z
aj
K t (ζ, η̄) idζ ∧ dζ̄ = 0.
1 − |a|2 Dt
for every (η, t) in D and every j. But notice that
Z
K t (ζ, η̄) idζ ∧ dζ̄ ≡ 1.
Dt

Thus Θj k̄ ≡ 0 is equivalent to aj ≡ 0 for every j. Since a(0) = 0, we know
that Θj k̄ ≡ 0 is equivalent to a ≡ 0.

Remark. — In [35], Ren Shan Liu showed that if f = z + t2 z̄, then
F (D×D) is not biholomorphic equivalent to the bidisc, where D denotes the
unit disc. Interested readers can find more information on the holomorphic
motion in [49] and [50].

Appendix
A.1. Variation of fibre integrals
Let B be the unit ball in Rm . Let {Dt }t∈B be a family of smoothly
bounded domains in Rn . Put
D := {(t, x) ∈ Rm+n : x ∈ Dt , t ∈ B}.
Assume that there is a real valued function ρ on B × Rn such that for each
t in B, ρ|Dt is a smooth defining function of Dt .
We call {Dt }t∈B a smooth family if there exists a fibre preserving diffeomorphism Φ from B × D0 onto D such that for each 1 6 j 6 m, Φ∗ (∂/∂tj )
extends to a smooth vector field on Rn . Put
(A.1)

[D] := D ∩ (B × Rn ), δD := ∂D ∩ (B × Rn ).

Let dx := dx1 ∧ · · · ∧ dxn be the Euclidean volume form on Rn . Fix a
smooth function f on a neighborhood of [D]. If {Dt }t∈B is a smooth family
then the fibre integrals
Z
F (t) :=
f (t, x)dx
Dt

depend smoothly on t ∈ B. We shall introduce a natural way to compute
the derivatives of F (t) (see [44] for related results). For every fixed j ∈
{1, · · · m}, let
X
∂
∂
Vj := j −
vjλ λ
∂t
∂x
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be a smooth vector field on a neighborhood of [D]. We shall prove that:
Theorem A.3. — Let {Dt }t∈B be a smooth family of smoothly bounded
domain in Rm . Assume that Vj (ρ) = 0 on δD. Then we have
Z
Z
∂F
t
(A.2)
(t) =
LVj (f (t, x)dx) =
LVj (f (t, x)dx) ,
∂tj
Dt
Dt
for every t in B, where LtVj := i∗t (LVj ).
Proof. — Without loss of generality, one may assume that t = 0 and
j = 1. Since V1 (ρ) vanishes on δD, the motion
Φ : (−1, 1) × D0 → Rm
of D0 associated to V1 is compatible with {Dt }, i.e.
Φ(a × D0 ) = Daν , ν = (1, 0, · · · , 0) ∈ Rm ,
for every a ∈ (−1, 1). Since for every fixed a ∈ (−1, 1),
Φa : x 7→ Φ(a, x)
is a C ∞ isomorphism from D0 to Daν , we have
Z
∂F
f (aν, Φa (x))dΦa (x) − f (0, x)dx
(A.3)
(0)
=
lim
06=a→0 D
∂t1
a
0
Since V1 and f are smooth up to the boundary, we have
Z
∂F
f (aν, Φa (x))dΦa (x) − f (0, x)dx
(A.4)
(0)
=
lim
.
1
∂t
a
D0 06=a→0
By definition of Lie derivative,
(A.5)

[(Ψa )∗ (f dx)](0, x) − f (0, x)dx
,
06=a→0
a

LV1 (f (t, x)dx) (0, x) = lim

where
Ψa : (bν, Φb (x)) 7→ (bν + aν, Φb+a (x)), (b, x) ∈ (−1 + |a|, 1 − |a|) × D0 .
Since
i∗0 {[(Ψa )∗ (f dx)](0, x) − f (aν, Φa (x))dΦa (x)} = 0,
(A.2) follows from (A.4) and (A.5).
Now assume that m = 2, put




1
∂
∂
∂
1
∂
∂
∂
:=
−i 2 ,
:=
+i 2 .
∂t
2 ∂t1
∂t
2 ∂t1
∂t
∂ t̄
Let
V =
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∂
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∂t
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be a smooth vector field on a neighborhood of [D]. If V (ρ) vanishes on
δD, then both 2 Re V and −2 Im V satisfy the assumption of Theorem A.3.
Thus we have:
Corollary A.4. — If V (ρ) vanishes on δD then
Z
Z
∂F
∂F
t
(t) =
LV (f (t, x)dx),
(t) =
LtV (f (t, x)dx),
∂t
∂ t̄
Dt
Dt
for every t ∈ B.

A.2. Stability of the Bergman kernel
We shall give a short account of Hamilton’s theory on regularity properties of families of non-coercive boundary value problems. By [3, Lemma 2.1],
stability of Bergman kernels follows directly from stability of solutions ut
of a family of ∂-Neumann problems t (·) = f t . But it is not easy to prove
regularity of ut by the standard method. In fact, if we want to use
(A.6)

||t (ut − us )|| = ||f t − f s − (t − s )us ||,

to estimate ||ut − us || then we have to find a natural connection between
the domain of t and the domain of s (i.e., us may not be in the domain
of t ).
Hamilton [28] found a more natural way to study the regularity properties
of families of non-coercive boundary value problems (not only for the ∂Neumann problem). For reader’s convenience we give a sketch description
of Hamilton’s idea.
Instead of considering t (whose domain satisfies the so called ∂-Neumann
ft (whose docondition), Hamilton considered the full Laplace operator 
main contains all forms smooth up to the boundary). Let ut be a form
ft (ut ) could
smooth up to the boundary. In general, the Sobolev norm of 
not control the Sobolev norm of ut . In fact, ut has to be in the domain of
t (see [22]). Thus two more operators (sending forms on Dt to forms on
the boundary of Dt ) are used in Hamilton’s paper, i.e., he considered the
full ∂-Neumann problem


ft , (∂ t ρ)∨, (∂ t ρ) ∨ ∂ t (·) = f t ,
(A.7)
St (·) := 
where
t

t

(∂ ρ)∨ := (∂ ρ ∧ ·)∗ .
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∞
Now the domain of St is C•,•
(Dt ) for each t. Choose a C ∞ trivialization
mapping
B × D0 ' D,
∞
then the domain of St can be seen as a fixed space C•,•
(D0 ). Moreover,
t
by [28], the constant in the basic estimates for S can be chosen to be
independent of t ∈ B. Thus (A.6) applies. The interested reader is referred
to that paper for further information and a clear proof.

A.3. L2 -estimate for ∂a = ∂φ b + c
We shall prove a generalization of Demailly’s theorem (see [6, 19, 29]) in
this section.
Theorem A.5. — Let (L, h) be a Hermitian line bundle over an ndimensional complete Kähler manifold (X, ω). Let v be a smooth ∂-closed
L-valued (n, 1)-form. Assume that
iΘ(L, h) > 0 on X, (resp. iΘ(L, h) ≡ 0 on X)
and
I(v) :=

inf

v=∂φ b+c

||b||2ω + ||c||2iΘ(L,h) < ∞, (resp. I(v) := inf ||b||2ω < ∞).
v=∂φ b

Then there exists a smooth L-valued (n, 0)-form a on X such that ∂a = v
and
||a||2ω 6 I(v).

(A.8)

Proof. — We shall only prove the iΘ(L, h) > 0 case, since the iΘ(L, h) ≡ 0
case can be proved by a similar argument. By Hörmander’s theorem and
the standard density lemma for complete Kähler manifold, it suffices to
prove that,
(A.9)

∗

|(∂φ b + c, g)ω |2 6 (||b||2ω + ||c||2iΘ(L,h) )(||∂ g||2ω + ||∂g||2ω ),

for every smooth L-valued (n, 1)-form g with compact support in X. Notice
that
(∂φ b + c, g)ω = (b, ∂φ∗ g)ω + (c, g)ω .
Hence
|(∂φ b + c, g)ω |2 6 (||b||2ω + ||c||2iΘ(L,h) )(||∂φ∗ g||2ω + ([iΘ(L, h), Λω ]g, g)ω ),
where Λω denotes the adjoint of ω∧. Thus (A.9) follows from the Bochner–
Kodaira–Nakano formula. The proof is complete.


ANNALES DE L’INSTITUT FOURIER

CURVATURE FORMULA

311

BIBLIOGRAPHY
[1] B. Berndtsson, “The extension theorem of Ohsawa-Takegoshi and the theorem of
Donnelly-Fefferman”, Ann. Inst. Fourier 46 (1996), no. 4, p. 1083-1094.
[2] ——— , “Prekopa’s theorem and Kiselman’s minimum principle for plurisubharmonic functions”, Math. Ann. 312 (1998), no. 4, p. 785-792.
[3] ——— , “Subharmonicity properties of the Bergman kernel and some other functions associated to pseudoconvex domains”, Ann. Inst. Fourier 56 (2006), no. 6,
p. 1633-1662.
[4] ——— , “Curvature of vector bundles associated to holomorphic fibrations”, Ann.
Math. 169 (2009), no. 2, p. 531-560.
[5] ——— , “Positivity of direct image bundles and convexity on the space of Kähler
metrics”, J. Diff. Geom. 81 (2009), no. 3, p. 457-482.
[6] ——— , “An introduction to things ∂”, in Analytic and algebraic geometry,
IAS/Park City Math., vol. 17, Providence, RI, 2010, p. 7-76.
[7] ——— , “Strict and nonstrict positivity of direct image bundles”, Math. Z. 269
(2011), no. 3-4, p. 1201-1218.
[8] ——— , “Convexity on the space of Kähler metrics”, Ann. Fac. Sci. Toulouse 22
(2013), no. 4, p. 713-746.
[9] ——— , “The openness conjecture for plurisubharmonic functions”, http://arxiv.
org/abs/1305.5781, 2013.
[10] ——— , “A Brunn-Minkowski type inequality for Fano manifolds and some uniqueness theorems in Kähler geometry”, Invent. Math. 200 (2014), no. 1, p. 149-200.
[11] ——— , “A comparison principle for Bergman kernels”, http://arxiv.org/abs/
1501.02440, 2015.
[12] ——— , “The Openness Conjecture and Complex Brunn-Minkowski Inequalities”,
in Complex Geometry and Dynamics, Abel Symposia, vol. 10, Springer, 2015, p. 2944.
[13] B. Berndtsson & R. J. Berman, “Convexity of the K-energy on the space of Kähler
metrics and uniqueness of extremal metrics”, http://arxiv.org/abs/1405.0401,
2015.
[14] B. Berndtsson & L. Lempert, “A proof of the Ohsawa-Takegoshi theorem with
sharp estimates”, http://arxiv.org/abs/1407.4946, 2014.
[15] B. Berndtsson & M. Paun, “Bergman kernels and the pseudoeffectivity of relative
canonical bundles”, Duke Math. J. 145 (2008), no. 2, p. 341-378.
[16] H. J. Brascamp & E. H. Lieb, “On extensions of the Brunn-Minkowski and
Prekopa-Leindler theorems, including inequalities for log concave functions, and
with an application to the diffusion equation”, J. Funct. Anal. 22 (1976), p. 366389.
[17] Y. J. Choi, “A study of variations of pseudoconvex domains via Kähler-Einstein
metrics”, Math. Z. 281 (2015), no. 1-2, p. 299-314.
[18] J.-P. Demailly, “Complex analytic and differential geometry”, Book available
from the author’s homepage https://www-fourier.ujf-grenoble.fr/~demailly/
documents.html.
[19] ——— , “Estimations L2 pour l’opérateur ∂¯ d’un fibré vectoriel holomorphe semipositif au-dessus d’une variété kählérienne complète”, Ann. Sci. Éc Norm. Sup. 15
(1982), p. 457-511.
[20] S. K. Donaldson, “Symmetric spaces, Kähler geometry and Hamiltonian dynamics”, in Northern California Symplectic Geometry Seminar, Amer. Math. Soc.
Transl. Ser. 2, vol. 196, Amer. Math. Soc., 1999, p. 13-33.

TOME 67 (2017), FASCICULE 1

312

Xu WANG

[21] H. Donnelly & C. Fefferman, “L2 −cohomology and index theorem for the
Bergman metric”, Ann. Math. 118 (1983), p. 593-618.
[22] G. B. Folland & J. J. Kohn, The Neumann problem for the Cauchy-Riemann complex, Ann. Math. Studies, vol. 75, Princeton University Press, 1972, viii+146 pages.
[23] T. Geiger & G. Schumacher, “Curvature of higher direct image sheaves”, http:
//arxiv.org/abs/1501.07070, 2015.
[24] R. E. Greene & S. G. Krantz, “Deformation of complex structures, estimates
for the ∂-equation, and stability of the Bergman kernel”, Adv. Math. 43 (1982),
p. 1-86.
[25] P. Griffiths, Topics in transcendental algebraic geometry, Annals of Mathematics
Studies, vol. 106, Princeton University Press, 1984, viii+316 pages.
[26] M. Gromov, “Kähler hyperbolicity and L2 -Hodge theory”, J. Diff. Geom. 33
(1991), no. 1, p. 263-292.
[27] R. S. Hamilton, “Deformation of complex structures on manifolds with boundary.
I. The stable case”, J. Diff. Geom. 12 (1977), p. 1-45.
[28] ——— , “Deformation of complex structures on manifolds with boundary. II. Families of noncoercive boundary value problems”, J. Diff. Geom. 14 (1979), p. 409-473.
[29] L. Hörmander, An introduction to complex analysis in several variables, 2nd ed.,
North-Holland Mathematical Library, vol. 7, Elsevier, 1973, 213 pages.
[30] K. Kodaira, Complex manifolds and deformation of complex structures,
Grundlehren der Mathematischen Wissenschaften, vol. 283, Springer-Verlag, 1986,
x+465 pages.
[31] K. Kodaira & D. C. Spencer, “On deformations of complex analytic structures,
III. Stability theorems for complex structures”, Ann. Math. 71 (1960), p. 43-76.
[32] G. Komatsu, “Hadamard’s variational formula for the Bergman kernel”, Proc.
Japan Acad. 58 (1982), p. 345-348.
[33] L. Lempert & R. Szőke, “Direct Images, Fields of Hilbert Spaces, and Geometric
Quantization”, Commun. Math. Phys. 327 (2014), no. 1, p. 49-99.
[34] K. Liu & X. Yang, “Curvatures of direct image sheaves of vector bundles and
applications”, J. Diff. Geom. 98 (2014), no. 1, p. 117-145.
[35] R. S. Liu, “A property of the graph of a holomorphic motion”, J. Fudan Univ. 47
(2008), no. 2, p. 172-176, in Chinese.
[36] R. Màñé, P. Sad & D. Sullivan, “On the dynamics of rational maps”, Ann. Éc.
Norm. Supér. 16 (1983), p. 193-217.
[37] T. Mabuchi, “K-energy maps integrating Futaki invariants”, Tohoku Math. J. 38
(1986), no. 1-2, p. 575-593.
[38] F. Maitani, “Variations of meromorphic differentials under quasiconformal deformations”, J. Math. Kyoto Univ. 24 (1984), p. 49-66.
[39] F. Maitani & H. Yamaguchi, “Variation of Bergman metrics on Riemann surfaces”,
Math. Ann. 330 (2004), no. 3, p. 477-489.
[40] C. Mourougane & S. Takayama, “Hodge metrics and positivity of direct images”,
J. Reine Angew. Math. 606 (2007), p. 167-178.
[41] ——— , “Hodge metrics and the curvature of higher direct images”, Ann. Éc. Norm.
Supér. 41 (2008), no. 6, p. 905-924.
[42] T. Ohsawa & K. Takegoshi, “On the extension of L2 holomorphic functions”,
Math. Z. 195 (1987), p. 197-204.
[43] A. Prekopa, “On logarithmic concave measures and functions”, Acad. Sci. Math.
34 (1973), p. 335-343.
[44] G. Schumacher, “Positivity of relative canonical bundles and applications”, Invent.
Math. 190 (2012), no. 1, p. 1-56.

ANNALES DE L’INSTITUT FOURIER

CURVATURE FORMULA

313

[45] S. Semmes, “Interpolation of Banach spaces, differential geometry and differential
equations”, Rev. Mat. Iberoam. 4 (1988), no. 1, p. 155-176.
[46] Y. T. Siu, “Every Stein subvariety admits a Stein neighborhood”, Invent. Math.
38 (1976), p. 89-100.
[47] ——— , “Curvature of the Weil-Petersson metric in the moduli space of compact
Kähler-Einstein manifolds of negative first Chern class”, in Contributions to Several Complex Variables, Proc. Conf. Complex Analysis, Notre Dame/Indiana, 1984,
Aspects Math., vol. E9, Vieweg, 1986, p. 261-298.
[48] ——— , “Extension of twisted pluricanonical sections with plurisubharmonic weight
and invariance of semipositively twisted plurigenera for manifolds not necessarily
of general type”, in Complex Geometry, Springer, Berlin, 2002, p. 223-277.
[49] Z. Slodkowski, “Holomorphic motions and polynomial hulls”, Proc. Amer. Math.
Soc. 111 (1991), no. 2, p. 347-355.
[50] D.-P. Sullivan & W.-P. Thurston, “Extending holomorphic motions”, Acta
Math. 157 (1986), p. 243-286.
[51] D. V. Tran, “Direct images as Hilbert fields and their curvatures”, PhD Thesis,
Purdue University, USA, 2014.
[52] H. Tsuji, “Variation of Bergman kernels of adjoint line bundles”, http://arxiv.
org/abs/math/0511342, 2005.
[53] X. Wang, “Variation of the Bergman kernels under deformations of complex structures”, http://arxiv.org/abs/1307.5660, 2013.
Manuscrit reçu le 6 octobre 2015,
révisé le 20 décembre 2015,
accepté le 14 juin 2016.
Xu WANG
Fudan University
School of Mathematical Sciences
Shanghai, 200433 (China)
wangxu1113@gmail.com
Current address:
Chalmers University of Technology and University
of Gothenburg
Department of Mathematical Sciences
SE-412 96 Gothenburg (Sweden)
xuwa@chalmers.se

TOME 67 (2017), FASCICULE 1

