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A CLASSIFICATION OF THE IRREDUCIBLE MOD-p
REPRESENTATIONS OF U(1,1)(Q,2/Q,)

by Karol KOZIOL

ABSTRACT. — Let p be a prime number. We classify all smooth irreducible
mod-p representations of the unramified unitary group U(1,1)(Q,2/Qp) in two
variables. We then investigate Langlands parameters in characteristic p associated
to U(1,1)(Q,2/Qp), and propose a correspondence between certain equivalence
classes of Langlands parameters and certain isomorphism classes of semisimple

L-packets on U(1,1)(Q,2/Qp).

RESUME. Soit p un nombre premier. Nous classifions les représentations lisses
irréductibles modulo p du groupe unitaire non-ramifié U(1,1)(Q,2/Qp) en deux
variables. Ensuite, nous étudions les parametres de Langlands en caractéristique p
associés a U(1,1)(Q,2/Qp) et proposons une correspondance entre certaines classes

d’équivalence de parametres de Langlands et certaines classes d’isomorphisme de
L-paquets semi-simples de U(1,1)(Q,2/Qp).

1. Introduction

Recently, the mod-p representation theory of p-adic reductive groups has
garnered a great deal of attention as a result of its roles in the mod-p and
p-adic Local Langlands Programs. The expectation is that there exists a
matching between (packets of) smooth mod-p representations of a p-adic
reductive group and certain Galois representations. Representations of the
group GL2(Q,) have been widely studied and analyzed, and a (semisim-
ple) mod-p Local Langlands Correspondence has been established by Breuil
([10]) based on the explicit determination of the irreducible mod-p repre-
sentations of GL2(Q)). Moreover, this correspondence is compatible with
the p-adic Local Langlands Correspondence (cf. [11]; see also [12], [16], [17],
18], [19], [24]).

Keywords: Supersingular representations, unitary group, mod-p representations.
Math. classification: 22E50, 11F80, 11F85.
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The smooth irreducible mod-p representations of SL2(Q,) have recently
been classified by Abdellatif in [3], by examining restrictions of the ir-
reducible representations of GL2(Q)). This allowed her to take the first
steps towards a mod-p Local Langlands Correspondence for SL2(Q)). In
addition, her results are the first to consider a mod-p Local Langlands
Correspondence with L-packets.

Several aspects of the mod-p representation theory of unitary groups
have already been considered by Abdellatif in [1], and by the author and
Xu in [20]. In the present article, we utilize the work of Breuil and Abdellatif
to investigate the smooth irreducible mod-p representations of the unitary
group U(1,1)(Qp2/Q,), where Q,2 denotes the unramified quadratic ex-
tension of the field of p-adic numbers Q,. The irreducible subquotients of
representations of U(1,1)(Qp2/Q,) parabolically induced from characters
have been classified by Abdellatif in [2]. We shall be interested in repre-
sentations which do not arise in this way, which we will refer to as super-
cuspidal representations (we will comment on terminology at the end of
this introduction). These representations are the ones which are expected
to play a central role in a potential Local Langlands Correspondence.

We begin our investigation in a more general context. Denote by F
a nonarchimedean local field of residual characteristic p, and F an un-
ramified quadratic extension. Let G be the group U(1,1)(E/F), Gs =
SU(1,1)(E/F) its derived subgroup, and Is(1) the unique pro-p Sylow
subgroup of the standard Iwahori subgroup of Gg. The pro-p-Iwahori-
Hecke algebra Hy, (Gs, Is(1)) is the convolution algebra of compactly sup-

ported, F,-valued functions on the double coset space Is(1)\Gs/Is(1). As
Gs = SLo(F), the structure and properties of ’HE(GS,IS(l)) are well-
understood (cf. [1], [31]). In particular, a classification of finite-dimensional
simple right modules for Hg (G, Is(1)) is known (see [1]). We review the
necessary results in Chapterp3.

The results of [2] provide a classification of smooth irreducible nonsuper-
cuspidal representations of any connected quasisplit reductive group of rel-
ative rank 1. We make the computations explicit in Section 4, and obtain
an explicit description of all irreducible nonsupercuspidal representations
of G (Theorem 4.3). We then investigate the behavior of irreducible repre-
sentations upon restriction to the derived subgroup Gg.

Next, we specialize to the case where F' = Q, and £ = Q2. Under
these assumptions, the smooth irreducible supercuspidal representations of
GL2(Q,) and SL2(Q,) have been classified by Breuil and Abdellatif, respec-
tively (cf. [10], [3]). Using the algebra Hy, (Gs,Is(1)) and a cohomological

ANNALES DE L’INSTITUT FOURIER



IRREDUCIBLE REPRESENTATIONS OF U(1,1)(Q,2/Qp) 1547

argument, we show in Section 5 that the supercuspidal representations of
SL2(Qp) = Gg lift to smooth irreducible representations of G, which we
denote

(w* o det) @ 7,

for 0 < r < p—1land 0 < k < p+ 1 (see Definition 5.5). Moreover,
we show that every smooth irreducible supercuspidal representation of
U(1,1)(Qp2/Qp) is of this form (Theorem 5.7), and thereby obtain a clas-
sification of all smooth irreducible representations (Corollary 5.8). To con-
clude, we arrange the irreducible representations into sets called L-packets,
and determine the L-packets on U(1,1)(Q,2/Q,) explicitly.

In the final section, we define the relevant Galois groups and L-groups at-
tached to G. Our definitions are adapted from the complex setting (see [25]
for the classical definitions). Thus, we are led to investigate Langlands pa-
rameters associated to the group G, that is, certain homomorphisms

¢ : Gal(Q,/Q,) — "G = GLy(F,) x Gal(Q,/Q,).

Our first (somewhat surprising) result in this direction is Proposition 6.13,
which asserts that there do not exist any parameters ¢ such that the Galois
representation associated to ¢| Gal(@,/Q,2) is irreducible.

The aforementioned result suggests that the Langlands parameters asso-
ciated to G which are of interest are “reducible” in some sense. We there-
fore consider homomorphisms whose image lies in the L-groups *.J and “T,
where J is the unique elliptic endoscopic group associated to G, and T is
the maximal torus of G. We classify all such parameters in Propositions 6.8
and 6.17, and determine the possible equivalences among the parameters
(Lemmas 6.15, 6.18, and 6.19).

In the complex setting, the parameters coming from “J play a pivotal
role in the representation theory of G (cf. [25]). In the characteristic p
setting, they remain of particular importance:

THEOREM (COROLLARY 6.16). — Suppose 0 < k,¢ <p+1 and k # £.
There exists a bijection between equivalence classes of Langlands parame-
ters factoring through the group *.J and L-packets of irreducible supercus-
pidal representations of the group G = U(1,1)(Q,2/Q,), given by

Pk {(wé odet) ® Tk—0—1]) (wk o det) ® W[g,k,l]},

where [k — £ — 1] (resp. [ — k — 1]) denotes the unique integer between 0
and p — 1 equivalent to k — € — 1 (resp. £ — k — 1) modulo p + 1. Moreover,
this bijection is compatible with twisting by characters on both sides.

TOME 66 (2016), FASCICULE 4



1548 Karol KOZIOL

We refer to Definition 6.14 for the precise description of the parame-
ters Pk.e-

Finally, we extend this bijection to include semisimple nonsupercuspi-
dal representations (Definition 6.20), using the parameters coming from
LT . This allows us to make explicit a case of endoscopic transfer from irre-
ducible representations of J to semisimple L-packets on G (see the remarks
following Definition 6.20).

Remark on Terminology. — We briefly address our choice of nomencla-
ture. The notion of supersingularity was introduced by Barthel and Livné
([5] and [6]) in their classification of smooth irreducible mod-p represen-
tations of GLg(F). For a general connected reductive group, a smooth ir-
reducible admissible representation 7 is called supersingular if the Hecke

)

eigenvalues of 7w are “as null as possible,” while 7 is called supercuspidal
if it is not a subquotient of a representation parabolically induced from
a smooth irreducible admissible representation of a proper Levi subgroup.
Thanks to recent work of Abe-Henniart-Herzig—Vignéras ([4]), we now

know that these notions are equivalent; we will use them interchangeably.

Acknowledgements. — 1 would like to thank my advisor Rachel Ollivier,
for many enlightening discussions throughout the course of working on this
article, as well as her encouragement and advice. I would also like to thank
Ramla Abdellatif, Florian Herzig, and Shaun Stevens for many helpful
comments and discussions. During the preparation of this article, support
was provided by NSF Grant DMS-0739400.

2. Notation

Fix a prime number p, and let F be a nonarchimedean local field of
residual characteristic p. We assume throughout that the characteristic of
F is not equal to 2 (so that if p = 2, F' is a finite extension of Q3). Denote
by o its ring of integers, and by pp the unique maximal ideal of op. Fix
a uniformizer wp and let krp = op/pr denote the residue field of size ¢, a
power of p. We fix also a separable closure F of F, and let k# denote its
residue field.

Let E denote the unique unramified extension of degree 2 in F. We
denote by 0g, pg, etc., the analogous objects for E. Since E is unramified,
we may and do take wp = wr =: @ as our uniformizer. Let ¢ : k% AN ED

denote a fixed isomorphism, and assume that every ﬁ; -valued character
factors through ¢. We identify kr and kg with F, and F,2, respectively,

ANNALES DE L’INSTITUT FOURIER
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using the isomorphism (. We will also identify IF;Z with the image of the
Teichmiiller lifting map [ - ] : Fz — o} when convenient.

We let © — T denote the nontrivial Galois automorphism of F fixing F'.
This automorphism preserves og and pg, and induces the automorphism
z +— 29 onF 2. We take € € 0 to be a fixed element for which E = F(/e),
so that /e = —y/e. We define U(1)(E/F) to be the kernel of the norm map

Ng/p : BX — FX
T —> 2T

The norm map induces an isomorphism

Z[2Z p#2,

OE/OEUU)(E/F) - 0;/(0;‘)2 = {(Z/zz)GB[F:Qz]-H p=2.

This follows from, for example, Proposition I1.5.7 of [23]. When p # 2
(resp. p = 2), we denote by ¥ (resp. U1, ..., U[r.q,)+1) a fixed element (resp.
fixed elements) in o}, whose image (resp. images) in oy, /o fU(1)(E/F) is a
generator (resp. gives a set of generators).

Denote by G the F-rational points of the algebraic group U(1, 1), defined
and quasisplit over F'. Explicitly, we take G to have the form

Gz{gGGM(E):g*(? (1)>92<(1) (1))}

where ¢g* = g' denotes the conjugate transpose of a matrix ¢ with coeffi-
cients in F.
Let K denote the maximal compact subgroup of G given by

K = GLQ(OE) n G,
(cf. [25], Section 1.10) and let
K1::(1+pE PE )ﬂG
pe 1+pE
denote its pro-p radical. We define
I'=K/K; =2 U(1,1)(Fgpe/F,).
The Iwahori subgroup [ is defined as the preimage under the quotient map
K — T of the Borel subgroup of upper triangular matrices in I'. We

denote by I(1) the pro-p radical of I, which is the preimage of the upper
triangular unipotent elements of I'. Explicitly, we have

X
I:= <0E 05) NG, I(1) := (1 thz 05 ) NG.
PE 0f pe  l+pe

TOME 66 (2016), FASCICULE 4
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Let B denote the Borel subgroup of upper triangular elements of G, U
its unipotent radical, and U~ the opposite unipotent. The subgroups U
and U~ are both isomorphic to the additive group F.

We let G5 denote the derived subgroup of G. For any subgroup J of G,
we let Jg denote its intersection with Gg. We have Gg = SU(1,1)(E/F) =
SLo(F), the latter isomorphism given by conjugation by the element

(\f (1)) € GLy(E).

We shall exploit this isomorphism to give a classification of the smooth
irreducible representations of U(1,1)(Q,2/Qp).
The maximal torus T" of G consists of all elements of the form

a 0
0 a ')’

with @ € E*. Note that T (or more precisely, the algebraic group defining
T) is not split over F. The maximal torus of Gg is Ts = T'N Gyg; it consists
of all elements of the form

a 0

0 a ')’

with a € F*, and is split over F. The center Z of G is given by the subgroup

of elements
a O
0 a)’

To=TNK and T =TNKj.

with a € U(1)(E/F). We let

Finally, we define the following distinguished elements of GLa(E):
0 1 0 1
(0 0) =2 0)
0 —e ! 0 —w e
Ng 1= s Ng 1= 5
Ve 0 wy/€ 0

0= v ,0 if p#2 0; = Os 70 if p=2
: - i i - 1 :
0 9" P7s 0 v ' b

ANNALES DE L’INSTITUT FOURIER
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3. Hecke Algebras

In the course of determining the smooth irreducible representations of
U(1,1)(Qp2/Qp), we shall make essential use of the pro-p-Iwahori-Hecke
algebra of the derived subgroup SU(1,1)(Qp2/Q,). We collect the relevant
results here.

3.1. Preliminaries

We will be interested in the category %epﬁp (G) of smooth representations

of G over F,. We briefly recall some preliminary terminology. Let J be a
closed subgroup of G, and let (0,V,) be a smooth F,-representation of J
(meaning that stabilizers are open). We denote by ind§ (o) the space of
functions f : G — V,, such that f(jg) = o(j)f(g) for j € J,g € G, and
such that the action of G given by right translation is smooth (meaning that
there exists some open subgroup J', depending on f, such that f(gj’) =
f(g) for every j' € J',g € G). We let c-ind§ (o) denote the subspace of
indf,;(a) spanned by functions whose support in J\G is compact. These
functors are called induction and compact induction, respectively. We will
mostly be concerned with the cases when J is a compact open subgroup, or
when J is the group of F-rational points of a parabolic subgroup of U(1, 1).

3.2. Pro-p-Iwahori-Hecke Algebra

Let 7 be a smooth F,-representation of the group Gs = SU(1,1)(E/F).
Frobenius Reciprocity for compact induction gives

7TIS(1) =~ Homls(l) (1’ 7T|IS(1)) = HOH]GS (C—indis(l)(l), ﬂ'),
where 1 denotes the trivial character of Ig(1). The pro-p-Iwahori-Hecke
algebra
. 4G
Hy, (Gs,Is(1)) := Endgq (c-lndlss(l)(l))

is the algebra of Gg-equivariant endomorphisms of the universal module
c—indis(l) (1). This algebra naturally acts on Homg, (c—indis(l) (1), ) by pre-
composition, which induces a right action on 7/s(1)_ In this way, we obtain

the functor of Ig(1)-invariants, 7 — 75(Y) from the category of smooth
F,-representations of Gs to the category of right Hz (Gs, Is(1))-modules.
p

TOME 66 (2016), FASCICULE 4



1552 Karol KOZIOL

By adjunction, we have a natural identification
HFP(GS,IS(I)) = c—indis(l)(l)ls(l)7

so we may view endomorphisms of c—ind?;s(l)(l) as compactly supported
functions on Gg which are Ig(1)-biinvariant. This leads to the following
definition.

DEFINITION 3.1. — Let g € Gs. We let Ty € Hg (Gs, Is(1)) denote the
endomorphism of c—indis(l)(l) corresponding by adjunction to the charac-

teristic function of Ig(1)gls(1); in particular, T, maps the characteristic
function of Is(1) to the characteristic function of Is(1)glIs(1).

Using the isomorphisms above, we see that if 7 is a smooth E,— repre-
sentation of Gg, v € 75 and ¢g € Gg, then
(31) v-T,= Z uto = Z ug~ ..
u€ls(1)\Is(1)gls(1) u€ls(1)/Is(1)Ng=tIs(1)g

For more details, see [31].

3.3. Supersingular Modules

Let Hg := Tps/Th,s = ]qu. For h € Hg, we let Tj, denote the operator
Ty, for any preimage to of h in Ty g. Since the group Gy is split, we may
apply results of [31] to give the structure of Hz, (Gs, Is(1)) (see [33] for the
case of a general reductive group).

THEOREM 3.2. — The operators Ty, , Ty, , and Ty, for h € Hg, generate
Hy, (Gs, Is(1)) as an algebra.

Proof. — The claim follows from (the remark following) Theorem 1
of [31]. O

In the study of Hecke modules over fields of characteristic p, the notion
of supersingularity plays a prominent role. We recall the definition here.

DEFINITION 3.3 ([31], Definition 3). — Let M be a nonzero simple right
’HE(GS, Is(1))-module which admits a central character. We say M is su-
persingular if every element of the center of Hﬁp(GSJs(l)) which is of
“positive length” acts by 0. For the precise notion of “positive length,” see
the discussion preceding Definition 2 (loc. cit.).

The finite-dimensional simple right g (Gg, Is(1))-modules have been
classified in Chapitre 6 of [1]. The supersingular modules take on a partic-
ularly simple form:

ANNALES DE L’INSTITUT FOURIER
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PROPOSITION 3.4. — The supersingular Hg (Gs, Is(1))-modules are
one-dimensional. They are given by:
My : Tp — 1, Tp, — 0, T, , — —1;
Mgy Tp— 1, Tp, — =1, Ty, — 0;
M, : Tp — a™ ", Tns — 0, Tnsz — 0,

Where()<r<q—1,a€]FqX,andh=(a 0 )EHS.

0a"?!
In order to make use of the machinery of Hecke modules, we will need
a precise relationship between smooth representations of SU(1,1)(E/F)
and Hg (Gs, Is(1))-modules. The following theorems provide us with the
necessa;y link.

THEOREM 3.5 ([1], Corollaire 6.1.10 (i)). — The functor of Ig(1)- in-
variants m — w3 induces a bijection between isomorphism classes
of smooth, irreducible, nonsupercuspidal representations of SU(1,1)(E/F)
and isomorphism classes of simple, finite-dimensional, nonsupersingular

right Hg (Gs, Is(1))-modules.

THEOREM 3.6 ([1], Corollaire 6.1.10 (ii)). — The functor of Is(1)- in-
variants m — w3 induces a bijection between isomorphism classes of
smooth, irreducible representations of SU(1,1)(Q,2/Q,) and isomorphism
classes of simple, finite-dimensional right HE(GS, Is(1))-modules. Under
this bijection, the supercuspidal representation m, (of Definition 5.3) cor-
responds to the supersingular module M, (of Proposition 3.4).

COROLLARY 3.7. — Let m be a smooth, irreducible supercuspidal rep-
resentation of the group SU(1,1)(Q,2/Q,). For t € Ty, we let 7" denote
the representation with the same underlying space as w, with the action of
g € SU(1,1)(Qp2/Q,) given by first conjugating g by t. Then 7" = 7.

Proof. — Note first that ¢ normalizes Ig(1), which implies we have
mls() = (7t)s() as vector spaces. Equation (3.1) (along with Proposi-
tion 3.4) shows that the actions of the operators T,,_, Ty, and T}, on these
two spaces are the same. By Theorem 3.2 we have 7/s(1) = (7t)Is(1) a5
Hy, (Gs, Is(1))-modules, and Theorem 3.6 now implies that 7 = 7! as Gs-
representations. O

4. Nonsupercuspidal Representations

In [2], Abdellatif has classified the smooth, irreducible, nonsupercuspidal
representations of connected quasisplit reductive groups of relative rank 1

TOME 66 (2016), FASCICULE 4
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(or more accurately, the groups of F-rational points of these algebraic
groups). In particular, these results apply to the group G = U(1,1)(E/F).
We recall the results here.

THEOREM 4.1 ([2], Théoréme 1.1). — Let x : T —> ?: be a smooth
character of T', which we inflate to a smooth character of B.

(1) Asa B-module, the F,-representation ind$(x)| s is of length 2, with
irreducible subquotients given by the character x and the represen-
tation V,., consisting of elements of ind%(x) which take the value 0
at the identity:.

(2) The following are equivalent:

(a) The B-module ind%(x)|p is semisimple;
(b) The G-module ind$(x) is reducible;
(c) The B-character x extends to a character of G.

(3) If x extends to a character of G, then the G-module ind$(x) admits
as subquotients the representation x (as a subrepresentation) and
the representation x ® St (as a quotient). Here

Ste == ind%(1p)/1¢
denotes the Steinberg representation of G, and 1 and 1 denote

the trivial characters of B and G, respectively. The short exact
sequence

0 — x — ind%(x) — x ® Stg — 0
does not split.

This theorem shows that the irreducible nonsupercuspidal representa-
tions divide into three families. The next result demonstrates the lack of
isomorphisms between these representations.

THEOREM 4.2 ([2], Théoréme 1.2, Section 3.3). — There do not exist
any isomorphisms between representations from distinct families. If x and
X' are two characters of B which extend to G (resp. do not extend to G) and
there exists an isomorphism x®Stg = ' ®Stg (resp. ind$(x) = ind%(x')),
then x = x'.

We make Theorem 4.1 explicit. For any finite extension L of F', we let
w denote the character of L* whose value at a fixed uniformizer wy, is 1,
and whose restriction to o} is given by the composition

T L =X
(4.1) w:op =k —TF,,

where v, : 0, — k1, denotes the reduction modulo the maximal ideal. For

A€ F: , we denote by py : L — F: the unramified character taking

ANNALES DE L’INSTITUT FOURIER
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the value A at wy. In this notation, we have that any smooth character
of E* (resp. F'*) is of the form pyw” for a unique A\ € F: and a unique
0<7<¢q®—1 (resp. 0 <r < q—1). Likewise, any smooth character of
U(1)(E/F) is of the form w” for a unique 0 < r < ¢+ 1.

Since T' = E*, we will identify the smooth characters of T' (and B) with
those of £, by the formula

T a b T
AW (0 a_l) = uyw'(a).

Assume now that the character pyw” extends to a character of G. This
extension must therefore be trivial on the derived subgroup Gg and its
maximal torus Tg. In particular, this implies

A= mw(w) =1,

a” = pw"([a]) =1,
where a € F is arbitrary. Hence, we see that if the character uyw” extends
to G, we must have A = 1 and r = (¢—1)m for 0 < m < ¢+ 1. The converse

statement is easily verified, and combining Theorems 4.1 and 4.2, we obtain
the following theorem.

THEOREM 4.3. — Let w be a smooth, irreducible, nonsupercuspidal rep-
resentation of the group U(1,1)(E/F). Then 7 is isomorphic to one and
only one of the following representations:

e the smooth ﬁp—characters w” o det, where 0 < k < ¢+ 1;

e twists of the Steinberg representation (w* o det) ® Stg, where 0 <
k<q+1;

e the principal series representations indg(ﬂ aw”), where X € ?: and
0<r<q®—1with (r,\) # ((g — 1)m, 1).

In addition to this classification, we will also need to know how the
irreducible representations of U(1,1)(E/F) behave upon restriction to the
derived subgroup SU(1,1)(E/F). We record some results in this direction.

PROPOSITION 4.4. — We have the following isomorphisms:
(a) w* odet|gs = 1gs, where 1g, denotes the trivial character of Gsg;
(b) ind%(paw”)|as = indg: (uaw™ ), where ' denotes the unique integer
such that 0 < ' < g—1 and " =r (mod ¢ — 1);
(c) (w* odet) ® Stg|gs = Stgs, where Stg, = iﬂdg:(lBs)/le is the
Steinberg representation of Gg.

Proof. — Part (a) follows from the definition of Gg. For part (b), we
note that (by Hilbert’s Theorem 90) we have G = BGs = GgB, and use

TOME 66 (2016), FASCICULE 4
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the Mackey decomposition (cf. [29] Chapitre 1, Section 5.5):
indG(pw")las = ind G (uaw’| ;) = indGe (mw™),

where 77 is as in the statement of the theorem. Finally, since the restriction
functor 7 — 7| g, is exact, we obtain (w¥ odet) ® Stg|gs = St from the
definitions of Stg and Stg,. This proves (c). O

COROLLARY 4.5. — If7 is a smooth irreducible nonsupercuspidal repre-
sentation of U(1,1)(E/F), then 7 remains irreducible and nonsupercuspidal
upon restriction to SU(1,1)(E/F).

Proof. — This follows from Theorem 4.3 and Proposition 4.4 above, as
well as Proposition 2.7 of [3]. O

PROPOSITION 4.6. — Let m be a smooth irreducible representation of G.
Then m admits a central character, and the restriction m|qy Is semisimple
of length at most 2 (resp. at most 2lF*Q1+1) when p # 2 (resp. p = 2).

Proof. — We proceed as in Lemma 2.4 of [21]. We first note that, since
K is a pro-p group, the vector space 71 is nonzero, and has an action
of the group K. This action factors through I', and we let ¢ C 7% be an
irreducible T'-subrepresentation (such a representation always exists since
T is finite). As o is irreducible, the center of K acts on o by a character.
The injection

o— 7Kk

gives, by Frobenius Reciprocity, a G-equivariant surjection C—indf((a) —
7. Since K contains the center Z, we conclude that m admits a central
character.

Suppose now that we have a locally profinite group &, a closed (normal)
subgroup $ of index 2, and an irreducible representation w of &. Let 8 € &
be a representative of the nontrivial coset. Consider the representation 7|g,
and suppose it is reducible, with a nonzero proper subrepresentation 7. Let
V. be the underlying vector space of 7. It then follows that the space
V. + 071, V. is nonzero and stable by &, and therefore must be all of .
Likewise, the space V; N @71V, is stable by &, and hence must be zero.
Thus we see that

0
Ty ZT®T,

where 79 denotes the representation with the same underlying space as 7,
with the action given by first conjugating an element of $) by 8. The same
argument shows that 7 must be irreducible as a representation of §).
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Applying this to the inclusion ZGg < (ZGs,0) = G when p # 2 (resp.
the chain of inclusions

ZGs < (ZGs,01) < (ZGs,01,03) < ... < <ZG5,91,...,9[F;Q2]+1> =G

when p = 2) shows that the restriction to ZGg is semisimple of length
at most 2 when p # 2 (resp. at most 2[F: Q2]+l when p = 2). Since 7
admits a central character, the representations appearing in a direct sum
decomposition will remain irreducible upon further restricting to Gs. O

PROPOSITION 4.7. — Let m be a smooth irreducible representation of
G, and let T C 7|, be a nonzero irreducible Gs-subrepresentation. Then
w is supercuspidal if and only if T is supercuspidal.

Proof. — Suppose that 7|g, contains an irreducible nonsupercuspidal
representation 7. If 7 is the trivial character of Gg, then Proposition 4.6
implies 7 is finite-dimensional. This implies by smoothness and irreducibil-
ity that @ must itself be a character, and hence not supercuspidal. We may
therefore assume that 7 is a quotient of a parabolically induced represen-
tation, that is to say, there exists x : Bs — F; such that 7 is a quotient
of indg; (x). Let X : ZBs — F: denote the character whose restriction to
Bgs is x, and whose restriction to Z is the central character of . Mackey
theory now implies that

Hom ¢y (ind% 32 (%), 7| z65) # 0.

Using Frobenius Reciprocity and transitivity of induction, we obtain

Hongs(mdggs( X):Tzas) = Homeg(c- deGS(mdgg:(X)) )

= Homg(lndZGS(IHdgg:( X)), ™)
s Homg(deBs( X), ™)
(

[

Homg (ind$, (deBs (X)), 7).

Since every irreducible finite-dimensional representation of B is a char-
acter, we have that imngS (X) is of length n, where n = 2 if p # 2 and
n = 2 Q241 §f 5 — 2 Suppose

0=My C M C...C M, =indZp(X)
is a composition series for inngS (X), and set x; := M;/M;_; for i =
1,...,n. We claim that there exists y; such that Homg(ind$(x;), ) # 0.

Assume the contrary. Since parabolic induction is exact ([32], Proposi-
tion 4.3), the exact sequence

0— xi — Mp/M;—y — M, /M; — 0
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of B-representations yields an exact sequence
0 — ind%(x;) — ind%(M,,/M;_1) — ind%(M,,/M;) — 0

of G-representations for every i = 1,...,n (noting that U acts trivially on
M,,). Applying Homg(—, ) gives an exact sequence

0 — Homg (ind%(M,, /M;), ) — Homg (indG (M, /M;_1), )
— Homg (ind$(x:), 7) = 0,
where the last equality holds by assumption. This gives
Homg (ind%(M,),7) = Homeg(ind$(M,, /M), )
=~ ... = Homg(indG(M, /M, _;),7) = 0,

a contradiction. From this we see that 7 is a quotient of a representation
parabolically induced from a character, and is therefore not supercuspidal.
The reverse implication follows from Corollary 4.5. |

5. Supercuspidal Representations

We suppose from this point onwards that F' = Q,, E = Q,2, and @ = p.
We let Z,, and Zp2 denote the rings of integers of Q, and Qj2, respectively.

The supercuspidal representations of GL2(Q,) and SL2(Q),) have been
classified by Breuil and Abdellatif, respectively (cf. [10], [3]). We review
their results here.

5.1. The Group GL3(Q,)

Let 0 < r < p—1 be an integer. Denote by o, = Symr(?i) the F,-vector
space of homogeneous polynomials in two variables of degree r, with an
action of GL2(Z,) given by

<Z Z) 2"y = (vg, (a)z + g, (¢)y)  (vg, (b)z + vg, (d)y)",

where tq, : Z, — I}, is the reduction map defined in Section 4. We denote
by Q, the center of GL2(Qj), and extend the above action to Q, GL2(Z,)
by letting p - id act trivially. Proposition 8 of [5] shows that the algebra of
GL2(Qp)-equivariant endomorphisms of the compactly induced represen-

tation c-ind®L2(@)

QX GLo(Z )(O'T) is isomorphic to a polynomial algebra over F,
P 2\&p
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in one variable, generated by an endomorphism denoted 7). For a smooth
character x of Q, we denote by m(r,0,x) the representation of GL2(Q))
afforded by the cokernel of the map 7., twisted by x :

c-ind¢L2 (@) (o)
P

m(r,0,x) = (x o det) @

The necessary properties of the representations 7(r, 0, x) are summarized
in the following theorem, proved by Barthel-Livné and Breuil.

THEOREM 5.1. — In the following, r denotes an integer 0 < r < p—1
and x : Q) — ?; a smooth character.
(a) Every smooth irreducible supercuspidal representation of GL2(Q))
is of the form m(r,0, x).
(b) The only isomorphisms among the representations 7(r, 0, x) are the
following :
m(r,0,x) = m(r,0,xp-1)
W(T,O,X) = 7T(p -1- T, 07pr)
W(Tv 0, X) = 7T(p -1- T, 0, X/'l‘flwr)‘

(c) Let Tw(1l) denote the standard upper pro-p-Iwahori subgroup of
GL2(Q,). We have

7(r,0, 1)1w(1) = Fp[id» z7| @ E;[B, z’],

where, for g € GL2(Q,) and v € o,, [g,v] denotes the image in
_3 GL?(QP)
7(r,0,1) of the element [g,v] of ¢ mdQ; GLa(Z,)

Q) GLa(Zy)g~" and value v at g.

(o) with support

Proof. — This follows from Theorems 33, 34 and Corollary 36 of [5], and
Théoreme 3.2.4 and Corollaires 4.1.1, 4.1.4, and 4.1.5 of [10]. We remark
that the hypothesis of having a central character made in [5], [6], and [10]
may be omitted by [8]. O

5.2. The Group SLy(Q,)

Consider now the group SL3(Q,). Théoréme 3.36 of [3] implies that for
any smooth irreducible representation o of SL2(Q,), there exists a smooth
irreducible representation ¥ of GL2(Q,) such that ¢ is a Jordan-Holder
factor of ¥. Moreover, Corollaires 3.38 and 3.41 (loc. cit.) imply that in
order to classify supercuspidal representations of SL2(Q,), it suffices to
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compute the restriction of the representations «(r, 0, 1). Let 7, o, denote the

SL2(Qy)-subrepresentation of 7(r, 0, 1) s, (qg,) generated by [id, z7], and let
77,0 denote the SLy(Qj,)-subrepresentation of 7(r,0, 1)|sL,(q,) generated by

B, 2],

THEOREM 5.2. — In the following, r denotes an integer 0 < r < p — 1.

(a) We have 7(r,0,1)|sL,(Q,) = Tr.00 © Tr0-

(b) The representations m,o and 7, are smooth, irreducible, admis-
sible, and supercuspidal.

(c) Conversely, any smooth, irreducible, and supercuspidal representa-
tion of SLy(Q,) Is isomorphic to one of the form 7, or T, .

(d) The only isomorphisms among the representations m,o and T, s
are the following:

~
Tr,oo = Tp—1—7,0

(e) Let Iws(1l) denote the standard upper pro-p-Iwahori subgroup of
SL2(Qp). We have

rlws@ = F,id, 2],
mo*® = F[B,27].

Proof. — This follows from Propositions 4.5 and 4.7 and Corollaires 4.8
and 4.9 of [3], and the comments following Corollaire 4.9. O

DEFINITION 5.3. — We let 7, denote the representation m, . In light
of Theorem 5.2, the representations m, with 0 < r < p — 1 are a full set of
representatives for the isomorphism classes of supercuspidal representations
of SL(Qp) (cf. [3], Théoréme 4.12).

We shall henceforth view the representations m, as representations of
SU(1,1)(Qp2/Qp) via the isomorphism SU(1,1)(Q,2/Q,) = SLa(Qy).

5.3. The Group U(1,1)(Q,2/Q,)

We now proceed to examine the supercuspidal representations of the

group U(1, 1)(Qp2/Qy).

DEFINITION 5.4. — Let U(1); := U(1)(Qp2/Qp) N (1 4 pZ,2). We define
Gy to be the subgroup of G generated by Gs and the central subgroup

[ :ven).
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The group G fits into an exact sequence

(5.1) 1— Gs — Go 25 U(1)2 — 1,

and we have G/Go = U(1)/U(1)3.
Assume p # 2. Proposition 6(b), Chapitre IV and Lemme 2, Chapitre V
of [27] imply that the map z — z? is an automorphism of U(1);, and

therefore the map
22 (&Y
0 =z

gives a well-defined section to the determinant map in the short exact
sequence (5.1) above. Thus, we obtain

Go =2 Gg X U(l)? ~ Gg X U(l)l.

Since U(1); is a pro-p group, Lemma 3 of [5] implies that the set of smooth,
irreducible mod-p representations of Gy and Gg are in canonical bijection.
Assume now that p = 2. The map x — 2 is no longer an automorphism
of U(1); (note that ker(x — 2?) = {£1} < U(1);). Pushing out the exact
sequence (5.1) by the map Gs — Gs/{%id} gives an exact sequence

1 — Gg/{+id} — Go/{*id} 25 U(1)? — 1.

The map sending 22 to the class of (Z 2) gives a well-defined section to the
short exact sequence above, and therefore we obtain

Go/{#id} = Gg/{+id} x U(1)3.

Once again, the set of smooth, irreducible mod-2 representations of
Go/{£id} and Gs/{=£id} are in canonical bijection. The argument of Propo-
sition 4.6 shows that irreducible representations of Gg and Gs admit cen-
tral characters, which take the value 1 at +id. This shows that the smooth,
irreducible mod-2 representations of Gy and Gg are in canonical bijection.

We again assume p is arbitrary. Hilbert’s Theorem 90 implies that ToGg =
G, so we may and do choose coset representatives {; };cu(1)/u(1)2 for G/Go
such that §; € Ty. Now let 0 < r < p— 1, and let m, be a smooth irre-
ducible supercuspidal representation of G, inflated to Gy. For §; as above,
Corollary 3.7 implies 7, & 7% as Gg-representations (and consequently as
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Go-representations). Therefore, we may lift 7, to a projective representa-
tion of GG. Since

H*(G/Go,F,)

H>(U(1)/U(1)},F,)
_ [B*Z/(p+1)ZF,) if p # 2,
H%(Z/3Z @ (Z/22)%2,F,) if p=2,
= 0’
this representation lifts to a genuine representation 7, of G. For more de-
tails, see [15].
It remains to determine the action of G on the lift 7,. of .. Consider the
homomorphism h; : Q;z — T defined by

a O
hs(a) = (O a_l) .
I(1)

7 , Theorem 5.2(e) implies 7,

Since 0 # 7, C
vy = [id, 2"]. As the elements hs([a]) for a € IF;z normalize I(1), we have

hs([a)).v,. = a™v,,

~Is(1 =
7TTS( ) = F,v,, where

for some 0 < m < p*—1. Since a?*' € F)¢ for a € F;, we have hy([a]P*!) €
TO,S and
a(erl)T'Ur = hs([a]p+1)'v1" = a(p+1)mvr’

by the action of Is on [id, 27| € 750 Thus, we must have m = r+ (1-p)k

for some k € Z. This leads to the following definition.

DEFINITION 5.5. — Let 0 < r < p—1and 0 < kK < p+ 1. We define
the representation (w* odet) @ w,. of G = U(1,1)(Q,2/Q,) by the following
conditions:

o (WFodet)®m,|gs = 7r;
e ((w*odet)®m, )M = s = F,v, as vector spaces;
e hy([a]).v, = a" TPy, fora € F.

The last point defines the character that gives the action of I on ((w* o

det) ® m,.)! (), and the preceding discussion ensures that the vector spaces
(wFodet)®r, are bona fide representations of G. We collect their properties
in the following proposition.

PROPOSITION 5.6. — Let 0 <r<p—1land 0<k<p+1.

(a) The representations (w* o det) ® 7, are smooth, irreducible, admis-
sible, and supercuspidal representations of G.
(b) The representations (w* o det) ® =, are pairwise nonisomorphic.
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Proof. — (a) The claim about irreducibility follows from the fact that
the restriction of the representation (w¥odet) @, to Gy is irreducible. The
space of I(1)-invariants is one-dimensional, and therefore (w” odet) ® 7, is
admissible. Proposition 4.7 implies that the representations are supercus-
pidal.

(b) Suppose that

¢ : (WP odet) @, — (W odet) ® m,

is a G-equivariant isomorphism. The map ¢ then defines a Gs-equivariant
isomorphism, so we must have r = r’ by Theorem 5.2. The last point of
Definition 5.5 now shows that we must have k¥ = k¥’ (mod p + 1), which
implies k = k' (since 0 < k, k' <p+1). O

THEOREM 5.7. — Let m be a smooth irreducible supercuspidal repre-
sentation of the group G = U(1,1)(Q,2/Qp). Then w is isomorphic to a
unique representation of the form (wk odet) ® w, with0 < r <p—1 and
0<k<p+1.

Proof. — Let m be a smooth irreducible supercuspidal representation.
The proofs of Propositions 4.6 and 4.7 and Corollary 3.7 imply that 7|,
must be of the form

t DT
7T‘Gs = @Wr gﬂ-r‘ ‘7
teJg

for some 0 < r < p—1, and J a finite subset of Tj.

We claim that | 7| = 1. To see this, note first that 7|, is an object
of %ep%s(l)(Gs), the full subcategory of %epFP(Gs) consisting of represen-
tations generated by their Is(1)-invariants. The functor of Ig(1)-invariants
restricted to this subcategory is faithful (this follows from [5], Lemma 3(1)),
and we obtain an injection

Ende (t]65) < Endg (7"51),

Is(1) | Counting dimensions shows

given by restricting endomorphisms to 7
that this map is bijective.

Now fix tg € J and a nonzero vy € W,{S(l), the latter space indexed by
to in the direct sum above. Let v € 75(1) be a nonzero eigenvector for Tj.
There exists an E,—linear automorphism of 7/s() taking v to vg, and by
the above remarks, we obtain a Gg-equivariant automorphism ¢ of 7|y
taking v to vg. Consider the subspace (G.v)h = <GST0.7)>E = (Gs.vﬁp.
Since it is stable by G, it must be all of 7. On the other hand, the map
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‘p|<GS~U>@, gives a Gis-equivariant isomorphism

las = (Gs.v)g, les — (Gsvo)g, las = mr

This gives the claim.
We may therefore assume that 7|gs = m. The discussion preceding

Definition 5.5 then shows that there exists an integer k such that m =
(wk o det) @ m,. O

COROLLARY 5.8. — Let m be a smooth irreducible representation of
G =U(1,1)(Qp2/Qp). Then 7 admits a central character and is admissible.
Moreover, 7 is isomorphic to one and only one of the following representa-
tions:

e the smooth Fp-characters wP o det, where 0 < k < p+ 1;

e twists of the Steinberg representation (w* o det) ® Stg, where 0 <
k<p+1;

e the principal series representations indg(u,\w’"), where A € Ej and
0<r<p?—1with (r,\) # ((p — )m, 1);

e the supercuspidal representations (w¥odet)®7r,, where 0 < r < p—1
and 0 < k<p+1.

Proof. — If w is not supercuspidal, then the result follows from The-
orem 4.3, and if 7 is supercuspidal it follows from Proposition 5.6 and
Theorem 5.7. It only remains to prove that no supercuspidal representa-
tion is isomorphic to a nonsupercuspidal representation. Assume this is the
case; we then obtain a Gg-equivariant isomorphism between a supercus-
pidal representation and a nonsupercuspidal representation, contradicting
Corollaire 3.19 of [3]. O

5.4. L-packets

We define the general unitary group GU(1,1)(Q,2/Q,) by

{gEGLQ((@pz):g* <(1) é)ngﬁ(? é) forsomeme@zf}.

The association ¢ — k is in fact a character, and induces a surjective
homomorphism sim : GU(1,1)(Q,2/Q,) — Q,;. We obtain a short exact
sequence of groups

1 — U(L, 1)(Qp2/Qp) — GU(L,1)(Qpe/Q,) B QX — 1
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which splits, and we have

62 GUOLDQp/Q) = UL Q) #{ (o o) ac@ ).

As G = U(1,1)(Qp2/Qp) is normal in GU(1,1)(Q,2/Q,), the latter group
acts on G by conjugation, and consequently acts on representations of G.
The following definition is adapted from the complex case (see Section 11.1
of [25]).

DEFINITION 5.9. — An L-packet of semisimple representations on
G = U(1,1)(Qp/Qp) is a GU(1,1)(Qp2/Qp)-orbit of smooth semisimple
representations of G. An L-packet is called supercuspidal if it consists en-
tirely of irreducible supercuspidal representations.

ProOPOSITION 5.10. — Let II be an L-packet of smooth irreducible rep-
resentations on G = U(1,1)(Qp2/Q,). Then II has cardinality 1 if and
only if it contains an irreducible nonsupercuspidal representation. If 11 is a
supercuspidal L-packet, then it is of the form

I = {(w" odet) ® 7, (W odet)®my_1_,},
forsome0<r<p—1, 0<k<p+1.

Proof. — We begin with the following general fact. Let f : G — G be
a continuous automorphism. Given an irreducible representation 7, we let
7 denote the representation with the same underlying vector space as 7,
and the action of g € G given by first applying f to g. One easily verifies
that

indf (x)’ = i1f101?71(13)(>( of).

10
t =
with a € Q,, and let f : G — G denote the automorphism g — tgt™!
given by conjugation by ¢t. Given an irreducible representation 7, we denote
o by xt.
If 7 = w¥ o det is a character of G, it is clear that (w* odet)? = w* o det.

Likewise, if 7 = ind§ (uxw"), then the above fact shows that

Now let

7 = ind§(nw)! 2 ind% s, (prw)!) = ind§ (urwr) = 7.
Since the functor m — 7* is exact in the category Repz (G), we conclude

that ((w* o det) ® Stg)? = (w* o det) ® Stg. Hence, if IT is an L-packet
containing a nonsupersingular representation, then Il has size 1.
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Assume now that II contains a supersingular representation m = (w* o

det) ® m,., and let
1 0
= o)

with a € Z;. Proceeding as in the proof of Corollary 3.7, we see that
|Gy = 7|gs, and the action of T on (w* o det) ® 7, shows that 7t = 7.
To conclude the proof, we must compute 77%, where

since s € U(1,1)(Q,2/Qp), we have m* = 7 and it suffices to determine 7.
Corollaire 4.6 of [3] implies

~

B ~ ~
e E T = M1y,

and Theorem 5.7 gives 77 = (w¥ o det) ® m,_;_, for some k’. As the
element 8 normalizes I(1), we have

By, — 7l = (z8)1)
as vector spaces. For a € F;z, the action of hy([a]) on (77)!() is given by
hs([a]).v, = a=Pr PR TRy,
while the action of h,([a]) on ((w* odet) @ 7, 1)’V is given by
hs([a]).vp—1—p = ap_l_”(l_p)k/vp,l,r.

These actions coincide, and therefore (1 —p)k’ — (1 —p) —r = (1 — p)k —
pr (mod p? — 1), which shows ¥’ =7 + k + 1 (mod p + 1). Hence

I = {(w" odet) ® 7, (W odet)®@m,_1_,},
which concludes the proof. O

6. Galois Groups and Representations

In this section we recall the definitions associated to Galois representa-
tions attached to unitary groups.
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6.1. Galois Groups

Let Gqg, = Gal(@p /Q,) denote the absolute Galois group of Q,, and
Iy, the inertia subgroup. Given a finite extension F' of Q) contained in
Q,, we define Gr := Gal(Q,/F). For n > 1, we let Qp» denote the unique
unramified extension of @, of degree n contained in (@p, with canonical
uniformizer p, and let

(6.1) tn i Qpn — G§Y,

denote the reciprocity map of local class field theory, normalized so that
uniformizers correspond to geometric Frobenius elements. We shall denote
by Fr, a fixed element of Gg, whose image in Q@Z is equal to ¢1(p~1).
Using the injections ¢,, we will identify the smooth Fp—characters of (@;n
and Gg, in the following way. We fix a compatible system { »"~/p}n>1 of

(p"™ —1)™ roots of p, and let w, : Iy, — E;( denote the character given by

h. "
(6.2) he— totg (‘/ﬁ> :

p" =1 D

where h € Ig, and tg : Ly — k‘f denotes the reduction modulo the
maximal ideal. Lemma 2 5 of [13] shows that the character w,, extends to a

character of Q@pn, we continue to denote by w, the extension which sends
the element Frg to 1.

LEMMA 6.1. — Forn > 1, we have w, ot, = w, where w is the character
defined in equation (4.1), which sends p to 1.

Proof. — Denote by Z,~ the ring of integers of Qp,», and suppose u €
Z . Propositions 6 and 8 of Chapitre XIV, [27] imply

). Y (o /Qpe). Y

pn_\l/ﬁ pn_f
= (pu ™),

uw™t
( )Vn(p)l’n(u l)p ni( :
u— Vn(p)

= g, ()]
Here, (- ,%/Qpn) : Qpn — g@l;n denotes the norm residue symbol of

the field Q,n» (Chapitre XIII, loc. cit.), vy, : an — 7Z is the normalized
valuation on Qpn, and (-, - )y, : Qpu X Qpn — 01 (Qyn) denotes

I
| e—
e
ol
=
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the Hilbert symbol (Chapitre XIV, loc. cit.). Applying ¢ o tg to both sides
P
shows that wy, 0 ¢, (u) = w(u).
The functorial properties of the reciprocity maps ¢, imply that we have

equalities
W otp(p™h) =wpoverou(p™t) = wn(Fry) =1= wip™),

where ver : g@’; — Q&Z" denotes the transfer map. The result now follows.

0
LEMMA 6.2. — For h € I@p and n > 1, we have
wn(FrphFrgl) = wy,(h)?P.
Proof. — See the proof of Lemma 2.5 in [13]. O

For )\ € R): and n > 1, we let p, x : ngn — F; denote the unramified
character which is trivial on Zg, and sends Fr); to A.

COROLLARY 6.3. — Let n > 1. Every smooth Fp—character of ng" is
of the form pi, zwj,, where \ € F; and 0 < 7 < p™ — 1. Moreover, the
reciprocity maps t, induce a bijection between smooth F,-characters of

Gq,» and Q. given explicitly by fin zw}, 0 tn = pix-1w".
Proof. — This follows from Lemmas 6.1 and 6.2. (]

6.2. L-groups

We now review the definition of the L-group of G = U(1,1)(Q,2/Q,,). For
the general construction of L-groups, the reader should consult [9]; for the
specific case of unitary groups, see Appendix A of [7], [22], or Section 1.8
of [25].

Let G denote the E,—valued points of the dual group of G; since G splits
over Q,2, we have G = GL2(F,). We also define

0 1 ~
Oy = (_1 0) e G.

DEFINITION 6.4. — The L-group of G is defined as the semidirect

product
LG =G x Gy, = GLy(F,) x Gg,

with the action of Gg, on G given by
Frngr;1 = ég(gT)_légl = g~det(g)_1,
hgh™ = g,
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forgeé, hEQsz.

In addition to the group G, we shall also need unitary groups of lower
rank. In particular, we will need the endoscopic group associated to G. For
the general definition in the complex case, see Sections 4.2 and 4.6 of [25].

DEFINITION 6.5.
(a) The group J := (U(1) x U(1))(Q,2/Q,) is the unique elliptic endo-
scopic group associated to G = U(1,1)(Q,2/Q,).
(b) The L-group of J is defined as the semidirect product

Ly = (F; XF;) % G,
with the action of g@p on ﬁ; X F; given by
Fry(z,y)Fr, " = (2771,
h(z,yh™" = (z,y),
for x,y EF;, h e QQP2.

PROPOSITION 6.6 ([25], Proposition 4.6.1). — There exists a homomor-
phism
e:ly—ta,

which commutes with the projections to Gg,, given by

(z,y) — (g 2)

0 -1
(1,1)Fr, — (1 0> Frp,

1(h) 0

(L1 —s (“2"0 My_l(h)) i

where x,y € F:, h € ngz.

6.3. Langlands Parameters for (U(1) x U(1))(Qp2/Q,)

We begin by defining and investigating Langlands parameters in charac-
teristic p associated to (U(1) x U(1))(Qp2/Qy).

DEFINITION 6.7. — A Langlands parameter is a homomorphism

¢:Ga, — LI =(F, xF,)xGg,,
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such that the composition of ¢ with the canonical projection ©'.J — Go, Is
the identity map of Gg,. We say two Langlands parameters are equivalent

if they are conjugate by an element of F: X F: .
With this definition, we come to our first result.

PROPOSITION 6.8. — Let ¢ : Gg, — LJ be a Langlands parameter.
Then there exist 0 < k,? < p+1 such that p is equivalent to the Langlands
parameter 1y ¢, defined by

Nke(Frp) = (1,1)Fr,
Mee(h) = (@5 775 (h),ws' ™ (h))h,

where h € GQPQ.

Proof. — The conjugation action of Gg, on F: X F: shows that, up to
equivalence, we have ¢(Fr,) = (1,1)Fr,. It remains to determine the image
of ng2' Since QQp2 acts trivially on F; X F: , we see that the restriction of
© to QQPQ must be of the form

p(h) = (p2,0ws' (h); 2, 2,057 (h))h,

where A, Ay € ﬁ;, 0<r,ma<p?—1,and h € QQPQ. Lemma 6.2 and the
definition of *.J imply

(AL, A2)Fr) = o(Fr2)
= ‘P(Frp)2
= (1,1)F2,

(wy™ (h),wh"™ (h))FrphFr, ! = o(FryhFr,t)

= o(Frp)p(h)p(Fry)~"
= Fry(wy (h), ws? (h))hFr, !
= (w3 " (h),w; " (h))FryhFr, !,

which gives the result. 0

COROLLARY 6.9. — There is a bijection between the Langlands param-
eters associated to the group J and smooth irreducible representations of

(U(1) x U(1))(Qp2/Qp), given explicitly by
Nke < wh ® W,

where 0 < k, ¢ < p+ 1, and w is the character defined in equation (4.1).
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6.4. Langlands Parameters for U(1,1)(Q,2/Q,)

We now proceed to explore Langlands parameters in characteristic p
for the group G = U(1,1)(Q,2/Q,). For the analogous definitions in the
complex setting, see [25], [26], and Appendix A of [7].

DEFINITION 6.10. — (a) A Langlands parameter is a homomorphism
¢ : Gy, — “G = GLy(F,) x Gy, ,

such that the composition of p with the canonical projection “G — Go, is
the identity map of Gg,. We say two Langlands parameters are equivalent
if they are conjugate by an element of G = GLy(F).

(b) Let ¢ : Gg, — LG be a Langlands parameter and let 0 < k < p + 1.
We define the twist of ¢ by wél_p)k, denoted ¢ ® wél_p)k, by

—p w(lfp)kh 0
pows V) = ¢<h>< 2 (1_p>k(h)>,

0 Wy

(1-p)k
(1-p)k W (h) 0
R w. Fr,h) = Fr,h _ )
¥ 2 (Frph) o(Fry )( 0 wél p)k<h)

where h € ng2 . One easily checks that this is well-defined and gives a bona
fide Langlands parameter.

DEFINITION 6.11. — Let v : Gg, — LG be a Langlands parameter.
Since the group Gg , acts trivially on CA?, the restriction of ¢ to Gg , must
be of the form

p(h) = @o(h)h,

where h € Gg , and ¢o : Gg , — G is a homomorphism. As G = GLy(Fp),
o Is a two-dimensional Galois representation; we call it the Galois repre-
sentation associated to .

DEFINITION 6.12. — Let ¢ : Gg, — LG be a Langlands parameter.
We say ¢ is stable if the associated Galois representation ¢ : QQP2 —

GLy(F,) is irreducible.

Our first result on Langlands parameters for U(1,1)(Q,2/Q,) stands in
stark contrast to the complex case (cf. [25], Section 15.1).

PRrROPOSITION 6.13. — There do not exist any stable parameters ¢ :
gQ — La.

P
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Proof. — The inclusion SLy(Q,) < U(1,1)(Q,2/Q,) gives rise, by du-
ality, to a homomorphism of L-groups, given explicitly by

1: "G = GLy(F,) x Gy, — "SLo = PGLy(F,) x Gy,
gh — [g]h,

where g € GLy(F,), h € Gg,, and [g] denotes the image in PGLy(F,) of the
element g. Given ¢ : Gg, — L@, we consider the Langlands parameter
10 ng — PGLQ(E,) X ng and the associated Galois representation
(1o ) : Gg,. — PGL»(F,). It is clear that ¢ is irreducible if and only

if (20 )g is irreducible, and therefore it suffices to examine 2 o .
Now, since the group SL2(Q,) is split over Q,, Gg, acts trivially on

S/\Lg = PGL, (R,), and therefore 2 o ¢ takes the form

vop(h) = ¢'(h)h,

where h € G, and ¢ : Gg, — PGLy(FF,) is a homomorphism. Assume ¢’
is irreducible. By a theorem of Tate (see the proof of Theorem 4 (and its
corollary) in [28]), we have

H%(G,.F, ) =0,

which implies that every projective representation has a lift to GL2(F,).
Hence, we may write ¢'(h) = [¢'(h)], where &' : Gg, — GL2(F,) is an
irreducible Galois representation.

It is well-known ([30], Section 1.14) that every two-dimensional irre-
ducible mod-p representation of Gg, is isomorphic to a representation of
the form

. G

ind (o),
where \ € F:, and 0 < m < p? — 1 satisfies m # pm (mod p? — 1). By
Mackey theory, we have

~ . 19

/ Q m m pm

P'loe , =indg” (n2wz")lg , = p2awy" @ 2wy
P

which implies that the original Langlands parameter ¢ cannot be stable.
|

Using the parameters 7y, above, we obtain the first nontrivial (neces-
sarily nonstable) examples of Langlands parameters for the group G.
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DEFINITION 6.14. — Let 0 < k,£ < p+ 1. We denote by ¢y ¢ : Gg, —
LG the Langlands parameter obtained by composing ¢ (of Proposi-
tion 6.8) with £ (of Proposition 6.6). Explicitly, we have

0 -1
Pr,e(Frp) = <1 0> Frp,

(1-p)k

1w h 0

pralh) = (1 W) a-pe | o
0 p2,—1wy  (h)

for h € ngz'
We say ¢ is regular if k # £, and singular otherwise.

LEMMA 6.15. — Let 0 < k, k', 0,0/ < p+ 1. Then ¢y 4 is equivalent to
ok o if and only if the sets {k, ¢} and {k’,£'} coincide.

Proof. — This is left as an easy exercise. O

COROLLARY 6.16. — There exists a bijection between é—equjvalence
classes of regular Langlands parameters coming from the endoscopic group
J = (U(1) x U(1))(Q,2/Qp) and L-packets of irreducible supercuspidal
representations on the group G = U(1,1)(Q,2/Q,), given by

Qe +— {(W o det) ® wp_y_1), (WFodet) ®mp_j_1},

where 0 < k,¢ < p+ 1, and where [k — £ — 1] (resp. [{ — k — 1]) denotes the
unique integer between 0 and p—1 equivalent to k—¢—1 (resp. {—k—1) mod-
ulo p+ 1. Moreover, this bijection is compatible with twisting by characters
on both sides (under the one-dimensional version of the correspondence of
Corollary 6.9).

Proof. — Let Il; , denote the L-packet on the right-hand side of the
correspondence above. Proposition 5.10 and Lemma 6.15 show that Il ,
and IT; o are identical if and only if {k, ¢} = {k’, '}, if and only if ¢y ¢ is
equivalent to @g/ . O

Our next task will be to extend the correspondence of the above corol-
lary to nonsupercuspidal L-packets. In doing so, we are led to consider
Langlands parameters arising from a proper Levi subgroup of “G. We let

LT =T % Gg,,

where 7 is the diagonal maximal torus of G , and the action of Gg, on T is

the restriction of the action on G.
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PROPOSITION 6.17. — Let ¢ : Gg, — “G be a Langlands parameter
which factors through the group T, that is, such that ¢ is a composition

Go, — “T — "G,

where the second arrow denotes the canonical inclusion. Then there exist
0<r<p?—1land)c F: such that ¢ is equivalent to the Langlands
parameter v, x, defined by

e (Frp) = ((1) ?\) Fr,

p2,-1ws (h) 0 )
ra(h) = ’ —pr h7
) = (e
where h € Gg , -

Proof. — We proceed as in the proof of Proposition 6.8. Using the action
of Gg, on T we may assume that, up to equivalence, we have

p(Frp) = (é ?\) Fr,

for some \ € ﬁ; . Let g : ng2 — T < G be the Galois representation
associated to ¢, so that

/“62 )\1(" ;1 (h) U )
p(h) = po(h)h = ’ h,
( ) 0( ) < 0 l[ 2;)\2("£2 (h)

where A\, Ay € F;, 0 <ry,rg <p?—1,and h € QQPQ. Again using
Lemma 6.2 and the definition of T, we obtain

A0 2 2
(0 )\2) Fr, = ¢(Fr,)

= @(Frp)z

10 10
b D)l )

wy" (h) 0 -1 -1
( 20 wgrz(h)> FrphFr,” = <p(FrphFrp )

= (Frp)e(h)p(Frp) ™!

wy*(h) 0 1
< 0 w3 () Fryhkr,
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which gives the result. O

We shall also need more precise information about equivalence classes of
the Langlands parameters ¢, ¢ and v, ». This is the content of the following
two lemmas, whose proofs are left as exercises for the reader.

LEMMA 6.18. — Let 0 < r,7’ < p?> —1 and A\, N € ﬁ;, Then 1, 5 is
equivalent to .y if and only if v’ = r, X' = X or v’ = —pr (mod p? — 1),
N =21

LEMMA 6.19.

(a) Assumep #2. Let 0 < k,{ <p+1, 0<r<p?—1, and)\EIE‘:.
Then ¢y is equivalent to ¢, » if and only if k = ¢, r = (1 —
p)k (mod p? — 1), and A = —1.

(b) Assume p = 2. Then there are no equivalences between parameters
@k, and Py x.

DEFINITION 6.20. — We define a “semisimple mod-p correspondence
for G =U(1,1)(Q,2/Qp)” to be the following correspondence between cer-
tain @—equivalence classes of Langlands parameters over F, and certain
isomorphism classes of semisimple L-packets on U(1,1)(Q,2/Q,):

e the supercuspidal case: Let 0 < k,¢ < p+ 1 with k # £.

Prp {(wé odet) ® Tk—t—1] (wk odet) ® W[g,k,l]}

e the nonsupercuspidal case: Let 0 <r <p—1, A € F;, and 0 < k <
p+1.
— if (T’, >‘) 7é (071)3 (pf 17 1):

1-p)k
P\ ®W§ ?) = Vry(1-p)k,A

— {(wk odet) ® indG (uy—1w™P") @ (wWFodet)® indg(,u)\w")}

— if (r,\) =(0,1):

Po,1 ® wél_p)k = Ya_p)k,1
— {wk odet @ (wFodet)®Stg @ wrodet @ (WFodet)® Ste }
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6.5. Remarks

Remark 6.21. — Corollary 6.16 and Lemmas 6.15 and 6.18 imply that
the correspondence above is well-defined.

Remark 6.22. — We may state this correspondence more elegantly as
follows. For 0 < r < p — 1, the group K acts irreducibly on the represen-
tation o, defined in Subsection 5.1. We let 7,; denote the endomorphism
of c-ind%(o,) which corresponds via Frobenius Reciprocity to the func-
tion with support Ko~ 'K and taking the value U, at a~!. Here U, is the
endomorphism of o, given by

oo fi#
Ur.$r71yl :{ 1 Z#T

r

y"oifi=m,

o= w0
- 0 w@/’

The spherical Hecke algebra HE (G, K, 0,) of G-equivariant endomorphisms

and

of the compactly induced representation c—indg(ar) is then isomorphic to a
polynomial algebra over F,, in one variable, generated by an endomorphism
7. Explicitly, we have

Tr,1 lfT#O,
Tr =
Tr,1+1 if’l":O,

(this definition comes from the Satake isomorphism). For \ € F: , we define

. c-ind% (o)
w(r,\) = o)

A simple argument shows that
m(r, Mlas = mo(r, V),

where (7, A) denotes the representation of SL2(Q,) (viewed as a repre-
sentation of Gg) defined in [3], Section 3.4. Using Théoréme 3.18 (loc. cit.)
and the existence of certain I(1)-invariant elements of 7 (r, A) (along with
Proposition 4.4), we deduce

ry = {5 G0 if (1, ) # (0,1),
’ nonsplit extension of 1¢ by Stg if (r,A) = (0,1).
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If we let 7% denote the semisimplification of a smooth representation m
of G, we obtain

indf (pa-107") if (r,A) # (0,1), (p—1,1),
w(r,A\)¥ = S wPodet ® (wPodet)®Stg if (r,\) = (p—1,1),
le¢ @ Stg if (r,A) = (0,1).

The correspondence of Definition 6.20 now takes the form:

DEFINITION 6.20, MODIFIED.
e The supercuspidal case: Let 0 < k, ¢ < p+ 1 with k # £.

Pho < {(we o det) @ Tr—t—1]5 (wk o det) ® ﬂ[@,k,l]}

e The nonsupercuspidal case: Let 0 < r < p—1, A € F:, and
0<k<p+1.

1-p)k
1/)7‘,) ®wé 2 :wr-i-(l—p)k,)\

— {(Wrodet) @m(r,\)* @ (Wl odet)@m(p —1—r, A7)}

Remark 6.23. — Suppose p # 2. The correspondences of Corollary 6.9
and Definition 6.20, along with the homomorphism £ of Proposition 6.6,
imply that we have an endoscopic transfer map

€: Jrey ((U(1) x U(1)(Qp2/Qp)) — L-pacts (U(L,1)(Qp2/Qp))

from the set of isomorphism classes of smooth irreducible representations
of (U(1) x U(1))(Qp2/Qp) to the set of isomorphism classes of L-packets
of semisimple representations on U(1,1)(Qp2/Q,). Using Lemma 6.19, the
map E is given explicitly by

{(wl odet) ® Tk—0—1] (wk odet) ® Tr[g_k_l]} if k#4¢,

s .k 14
&® =
JCLY {indg(u_lw(l_p)k) & indg(u_lw(l_p)k)} ifk==¢.

This bears a striking resemblence to the complex case (see Prop. 11.1.1
of [25], especially points (c) and (e)). Moreover, the equation

§(* @w’) = {ind§(u) @ mdf(u)}

gives an example of transfer of unramified representations, which may also
be deduced from (a modified version of) the discussion in Section 2.7 of [22]
(see also Theorem 4.4, loc. cit., and Section 4.5 of [25]).
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Appendix A. Relation to C-groups

We now translate the results of the previous section into the language of
C-groups of Buzzard—Gee [14]. As most of the computations are similar to
those already given in the case of L-groups, we will omit them. We refer
to loc. cit. throughout, in particular drawing on the example contained in
Section 8.3. Additionally, we assume throughout that p # 2.

The C-group of G, denoted G, is defined as © G where G is an algebraic
group defined by a certain central G,,-extension of the algebraic group
defining G:

1—G,, —G—U(1,1) — 1.

For the precise definition, see Proposition 5.3.1 of loc. cit.. By Proposi-
tion 5.3.3 (loc. cit.), the F,-points of the dual group G take the form

~

G = (G xF,)/((—id,~1)) = (GLy(F,) x F, ) /((~id, —1)).

We will denote elements of G by [9, 1], with g € GLa(F,), p € F:. The

action of QQP on G is the one induced from its action on G. Therefore, we
see that the C-group is given by the semidirect product

°G = G % Gy, = ((CLa(F,) x F)/((~id, 1)) » Go,

with the action of Gg, on G given by

Fry[g, plFr, ' = [@a(g") @51, ],
hlg, b~ = [g,pul,

forgeé,,uEF;,hengQ.
The inclusion G,, — G induces, by duality, a map d : G — ?; ,
which is given explicitly by
d: ‘G — ET

g, u]Fr, — p?,

lg, Wlh — p?,

where g € CA}’,/L GF;, and h € Gg -
We now consider Langlands parameters with target €G.
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DEFINITION A.1.

(a) A Langlands parameter is a homomorphism

C(p:ng —)CG:éNng,
such that the composition of © ¢ with the canonical projection © G —
Gq, Is the identity map of Gg,. We say two Langlands parameters
are equivalent if they are conjugate by an element of G.

(b) Let ©¢ : Gg, — G be a Langlands parameter. Since the group

QQp2 acts trivially on G, the restriction of o to ngz must be of the
form

“p(h) = “po(h)h,
where heGq , and Copp: Gg,. — G is a homomorphism. We say €
is stable if the image of the associated Galois representation € :

g@p2 — @ is not contained in any proper parabolic subgroup of G.

The first concrete examples of Langlands parameters with target “G are
given by the following definition. Note that the construction of G shows

that the element wi /

2 appearing in the definition is unambiguous.
DEFINITION A.2.

a) Let 0 < k,¢ < p+1. We denote by ¢4 : Gg, — G the following
’ P
Langlands parameter:

Conati) = | (T 7)1

—1+(1-p)k
c _ H2,—1W (h) 0 1/2
pre(h) = _ _ wi" " (h),
k,e( ) [( O [L27_1 > 1+(1 p)Z(h) 1 ( )

wWwﬂm

for h € ngz-

(b) Let 0 <r <p?>—1and \ € F:. We denote by “1,. y : Go, — e
the following Langlands parameter:

Yy (Fry) = [(é g)’l} Fr,,

c (2 a-1w5(h) 0 1/2 1/2
voaty = ("B ) @l |

for h € Q@pz.
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LEMMA A.3.

(a) Let 0 < k, k', 0,0 < p+1. Then iy is equivalent to “py ¢ if an
only if the sets {k, £} and {k’,¢'} coincide.

(b) Let 0 < r,7’ <p?>—1and \,\ € F:. Then “, is equivalent to
4y ifand only if 7' =7, N = X orr’ = —pr—(p+1) (mod p?—1),
N =1

(c) Let 0 <kl <p+1,0<r<p?—1and\ GF;. Then ¢y, is
equivalent to ©1,.  ifand only ifk = ¢, r = —1+(1—p)k (mod p*>—1),
and A = —1.

Proof. — This is left as an exercise. O

We may now deduce the following results.

PROPOSITION A 4.

(a) There do not exist any stable parameters “¢ : Gy, — “G.

(b) Let ©¢ : Gy, — “G denote a Langlands parameter which is semi-
simple (that is, for which ©pq(h) is semisimple for every h € Go,2),
and for which do “¢ : Gg, —> F: is equal to wy (cf. [14], Conjec-
ture 5.3.4). Then © ¢ is equivalent to either C<pk,g or er,,\.

Proof. — This is left as an exercise. O

We may now state an analog of Definition 6.20.

DEFINITION A.5. — We define a “semisimple mod-p correspondence for
G =U(1,1)(Qy2/Qp)” to be the following correspondence between certain
equivalence classes of © G-valued Langlands parameters over Fp and certain
isomorphism classes of semisimple L-packets on G:

e The supercuspidal case: Let 0 < k, ¢ < p+ 1 with k # £.

C(pk,g — {(wé odet) ® mwp_s—1), (wk odet) ® W[[_k_l]}

e The nonsupercuspidal case: Let 0 < r < p—1, A € F:, and 0 <
k<p+1.

“
(r=1)+(1-p)k,X
— {(Wrodet) @m(r,\)* @ (Wl odet)@m(p —1—r,A71)%}
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