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GLOBAL REGULARITY FOR MINIMAL SETS NEAR A
UNION OF TWO PLANES

by Xiangyu LIANG

ABSTRACT. —  We discuss the global regularity of 2 dimensional minimal sets
that are near a union of two planes, and prove that every global minimal set in R*
that looks like a union of two almost orthogonal planes at infinity is a cone. The
main point is to use the topological properties of a minimal set at a large scale to
control its behavior at smaller scales.

RESUME. On traite la régularité globale des ensembles minimaux 2-dimen-
sionnels qui sont proches d’une union de deux plans, et on démontre que tout
ensemble minimal proche d’une union de deux plans presque orthogonaux a I’infini
dans R* est un cone. L’enjeu est de contréler le comportement d’un ensemble
minimal & petite échelle par la topologie a grande échelle.

1. Introduction

This paper deals with the local (resp. global) regularity of two-dimen-
sional minimal sets in R* that look like the union of two almost orthogonal
planes locally (resp. at infinity). The motivation is that we want to decide
whether all global minimal sets in R™ are cones.

This Bernstein type of problem is of typical interest for all kinds of mini-
mizing problems in geometric measure theory and calculus of variations. It
is natural to ask how does a global minimizer look like, as soon as we know
already the local regularity for minimizers. Well known examples are the
global regularity for complete 2-dimensional minimal surfaces in R3, area or
size minimizing currents in R”, or global minimizers for the Mumford-Shah
functional. Some of them admit very good descriptions. See [3, 5, 13, 14]
for further information.

Keywords: Minimal sets, blow-in limit, existence of singularities, Hausdorff measure,
elliptic systems.
Math. classification: 28A75, 49Q10, 49Q20, 49K99.



2068 Xiangyu LIANG

Here our notion of minimality is defined in the setting of sets. Roughly
speaking, we say that a set E is minimal when there is no deformation
F = p(FE), where ¢ is Lipschitz and ¢(z) — x is compactly supported, for
which the Hausdorff measure H2(F) is smaller than H?(E). More precisely,

DEFINITION 1.1 (Almgren competitor (Al competitor for short)). — Let
E be a closed set in an open subset U of R™ and d < n — 1 be an integer.
An Almgren competitor for E is a closed set ' C U that can be written
as F = ¢1(F), where ¢ : U — U is a family of continuous mappings such
that

(1.1) wo(z) =z for x € U;
(1.2) the mapping (t,x) — @¢(x) of [0,1] x U to U is continuous;
(1.3) 1 Is Lipschitz,

and if we set Wy = {x € U ; p¢(x) # x} and W= Usejo.y[We U oe (W],
then

(1.4) W is relatively compact in U.

Such a ¢, is called a deformation in U, and F is also called a deformation
of EinU.

DEFINITION 1.2 ((Almgren) minimal sets). — Let 0 < d < n be inte-
gers, U an open set of R". A closed set E in U is said to be (Almgren)
minimal of dimension d in U if

(1.5) HY(ENB) < o for every compact ball B C U,
and
(1.6) HY(E\F) < HYF\E)

for all Al competitors F' for E.

This notion was introduced by Almgren [2] to modernize Plateau’s prob-
lem, which aims at understanding physical objects, such as soap films, that
minimize the area while spanning a given boundary. The study of regularity
and existence for these sets is one of the canonical interests in geometric
measure theory.

The Bernstein type problem aims at deciding whether every minimal set
in R™ is a cone. The general idea is the following.

Let E be a d—dimensional reduced Almgren minimal set in R™. Reduced
means that there is no unnecessary points. More precisely, we say that F
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GLOBAL REGULARITY FOR MINIMAL SETS 2069

is reduced when
(1.7) HYENB(z,r)) >0 for x € E and r > 0.

Recall that the definition of minimal sets is invariant modulo sets of
measure zero, and it is not hard to see that for each Almgren minimal set
E, its closed support E* (the reduced set E* C E with H?>(E\E*) =0) isa
reduced Almgren minimal set. Hence we can restrict ourselves to discussing
only reduced minimal sets.

Now fix any = € F, and set

(1.8) 0.(r) =r *HYE N B(z,7)).

This density function 6, is nondecreasing for r €]0, 00| (cf. e.g. [6, Propo-
sition 5.16]). In particular the two values

(1.9) 0(z) = tllrél+ 0, (t) and O (x) = tlggo 0.(t)

exist, and are called density of F at z, and density of E at infinity re-
spectively. It is easy to see that 0. (x) does not depend on x, hence we
shall denote it by 0. Also, by the global Ahlfors regularity of minimal
sets (cf. [8, Proposition 4.1], with § = 0o,k = 1,U = R"), (1.8) is bounded
on 7, hence 0, is always finite.

It is known that if E is a minimal set, z € E, and 6,(r) is a constant
function of r, then F is a minimal cone centered on x (cf. e.g. [6, Theo-
rem 6.2]). Thus by the monotonicity of the density functions 6, (r) for any
x € E, if we can find a point z € E such that 6(x) = 0, then E is a cone
and we are done.

On the other hand, the possible values for §(z) and 6, for any F and
x € E are not arbitrary. By [6, Proposition 7.31], for each z, 8(z) is equal
to the density at the origin of a d—dimensional Al-minimal cone in R".
Also, since 0 is finite, an argument around [6, (18.33)], which is similar
to the proof of [6, Proposition 7.31], gives that 6 is also equal to the
density at the origin of a d—dimensional Al-minimal cone in R™. In other
words, if we denote by Og4,,, the set of all possible numbers that could be
the density at the origin of a d—dimensional Almgren-minimal cone in R"™,
then 0 € Oq,p, and for any « € E, 0(x) € Og4p,.

Thus we restrict the range of 6 and (z). Recall that the set ©4,, is
possibly very small for any d and n. For example, O9 3 contains only three
values: 1 (the density of a plane), 1.5 (the density of a Y set, which is the
union of three closed half planes with a common boundary L, and that
meet along the line L with 120° angles), and dr (is the density of a T set,
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2070 Xiangyu LIANG

i.e., the cone over the 1-skeleton of a regular tetrahedron centered at 0).
(See the figure below).

a Y set a T set

Recall that the reason why 6 has to lie in ©4,, is that, for any Al-
minimal set E, all its blow-in limits have to be Al-minimal cones (cf. Argu-
ment around [6, (18.33)]). A blow-in limit of E is the limit of any converging
(for the Hausdorff distance) subsequence of

(1.10) E.=r'E;r— oo

Hence the value of 6., implies that at sufficiently large scales, E looks
like an Al-minimal cone of density 6.

This is the same reason why 6(z) € GOg4,,. Here we look at the behavior
of E, when r — 0, and the limit of any converging subsequence is called
a blow-up limit (it is unknown whether it is unique). Such a limit is also
an Al-minimal cone C' (cf. [6, Proposition 7.31]). This means, at some very
small scales around each z, E looks like (i.e. very near with respect to the
Hausdorff distance) some Al-minimal cone C' of density #(z). In this case
we call x a C type point of E.

After the discussion above, our problem will be solved if we can prove
that every minimal cone C satisfies the following property:

There exists € = e¢ > 0, such that for every minimal set F,
(1.11) it dp,1(C, E) < €, then there exists z € EN B(0,1) whose

density 0(x) is the same as that of C' at the origin.

Here d, , stands for the relative distance in the ball B(x,r): for any
closed sets E and F,
1
(1.12) d,.(E,F)= ~ max {sup{d(y,F):y € ENB(z,r)},
sup{d(y, E) : y € F N B(z,7)}}.

The discussion above uses only the values of densities at small scale and
at infinity. A geometric intepretation is: there exists z € E N B(0, 1) such
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that a blow-up limit C, of E at = admits the same density as C at the
origin.

So far we know that (1.11) is true for the planes and Y sets (see [6,
Proposition 16.24]). We do not know any minimal cone that does not verify
the property (1.11). But there are at least two minimal cones for which we
do not know whether (1.11) holds, either: the T set, and the sets Y xY € R*,
whose minimality has recently been proved in [11]. The topology of the set
Y X Y is more complicated than that of T sets, and the situation of T sets
is already tricky, see [12] for more detail.

In this paper we prove the property (1.11) for the unions of two almost
orthogonal planes. Recall that in [10], we have proved the following

THEOREM 1.3 (minimality of the union of two almost orthogonal planes,
cf. [10, Thm 1.24]). — There exists 0 < 8y < 5, such that if P* and P* are
two planes in R* whose characteristic angles (o, ) satisfy as > ay > 0,
then their union P' U P? is a minimal cone in R*.

Here the characteristic angles describe the relative position between
planes. Two planes P! and P? have characteristic angles (o, az) means
that there exists an orthonormal basis {e;}1<i<a of R* such that Poé1 is
generated by e; and ez, and PO% is generated by cosaje; + sinajes and
cos aigeg + sin agey. Each pair of a = (a1, as) with as > a1 > 0y gives a
minimal cone P, = P! U, P?, and the origin is called a singularity of type
P, in the set P,. These gives a continuous family of minimal cones with
the same density at the origin, any two of which are not C'' equivalent to
each other. But still, we give them a general name, that is, each singularity
of type P, is a singular point of type 2P.

So let us state our main results.

THEOREM 1.4. — There is an angle 0, € [0y, 5), (where g is the 6y in
Theorem 1.3), and A > 0, such that for any o = (a1, aa) with s > aq > 04,
if E is a 2-dimensional reduced Almgren minimal set in U C R*, B(z,r) C
U, and there is a reduced minimal cone P, + x of type P, centered at x
such that dy (E, Py +x) < A, then ENB(x,r/100) contains (at least) one
2P type point.

A direct corollary to this is the expected global regularity for minimal
sets that look like a union of two plane at the infinity:

THEOREM 6.1. — Let 6, be as in Theorem 1.4. Then for any a =
(a1, 0) with ag > a > 64, if E is a 2-dimensional reduced Almgren min-
imal set in R* such that one blow-in Iimit of E at infinity is P, (i.e., there

TOME 66 (2016), FASCICULE 5



2072 Xiangyu LIANG

exists a sequence of numbers r, — 0o, and the sequence of sets 1, ' (E)
converge to P, under the Hausdorfl distance as n — o0), then FE is a P,
set.

Besides the global regularity, the property (1.11) helps also to control
the the relative distances d;, between a minimal set and minimal cones in
the balls B(x,r) and the local speed of decay of the density function 8, (r),
because this property gives a lower bound of 6, (r). When we prove (1.11)
for a minimal cone C, we can get nicer local regularity results, that is, if a
minimal set is very near C' in a ball, then it should be equivalent to C' in
a smaller ball through a bi-Hélder homeomorphism (C* diffeomorphism in
good cases). So here Theorem 1.4 has another useful corollary:

THEOREM 6.2. — Let 01 be as in Theorem 1.4. Then there exists a
e > 0 such that for any o = (a1,a9) with ag > a1 = 6y, if E is a 2-
dimensional reduced Almgren minimal set in U C R*, B(x,300r) C U
(r < 1), and there is a reduced minimal cone P, + x of type P, centered
at x such that d, 200, (E, Po + z) < €, then there exists C* diffeomorphism
® : B(x,2r) — ®(B(z,2r)), such that |®(y) —y| < 10~ 2r for y € B(x,2r),
and EN B(x,r) = ®(P, +z) N B(x,r).

The proof of Theorem 1.4 will keep us busy until the end of Section 6,
but let us already try to explain how it goes.

First notice that Theorem 1.4 is invariant under translation with respect
to x, and homogenous with respect to r, so we can only restrict to the case
where x = 0 and r = 1.

Section 2 is devoted to giving some regularity properties for a minimal
set E that is close to P,, but does not contain any point of type 2P. In
particular, we use a stopping time argument to find a critical region, outside
of which everything goes fine, and inside of which things begin to go bad.
Here “bad” means that the set begins to get far away from P,. The main
idea is to control the measure of E in the good region by finer estimates,
since there we have good regularity properties; and for the bad region we
only control its measure roughly by projections. Part of the argument will
be similar to the proof of minimality of P,.

Section 3 is quite short, where we sum up a little what happens, and give
a competitor for F, using minimal graphs. We also state a basic estimate
for minimal graphs, for later use.

Section 4 is devoted to giving some useful control on the measure of the
competitor defined in Section 3.

In Section 5 we conclude, using harmonic extensions and projection prop-
erties of the competitor.
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We discuss the global regularity and local C' regularity of minimal sets
that are near a P, cone in Section 6.

In this article, some of the results and arguments cited in [6] exist also
in some other (earlier) references, e.g. [17]. But for simplify the article, the
author will cite [6] systematically throughout this article.

Some useful notation

In all that follows, minimal set means Almgren minimal set;

[a, b] is the line segment with end points a and b;
— B(z,r) is the open ball with radius r and centered on x;
— B(x,r) is the closed ball with radius r and center x;

— ab is the vector b — a;

, T
, T

— H? is the Hausdorff measure of dimension d ;

- dy(E,F) = max{sup{d(y, F) : y € E},sup{d(y,E) : y € F}} is
the Hausdorff distance between two sets £ and F.

— dg,, : the relative distance with respect to the ball B(z,r), is de-
fined by

dyr(E,F) = %max{sup{d(y, F):ye ENnB(x,r)},
sup{d(y,E):y € FN B(z,7)}}.

2. A stopping time argument, and regularity and
projection properties for minimal sets near P,

In this section we use a stopping time argument to control some large
scale behavior for minimal sets that near P,. Let us first introduce some
notation.

Fix an orthonormal basis {e; }1<i<a of R*. For each a = (a1, a2) € [0, g}z
and i = 1,2, denote by P, = P! U P2,
by e; and ez, and P§ is the plane generated by cosaie; + sinajes and
cos agey + sin agey. (Hence P and P? are two planes in R* with charac-
teristic angles (a1, az)). Set

where P! is the plane generated

(2.1) Co(x,r) = () H(B(0,r) N Py) +x,
where p!, is the orthogonal projection on P}, and
(2.2) Dy (z,7) = CL(x,r) N C?(z,7).

TOME 66 (2016), FASCICULE 5



2074 Xiangyu LIANG

So C! (x,r) is a cylinder and D, (z,r) is the intersection of two cylinders. It
is not hard to see that D, (x,r) D B(x,r) and D,(0,1)NP, = B(0,1)NP,.
We say that two sets E, F' are er near each other in an open set U if

(2.3) 4y (B, F) < e,
where
(2.4) dry(E,F)= %max{sup{d(y,F) rye ENU},
sup{d(y,E):y € FNU}}.
We set also
dy (B, F) =dyp, (@) (E,F)
(2.5) = %max{sup{d(y, F):ye ENDy(x,r)},
sup{d(y, E) : y € FN Dy(x,r)}}.
Remark 2.1. — We should be clear about the fact that
(2.6) dr.(E, F) # %dH(E AU, FAU).

To see this, we can take U = Dq(z,7), and set E, = 0D, (z,r + 1) and
F,, = 0Dy (z,7 — 1). Then we have

(2.7) dg’r(En7 F,)—0
and

(2.8) %dH(En N Dy (x,r), F, N Dy(z,r)) = %dH(En N Dy (z,7),0) = oo.

So d,y measures rather how the part of one set in the open set U could be
approximated by the other set, and vice versa. However we always have

1
(2.9) dS (E,F)< =dg(ENDy(z,r), FN Dy(x,r)).
’ r

Now we give the proposition below, obtained by a stopping time argu-
ment.

PROPOSITION 2.2. — There exists ¢g > 0, such that for any ¢ < ¢,
and a > %, if E is a closed reduced set which is minimal in D,(0,1),
d§1(E, Py) < {5, and E contains no 2P point in B(O,l—(l)o), then there
exists rg €]0, 3] and og € B(0,12¢) such that E is 2erg near Py + og
in Dy (og,2rg(1 — 12¢)), but not ergy near P, + q in D, (og,rE) for any
q € R%.

Remark 2.3. — The construction and estimates in the proof will also
be used later.

ANNALES DE L’INSTITUT FOURIER



GLOBAL REGULARITY FOR MINIMAL SETS 2075

Proof of Proposition 2.2. — We fix any € and a = (a1, ) > %, and set
s;=27"for i > 0. Set D(x,r) = Do(z,7),ds = d . for short.

We proceed in the following way.

— Step 1: Denote by qo = ¢1 = O, then in D(qo, So), E is €sg near P, + ¢
by hypothesis.

— Step 2: If in D(q1, s1), the set E is not es; near P, +q for any ¢, we stop;
if not, there exists a ga such that F is es; near P, +q in D(q1,s1). Here we
also ask € to be small enough (say, € < 7i-) so that ¢ € D(qy, %sl), thanks

100
to the conclusion of Step 1. Then in D(q1,s1), we have simultaneously :

dlI17S1 (E7Poc + QI) < Sl_ldQOaso (E,Pa + Q1)

(2.10)
<265 dgy 5, (B, Pa+q2) <€

Let us verify that (2.10) implies that dg, 1, (Pa 4 q1,Pa + g2) < 12€
when € is small, say, € < ﬁ. In fact, for each z € D(q1, %sl) N (P, + q1),
we have d(z, E) < dgy,50(E, Pa + q1) < €, hence there exists y € E such
that d(z,y) < e. But since z € D(qy, 3s1), we have y € D(q1, 351+ €) C
D(q1,51), and hence d(y, Py + q2) < 57 'dy, .5, (E, Po + q2) < 2¢, therefore
d(z, Po + q2) < d(z,y) + d(y, Pa + ¢2) < 3e.

On the other hand, suppose z € D(q1, 351)N(Pa+4q2), we have d(z, E) <
87 dyg, .5, (Po+q2, E) < 26, hence there exists y € F such that d(z,y) < 2e.
But since z € D(ql,%sl), we have y € D(ql,%sl + 2¢) C D(qo, S0), and
hence d(y, Po + q1) < dgq.s, (E, Po + q1) < €, which implies d(z, P, +q1) <
d(z,y) + d(y, Po + q1) < 3e.

As a result

1 _
(211) dql,ésl(Pa‘Htha“'QZ)g(isl) 1 X3€:126,

hence dql,%sl(q17q2) < 24e, and therefore d(q1,g2) < 6 = 12¢s;.

Now we define our iteration process (notice that it depends on €, so we
also call it a e-process).

Suppose that all {¢; }i<, have already been defined, with

(2.12) d(gi, giv1) < 12856 = 12 x 27 %
for 0 <i<n—1, and hence
(2.13) (i, qj) < 24€Smin(ig) = 27 ™09 x 24e

for 0 < 4,7 < n. Moreover, for all i < n— 1, E is €s; near P, + ¢;4+1 in
D(gq;,s;). We say that the process does not stop at step n. In this case

— Step n+1: We look at the situation in D(gy, $p)-
If F is not € near any P, + ¢ in this ball of radius s,,, we stop, since we have
found the of = gy, 1 = sy, as desired. In fact, since d(gn—1,qn) < 12€s,_1,
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we have D(qyn,2s,(1 — 12¢)) = D(qn, $n—1(1 — 12¢)) C D(gn—1, $n—1), and
hence

dqm2sn(17126)(Pa +qn, B) < (1 - 126)71dQn7173n—1(P04 + qn, )

(2.14) o
1—12¢
Moreover
(2.15) d(og, 0) = d(qn, q1) < 27 ™0 946 = 12¢.

Otherwise, we can find a g, +1 € R* such that E is still es,, near Py+aGn+1
in D(gn, sn). Then since € is small, ¢,+1 € D(gn, %sn) Moreover we have
as before d(¢n+1,qn) < 12€s,, and for i <n — 1,

n

d(gis gn+1) < Zd(%v%—H)
(2.16) =
Z 12 x 279¢ € 277 x 24e = 2~ min(imt1) o 94

J=i

3

Thus we have obtained our gy41.

Now all we have to do is to prove that for every e small enough, this
process has to stop at a finite step. For this purpose we need the following
proposition.

PROPOSITION 2.4. — There exists 0] € [0, %), and for any | €0, 1],
there exists € E]O,%[, such that for any o« > 07, ¢ < ¢, and E as in
Proposition 2.2, if the e—process does not stop before the step n, then

(1) The part EN(Da(0, 33)\Do(¢n, 1555)) is composed of two disjoint

pieces G',i = 1,2, such that:
(2.17) G is the graph of a C* map

) ) 39 , 1 ) )
9"+ Co(0, S5 \Cllan, 580) N Pa = Pi*

10
with
1
(218) 196l <1< 3
(2) For every f—osn <t < sy,
(2.19) E N (Da(0,1)\Dy(gn, 1)) = Gt UGE

where G, G? do not meet each other. Moreover
(2.20) P50 (Da(0, )\C4(gn, 1)) € Po(GY)

where p!, is the orthogonal projection on Pl i =1,2;
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Remark 2.5. — If we take the optimal ¢; for each [ such that Proposi-
tion 2.4 holds, then obviously for any I <1/, ¢ < €.

We will not prove this proposition, see [10, Proposition 6.1(1)-(2)] for
the proof. But we’ll use it to finish our Proposition 2.2.

Remark 2.6. — 1In fact we need all the properties stated in [10, Proposi-
tion 6.1] for our set E. For (1) and (2) in [10, Proposition 6.1], the arguments
there can be applied directly here to our set E with no change. But for (3)
and (4), the proof in [10, Proposition 6.1] uses some special property of
E, which are not necessarily true for our set E here. Hence we will treat
the property of surjective projections ([10, Proposition 6.1(4)]) later in a
different way.

So let €¢p be the €1 in Proposition 2.4. Suppose that the e—process does
not stop at any finite step, and we’ll try to get a contradiction. By Propo-
sition 2.4(1), for any n, E N (Da(0,1)\Da(gn, 155,)) is composed of two
disjoint graphs G* on [C%(0,1)\C.(gn, 155n)] N Pi,i = 1,2. Denote by
A, = Duo(qn, $n)-

Notice that by (2.16), with € < ﬁ, the sets A,, = Do (qn, Sn) are in fact
a sequence of non degenerate compact balls, with

(2.21) A, CA,_1,n €N, lim diam(A,) — 0,
n—oo

Hence there exists a point p € B(0, %), such that {p} = N,A,. Then p
is also the limit of gy, hence it lies in B(0, 145). By Proposition (2.4)(1),
for any 7 € (0,1), EN D(p, 3)\D(p,r) is composed of the union of two
disjoint graphs on P N CY(p, $)\Ci(p, ). As aresult , END(p, 1)\{p} is
composed of two C' graphs on P} N C: (p, 3)\{p}. Denote by G’ these two
graphs. By (2.18), they are both %—Lipschitz. Now FE is closed hence p € F.
Then for each i = 1,2, G* U {p} is a i-Lipschitz graph on P’ N C:(p, 3),
and hence F N D, (p, %) is composed of the disjoint union of these two %—
Lipschitz graphs. Now we define ¢ : EN D, (p, %) — P, + p, where the
restriction of ¢ to each G*U{p} is just the orthogonal projection to P’ + p.
Then it is easy to check that ¢ is a Lipschitz homeomorphism. That is, F
is bi-Lipschitz homeomorphic to P, in D, (p, %)

We want to prove that p is a point of type 2P. Take any blow-up limit C'
of E at the point p. Then C is a minimal cone. By the bi-Hoélder regularity
for 2-dimensional minimal sets, near the point p, E is locally bi-Holder
equivalent to C'. But FE is also bi-Lipschitz equivalent to p, near p, hence
the two minimal cones P, and C are topologically the same. As a conse-

quence, P,N0B(0,1) and CNOB(0, 1) are topologically the same, therefore,
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CNIB(0,1) is the union of two topological circles. But by the description
of 2-dimensional minimal cones (cf. [6, Proposition 14.1]), the intersection
of any minimal cone with the unit sphere is a finite union of great circles
and arcs of great circles that meet at their extremities by group of three
with 120° angles. Here in our case, we can deduce that C N 9B(0,1) is the
union of two circles. Hence C' is a minimal cone of type 2P.

Hence the point p is a point of type 2IP. This contradicts the fact that
En B(0, 1—(1)0) contains no point of type 2P, because p € B(0, ﬁ).

Thus we complete the proof of Proposition 2.2. O

Next we still have to prove some property of surjective projection, as
remarked in Remark 2.6.

PROPOSITION 2.7. — Take ¢ < €y, and take o and E as in Propo-
sition 2.4. Then for any n > 1, if the e—process does not stop before
the step n, then the orthogonal projections pl : EN Dy(gn,t) — PiN

él(qn,t),i = 1,2 are surjective, for all %sn <t < sy,

Proof. — Fix a such n. Set s; = 27% for i > 0. Set D(x,r) = D,(z,7),
Ci(z,r) = CL(x,r), dyr = dZ, for short. By Proposition 2.4(1), the part
EN(Da(0, 33\ Dy (gn, 755n)) is composed of two disjoint pieces G*,i = 1,2,
such that:

(2.22) G"is the graph of a C* map

i iy 99 i 1 i il
g :Ca(ovﬁ)\ca(QHai )mPa—>Pa

10"
with
i 1
(223 196"l < 5
Thus G* N dC(0, %) is a nice C' curve, which is the graph of g° on
PiNaC0,33), and ¢' is i-Lipschitz. Denote by 7' = g PinaCH(0,59)-

Then ||7||sc < 15 by hypothesis.
Now we define a set Q as follows. First, Q@ C B(0,1), and Q\D(0, %) =

E\D(0, §5)- Inside D(0, 3), QN D(0, §) = Pa N D(0, 7), the union of two
planes. For the part on the annulus D(0,32)\D(0, 2), we just use two
graphs of affine functions to join P2 N dD(0,3) and ~'. That is, we define

Kz PinD(0, 32\ D(0, 3) — Pi™, forany = € PAND(0, 2)\D(0, 2)(2, 33),

)10 Ty
hz<x) _ |Q—g,yi( 39z ).
B2 40|z| o ) ]
Thus for any = € D(O,%)\D(O,%), |%hl($)\ = %szfhl(%ém <
4*9()??0 < 55 < ﬁ, and \%(mﬂ < Lip(y") < %, hence the tangent
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direction derivative is less than

1,0 1.3 2
2.24 —|= <=/ ==,
(2.24) 5@ <3/1=3

Hence we have

1 2 2
2.2 Lip A —.
(2.25) ip ' < max{—— 5000° 3} 3
Thus the map H® : P{ N D(0,32)\D(0,2) — R* : = — (z,h'(x)) is
(1+ (%)2)% = @—Llpbchmz. So if we denote by X the graph of h?, then
) o 39, —=,. 3
H?(2') = H*(H' (P, N D(0, 10 \P0, 7))
13 39.,.—=,. 3
2:26) < (20 Do, 200, 2)
3 40 4
= 7897 T < gl,Z: 1,2.
1600 16
b \
21
E
Pi /
= @
3
D(O4)
R
P2

Figure 2.1

Let Q = [E\D(0, 33)]USt UX2U[P, N D(0, 3)], and Qo = QN D(0, 33).
(See Figure 2.1) Set Q" = X*U[PLND(0, 3)], then Q is the almost disjoint
union Q' U Q2. For each i = 1,2,

9 i 9 i 2 i 3 Or 97 97
(2.27) H*(Q") = H*(X") + H*(P. n D(0, ))<16+E:§'

TOME 66 (2016), FASCICULE 5



2080 Xiangyu LIANG

Notice that the set Qo is a C' version of P, N D(0, 3), and Q°,i = 1,2
are its two flat parts as P:.

Now suppose that for some t € [ésn,sn), for example the projection

Lt BN D(gn,t) = PN CY(gn,t) is not surjective. Then we are going to
prove that we can deform E to [Q\Qo] U @2, and deduce a contradiction.

So take a point p € P} ﬁél(qn, t) which does not admit a pre-image in EN
D(qn,t). Since the set E; := END(qy,t) is compact, its projection pl, (E;) is
also compact, which means that we can pick p € P1NC*(g,,t)\pk (E;) and
r € (0, 15) such that B(p,r) NP3 C Py N C*(qn,t)\pg(Et), and moreover
0 ¢ B(p, 3r).

Now the set E; C D(q,, t)\pofl(B(p7 r)N PL). Take an orthogonal union
of two planes Py = Py U, P} in R%, denote by pf the orthogonal projection
on P,k =1,2, take a point py € Py such that d(po,0) = 3.

Then we can easily find a Bi-Lipschitz mapping

Dan, )k~ (Bp,r) 1 L) = DO, 1)\wh ™ (Blpo, 1) 1 P,
such that ©(Ey N D(gn, t)\D(qn, 155n)) = PoN D(0,1)\D(0, 2) (because in
the annulus D(qy, t)\D(gn, 155,), the set E is still a C* graph of P,).

For any point € D(0,1), write * = (x1,22), where z; = pi(z) €
Bi(0,1),i = 1,2 (B%0,1) is the unit ball of the plane Pi). We define
= D(O0,1)\py " (B((po, 1) N P3) = D(0,1) N Po\py ™ (B((po, 1) N ) as
follows:

[ Mw

1
(2.28) wm={ mlz), o<
(r1,429 — 3), 2 >

Then 1t is a Lipschitz map, which maps [C? (0, 1)NC?(0, 2)]U[PyND(0, 1)]
to Py N D(0,1), and ¥|p,nopo,1) = Id. In particular, w(gp(E )) C PpN
DO, 1)\p§ " (B(po, ) N FY)-

Thus the map f1 = ¢~ o1 o maps E; to Py N D(qn,t)\D(qn, %Osn),
and f1|pnap(q, ) = id.

We can extend f; to a Lipschitz map from D(0,32) — D(0, 23), such
that f1]znp(0,29)\D(gn.¢) = id and f1]p o, 3 oD = = id.

Then f; is a deformation of E in D(0, 4—0) which sends E N D(0, 33) to
Qo\[B(p,7) N PL], this is the union of Q% and @Q* minus a hole B(p,r)N P,
So we can keep on the deformation, and take the map fo which deforms
Q'\[B(p,7)N Pl] to aset B! = {0} UOQ' UC of measure zero, where C is

a segment that connects the origin and 0Q! and keeps Q2 fixed. Then the
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map f = fy o f1 sends E\D(0,32) to Q> U E, hence the measure

» 40
39 9
(2.29) H(END(0,55)) = H*(Q?) < g
The map f is Lipschitz, and its restriction to Qo N dD(0,37) is the

identity. We extend f to a Lipschitz map on D(0, 1), still denoted by f,
such that f = id near the boundary of D(0,1). Thus by the minimality of
E, and since f does not move E\D(0,32), we have

7 40
39 39 97
) 2 ) < H? <.
(2.30) H*(E N D(0, 4O)) H*(f(END(O, 40)) 3
However since n > 1, we have s, < % By Proposition 2.4(1), we have
HAEN DO, 30) > H(G') + B (G?)
H?(po(G1)) + H*(p2(G?))
(2.31) = 3 HEPE A0, N C (s 50))
e 40 110
1
> H?*(PLNCY0, =)\C*(qn, =
i;2 (PancC (0 )\C (¢ 20))
39, 1 1517 9«
=2 —)?) = -
()~ () =50 "> 5

which leads to a contradiction.
This completes the proof of Proposition 2.7. ]

3. A competitor, and estimates for minimal graphs

Let 07, a be as in Proposition 2.4, let € = €y, u be chosen later, and let
E Dbe as in Proposition 2.2, that is, dj, < {5, and E contains no 2P type
point in B(0, 100) We want to construct a competitor for F, and show that
if df ; is sufficiently small, this competitor admits necessarily less measure
than F, and thus leads to a contradiction.

Let us point out that the condition df, < {5 is a general qualitative
one, which guarantees that E satisfies the regularity properties in Proposi-
tion 2.4 and 2.7. To make the necessary finer estimates for measures of F
and its competitor, we still have to get the“A-near” condition as in Theo-
rem 1.4.
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So by Proposition 2.2, there is a rg €]0, %[, op € B(0, %60) such that the
conclusion in Proposition 2.2 holds for E. Denote by ¢ : 9B(0, %) npP: —
Pi* the O curve 9'lo(0,1)np: - Suppose that [[V'|op (0, 1ynp: o1 < .

The idea of the construction of the competitor is not complicated. We
take, for each 4, a minimal graph 3* which is the graph of a function
F1oB(0,3) NP, — Pi such that f'lypg 1ynp: =7 Take X = ' UX2,
Then hopefully when p is small enough, these two graphs are very flat at the
center, so that ¥ is very similar to P,. Thus we can deform END,, (0, %) toa
subset of ¥ in a Lipschitz manner, while keeping EN9D,,(0, %) unchanged.
Hence ¥ contains a competitor of F in D, (0, %) By the minimality of F,
the measure of ¥ has to be larger than that of £ N D,(0,1). But we are
going to show that when p is small enough, this is not true.

Before we go down to the following two sections, which will be devoted
to giving some estimates for minimal graphs, let us already explain what
happens.

We want to compare the measures of E N Dy(0, %) and ¥. Outside
D(og, %TE), by Proposition 2.4, E is also composed of two C! graphs
G’ on the two annuli P% N B(0,3)\C*((0g, 157E)- So in this part, our
goal is to compare the surface measure of ¥* and G*, that is, the graph
of f* and g'. Notice that f* and g' coincide on P! N dB(0, %), while on
P NdB(og, 1—107‘;3), g' is supposed to be e-far from any plane, while f* is
almost a plane (see Proposition 3.1 below). Then Section 5 will be devoted
to estimating the difference between these two graphs.

So this will help estimate the difference between measures of E and X on
the annulus region D, (0, %)\D(OE, %TE). For the part of END(og, %TE),
we estimate its measure by using projections.

In the rest of the section, let us state some well known results for minimal
graphs.

Denote by B = B(0,1) N R? the unit disc in R%. Let v be a C! function
from OB to R2. Now by [16, Theorem 7.2], there exists a function f : B —
R?, whose graph Xy = {(z, f(x)) : * € B} C R?* is a minimal surface,
flop = v, and f € C°(B) N C>=(B). In particular, by the convex hull
property for minimal surfaces, we have

(3.1) 1flloe < [Vl (a8)-
Note that f is a minimal graph means that it is a solution of the following
system
det(V *
(3.2) aio( LAV ),

1+ 5(f)
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where for any C? function ¢ : R? — R2,

1 2 2 1

or P . e —p
3.3 vwz( ﬂ” 1); Ve :( Y y)
(3:3) 0y ©2 (V) -2 ol

and
(3.4) S(p) = V()] + (detVip)*.

Now suppose that p = max{||v|[z~@B), |[[DV||L~@p)} is small, then
by (3.1), ||f]lcc < p is small. Then the following proposition states that
IV £|, [V2f|,| V3 f| are also small in a neighborhood of 0, and are controlled
by u.

The following result is well known. So we will give the proof in detail,
but only a brief brief explanation, as well as some references.

PROPOSITION 3.1. — There exists pg > 0, such that for any u < po,
there exists a constant C(p), with lim,_,o C(p) = 0, such that if f is a
minimal graph on B(0,1), with

(3.5) max{||flop(o,1)lloos 1D floB0,1)lloc} < #s
then
(3.6) Jaax, IV fll Lo (B(0,2)) < C().

For the proof, first we apply Allard’s regularity theorem ([1]) on station-
ary varifolds to get the initial estimate for V f:

THEOREM 3.2 ([1, Regularity theorem, §8]). — Suppose 2 < d < p <

00, ¢ = p%' Corresponding to every e €]0,1] there is n > 0 with the
following property:

Suppose 0 < R < 00,0 < A <00, V € Vy4(R™), a € spt||V]| and
(1) 04(||V||,z) = X for ||V|| almost all x € B(a, R);
(2) IVIIB(a, R) < (1+n)Aa(d)R%;
1 d 1
(3) 6V (g9) < nA»R7([|g|?\||V||)e whenever g € X(R™) and spt g C
B(a, R).

Then there are T € G(n,d) and a continuously differentiable function F :
T — R", such that 7 o F' = 17,

(3.7 ||[DF(y) — DF(z)|| < €(|ly — z|/R)17% whenever y,z € T,
and
(3.8) B(a, (1 —€)R) N spt||V]| = B(a, (1 — €)R) N image F.
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Minimal surfaces are naturally stationary varifolds. We apply Theo-
rem 3.2 to our set Xy, on taking A = 1,a = (0, f(0)), R = 1, then (1)
and (3) are automatically true; for (2), we just apply a isoperimetric in-
equality for minimal surface (cf. [4]), and get

(3.9) H?(X; N B(a,R)) < H*(Xf) < (1+ p?)?m.

Hence we can take p small enough such that (2) holds for some 7, such
that (3.7) and (3.8) are true for some € small, which give us that

(3.10) [fllere(Bo,5)) < Crlw),

with lim, o Cy(p) = 0.

Now we have the C1'® estimate of our minimal graph ¥;. Then (3.6)
follows naturally from the standard bootstrap method, which gives an con-
trol on higher order derivatives by lower derivatives of solutions of elliptic
systems, in particular minimal surfaces. See e.g. [15], the treat of non lin-
ear second order systems in Section 9, with corresponding estimates in
Section 4, or [9, 5.2.14, 5.2.15] for more general settings.

4. Estimates for perturbations around a minimal graph

Denote by B = B(0,1) NR? the unit disc in R?. Let ¢ € B(0, 155), and
set B, = B(q,r) for 7 > 0. Fix any € and [ less than 1074, let < 10~ be
small. (Here in this section the three are independent; in the next section,
I will be chosen first, and then e will depend on [, and both will be fixed
at the beginning, while p will be supposed to be much smaller than these
two, and will be determined later.) Let f be a function from B to R?
whose graph {(z, f(z));x € B} C R* is a minimal submanifold in R*,
with || f|as|lct < p. Let h be a C! function from A, := B\B, to R? with
hlsp = 0, Lip h < I, and there exists a vector M € R? such that for any
x € 0By, |h(x) — M| < er. Denote by X and Xy, the graphs of f and
f + h respectively on the annulus A,.

ProrosiTiON 4.1. — Take all the notations and assumptions above,
then

1
(4.1) H2(2f+h)—H2(Ef)>Z/A [Vh|? = Cr?(p + pe + Co(p)),

where lim,,_,q Co(pt) = 0.
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Proof. — Now let us compare ¢, and X f above A,. We have

H%&MJ*H%&?:/\A+SU+M*vq+ﬂﬁ

14+ S8(f+h
(4.2) l/‘ﬁ+5 ! 1+su>)

1)
/\/HT\/1+f+h) S(f)—1).

1+ 5(f)

But

S(f+h)=5(f)
= [IV(f +h)]? = V] + [(det V(f + 1))* — (det V f)?]
= [2<Vf,Vh> + |Vh|?] + [<(V)*, Vh> + det Vh)]
[2det Vf + det VA + <(Vf)*, Vh>].

Notice that |[Vf| < 2u, [(Vf)*| < 2u is small, and |det Vf| < |Vf|?,
|det Vh| < |Vh|?, therefore |S(f + h) — S(f)| < 1 since |Vh| < [ is small.
But S(f) > 0, hence |M| < 1. For any |z| < 1 we have

1+S(f)
(4.4 A )
hence
S(f +h)—S(f)
(4.5) \/ 1+ “Te
1S(f+h)=S(f) 1,S(f+h)—S(f).,
S R 7 R L W R

which gives

H?(Sp4n) — H*(Zy)
1S(f+h) = S(f) 1 S(f+h)—S(f)
> [ VIESOGE s i sy

:1/ M_l/ (S(f + 1) = S(f))*
4 L+ 4Ja a+s():

(4.6)

2

TOME 66 (2016), FASCICULE 5



2086 Xiangyu LIANG

For the first term, by (4.3),
(4.7)
L S(f+h) = S(f)
2 /s ir50)
1 / 2<Vf,Vh> + |Vh|? + 2det Vf<(Vf)*, Vh>
2 4 1+ 5(f)
1/ 2<(Vf)*,Vh>det Vh + <(Vf)*,Vh>2 42 det Vh det Vf +|det VA |?
A, 1+S(f)

2
2/ <Vf,Vh> + $|Vh|? + det Vf<(Vf)*, Vh>
A, 1+ 5(f)
But S(f) < 542, hence L > %, hence we have

1+5(f)
(45) %/A S(f+h)—

_@uti) / VA2
A

S(f)
. 1+ S5(f)
Vf+detVf(Vf)*
A, 1+ 5(f)
By (3.2), and the hypothesis that hlgg = 0, we have
/<Vf+detVf(Vf)*
A 1+5(f)
:/ <h’[ﬁ_Vf+detVf(Vf)*
A, 1+ 5(f)
_/ <dw<Vf+detVf(Vf)*
A 1+ S(f)

1
,Vh>—|—f/ |Vh|2.
3/a

, Vh>

>

), h>

_ = VIt det V(Y
(4.9) = /83T<h,[ S0 1>

7/ SYSRSISVARI J R CAV (A
OB, 1+ 5(f)
o [ Y EVIOD
OB, L+ S(f)
det *
+/ <(M — n), 7. YL EILVIVI
B, 1+S(f)
For the second term of (4.9), since |M — h| < er, Lipf < pu, and
|det Vf| < 2|V f]? < 2u? < p since p is small, we have

@10) | [ <ar—p), (. LIV
o8B, 1+ S(f)

1>

< [ et < dmuer.
OB,
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For the first term of (4.9), first by Taylor expansion at the point 0, we
have, for any x € 9B,

(4.11) V(@) =VF0) + - V2f(0) +or(r),
(4.12) (V) () = (V)H(0) + 2 V(V)'F(0) + 02(r),
(4.13) det(Vf)(z) = det(Vf)(0) + z - Vdet(Vf)(0) + os3(r),
1 1
(A1) ) = s 04 V(e 0+ 04l

where |o1(7)| < 7?[|V3 f|| Lo (B(0,r))> [02(r)] < 72[[V2 fl| Lo (B(0,r))> l03(r)] <
r2[|[V2 det(V f)l | (B(0,r)), l0a(r)] < 72|V (—===)Ilr>(B(0,r))-

)
Hence we have
(4.15)
Vi+det Vf(Vf)*
1+5(f)

= {VF(0)+2-V2f(0)+o01(r) +[det(Vf)(0) + -V det(Vf)(0) +o03(r)]
(V)" (0)+2-V (V)" f(0) +02(r)]}

O V) ) +ou(r)
= {[97(0)+det (VN0 (V1) (0)] +a- (V2 (0)+ ¥ det (V) (0) (V1) (0)
+et (V) OV (V)" F(0)]+ o(r)

)(0)+o(r)]

e R A ey

~

+det(Vf)(0)V(V)*£(0)]

L)) +o(r),

+[V£(0)+det(VF)(0)(Vf)*(0)][z-V( 1+5(f)

where all the o(r) in (4.15) satisfied that |o(r)| < Cor?, where
(4.16) Co = C(IV fllz= B0, IV fll L B0, [V Fll Lo B0,r))

tends to 0 as ||V f||z=5(0,m), V2 f]| L B0, [|V? fl| Lo B(0,r) tend to 0.
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Therefore,
(4.17)
I—<M, [fi- Vf+det VF(VY) ]>|
0B, 1+S(f)
< |<MM, /8 g [Vf(O)+det(Vf)(0)(Vf)*(0)]Hls(f)(O)bl
<M, [ [ (@ e (0)[V2£(0) + V det(VF) (0)(V/)* (0)

aB, V14+5(f)

+det(V/f)(0)V (V)" f(0)])]>]

S X . 1
Hl<M, [ {7 (970)+ 4T O Ol V(e >
+|<M, o(r)>|.
OB,
For the first term of (4.17), since [V £(0) +det(V £)(0)(V £)*(0)] ———(0)

V1+S(f)

is a constant matrix, which we denote by V', and hence we have

. . 1
(4.18) <M, aBrn- [V£(0) 4+ det(Vf)(0)(Vf)*(0)] 550 (0)>

=<M,(/ ) V> =0
0B,
because [,, 7 =0.

For the second and third term of (4.17), notice that |z| = r, Vf < pu,
hence their sum is less than

(4.19) Cur? + C|V2f(0)[r? < (Cp+ CCo)r?,

where Cj is as in (4.16) and C' does not depend on ;€.
For the last, by the previous control on o(r), this term is less than Cor3.
Altogether we have

(420) o, [ g Vet VIS)

9B, 1+5(f)
Combining with (4.10) and (4.8), we have

1 S(f+h) = 5(f) 1/ 2 2
4.21 7/ 2T P s VAR = Or¥(u+ pe+ Cy),
Y M == e N M )
where C' does not depend on p,! and e.

Recall that this is the estimation for the first term of the last line in (4.6).

Now we treat its second term.

1> < Cr¥(u+ Cp).
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By (4.3), we have

(4.22)
IS(f+h) = S(f)l

= |[2<Vf, Vh>+|Vh|?]

+[<(Vf)*, Vh>+det Vh)][2det Vf +det Vh+ <(Vf)*, Vh>]|
2|VFI[Vh|+ VR + [ (V) VR + VRPN 2V + VAP +[(VF) || VA]
C(|IVF|IVR|+|Vh[*) < Cu|Vh|+C|Vh|?,

NN

therefore the second term of (4.6) verifies
1 (SUE+R) =S 1 _ >
i i i) s n sy
(4.23) > %/A (CulVh| + CIVhP)

r

> 0G24 |IVAIE) /A V.

On combining (4.6), (4.21) and (4.23) we get

H*(Sy10) — H*(Zy)

1 2 2 2 2 2
(4.24) 7 3/Ar VA" = Cr*(p + pe + Co) = C(p” + [[VAI[S) [ [VA]

r

1
> (5~ O - 012)/ IVAI? = Cr2(u + pe + Co).

r

But Lip h <[ is small, hence we have
1
(4.25) H*(Sg4n) — HX(Zf) > 1 /A [VA|? = Cr®(p + pe + Co).

Now we apply Proposition 3.1, and get that when r < % and p is small
enough,

Co = Co(||V £z B0, IV FllL B0+ V2 fll £ B0,r))
= Co(C(p)) = Co(p),

with lim,_,o Co(p) = 0. Thus we have

(4.26)

1
@21 HA(Sp) = H(S) > 1 [ IVHE = Crtut pe+ Cofy).

This completes the proof of Proposition 4.1. |
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5. Conclusion

Now return to our set E. Recall that « is a pair of angles larger than
07 > . E is a reduced closed set that is minimal in B(0, 1), which contains
no 2P type point in B(0, ﬁ).

Set I = 1073, and suppose that d§; < p < min{<3, L}, i is to be decided
later.

We apply Proposition 2.2 to E, with ¢ = min{e%,lo_‘l}, (where €1
corresponds to % in Proposition 2.4), and get our og and rg. Then rg < i.

Let ~%, ¢°, as in Section 3. Suppose that
(5.1) ller < poi=1,2.

By [16, Theorem 7.2], for each i there exists a function f* : B(0, $)NP% —
Pg‘J‘, whose graphs ¥ = ¥ = {(z, f(x)) 1 x € E(O, )N P} C R are
minimal surfaces. Denote by B*(z,r) = B(z,r) N PL.

On the other hand, we want to show the part of FE in the annulus
D, (og,rg)\Du(0g, irE) is far from any translation of P,. Recall that
Proposition 2.2 says that F is ¢/rg far from any translation of P, in the
ball D, (og,rg). So for having a relatively big distance in the annulus, we

simply use a compactness argument, and can get the following proposition.
(See [10] for the proof).

PROPOSITION 5.1 (cf. [10, Corollary 8.24]). — For every € > 0, there
exists 0 < 6 < €, and 0 < 0y < 5, which do not depend on ¢, with the
following properties. If 0y < 6 < 7, and if E is minimal in Dg(0,1) and is
§ near Py in Dy(0,1)\Dg(0, 1), and moreover

. - 3
then E is € near Py in Dy(0,1).

Let 0" be the § corresponding to € in Proposition 5.1, we know that F
is not ¢'rg near any translation of P, in Dy (og,7g)\Da(0F, iTE). On the
other hand, by definition of o and rg, we know that the ¢’-process does not
stop at the scale 2r g, thus by Proposition 2.4, END,(og,75)\Da (0, %TE)
is composed of two fine C! graphs G', G? of two functions g¢*,i = 1,2 on
P! N Dy(og,75)\Da (08, irE) respectively. Thus G' U G? is not 6'rg near
any translation of P,, there exists i = 1,2 such that G* is not 6’ near any
translation of P! in Dy (0g,75)\Da(0E, 7). Suppose this is the case for
1= 1.

Denote by ¢ = g, f = f', and h = g — f. We want to apply Proposi-
tion 4.1 to f and h, with B(q,r) = B'(0og, +rg) (hence ¢ = og,r = 17g).
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Recall that we have set €’ < ey, hence [Vg] is smaller than L, which gives
IVh| = |V(g — f)| is smaller than |Vg| + |V f| < £ 4+ pu < I because p is
supposed to be less than é

Also, by Proposition 2.2, G! is still 2¢/rg near some translation of P!,
hence there exists M, € PC{L such that |g(z) — My| < 2¢'rg = 8€¢'r. But
f is p-Lipschitz, hence there exists M such that |f(z) — My| < Cur on
9B(q,r), which gives |h — (M, + My)| < 9€¢'r < 1073r on B(q,r), when u
is small.

Now we can apply Proposition 4.1, and get

(5.3)
2 (GY) — B (S'\C*(op, 17e) = H2(Sy42) — HY (%))
> i/AT |Vh|? — Cr?(u+ €' u+ Co(p)),

with A, = B*(0, $)\B(q,7).

Now we want to estimate [, |[Vh|?2. Recall that on the one hand
B'(og,rE)\B'(0g, 1TE), the graph of g is §'rg far from any translation of
PL. On the other hand f is p-Lipschitz, hence when p is small, the graph
of h=g— fis £6'rg far from any translation of P_.

Firstly we cite here two lemmas for estimating the Dirichlet’s energy of
our perturbation function h.

LEMMA 5.2 (cf. [10, Corollary 7.23]). — Let rq > 0, ¢ € R? be such that
ro < %d(q,@B(O,l)), suppose ug € C1(0B(q,r9) NR% R), and denote by
m(ug) = g faB(q’m) ug its average.

Then for all u € C*((B(0,1)\B(q,70)) NR% R) that satisfies

(54) u‘aB(q,TO) = U
we have
1
(5.5) / |Vul|? > 170 1/ lug — m(ug)|*.
B(0,1)\B(q,r0) dB(q,r0)

LeMMA 5.3 (cf. [10, Corollary 7.36]). — For all 0 < € < 1, there exists
C = C(e) > 100 such that if 0 <79 < 1, u € C( B(0,1)\B(0,79),R) and

or, or,
(5.6) ulaB(0,rg) > 0T0 — ?O and u|pp(o,1) < ?0
then
2 52 2
(5.7) / |Vul? > e "% 7o
B(0,1)\B(0,r0) | log 7]
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Then denote by P = P} for short. Denote by D = D,. Then h is a map
from P to P+, and is therefore from R? to R2. Write h = (1, ¢2), where
©; : R? = R. Then since the graph of h is %6’ rg far from all translation of
P, there exists j € {1,2} such that

1
(5-8) sup l2i(2) = @i (W)l = JrEd’.
z,y€PND(op,r)\D(0E,37E)
Suppose this is true for j = 1. Denote by
1 1
(69  K={(z@():z € (DO, 5)\Dlog, 1r5) N P},
then
1
K is the orthogonal projection of G* N D(0, =)
(5.10) 2

on a 3-dimensional subspace of R%.
For %TE < s < rg, define
(5.11) Ty =Knp *(0D(og,s) N P) = {(x,¢1(x))|x € dD(og, s) N P}

the graph of ¢; on dD(og, s) N P.
We know that in in D(og,rg)\D(og, %TE), the graph of ¢y is ié’rE far
from P; then there are two cases:

Case 1 — there exists ¢ € [;rg,7p] such that
!
(5.12) sup {le1(z) — 1)} = &re,
z,yel

where C' = 4C/(3) is the constant of Lemma 5.3.
Then there exists a, b € T'y such that |¢1(a) — ¢1(b)| > %T‘E > ‘S—C:t. Since
IVe1llse < [IVelloo < 1, we have

36" 4 27
(5.13) ; 1 = m(p1)]? > 103 (gt /)3(4403)'

Now in D(0, ) we have d(0,0p) < 6 <10¢'- 3, and s <rp < £ < 3 X 3,
therefore we can apply Lemma 5.2 and obtain

(5.14) V|2 > C(8')2 > C ()2

/(D(O,%)\D(OEJ))WP

Case 2 — for all 2rp < s <rg,

N

(5.15) xfyléprs{lw(w) — e} < C'E-
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However, since

1 1
57Ed" <sup{lei(w) = e2(y)l : 2,y € PN D(op,re)\D(og, ;75)}

1
= Sup{|¢1(x) - ()02(y)| : 873/ € [erer]ax S Fsay S FS'}7

(5.16)

there exist irE t < t' < rg such that

1
(5.17) sup  {lp1(x) —p1(y)l} > §TE5’~
zel'y,yel'y

Fix ¢t and t/, and without loss of generality, suppose that

1
(5.18) sup {wl(x)—s@l(y)}>1w5’~
zel,yely

Then

e (0) > 2rpd — 200 = (1 - —2)%

in T)— su z) > ~rpd —2—rp=(1—-— ——)=—r
10 xer,gpl xerl:/ ¥1 4"E C E C(%) 1 "E
(5.19) 2 5

> (1 )=t
cd)’2

because C' = 4C(3).
Now look at what happens in the ball D(og,t') N P. Apply Lemma 5.3
to the scale t/, we get

1 2t/2
CEUN Vel > 0@, 5 >”(—)t,
(D(og,t")\D(0m,t))NP 27 log %
Then since & < 4, >t > irp, we have
(5.21) / IVer]? > Co(8')rE.
((D(ogt)\D(og.t))NP

So in both cases, there exists a constant C' = C5(d’) = min{C1 (8"), C2(d')},
which depends only on ¢’, such that

(5.22) Vi [? = Cs(8')rg-

/(D(O,é)\D(oE,tE))ﬂP
On the other hand, since |V1| < |Vh| < 1, we have

(5.23) / |Vh|* = / |Vh|? = C5(8")r%,
A, (D(0,3)\D(0op.tg))NP
Thus by (5.3),

(5:24) H(G')~ HX(SN\C (08, 1)) > Co(8)rh— Cr (et Co()

TOME 66 (2016), FASCICULE 5



2094 Xiangyu LIANG

We apply also Proposition 4.1 to i = 2, where all the verifications for g2,
%, h% = g% — f? are similar to that of ¢!, f1, g'. Hence we have

H2(G?) — H2(52\C?(op, %«E))

(5.25) 5 1 /
4 JP2aD(0,1)\D(0p.LrE)

> —Cri(p+ € p+ Co(p)).

IVh* = Cri(p+ €+ Co(p))

Now we still have to estimate the part inside D(og, irE). For this pur-
pose we need the following lemma.

LEMMA 5.4 (cf. [10, Corollary 2.45]). — Suppose £ > 0 is such that
arccos(£/2) < a; < ag, and P!, P? are two planes with characteristic
angles (a1, ). Denote by p' the orthogonal projection on P! i = 1,2.
Then if E is a closed 2- rectifiable set satisfying p'(E) > B(0,1) N P?, we
have

27
5.26 H*(E) > —.
(5.26) (B)> 11

We apply Lemma 5.4 to the part E N Da(ojr;,%rE)7 and by Propo-
sition 2.7, we get

1

i

1

1
2 H? END, - >2 —_—
(5.27) ( (0B, 375)) m( 1+ 2cosf)

4

On the other hand, notice that Lip f' < Cy(u) and Lip f? < Co(u), we
have

. 1
H*(X'N Dy(og, ~7E)) :/ 1+ S(f)
4 PinD. (o5, rE)

</ V1 + Co(p)? + Co(p)*
P('iﬂDa(oE,%r )

52 Colp)? + Colp)*
< / 1+ 22 0
PiNDa (o5, 1re) 2
1 Co()? + Co(p)*
— W(ZTE)z(l + O(M) : O(NJ) )’
therefore

(5.29) H*(XN Dy(og, irE)) < 27(
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Thus

(5:30) H(S0 Dalos, 1rs)) ~ H*(E N Dalos, {r5))

< ZW(ETE)Q(OO(U)Q _g OO(U)4

+ 2cosay).
We combine (5.30), (5.25) and (5.24), and get

H2(En D(0, %)) _H(3)
= Z [H*(G" — H*(2'\C (o, %E))]
i=1,2
+ [H*(EN Dy(0op,m8)) — HX(X N Dy(og,78))
> C5(8')ry — Orip(p+ €+ Co(p) — Crip(p + € p+ Cop))

Co(n)? + Co(p)*
2

(5.31)

—or(rp)(

2 .
1 +2cosay)

Notice that ¢’ is just a constant, depending on ¢, where € is the param-
eter for the ¢/-process, and guarantees the regularity for parts of minimal
sets where the ¢’ —process does not stop. Hence it does not depend on p or
«. Therefore when « is large enough and p is small enough,

(5.32) H?*(E N D4(0, %)) — H*(%) > 0.

Recall that ¥ contains a deformation of E in D4(0,3), hence (5.32)
contradicts the fact that E is minimal.

This contradiction yields that there exists 6; €]0, 5[ and po > 0 such
that for any o > 6y, if E is minimal in B(0,1) with do1(E, P,) < €, and
moreover (5.1) holds, then E contains a point of type 2P in B(0, 1t5).-

Now for guarantee the condition (5.1), we apply Proposition 2.4 again.
Set A = €,. Then when dy 1 (E, P,) < A, our A-process does not stop before
step 1. Then by (2.18), the curves ~* admits Lipschitz constants less than
. Thus (5.1) holds.

Thus when dy 1 (E, Py) < A, there exists a point of type 2P in B(0, 1(1)—0).
This completes the proof of Theorem 1.4. O
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6. Global regularity and local C! regularity for minimal
sets that are near 2P type minimal cones

In this section we give two useful corollaries of Theorem 1.4, concerning
global and local regularity for minimal sets that are near 2P type minimal
cones.

THEOREM 6.1. — Let 6, be as in Theorem 1.4. Then for any a =
(a1, ) with ag > o > 6y, if E is a 2-dimensional reduced Almgren min-
imal set in R* such that one blow-in Iimit of E at infinity is P, (i.e., there
exists a sequence of numbers r, — 0o, and the sequence of sets 1, ' (E)
converge to P, under the Hausdorff distance as n — o0), then E is a P,
set.

Proof. — By hypothesis, there exists R > 0 and a P, set P, such that
do.r(E, Py) < A. Then by Theorem 1.4, there exists a 2P type point © € E.
In particular, the density 8(z) of E at x is 2, which is equal to the density
0 of E at infinity. By the monotonicity (cf. [6, Proposition 5.16]) of the
density function 0,(r) = r~*HY(E N B(z,r)), it has to be constant for
r €]0,00[. By [6, Theorem 6.2], E is a minimal cone centered at z. As a
result, d, . (E, P, + x) is constant for r €]0, oo, since P, + x is also a cone
centered at x. But by hypothesis, d, .(E, P, + ) — 0 as r — oo, hence
dyr(E, Py + x) = 0, which means that E = P, + . O

THEOREM 6.2. — Let 01 be as in Theorem 1.4. Then there exists a
€ > 0 such that for any o = (a1,a0) with ag > a1 > 6y, if E is a 2-
dimensional reduced Almgren minimal set in U C R*, B(x,300r) C U
(r < 1), and there is a reduced minimal cone P, + x of type P, centered
at x such that dy 200r(E, Po + ) < €, then there exists C' diffeomorphism
® : B(z,2r) — ®(B(z,2r)), such that |®(y) — y| < 107%r for y € B(z,2r),
and EN B(x,r) = ®(P, +z) N B(x,r).

To get this theorem as a corollary of Theorem 1.3, we need the following
regularity theorem for minimal sets:

THEOREM 6.3 ([7, Corollary 12.25]). — For each choice ofn > 3,Cy > 1,
m > 0 we can find § > 0 and €; > 0 such that the following holds. Let
U C R™ be open and let E C U be a reduced minimal set in U. Suppose
that © € E,rq > 0 is such that B(x,110r) C U,

(6.1) 91;(1107“0) - 9(1[7) < €1,
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and
(6.2) dz, 100 (B, X) < €1

for some full length minimal cone (See the remark below) X centered at x
such that

(6.3) H?*(X N B(0,1)) < 0(x)
and

(6.4) X is a full length minimal cone,
with constants m < 19/10 and Cy > 1.

Then for 0 < r < rq there is a C'*# diffeomorphism ® : B(z,2r) —
®(B(z,2r)), such that ®(z) = z,|®(y) — y| < 10~2r for y € B(x,2r), and
ENnB(z,r)=®(X + )N B(z,r).

Remark 6.4. — In particular, if X is a full-length minimal cone, then
there exists €3 > 0 such that for any minimal set £ and any X-type point
€ E,ifdy2.(E,X + z) < €3, then we have the C' equivalence described
in the theorem. Here the existence of an X type points guarantees the
condition (6.6), and together with the following Lemma 6.5, (6.1) will also
be satisfied automatically. The full length property (with constant C; and
71) is defined in [7, Definition 2.10]. It is not necessary to come into details
of the definition. In fact there is a stronger condition called “full-length
because of angles” (FLBA, see [7] below (14.3)) with constant n;. And
there exists a constant C' such that if X is a minimal cone that satisfies
FLBA with constant 71, then it is a full-length minimal cone with constant
Cl = C, m.

By [7, Lemma 14.4], planes in R* satisfies FLBA with constant n; (and
thus any constant smaller than 7). [7, Lemma 14.40] tells us that a minimal
cone X satisfies FLBA with constant 7, if each of the connected components
of XNOB(0,1) satisfies it, and these connected components lie at distances
at least 10m; from each other. Hence we can take ny < 17 small, such that
for our family of unions of planes P,, the two circles of P, N 9B(0,1) are
10m9 far from each other. As a results, for a > 601, P, is FLBA with constant
712, and hence is full-length with constant ne and C.

LEMMA 6.5 ([6] Lemma 16.43). — For each small 6 > 0, there is a
constant € (that only depends on n and d), such that if E and F are
reduced d-dimensional minimal sets in an open set U C R™, and if

(65) dz,lOr/Q(E> F) < €,
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then
(6.6) HYENB(x,r)) < HY(FN Bz, (14 6)r) + 6rc.

Now let us prove Theorem 6.2

Proof of Theorem 6.2. — Let A be the A in Theorem 1.4. Let § be small
such that 100 < €1, where €; is the one in Theorem 6.3. Let €4 be the €(9)
in Lemma 6.5 that corresponds to d, with n = 4,d = 2.

Let ¢ = min{107®X, #¢1, te4}. Then by Theorem 1.4, d,,(E,P,) <
500d; 2007 (E, Pa) < %)\ yields that there exists a point zy € B(x, ﬁr)
of type P, for some angle o/. As a result, 6,, = 2, which is the density at
origin of every union of two planes. And since zg € B(z, 1557), we have

(67) dwo,150r(E7 P, + .130) < 2€ < €.
Then by Lemma 6.5,
(6.8)  H?*(E N B(xg,110r)) < H*(P, N B(xg, (1 + §)110r) 4 §(110r)%.

But P, is a cone, and

(6.9) H?*(P,N B(0,1)) = 6(z),
hence
(6.10) H?(E N B(x0,1107)) < 0(x)[(1 + 6)1107)* + §(110r)?,

which yields

(6.11) (110r) "2 H?(E N B(20, 1107)) < 0(z)[(1 4 6)]* + 6.
Hence
(6.12) 0(x,1107) — 6(z) < 86 < €;.

On the other hand we also have
(613) dzo,lg,or(E,Pa + 330) < 2e < €.

Now by Remark 6.4, P, is a full-length minimal cone. By (6.9), (6.12),
(6.13), Theorem 6.3 applies, which yields the conclusion of Theorem 6.2. O
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