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ON FUNCTIONS WITH A CONJUGATE

by Paul BAIRD & Michael EASTWOOD (*)

ABSTRACT. — Harmonic functions of two variables are exactly those that ad-
mit a conjugate, namely a function whose gradient has the same length and is
everywhere orthogonal to the gradient of the original function. We show that there
are also partial differential equations controlling the functions of three variables
that admit a conjugate.

RESUME. — Les fonctions harmoniques en deux variables sont exactement celles
qui admettent une fonction conjuguée, a savoir une fonction dont le gradient a la
méme longueur et est partout orthogonal au gradient de la fonction d’origine. Nous
montrons qu’il existe des équations aux dérivées partielles qui controlent également
les fonctions de trois variables qui admettent une fonction conjuguée.

1. Introduction

A pair of smooth real-valued functions f and g on a Riemannian mani-
fold M are said to be conjugate if and only if

(1.1) IVl =1Vl and (Vf,Vg) =0.

In this article, we shall address the following question. When does a given
smooth function f : M — R admit a conjugate function? When M is 2-
dimensional the pair of functions (f,g) : M — R? is mutually conjugate
if and only if the mapping (f,g) is conformal away from isolated points
where its differential vanishes. It is well-known that, in this case, f must

Keywords: conjugate function, conformal invariant, partial differential inequality, partial
differential equation, 3-harmonic function, conformal Killing field.
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278 Paul BAIRD & Michael EASTWOOD

be harmonic and, conversely, a harmonic function locally always admits
a conjugate, unique up to an additive constant. When M is of higher di-
mension, then the pair (f,g) : M — R? is said to be semiconformal. As
discussed in [6], semiconformality is one of the two conditions that (f,g)
be a harmonic morphism. In fact, if M = R™ and both f and g are polyno-
mial, then it is the only condition [1]. In this article, we shall be concerned
with f defined on an open subset in R?. We extend our earlier work [3] in
which we derived some necessary conditions on f in order that it admit a
conjugate under a non-degeneracy condition, to now obtain necessary and
sufficient conditions in all cases.
An example of a pair of conjugate functions in three variables is
f:x2x12+x22+x32 g:I3x12+m22+x32
T92 + 232 T92 + 232

The Hopf mapping S — S? viewed in stereographic coérdinates

Fo (1 = lzl*)z2 + 22123 g (1 —||z[?)zs — 2x120

T92 + 232 T92 + 232

provides another good example. In these two cases, the pair (f,g) enjoys
an evident symmetry with respect to rotation about the xi-axis. This is
not usual, as is illustrated by the following example:—

Ty
=logVx12 + 222 + x32 = arccos .
A VeT T et o

In all three examples, the pair (f, g) is smooth away from the x;-axis.

We shall frequently need to manipulate tensors and for this purpose, we
use Penrose’s abstract index notation [13]. We shall write

fi=Vif  fij=ViV,;f et cetera,

where V; is the flat connection on R™ or, more generally, the metric con-
nection on a Riemannian manifold. Also, let us ‘raise and lower’ indices
with the metric 6;; in the usual fashion and write a repeated index to
denote the invariant contraction over that index. Thus, f%; = Af is the
Laplacian and fig; = (Vf,Vg). We shall use round and square brackets
to denote symmetrising and skewing over the indices they enclose. For ex-
ample, ¢gjr = %@jk + %qﬁﬁk and V;¢; is the exterior derivative of a
1-form ¢;.

In order to find necessary and sufficient conditions for a function f de-
fined on an open set of R? to admit a conjugate, we begin by constructing
conformal invariants that reflect geometric constraints that derive from
(1.1) and its derivatives.
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ON FUNCTIONS WITH A CONJUGATE 279

A conformal differential invariant is a polynomial in the derivatives of
f as well as the inverse (Euclidean) metric, that transforms by scaling
under the action of the Mobius group on R? U {oco} (the amount of scaling
being called the weight of the invariant: for details see Appendix A). An
elementary conformal invariant is the first order one J := f'f; of weight
—2. We shall require invariants up to third order. In Appendix A we give a
more thorough treatment of conformal invariants and derive a list of those
that we require; these will be labelled with uppercase Roman letters.

Higher order conformal invariants may be built from lower order ones
by using simple rules. For example, if ¢; is a conformally invariant 1-form
of weight —1, then the trace V’¢; is conformally invariant. Applying this
procedure to the 1-form v/Jf; yields Z / V/J, where, up to a multiple, the
operator Z is the 3-Laplacian, a well-known conformal invariant in dimen-
sion 3. The trace-free part of V(;¢;) is invariant whenever ¢; has weight 2.
Applying this construction to J~! f; yields an invariant 1;; from which we
deduce another invariant X via the formula:

Yep; =222 - JX .

The invariant X plays a fundamental role in our characterization. Its
explicit expression is given in §2 below. A necessary condition that f admit
a conjugate is that X < 0 (Theorem 2.1). In what we refer to as the generic
case X < 0, there are exactly four distinct vectors (two up to sign) called
conjugate directions, which potentially may be the gradient of a conjugate
function. When X = 0 there are either exactly two conjugate directions,
so up to sign any conjugate must be unique, or infinitely many; these two
cases are distinguished by another conformal invariant derived from X and
Z, which we call Y. By normalising coérdinates, we explain the geometric
interpretation of these conditions.

The next step is to understand when a conjugate direction w; is integrable
and so is the gradient of a function. In §3 we show that in the generic case,
integrability is equivalent to the vanishing of two polynomial expressions in
w; and the derivatives up to third order of f (Theorem 3.1). Our objective
is then to eliminate w; to obtain conditions involving just derivatives of
f. However, a difficulty arises in that we only have explicit expressions for
quadratic terms in w;. Thus, instead of trying to determine whether a spe-
cific conjugate direction is integrable, we ask rather that one or the other
be integrable without specifying which. This leads to a set of three equa-
tions involving just quadratic terms in w; (Theorem 4.1). In §4, we show
how to elimiate w; in a normalized coordinate system to give three third
order differential equations in f. Each equation is a conformally invariant
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280 Paul BAIRD & Michael EASTWOOD

homogeneous expression in the derivatives of f with a certain weight and
degree. To write these down in terms of conformal invariants, we explore
combinations of invariants that have the same weight and degree and use
ad hoc methods to equate terms. An invariant derivation without recourse
to normal codrdinates is given in Appendix B.

In §5 we deal with special cases, the first of which concerns functions
that admit a unique conjugate direction (up to sign). In terms of conformal
invariants, these are characterized by the conditions X = 0 and Y # 0. The
analysis proceeds in a similar way to the generic case, except that now the
characterization requires just two third order equations, made explicit in
Corollary 5.4. The next special case concerns functions that admit infinitely
many conjugates, characterized by X =Y = 0. Now, J’lfj is a conformal
Killing field, all of which can be written down explicitly, as detailed in
Appendix C. This enables us to write down all conjugate pairs in this case.
The final special case discusses functions of two variables that admit a
conjugate (in R3).

Examples are discussed in §6. For the case of spherical symmetry, up to
scaling and addition of a constant, log||z|| is the unique function that ad-
mits a conjugate, in fact infinitely many. If f is assumed to have cylindrical
symmetry, then the corresponding examples give a nice illustration of the
generic case. For a conjugate pair (f,g), fibres of the associated map into
R? are helices which wind around concentric cylinders; right-handed screw
or left-handed screw now corresponds to the two choices of conjugate. Fi-
nally, in §7, for a function f that admits a conjugate g, we discuss how the
conformal invariants X (g) and Z(g) of g relate to those of f. This enables
us to give a characterization of 3-harmonic conjugate pairs.

2. A necessary condition

THEOREM 2.1. — Let M be an 3-dimensional Riemannian manifold and
f M — R asmooth function. In order to admit a conjugate, f must satisfy
the differential inequality

(2.1) X =2f7Fi F % fr — Ffif* e+ Ff(f )% <0,

Proof. — A proof of this theorem was given in [3]. In fact, a version
was proved there valid in any dimension. Here we give a more efficient
proof only valid in three dimensions. However, this proof will allow us to
draw additional and useful conclusions. In addition, the method of proof (in
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ON FUNCTIONS WITH A CONJUGATE 281

Lemma 2.2) will provide a good illustration of the normalisation techniques
occurring throughout the rest of this article.

If f is to admit a conjugate, then there must be a closed 1-form w; such
that

(2.2) flwj=0 and ww; = fIf;.

Indeed, (1.1) implies that we may find an w; that is exact. We shall show
that the inequality (2.1) is necessary in order to find a closed w; satisfy-
ing (2.2). To proceed, let us differentiate the equations (2.2) with respect
to V. We obtain

(2.3) fPwi+wf; =0 and wYw; = f9f;.

Since we are supposing that w;; = V;w; is symmetric we may transvect
the second of these with f; and use the first to eliminate w® f;. This gives

fPwiw; + Y fif; = 0.
We now have the following equations
(2.4) flwi=0  wwi=f"fi fwwi+ U fif; =0
and we claim it is a matter of algebra to show that the inequality (2.1)

must hold if there is to be a solution w;. This is detailed in the following
Lemma, which we state independently for future use. Notice that if w; is

real then so is T in which case TijkTijk > 0. O
LEMMA 2.2. — If f;; is a 3 x 3 symmetric matrix and f; is a 3-vector,

then

(2.5) (fif)X 4+ 12T, T = 0

where

(2.6) Tijk = fiiw; fuyew”

and w; is any solution, real or complex, of the equations (2.4).

Proof. — If f; = 0 then the conclusion is trivial. Otherwise, let us choose
codrdinates so that f; = fo = 0. We may also orthogonally diagonalise the
quadratic form f;; restricted to the plane orthogonal to f;. In other words,
we may further change coérdinates to arrange that fio = 0. Having made
these choices, the quantity X becomes, after a short calculation,

(2.7) X =2(f3)*(f11 + f33)(faz + f33)-
Another short calculation yields
(2.8) Tk T9% = L(foz — f11)wr2ws?

TOME 65 (2015), FASCICULE 1



282 Paul BAIRD & Michael EASTWOOD

whilst the equations (2.4) become
(29)  ws=0 wltw’=/f3"  fuw’®+ foows® + fssfs? =0

the second two of which may be written as

1 1 wi? _ f3?
(2.10) fii+ faz foo + f33 ] [ wo? ] N [ 0 }

Now there are two cases. If fi1 = fa2, then (2.8) implies that T}, T%* = 0.
But (2.10) implies that f11 + f33 = 0 and then (2.7) shows that X = 0 and
(2.5) reduces to 0 = 0. On the other hand, if f1; # fa2, then we may use
(2.10) to solve (2.9), obtaining

(2.11) w2 = ffm and  wy? = f32M_
22 — J11 11 — J22

and compute

12T, 7% = 2(fao — f11)wi’w2? = =2f3*(fi1 + fa3)(foz + f33).
A comparison with (2.7) immediately yields (2.5), as required. |

From now on we shall suppose that f; is non-zero (at a particular point
and hence nearby as well). In case that f admit a conjugate, it is then clear
from (1.1) that the pair (f,g) is a submersion (near the point in question).
The nature of the singularities of a semiconformal mapping is not known
in general [2].

Notice that it follows from the proof of this lemma that the equations
(2.4) always have solutions if we allow w; to be complex and generically (in
fact, precisely when X # 0) there are four solutions. Alternatively, this is
geometrically clear: the first equation restricts matters to a plane wherein
the second and third equations describe planar quadrics.

Perhaps our proof of Lemma 2.2 seems bizarre but, in fact, we have used
a familiar technique. The Cayley-Hamilton Theorem, for example, is often
proved, even for real matrices, by employing Jordan canonical form over
the complex numbers. Not only that, but Lemma 2.2 can be proved without
normalisation by means of the Cayley-Hamilton Theorem applied to f;; re-
stricted, as a symmetric form, to the plane orthogonal to f; (the details of
this proof being left to the reader). Another proof avoiding normalisation
may be obtained by expanding the identity 0 = f[iw]'fkkfg]e. In fact, it is
a consequence of Weyl’s Second Fundamental Theorem of Invariant The-
ory [15] that dimension-dependent identities must arise by ‘skewing over
too many indices’. To use normalisation as we have done, however, is a
simple enough method that we shall employ throughout this article.
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The quantities occurring in the proof of Lemma 2.2 suggest other com-
binations of derivatives with geometric significance. The operator

(2.12) f=Z=f9%f+ i,
for example is, up to a multiple, the well-known 3-Laplacian [7, 10] and in
normal codrdinates

(2.13) fi=fe=f12=0
at a point becomes
(2.14) Z = fs*(f11 + fa2 + 2fs3).
Also, the quantity J = f'f; is f32. Therefore, from (2.7),
Y = Z?2-2JX
(2.15) = fs*(fir + fao + 2f33)® — 4(f3)* (fir + f3)(fa2 + f33)

= fs*(f11 — f2)?
and we recognise that the vanishing of this expression when X = 0 is
exactly the criterion discovered in the proof of Lemma 2.2 for there to be
infinitely many solutions w; to the system (2.4). In summary, if we allow
complex solutions of (2.4) then
X #0 <= J4 distinct solutions
(2.16) X=0andY #0 <= 32 distinct solutions
X=0and Y =0 <= 3 oo-many solutions.

If we restrict attention to the case when (2.4) has real solutions, then
Lemma 2.2 implies that X < 0 whence

X#0 <= X <0 and 34 distinct solutions
(217) X =0andY #0 <= Y >0 and 3 2 distinct solutions

Y=0 <= X =0 and 3 oco-many solutions,

the last two conclusions following from Y = Z2 — 2JX upon noting that
both terms on the right hand side are non-negative.

3. Integrability of the conjugate direction:
the generic case

Recall that if f is to admit a conjugate function near any particular
point, then there must be a solution w; at that point of the algebraic equa-
tions (2.4). These three equations, specifically the third one, were derived

TOME 65 (2015), FASCICULE 1



284 Paul BAIRD & Michael EASTWOOD

under the assumption that w; extend to a closed form near the point in
question but our approach from now on is to take w; to be defined at a
particular point by the equations (2.4) and ask whether it may be extended
to a smooth closed form near that point whilst maintaining (2.4). This is
entirely equivalent to finding a local conjugate for f. As a matter of ter-
minology, we shall refer to a solution w; of (2.4) as a conjugate direction.
In case that X < 0 (at the point in question and hence nearby as well),
we have just seen from (2.17) that there are four distinct solutions of (2.4)
for w;. It follows that any one of these solutions uniquely and smoothly
extends as a conjugate direction. Therefore, the only remaining question
in case X < 0 is whether this extension is closed and we shall refer to this
as integrability. We show that integrability is equivalent to a further two
polynomial equations in w® and the derivatives of f.

Resolution of these further equations combined with (2.4) will lead to
necessary and sufficient differential conditions on the function f in order
that it admit a conjugate. All of this is under the assumption that X < 0
and we shall refer to this as the generic case. The case X = 0 will be studied
separately.

THEOREM 3.1. — Let w; be a conjugate direction determined by (2.4).
Then provided X < 0, the tensor field w;; is symmetric in its indices if and
only if

(3.1) fURfififr + FIE frwojon + 29 £% fifr — 29 fiF oy =
(3.2) R £ fiwn 4 FiPP oo +Af9 £ fiwor = 0.

Proof. — Since X # 0, the identity of Lemma 2.2, namely
(3.3) F ;X + 12T, T =0,
where Ty, = fw; fruw', shows that the vector field fYw; is independent

of f* and w’. Therefore, the tensor field w;; is symmetric in its indices if
and only if

(34) uivj (wij - U.)ji) =0 y

where u’ and v’ are any vector fields taken from the set {f*,w’, f%w;}.
Looking back at (2.3), which was obtained by differentiating (2.2), we see
that

Frwl (wij — wsi) = [ fif; + flwiw;.
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This already vanishes by assumption. It is our third equation from (2.4).
Differentiating this third equation gives

0 = [V fr+ FRwjwn)
= fIRLfi e+ FIR fiwjwr + 208 £ i e + 2R wg flo
We notice that the last term fjkwijfiwk occurs as the first component of

the symmetry condition f?f*wy,(w;; — w;i) = 0, which therefore holds if
and only if

FIEfifi Fi+ FI% fiwjwn + 2075 £ fi fre + 207 wji flwr = 0,
where we have replaced w;; by wj; in the last term. But now (2.3) shows
that we can replace wj; f* with —f;;w’. This yields (3.1). Similarly, the
equation
0= w'Va(f7* i fi + fFwjon) = -
shows that the final symmetry condition w’f#*wy(w;; — w;;) = 0 reduces
to (3.2). O

COROLLARY 3.2. — Locally, a smooth function f with X < 0 admits
a smooth conjugate if and only if there is a smooth solution w; of the
equations (2.4), (3.1) and (3.2).

Proof. — Symmetry of w;; is precisely the condition that w; be exact
and, therefore, locally of the form V;g for some smooth function g. g

Of course, we know that equations (2.4) admit smooth solutions when
X < 0 so the only issue is whether we can find a solution for which (3.1)
and (3.2) are also satisfied. Also, if w; is a solution then so is —w;.

4. Resolution of the equations: the generic case

Throughout this section we shall suppose that X < 0. Recall that under
this hypothesis f has four conjugate directions at each point, occurring
in two pairs that differ only by sign. In other words, the solutions of the
equations (2.4) have the form {4w;,+n;} for w; and 7n; smooth linearly
independent 1-forms. Let us consider the expressions

pt = fURFffe+ FIR fiwjwr + 29 fiF fi fe — 209 fiFwiwg
p= = SIRLf e+ SR fmgnn 209 £5F fi fe — 209 fF i
at = IR fawk + FiTRwiwiwg + 49 £ fiws

qa = [IRfifine + FFnmme + 49 FiF fo

TOME 65 (2015), FASCICULE 1
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According to Corollary 3.2 and the discussion that immediately follows it,
we now know that f admits a conjugate if and only if
pt=qt =0 or p-=q =0.

These two possibilities are captured by the following theorem.

THEOREM 4.1. — Locally, a smooth function f with X < 0 admits a
smooth conjugate if and only if

ptpT =0  qt¢ =0 (e )+0p ") =0

Proof. — Evidently, the vanishing of these three quantities is equivalent

topT =g =0o0rp =q =0. O

The condition p*p~ = 0 was already resolved in [3]. We recapitulate and
refine the argument as follows. Firstly, we write p™ using normal coordi-
nates (2.13) to discover that

(4.1) P = pe + powrws
where
(4.2) Pe = f3° f333 + 2f3%(f132 + faz3® + f33?)
+ (fsfi1is — 2112 — 2f132)w1? + (f3fa23 — 2f20% — 2 fa3”%)wo?
and

Do = 2f3f123 — 4f13f23.

In normal coordinates (11, 72) = (wi, Fws). It follows that

(4.3) D = De — Powiwo

and hence that

(4.4) ptpT = pe’ = poiwitwa’.

But, since w; is subject to (2.4), we know that w;? and wy? are determined
in normal codrdinates by (2.11). In [3] we used this to eliminate w;? and
wy? from p. in (4.2) and then from p*p~ in (4.4) to discover by trial and
error that Y?ptp~ could be written as an explicit Riemannian invariant in
the derivatives of f, where Y is the invariant Z? — 2JX from (2.15). We

can argue more systematically as follows. Firstly, we may obtain 7; from
w; without recourse to normal coordinates.

LEMMA 4.2. — The conjugate direction n; is determined by the conju-
gate direction w; via the formula

(4.5) VY0 =217 fjwfi + (Z = 275 f; fr)ws — 2T f w;.
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Proof. — Since it is evidently codrdinate-free, we may verify this formula
in normal codrdinates (2.13). Substituting from (2.14) we see that the right
hand side of (4.5) becomes

2(frsfawr + fasfawa) fi + fa® (f11 + faz)wi — 2f5° fiw;
In more detail,
{ ‘ right hand side of (4.5)

1| fs?(fi1 + faz)wr — 232 (friw1) = f3?(fo2 — f11)w1

2| f32(f11 + fa2)wa — 2f3*(faowa) = f3 (fi1 — faz)wo
3 | 2(fizfawr + fazfawa) fs — 23> (fiswr + faswa) = 0
On the other hand, from (2.15) the left hand side of (4.5) becomes

Vv f34(f11 - f22)277i

and the whole of (4.5) reduces to (n1,72) = +(w1, —w2) depending on the

sign chosen for the square root of Y. O

Note that since Y > 0 when X < 0 we could always insist of taking the

positive square root of Y in (4.5) to obtain a consistent smooth choice of
conjugate direction 7; once w; is chosen. In any case, now let us consider
pe in more detail. From (4.1) and (4.3) we see that
(4.6) pe = 30" +p7).
Note that p™ does not see the sign of w; and p~ does not see the sign
of n;. Moreover, interchanging w; and 7; interchanges p™ and p~. Hence,
from (4.6) we see that p. depends only on the derivatives of f. In principle,
we could now use (4.5) to substitute for n; in p~. We conclude that Yp,
is a polynomial in f;, fij, fijk, and w;, which is actually independent of w;
when (2.4) holds. Equation (2.4) may now be used to eliminate w; from Yp,
leaving a polynomial in f;, fij, fijx. In practice, this is quite an intricate
matter, which we consign to §B. The result is:

Ype = 5Y (p* +p7) = 5(Z25 - 2XR + 2XY),

where R and S are two further conformal invariants derived in §A.

Let us apply similar reasoning to some of the other quantities occurring
above. From (4.1) and (4.3) we see that

powiwz = 3(pt —p7).
As we have already observed, interchanging w; and 7; interchanges p*

and p~, hence changing the sign of p™ —p~. As is readily verified in normal
coordinates, another quantity with this property is

_ ijk ¢
E = e fiw; fi we

TOME 65 (2015), FASCICULE 1



288 Paul BAIRD & Michael EASTWOOD

k

where €% is a choice of volume form, uniquely normalised up to sign by

€'%¢; ;. = 6. Specifically, if we further constrain our normal codrdinates
(2.13) by requiring that €23 = 1, then

E= f3(f22 - fll)wlw2~

As above, it follows that we may use (4.5) to eliminate n; from
Y Epowiwg = %E(Yer -Yp).

Moreover, this quantity is stable under interchange of w; and n;. It must
be a polynomial in f;, fi;, fijr alone, which is given by:

Y Epowiws = %E(Yp*‘ -Yp )= —iJXV7

where this calculation is once more detailed in §B and V' is one of our list
of conformal invariants derived in §A. But from Lemma 2.2, we have the
identity

(4.7) E?=-1)2X.

We conclude that
P = 8Y%ptp =2Y2(pT +p )2 —2Y*(pt —p)?
2(Z8 —2XR+2XY)* + XV2.

The vanishing of P is then our fourth conformally invariant condition (in
addition to the first three (2.4)), obtained in [3], for the existence of a
conjugate in the generic case X < 0. We now proceed similarly to obtain the
two other conditions to provide a necessary and sufficient set of conditions.

First we observe that Q = Y'Y ¢ ¢~ is conformally invariant, where we
use Lemma 4.2 to define n; by a choice of square root for Y. Certainly it is a
Riemannian invariant and we shall compute it in normal codrdinates (2.13).
According to the proof of Lemma 4.2, we may take

ﬁ:f32(f22—f11) m = w1 Ny = —wa,

in which case

¢t = qi + ewa and  q7 = w1 — gaws,
where
@ = fs?fis3 + friwi? 4 3f12owa® 4+ 4f3 f1s(f11 + fa3)
g2 = [f3®fas3 + fazowa® 4 3fr10w1? 4 4f3fa3(fa2 + fa3)
so that

Q=YVYq q = f3°(fao — f11)}(1%w1? — @2%w?)
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2 and wy? may be eliminated with (2.11). The result is a

polynomial expression in f and its derivatives. In terms of the various

from which wy

conformal invariants developed in §A it turns out that
Q = §JZB-3JU —125?
+ X(XZ3 - JX?Z+6W + 3JM — 2ZXR+ 2RS
— VN4 2ZA-2F - 2ZK+ 0T+ 5G - 12JD),
as may be verified in normal form (2.13).
The final condition (p*¢~)%+ (p~¢")? = 0 can similarly be expressed in

terms of conformal invariants; although we do not attempt to write down
the expression, we discuss how this can be done in §B.

5. Special cases
5.1. Functions with a unique conjugate direction

Suppose now that f is a function that admits a unique conjugate direc-
tion up to sign. By (2.17), this occurs when X = 0 and Y > 0. We first
prove an analogue of Theorem 3.1.

THEOREM 5.1. — Let w; be a conjugate direction determined by (2.4),
with X = 0 and Y > 0. Then the tensor field w;; is symmetric in its indices
if and only if
(5.1) €I fiwj (Jf'™ from = 2fua f' (f ™" fnon)) = 0
(52) Gijkfiwj (JfklmOlem + fklfl(fmnfmfn + Z)) =0

Proof. — As in the proof of Theorem 3.1, w;; is symmetric in its indices
if and only if w7 (wij —wj;) = 0, where v’ and v’ are linearly independent
vector fields. However, since X = 0, by Lemma 2.2, the vector field fijwj

is a linear combination of f* and w® and we have to use an alternative. A
judicious choice turns out to be the vector field

v =€ f frlwr — M o fit
A short calculation using the identity
€ ¥ el = 65,,07,60 ,

shows that eijkl/ifjwk = —Z/J, which is non-zero by hypothesis (since
Y = Z?). In particular, v* has a non-zero component orthogonal to f? and
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w'. In order to bring this vector field into play, rather than differentiate the
third equation from (2.4), we differentiate the equation:

(5.3) eijkfiwjfklwl =0.
This gives
(5.4) €IF fiw; Frimw' + €9 friw; frlwr — wmi' = 0.

First transvect this with f”. Then the resulting symmetry condition
F™V (Wi — wim) = 0 holds if and only if

€I i, Frim frw™ + €95 frp f™wj frlwr — fMwimr’ = 0.

But from (2.3), the last term can be replaced by w™ fi,,* which is equal
00 [ i f” Friwn/ (F* F)F fioy (since €% fup fimeo™ = 0 by (5.3)). On
multiplying through by J, we obtain the equation

(5.5)

JETE fio; fil™ fron, — TR FiL i i wmwr — (€97 fiw; fill £i) ™ fnton = 0.

However, from (5.3) we deduce the identity

I fimw™ + (f* fofi)w; — (F¥ fowr) f; = 0.

Indeed, the left-hand side is both orthogonal and colinear to the span of f;
and w;. On replacing J fjmwm by (f¥ frwi)f; — (f¥ fr.fi)w; in the middle
term of (5.5), we obtain (5.1). Similarly, on transvecting (5.4) with w™, we
conclude that the symmetry condition w™v*(wym; — wim) = 0 is equivalent

to (5.2). O
As for the generic case, we can summarise the conditions that f admits
a conjugate as follows.

COROLLARY 5.2. — Locally, a smooth function f with X = 0 admits

a smooth conjugate if and only if there is a smooth solution w; of the
equations (2.4), (5.1) and (5.2).

We can express these conditions in terms of the derivatives of f either by
using invariant arguments, or by expressing them in normal codrdinates.
To do this invariantly, the following lemma can be employed to eliminate
quadratic terms in w?.

LEMMA 5.3. — Suppose X = 0 and Y # 0. Let Q¥ be any symmetric
form. Then

(5.6) ZQUwiw; = —ZQY fif; +2JQ7 fif;¥ fr + (£l Qi — Q™ fu) .
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Proof. — Recall that E = ¢V¥ f,w; 1w, satisfies E2 = —J2X/2, so that
(5.7)

X=0 & E=0 & Jfp"+ (P hf)w — (FF frwe)f; =0,
where the latter equality occurs since the LHS is both orthogonal and
colinear to the span of f; and w;. We then apply this to the identity given
by transvecting f;w; f1*Qy' = 0 with fiwi. An alternative proof is simply
to check that the formula holds in the Riemannian normalisation. O

Equation (5.1) can now be written in the form Q"”w;w; = 0, where

Q7 = =M (JH™ fon = 2fim (7 fn))
—M (T fon = 2fim I (™ fn))s
which, by Lemma 5.3 can be written as an invariant expression in the
derivatives of f. However, it is more direct and somewhat simpler to just
write out (5.1) in the Riemannian normalisation.
From the proof of Lemma 2.2, we see that X = 0 implies that the product
wiwz = 0. Thus (5.1) becomes:

f32 (w1 — wo?)(f3fi2s — 2f13f23) = 0.
But since Y # 0 (faz — f11 #0), w12 — wo? = J and this is equivalent to

f3°(fsfr2s — 2f13f23) =0,
which we recognize to be a multiple of V' (which is given in normal co6r-
dinates by 4J2f3(f22 - fll)(f3f123 - 2f13f23)). Thus (24) and (51) corre-

spond to the conformally invariant condition V' = 0.
We give an invariant treatment of (5.2) as follows. Differentiate the right-
hand identity of (5.7):
0 = Vi(Jfiw" + (¥ frfo)ws — (P frwn) £5)
= 2(fuf" ) firw® + Tfijpw® + T fiFwin + fia £ flws + 20 fir frw;
(5.8) 4 [ fufiwiy — fim ST fy = M fineofy = ity — P o fig -

Note that for the moment we do not assume symmetry of w;;.

Recall the fundamental identities: w"w; = f9f; and W f; = — flw,.
Transvect (5.8) with w? to obtain:
0 = =2fuf' f%fifu + Jfijpww® + J(fiFw! wi

T i f A 2T ffo + (PR e ) (Fig 7)) — R freon figoo?
From (5.7), J f;*w? = (f'™ fiwm) f¥ — (F fi fm)w", so that
T win = (f" from)of* = (F fifm)wine®
— (" frwm) firw® = (F fifm) Fin fF
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which gives the identity:
J finwlo® + 7 fisi f £ =20 fifo) fig 1 =20 frwn) fijw? +20 f i fi=0.
From this, we deduce that (5.2) has the equivalent form:

* fuwj (=T fu™ fifom = 20 fra f'" fon + S Fi B i fu + Z)) =0
(5.9) Eijkfiwj‘ (_Uk + J(JVk(Af) — %Akaj)) =0,
where oy, is the conformally invariant 1-form given by Theorem A.3 of
Appendix A. Even though JV,(Af) — $AfV,J is not itself conformally
invariant, its component orthogonal to the span of f; and w; is, so the left-
hand side of (5.9) is conformally invariant. Now square this and use Lemma

5.3 to eliminate quadratic terms in w;. We obtain an identity involving only
the derivatives of f, which we identify in terms of conformal invariants as:

(5.10) BN+3G+3F+ 5T - HZK-1Z74=0.

COROLLARY 5.4. — Locally, a smooth function f with X = 0 admits a
smooth conjugate if and only if V =0 and (5.10) are satisfied.

5.2. Functions that admit infinitely many conjugates

When X and Y both vanish, the function f admits infinitely many con-
jugate directions. The following gives a complete description.

THEOREM 5.5. — Suppose f is a smooth real-valued non-constant func-
tion such that its invariants X and Y both vanish. Then, up to scale and
conformal transformation, f is one of the following

Z1
SU12 +$22 +£L’32

(5.11)  xy  log(z1? + 22 + 23%) arctan (x?’>
T2

Proof. — From (A.5) we deduce immediately that ¢;; = 0. But
¢:; = the symmetric trace-free part of JQVi[Jflfj]

whose vanishing is precisely saying that J~!f; is a conformal Killing field
V; all of which can be written down explicitly. Following [8],

ey ok ) k1, k
Vi = —s; —mypx”® + Axj + xrp0 STjTT

where s; and r; are arbitrary vectors, A is a arbitrary constant, and m;; is
an arbitrary skew matrix. We may invert

Vi=(f" o) ' = fi=V"V) Y
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and inquire whether f; is closed. As a condition on Vj, this reads
(5.12) VRVLV V) +2VFV V0V =0,
the consequences of which are best viewed using a normal form for V; such

as those provided by Theorem C.5 in §C. Specifically, matrices of the form
(C.6) provide conformal Killing fields of the form

A(x 0 +z 0 + @ 8)—1— (xi—x i)
Yox " Powy P ony) T\ ony T P ony
in accordance with the conventions of [8]. However, only when u = 0 or

A =0 is (5.12) satisfied. When both vanish, we obtain the linear functions
which are equivalent under scaling and conformal transformation to the
first of (5.11). Otherwise we obtain the second two, respectively. Matrices
from the next group provide nothing new but matrices of the form (C.7)
correspond to the conformal Killing fields

u(xgi—z i) 7(501271”22—@, )i72x1x2 9 — 22123 —— 9

0xs 38952 0z 0x4 O3
and (5.12) is satisfied precisely when g = 0. This gives rise to the final
possibility for f in the list (5.11). O

In fact, all of the functions with X = Y = 0 admit, not only infinitely
many conjugate directions, but infinitely many conjugates. According to
Theorem 5.5, it suffices to check this for the four cases (5.11). The first
three of these are discussed in detail elsewhere in this article, specifically

in §6.1, §6.3, and §6.2 respectively. Finally, the functions
B T _ @gcost + x3sin6

_ g =
$12+J)22+$32 $12+$22+$32

form a conjugate pair for any 6.

5.3. Functions of two variables that admit a conjugate in R?

Let f = f(x2,x3) be a function of two variables only. Then many confor-
mal invariants simplify and in the case of a unique conjugate direction, the
equations have a simple interpretation. As a first observation, it is easily
checked that X factors as a product:

X = (ANf'VT),
so that we also have

Z =1V g+ JAf, Y = (LfViJ—JAf)?
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Furthermore, by its expression in the Riemannian normalisation, one sees
that V' = 0. In particular, the fourth condition for a conjugate: P = 0
simplifies to

Z5 -2XR+2XY =0.

Now suppose X = 0 and Y > 0. Then either Af = 0, in which case
w = (0, — f3, f2) is, up to sign, the unique integrable conjugate direction and
we are in the case of a planar function with planar conjugate, or f'V;J =0
and Af # 0. We can now exploit Theorem 5.1. Since (5.1) is equivalent to
V =0, this is vacuous. However, (5.2) now comes into play. By going into
the Riemannian normalisation, one sees that the third order terms of this
equation vanish, and it becomes:

(€7 fiwoi Fi F) (F™ fnfr + Z) = 0.

However, since Af # 0, it is also the case that f™"f,, f, + Z # 0 and the
equation becomes

e fwifl fi=0.

Let us write this out explicitly in coérdinates:

—wifafs' fi+wifafel fi=0.

But w; must be non-zero otherwise we are once more in the situation of a
planar function with a planar conjugate whence Af = 0, contrary to our
hypothesis. On combining this with the condition f?V;J = 0, we obtain
the simultaneous equations in fo* fi and f3” fx:

{ fafob fu — fofs®f = 0
fofof fo+ fafskfe = 0
Since fo? + f32 # 0, these only admit the solution fo* f = f3*fi = 0. But
this implies that
Vi(fffi)=0 < ||Vf|| = constant .

The unique conjugate direction is thus given up to sign by

W = (\/ f22 +f327070)'

Furthermore this case occurs precisely when f satisfies the eikonal equation
|[Vf||> = constant. This should be compared with the example of a func-
tion having spherical symmetry as discussed in §6.3 below, where now the
conjugate must satisfy an eikonal equation, even though there is no con-
formal transformation which sends concentric spheres to parallel planes.
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6. Some examples

In general, it is not the case that a function will admit a conjugate,
even locally. For example, the function f = xyxox3 has the property that
X = 6f2. In particular X cannot be < 0 on any open set, so that f does
not admit a conjugate on any open set.

Recall from the Introduction that the pair (f,g) of a function and its
conjugate define a semi-conformal mapping into R2. In the analytic cate-
gory, such mappings arise (i) as the extension to the boundary at infinity
of a harmonic morphism on the associated heaven space of the domain,
see [5]; (ii) from local CR hypersurfaces in the standard Levi-indefinite
hyperquadric in CPs, see [4]. The latter perspective leads to an explicit
construction of semiconformal mappings from a holomorphic function of
two complex variables, which, in a first form was given in [12] then refined
in [4]. In what follows, we highlight some particular cases of interest when
a function f admits a conjugate function.

6.1. Linear and quadratic functions

Any linear function f admits infinitely many conjugate functions, also
linear; indeed the two invariants X and Y both vanish identically. The only
quadratic function that admits a conjugate is, up to isometries and scaling,
f =212 — 252 —x32. Note that f has an isolated critical point at the origin,
however its conjugate g = x1v/@22 + 232, although of class C! at the origin,
is not smooth there. It is unknown if a pair of smooth conjugate functions
(f,g) can have an isolated critical point. When they are harmonic and so

determine a harmonic morphism, this is impossible [6].

6.2. Cylindrical symmetry

Let 72 = 252 + 232 and suppose that f = f(r) so that its level sets are
concentric cylinders. Then by solving the equations (2.4), we obtain the
conjugate direction:—

(ornsan) = (mxﬁ _\/W>

whose four-valuedness corresponds to taking different signs for the square
roots. Then for any branch, dw = 0 if and only if

]1‘/2_’_,r‘}(‘l']('/l:(;17
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where C is a constant which is > 0. This has as first integral:—

A
(6.1) f?=5+C

where A > 0 is a constant, and w is now given by
903\/Z 332\/Z
(wla w2, w3) = <\/57 7’2 y 7'2

Then X = 2Cf' " /r = —2AC/r* is < 0 with the inequality strict provided
neither of A nor C' vanish.
In fact we can integrate (6.1) explicitly to obtain

i \/Zln{‘/‘”\c}z f} VAT O (C>0)
VAlnr (C=0)

The conjugate function is given by g = /Cx —v/Aarctan(zs /), interpo-

lating between the two special case given by A =0 (f = \/67“) and C' =0

(f = VAlnr). In fact the mapping (f, g) has fibres which are helices lying
on the cylinders » = constant. When C' = 0 these helices become circles

lying in planes orthogonal to the x;-axis and when A = 0 they become lines
parallel to the xi-axis. Geometrically, we can interpret the four-valuedness
of w as corresponding to the choice of a right-hand screw or a left-hand
screw for the helices, together with a choice of orientation. In the special
cases we obtain just two equal and opposite directions.

6.3. Spherical symmetry

Let 72 = 212 + 122 + 232 and suppose that f = f(r) depends on the
radial coordinate only. Then

X =20 (00 +

so that if f is to admit a conjugate, the necessary condition X < 0 forces
f to be either constant or to satisfy the differential equation

f”(’l") + f;(.r)

This has general solution f = Alogr+ B, where A and B are arbitrary con-
stants. For convenience, we take f = logr. Note that spherical symmetry
implies that Y = 0 and so there are infinitely many conjugate directions.
In fact any conjugate function g must satisfy dg/0r = 0 and ||Vg|| = 1/r.
Thus g is determined by its values on say the sphere r = 1, where it must

f’(">>2

r

=0.
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satisfy the equation ||Vg|| = 1. Such an equation is know as an eikonal
equation and solutions are determined by initial data on a hypersurface
(i.e. a curve) in the sphere S?. It should be noted that the sphere S? does
not admit a nowhere vanishing vector field and since we require ||Vg|| = 1,
then g cannot be globally defined on S2. Thus even though the function
f defined on R?\ {0} admits infinitely many different conjugate functions
in a neighbourhood of any point of its domain, the domain of any of these
conjugate functions cannot coincide with that of f.

6.4. An Ansatz

The following Ansatz provides a method of obtaining many pairs of con-
jugate functions. Let h(z,y) satisfy the partial differential equation:

on\? on\? oh

Then the functions

[ = zah(z1,22% + 23?%)
g = zsh(zy,z2® + x3%)

are conjugate. For example, by taking h = (z2/y) + 1, we obtain the pair
of conjugate functions of the Introduction. A straightforward calculation
shows that the only product solutions h(z,y) = u(z)v(y) to (6.2), have the

form
L becxe\/lfczy
C14+4/1- 2y’

where b and c¢ are constants. In fact, with reference to §5.1, every solution
obtained by this Ansatz satisfies X = 0.

7. Invariants of the conjugate

For a function f which admits a conjugate g, we can ask which of its
properties are shared by its conjugate. More specifically, can we express
the conformal invariants of ¢ in terms of those of f? For the invariant X,
this turns out to be simply done. In order to be clear on which invariants
are being considered, in this section we shall write X (f) and X(g) and so
on, for the invariants of the respective functions.
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THEOREM 7.1. — If f admits a conjugate function g, then X(f) =
X(g9)-

Proof. — In addition to (2.4), we have the identities:
97fj+f99;=0 and gYg; = f9f;.
Set v; = eijkfjgk. Then we can decompose g;; in terms of a symmetric
basis:

gij = ( M f)fifi + (9 '9kg1)9ig; + ﬁ(gklvkvz)ij
2 2 2
+J2( klfkgl)f(zgj) + Jg( " fro)) favgy + =5 J3 (g grvr)geivy)
1
= j(g k) (J0i5 — fifj — 9i95) — jfk(igkfj) + jfk(ifkgj)

+%(fklfk:gl)(fifj - 9i9;) — %(fklfkfl)f(igj) .
As a first application of this formula, we deduce the identity:
(7.1) figi —(ff)(g’5) =0.
Furthermore
979i; = (¢"x)*+= fk]g Pfg+S fkgfkflJfl 72 (fklfkgl)Q_%(fklfkfl)2 ;
which implies that

2
X(9) = ~2fuig" o+ 5 (f’”fkgl) + (M i)
In normal coérdinates, on applying (2.11), the RHS equals

=201 f11 — 292" fo2? + 25 f33® = 2f3* (fi1 + f33)(fo2 + f33) ,
which is precisely X (f). a
COROLLARY 7.2. — If f admits a conjugate function g, then for any

e € R, the function f + eg admits g — ef as a conjugate and X (f + eg) =
(1 + €)X (f).
Proof. — That f+eg and g — ef are conjugates, is easily checked. Then
X(f+eg) = X(f)
+elA(fil g5 + 9 F) P fe — 20 (9% fij — (F1)(97 )}
+{Af fi9" gk + A1 959" fr + 297 139" fi 4+ 287 95 gk
—JIf fij + 97955 — (f')° = (97}
+E{A(fi7 g5 + 97 [7)9" gk — 2T (9" fij — (F1)(973))}
+etX(g).
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But the coefficients of the odd powers of e vanish on account of (2.4) and
(7.1), so from Theorem 7.1, we obtain

X(f+e9) = X(f)+ X))+ X(9) + €' X(9) = 1+ €)°X(f).
O

Note that if we view the pair (f,g) of a function and its conjugate as
defining a semiconformal map into R?, then the replacement of (f,g) by
(f+e€g, g—ef) amounts to multiplication of f+ig by 1—ie when we identify
R? with the complex plane C. Indeed, semiconformality is preserved under
conformal transformations of both the domain and codomain.

To calculate the invariant Z(g) in terms of invariants of f turns out
to be more challenging. In fact Z(g) depends on the choice of conjugate
direction, so that, in the generic case, the appropriate quantity to consider
is the product vY Z(w)Z(n). This can be calculated by the methods of §B
to produce an expression involving third order derivative of f which we
don’t attempt to write down. On the other hand, information about Z(g)
can be obtained as in the above Corollary.

LEMMA 7.3. — If f admits a conjugate g, then we have
Z(f +eg) = 1+ ) (Z(f) +eZ(g))-
Furthermore,

d
Z(g) = %Z(fﬂg)le:o;

that is, Z(g) = Z¢(g) where Z; is the linearisation of the operator Z at f.
In fact the latter part of the lemma is easily deduced directly from (2.4):
Z(9) = 9" 9ig; + (9'9:)(¢°5) = [ figs + (1 £:) (9 5)

where, for a given f with V f non-zero, the RHS is now a linear operator
on g, which, since the principal term is the Laplacian, is elliptic.

Proof. — We have:
Z(f+eg) = Z(f)+elg” fif;+2f7gif; + JAg)
(297 gif; + [P 919, + JAS) + €6 Z(g)
= Z(f) + e(f fig; + TAg) + E(FIfif; + TAf) + €Z(g)
= (1+E)Z(f) +eZ(9).

The last part of the lemma now follows from this formula, or as indicated
above, directly from (2.4). O
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An interesting problem is to characterize those conjugate pairs that are
3-harmonic, i.e. conjugate pairs (f,g) satisfying Z(f) = Z(g) = 0, for
then the mapping (f, g) determines a 3-harmonic morphism [11]. If both X
and Y vanish, then so does Z and we have a complete description in this
case given by Theorem 5.5. Up to conformal transformation, the different
conjugate 3-harmonic pairs are given by

(z1,22), (3 loaxcg(xl? + 252 + xji), arctan(zz/zs)),
1 2
($12 T 292 + 232 712 + 352 +x32)
More generally, by the homogeneity of Z(f) in f, the function f is 3-
harmonic if and only if it satisfies the linearisation of Z at f: Z¢(f) = 0,
so that by Lemma 7.3, Z¢(f) = Z¢(g) = 0 is a necessary and sufficient
condition for a conjugate pair (f, g) to be 3-harmonic.

Appendix A. Conformal invariants

Suppose f is a smooth function defined on an open subset U C R3. As
usual, we denote the partial derivatives of f by subscripts
2 3
x 2 Ox 2t 0xd Ox
Equivalently, we may regard these quantities as tensors obtained by re-
peated application of the flat connection V; corresponding to the flat met-
ric 0;;. Suppose {1 is a smooth non-vanishing function defined on U such
that d;; = Q24,; is also flat. If we let T; = V; log 2, then it is well-known [6]
that these functions are precisely the solutions of
VT, =11 — %&jrkrk

and that all solutions are obtained by the conformal transformations of the
round sphere 52 viewed as flat-to-flat conformal rescalings via stereographic
projection. Let V; denote the metric connection for 4;; and write

f=Ff f=Vif, fiy=ViVif, fir=ViV,;Vif,
A conformal differential invariant of f of weight w is a polynomial
I= I(alja fa fi7 fij7 fijka .. )

in the derivatives of f and the inverse metric 6% with the property that it
is invariant under arbitrary coodrdinate transformation and

(A]‘) I(Sz]7f7flaﬁjaﬁjk7) = Qw‘[((sl]7f7fuf1jaf1jk7)
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for all flat-to-flat conformal rescalings Q. As detailed in [9], this notion
of invariance is the same as requiring equivariance under the action of
SO(4,1) on the 3-sphere, with R? < S3 by stereographic projection. It is
straightforward to write down explicit formulae for the effect of flat-to-flat
rescalings on derivatives

fi = fi
A9 Afij = fij = 2Yuf5 + 050 fr
(A-2) Jisk = fijk — 6 (i fjr) + 303 Y7 froyp

+ 665 fry — 3013 Th) TP fp — TP Y0035 fy

with a view to verifying (A.1) by direct calculation. It is difficult to find
conformal invariants from this direct point of view. Certainly J = 6% f; f; =
fif; is an invariant of weight —2. Perhaps the simplest second order invari-
ant is

Z=ffif;+J1

It has weight —4 but it is usual to omit the powers of 2 in verifying in-
variance (this is easily made precise by regarding the invariant as taking
its values in an appropriate line-bundle). Specifically, as a linear combina-
tion of complete contractions it is manifestly invariant under codrdinate
transformation and

Fiif

Jf7;

Fafif; =Y fifif; = fofif; — JX*fi
Jfi;+ JYF [

whence
fOfifi+ I F =17 1ify + T,
as required. The familiar quantity
(A.3) X =2f fi % fr = £ I fiw + U7 5)2
is a conformal invariant of weight —6. That it is a polynomial in the
derivatives of f invariant under coordinate change is already manifest.

Its conformal invariance, however, is most easily seen from the identity
of Lemma 2.2:—

JX + 12TijkTijk =0, where T;j, = f[iwjfk]lwl.

Here, recall that w; is any solution of the equations (2.4). We make take
w; = w; to obtain a solution of the conformally transformed equations
resulting from (A.2). Then

Frudt = fruw! — Tl fi + T fron
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and so T;;x is a conformally invariant tensor (of weight —2). Notice, how-
ever, that T;;;. is not an expression solely in f and its derivatives but also
involves w;. It may also be imaginary-valued. It is only in the combination
T;jxT¥* that w; can be eliminated using the relations (2.4). Of course, it
is also possible to check the conformal invariance of X directly from the
expression (A.3).

In the remainder of this section we construct an extensive menagerie of
conformal differential invariants of f. It is possible, in principle [9], to list
all such invariants. In practise, however, it is easier to construct invariants
by a number of tricks (see [14]). Apart from the particular invariant V'
constructed below, these will turn out to be sufficient for our purposes.
The new connection @Z is related to V; by

Vigj = Vig; — Tid; — Y;i + 6, T ¢y
when acting on an arbitrary 1-form ¢;. It follows that
VIR = Q7 Ve,

which we will more conveniently express by saying if ¢; has conformal
weight —1, then ¢; — V'¢; is conformally invariant. Similarly,

;= Vs — 3V 6rdi;

is conformally invariant when ¢; has weight 2. Where J does not vanish
we may consider the smooth 1-form J'/2f;. It has weight —1 whence

T2 )

is conformally invariant (of weight —4). As written here, this is not a poly-
nomial but if we expand it we obtain

SIVIIVf; + IV f = fUfif+ Fifif?s,

which is a perfectly good polynomial. It follows that this is an invariant
whether or not J vanishes. It is our previous invariant Z. Another viewpoint
on this construction is that f/V;J + 2JV;fJ is a conformally invariant
bilinear differential pairing between f; and J. There are many such pairings
on R? as follows.

ANNALES DE L’INSTITUT FOURIER



ON FUNCTIONS WITH A CONJUGATE 303

LEMMA A.1. — The following pairings are conformally invariant.
Yoox ¢ = vpVip —woViyh
~~ ~~~ —_—
weight v weight w weight v + w
vy X 9 = (04 1)Y'Vig — weVig!
~~~ ~~
weight v weight w scalar of weight v +w — 2
ditto = P V0 + woViy)

skew of weight v + w
ditto — (U — 2)[w(ivj)¢ — %%wkvm]
—wo[V (1) — 305V 1]

symmetric trace-free of weight v + w

Proof. — These are all easily verified by direct calculation. Alternatively,
we may employ evident variations on the trick used so far. For example,
for non-vanishing ¥ and ¢ we may write the first pairing as

(b—v—i—lww-‘rlvi [(bvw—w}’

which is clearly invariant since ¢¥¢¥~" has weight zero. All of these pairings
are similarly based on well-known conformally invariant linear differential
operators. O

Notice that the bundles occurring in these pairings are irreducible in
the sense that they are associated to irreducible representations of the
orthogonal group. These are the bundles between which it is relatively
straightforward to find invariant pairings. Here are two more examples
that we shall need.

LEMMA A.2. — The following pairings are conformally invariant for 1)
of weight v and ¢;; being symmetric trace-free and of weight w.

VX gij > vpVigy — (w+ 1) Vi

weight v + w — 2

VX ¢i; = vV b — 263V ryil
= (w =4[ Viyy — 28001, V']

symmetric trace-free of weight v 4+ w

Proof. — Easily verified by direct calculation. O
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In fact, all the invariant pairings that we shall need may be constructed
from invariant linear differential operators. (There are, however, many in-
variant pairings that do not arise in this way.) We are now able to list
almost all the conformal invariants that we shall use.

THEOREM A.3. — The following are conformal differential invariants of
a smooth function f locally defined on R.

J=f'fi  Z=f9fifi+ 1
X =2f f5 f* fu = TF7* fin + T (f75)°
If we now define
0, =JV; 2 —-22V;J 7, =JV; X —3XV;J
bi; = I fij — 2fafpF fro — 3T fFRbi; + 2 f* frfidij,
then the following are also conformal invariants.
R = fio; S = fir A = olo; B =Tt
D=o'r;, T=¢Y00; U=o¢inm
If we now define
Pijk = IV i 0ik) — 30 ViyJ — 20,V bryt + 2630y VLT
Aj =2V — ¢i; VI,
then the following are also conformal invariants.
F = pi%¢ ik G = ¢\ K =o'\
M = T1i)\ N =o0;p ¢ W = p'*p;itdp.
Proof. — We have already observed that J, Z, and X are conformally

invariant. The remaining invariants in this theorem are manufactured from
these basic ones by using Lemmata A.1 and A.2 as appropriate. |

There is one more invariant that we shall need and its construction is
slightly different. Let Q% be any symmetric form and set v = e/*!(J I6'Qii—
FQij fem ™) fi- Then the following identity holds:

(A4) Y(QYuwiw; — QYnin;) = 4Ev

(recall that E = €V fiw; frlwy). In the case when QY = fukf — 2k f,5
one may check that v is conformally invariant. It is convenient and consis-
tent with [3] to define the related conformal invariant V' = 4Jv. It has a
different character to our previous invariants in that it changes sign under
change of orientation. It is said to be an odd invariant.

It is useful to record the conformal weight and homogeneity in f for each
of the invariants of Theorem A.3 together with V:—
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weight 2| —-4|—-6|-8|—-10| —-11| —14 | —18 | —16
degree | 2 3 4 6 7 8 10 12 11

T U | PG K|M|N|W
weight | =18 | —22 | —18 | —18 | —14 | —16 | —18 | —18
degree | 13 15 13 13 10 11 13 13

Any polynomial combination with consistent total weight will also be in-
variant. For example, the quantity Y = Z2 — 2JX introduced in (2.15) is
a conformal invariant of weight —8 (and homogeneity 6). Other evident in-
variants are not necessarily new. For example, it is easily verified by direct
computation that

(A.5) ¢y =22% — JX.

This gives yet another verification that X is conformally invariant.

Appendix B. Invariant derivation of certain equations

Our aim is to eliminate w; from polynomial expressions of the form
F(fi, fijs fijks - wi), given that the equations (2.4) hold. We suppose that
X <0, so that in particular Y > 0. Recall that

N = \/> {2 fklfkwl fz (Jfkk - fklfkfl)wz‘ — 2inkwk} s

gives the other conjugate direction, where an ambiguity of sign arises with
the choice of square root.

LEMMA B.1. — Let QY be any symmetric form. Then

(B.1) Y(QYwiw; +Qnn;) =2QY fif;(JX — Z?)
+2J2Q7 (Z ' — X) =202 Z2Q" fi; + 4T Z2Q7 f* fif;
(B.2) VYQYwin; = —ZQY f; f; +2JQ" f; ;¥ fr + T2 (fi"Qi' — Q¥ fir)
Proof. — Both formulae can be deduced by skew-symmetrising over the
indices of an appropriate 4-tensor. For example, to derive the second, con-
sider the four tensor: T};x; = fiwjfkall and apply the identity: Tj;;x; = 0.

On transvecting first with f?, then with w’ and applying (2.4), the result
follows. |
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Now let us find invariant proofs of some of the identities of §4. Recall

pt = fIkfiwjwr 4+ FIR i f— 209 fiRwwe + 2F9 £iF i
p~ = fIkfinime 4 FIRFf fe = 209 fiFmime + 29 £% £ fx
gt = fIkwwiwr + IR fiwe + 49 R fiwy

g = [T+ FORf fie 4+ ALY fE i

THEOREM B.2. — The following identities hold:

(B.3) Y(p™ +p7) ZS —2XR+2XY
B.4) Y(pt—-p~) = EV/J.

where X,Y,Z R,S,V are the standard conformal invariants and where
E = eijkfiwjszwg.

Proof. — The first identity is an application of (B.1), where we have set
QY = fukf, —2f% f7. For the second, we apply (A.4) with symmetric
form QY = fikf, — 2fk f.9. O

Note that both the LHS and the RHS of equation (B.4) change sign
under the interchange of the conjugate directions, the equation itself being
well-defined and independent of this operation.

The condition pTp~ = 0 of Theorem 4.1 now follows since

4Y2ptpT =Yt +p7 )2 Y20t —p)%
On applying (4.7), this gives the necessary condition P = 0 of §4:
2(ZS —2XR+2XY)?* + XV? =0.

Now consider the remaining conditions. We claim that we can use (B.1)
and (B.2) to write ¢“*w,w;wy as a linear form in w;, where ¢*/* is any
symmetric tensor.

For this, first set Q¥ = ¢“/*wy,. Then from (B.1),

Y ¢ Pwiwiw, = =Y ¢ nimwi + 2¢9% £ fjwop(JX — Z2)

B.5 . g iy
(B-5) +2J2q 7 wi (Z it — X) — 2J2Zq* fiiwp + 4T Z g% £ f fiwp .

We now have to calculate Y¢"/*n;n;wy. For this we set Q¥ = VY ¢iikn,,
and apply (B.2):

Yg*ninjwr = VY QYwin; ' B
= —Zq% f fivp + 2Jq9% fi fit froe + TS @ Foe — ¢ fijor)
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where v; = VY0, = 2(f¥ few) fi + (Jfi* = [P frfi)wi — 2J fiFwp. On
expanding the right-hand side and substituting into (B.5), we obtain:
Y twiwiwr = wi{ ¢ [ fu(=Y = 22§ f1fm)
TGSV + 20 fonfa) = 2007 fnfo)?]
+J(Z + 21" f1fm) (247" £ fufie — Tq"7* fi1) — 2T Zg7% £ fi fif
—2f" f [Qquklfjfkflmfm + I a o = PP i fi = ZaM i e fi
LG e i+ 28 (e = M i)
as claimed.
We can now express YqtT by setting ¢/* = f%* and then adding

Y (f95 £ fowi + 4% fi fiwi):

Yat =wi{ = 229 fu(f fufm)

FIF5 Y 4 2O fo ) = 207 o f)?]

+I(Z + 21" f1fn) QP £ fufie = T P95 fin) — 2T Z¢7% £ fi o

—2f" fn [Qijklfjfkflmfm + [ B = PP o — ijklfjfkfl}

HAT2 fIRLE B o i+ 203 (f57 fe 0 = PR ) + 4fjkfkifj}
This has the form Y ¢ = a‘w;, where each o' is an explicit Riemannian in-
variant polynomial expression in f;, fi;, fijx, which at each point is defined
up to addition of an arbitrary linear combination:

aft +b[(fF frfr)wt + T f ] .

By symmetry, we must also have Yq~ = a'n;. Then the fifth condition
YVYqtq™ =0 has the form rw;n; = 0, where r/ is the symmetric form
r = (1/V/Y)atad. We can now apply (B.2) to give an invariant derivation
of the quantity Q = YVY¢tq™ of §4.

The final equation of Theorem 4.1 is (pT¢~)% + (p~¢*)? = 0. But

Hpra )+ a")* ={" +p7)*+ " —p )’ H@")?* + (@)}
=2(p* +p7) (" —p){(d")* ~ (a7)?},

which we can see as a product of conformally invariant terms that we can
deal with. First, multiply the whole expression by Y3v/Y. Then Y (p*4p~)
is given by (B.3), whilst Y (p™ —p™) is given by (B.4). On the other hand,

YVY((q)? + (a7)%) = r9wiw; + iy,
which can be expressed using (B.1) above, whereas

YVY (1) = (¢7)%) = riww; — r'inm;
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can be expressed using (A.4). Note that the result involves E?, which by
(4.7) can be written in terms of conformal invariants of §A.

Appendix C. Normalising conformal Killing fields

The conformal Killing fields on R3 form a finite-dimensional vector space
on which O(4,1) acts via the conformal automorphisms of S3. It is the ad-
joint representation 0(4, 1) and so the question of normalising a conformal
Killing field up to conformal transformations comes down to finding canon-
ical representatives for the orbits of this action. This is a question of linear
algebra, which may be stated more generally as follows. Suppose we are
given a real symmetric n X n matrix H of Lorentzian signature meaning
that there is a real invertible n x n matrix such that

1 0 0 0
trra_ |0 .0 0

(C.1) Aga=| o 00
0 0 0 -1

Suppose N is a real skew nxn matrix. We would like to find a real invertible
n X n matrix A such that A'HA and A*N A are placed in some canonical
form. For example, we may insist on (C.1) for A!HA but following [8, 9]
we normally prefer (written in block form)

0 0 1 ‘|

0 1d 0|,

1 0 O

(C.2) AHA =

where Id is the (n — 2) x (n — 2) identity matrix.

LEmMMA C.1. — Suppose H is a real symmetric nxn matrix of Lorentzian
signature and N is a real skew n X n matrix. Suppose that, regarded as
a complex matrix, H-'N has only one eigenvector up to scale. Then, the
eigenvalue is zero, it must be that n = 3, and we can find an invertible real
3 x 3 matrix A such that

0 0 O 1
0o o0 2.
0

-2 0

A'HA =

0 0 1
01 0 and A'NA=
1 00

Proof. — Notice that
Hw— A'tHA and N— A'NA = H 'N— A'H'NA.

Therefore, without loss of generality, we may suppose that H~'N is in
Jordan canonical form. Our hypothesis says that there is just one Jordan
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block with the eigenvalue A down the diagonal. But
tr(H™'N) = tr(NY(H) ™) = —tr(NH ') = —tr(H ' N)
so A = 0. In particular, the eigenspace is the same as the kernel of V.
Suppose u is a non-zero vector in this kernel and consider
ut = {v s.t. u' Hv = 0}.
Since
WHH 'Nv=u'Nv=v!Nu=—v'Nu=0,
it follows that H !N preserves u’. The hypothesis that H~'N has only
one eigenvector up to scale now forces u € u’. In other words u is null,

i.e. u'Hu = 0. It is well-known that O(n —1,1) acts transitively on the null
vectors. Therefore we may suppose that

0 0 1 1
H=]0 Id 0 and u=| 0 |.
1 0 0 0
It follows that
0 0 0
N=|0 M -r
0o 0
where M is a skew (n — 2) x (n — 2) matrix. Therefore,
0 0 0 r'M —r'r ]

H‘lN:[O M —r‘| and (H‘lN)2:[0 M? —Mr
0 O 0 0 0 0

From the Jordan canonical form of H~'N we see that, not only does its
trace vanish, but also the traces of its higher powers. In particular,

0=tr((H 'N)?) = tr(M?)

and since M is skew it follows that M = 0 and hence that rank N = 2.
Since the kernel of N is supposedly 1-dimensional, n = 3 is forced and

0 0 O
N=|0 0 —r |.
0 » O
Finally, if we take

m 0 O
A=1| 0 1 0 [,
0 0 u
then
0 0 1 0 O 0
A'HA=1{10 1 0 and A'NA=|0 0 —pr
1 0 0 0 pr 0
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and so we can insist that ur = —2 if we so wish. ]

LEMMA C.2. — Suppose H is a real symmetric nxn matrix of Lorentzian
signature and N is a real skew n x n matrix. Then the eigenvalues of H 1N
lie on the real or imaginary axes.

Proof. — Suppose that = + iy is an eigenvalue, i.e.
(C.3) H'N(u+iv) = (z +iy)(u +iv) for some u + iv # 0.
Writing out the real and imaginary parts separately gives
(C.4) H 'Nu=2u—yv and H 'Nv=yu+v.
We argue by contradiction, supposing that neither x nor y vanishes. In this
case we see from (C.4) that neither u nor v vanishes. Because N is skew,
we see from (C.4) that

0=u'Nu=u'HH *Nu = zu'Hu — yu'Hv,
0=v'Nv=v"HH 'Nv =yv'Hu + zv'Hv.
Therefore
zut Hu = yu' Hv = yo' Hu = —zv' Ho.

Since we are supposing that x # 0, we conclude that v!Hu = —v'Hwv.
Again using (C.4), we now find that

0=u'Nv+v'Nu=u'H 'HNv+v'H *HNu = 2yu' Hu + 2zu’ Hv,
whence

0=au'Hu—yu'Hv and 0=yu'Hu+ zu'Hv.
Therefore (22 + y?)u!Hu = 0 and so u!Hu = 0. Bearing in mind our
assumption that y # 0, we have found two real vectors u and v with
u#0, v#0, uv'Hu=0, v"Hv=0, u'Hv=0.
For H of Lorentzian signature this forces v = tu for some t € R. Substitut-
ing back into (C.3) and taking out a factor of (1 + it) gives
H 'Nu= (z +iy)u

and hence that y = 0, our required contradiction. O

LEMMA C.3. — Suppose H is a real symmetric nxn matrix of Lorentzian
signature and N is a real skew n x n matrix. Suppose that H~'N has a

non-zero real eigenvalue A. Then —\ is also an eigenvalue and we can find
an invertible real n x n matrix A such that (in block form)

0 0 1 0 0 A
A'HA=|0 Id 0 and A'NA=| o M o0 |,
1 0 0 -2 0 0
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where M is a skew (n — 2) x (n — 2) matrix.

Proof. — Certainly, we may arrange that A*H A is of the required form
and we shall suppose, without loss of generality, that H is already nor-
malised like this. Write H ' Nu = Au for u # 0. Then

0=u'Nu=u'HH 'Nu=M'Hu

so u'Hu = 0. Therefore, by a suitable A we may arrange

0
u= [ 0 ], and this forces H !N =
1

r
> o o
| I

Bearing in the mind that N is skew, this implies

- A f—=Xx 0 O
N = . - 0|, andthen H7!N = N I
A 0 0 Y
It follows that —\ is an eigenvalue, say H ! Nv = — v for some v # 0 and,

reasoning as above, v! Hv = 0. Since u and v are not proportional, we may
scale them so that u'Hv = 1. Finally, if we arrange that

1 -A 0 O
v=1| 0|, then H !N = o - 0 |.
0 0 A

This immediately implies that N has the desired form. O

With these Lemmata on hand we are now in a position to establish a
general canonical form. As already mentioned, we shall prefer (C.2) for
A*HA. When n = 2 there is almost nothing more to do:—

t _ |10 1 t _ 0 A
AHA—[1 0] and ANA—{/\ 0}

simply because N is skew. It remains to observe that we can change the

-[r2]

but that A? is well-defined because the characteristic polynomial

sign of A using

det(H 'N —tid) = t* — \?

is invariant. The first interesting case is n = 3.

TOME 65 (2015), FASCICULE 1



312 Paul BAIRD & Michael EASTWOOD

THEOREM C.4. — Suppose H is a real symmetric 3 X 3 matrix of
Lorentzian signature and N is a real skew 3 x 3 matrix. Then we can
find an invertible real 3 X 3 matrix A such that

0 0 1
AtHA=10 1 0
1 00
and A*tN A is
0 0 A 1 0 X 0 0 0 0
(C.5) 0 0 0] or lA 0 A] or [0 0 2].
-X 0 0 V2 0 A 0 0 -2 0

Furthermore, these three possible canonical forms are distinct apart from
changing the sign of A in the first two cases and the coincidence of the first
two cases when \ = 0.

Proof. — If H~' N has only one eigenvector up to scale, then Lemma C.1
applies and we obtain the third case of (C.5). Else, Lemma C.2 implies that
either all eigenvalues are real or they are i\, —i\, 0 for some X\ # 0.

Firstly, let us suppose they are all real. They could still all be zero in
which case the kernel N is at least 2-dimensional. But the rank of a skew
matrix is always even so then N = 0. Otherwise, if A # 0 is a real eigenvalue,
then Lemma C.3 gives the first of (C.5).

When ¢\ is an eigenvalue, then

H'N(u+iv) = iX(u + iv)
implies that
H 'Nu=—-X and H 'Nv=\u.
It follows that
0=u'Nu=u'HH 'Nu= - u'Hv
0=u'Nv+v!Nu=v'HH 'Nv+ v HH 'Nu= \Nu'Hu — v' Hv)

and so if A # 0, we conclude that
w'Hu=v'Hv and u'Hv=0.

In this case, by a suitable A we may arrange

1 1 0
uﬂ[?] and v[(l)],

from which the second of (C.5) is forced. Interchanging u and v changes
the sign of A. Otherwise, the distinctions between these canonical forms
is clear from the Jordan canonical form of H~'N and its characteristic
polynomial. (|
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It is easy to generalise these canonical forms to n x n matrices. The only
one we shall need is the 5 x 5 case and we state it here.

THEOREM C.5. — Suppose H is a real symmetric 5 X 5 matrix of
Lorentzian signature and N is a real skew 5 x b matrix. Then we can
find an invertible real 5 x 5 matrix A such that

0 0 0 0 1
01 0 0 O
A'THA=]10 0 1 0 0
0 0 0 1 0
1 0 0 0 O
and A'N A is
0 0 0 0 A
0 0 0 0 0 well-defined up to
(C.6) 00 0 u 0 (A ) = (A, ) or (A, —p)
0 0 - 0 0 or (=X, —p),
-2 0 0 0 O
or
0 AMV2Z 00 0 well-defined up to
“ANV2Z 0 0 0 —ANV2 (A ) = (=X, ) or (A, —p)
0 0 0 u 0 or (=A,—pu) or (p, \)
0 0 —-n 0 0 or (—p, \) or (p,—\)
0 AV2 000 0 or (—p, —A),
or
0 0 0 0 0
0 O 0 0 2
(C.7) 0 0 0 u O well-defined up to p — —p.
0 0 —u 0 0
0 -2 0 0 0

Furthermore, these canonical forms are distinct except for the evident co-
incidence of the first two cases when A = 0.
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