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INTERSECTION OF CURVES ON SURFACES AND
THEIR APPLICATIONS TO MAPPING CLASS
GROUPS

by Nariya KAWAZUMI & Yusuke KUNO (*)

ABSTRACT. We introduce an operation which measures the self intersections
of paths on an oriented surface. As applications, we give a criterion of the realiz-
ability of a generalized Dehn twist, and derive a geometric constraint on the image
of the Johnson homomorphisms.

RiESUME. — Nous introduisons une opération qui mesure I’auto-intersection des
chemins sur une surface orientée. Comme applications, nous donnons un critére de
la réalisabilité d’un twist de Dehn généralisé, et nous obtenons une contrainte
géométrique sur 'image des homomorphismes de Johnson.

1. Introduction

In the study of the mapping class group of a surface, it is sometimes
convenient and important to work with curves, i.e., loops and paths, on
the surface. Since the mapping class group is the group of isotopy classes
of diffeomorphisms of the surface, it acts on the homotopy classes of curves.
As is illustrated in the classical theorem of Dehn-Nielsen, this action dis-
tinguishes elements of the mapping class group well. Moreover, this action
preserves intersections of curves.

In an earlier part of this paper (§3 and §4) we introduce an operation
which measures the self intersections of paths on an oriented surface. Let S

Keywords: Goldman bracket, Turaev cobracket, Lie bialgebra, mapping class group,
Dehn twist, Johnson homomorphisms.

Math. classification: 57N05, 20F34, 32G15.

(*) The first-named author is partially supported by the Grant-in-Aid for Scientific
Research (A) (No.20244003), (A) (No0.22244005) and (B) (No0.24340010) from the Japan
Society for Promotion of Sciences. The second-named author is supported by JSPS
Research Fellowships for Young Scientists (22-4810) and the Grant-in-Aid for Research
Activity Start-up (No.24840038).



2712 Nariya KAWAZUMI & Yusuke KUNO

be an oriented surface, and %, *; € 0.5 points on the boundary. We denote
by IIS(xg, *1) the set of homotopy classes of paths from % to *;, and by
#/(S) the set of homotopy classes of non-trivial free loops on S. In §3.2 we

define a Q-linear map
fo: QILS (0, %1) — QILS (%o, *1) ® Q7'(S),

by using the self intersections of a path from *q to *;. This map is inspired
by Turaev’s self intersection [32], and is actually a refinement of it.

The operation p is closely related to the Goldman-Turaev Lie bialgebra.
The free Q-vector space Q7’(S) spanned by the set #/(S) is an involutive
Lie bialgebra with respect to the Goldman bracket [11] and the Turaev
cobracket [33]. In [16] [15], we showed that the Q-vector space QILS (g, *1)
is a (left) Q7’(S)-module with respect to a structure map o: Q#’'(S) ®
QIIS (%0, %1) — QILS(xq,*1). In fact, by investigating the properties of u
we arrive at the notion of a comodule of a Lie coalgebra, and that of a
bimodule of a Lie bialgebra. To our knowledge, these algebraic structures
are new. Thus in §2 we record their definitions after recalling the definition
of a Lie bialgebra. In §3, we show that QILS(xg, *1) is a Q#’(S)-bimodule
with respect to o and pu.

The Q-vector spaces QILS (g, *1) and Q7' (S) have decreasing filtrations
coming from the augmentation ideal of the group ring of 1 (.5). Using these
filtrations we can construct completions of QILS (xq, *1) and Q#’(.S). In [15]
we showed that the Goldman bracket and the operation o extend naturally
to completions. In §4, using a certain product formula for u, we show that
the Turaev cobracket and the operation p extends also to completions.
Working with filtrations and completions seems complicated at first sight,
but we need it for applications to the generalized Dehn twists and the
Johnson homomorphism.

In a later part of this paper (§5 and §6), assuming that S is compact
with non-empty boundary, we discuss applications of the Q7' (.S)-bimodule
structure on QILS (g, *1) to the study of the mapping class group M(S, 95)
of S. Here M(S,0S) means that we consider only diffeomorphisms and iso-
topies fixing the boundary pointwise. The key ingredients for our discussion
are the compatibility condition (2.2.2) of o and p, and the fact that p is
compatible with the action of M(S,dS).

In §5, we discuss an application to generalized Dehn twists. General-
ized Dehn twists were first introduced in [19] for a once bordered surface
based on a result in [16] which describes the Dehn-Nielsen image of the
right handed Dehn twist in terms of o. Later the construction was gen-
eralized for any oriented surface in [15]. For each unoriented loop C' on
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S, one can construct the generalized Dehn twist along C, denoted by t¢,
as an element of a certain enlargement of M(S,9S5). When C is simple,
tc is the usual right handed Dehn twist along C. In general, we can ask
whether t¢ is realized by a diffeomorphism of the surface, i.e., whether to
lies in M(S,0S5). We give a criterion of the realizability of t¢ in terms
of p (Proposition 5.2.1). Using this we can extend results about a figure
eight [19] [15] to loops in wider classes (Theorem 5.3.1).

In §6, we discuss an application to the Johnson homomorphisms. The
higher Johnson homomorphisms, introduced by Johnson [13] and improved
by Morita [26], are important algebraic tools to study the mapping class
group and the Torelli group for a once bordered surface. Let E C 0S5 be
a subset such that each connected component of 95 has a unique point of
E. The “smallest” Torelli group (in the sense of Putman [30]), denoted by
Z(S, E), is the subgroup of M(S,0S) consisting of mapping classes acting
on Hy(S, E;Z) trivially. In the previous paper [15], the authors introduced a
Lie subalgebra L (S, E) of the completion of Q#’(S) and an injective group
homomorphism 7: Z(S, E) — L*(S, F). Here the HausdorfT series equips
L™ (S, E) with a pro-nilpotent group structure. When S is once bordered, 7
is essentially the same as Massuyeau’s improvement [20] of the Johnson map
introduced by Kawazumi [14], and thus the graded quotients of 7 recovers
all the higher Johnson homomorphisms. In this way we can generalize the
Johnson homomorphisms to all compact oriented surfaces with non-empty
boundary. Recently there are approaches to generalize the first Johnson ho-
momorphism for compact oriented surfaces with non-connected boundary,
see Church [8], and Putman [29]. It would be interesting to compare their
constructions with ours.

The fundamental problem in the study of the Johnson homomorphisms is
to determine their image. In the once bordered case, the graded quotient of
L*(S, E) with respect to the filtration we consider in this paper is canon-
ically isomorphic to a graded Lie algebra which Morita introduced as a
target of the Johnson homomorphisms in [26]. Moreover he introduced the
Morita trace in a purely algebraic way to prove that the Johnson image is
a proper Lie subalgebra of the Lie algebra. In our geometric formulation of
the Johnson homomorphisms, we give a constraint on the image of 7 (The-
orem 6.2.1) even for the non-connected boundary case. Namely, we show
that the image of 7 is contained in the kernel of the Turaev cobracket.
We can see that this constraint is non-trivial using ideas in §5. Further,
based on a tensorial description of the homotopy intersection form given
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2714 Nariya KAWAZUMI & Yusuke KUNO

by Massuyeau and Turaev [22], we study some lower terms of a tenso-
rial description of the Turaev cobracket (Theorem 6.3.2). In particular we
show that the Morita trace [26] is recovered from the graded quotient of
the Turaev cobracket, or equivalently, the lowest term of our geometric
constraint (Theorem 6.4.1). In particular, the fact proved by Morita that
the Johnson image is included in the kernel of the Morita trace follows
from the basic fact that any diffeomorphism of the surface S preserves the
self-intersections of any curve on S. At the present we do not know much
about higher terms of the Turaev cobracket. However, we hope that the
image of 7 is characterized by the Turaev cobracket (Conjecture 6.2.3).

Acknowledgments. — The authors would like to thank Gwénagl Mas-
suyeau and Vladimir Turaev for an information on their unpublished re-
sult [21], which is the same as Theorem 6.3.2. They also would like to thank
Naoya Enomoto for informing them of his recent result about the Enomoto-
Satoh traces, Robert Penner for fruitful discussions at QGM, Aarhus Uni-
versity, and Vladimir Turaev for useful comments on a draft of this paper.
A part of this work has been done during the second author’s stay at QGM
from September 2011 to November 2011. He would like to thank QGM for
kind hospitality.

2. Lie bialgebras and their bimodules

For the sake of the reader we collect the definitions of a Lie bialgebra
and its bimodules.

We work over the rationals Q. Let V' be a Q-vector space and let T' =
Ty:V® 5 V92 and N = Ny : VO — V93 be the linear maps defined by
TXRY)=YeXand N(XQYR®Z)=XQYRZ+YRZRX+ZXQY
for X,Y,Z V.

2.1. Lie bialgebras

Let g be a Q-vector space equipped with Q-linear maps V: g® g — ¢
and : g — g ® g. Recall that g is called a Lie bialgebra with respect to V
and ¢, if

(1) the pair (g, V) is a Lie algebra, i.e., V satisfies the skew condition
and the Jacobi identity

VI =-V:g®25g, V(VRIN=0:g" g,

ANNALES DE L’INSTITUT FOURIER
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(2) the pair (g, d) is a Lie coalgebra, i.e., § satisfies the coskew condition
and the coJacobi identity

T6=-6:9—g% NGOE®1)§=0:g— g%,
(3) the maps V and ¢ satisfy the compatibility
VYX,VY €g, d[X,Y]=0(X)(0Y)—-0(Y)(0X).

Here we denote [X,Y] :=V(X ®Y)and o(X)(Y ®Z) = [X,Y]® Z +
Y ®[X,Z] for X,Y,Z € g. The map V is called the bracket, and the map
0 is called the cobracket.

Moreover if the involutivity

Vi=0:g—g¢g

holds, we say g is involutive.

2.2. Lie comodules and bimodules

Let g be a Lie algebra. Recall that a left g-module is a pair (M, o)
where M is a Q-vector space and o is a Q-linear map o: g®@ M — M,
X ® m — X'm, satisfying

VX, VY €g,Vme M, [X,Y]m=X(Ym)—-Y(Xm).
This condition is equivalent to the commutativity of the diagram

(1,80)((1-T)®1m)

grgeM goM
Vo | o]
g M LA M.
If we defined: M ®@g - M by s(m® X) := —0c(X ® m) = —Xm for

m € M and X € g, then the pair (M,7) is a right g-module, i.e., the
following diagram commutes:

(6015)(1n®(1-T))

Mgy M®g
1IW®VJ( El
M®g 7 M.

Next let (g,0) be a Lie coalgebra and M a Q-vector space equipped
with a Q-linear map p: M — M ® g. We say the pair (M, u) is a right

TOME 65 (2015), FASCICULE 6
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g-comodule if the following diagram commutes:
M £ M®g
(2.2.1) ul 1M®5l

(1m®1-T))(u®14)

M®g M@g®g.
Similarly, we say a pair (M, [) is a left g-comodule if [ is a Q-linear map
u: M — g® M and the following diagram commutes:

ﬁl 5®1]Wl

1-TY®1 1 m
g M (( )®1ar)(14®71) g0 9@ M.

If we denote the switch map by T ar: g9 M — M®g, X®@m — m®X, then
it is easy to see that (M, f) is a left g-comodule if and only if (M, =Ty mR)
is a right g-comodule.

Finally let g be a Lie bialgebra with V the bracket and ¢ the cobracket,
(M, o) a left g-module, and (M, ) a right g-comodule with the same un-
derlying vector space M. We definea: M ®g — M by g(m®X) := —Xm,
as before. Then (M,7) is a right g-module. We say the triple (M,7, ) is
a right g-bimodule if o and p satisfy the compatibility
(2.2.2)

Vme M,YY €g, o(Y)u(m)—p¥Ym)—(@T®15)(1n ®)(meY)=0.

Here o(Y)u(m) = (0&131)(Y @pu(m))+ (1 @ad(Y))u(m) and ad(¥)(Z) =
[Y,Z] for Z € g. Then we also call the triple (M, o,71) defined by &t :=
—Targpt: M — g ® M a left g-bimodule. Moreover, if g is involutive and

the condition
(2.2.3) ou=0:M-—>M

holds, we say M is involutive.

3. The Goldman-Turaev Lie bialgebra and its bimodule

Let S be a connected oriented surface. We denote by #(S) = [S!,S]
the homotopy set of oriented free loops on S. In other words, #(S) is the
set of conjugacy classes of m1(S). We denote by | |: m1(S) — #(S) the
natural projection, and we also denote by | |: Qm(S) — Q#(S) its Q-
linear extension.

ANNALES DE L’INSTITUT FOURIER
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p <;$ p

the orientation of S 5
«

e(pia, B) = +1 e(p;a, B) = —1

Figure 1. local intersection number

3.1. The Goldman-Turaev Lie bialgebra

We recall the definition of the Goldman-Turaev Lie bialgebra [11] [33].

Let o and 3 be oriented immersed loops on S such that their intersections
consist of transverse double points. For each p € aN B, let a0, € m1(S,p)
be the loop going first along the loop a based at p, then going along [
based at p. Also, let e(p; a, ) € {£1} be the local intersection number of
« and S at p. See Figure 1. The Goldman bracket of o and  is defined as

(3.1.1) [0, 8] = Y epron PloyBy| € QA (S).

peanp
The free Q-vector space Q7 (S) spanned by the set #(.S) equipped with this
bracket is a Lie algebra. See [11]. Let 1 € #(S) be the class of a constant
loop, then its linear span Q1 is an ideal of Q#(S). We denote by Q7’(S)
the quotient Lie algebra Q#(S)/Q1, and let w: Q#(S) — Q#a'(S) be the
projection. We write | | :=w o | |: Qm(S) — Q7'(9).

Let a: S* — S be an oriented immersed loop such that its self inter-
sections consist of transverse double points. Set D = D, = {(t1,t2) €
St x Shity # ta,a(t1) = alta)}. For (t1,t2) € D, let ayy, (resp. cuy,)
be the restriction of « to the interval [t1,ts] (resp. [ta,t1]) C St (they are
indeed loops since a(t1) = a(tz2)). Also, let &(t;) € Ty ,)S be the velocity
vectors of « at t;, and set e(&(t1), &(t2)) = +1 if (&(t1), &(t2)) gives the
orientation of S, and e(&(¢1), &(t2)) = —1 otherwise. The Turaev cobracket
of a is defined as
(312) 6(a):= ) eldlts),d(t2)|ane| ®lannl € QF'(S)@QA'(S).

(t1,t2)€D
This gives rise to a well-defined Lie cobracket 6: Q'(S) — Q7' (S)@Q#'(S)
(note that 6(1) = 0). Moreover, Q#’(S) is an involutive Lie bialgebra with
respect to the Goldman bracket and the Turaev cobracket. See [33]. The
involutivity is due to Chas [3]. We call Q#’(S) the Goldman-Turaev Lie
bialgebra.

TOME 65 (2015), FASCICULE 6



2718 Nariya KAWAZUMI & Yusuke KUNO

Remark 3.1.3. — Finding the minimal number of (self) intersections
of curves is a classical problem in low-dimensional topology. There are
several studies of this problem using the Goldman bracket and the Turaev
cobracket (and their generalizations). For these, we refer to Chas [3] [4],
Chas and Krongold [6] [5], Chernov [7], Cahn [1], and Chernov and Cahn [2].

3.2. A Q#'(S)-bimodule

Hereafter we assume that the boundary of S is not empty. Take distinct
points xg,*; € 95, and let TIS (o, *1) be the homotopy set [([0,1],0,1),
(S,*0,%1)]. In this subsection we show that the free Q-vector space
QIIS (0, *1) spanned by the set TI1S(kq,*;) has the structure of an invo-
lutive right Q#’(S)-bimodule in the sense of §2.2. In §3.3 we discuss the
case g = *1.

A left Q7' (S)-module structure. Let o be an oriented immersed loop
on S, and §:[0,1] — S an immersed path from *¢ to *; such that their
intersections consist of transverse double points. Then the formula

(3:2.1) o(a®@pB) =Y e(p;a, B)BroppBps, € QIIS(x0, *1)
peanp

gives rise to a well-defined Q-linear map o: Q7’'(S) @ QILS(xg,*1) —
QIIS (0, *1). Here, e(p; o, B) € {1} has the same meaning as before, and
BropQpPps, means the path going first from %o to p along (3, then going
along a based at p, and finally going from p to *; along (. By the same
proof as that of [16] Proposition 3.2.2, we see that QILS(xq,*1) is a left
Q#'(S)-module with respect to o. See also [15] §4.

A right Q7’(S)-comodule structure. Let v: [0,1] — S be an immersed
path from %o to *; such that its self intersections consist of transverse
double points. Let I' = Iy C Int(S) be the set of double points of . For
p € T, we denote v~ 1(p) = {t], 15}, so that t] < t5. Set

u(y) = — ZS(;Y(#;)’;Y(tg))('yoﬁ’%fgl) ® |’Yt’ft§|/
(3.2.2) pel

€ QIIS (%9, *1) ® Q7'(S).
Here e(4(t}),4(t5)) € {£1} has the same meaning as before, yo;r7y,ry is
the conjunction of the restrictions of v to [0,#]] and [¢5, 1], and Yerep 18

the restriction of « to [t],¢5]. The map u is closely related to Turaev’s self
intersection [32]. See Remark 3.3.3.

ANNALES DE L’INSTITUT FOURIER
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(wl) birth-death of monogons

Figure 2. local moves (wl), (w2), and (w3)

PROPOSITION 3.2.3. — The formula (3.2.2) gives rise to a well-defined
Q-linear map

p: QILS (%9, *1) — QILS (%o, *1) ® Q7'(S).
Moreover, QILS (g, *1) is a right Q#t’'(S)-comodule with respect to p.

Proof. — Any immersions v and 4/ with v(0) = 4/(0) = ¢ and (1) =
7'(1) = %1, homotopic to each other relative to {0,1}, such that their self
intersections consist of transverse double points, are related by a sequence
of three local moves (wl), (w2), (w3), and an ambient isotopy of S. See
Goldman [11] §5 and Figure 2. To prove that p is well-defined, it is sufficient
to verify that p(y) = p(v’) if v and ' are related by one of the three moves.

Suppose v and ' are related by the move (w1). The contribution of the
double point in the right picture of the move (wl) is zero, since the class
of a null-homotopic loop is zero in Q7' (S). Hence u(y) = u(y').

TOME 65 (2015), FASCICULE 6
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/ 7 N
X1 Y s \
b T
<>
*o | ]
e--- A} 7
N /
\\’/
, //-\\
X1 Y s \
b 7 T
| | A
1, | |
N / 2 3
. ~ -~ .

Figure 3. invariance under the move (w2)

Suppose v and ' are related by the move (w2). We may assume that the
left picture corresponds to +'. Then ~ has two more double points than +’.
We write them by p and ¢ so that ¢! < t7. As in Figure 3, there are two pos-
sibilities: t3 < 1§ or th < t3, but in any case, 7o;y;z1 is homotopic to yopa a1
relative t0 {0, 1}, [ypes| = [sesl, and =(3(£),4(82) = —e(3(t9), 3(22)).
Hence the contributions from p and ¢ cancel and p(y) = pu(v').

Suppose v and 4 are related by the move (w3). Similarly to the case of
(w2), we see that a cancellation happens and p(y) = p(y'). Typical cases
are illustrated in Figure 4, where the contributions from p (resp. ¢) and p’
(resp. ¢') cancel.

We next show that QILS(kg,*;) is a right Q#'(S)-comodule, i.e.,
(Lons(xo,«)@(1=T))(1®1gar(s))op = (Lgns(xg,«)®0)op. Let v: [0,1] = 5
be an immersed path from ¢ to *; such that its self intersections con-
sist of transverse double points. To compute (lgms(sg,«) @ (1 —T))(p ®
Lgs(s))i(y), we need to compute N('VOt’l"Vtgl) where p € T'. The double
points of YoerYir1 come from those of . Let ¢ be a double point of Yotr Yz
and denote v~ 1(q) = {t{,t3}, so that t{ < 1. There are three possibilities:
(i) t] <¢d <t < b, (i) ) <¢b < t] <¢d, (iii) t] < ] < th < td. In cases
(i) and (ii), the contribution to (1 ® lga(s))p(7y) from (p,q) is

eCHE), AN ED, 7(1) (o g ) © hegl @ Pl and

e((8)), A(t3))e(¥(t1), ¥(t3)) ('70#1’%12’15‘1?%;1) ® |%§tg|/ ® |'7t’1’t§|/7

respectively. Here Veagp Means the restriction of v to [t4, t}] and Yot Veder Ver1
means the conjunction. Therefore the contributions to (1 ® Loz (sy)p(7)

ANNALES DE L’INSTITUT FOURIER
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Figure 4. invariance under the move (w3)

from (p, q) of type (i) or (ii) are written as a linear combination of tensors
of the form v ® (v ® w +w ®v). Since (1 = T)(v ® w +w @ v) = 0, these
contributions vanish on QILS(xq,*1) ® Q#’(S) ® Q7'(S). Hence we only
need to consider the contributions from (iii), and

(Loms(re,1) © (1 =T)) (10 @ 1gar(s))i(y)

(3.2.4) = > (), )t 4 (D)) 2(v, p, 9),
H et <t
where

2(7,p,q) = (70t§7tg1) ® (\%gmtgtgl' ® |%ft§|l - |%ft§|l ® |7t§t11’%gt§|/> :

On the other hand, to compute (1grs(«o,«,) @ 0)i(y) We need to compute
6(|verer|') where p € I'. Each double point of the loop v comes from
q € I such that #] < ¢{ <3 < t5. Thus d(|yre|') is equal to

> (), 4(t9)) (|%;1tg|' ® [y verea|” = nam vl © |%gtg|') ;
gtV <ti<ti<th
and

(3.2.5) == D (D) AE)ED, (1) w (v, p, q)s

D qp,qq D
t?<ti<ti<th

TOME 65 (2015), FASCICULE 6
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*9 *9
p — ‘D%
*1 € Int(S) *1

Figure 5. the formula does not work if a base point lies in Int(.S)

where
w(y,p,q) = (70#1“%’2’1) ® (\%gtgl' ® |’Ytgt§%’1’t§|/ - |7tgt’2”7t’1’t‘{|/ ® ’Ytgtg) .

Since z(v,p,q) = —w(v, ¢, p), the right hand sides of (3.2.4) and (3.2.5) are
equal. This completes the proof. O

Remark 3.2.6. — We have taken *g and %; from 9S. If at least one of
%o and #; lies in Int(S), we need to consider another kind of local move
illustrated in Figure 5. In this case the formula (3.2.2) does not work. For
example, in Figure 5, the contribution from p in the left picture is non-
trivial.

We show that o and p satisfy the compatibility (2.2.2) and the involu-
tivity (2.2.3).

PROPOSITION 3.2.7. — The Q-vector space QILS (xg,*1) is an involu-
tive right Qa’(S)-bimodule with respect to o: Q#'(S) ® QILS (g, *1) —
QIIS (%0, *1) and p: QILS (g, *1) — QILS(xg, *1) ® Q7'(S).

Proof. — We first prove the involutivity. Let ~: [0,1] — S be an im-

mersed path from *q to *; such that its self intersections consist of trans-
verse double points. Then

Tu(1) = 3 =)Ao (il © oz vgn)) -
pel’
Let ¢ be an intersection of the loop v and the path yoryry and we
denote v~ 1(q) = {t{,t4} so that t{ < ti. There are two possibilities: (i)
th <t <td < tb, (ii) ] <t < 5 < t1. The contribution to ou(vy) from
(p, q) are
(3.2.8) e(Y(87), Y (5))e(F(t3), Y (ED))Vora veaen Ver sa veasr Yera

in case (i), and

(3.2.9) e(F(th), ¥(t5))e(3(t1), V(tg))’YOtf%gtg’Yt;’t;’%ft‘{’Ytgl

ANNALES DE L’INSTITUT FOURIER



INTERSECTIONS OF CURVES AND THEIR APPLICATIONS 2723

in case (ii). If we interchange p and ¢ in (3.2.9), we get the minus of (3.2.8).
Therefore the contributions from (p,q) in case (i) and those in case (ii)
cancel and u(y) = 0.

We next show the compatibility. Let o be an immersed loop on S and
v: [0,1] — S an immersed path from g to *; such that their intersections
and self intersections consist of transverse double points. The compatibility
is equivalent to the following.

(3.2.10) wo(a®7)) = o)) - (7 ® Lows) (7 © 5(a)).

Here, o(a)u(y) = (0 @ lgw(s))(a @ p(v)) + (Lors () @ ad(@))u(y). We
compute the left hand side of (3.2.10). First of all, we have

plo(@®@) =Y ;oY) (VeopOpTpn )-
peany

Let g be a double point of vi,p0pyp«,. There are three possibilities: (i) ¢
comes from a double point of «, (ii) ¢ comes from a double point of ~, (iii)
q comes from an intersection of « and «y, which is different from p.

Suppose q comes from a double point of a. We denote a=1(q) = {t{,t2} C
St so that td, a=1(p), t{ are arranged in this order according to the orien-
tation of S*. (Since p is a simple point of a, the preimage a~!(p) consists
of one point. For simplicity, we write a~!(p) for the unique point in the
preimage.) The contribution to p(Y.ypQpyp«, ) from such ¢ is

—e(&(t]), A(t5)) VaoppgQapTpss @ |0‘t‘{tg|/~
Here, v, (resp. ag,) means the restriction of « to the interval [a =t (p), t9]
s

(resp. [t3,a~%(p)]). Thus the contributions to p(o(a ®)) from (p, q)
that ¢ is of type (i) is

(3:211) = 33 e e(@lt]), At vaoptpgapipe, © ol

peany (t4,t9)

uch

where the second sum is taken over ordered pairs (¢{,¢1) such that a(t{) =
a(td) and a=1(p) € [t1,t7]. On the other hand, we have

S(a) = > e(a(td), at))|aygesl @ loyaal’,
(t110)
where the sum is taken over ordered pairs (t{,¢d) such that a(t?) = a(t),
t9 # 2, and
o(lagaa| ® ) = Z (5 @, V) Vo pOpg Cgp Vpss »
P

where the sum is taken over p € aN+y such that a1 (p) € [t,t?]. Therefore,
(3.2.11) is equal to —(T ® 1oz (s)) (Y ® 0()).

TOME 65 (2015), FASCICULE 6



2724 Nariya KAWAZUMI & Yusuke KUNO

Figure 6. the type (iii)

Suppose ¢ comes from a double point of v. We denote v~ !(q) = {s{, s},
so that s? < s&. There are three possibilities: (ii-a) v~!(p) < s < s, (ii-b)
st <~y Y(p) < s, (ii-c) 8¢ < s < y71(p). The contributions to u(c(a®7y))
from (p, q) of type (ii-a) are

Z Z e(p; o, 7)e(¥(51), 7(53)) Veop pYpa Vo @ Vsds2
pEany q
7_1Qﬁ<s§<sg

and those from (p, q) of type (ii-c) are
Z Z e(ps o, 1)e(¥(s1), ¥(53)) Vo Vaptp Yoy @ Vsisd-

pEany q N
si<si<y™'(p)

The sum of these two is equal to (0 ® 1gs(s))(@® i(7y)). The contributions
to pu(o(a®+)) from (p, q) of type (ii-b) are

Z Z e(p; a,v)e(¥(s?), 7(53))%0(1%*1 @ YapQpVpq-
peEany ?
s{<y7H(p)<si

This is equal to (1gg(xo,+)®ad(a))u(y). Therefore, the contributions from
(p, q) such that g is of type (ii) is (¢ ® lga(s)) (@@ (7)) + (Loms(xo,«) @
ad(a))u(y) = o(@)u(y).

Suppose g comes from an intersection of « and -y, which is different from
p. If v=1(p) < v~ 1(q), the contribution is
(3.2.12) — &(p; @, 7)e(q5 @, Y) VropQpgYarr @ QgpVpgs
and if y71(q) < v~!(p), the contribution is

(3.2.13) — &(p; o, Y)E(q; 7, @) VeoqQqpTprs @ Yaptpg-

See Figure 6. If we interchange p and ¢ in (3.2.13), we get the minus of
(3.2.12). Therefore the sum of the contributions from (p, ¢) of type (iii) is
zero. We have established the formula (3.2.10). O

ANNALES DE L’INSTITUT FOURIER



INTERSECTIONS OF CURVES AND THEIR APPLICATIONS 2725

a5
Figure 7. %, o, and v

3.3. The case %y = %,

Fix % € 0S. In this subsection we give a structure of an involutive right
Q#’(S)-bimodule on the Q-vector space Qmy (S, ) = QILS(x, *).

Definition of o. The Q-linear map o: Qa'(S) ® Qm1 (S, *) — Qmy (S, %) is
defined by setting %o = *; = x and applying the formula (3.2.1).

Definition of u. We regard that the orientation of 0S5 is induced from
that of S. Pick an orientation preserving embedding v: [0,1] — 95 such
that v(1) = %, and set v(0) = o. See Figure 7. Notice that we have an
isomorphism v: Qmy(S,*) = QILS(x,*) = QILS(e,*),u — vu. We define
p: Qmy (S, %) — Qmy (S, %) @ Q7'(S) to be (¥ ® 1gs(s)) © po v. Namely,
if xg = %1 = * we define p so that the following diagram commutes:

Qmi(S,+) —— Qmi(S,*) ® QF'(S)
(3.3.1) ,,l l'@l@”'“s)

QIIS(e, %) —2— QIIS(e, %) ® Q7'(S).
Let 4: [0,1] — S be an immersed path with v(0) = (1) = * such that
its self intersections consist of transverse double points and the velocity
vectors 4(0) and (1) are linearly independent. Let I' C Int(S) be the set

of double points of v except *. Then we have
(3.3.2)

=3 (W), 7)) (Yo vezy) ® lywez | if £(5(0),4(1)) = +1
pel
py) =4 1ehl

— 3R AE) omrizy) @ by 1 E3(0),7(1)) = 1
pel

Remark 3.3.3. — Our construction is inspired by Turaev’s self intersec-
tion u = p’': w1 (S, %) — Zmi(S,*) introduced in [32] §1.4. Actually, for
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any v € (.5, %), we have

(3.3.4) 1" (V)y = =g (5,0 © E)u(y).
Here ¢: Q7/(S) — Q is the Q-linear map given by e(a) =1 for o € 7(5).

Remark 3.3.5. — To define u for the case %o = *; = *, we have moved
the start point of paths slightly along the negatively oriented boundary of
S. It is also possible to move the start point slightly along the positively
oriented boundary of S, and to define another operation which is similar
to but different from what we have defined. If we denote by p_ the former
operation and py the latter, we have

pe(y) —pg(y) = -1@ lyf

for any v € Q1 (S, *). Our choice of convention matches with that of the
homotopy intersection form in [22]. See also §6.3.

PROPOSITION 3.3.6. — If g = *; = x, the pair (o, ) defined above
gives an involutive right Q7' (S)-bimodule structure on the Q-vector space

Qm1(S, *).

Proof. — By the commutativity of the diagram (3.3.1) and Proposi-
tion 3.2.3, it follows that p defines a right Q#’(S)-comodule structure
on Qm(S,*). Since v is compatible with o, i.e., the action of Q#’(.5),
Proposition 3.2.7 implies the compatibility and the involutivity of (o, u)
for g = %1 = *. O

4. Completion of the Turaev cobracket

The Q-vector space Q7 (S) has a natural decreasing filtration and we can
consider the completion @%(S ). As is shown in [15] §4 and is recalled in
§4.1, the Goldman bracket and the operation o extend to completions. In
this section we show that p is compatible with the filtrations of QILS (g, *1)
and Q7' (S), and also show that the Turaev cobracket extends to a complete
Lie cobracket §: @%’(S’) — @?(S)@@T(S)

4.1. Completion of the Goldman Lie algebra

We make a few remarks on filtered vector spaces. Let V = FyV O F1V D
-+« be a filtered Q-vector space. The projective limit V := @n V/E,V is
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again a filtered Q-vector space with the filter F,V := Ker(V — V/FE,V).
We say V is complete if the natural map V' — V is isomorphic. If V and W
are filtered Q-vector spaces, the tensor product V ® W is naturally filtered
by F,(VOW) =Y .., F,V®F,W. The complete tensor product VoW
is defined as VEW := Vo W = lim V @ W/F,(V @ W). Note that we

have a natural isomorphism VoW 2 Vaw.

DEFINITION 4.1.1. — A complete Lie algebra is a pair (V, V), where V
is a complete filtered Q-vector space and V: VRV — V is a Q-linear map
continuous with respect to the topologies coming from the filtrations, and
satisfies the skew condition VI = —V: V@V — V and the Jacobi identity
V(V&1)N = 0: VRVRV — V. Here, T: V&V — V&V is that induced
from the switch map T: V@V — V ®V, etc. We call V a complete Lie
bracket. Similarly, we define a complete Lie coalgebra, bialgebra, and a
complete V-module, comodule, and bimodule.

Let S be a connected oriented surface. Take some base point * € S and
set
Q#(S)(n) = |QL+ (Im (S,*x)"| € Q#(S), forn =0.
Here, I (S, *) := Ker(Qm(S,*) - Q,7 2 z — 1) is the augmentation
ideal of the group ring Qmy (S, *). We regard (I (S, *))° = Qmy (S, *). The
space Q7 (S)(n) is independent of the choice of . Moreover, the Goldman
bracket satisfies

(4.1.2) [Q7(S)(n1),Q7(S)(n2)] C Q7(S)(n1 +nge—2), forny,ne >1

(see [15, §4.1]). This implies that the Goldman bracket induces a complete
Lie bracket on the projective limit

Qa(S) = lim Q7 (S)/Q7(S)(n).

n

We call @?(S) the completed Goldman Lie algebra of S. We denote
Qr(S)(n) = F.Qi(S) = Ker(Qa(S) — Qi(S)/Qr(S)(n)), n>0.
For n > 0, let
#(9)(n) = @w(@Q&(S)(n)) = |(Im(S,%)"]" < Q&'(S).
Smce 1] = 0, Q7 ( )( ) = Qa'(S)(1) = Qa'(S). The natural map
(n

Qa(S )/@71’( )(n) = Q7'(S)/Q7'(S)(n) is a Q-linear isomorphism for any
n. Hence QW(S) is albo written as

(4.1.3) Q#(S) = lm Q' (5)/Q# (S)(n).
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Let *g,%; € 0S. We make QILS(xg,*1) filtered by taking some path
v € 1S (g, *1) and setting

(4.1.4) F,QIIS (%0, *1) := y(Im1(S,%1))", forn > 0.

Then this is independent of the choice of v (see [15, §2.1]). In particular
we can consider the completion @(*0, x1). By [15, §4.1], we see that o
induces a Q-linear map o: @%’(S)@@(*O,*l) — @(*0,*1), and the
complete vector space @ (*0,*1) has a structure of a complete right
@%(S)—module. As a special case, the completed group ring (@7?(—5\, *) 1=
lim Qm (S,%)/(Im1(S,*))", where * € 05, has a structure of a complete

right @%’(S)—module.

4.2. Intersection of paths

Take points *1, %o, 3, ¥4 € 05. We introduce a Q-linear map
K: QHS(*h *2) X QHS(*&, *4) — QHS(*h *4) X QHS(*J, *2)

using the intersections of two based paths.

The generic case. First we consider the case {*1,%2} N {*3,%4} = 0.
Let z,y: [0,1] — S be immersed paths such that z(0) = %1, x(1) = x*q,
y(0) = x3, y(1) = %4 and their intersections consist of transverse double
points. Set

K@, y) == Y &0, 9) (@arplpes) ® (YugpTpss)
(4.2.1) peany

€ QILS (*1, *4) ® QILS (x5, *2).

By an argument similar to the proof of Proposition 3.2.3, we see that (4.2.1)
gives rise to a well-defined Q-linear map : QILS (%1, *2) ® QILS (%3, %4) —
QILS (1, *4) @ QILS (%3, *2).

The degenerate case. Next we consider the case {x1,*2} N {*3,%4} # 0.
The idea is, as was the case of i, to move the points %1, %5 slightly along the
negatively oriented boundary of S to achieve {#1,*2} N {*3,%4} = 0, then
to apply the formula (4.2.1). Using two examples we explain this procedure
more precisely.

For the first example, suppose *1, g, %4 are distinct and x3 = *5. Set
% = %9 and let ® and v be as in Figure 7. We assume that the image of v is so
small that it does not contain *; and *4. Notice that we have isomorphisms
v: QIS (%1, %) — QIIS(x1,e),2 — 27, and v: Qmy (S, *) = QILS(*,*) =
QIIS(*,),z — a¥. Here and throughout this paper 7 € IIS(x*,e) is the
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Figure 8. e(i(61),5(d2)) = (—1)01+%2+1

inverse of v. We define x: QIL(x1, %) ® QIL(x, %4) = QII(q, *4) ® Qm1 (S, *)
so that the following diagram commutes:

QIIS (%1, %) ® QILS (x, x4) —— QILS (%1, x4) ® Qm1 (S, *)
V®1@nsu,*4>l llansm,w@l’

QIIS (%1, ) ® QIIS(x,%4) ——— QIIS(%1,*4) ® QILS(x, ).

For the second example, suppose *; = %9 = %3 = #4. (This is the most
extreme case.) Set * = *; and let ® and v be as in Figure 7. Notice that
we have three isomorphisms Qm (S, %) = Q1 (S, @),z — vav, Qm (S, %) =
QIIS (e, %),z — va, and Qmy (S, *) = QILS(x, o), x — a7, for all of which we
use the letter v. We define k: Qmy (.5, *)@Qm (S, x) — Q1 (S, *)@Qm (S, *)
so that the following diagram commutes:

Qmi (S, *) ® Qm (S, %) —— Qm1(S,*) ® Q1 (S, *)

V®1Qwﬂsﬁ)l lu@u
Qmi(S, @) @ Qmy(S,*) —=— QIIS(e, *) ® QIIS(x, o).

An explicit formula for & is given as follows. Let z,y: [0,1] — S be
immersed paths with x(0) = 1, (1) = %2, y(0) = x3, y(1) = #4, such
that their intersections in the interior of S consist of transverse double
points. Furthermore, if 2(§1) = y(d2) for some 01,02 € {0,1}, we assume
that e(&(81),9(d2)) = (—1)%1+%2+1, See Figure 8. Note that this condition
is always satisfied by a suitable homotopy. Then we have

(4.2.2) Kay)=— D eD2,9) (@pUpea) @ YuspTpes)-
pExNy\dS

Remark 4.2.3. — To define k, we have taken *; from 9S. By the same
reason as is explained in Remark 3.2.6, the formula (4.2.1) does not work
if at least one of *; lies in Int(.5).

Remark 4.2.4. — The map k is inspired by Turaev’s intersection
A: Zmy (S, %) ® Zmy (S, %) — Zm1 (S, *) introduced in [32, §1.4]. Fix x € 95
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and consider the Q-linear map x: Qmi(S,*) ® Qmi(S,*) — Qm(S,*) ®
Qm1(S, *) introduced above. Then for any z,y € 71 (S, ), we have

(4'2'5) A('Ta y) = —(1(@7‘—1(5,*) & E)H(xvy_l)'

Here, ¢ is the augmentation map of the group ring Qm (S, ).

4.3. Product formulas

In this subsection we show product formulas for x and p.

LEMMA 4.3.1. — Let %1, %o, %5, %3, %4, %) € 0S.
(1) For any x € QIIS(x1,%*2), y € QILS(xq,*%), and z € QILS(x3, *4),
we have

Ky, z) = (2, 2) 1@ y) + (2 @ 1)k(y, 2) € QIS (1, *4) ® QILS (x5, %5).
(2) For any x € QILS(*1,*2), y € QILS(3,%4), and z € QILS (x4, *}),

we have
K)(.’E, yZ) = /{(m,y)(z ® 1) + (]- ® y)ﬁ(xvz) € QHS(*D *ﬁl) ® @HS(*ZSa *2)‘
Here, k(z, z)(1®y) means the image of k(x, z)®y by the map QILS (x1, *4)®

QIIS (¥3, %2) ® QILS (2, %5) — QILS (%1, %4) ® QILS(*3,%3), u @ v @ w +>
u @ vw, etc.

Proof. — We only prove the formula x(zy,z) = k(z,2)(1 @ y) + (z ®
1)k(y, z). The other formula is proved similarly. Let z,y,z: [0,1]

be immersed paths with z(0) = %1, (1) = %2, y(0) = *g, y(1) = x5,
2(0) = %3, 2(1) = *q4, such that their intersections in the interior of S consist
of transverse double points. Moreover, we assume that e(&(d1),2(d2)) =
(—1)5 05T (resp. £(j(61), 2(02)) = (—1)% %) for any 81,05 € {0,1)
with x(d1) = 2(d2) (resp. y(d1) = z(d2)).

Applying the formula (4.2.2), we compute

K(zy, 2) = — Z £(ps 2y, 2)(2Y) w1pZprs @ Zeyp(TY)pry
pE(zy)Nz\oS

== Z e(p; , Z)(x*lpzpm) ® (Z*spmpwy)
pExNz\0S

- Z €(p; Y, Z) (xy*zpzp*zx) ® (Z*spyp*s)'
pEYNz\oS

The first and the second terms are equal to k(z, 2)(1®y) and (z®1)k(y, 2),
respectively. 0
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COROLLARY 4.3.2. — Let n > 2 and let *1,...,%,42 € 0S be n + 2
points. For any x1,...,Znt+1, T; € QILS(x;, *x;141), we have
K(T1 - Ty Tpg1) = Z((ﬂcl cwi1) @) K(@, T 1) (1@ (Tigr -+ - 20))
i=1
n+1
Ren,ze o @) = ) (10(ws - zioy))r(en, @) (@i - Tr) O1).
i=2

Proof. — Note that we have k(x;, Zp12)(1 @ (Xig1 - 25))(1 @ Tpy1) =
E(Ziy Tnp2)(1 ® (Tig1 - TpTny1)), ete. The assertion follows from Lem-
ma 4.3.1 and induction on n. O

LEMMA 4.3.3. — Let *1,%9,%3 € O3S be three points. For any x €
QILS (%1, *2) and y € QILS(xq,*3), we have

w(zy) = p(@)(y @ 1) + (2 @ D)p(y) + (lous e ) @ | )k, y)
€ QIIS(*1, x3) ® Q7’(S).

Here, p(x)(y ® 1) means the image of p(x) ® y by the map QILS (1, *2) ®
Q#'(S) @ QIIS (2, *x3) — QIS (*1,*3) @ QA'(S9), u® v @ w — uw Q v, etc.

Proof. — Let z,y: [0,1] — S be immersed paths with (0) = %1, z(1) =
y(0) = %9, y(1) = *3, such that their intersections and self intersections in
the interior of S consist of transverse double points. Moreover, we assume
that e(2(1),9(d2)) = (=1)%F%2+! for any 81,0, € {0,1} with x(6;) =

y(52), and <((0),3(1) = +1 (resp. £(§(0),§(1)) = +1) i 2(0) = 2(1)
(resp. y(0) = y(1)). Note that it is always possible to achieve this by a
suitable homotopy. Let I'; and I'y be the set of double points of z and v,
respectively. Then the set of double points of 2y is ', UT', U (x Ny \ 5).
We have

wlay) == (@ (), 2 (15)) (e ppesy) @ iz |
pely
- > ey (t5)) (@YapYprs) @ lyzez |
pel'y
- Z 6(13/(])), y/(p))(‘r*lpyp*a) ® |xp*2y*2p|/'
pExNy\odS

The first and the second terms are equal to p(z)(y ® 1) and (z ® 1)u(y),

respectively. Since |TpiyYuspl = |YsopTpss|, the third term is equal to
(Lous(a ) @ | [)r(2,y). Hence p(zy) = p(z)(y ® 1) + (z @ Duly) +
(1QHS(*17*3) ® | |/)’€("E7y)' 0
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By Corollary 4.3.2, Lemma 4.3.3, and induction on n, we have the fol-
lowing.

COROLLARY 4.3.4. — Let n > 2 and let *1,...,%,41 € 0S ben +1
points. For any x1,...,%n, ©; € QILS (*;, *;+1), we have

n

play - ) = Z((m o wio1) @ D) (Tigr - n) @ 1)

+Z 2im1) @ DK (241 2n) @ 1),

i<j

where K; j = (1@HS(*¢7*j+1) ® | ‘/)(H(xi’xj)(l ® (Ti1 - ‘$j—1)))-

4.4. p and the filtrations of QIIS (xq, *1), Q#'(S)

We assume that the boundary of S is not empty. Take x € 5.

LEMMA 4.4.1. — The following diagram is commutative:
Qmi(S,*) —F— Qm(S,*) ® Q#'(S)

| | =120 r0100s))
§

Q#'(S) —— Q#'(S) @ Q7'(S5).

Proof. — Let ~: [0,1] — S be an immersed path with v(0) = ~(1)
such that its self intersections consist of transverse double points and

e(3(0),%(1)) = +1. By (3.3.2),

wy) =— Z5(’7(#1))77(#2)))(’70#1”%51) ® |'Vt’l’t§‘/'
pel’

Using [yo2vi21| = [viz1v0ez |, we obtain

1-1(e 1@#/( ))M(V)

= Z D) (e’ ® hrzvore | — epivor " © |y |).
pel’

This coincides with §(]7|’). O
PROPOSITION 4.4.2. — Let *g,*; € 0S. For n > 2, we have
pu(F,QILS (%9, %1)) C Z F,QIIS (%0, +1) ® Q7'(S)(q)

p+q=n—2

C QHS(*(L *1) ® er/(S)
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In particular, for x € S and n > 2, we have
p(Im(S,4)") C Y Imi(Sx)P @ Q7'(S)(q).
p+g=n—2

Proof. — If %9 = %; = =, the assertion follows from Corollary 4.3.4
by setting *; = * and x; € Im(S5,*). In the general case, take v €
I1S(*p,*1) and z; € Im(S,#%1), 1 < i@ < n. Again by Corollary 4.3.4,
we have p(yz1- - @n) € 32,1 o FpQILS(x0, x1) ® Q7' (S)(q). O

By Lemma 4.4.1 and (4.1.3), we obtain

COROLLARY 4.4.3. — The Turaev cobracket §: Q7'(S) — Q#'(S) ®
Q#'(S) satisfies

JQF(S)m) Y. QF(S)(p) ®QF(S)(q)

prq=n—2

for any n > 2. Moreover, § induces a complete Lie cobracket §: @?(S) —
Q#(8)®Q#(S).

The Q-vector space @?(S) has a structure of a involutive complete Lie
bialgebra with respect to the complete Lie bracket in §4.1 and the com-

plete Lie cobracket above. We call this the completed Goldman-Turaev Lie
bialgebra. We define

@HS(*O, *1) = @ QHS(*O, *1)/FnQHS(*O, *1),
n—roo
which is a @(S )-module by means of o, as was stated in §4.1. As another
consequence of Proposition 4.4.2, u induces a Q-linear map

(4.4.4) ju: QIIS (%o, #1) — QIS (%0, %1)BQA(S),

which makes @ (%0, *1) a complete involutive right @%’(S)—bimodule. In
§5 we will use this bimodule structure to prove that some generalized Dehn
twists are not realized by diffeomorphisms.

5. Application to generalized Dehn twists

In this and the next section we discuss applications of our consideration of
the (self) intersections of curves to the study of the mapping class groups. In
this section we study generalized Dehn twists, which were first introduced
in [19] for a once bordered surface and were generalized in [15] for any
oriented surface.
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5.1. Generalized Dehn twists

Generalized Dehn twists are associated with not necessarily simple loops
on a surface, and are defined as elements of a certain enlargement of the
mapping class group of the surface. We recall the definition of a generalized
Dehn twist following [15, §5]. For another treatment, see [22].

Let S be a compact connected oriented surface with non-empty bound-
ary, or a surface obtained from such a surface by removing finitely many
points in the interior. We denote by M(S,9S) the mapping class group of
the pair (S, 95S5), i.e., the group of orientation preserving diffeomorphisms of
S fixing 0S pointwise, modulo isotopies relative to 9.S. The group M(S, 95)
naturally acts on each I1S(po, p1), po,p1 € OS.

Let E C 0S be a subset which contains at least one point of any con-
nected component of 5. Then we can construct a small additive category
QC(S, E), whose set of objects is E, and whose set of morphisms from
po € E to p1 € E is QILS(pg, p1). As we mentioned in §4.1, QILS(pg,p1) is
filtered and its completion @S‘ (po, p1) is defined. Let QC/(S,\ E) be a small
additive category whose set of objects is F, and whose set of morphisms
from po € E to p1 € E is @(po,pl). In [15], (@C/(STE) is called the
completion of QC(S, E).

The action of M(S,9S5) on ILS(pg,p1) naturally induces a Q-linear
automorphism of QIIS(po,p1), as well as a Q-linear automorphism of
@(po, p1). In this way we obtain a group homomorphism of Dehn-
Nielsen type
(5.1.1) DN: M(S,dS) — Aut(QC(S, E)),

L —

where Aut(QC(S, E)) is the group of covariant functors from QCTST E) to
itself, which act on the set of objects as the identity, and act on each set
of morphisms as Q-linear automorphisms. This group homomorphism is
injective ([15] §3.1).

Let C C S\ 9S be an unoriented loop. Take g € S and let z € m1(5, q)
be a based loop which is homotopic to C' as an unoriented loop. We set

L(C) = |3 (log2)*| € TR (S)(2)
where - .
togr =3 (- 1) € 0n(5.0)
n=1

and | |: qu) — @?(S) is the map induced by | |: Qm1(S, ¢) — Q#(S).
The quantity L(C) is independent of the choice of ¢ and z.
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A family of Q-linear homomorphisms D = D®or1). @(po,pl) —
@(pg,pl), po,p1 € E, is called a derivation of QC(S, E), if it satisfies
the Leibniz rule

D(uv) = (Du)v + u(Dv)

for any pg,p1,p2 € E, u € (QTI'TS'(;DOJH)7 and v € @(pl,pg). The set of
derivations of QC/(E E) naturally has a structure of a Lie algebra, which
we denote by Der(QC/(:S”,\ E)). Then we obtain a Lie algebra homomor-
phism o: @?(S’) — Der((@(TSTE))7 by collecting the structure morphisms
o: @%(S)@@(po,pl) — @\M(po,pl), po,p1 € E (see [15,/§\4.1]). For
po,p1 € E, the exponential of the derivation o(L(C)) € End(QILS(po, p1))
converges and we obtain an automorphism

ep(o(L(O) = 3~ o(LO)" € Au(QE(S, B),
n=0

which we call the generalized Dehn twist along C ([15] §5.3). If C' is simple,
then this is (the DN-image of) the usual right handed Dehn twist along C
([15] §5.2).

Remark 5.1.2. — Actually exp(o(L(C))) lies in a subgroup A(S, E) C

—

Aut(QC(S, E)), which was introduced in [15, §3.3].

5.2. A criterion of the realizability

A natural question is whether exp(c(L(C))) is realized by a diffeomor-
phism, i.e., whether exp(c(L(C))) is in the DN-image. In [15] [19] we showed
that if C is a figure eight, then exp(c(L(C))) is not in the DN-image. To ex-
tend this result for curves in wider classes, we consider the self intersections
of curves.

Let C C S\ 85 be an unoriented free loop, and N C S\ 85 a connected
compact subsurface which is a neighborhood of C', and not diffeomorphic
to D?. If the generalized Dehn twist exp(a(L(C))) is the ISI\\I—image of a
mapping class ¢ € M(S,9S), the support of (a representative of) ¢ is
included in the subsurface N, by the localization theorem [15, §5.3].

Using the fact that u maps simple paths to zero and a diffeomorphism
preserves the simplicity of curves, together with cut and paste techniques
developed in [15], we have the following.
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ProPOSITION 5.2.1. — Suppose that the inclusion homomorphism
m1(N) — m1(S) is injective. If the generalized Dehn twist exp(o(L(C)))
is realized by a diffeomorphism, we have

wo(L(C))(7)) = 0 € QIIN (%9, 1) EQA(N)

for any distinct points g, 1 € ON and any simple path v € TIN (xg.%1).
When %o = %1 = *, the same conclusion holds if €(4(0), (1)) = +1.

Proof. — Let ¢ € Diff(S,9S) be a representative of exp(c(L(C))). By
the remark above, we may assume that the support of ¢ is included in V.
We denote by the same letter ¢ the restriction of ¢ to IV, which we can
regard as an element of the mapping class group M (N, dN). Also we regard
C' as an unoriented free loop on N and L(C) as an element of @?(N)

Let ON = [[,9;N be the decomposition into connected components.
Then, by [15, §3.3] (see also [15, §5.4]), there exist some a; € Q such that

—

pexp(—o(L(C))) = exp <0 <ZaiL(8iN)>> € Aut(QC(N,dN)).

Since C and 9; N are disjoint, the derivations o(L(C)) and o(L(9;N)) com-
mute with each other. This implies ™ = exp(no(L(C) + >, a;L(0;N)))
for any n € Z. Since ¢™(7) is a simple path, we have u(¢™(v)) = 0. Hence

we obtain
m <o— (L(C) + Z aiL(ﬁiN)> (7)> =0.

On the other hand, by [15, §5.2], exp(c(L(0;N))) is realized by the Dehn
twist along the simple closed curve 9; N. This implies p(o(L(9;N))(v)) = 0.
Hence we obtain p(o(L(C))(y)) = 0. This completes the proof. O

In the case S is compact, i.e., has no punctures, we have another criterion
for the realizability of generalized Dehn twists.

PROPOSITION 5.2.2. — Assume that S is compact, and let C' C S\9S be
an unoriented loop whose generalized Dehn twist exp(o(L(C))) is realized
by a diffeomorphism. Then we have

SL(C) = 0 € Qa(S)RQ#(S).

Proof. — Take xg, %1 € E. Any orientation-preserving diffeomorphism ¢
of S fixing the boundary pointwise preserves the comodule structure map
w: QILS (%, %1) — QILS (o, *1)®Qﬁ(5). Hence, for any n € Z, we have

pexp(na(L(C))) = exp(na(L(C)))n,
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and so

(0(L(C))&1 + 180 (L(C)))p
= po(L(C)): @(*0, *1) — @(*0, *1)@)@%(5)

From (2.2.2) this is equivalent to
(5@)1@;(5))(1@_1\3(*0’*1)@5)(1}@[/(0)) = 0 € QILS(xo, *1)®Q7(S)

for any v € @(*0, x1). By [15, §6.2], the intersection of the kernels of the
structure map o: Qa(S) — End(QILS (xq,*1)) for all xq,*; € E, is zero.
Hence we have 6 L(C') = 0. This proves the proposition. O

In [19] the second-named author posed the following question.

QUESTION 5.2.3 ([19] Question 5.11). — Let C' be an unoriented loop
on Y41, a surface of genus g with one boundary component, and suppose
the generalized Dehn twist along C' is realized by a diffeomorphism. Is C'
homotopic to a power of a simple closed curve?

In view of Proposition 5.2.2 we come to the following conjecture.

CONJECTURE 5.2.4. — Let C be an unoriented loop that satisfies
dL(C) = 0. Then C would be homotopic to a power of a simple closed
curve.

If the conjecture is true, then the answer to the question is also af-
firmative. But the conjecture looks like a question which was posed by
Turaev [33] and whose counter-examples was given by Chas [3].

5.3. New examples not realized by a diffeomorphism

In this subsection we prove the following.

THEOREM 5.3.1. — Let S and E C 39S be as in §5.1 and C C S\ 9S an
unoriented immersed loop whose self intersections consist of transverse dou-
ble points. Assume that C' is non-simple and the inclusion homomorphism
m1(N(C)) — m(S) is injective, where N(C) is a closed regular neighbor-
hood of C. Then the generalized Dehn twist exp(c(L(C))) is not in the
image of DN: M(S, dS) — Aut(Q(jSTE)).
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*1 *1
c 9_/\+
Y Y
*0 *0

Figure 9. 71(S, %1 )-representative of C

Let S be an oriented surface and *g,*; € 0S distinct points. Using u
and the augmentation QILS (xg,*1) — Q,ILS(%g,*1) 2 = +— 1, we define a
Q-linear map f: QILS(xg,*1) — Q7'(S) as the composite

fi: QIIS(xg,%1) & QIS (%0, *1) ® Q7’(S)
- Q®Q#'(S) =Q#'(S).

By Proposition 4.4.2, i extends to a Q-linear map [i: @’(*0,*1) —
@%‘(5) We denote by fo(?; Z) the completed group ring of the inte-
gral first homology group Hi(S;Z). There is a natural projection #(S) —
H,(S;Z), which induces a Q-linear map w: @?(S) — Q@Z)/Ql.
Here Q1 is the 1-dimensional subspace spanned by the identity element
of H1 (S, Z)

Let C C S\ 0S be an unoriented immersed loop such that its self in-
tersections consist of transverse double points, and let v € I1S (g, *1) be a
simple path meeting C' transversally in a single point. In this situation, we
shall compute the quantity wii(c(L(C))7).

Let ¢ be a 71 (S5, *1)-representative of C, as in Figure 9. Then we have
o(L(C))y = vloge € @(*0, 1), since o(|c"|)y = nyc™ for n > 0. Now
fix a parametrization c: ([0,1],{0,1}) — (5, #*1). When p € S is a double
point of C, we denote ¢! (p) = {t},t5} so that t} < 5. Set x,, := c;p1cqpe,
and y, := Cpyr. By abuse of notation, we use the same letter x, and y, for
the homology classes represented by these loops. Finally, let h(x) be the
formal power series defined by

h(z):=>_ (_1)2 (z —1)".
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PROPOSITION 5.3.2. — Keep the notations as above. Then
wii(o(L(C))7)
==Y e(é(th), e(th)) (yp + wp(yp, — Dh(c)) € QHL(S;Z)/QL.
p

Here we write the product of the group ring QH; (S;Z) multiplicatively.
To prove this proposition, we need a lemma.

LEMMA 5.3.3. — In the polynomial ring Q[z], the following equalities
hold.

(1) Forn>1,
i <Z) (—1)nk kij = (z— 1)L,

k=0 §=0

(2) Forn > 1, set

fuw) =S (}) <—1)"-’“:_§§<k—j>xi.

Then fi(x) =1 and f,(x) = z(x — 1)""2 for n > 2.

Proof.

(1) Since Zf;é 27 = (2% —1)/(x — 1), the left hand side is equal to

n

L (et A (e

k=0 k=0
1
= — 1"
-1
= (z—1)"t
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(2) The case n =1 is clear. Let n > 2. By the first part, we compute

k=0 =0
S (G (e g
RS (n - 1>( 1)n—h-1 zk:(k )

k=0 j=0
n—1 n—1 k—1
- ( k >< DYl = ()
k=0 7=0
Therefore f,(z) = (r = 1" + (@ = )2 =a(@— 1" O

Proof of Proposition 5.3.2. — We first compute fi(yc¥) for k > 0. We
choose a representative of yc* by sliding ¢ into the left. See Figure 10. Each
self intersection p of C creates k2 self intersections of yc¥. These k? points
are classified into k + (k — 1) classes, according to their contributions to
f(yck). Namely, if e(¢(t]), ¢(t5)) = 1, for 0 < j < k — 1, there are k: J self
intersections whose contributions are —|y,(z,y,)?|’, and for 1 < j <k —1,
there are k — j self intersections whose contributions are —|—|xp(ypxp)j —1y.
This is illustrated in Figure 11. The points in the box j© (0 < j <k —1)
contribute as —|y,(z,yp)?|’, and the points in the box j~ (1 < j < k—1)
contribute as +|z, (ypz,) 7. If e(¢(8]), ¢(t5)) = —1, the contributions are
the minus of the case of e(¢(t)), é(t5)) = 1. Therefore, we obtain

Alyet) == e(eth), e(th))

p
(5.3.4) k-1 k-1
X Z( = y( mpyp Z = J)|@p( ypxp)J 1|
7=0 j=1

We next compute fi(y(c—1)") for n > 1. We claim that the contribution
from p to fi(y(c —1)™) is —e(e(8]), ¢(t5))|yp| if n =1, and

—e(e(tr), é(t3)) (|ypxpyp($pyp -1 - |z (Ypap — 1)n_2|/)
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*1 *1

- -
I —

*0 *0

Figure 10. a representative of yc* (k =4)

’}/C .........

§l<0 §'<0 3727170

if n > 2. The case n = 1 is clear. If n > 2, by (5.3.4) the contribution is
—e(e(t]), ¢(ty)) times

kz:% (7)o

(5.3.5) o1 o1 |
Z = Dlyp(zpyp) | _Z(k_j”xp(ypxp)]il‘/
7=0 Jj=1

By

k—j k—1 k—1

Z = 3)|p( ypl“p)J_lV = Z(k = Dp(yprp)’ | = Z | (Ypzp)’ |
j=1 j=0 =0
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and Lemma 5.3.3; (5.3.5) is equal to

n_2|/ —|zpypTp(YpTp — 1)n_2‘/ + |2y (yprp — 1)n_1 i

= |ypzpyp(xpyp - 1)n72|/ - |$p(ypxp —-1)

|ypxpyp($pyp - 1)

n72|/
The claim is proved. Now we conclude

fi(ylogc) = — Zf(c.(tzlj)v ¢(t8)) (ypl" + lypzpyph(@pyp) " — [2ph(ypap)|') -

Applying w and using z,y, = ¢ = ypx, € H1(S;Z), we obtain the desired
formula. This completes the proof. O

Proof of Theorem 5.3.1. — Assume that the generalized Dehn twist
exp(o(L(C))) is realized by a diffeomorphism. Let N = N(C) be a closed
regular neighborhood of C. Take a simple point a € S of C and let
~v:([0,1],{0,1}) — (N,ON) be a simple path in N meeting C' transver-
sally only at a. We denote v(0) = #¢ and (1) = x;. By Proposition 5.2.1,
we have p(o(L(C))7) :@(*0, *1)®@%(N) In particular, we have
wi(o(L(C))) = 0 € QI (N; 2)/Q1.

We claim:

(1) {zp}p U{c} constitute a Z-basis of Hy(N;Z) = H1(C;Z), and
(2) by an appropriate choice of a, we can arrange that 3 e(¢(17), ¢(t5)) #0.

To prove the first claim, note that only the underlying 4-valent graph struc-
ture of C, together with its (unoriented) parametrization matters. Let ¢ be
a double point of C and f: C — C a resolution of q. Namely, Cis a4
valent graph with a surjective map S' — C~’, such that the composition
S1 — C' — C gives a parametrization of C, f~*(x) consist of a single point
if z # ¢, and f~1(q) consist of two points, say ¢, and ¢_. By the exci-
sion isomorphism, we have H,(C;Z) = H,(C,{q};Z) = H, (5’, {¢+,9-},7).
Consider the homology exact sequence of the pair

0— Hy\(C;Z) — Hi(C,{q+,q-};2) > Ho({q1,q-};Z) — 0.

Then the 0-image of x4 € H1(C;Z) = Hy(C,{qy,q-};2) is +(qt — q_),
which is a generator of ﬁo({qu, -} Z) = 7.

Now we prove the first claim by induction on the number of double points
of C. If C has only one double point, then Cisa simple closed curve and
{c} is a Z-basis of Hy(C;Z). Therefore, the lifts of x4 and ¢ to C are a
Z-basis of Hi(C,{qs,q_};7Z). This settles a base case. Suppose that the
number of double points of C' is > 2. By the inductive assumption, the
lifts of {zp}pzq U {c} to C constitute a Z-basis of H,(C;Z). Therefore the

ANNALES DE L’INSTITUT FOURIER



INTERSECTIONS OF CURVES AND THEIR APPLICATIONS 2743

lifts of {zp}, U {c} to C constitute a Z-basis of Hy(C,{q,q_};Z), which
completes the proof of the first claim.

To prove the second claim, let ¢ be the component of the set of simple
points of C' containing a, and ¢’ a component next to £. Take a simple point
a’ € ¢/ and let v/ be a simple path meeting C' transversally only at a’. We
arrange that e(¢(a),¥(a)) = e(¢(a’),4'(a’)). Let ¢ be the double point of
C between £ and ¢'. We compare e(¢(t)), ¢(t5))’s with respect to a and a’.
If p # ¢, then they are the same. If p = ¢, they are minus of each other.
Hence the difference of the sums »° e(¢(t7), ¢(t5)) for a and o' is two, in
particular at least one of them is not zero. This proves the second claim.

Now choose a such that 3 e(¢(t}),¢(t5)) # 0. By the first claim, we
can define a group homomorphism ®: H;(N;Z) — (t) to an infinite cyclic
group generated by t, by ®(x,) = 1 and ®(c) = t. This group homo-
morphism induces a Q-linear map @: QHT(F; Z2)/Q1 — @(75)/@1. Since
ZpYp = ¢, we have ®(y,) = t. By Proposition 5.3.2,

(wp(o(L(C)7)) = - (Z e(e(th), é(t’z’))> (t+ (2 = 1)h(t) € Q(t)/Q1L.

p

Finally, we claim ¢ + (¢t — 1)h(t) # 0. To prove this, consider an algebra
homomorphism from @) to Q[[s]], the ring of formal power series in s,
given by t +— 1 4+ s. This is a filter-preserving isomorphism, and the image
of t+ (t> — 1)h(t) is 1+ 2s + (higher term ), which is not zero in Q[[s]]/Q1.
This shows t + (2 — 1)h(t) # 0, which contradicts to wu(a(L(C))y) = 0.

This completes the proof. (|

6. A geometric approach to the Johnson homomorphisms

In this section we study the Johnson homomorphisms following the treat-
ments in [15], which is briefly recalled in §6.1. In §6.2, we show that the
Turaev cobracket gives a geometric constraint on the Johnson image. As
was shown in [16], in the case S = X1, a once bordered surface of genus
g > 1, the completed Goldman Lie algebra is isomorphic to the Lie alge-
bra of symplectic derivations of the completed tensor algebra generated by
the first rational homology group of the surface, a , through a symplec-
tic expansion 6 introduced by Massuyeau [20]. This isomorphism induces
a complete Lie cobracket 6 on the Lie algebra a, . We can consider the
“Laurent expansion” of the cobracket §? with respect to the natural de-
gree on a, . In §6.3, based on a theorem of Massuyeau and Turaev [22], we
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prove that the principal term, which is of degree —2, equals Schedler’s co-
bracket [31]. Moreover we prove that the (—1)-st and the 0-th terms vanish.
The latter term is computed in §6.5. These results are obtained indepen-
dently by Massuyeau and Turaev [21]. In §6.4, we prove that all the Morita
traces [26] factor through Schedler’s cobracket.

6.1. The Johnson homomorphisms

The higher Johnson homomorphisms on the higher Torelli groups for a
once bordered surface are important tools to study the algebraic structure
of the mapping class group. In [15], we gave a generalization of the classical
construction of the Johnson homomorphisms to arbitrary compact oriented
surfaces with non-empty boundary. In this subsection we briefly recall this
construction.

Let S be a compact connected oriented surface of with non-empty bound-
ary, and E C 0S a subset such that each connected component of 95 has
a unique point of E. We define the Torelli group Z(S, E) to be the kernel
of the action of the mapping class group M(S,9S) on the first homol-
ogy group Hi(S, E;Z), which is the smallest Torelli group in the sense of
Putman [30]. On the other hand, we define

LT(S,E)
—~ o(u)® Q0 (u)) o Ato*1) = Alx01) o g (y
e Gy G IS4 A W

" for any *q,*, € E
where A is the coproduct

A = A=) QIIS (%9, #1) — QILS (%o, ¥1)BQILS (%0, 1)
given by Az := 2@z for any x € I1S (%o, *1 ), %o, %1 € E.

Using the Hausdorff series, we can regard LT (S, E) as a pro-nilpotent
group. In other words, using the injectivity of o ([15] §6.2) and the exponen-
tial map, we have a bijection L*(S,E) = exp(a(L*(S,E))) C Aut(QC(S,E)),
which endows LT (S, F) with a group structure. Here we use the fact that
if D is an element of o(L* (S, E)), its exponential

— 1
exp(D) = Z D"
— n!
converges and is an element of Aut(@(jSTE)). In [15, §6.3] we showed the

inclusion
DN(Z(S, E)) C exp(o (LT (S, E))),
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using a result of Putman [30] about generators of Z(S, E) and our formula
for Dehn twists [16]. Hence we obtain a unique injective group homomor-
phism

(6.1.1) 7:Z(S,E) — L*(S,E)

satisfying 6I\\I|I( s,g) = expoo o 7. We call it the geometric Johnson homo-
morphism of the Torelli group Z(S, E).

In the case S = X, and E consists of a single point * € 95, the
Torelli group Z(S, E) is just the classical Torelli group Z, ;. As was shown
in [15, §6.3], the map 7 is essentially the same as Massuyeau’s improve-
ment [20] of the total Johnson map [14]. In particular, the graded quotients
of the geometric Johnson homomorphism 7: Z, 1 — LT (241, {*}) with re-
spect to the Johnson filtration on Z, ; and the filtration {L (2, 1, {*}) N
@%(Zg,l)(p) }p>3 are exactly the Johnson homomorphims of all degrees.

6.2. A constraint on the Johnson image

Now we show that the Turaev cobracket gives an obstruction of the
surjectivity of 7.

THEOREM 6.2.1.

Jor=0:I(S, E) 5 L*(S, E) C Q(S) > Q#(S)8Q#(S).

Proof. — The proof is similar to that of Proposition 5.2.2. From the
definition of 7, for any ¢ € Z(S, E), there exists a unique u € L1(S, E)
such that ¢ = expo(u) on QILS(*q,*1) for any %o and *; € E. Then we
have 7(p) = u by definition. Let p: QIS (%0, *1) — QILS (%, *1)®Q#(S)
be the structure map of the comodule QILS (¢, *1). It is clear that p is
preserved by ¢" for any n € Z, namely, we have

(exp o (nu)® exp o (nu))u(v) = plexp o(nu)(v))
forany n € Z and v € (@TI\S(*O, *1). Hence we have
(0(w)@1 + 180 (u)u(v) = p(o(u)(v))
which is equivalent to
(@®1)(vBou) = 0 € QIS (xp,*)BQA(S)

for any %o and %; € E, from (2.2.2). Again by the fact that the intersection
of the kernels of the structure map o’s is zero, [17] §6.2, we conclude du = 0.
This proves the theorem. (|
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I
o
0

21 1 ’s (N, C) ZO,'r«H

Figure 12. the case g =3, r =2

This constraint is non-trivial if the genus of the surface S is greater
than 1.

PROPOSITION 6.2.2. — If g > 2, we have 6|+ (s,p) # 0.

Proof. — We denote by ¥, , a compact connected oriented surface of
genus ¢ with r boundary components. Consider a spine C of the surface
N := Yg g41 as in Figure 12. If g > 2, C has a self-intersection. We cap
each of the g boundaries the curve C' surrounds by a surface diffeomorphic
to X1,1 to obtain a compact surface Sy diffeomorphic to ¥, 1, and glue
Yo,r+1 to the boundary of Sy to get a compact surface S diffeomorphic to
Yg.r- See Figure 12. Choose one point in each boundary component of S.
We define E by the set of all these points. We may regard N as a regular
neighborhood of C.

Consider the invariant L(C) € @?(S) As was proved in [15, §5.1], the
action of L(C') stabilizes the coproduct A. Since [C] = 0 € H1(S;Q), we
have L(C) € LT (S, E). From the proof of Theorem 5.3.1 and the compat-
ibility of the comodule structure map and the cobracket (2.2.2), we have
SL(C) #£0 € @%(N)@@%‘(N) As was proved in [15, §6.2], the inclusion
homomorphism @?(N ) — @?(SO) is injective. Since the inclusion homo-
morphism 71(Sp) — m1(S) has a right inverse coming from capping all
the boundaries except one by r — 1 discs, the inclusion homomorphism
Q#(Sy) = Q#(S) is injective. Hence we have 6L(C) # 0 € Qx(S)&Q#(S).
This proves the proposition. (|
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From Theorem 6.2.1 the Zariski closure of the subgroup 7(Z(S, E)) is in-
cluded in the closed Lie subalgebra Ker(d|z+(s,r)). In view of this theorem
we raise the following conjecture.

CONJECTURE 6.2.3. — The Zariski closure of the subgroup 7(Z(S, E))
equals the closed Lie subalgebra Ker (6] +(s,g)):

T(Z(S, F)) = Ker (5|L+(S,E))-

This conjecture questions the extensionality of the Johnson image.
Hain [12] already described its comprehension. By Turaev’s theorem [32,
p.234], Corollary 2, u captures the simplicity of a based loop on a surface.
This conjecture is its analogue in the mapping class group. It is closely
related to Conjecture 5.2.4. But it seems quite optimistic even in the sim-
plest case S = X, 1. The cokernel of the Johnson homomorphisms in the
case S = X1 is known to have plenty of Sp-irreducible components in-
cluding the Morita traces [26]. For detalis, see [10] and references therein.
In the succeeding subsections we will prove that all the Morita traces are
recovered from our constraint. Very recently Enomoto [9] proved that the
Enomoto-Satoh traces [10] do not factor through the leading term 62! in
the “Laurent expansion” of the Turaev cobracket ¢ in §6.3. But we do not
know whether they are can be recovered from ¢ itself or not.

6.3. The graded quotient of the Turaev cobracket

For the rest of this section we suppose S = X1, a compact connected
oriented surface of genus g with one boundary component. Then the Torelli
group Z(S,E) = I(X4,1,{*}) is classically denoted by Z, ;. Moreover as
we will briefly recall below (for details, see [15, §6.3]), the Lie algebra
LT (X41,{*}) is identified with (the completion of) the positive part of
Kontsevich’s “Lie wor(l)d”, £ [17]. Preceding Kontsevich, Morita [24] [25]
introduced the Lie algebra H, = é;’ as a target of the higher Johnson
homomorphisms.

Let H := H1(34,1; Q) be the first homology group of 3, 1, and consider
T = Hi:o H®™_ the completed tensor algebra generated by H, which
has a natural filtration {T},},>0 defined by T}, := [[—, H®™. Via the
intersetion pairing ( - ): H x H — Q, which is skew-symmetric and non-
degenerate, we identify H and its dual H* = Hom(H,Q): H = H* X
(Y = (Y - X)). Let w € H®? be the two tensor corresponding to —1y €
Hom(H,H) = H* ® H = H®2. In other words, if {A;, B;}{_, C H is
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a symplectic basis of the first homology group H, then we have w =

7 A;B; — B;A; € H®2. Here and for the rest of this paper, we omit the
symbol ® because we regard it as the product operation on the completed
tensor algebra T. By definition, the Lie algebra of symplectic derivations
isa, = Der,,(T), i.e., the Lie algebra of (continuous) derivations on the
algebra T annihilating w. The restriction

a » Hom(H,T)=H*®9T=H®T =T, Dw Dl

is injective. The image is described as follows. Define a Q-linear map
N:T —T by

N\H®m—ZV” form > 1,

where v is the cyclic permutatlon given by X1 Xo--- X, = XoX3--- X1
(X; € H), and N|geo = 0. As was shown in [16], we can identify

;= NyEE™ cHeT
m=1

by the restriction map stated above. In particular, the Lie algebra a  is
naturally graded. We say D € a, is of degree m if D € N(H®™). Then D
is of degree m — 2 as a derivation of the graded algebra T. Moreover the
Lie bracket on a_ is homogeneous of degree —2. Now the algebra T has
the complete coproduct A given by A(X) = X®1 + 18X, X € H. Let
[;r be the Lie subalgebra of a; consisting of the derivations of degree > 3
and stabilizing the coproduct on T. The Lie algebra [;]" is an ideal of (the
completion of) Kontsevich’s “Lie wor(1)d” ¢, [17].

We denote 7 := m1(X41,%). Let 6: 7 — T bea symplectic expansion. By
definition, # is a group homomorphism of 7 into the group-like elements of
T, f(x) = 1+ [2] (mod Ty) for any = € 7, and 6(¢) = exp(w) [20]. Here
[z] € H is the homology class of x and ¢ € 7 is a boundary loop on 0%, 1
in the opposite direction. See Figure 13.

Any symplectic expansion induces an isomorphism 6: @r 5 T of com-
plete Hopf algebras. Here @r is the completed group ring of 7 (see §4.1).
Moreover, in [15, §6.1], we showed that the map

(6.3.1) —o: QA(S0) S ay, 2|~ —NO(z)

is a filter preserving isomorphism of Lie algebras, and induces a filter pre-
serving isomorphism of Lie algebras

Xt LH(Sgn, {#}) S 1f
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Figure 13. the boundary loop and symplectic generators (g = 2)

As was mentioned in [15, §6.3], the composite —AgoT is exactly Massuyeau’s
improvement p’ [20] of the Johnson map introduced by Kawazumi [14].
Its graded quotients with respect to the Johnson filtration on Z;; and
the degree filtration on [; are the Johnson homomorphisms of all degrees
introduced by Johnson [13] and improved by Morita [26]. Indeed, it is this
context in which the Lie algebra £, was introduced by Morita [24] [25].

Through the isomorphism —\g, the Turaev cobracket J on @%(2971) in-
duces the complete Lie cobracket 6? on the Lie algebra a, . Namely, 6% is
defined so that the following diagram commutes:

F) —

Q#(Zg1) —— QA (Ty.1)BQ(Zg1)

-] ]

_ 89 N
a, - a, ®ag .

The grading on a, defines the Laurent expansion of the cobracket 57,
Namely, for any u € H®™ we can write

§%(N(u)) = Z 6?p)(N(u)), where

p=—00

30y (N (w) € (a; @0, )mip) = P NH) @ NH).
k+l=m+p

In this subsection and §6.5 we prove the following

THEOREM 6.3.2. — For any symplectic expansion 6 we have
(1) 5(9;;) =0forp=0,—1, and p < —3.
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(2) 5?_2) is the same as Schedler’s cobracket [31], i.e.,

5 o) (N(X1 X5+ X))
- 72()(1. 'Xj){N(XiH"'Xj—1)<§>N(Xj+1"~XmX1"'Xi—l)

1<jg

_N(Xj+1"'XmX1"'Xi71)®N(Xi+1"'Xjfl)}
for any X; € H and m > 1.

In particular, the (—2)-nd term 6(972), or equivalently Schedler’s co-
bracket, is independent of the choice of a symplectic expansion @, so that
we denote it by §2!8. Since 68 is the graded quotient of the cobracket 6°
with respect to the degree filtration, it induces a structure of a complete
involutive Lie bialgebra on the Lie algebra a .

Recall that the graded quotients of the geometric Johnson map are the
classical Johnson homomorphisms. Hence, as a corollary of Theorem 6.3.2,
we obtain

COROLLARY 6.3.3. — For any k > 1, we have
58 om, = 0: Zy1 (k) /Ty (k+ 1) = (a; ®ay ) k).

Here T, 1 (k) is the k-th term of the Johnson filtration, and 7y is the k-th
Johnson homomorphism.

The proof of Theorem 6.3.2 is based on a theorem of Massuyeau and Tu-
raev [22, Theorem 10.4], which gives a tensorial description of the homotopy
intersection form. As is announced in [23, Remark 7.4.3], Massuyeau and
Turaev [21] also prove Theorem 6.3.2 in a similar way to ours. In this sub-
section we prove Theorem 6.3.2 except for the case p = 0, which will be
proved in §6.5.

Recall the definition of the homotopy intersection form [22]. Taking a
path v and a second base point e as in Figure 7, we identify the fundamental
group m1(X41,) with m = m1(X, 1, *) by the isomorphism « +— Tav. (Note
that in [22, §7], v and T are denoted by ve. and .., respectively.) Let «
be an oriented based immersed loop on X, ; with base point e, and 8 an
oriented based immersed loop on ¥, ; with base point * such that their
intersections consists of transverse double points. Then the formula

(6.3.4) (e, B) = Z e(p; @, B)VepBp € Qm

pEanp
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gives rise to a well-defined Q-bilinear map 7n: Qm x Qm — Qn via the
identification 71 (X1, ) = 7 stated above. The map 7 is called the homo-
topy intersection form of ¥, [22], which is essentially the same as what
Papakyriakopoulos [28] and Turaev [32] independently introduced.

Massuyeau and Turaev [22] proves that this map 7 naturally extends to
a Q-bilinear map 7: @r X @r — @r and gives its tensorial description
through any symlectic expansion 6: Qw ST Let e T — T/T1 Q be
the augmentation map. Define a Q-bilinear map ~>: T1 X T1 -7 by

(Xl e Xm 'V.“) Yl Tt Yn) = (Xm . Yl)Xl .. -Xm,1Yv2 s Yn c H®m+n_2

for any n, m > 1, and X;, Y; € H. Here (X,, Yl) € Q is the intersection
pairing of X,,, and Y; € H. A Q-bilinear map p: T x T — T is defined by

(635)  pla,b) == (a—e(a) > (b— (b)) + (a — e(a))s(w)(b — (b))

for any a and b € f, where s(z) is the formal power series

"2 12720 30200
Massuyeau and Turaev [22] proved the following.

THEOREM 6.3.6 ([22] Theorem 10.4). — Let 6: m — T be a symplectic
expansion. Then the following diagram commutes:

Qr xQr —— Qn
oxel el
TxT —2— T.

Recall the Q-linear map k: Qr ® Qr — Qnr ® Qn introduced in §4.2.
Let A: Qr — Qm ® Qm be the coproduct defined by a € 7 — a ® «, and
t: Qm — Qn the antipode defined by o € m — a~!. Then, for any «a and
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B € m in general position as stated above, we have

- (1@ p)((1®)An(a,B)(1@aq)
= Z pv aﬂ 1® ﬂ)(l/a.pﬁp* (ﬁp*)_l(a.p)_ll/)(l ®Uou/)

pEanS

= — Z p, ,B I/Oé.pﬁp* ® B*papoy)

pEaNS

= r(a, f).

Hence we obtain

(6.3.7) Alu,0) = — S (L@ ) (L@ ) (An(d, )1 & u”)

for any v and v € Qn. Here we denote Au = > v ®@u” and Av =" v'@v".
Let 6: m — T be a symplectic expansion. Then we have a unique Q-linear
map x?: T®T — T®T such that the diagram

QrdQr —=— QneQn

9633({ 955({
o~ 10 o~
T™T —— TT

commutes. By Theorem 6.3.6 and (6.3.7), the map x? does not depend on
the expansion ¢. From (6.3.7) we have

K(X,Y) = —(181)((1&1) Ap(X,Y))(181)

(6.3.8) = 5
= —(X-Y)(181) — (18)A(Xs(w)Y)

forany X and Y € H.
Now we define a Q-linear map p?: T — T@a; by the commutative
diagram
Qr —£— QreQ#

OJ, 70@/\el

R 0 R
T £ T®a, .
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From Corollary 4.3.4 we have
1 (X1 Xo)
= (18(-N) Y (K- XiaBDR! (X0, X))

1<i<jsm

X (Xjs1 X ®Xig1 - Xj-1)

) (X X @) (X)) (X -+ X 1)
=1

639) - Y (X X)X XX X ®N (X Xj1)
1<i<j<m
HABN) Y (X1 X @D)((18)A (X s(w) X))
1<i<j<m

X (Xja1 Xn®Xig1 - Xj-1)
i=1
for any m > 0 and X; € H. We remark that the first term in (6.3.9) is of
degree m — 2, and the second and the third terms are of degree > m. In
fact, uf(X;) € T@a; and T@a; starts from degree 1. On the other hand,
by Lemma 4.4.1 the maps 6% and p? are related by the formula

(6.3.10) 6o N =(1-T)(N&1,)u’,

where T': a;@ag_ — a @ag_ is the switch map: T(u®v) = v®u. Theo-
rem 6.3.2 except for the case p = 0 follows from the above observation and
(6.3.10). O

6.4. The Morita traces

In this subsection we prove that Schedler’s cobracket 68 restricted to
[ recovers the Morita traces of all degrees Try: (If)(x41) — Sym*1H,
k > 4 [26]. Here (I})(y) is the degree n part of [[ C a;, and Sym™H is the
n-th symmetric power of the homology group H = H1(X,1;Q).

To state our result precisely, we need some notations. Let
— pi:a; =[["_y N(H®™) = N(H®') = H be the first projection,

—ira; =[] N(H®™) < [[;_, H¥™ = T} the inclusion map,
— o T > Eglr\n(H) =[] _o Sym™(H) the natural projection.
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We define
§:=wo (p®i): a;@a; S HQT =Ty — S/};I\D(H).
Then we have

THEOREM 6.4.1.

50 5alg\( =(=1)"m X Tryy1: ([;')(erg) — Sym™H

) (mt2)

for any m > 3.

From Corollary 6.3.3 5 0 6%8 o7, = 0: T, 1 (k)/Zy1(k + 1) — Sym"H.
Hence Theorem 6.4.1 means that all the Morita traces are derived from
the fundamental geometric fact that any diffeomorphism preserves the self-
intersection of any curve on the surface.

The rest of this subsection is devoted to the proof of Theorem 6.4.1.
Let £ C ﬁ be the completed free Lie algebra over the vector space H.
It is known that (a multiple of) the Dynkin idempotent ®: T, — L de-
fined by ®(X1Xs---X,,) = [X1, [Xo, [+ [Xm—1, Xn]]]] for X; € H and
m > 1 satisfies (P‘EOHQ?m =mlz pom- On the gther hand, as was ShowAn
in [16, §2.7], we have [} x sp(H) = N(H ® L) = Ker([,]) C H ® L.
Here [,] : H® L — L, X ® u > [X,u, is the bracket map. Since
NY[X1,2(Xs--- X)) = N[V, X1]2(X3--- X)) for any YV € H, we
have

(6.4.2) N(H,H|® L) =1}

Hence it suffices to prove Theorem 6.4.1 at N([Y, Z]®(X; - - - X,,,)) for any
Y,Z,X; € H.

Originally the Morita traces were defined as the trace of certain ma-
trix representation of Hom(Hyz,I'y/Tk+1) using the Fox free derivative.
Here Hz = 7" = Hi(X,1;Z) and {T}}x is the the lower central series
of m (with Ty = ). Actually it is known that the k-th Morita trace
Try : H® L, — Sym" '(H) coincides with (—1)* times the map H ®
Lr, C H® H® Qe gek-1) _, Symk_l(H), where Cio : H® H® —
H®*=1) is defined by Xo ® X1 Xo--- X — (Xo - X1)Xo--- X}, for any
X; € H, cf. 27, Remark 22] (note that the convention about indices in [26]
[27] is different from ours). We use this description of Try. To compute
T+ 1(N([Y, Z]®(X1 -+ - X)) € Sym™(H), note that any tensor includ-
ing [Y, Z] or ®(X; --- X,;,) must vanish in the symmetric power Sym™ (H).
Hence, if we fix Y and Z and define a map 8 = fy,z: H®™ — Sym™(H)
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B(Xl .. Xm) = (Y . X])ZXQ . Xm — (Y . Xm)ZXI . 'Xm—l
+(Z - X)YXo X+ (Z- X )Y X1 X1,

then we have
Trm-‘rl(N([K Z](I)(Xl e Xm))) = (_l)erlﬁ((I)(Xl e Xm))
for any X; € H.

LEMMA 6.4.3.

(1) If m is even, then B(®(X;--- X)) =0.

The first assertion was already known by Morita [26, Theorem 6.1(ii)].
Proof.

(1) Let ¢: T — T denote the antipode, i.e., we have (X1 X)) =
(=1)™X,,---X;. The map [ is ‘symmetric’ In other words, we
have Bu(X1 - Xpn) = (F1)™B(Xpm - X1) = (m1)™mB(X1 - X)) €
Sym™(H), while we have i[> = —1. Hence —B®(X1--Xp) =
Bi®(Xy - X)) = (-1)"BP(X;--- X,,), which implies
BO(X7 -+ Xp) =01if m is even.

(2) We remark

O(X1Xo X3 X)) =X1X0P( X3+ X)) + (X3 -+ X)) X0 X5

(6.4.4) — X1 B(X5 e X)Xz — Xo®(Xs3 -+ X)X
Then ﬁ(qu)(Xg Xm)XQ) = ﬁ(Xl‘I)(Xng)XQ) = O, since
®(X35 -+ X,,) remains in Sym™ (H). When we compute the S-image of
the first and the second terms in the right hand side, the terms coming
from the contraction of X; and Y or Z must vanish since they include

®(X5- -+ X,,). The rest terms equal X1 Xo5P (X3 -« - X,y,). This proves
the lemma. O

From the definition, we have
s0ME(N(X 1 Xg--- X))

= Z(Xl'_l . X7;+1)X1'Xi+2 te Xle e Xi—? € Symm_z(H)a
=1

where we denote X,,11 = X3, Xo = X,, and so on. Similarly [Y, Z]
and ®(X;---X,,) vanish in the symmetric power Sym™(H). Hence, if

TOME 65 (2015), FASCICULE 6



2756 Nariya KAWAZUMI & Yusuke KUNO

we fix Y and Z and define maps o = ay,z: H®™ — Sym™(H) and
Y =1v,z: H®™ — Sym™(H) by
(X1 X)) =—B(X1 - X)) +v(X1-+- X)), and
V(X1 X)) ==Y - X0)ZX1 X3 Xy, — (V- X01) Z X1 - X2 X,

+(Z- X)) Y X1 X3 X +(Z - X )Y X - X2 X,
respectively, then we have

sEUE(N([Y, Z)(X1 -+ X)) = a(P(X1 -+ X))

for any X; € H.

LEMMA 6.4.5.
(1) If m > 4, then
V(XlXQ e Xm—le) - Xle/B(XQ e Xm—l)-
(2) If m is even, then a(®(X; - X)) =y(®(X1--- X)) = 0.
(3) If m > 5, then

Proof.

(1) is clear from the definition.

(2) is proved in a similar way to Lemma 6.4.3 (1), since the map ~ is also
‘symmetric’ with respect to the antipode ¢.

(3) Recall the equation (6.4.4)

B(X1Xo X5 X)) =X1 Xo®(X3 -+ X)) + (X3 Xon) Xo X3
—X1P(X5- - X)) Xo — Xo®(X5 -+ X0 ) X1

By (1) the y-image of each of the third and the fourth terms in the

right hand side equals —X;X8(®(X3- - X,;,)). When we compute

the v-image of the first and the second terms, the terms coming from

the contraction of Xs and Y or Z must vanish, since they include

®(X5- -+ X,,). Hence the y-image of the sum of the first and the second
terms equals X7 Xoy(®(X3 -+ X,;,)). This proves the lemma. O

LEMMA 6.4.6. — If m > 3, then we have
Y(P(X1 X2 X)) = —(m — 1)B(R(X1 X2+ X))

Proof. — If m is even, y(®(X1Xs2 - X)) = B(®(X1 X2+ X)) =0
from Lemma 6.4.3 (1) and Lemma 6.4.5 (2). Hence it suffices to prove the
lemma in the case m is odd > 3 by induction.
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For m = 3 we compute the both sides in the lemma explicitly. Then we
have

A P(X1 X2 X3)) = — 4(Y - X2)ZX1 X3 + 4(Z - X2)Y X1 X5
FAY - X3)ZX1 X — A(Z - X3)Y X1 Xs
= —20(®(X1 X2X3)),

as was to be shown.
Next suppose m > 5. From Lemma 6.4.5 (1) we have

Y(R(X1 X2 X5 Xp)) = Xa Xoy(@( X2 X)) —2X1 X B(R(X5 -+ X)),
which equals
— (m — 3)X1X26(¢(X3 tee Xm)) — 2X1X2/6((I)(X3 tee Xm))
= 7(m — 1)X1X2ﬂ(@(X3 . Xm))
by the inductive assumption. By Lemma 6.4.3 (2) we have
BR(X1Xo X3+ Xp)) = X1 XoB(P( X5+ X))
Hence we obtain
V(X1 Xo X5 X)) = —(m — 1)B(R(X1 X2 X5+ -+ Xi)).
This completes the induction and the proof of the lemma. g
As a corollary of Lemma 6.4.6, we have
a(P(Xy - X)) = =B(R(X1 -+ Xin)) +7(2(X1 -+ Xin))
=-—mB(P(X1- X))

This completes the proof of Theorem 6.4.1. g

6.5. The 0-th term of the Laurent expansion of the Turaev
cobracket

In this subsection we prove Theorem 6.3.2 for p = 0.
Using the grading on a,, for any u € H ®m we can write

W)= 3 pl (), where

p=—00

/‘L?p) (u) € (T®a;)(77L+p) = @ H®* X N(H®l)
k+l=m-+p
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From (6.3.9) we have u?p) =0 for p< —3 and p = —1, and u?_g) is given
by the first term of (6.3.9). Since it does not depend on the choice of 8, we
denote it by p*'#. Namely,
oy (X Xon) = p¥5(X, - X)
= Z (X - X)X1 - Xi 1 X1 Xom
1<i<j<m
@ N(Xip1- Xj-1)-
Therefore, by (6.3.10), Theorem 6.3.2 for p = 0 is deduced from the follow-
ing
THEOREM 6.5.1. — For any symplectic expansion 6 and u € H®™, we
have

ploy () = ~5 (18 N(uw).

The rest of this subsection is devoted to the proof of Theorem 6.5.1.
First we prove Theorem 6.5.1 for m =1, i.e.,

1
(6.5.2) 1oy (X) = —;(1@X), XeH
Let ay,...,04,51,...,04 € ™ be symplectic generators of m = m1 (X4 1, *).
See Figure 13. The homology classes A; = [o;],B; = [f:] € H (1 < i< g)
constitute a symplectic basis for H. By (3.3.2) we have u(a;) = 0 and

w(B:i) = 1@ |B;|". From the definition of uf, we obtain
' (0(cq)) =0 and p*(0(8;)) = —(0&X) (1@ |Bi|') = —1© NO(B:).

We denote by 0 the degree k part of 6. Looking at the degree 1 part of
the above equation, for 1 < i < g, we have

1oy (Ai) = =8 (05(as)),
1oy (Bi) = —p'8(0(8:)) — 1 ® Bi.
LEMMA 6.5.4. — Let £ C T be the set of primitive elements of T. In

other words, L is the completed free Lie algebra generated by H. Then for
any u € LN H®3, we have u8(u) = 0.

(6.5.3)

Proof. — Tt is sufficient to prove the formula for v = [X,[Y, Z]] where
X,Y,Z € H. Since [X,[Y,Z)]| = [X,YZ— 2Y] = XYZ - XZY —YZX +
ZY X, we compute
pME([X,[Y, Z)]) = (X-2)10Y — (X-Y)I®Z — (Y- X)10Z + (Z-X)1QY

=0.
O
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Now we prove (6.5.2). We denote ¢¢ := logf: m — L. Note that the
logarithm log: 1477 — Ty, u— Y0 ((=1)"~1/n)(u—1)" gives a bijection
from the set of group-like elements of T to Z. For x € 7 let ¢%(z) be the
degree k part of £?(x) € L. We remark that ¢/(z) = [z] € H.

Step 1. — Let 6° be a symplectic expansion satisfying

0 1 0
05 () = 5[141‘,31‘], 0 (8;) = —=[A;, Bi).

1
2
Such a symplectic expansion does exist. For example, see Massuyeau [20]
and Kuno [18]. Since 6° = exp(¢?°),

09 (0r) =15 (o) + %(Aiggf’(ai) + 08 (i) A) + éAiAiAi
:Zgo (o) + i(Az [Ai, Bi] + [Ai, Bi]A;) + éAiAiAi-
By Lemma 6.5.4, ;ﬂlg(eg” (a;)) = 0 and clearly p*'®8(A4;4;A;) = 0. There-
fore,

1
e (65 (i) :zlﬁlg(Ai[Ai, Bi] + [Ai, Bi]Ay)
1 1
21(1 ®A+1I®A) = 5(1 ® A;).
Similarly, we obtain u*%#8(09(8;)) = (—1/2)(1 ® B;). Substituting these
equations into (6.5.3), we have ,u?g) (A;) = (—-1/2)(1 ® A;) and u?g)(Bi) =
(—1/2)(1 ® B;). This completes the proof of (6.5.2) for 6°.

Step 2. — Let 6 be an arbitrarily symplectic expansion. Then there
exist u; € AH and uy € Hom(H, £ N H®3) such that
(6.5.5) 03(2) = 05(z) + (u1 @ 1+ 1 @ up)035(2) + uz([x])

for any x € m. This is proved by a similar way to the proof of Lemma 6.4.2
in [16]. Here A®H is the third exterior power of H and we regard u; as
an element of Hom(H, H®?) by the inclusion A>H ¢ H®? =~ H* @ H®? =
Hom(H, H®?), XA\YANZ — XY Z—-XZY -YXZ+YZX+ZXY -ZYX.
Notice that ui(H) C A%H.

LEMMA 6.5.6. — For any u; € A3H and X € H we have
8 (g @1 +1Ru)XX) =0.

Proof. — It suffices to consider the case X # 0. There exists a Q-
symplectic basis {A;, B;}; C H such that X = A;. By linearity, we may
assume that uy = Y AZAW where Y, Z, W € {A;, B;};. Now the assertion
is proved by a direct computation. (|
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Let z € 7. Since uy (H) C A2H, we have (u1 ® 1+1®@uy )09 (x) € LNH®3.
By Lemma 6.5.4, p™8((u; ® 14+ 1 ® ug)l4(x)) = 0. By 09(x) = ¢4’ (z) +
(1/2)[z][z] and Lemma 6.5.6, we conclude

P ((u @ 14+ 1@ up)09(x)) =0

for any = € 7. Also, we have p*2(uy([z])) = 0 by Lemma 6.5.4. Therefore
by (6.5.5) u8(05(x)) = p*8(03(x)) for any = € 7. Now from Step 1 and
(6.5.3) we have p?o)(Ai) =(-1/2)(1® A;) and ,LL?())(Bi) =(-1/2)(1® By).
This completes the proof of (6.5.2). O

Next we compute /1,?0) (X1 X,p) for Xq,...,X,, € H, m > 2. Since the
constant term of s(z) is —1/2, by (6.3.9) we have

iy (X1 X,

1
=—5;1a@N) > (XX @ )((19)AXX))
1<i<j<m
6.5.7
(6:5.) X (Xjt1 X @ X1 -+ Xj1)
+ Z(X1 e Xt @ Dy (X)) (X -+ Xon @ 1),
i=1

Note that we have

1@ )(AXX;) =10 )(X:X; 91+ X;0X; + X;  X; +1® X, Xj)
(6.5.8) =X X, 01-X,0X; - X; ® X; +1® X, X,.
Substituting (6.5.2), (6.5.8) into (6.5.7), and computing directly, we obtain

1
Moy (X1 -+ Xon) = =5 (1@ N(X1 -+~ X)),
This completes the proof of Theorem 6.5.1. 0
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