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ON THE CANCELLATION PROBLEM FOR
ALGEBRAIC TORI

by Adrien DUBOULOZ (*)

Dedicated to Wlodek Danielewski.

ABSTRACT. — We address a variant of Zariski Cancellation Problem, asking
whether two varieties which become isomorphic after taking their product with
an algebraic torus are isomorphic themselves. Such cancellation property is easily
checked for curves, is known to hold for smooth varieties of log-general type by
virtue of a result of Iitaka-Fujita and more generally for non Al-uniruled varieties.
We show in contrast that for smooth affine factorial Al-ruled varieties, cancellation
fails in any dimension bigger than or equal to two.

RESUME. — Nous considérons une variante du Probléme de Simplification de
Zariski pour les tores algébriques: deux variétés algébriques dont les produits car-
tésiens avec un méme tore algébrique sont isomorphes sont-elles isomorphes 7 Un
argument élémentaire montre que les courbes algébriques possedent cette propriété
de simplification. Un résultat trés général de simplification du a litaka et Fujita
implique qu’il en est de méme pour les variétés de type log-général ou non Ai—
réglées. Dans cet article, nous construisons en toute dimension supérieure ou égale
4 deux des couples de variétés factorielles Al-réglées ne possédant pas la propriété
de simplification par des tores.

Since the late seventies, the Cancellation Problem is usually understood
in its geometric form as the question whether two algebraic varieties X and
Y with isomorphic cylinders X x A' and Y x A! are isomorphic themselves.
This problem is intimately related to the geometry of rational curves on
X and Y: in particular, if X or Y are smooth quasiprojective and not
Al-uniruled, in the sense that they do not admit any dominant generically
finite morphism from a variety of the form Z x A!, then every isomorphism
®: X x A' 3 Y x A! descends to an isomorphism between X and Y,
a property which is sometimes called strong cancellation. Over an alge-

braically closed field of characteristic zero, the non A'-uniruledness of a
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2622 Adrien DUBOULOZ

smooth quasi-projective variety X is guaranteed in particular by the exis-
tence of nonzero pluri-forms with logarithmic poles at infinity on suitable
projective completions of X. The existence of nonzero such pluri-forms of
highest degree can in turn be read off from the non-negativity of a nu-
merical invariant of X, called its (logarithmic) Kodaira dimension k(X),
introduced by S. Iitaka [12] as the analogue of the usual notion of Ko-
daira dimension for complete varieties. In this setting, it was established
by S. Iitaka et T. Fujita [13] that strong cancellation does hold for a large
class of smooth varieties, namely whenever X or Y has non-negative Ko-
daira dimension. This general result implies in particular that cancellation
holds for smooth affine curves, due to the fact that the affine line A! is the
only such curve with negative Kodaira dimension.

All these assumptions turned out to be essential, as shown by a famous
unpublished example due to W. Danielewski [3] of a pair of non-isomorphic
smooth complex Al-ruled affine surfaces with isomorphic cylinders. The
techniques introduced by W. Danielewski have been sources of progress on
the Cancellation Problem during the last decade but, except for the case of
the affine plane A% which was solved earlier affirmatively by M. Miyanishi
and T. Sugie [17], the question whether cancellation holds for the complex
affine space A™ remains one of the most challenging and widely open prob-
lem in affine algebraic geometry. In contrast, the same question in positive
characteristic was recently settled in the negative by N. Gupta [9], who
checked using algebraic methods developed by A. Crachiola and L. Makar-
Limanov that a three-dimensional candidate constructed by T. Asanuma [1]
is indeed a counter-example.

In this article, we consider another natural cancellation problem in which
A is replaced by the punctured affine line Al ~ Spec(C[z*']) or, more
generally, by an algebraic torus T" = Spec((C[:cljﬂ7 co,xF)), no> 1. The
question is thus whether two, say smooth quasi-projective, varieties X and
Y such that X x T™ is isomorphic to Y x T™ are isomorphic themselves.
When restricted to affine algebraic varieties, this cancellation problem is of
course equivalent to the more algebraic question of the uniqueness of the
coefficient ring in a Laurent polynomial ring. In contrast with the usual
Cancellation Problem, this version seems to have received much less atten-
tion, one possible reason being that the analogue in this context of the Can-
cellation Problem for A", namely the question whether an affine variety X
such that X x T™ is isomorphic to T "™ is itself isomorphic to the torus T",
admits an elementary positive answer derived from the knowledge of the
structure of the automorphism groups of algebraic tori: indeed, the action of
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the torus T™ = Spec(C[M’]) by translations on the second factor of X x T"
corresponds to a grading of the algebra of the torus T"*™ = Spec(C[M])
by the lattice M’ of characters of T™, induced by a surjective homomor-
phism o : M — M’ from the lattice of characters M of T"*t". The kernel
of o is a sub-lattice M" of rank m of M for which we have isomorphisms of
geometric quotients X ~ X x T"/T" ~ T"t™ /T" ~ T™ = Spec(C[M"]).

Without such precise information on automorphism groups, the question
for general varieties X and Y is more complicated. Of course, appropriate
conditions on the structure of invertible functions on X and Y can be im-
posed to guarantee that cancellation holds (see [6] for a detailed discussion
of this point of view): this is the case for instance when either X or YV
does not have non constant such functions. Indeed, given an isomorphism
®: X x AL B Y x Al, the restriction to every closed fiber of the first
projection pry : X x Al — X of the composition of ® with the second pro-
jection pry : Y x Al — Al induces an invertible function on X, implying
that ® descends to an isomorphism between X and Y as soon as every such
function on X is constant.

But from a geometric point of view, it seems that the cancellation prop-
erty for Al is again related to the nature of affine rational curves contained
in the varieties X and Y, more specifically to the geometry of images of the
punctured affine line Al on them. It is natural to expect that strong cancel-
lation holds for varieties which are not dominantly covered by images of Al,
but this property is harder to characterize in terms of numerical invariants.
In particular, in every dimension > 2, there exist smooth Al-uniruled affine
varieties X of any Kodaira dimension #(X) € {—00,0,1,...,dim X — 1}.
In contrast, a smooth complex affine variety X of log-general type, i.e., of
maximal Kodaira dimension #(X) = dim X, is not Al-uniruled, and an-
other general result of I. Itaka and T. Fujita [13] does indeed confirm that
strong cancellation holds for products of algebraic tori with smooth affine
varieties of log-general type. Combined with the fact that Al is the unique
smooth affine curve of Kodaira dimension 0, this is enough for instance to
conclude that cancellation holds for smooth affine curves.

Our main result, which can be summarized as follows, shows that sim-
ilarly as in the case of the usual Cancellation Problem for A!, these as-
sumptions are essential:

THEOREM. — For every d > 3 and every k € {2,...,d— 1}, there exists
non isomorphic smooth factorial affine Al-uniruled varieties X and Y of
dimension d and Kodaira dimension k with isomorphic Al-cylinders X x Al
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2624 Adrien DUBOULOZ

and Y x Al. Furthermore, there exists non isomorphic smooth factorial
affine surfaces of Kodaira dimension 1 with isomorphic Al-cylinders.

In dimension d > 3 and Kodaira dimension k = d — 1, these families are
obtained in the form of total spaces of suitable Zariski locally trivial Al-
bundles over smooth affine varieties of log-general type. The construction
guarantees the isomorphy between the corresponding Al-cylinders thanks
to a fiber product argument reminiscent to the famous Danielewski fiber
product trick in the case of the usual Cancellation Problem. The two-
dimensional counter-examples are produced along the same lines, at the
cost of replacing the base varieties of the Al-bundles involved in the con-
struction by appropriate orbifold curves. The article is organized as fol-
lows: in the first section, we establish a variant of the litaka-Fujita strong
cancellation Theorem for Zariski locally trivial T™-bundles over smooth
affine varieties of log-general type. This criterion is applied in the second
section to deduce the existence of families of Zariski locally trivial Al-
bundles over smooth affine varieties of log-general type with non isomor-
phic total spaces but isomorphic Al-cylinders. The two-dimensional case
is treated in a separate sub-section. The last section contains a generaliza-
tion of some of these constructions to the cancellation problem for higher
dimensional tori T™ over varieties of dimension at least three, leading in
particular to the existence of counter-examples of arbitrary Kodaira di-
mension k € {2,...,d — 1}, and a complete discussion of the cancellation
problem for Al in the special case of smooth factorial affine surfaces.

1. A criterion for cancellation
1.1. Recollection on locally trivial T"-bundles

In what follows, we denote by T" the spectrum of the Laurent poly-
nomial algebra C[tF',...,tF!] in n variables. We use the notation T™ to
indicate that we consider T" as an algebraic group: the direct product
G}, of n-copies of the multiplicative group G,,. The automorphism group
Aut(T™) of T™ is isomorphic to the semi-direct product T xGL,,(Z), where
T™ acts on T™ by translations and where GL, (Z) acts by (ai;); j=1,...n -

(t1 oo tn) = (TLzy 680 TI 67)-

DEFINITION 1.1. — A Zariski locally trivial T™-bundle over a scheme
X, isan X-schemep : P — X for which every point of X has a Zariski open
neighbourhood U C X such that p~1 (U) ~ U x T™ as schemes over U.
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Isomorphy classes of Zariski locally trivial T"-bundles over X are in
one-to-one correspondence with elements of the Cech cohomology group
HY(X, Aut(T")y), where Aut(T")x denotes the sheaf of groups on the
category of schemes over X equipped with the Zariski topology which as-
sociates to every X-scheme S the group Aut(T™)(S) = Autg(S x T") of
S-automorphisms of S x T™. Letting GL,,(Z) x be the locally constant sheaf
GL,(Z) on X, we derive from the short exact sequence

0—T% =Gy, x = Aut(T")x — GL,(Z)x — 0

of sheaves of groups over X for the Zariski topology the following long
exact sequence of pointed sets in non abelian Cech cohomology

0 — H°(X,T%) — HO(X, Aut(T")x) — H°(X,GL,(Z)x) )

[ﬁfl(x, %) —— H'(X, Aut(T")x) — H'(X,GL,(Z)x)

)

(see e.g. [7, Proposition 3.4.1]). If X is irreducible, then H*(X, GL,(Z)x) =
0 and so, every Zariski locally trivial T"-bundle over X can be equipped
with the additional structure of a principal homogeneous T"-bundle. More-
over, two principal homogeneous T™-bundles have isomorphic underlying
T"-bundles if and only if their isomorphy classes in (X, T%)~ H'(X,T%)
belong to the same orbit of the natural action of HO(X,GL,(Z)x) ~
GL,,(Z) which, for every (a;;); j=1,..n € GLyn(Z), sends the isomorphy class
of the T"-bundle p : P — X with action T x P — P, ((t1, - ,tn),p) —
(t1,...,tn) - p to the isomorphy class of p : P — X equipped with the ac-
tion ((t1,...tn),p) = ((@ij)ij=1,...n - (t1,...,tn)) - p. In other words, for an
irreducible X, isomorphy classes of Zariski locally trivial T™-bundles over
X are in one-to-one correspondence with elements of H*(X,T%)/GL,(Z).

1.2. Cancellation for T"-bundles over varieties of log-general
type

Recall that the (logarithmic) Kodaira dimension x(X) of a smooth com-
plex algebraic variety X is the litaka dimension of the invertible sheaf

wy/(c(log B) = (det QIX/C) ® Ox(B) on a smooth complete model X of

X with reduced SNC boundary divisor B = X \ X. So x(X) is equal to
tr.degc(€D,,50 H (X, wx c(log B)®™)) — 1 if HO(X, wx c(log B)®™) # 0
for sufficiently large m, and, by convention to —oo otherwise. The so-
defined element of {—oc} U {0,...,dimcX} is independent of the choice
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of a smooth complete model (X, B) [12] and coincides with the usual Ko-
daira dimension in the case where X is complete. A smooth variety X such
that x(X) = dim¢X is said to be of log-general type.

The following Proposition is a variant for Zariski locally trivial T"-
bundles of the litaka-Fujita’s strong Cancellation Theorem [13, Theorem 3]
for products of varieties of log-general type with affine varieties of Kodaira
dimension equal to 0, such as algebraic tori T".

PROPOSITION 1.2. — Let X and Y be smooth algebraic varieties and
let p: P — X and q : Q — Y be Zariski locally trivial T"-bundles. If
either X orY is of log-general type then for every isomorphism of abstract
algebraic varieties ® : P = () between the total spaces of P and Q, there
exists an isomorphism ¢ : X =Y such that the diagram

[}
-

S
P
<0

K

®
-
commutes.

Proof. — The proof is very similar to that of [13, Theorem 1]. We may
assume without loss of generality that Y is of log-general type. It enough
to show that g o ® is constant on the fibers of p. Indeed, if so, then there
exists a unique set-theoretic map ¢ : X — Y such that pop = go P,
and the fact that p has local sections in the Zariski topology implies that
@ is actually a morphism. Furthermore, since ® is an isomorphism, ¢ will
be bijective whence an isomorphism by virtue of Zariski Main Theorem |8,
8.12.6]. Now since p : P — X is Zariski locally trivial and x(T™) = 0, it
follows from [12] that for every prime Weil divisor D on X, the Kodaira
dimension £(p~!(Dyeg)) of the inverse image of the regular part of D is
at most equal to dim D. This implies in turn that the restriction of ¢ o ®
to p~1(D) cannot be dominant since otherwise we would have x(Y) <
K(p™ (Dreg)) < dim X = dim Y, in contradiction with the assumption that
k(Y) = dimY. So there exists a prime Weil divisor D’ on Y such that
the image of p~!(D) by @ is contained in ¢~*(D’), whence is equal to
it since they are both irreducible of the same dimension. Now given any
closed point x € X, we can find a finite collection of prime Weil divisors
D, ..., D, such that DiN--- D,, = {x}. Letting D} be a collection of prime
Weil divisors on Y such that ®(p~1(D;)) = ¢~ (D)) for every i = 1,...,n,
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we have

~o({x} x T") ~T".

So the intersection of the D}, ¢ = 1,...,n, consists of a unique closed
point y € Y for which we have by construction ®(p~1(x)) = ¢~ 1(y), as
desired. g

Remark 1.3. — The proof above shows in fact that the conclusion of
the proposition holds under the more geometric hypothesis that either X
or Y is not Al-uniruled, i.e., does not admit any dominant generically
finite morphism from a variety of the form Z x Al. In particular strong
cancellation holds for products of algebraic tori T™ with non Al-uniruled
varieties.

COROLLARY 1.4. — Two smooth curves C and C' admit Zariski locally
trivial T"-bundles p : P — C and p’ : P’ — C’ with isomorphic total
spaces P and P’ if and only if they are isomorphic.

Proof. — 1If either C or C” is of (log-)general type, then the assertion fol-
lows from Proposition 1.2. Note further that C is affine if and only if so is P.
Indeed, p: P — C is an affine morphism and conversely, if P is affine, then
viewing P as a principal homogeneous T™ -bundle with geometric quotient
P//T™ ~ C, the affineness of C follows from the fact that the algebraic
quotient morphism P — P//T = Spec(I'(P,Op)T) is a categorical quotient
in the category of algebraic varieties, so that C' ~ Spec(I'(P, Op)T). Thus
C and C’ are simultaneously affine or projective. In the first case, C' and C’
are isomorphic to either the affine line Al or the punctured affine line Al
which both have a trivial Picard group. So P and P’ are trivial T"-bundles
and the isomorphy of C' and C’ follows by comparing invertible function
on P and P’. In the second case, if either C' or C’ has genus 1, say C’,
then, being rational, the image of a fiber of p: P — C by an isomorphism
® : P 5 P’ must be contained in a fiber of p’ : P’ — C’, and we conclude
similarly as in the proof of the previous proposition that ¢ descends to an
isomorphism between C and C’. a

The automorphism group Aut(X) of a scheme X acts on the set of iso-
morphy classes of principal homogeneous T"-bundles over X via the lin-
ear representation 7 : Aut (X) — GL(H(X,T%)), where for an element
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2628 Adrien DUBOULOZ

¥ € Aut (X), n(¢) maps the isomorphy class of a principal homogeneous
T"-bundle p: P — X to the one of the T"-bundle pr, : P X, x4 X — X.
This action commutes with action of GL,(Z) introduced in page 2625
above, and Proposition 1.2 implies the following characterization:

COROLLARY 1.5. — Opver a smooth variety X of log-general type, the set
HY (X, T%)/(Aut(X) x GL,(Z)) parametrizes isomorphy classes as abstract
varieties of total spaces of Zariski locally trivial T"-bundles p: P — X.

2. Non-Cancellation for the 1-dimensional torus

Candidates for non-cancellation of the 1-dimensional torus T = Al =
Spec(C[t*!]) can be constructed along the following lines: given say a
smooth quasi-projective variety X and a pair of non-isomorphic princi-
pal homogeneous G,,-bundles p : P — X and ¢ : @ — X whose classes
generate the same subgroup of H(X,G,,), the fiber product W = P x x Q
is a principal homogeneous T?-bundle over X, which inherits the structure
of a principal G,,-bundle over P and @ simultaneously, via the first and
the second projection respectively. The pull-back p*P = P xx P — P
of P to itself having a section, it is a trivial G,,-bundle, which implies in
turn that the subgroup of H'(X,G,,) generated by the class of P belongs
to the kernel of p* : H'(X,G,,) - H'(P,G,,). For the same reason, the
subgroup of H'(X,G,,) generated by the class of @ belongs to the ker-
nel of ¢* : HY(X,G,,) — H'(Q,G,,). The assumption that the classes of
P and Q generate the same subgroup of H'(X,G,,) guarantees that the
classes of pry : W ~ p*@Q — P and pry : W ~ ¢*P — Q in H'(P,G,,) and
HY(Q,G,,) respectively are both trivial, and so, we obtain isomorphisms
P xG,, ~W ~ Q x G,, of locally trivial T2-bundles over X.

Then we are left with finding appropriate choices of X and classes in
H'(X,G,,) which guarantee that the total spaces of the corresponding
principal homogeneous G,,-bundles p : P — X and ¢ : Q — X are not
isomorphic as abstract algebraic varieties.

2.1. Non-cancellation for smooth factorial affine varieties of
dimension > 3

A direct application of the above strategy leads to families of smooth
factorial affine varieties of any dimension > 3 for which cancellation fails:

ANNALES DE L’INSTITUT FOURIER



CANCELLATION PROBLEM FOR ALGEBRAIC TORI 2629

ProOPOSITION 2.1. — Let X be the complement of a smooth hypersur-
face D of degree £ in P*, k > 2, such that £ > k + 2 and | (Z/{Z)" | > 3,
and let p: P — X and q : @ — X be the G,,-bundles corresponding to
the line bundles Op« (1) |x and Opx(r) |x, for some r € Z such that 7 €
(Z/07)" \ {1,€ — 1} under the isomorphism H'(X,G,,) ~ Pic(X) ~ Z/(Z.
Then P and @ are not isomorphic as abstract algebraic varieties but P x A}
and Q x Al are isomorphic as schemes over X.

Proof. — The Picard group of X is isomorphic to the group pe ~ Z/{Z
of ¢-th roots of unity, generated by the restriction of Op«(1) to X. Since
r is relatively prime with ¢, Op«(r) |x is also a generator of Pic(X). This
guarantees that P x Al is isomorphic to Q x Al by virtue of the previous
discussion. Since ¢ > k + 2, the divisor Kpx + D is linearly equivalent to a
positive multiple of a hyperplane section, and so X is of log-general type.
We can therefore apply Proposition 1.2 to deduce that for every isomor-
phism of abstract algebraic varieties ® : P = @, there exists an automor-
phism ¢ of X such that P is isomorphic to ¢*@Q as a Zariski locally trivial
Al-bundle over X. In view of Corollary 1.5, this means equivalently that
as a G,,-bundle over X, ©*Q is isomorphic to either P or its inverse P!
in H'(X,G,,). Since the choice of r guarantees that the G,,-bundle Q is
isomorphic neither to P nor to P~!, the conclusion follows from the obser-
vation that the natural action of Aut(X) on H'(X,G,,) is the trivial one.
Indeed, through the open inclusion X — P*, we may consider an automor-
phism ¢ of X as a birational self-map of P* restricting to an isomorphism
outside D. If ¢ is not biregular on the whole P*, then D would be an ex-

1 in particular, D would be birationally ruled, in

ceptional divisor of ¢~
contradiction with the ampleness of its canonical divisor K p guaranteed by
the condition £ > k+ 2. So every automorphism of X is the restriction of a
linear automorphism of the ambient space P*, and since PGL(x + 1) acts

trivially on Pic(IP¥), it follows that Aut(X) acts trivially on Pic(X). O

Example 2.2. — 1In the setting of Proposition 2.1 above, an isomor-
phism P x AL 5 @Q x Al can be constructed “explicitly” as follows. The
complement X C P* = Proj(C|zg,...,x,]) of a smooth hypersurface D
defined by an equation F(zq,...,z,;) = 0 for some homogeneous polyno-
mial of degree £ can be identified with the quotient of the smooth factorial
affine variety X ¢ A*t! with equation F(zo,...,z,) = 1 by the free action
of the group gy = Spec(Cle]/(e* — 1)) of ¢-th roots of unity defined by
e-(zo,...,xx) = (exg,...,exy). The G,,-bundles over X corresponding to
the line bundles Op«(r) |x, r € Z, then coincide with the quotients of the
trivial Al-bundles X x AL = X x Spec(C[t*!]) by the respective j-actions
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€ (o, ., &p,t) = (ex0,...,6Xk,e"t), r € Z. Now let ¢ : @ — X be the
Gpy-bundle corresponding to Opx(r) |x for some r € {2,...,¢ — 2} rela-
tively prime with ¢, and let a,b € Z be such that ar — b¢ = 1. Then the
following isomorphism

$: X x T? = X x Spec(C[tF, uf!]) 5 X x T? = X x Spec(C[tF!, uil])
(t1, ) = (b2, us) = (t1uf, 3 us)

of schemes over X is equivariant for the actions, say pe 1 and pe.,, of p

defined respectively by ¢ - (zo, ..., zx, t1,u1) = (€xq,...,exx,l1,u1) and
€ (o, Tu,to,u2) = (exg,...,eTx, e ta, uz), hence descends to an iso-
morphism

O (X xT?)/pes ~PxAl 5 Qx Al ~ (X x T/,

of schemes over X ~ X /.

2.2. Non-cancellation for smooth factorial affine surfaces

Since the Picard group of a smooth affine curve C' of log-general type is
either trivial if C' is rational or of positive dimension otherwise, there is no
direct way to adapt the previous construction using principal G,,-bundles
over algebraic curves to produce 2-dimensional candidate counter-examples
for cancellation by Al. Instead, we will use locally trivial Al-bundles over
certain orbifold curves C' which arise from suitably chosen Al-fibrations
m: S — C on smooth affine surfaces S.

Let S be a smooth affine surface equipped with a flat fibration 7 : S — C'
over a smooth affine rational curve C whose fibers, closed or not, are all
isomorphic to AL over the corresponding residue fields when equipped with
their reduced structure V). It follows from the description of degenerate
fibers of Al-fibrations given in [16, Theorem 1.7.3] that S admits a relative
completion into a P!-fibered surface 7 : S — C obtained from a trivial P!-
bundle pr; : C' x P! — C with a fixed pair of disjoint sections Hy and H,
by performing finitely many sequences of blow-ups of the following type:
the first step consists of the blow-up of a closed point ¢; € Hyp, i =1,...,s,
with exceptional divisor E;; followed by the blow-up of the intersection
point of Ej; with the proper transform of the fiber F; = pry*(pr;(c;)),
the next steps consist of the blow-up of an intersection point of the last
exceptional divisor produced with the proper transform of the union of F;

D n particular, 7 is an untwisted Al-fibration in the sense of [16, §1.7 p. 201].
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and the previous ones, in such a way that the total transform of Fj is a chain
of proper rational curves with the last exceptional divisors produced, say
E; n;, as the unique irreducible component with self-intersection —1. The
projection pr; : C' x P! — C lifts on the so-constructed surface S to a P!-
fibration 7 : S — C and S isomorphic to the complement of the union of the
proper transforms of Hy and H., and of the divisors F;UFE; 1U---UE; . _1,
i=1,...,s The restriction of 7 to S is indeed an Al-fibration 7 : S — C
with s degenerate fibers ! (pr;(c;)) isomorphic to E; ,, NS ~ Al when
equipped with their reduced structure and whose respective multiplicities
depend on the sequences of blow-ups performed.

It follows in particular from this construction that .S admits a proper
action of the multiplicative group G,, which lifts the one on (C' x P!) \
(Ho U Hy) ~ C x Al by translations on the second factor. The local
descriptions given in [5] can then be re-interpreted for our purpose as the
fact that the Al-fibration 7 : S — C factors through an étale locally trivial
Al-bundle # : S — C over an orbifold curve § : C' — C obtained from
C by replacing the finitely many points ¢y, ..., cs over the which the fiber
7 1(¢;) is multiple, say of multiplicity m; > 1, by suitable orbifold points
¢ depending only on the multiplicity m;. More precisely, C' is a smooth
separated Deligne-Mumford stack of dimension 1, of finite type over C and
with trivial generic stabilizer, which, Zariski locally around §=!(c;) looks
like the quotient stack [Uc,- /Zr,;], where 0c,- — U, is a Galois cover of
order m; of a Zariski open neighborhood U,, of ¢;, totally ramified over ¢;
and étale elsewhere [2].

Example 2.3. — Let G,, act on A2 = Spec(Clz,y]) \ {(0,0)} by ¢ -
(z,y) = (t?z,t%y). The quotient P(2,5) = A%/G,, is isomorphic to P!
and the quotient morphism ¢ : A2 — P! = A2/G,, is an Al-fibration
with two degenerate fibers ¢=*([0 : 1]) and ¢~ 1([1 : 0]) of multiplicities
5 and 2 respectively, corresponding to the orbits of the points (0,1) and
(1,0). In contrast, the quotient stack [A2/G,,] is the Deligne-Mumford
curve P[2,5] obtained from P! by replacing the points [0 : 1] and [1 : 0]
by “stacky points” with respective Zariski open neighborhoods isomorphic
to the quotients [A!/Zs] and [A!/Z,] for the actions of Zs and Zs on
A! = Spec(C[z]) given by z — exp(2in/5)z and 2z +— —z. The quotient
morphism ¢ : A2 — P! factors through the canonical morphism § : A? —
PP[2,5] which is an étale local trivial Al-bundle, and the induced morphism
§: P[2,5] — P! = A2/G,, is an isomorphism over the complement of the
points [0 : 1] and [1 : 0].
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In the next paragraphs, we construct two smooth affine surfaces S; and
Sy with an Al-fibration m; : S; — Al, i = 1,2, factoring through a locally
trivial Al-bundle 7 : S; — A![2,5] over the affine Deligne-Mumford curve
A'[2, 5] obtained from the one P[2, 5] of Example 2.3 above by removing a
general scheme-like point.

The first one S; is equal to the complement in the projective plane P? =
Proj(C[z,y, 2]) of the union of the cuspidal curve Dy = {2° — 3223 = 0}
and the line L, = {z = 0}. Equivalently, S; is the complement in A? =
Spec(Clz,y]) = P2\ L, of the curve D; N A% = {2® — y? = 0}. This curve
being an orbit with trivial isotropy of the G,,-action t-(z,y) = (t?z,t%y) on
A2, the composition of the inclusion S; <+ A2 with the canonical morphism
q: A2 — P[2,5] = [A?/G,,] defines a locally trivial Al-bundle 7; : S; —
P[2,5] \ q(D; N A2) ~ Al[2,5]. The rational pencil & : P2 --» P! induced
by m = § o7 : S; — Al coincide with that generated by the pairwise
linearly equivalent divisors Di, 5L, and 3L, + 2L, where L., L, and
L, denote the lines {x = 0}, {y = 0} and {z = 0} in P? respectively.
A minimal resolution & : S; — P! of & is depicted in Figure 2.1. A
relatively minimal SNC completion (S, B1) of S, with boundary By =
D1 U Hoo,l U H071 U EOO73 U Eoo,l U E071 U E072 ] Eoo,Z U E073, on which
1 extends to a Pl-fibration 71 : S; — P! is then obtained from S; by
contracting the proper transform of L.

The second surface S5 is obtained as follows. In the Hirzebruch surface
p: F3 = P(Op & Op1(—3)) — P! with exceptional section Cp of self-
intersection —3, we choose a section C' of p in the linear system |Cy + 4F,
where F' denotes a general fiber of p, and a section C in the linear system
|Co + 3F| intersecting C' with multiplicity 4 in a unique point pg. The fact
that such pairs of sections exists follows for instance from [4, Lemma 3.2].
Let & : F5 --» P! be the pencil generated by the linearly equivalent divisors
Co+5C and 6Cy +2F, where Fy = p~*(p(po)). Let Dy be a general member
of £ and let Sy C F3 be the complement of Cy U C7; U Dy. A minimal
resolution &5 : S; — P! of & : Fg --» P! is depicted in Figure 2.2. A
relatively minimal SNC completion (Sz, Bs) of S with boundary By =
Dy U HOO’Q @] H012 @] Eoo,l @] E075 UCyU U?:6 EO,ia on which w9 extends
to a morphism 7y : S3 — P! is then obtained from S, by contracting
successively the proper transforms of Cy, Ey 4, Ey 3, Eo2 Eo1. The proper
transform of C' in Sy is a unique (—1)-curve in the fiber 7, ' (72(C)), and
the image of Cy C 7, '(T2(C)) by the successive contractions of C,Eqg,
Ep7 and Eyg is a smooth rational curve of self-intersection 0. Similarly,
Fy is a unique (—1)-curve in 7, '(72(C)) and the image of E., 1 by the
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5

Eocs =3 \Fo2

Figure 2.1. Minimal resolution of the pencil £; : P2 --» P!, The excep-
tional divisors Ey; and E ;, ¢ = 1,...,4, over the respective proper
base points 0 = [0 : 0 : 1] and co = [0 : 1 : 0] of & are numbered
according to the order of their extraction.

contractions of Fj and Ej 5 is a smooth rational curve of self-intersection 0.
Counting the number of points blown-up from F3 and of curves contracted,
we conclude that the smooth projective surface obtained from Sy by making
all these contractions has Picard rank 2, hence is a Hirzebruch surface,
in which the images of Cy and Fu 1 are fibers of a P!-bundle structure
having the images of Hu, 2 and Hp o as disjoint sections. It follows that
Ty : 8o — P! is a P!-fibration which has 7, ' (72(C)) and 7, (72 (Fp))
has unique reducible fibers. By construction, 73 restricts on So to an Al-
fibration mo : So — Al = P!\ ¢(D;) with two degenerate fibers: one
of multiplicity 5 supported by C NSy ~ Al, and one of multiplicity 2
supported by Fy N Sy ~ Al. So by virtue of page 2631, 7, factors through
a locally trivial Al-bundle 79 : Sy — Al[2,5].

PROPOSITION 2.4. — The surfaces S1 and Sy are smooth affine rational
and factorial. They are non isomorphic but S1 x Al is isomorphic to So x Al.

Proof. — Since S is a principal open subset of A%, it is smooth affine
rational and factorial. The smoothness and the rationality of S are also
clear. Since D5 belongs to the linear system 6Cy+20F, it is ample by virtue
of [11, Theorem 2.17]. This implies in turn that Cy+ C; 4 Dy is the support
of an ample divisor, whence that .S; is affine. Since the divisor class group of
F3 is generated by Cy and F', the identity F' ~ 7C7; — Cy — D5 in the divisor
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Dy

Hoz2 = Eo,10 [ &

P!

Figure 2.2. Minimal resolution of the pencil &, : F5 --» P!, The excep-
tional divisors Fus 1, Foo 2 and Ey;, ¢ =1,...,10, over the respective
proper base points co = Fy N Cy and 0 = pg of & are numbered
according to the order of their extraction.

class group of F3 implies that every Weil divisor on .S is linearly equivalent
to one supported on the boundary Fs\ Sy = CoUC;UDs. So Ss is factorial.
By construction, S; and Sy both have the structure of locally trivial Al-
bundles 7; : S; — A'[2,5]. The fiber product W = S; Xg1p25 Sz thus
inherits via the first and the second projection respectively the structure
of an étale locally trivial Al-bundle over S; and S,. Since H (S;, G,,) ~
H(S;,G,,) by virtue of Hilbert’s Theorem 90 and S; is factorial, it follows
that W is simultaneously isomorphic to the trivial Al-bundles S; x AL and
Sy x AL. It remains to check that S; and S, are not isomorphic. Suppose on
the contrary that there exists an isomorphism ¢ : S; = S5 and consider its
natural extension as a birational map ¢ : S, --+ S5 between the smooth
SNC completions (S1, B1) and (Ss, Bz) of S; and Sy constructed above.

Then ¢ must be a biregular isomorphism. Indeed, if either ¢ or ¢=!

) Sa’y
©, is not regular then we can consider a minimal resolution 5.8 X i; S,
of it. By definition of the minimal resolution, there is no (—1)-curve in
the union B of the total transforms of By and By by o and o’respectively
which is exceptional for ¢ and ¢’ simultaneously, and ¢’ consists of the

contraction of a sequence of successive (—1)-curves supported on B. The
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only possible (—1)-curves in B which are not exceptional for o are the
proper transforms of D; and of the two sections Hy 1 and H 1 of the Pl-
fibration 7; : S; — P!, but the contraction of any of these would lead to a
boundary which would no longer be SNC, which is excluded by the fact that
B, is SNC. It follows that every isomorphism ¢ : S 5 Sy is the restriction
of an isomorphism of pairs (S, B1) = (S2, B2). But no such isomorphism
can exist due the fact that the intersection forms of the boundaries B; and
By are different. Thus S; and S are not isomorphic, which completes the
proof. O

3. Complements and open questions
3.1. Non-cancellation for higher dimensional tori

Continuing the same idea as in section 2 above, it is possible to con-
struct more generally pairs of principal homogeneous T"-bundles over a
given smooth variety X whose total spaces become isomorphic after tak-
ing their products with T™ but not with any other lower dimensional
tori. For instance, one can start with two collections {[p1],...,[pn]} and
{lq1);- - -, [gn]} of classes in H!(X, G,,) which generate the same sub-group
G of H'(X,G,,) and consider a pair of principal homogeneous T"-bundles
p: P —= X and ¢ : Q@ — X representing the classes ([p1],...,[pn]) and
([¢1],- - [gn)) in HY(X,Tx) ~ HY(X,G,,)®". Since G is contained in the
kernels of the natural homomorphism p* : H*(X,G,,) — H'(P,G,,) and
¢ HY(X,G,,) = HY(Q,G,,) (see Lemma 3.2), it follows that as a locally
trivial T™ x T"-bundle over X, P X x @ is simultaneously isomorphic to
P x T™ and Q x T". Then again, it remains to make appropriate choices
for X, P and @ which guarantee that for every n’ =0,...,n—1, P x T
and @ X T" are not isomorphic as abstract algebraic varieties.

THEOREM 3.1. — Let k > 2, let £ > k + 2 be a product n > 2 distinct
prime numbers 5 < {1 < --- < £, and let X C P be the complement
of a smooth hypersurface of degree (. Let [p;],[¢;] € HY(X,G,,) =~ pg, i =
1,...,n, be the classes corresponding via the isomorphism i, ~ H?:l te; to
the elements (1,...,exp(2n/¢;),...,1) and (1,... ,exp(2nr;/4;),...,1) for
somer; € {2,...,¢;—2},andletp: P — X and q : Q — X be principal ho-
mogeneous T"-bundles representing respectively the classes ([p1],. .., [Pn])
and ([q1], ..., [ga]) in H'(X, T%). , ,

Then for every n’ = 0,...,n — 1, the varieties P x T™ and @ x T"
are not isomorphic while P x T™ and @ x T" are isomorphic as schemes
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over X. In particular, P x T" ! and Q x T"~! are non isomorphic varieties
of dimension d = k +n — 1 and Kodaira dimension x with isomorphic Al-
cylinders.

Proof. — Our choices guarantee that for every 0 < n’ < n, the classes
(il o oo [0 [1]) and (), - (gl (1], (1) in HY(X, T x T%)
belong to distinct GL,,,(Z)-orbits. Since ¢ > k + 2, X is of general type
and Aut(X) acts trivially on H'(X,G,,) (see the proof of Theorem 2.1).
So the fact that P x T and @ x T™ are not isomorphic as abstract
algebraic varieties follows again from Corollary 1.5. On the other hand,
since the classes [p1],..., [pn] and [q1],. .., [g.] both generate H'(X,G,,),
P x T™ and @ x T™ are isomorphic X-schemes by virtue of the previous
discussion. Alternatively, one can observe that choosing a;, b; € Z such that

a;r; + bil; = 1 for every i = 1,...,n, the following matrices A and B in
GLo,,(Z)

1 0 0 agz 0 O 1 0 O

0 0 O, 0 0 0

0 0 1 0 0 a O O 1
A= B= n

rn 0 0 1 0 O 1 0 0

0 0 O 0o . 0 0n,

o o0 7= 0 0 1 0 O 1
map respectively the classes ([p1],...,[pn];[1],---[1]) and ([g1],-.-[qn],
[1],...,[1]) onto the one ([p1],...,[pn],[q1],---,[gn]), providing isomor-
phisms P x T" ~ P xx @ and Q x T™ ~ P xx ) of Zariski locally
trivial T2?"-bundles over X. g

The following lemma relating the Picard group of the total space of prin-
cipal homogeneous T"-bundle with the Picard group of its base is certainly
well known. We include it here because of the lack of appropriate reference.

LEMMA 3.2. — Let X be a normal variety, let [p1],...,[pn] be a collec-
tion of classes in H(X,G,,), and let p : P — X be the principal homoge-
neous T"-bundle with class ([p1],...,[pa]) € H' (X, T%) = H'(X,G,,)®".

Then HY(P,G,,) ~ H'(X,G,,)/G where G = ([p1],...,[pn]) is the sub-
group generated by [p1], ..., [pn]-

ANNALES DE L’INSTITUT FOURIER



CANCELLATION PROBLEM FOR ALGEBRAIC TORI 2637

Proof. — The Picard sequence [15] for the fibration p : P — X reads
0= HY(X,Ux) — H°(P,Up) — HO(G%UG;;)J

[Hl(x Gm) HY(P,Gy) —= HY (G, Gpy) = 0

where for a variety Y, Uy denotes the sheaf cokernel of the homomor-
phism C§, — G,,,,y from the constant sheaf C* on Y to the sheaf G, y of
germs of invertible functions on Y. We may choose a basis (ey,...,e,) of
H O(an,u@,% ) ~ Z™ in such a way that the connecting homomorphism §
maps e; to [g;] for every i = 1,...,n. The assertion follows. O

3.2. Non Cancellation for smooth factorial affine varieties of low
Kodaira dimension?

Recall that by [13, Theorem 3], cancellation for T™ holds over smooth
affine varieties of log-general type. On the other hand, since they arise
as Zariski locally trivial Al-bundles over varieties of log-general type, it
follows from Iitaka [13] and Kawamata [14] addition theorems that all the
counter-examples X constructed in subsection 2.1 have Kodaira dimension
dim X — 1 > 2. Similarly, the examples constructed in Theorem 3.1 as
well as their products by low dimensional tori have Kodaira dimension at
least 2. One can also check directly that the two surfaces constructed in
subsection 2.2 have Kodaira dimension equal to 1. This raises the question
whether cancellation holds for smooth factorial affine varieties of small
Kodaira dimension. The following proposition implies in particular that a
potential counter-example to cancellation for varieties of Kodaira dimension
0 or —oo has to be of dimension at least 3:

PROPOSITION 3.3. — Let S and S’ be smooth factorial affine surfaces.
If S x AL and S" x Al are isomorphic and k(S) (or, equivalently, k(S’)) is
not equal to 1, then S and S’ are isomorphic.

Proof. — In view of the Iitaka-Fujita strong cancellation Theorem [13],
we only have to consider the cases where x(S) = k(S’) = —oo or 0. In
the first case, S and S’ are isomorphic to products of punctured smooth
affine rational curves with Al (see e.g. [10]) and so, the assertion follows
from a combination of the existing positive results for cancellation by A!
and Al. Namely, let S = C x A! and §' = C’ x A!, where C and C’ are
punctured affine lines. If either C' or C’, say C, is not isomorphic to Al!,
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then x(C x Al) = k(C) > 0 and so, by the litaka-Fujita strong cancellation
Theorem for A!, every isomorphism between S x Al and S’ x Al descends
to an isomorphism between C x Al and C’ x Al. Since cancellation by
Al holds for smooth affine curves, we deduce in turn that C and C’ are
isomorphic, whence that S and S’ are isomorphic.

In the case where k(S) = r(S’) = 0, we already observed that cancel-
lation holds if every invertible function on S or S’ is constant. Therefore,
we may assume that S and S’ both have non constant units whence, by
virtue of [10, §5], belong up to isomorphism to the following list of sur-
faces: Vo = Al x Al and the complements Vj, in the Hirzebruch surfaces
pr : Fr — PY k > 1, of a pair of sections Hy, and Hy  of py with
self-intersection k intersecting each others in a unique point pg, and a
fiber F' of py not passing through py. All the surfaces Vi, k > 1, admit
an Al-fibration 7 : Vj, — AL = Spec(C[zT!]) induced by the restriction
of the pencil on Fj, generated by Hyj; and H ;. The unique degener-
ate fiber of m, say lel(l) up to a linear change of coordinate on Al, is
reducible, consisting of the union of the intersection with Vi of the excep-
tional section Cy of pg, and of the fiber Fj, of p, passing through py,
counted with multiplicity k. Note that Vy does not contain any curve iso-
morphic to A! whereas each surface V, k > 1, contains exactly two such
curves: the intersections Fj, NV, and Cy N Vj. It follows in particular that
Vo x Al cannot be isomorphic to any Vi x Al, k > 1. Now suppose that
there exists an isomorphism ® : Vi x Al 5 Vi x Al for some k, k' > 1.
Since k((Fx N Vi) x Al) = k((Cor N Vi) x Al) = —oo, their respective
images by ® cannot be mapped dominantly on Vi by the first projection
and since Fjs N Vj and Cpp N Vy are the unique curves isomorphic to
A' on Vi, we conclude similarly as in the proof of Proposition 1.2 that
® map (7, " (1))rea x Al isomorphically onto (7, (1))rea x AL. This im-
plies in turn that & restricts to an isomorphism between the open subsets
U = m, "(AL\ {1}) x Al and Uy = 7' (AL \ {1}) x Al of V; x Al and
Vi x Al respectively. Now AL\ {1} is of log-general type and since the
restrictions of 7, and 7 to Uy and Uy are trivial Al-bundles, we deduce
from the Iitaka-Fujita strong cancellation Theorem [13] that the restriction
of ® to Uy descends to an isomorphism ¢ : AL\ {1} 5 Al \ {1} for which
the following diagram commutes

Up x AL > (AL\ {1}) x AL x AL —25 (AL\ {1}) x AL x Al ~ U}, x Al

wkoprli \ka/oprl

AL\ {1} z AL\ {1},
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Summing up, if it exists, an isomorphism ® : V}, x AL 5 V3, x Al must be
compatible with the T2-fibrations 7, o pry : Vi x Al — Al and 7 o pry :
Vir x AL — Al. But this impossible since the multiplicity of the irreducible
component Fy NV of 7rk_1(1) is different for every k > 1. In conclusion,
the surfaces Vi, k > 0, are pairwise non isomorphic, with pairwise non

isomorphic Al-cylinders, which completes the proof. O
BIBLIOGRAPHY
[1] T. AsaNuMa, “Polynomial fibre rings of algebras over Noetherian rings”, Invent.

[2]
3]

[4

[5]

6

7

8

[9

[10]
[11]
[12
[13]

(14]

(15]

[16]

Math. 87 (1987), no. 1, p. 101-127.

K. BEHREND & B. NooHl, “Uniformization of Deligne-Mumford curves”, J. Reine
Angew. Math. 599 (2006), p. 111-153.

W. DANIELEWSKI, “On a cancellation problem and automorphism groups of affine
algebraic varieties”, preprint Warsaw, 1989.

A. DuBouLoz & D. R. FINSTON, “On exotic affine 3-spheres”, J. Algebraic Geom.
23 (2014), no. 3, p. 445-469.

K.-H. FiESELER & L. KAuP, “On the geometry of affine algebraic C*-surfaces”, in
Problems in the theory of surfaces and their classification (Cortona, 1988), Sympos.
Math., XXXII, Academic Press, London, 1991, p. 111-140.

G. FREUDENBURG, “Laurent cancellation for rings of transcendence degree one over
a field”, in Automorphisms in birational and affine geometry, Springer Proc. Math.
Stat., vol. 79, Springer, Cham, 2014, p. 313-326.

J. GirAaUD, Cohomologie non abélienne, Springer-Verlag, Berlin-New York, 1971,
Die Grundlehren der mathematischen Wissenschaften, Band 179, ix+467 pages.

A. GROTHENDIECK, “Eléments de géométrie algébrique. IV. Etude locale des sché-

mas et des morphismes de schémas. 1117, Inst. Hautes Etudes Sci. Publ. Math.
(1966), no. 28, p. 255.

N. GUPTA, “On the cancellation problem for the affine space A3 in characteristic
p”, Invent. Math. 195 (2014), no. 1, p. 279-288.

R. V. GURJAR & S. PAUL, “A classification of factorial surfaces of nongeneral type”,
Michigan Math. J. 61 (2012), no. 3, p. 517-529.

R. HARTSHORNE, Algebraic geometry, Springer-Verlag, New York-Heidelberg, 1977,
Graduate Texts in Mathematics, No. 52, xvi4+-496 pages.

S. IitAKA, “On logarithmic Kodaira dimension of algebraic varieties”, in Complex
analysis and algebraic geometry, Iwanami Shoten, Tokyo, 1977, p. 175-189.

S. IitAkA & T. Fuuita, “Cancellation theorem for algebraic varieties”, J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 24 (1977), no. 1, p. 123-127.

Y. KAwAMATA, “Addition formula of logarithmic Kodaira dimensions for morphisms
of relative dimension one”, in Proceedings of the International Symposium on Alge-
braic Geometry (Kyoto Univ., Kyoto, 1977), Kinokuniya Book Store, Tokyo, 1978,
p. 207-217.

A. R. MAGID, “The Picard sequences of a fibration”, Proc. Amer. Math. Soc. 53
(1975), no. 1, p. 37-40.

M. MryanisHI, Open algebraic surfaces, CRM Monograph Series, vol. 12, American
Mathematical Society, Providence, RI, 2001, viii+259 pages.

TOME 66 (2016), FASCICULE 6



2640 Adrien DUBOULOZ

[17] M. Mivyanisul & T. SUGIE, “Affine surfaces containing cylinderlike open sets”, J.
Math. Kyoto Univ. 20 (1980), no. 1, p. 11-42.

Manuscrit regu le 8 juin 2015,
révisé le 2 février 2016,
accepté le 18 février 2016.

Adrien DUBOULOZ

IMB UMRS5584, CNRS

Univ. Bourgogne Franche-Comté
F-21000 Dijon (France)

adrien.dubouloz@u-bourgogne.fr

ANNALES DE L’INSTITUT FOURIER


mailto:adrien.dubouloz@u-bourgogne.fr

	1. A criterion for cancellation
	1.1. Recollection on locally trivial Tn-bundles 
	1.2. Cancellation for Tn-bundles over varieties of log-general type

	2. Non-Cancellation for the 1-dimensional torus
	2.1. Non-cancellation for smooth factorial affine varieties of dimension 3 
	2.2. Non-cancellation for smooth factorial affine surfaces 

	3. Complements and open questions
	3.1. Non-cancellation for higher dimensional tori
	3.2. Non Cancellation for smooth factorial affine varieties of low Kodaira dimension?

	Bibliography

