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ON THE TORSION OF THE FIRST DIRECT IMAGE
OF A LOCALLY FREE SHEAF

by Andrei TELEMAN (*)

ABSTRACT. — Let w: M — B be a proper holomorphic submersion between
complex manifolds and £ a holomorphic bundle on M. We study and describe
explicitly the torsion subsheaf Tors(R'm.(£)) of the first direct image Rl ()
under the assumption RO7.(£) = 0. We give two applications of our results. The
first concerns the locus of points in the base of a generically versal family of complex
surfaces where the family is non-versal. The second application is a vanishing result
for HO(Tors(R'7.(£))) in a concrete situation related to our program to prove
existence of curves on class VII surfaces.

RESUME. —  Soit 7: M — B un submersion propre entre variétés complexes,
et soit £ un fibré holomorphe sur M. Nous étudions et décrivons explicitement
le sous-faisceau de torsion Tors(R'7.(£)) de la premiére image directe R, (E)
en supposant que RO7, (£) = 0. Nous discutons deux applications des résultats
obtenus : la premiére concerne le lieu des points ol une famille génériquement
verselle de surfaces complexes est non-verselle. La deuxiéme application est un
résultat d’annulation pour H°(Tors(R'7+(£))) dans une situation concréte liée a
notre programme pour démontrer l'existence des courbes sur les surfaces de la
classe VII.

Introduction

Let B, M be complex manifolds, 7: M — B a proper, surjective holo-
morphic submersion, and let £ be a holomorphic bundle on M. Denote by
&, the restriction of £ to the fiber M,,, regarded as a locally free sheaf on
M. Grauert’s locally freeness theorem states that a direct image R*m.(€)
is locally free when the map x — h*(&,) is constant on B. The starting
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102 Andrei TELEMAN

point of this article is the following natural questions: What can be said
about the singularities of the sheaf Rkﬂ*(é’) when this condition is not
satisfied? Can one describe explicitly the torsion subsheaf of RFr,(€)?

In this article we will deal with these questions for £k = 1 under the as-
sumption R, (£) = 0. Our first result concerns the support of the torsion
subsheaf Tors(R'7,(€)) and states

THEOREM 1.3. — Let B, M be complex manifolds, m: M — B a proper,
surjective holomorphic submersion, and £ a holomorphic bundle on M. If
RO, (€) = 0 then the support supp(Tors(R'm.(E))) coincides with the
maximal pure 1-codimensional analytic subset of B which is contained in
the Brill-Noether locus

BN, (&) :={z € B|h°(&,) #0}.
In particular this support has pure codimension 1.

The statement yields strong a priori properties of the first direct image
in a very general framework. This result has interesting consequences:

COROLLARY 1.4. — If BN () has codimension > 2 at any point, then
R, (&) is torsion free. In particular the singularity set of this sheaf has
codimension > 2 at any point.

Equivalently,

COROLLARY 1.5. — If R°7,(€) = 0 and Tors(R'7.(£)) # 0, then the
Brill-Noether locus BN (&) contains a non-empty effective divisor.

Another result concerns the natural question: supposing that we are in
the conditions of Corollary 1.4, how far is the torsion free sheaf R, (&)
from being a free Opg-module? The proposition below shows that the Brill-
Noether locus BN () can be regarded as an obstruction to trivializing
globally the torsion free sheaf R'm, ().

PropPOSITION 1.8. — Let w: M — B be a proper, surjective holomor-
phic submersion with connected base B, connected surfaces as fibers, and
& a holomorphic bundle on M and such that

(1) The Brill-Noether locus BN, (€) has codimension > 2 at every
point.
(2) The map B > z — h*(&,) € N is constant.

Put k := rk(R'm.(€)) and assume that
s=(s1,...,s,) € H'(B, R'm,(E))®k

ANNALES DE L’INSTITUT FOURIER



ON THE TORSION OF THE FIRST DIRECT IMAGE 103

is a system of sections such that s(xq) is linearly independent in the fiber
(R'7.(€))(z0) for a point zg € B~ BN.(€). Put

S = {x € B~ BN, (&) | s(zx) is linearly dependent in (le*(é'))(m)}.

Then the closure S of S is an effective divisor containing BN, (€). In par-
ticular this divisor is non-empty if BN (£) is non-empty.

In sections 2 and 3 we give two explicit descriptions of the torsion sub-
sheaf Tors(R!m.(€)). The first result concerns only the case ROm.(£) = 0
and identifies this torsion sheaf with an inductive limit indexed by the
ordered set Div(B) of effective divisors of the base B.

The second statement is more general, more precise, and implies the first.
On the other hand, whereas the second result uses formal algebraic homo-
logical techniques, the first one is proved with classical complex geometric
methods. Therefore we believe that both approaches are interesting.

THEOREM 2.5. — Suppose that 7 has connected fibers and R'7,(€) =
0. Then there exists a canonical isomorphism

lim Ry = lim R Tors(R'm(£)),
DeDiv(B) DeDiv(B)
|[D|CBN (&)

where Div(B) denotes the ordered set of effective divisors on B and, for
an effective divisor D C B, we put D := 7~ (D) and

T = 1.(Ep)(D) = 7. (Ep(D)) € Coh(B).

Let m: M — B be a proper morphism of complex spaces and £ a coherent
sheaf on M which is flat over B. According to [1, Corollary 4.11 p. 133]
there exists a coherent sheaf 7¢ on B, unique up to isomorphism with
the following property: for every coherent sheaf A defined on an open set
U C B, there exists an isomorphism 7. (£ ® 7*(A)) = Hom(Tg, A) which
is functorial with respect to 4. With this notation we can state:

THEOREM 3.5. — Let w: M — B be a proper morphism of complex
spaces and £ a coherent sheaf on M which is flat over B. Suppose that B
is locally irreducible. Then

(i) One has canonical isomorphisms
Ext'(T,0p) =5 Tors(R'm.(£)).

(ii) If 7.(€) =0 and B is smooth, then
(a) T is a torsion sheaf,

TOME 65 (2015), FASCICULE 1



104 Andrei TELEMAN

(b) Denoting by Dpax the maximal divisor contained in the com-
plex subspace defined by Ann(T), one has canonical isomor-
phisms

Hom(TD ODrnax) i> HOT)’L(T, ODxnax)

=5 Ext!(T,0p) =5 Tors(R'm,(£)).

max ?

These results have effective applications. For instance Corollary 1.5 can
be viewed as a tool to prove existence of divisors on a given complex man-
ifold. More precisely, let B be a complex surface (for instance a class VII
surface) and € the universal bundle on B xY associated with an embedding
of a compact complex manifold Y in a moduli space of simple bundles on
B [31]. We conclude that, if Tors(R'm.(£)) # 0, then B has curves.

Proposition 1.8 has been used in [7] for studying deformations of class
VII surfaces, and is applied taking for £ the relative tangent bundle of
the deformation. The author defines an explicit family of class VII surfaces
with by = b parameterized by an open set B C C?® which is generically ver-
sal. This family contains surfaces which admit (non-trivial) global tangent
vector fields, so in this case the Brill-Noether locus is non-empty. Therefore
Proposition 1.8 applies and gives a non-empty divisor in B containing the
points which correspond to surfaces with global tangent vector fields and
the points where the family is non-versal. An important problem in [7] is
to determine this divisor explicitly.

Finally, Theorem 2.5 can be used to “compute” H®(Tors(R'm.(£))) sup-
posing that the restrictions of € to the “vertical” divisors D := 7~ 1(D)
are known. Note that, under the assumption R, (&) = 0, the Leray spec-
tral sequence associated with the pair (£, 7) induces a canonical isomor-
phism HY(£) = HO(R'7.(£)). Therefore H°(R!7,(€)) (in particular its
subspace H®(Tors(Rm.(€)))) is relevant for the computation of the coho-
mology space H'(&). We will discuss these applications in section 4.

1. First properties of R!7,(&)

In this section we prove the first general properties of the sheaf R, (€)
under the assumption R%7,(€) = 0. As usually we will use the same nota-
tion for a holomorphic bundle and the associated locally free sheaf of local
sections.

Let B, M be complex manifolds, 7: M — B a proper, surjective holomor-
phic submersion, and let £ be a holomorphic bundle on M. Let U C B be
an open set, ¢ € O(U) a non-trivial holomorphic function, and D := Z(y)

ANNALES DE L’INSTITUT FOURIER
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the associated effective divisor. Let my,: R'm. ()| — R'm.(€)|y be the
morphism defined by multiplication with ¢. By the definition of the Op-
module structure on R'm,(£), the morphism m,, is just R'm.(mg), where
mg is the morphism of sheaves &£ ‘ﬂ_fl(U) — 5‘{1((]) defined by multiplica-
tion with the function

¢ :=1*(p) =gpome O(r HU)).

Tensorising by the locally free sheaf £ the tautological exact sequence
associated with the pull-back divisor D = Z(®), we get the short exact
sequence

0— &1y > Elpry — Ep — 0

which yields

(11) 0 — (€] ) = Tl€|r-1 (1)

Rz, (ma)

— T(Ep) = R'ma (€| 1) R'T(E |1 (o)) -

Denote by j and J the inclusions of D and D in B and M respectively.
The sheaf Ep can be written as J,(E|p) hence, since mo J = jo (m|p) we

obtain
(1.2) T (Ep) = m(Ju(€lp)) = (w0 J).(E]p)
(1.3) = (jomip)«(€lp) = js (m1p)«(Elp)) -

DEFINITION 1.1. — The Brill-Noether locus of the pair (m,&) is de-
fined by
BN, (&) :={z € B|h’(&,) #0} C B,
where, for © € B we denoted by &, the restriction of £ to the fiber M, =
7 (z).

LEMMA 1.2. — Suppose that the divisor Z(p) is reduced, and that
BN, () N Z(p) has codimension > 2 at every point. Then
ker(my: R'm.(€)|y — R'm.(€)]y) = 0.
Proof. — Taken into account the exact sequence (1.1) and formula (1.2)

it suffices to prove that (7|p)«(€|p) = 0. Let V. C D := Z(p) be an open
set and W its pre-image in D. One has

(T1p)+(Elp) (V) = HO(W, E]p).

Since W is reduced, the vanishing of a section s € H°(W, £ |p) can be tested
pointwise. But the restriction of any such section to the dense set

W (m1p) "' (BN ()

TOME 65 (2015), FASCICULE 1
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vanishes obviously (because it vanishes fiberwise). This shows HY(W, &£|p)=0.
O

Using Lemma 1.2 we can prove now our first result about the torsion of

R, (€):

THEOREM 1.3. — Let B, M be complex manifolds, m: M — B a proper,
surjective holomorphic submersion, and let £ be a holomorphic bundle on
M. If R°7.(€) = 0 then the support supp(Tors(R,(£))) coincides with
the maximal pure 1-codimensional analytic subset D,(£) C B contained
in BN, (€). In particular this support has pure codimension 1.

Proof. — Let = € supp(Tors(R'7.(£))). Therefore there exists u €
R'7m.(£)x ~ {0} and a germ ¢, = (z,U -2 C) € O, ~ {0} such that
pzu = 0. We may suppose that ¢, is irreducible in the local ring O,. Re-
call that the set of points at which a complex space is reduced is Zariski
open. This is a consequence of Cartan’s coherence theorem for the ideal
sheaf of nilpotent elements (see [19, 47.11, E 47 ¢ p. 182]). Therefore there
exists an open neighborhood of z in Z(y) which is reduced. In other words,
replacing U by a smaller open neighborhood of x in B if necessary, we may
suppose that the effective divisor D := Z(p) C U is reduced®).

Using Lemma 1.2 and taking into account that D is irreducible at =, we
conclude that locally around z the divisor D is contained in BN (€). In
other words, taking U sufficiently small we will have D C BN, (&), hence
x € D, (€). This proves the inclusion supp(Tors(R'm.(£))) C D, (£). Con-
versely let z € D(£) and ¢, = (z,U -2 C) € O,~{0} an irreducible germ
defining an irreducible component of D, (€) at z. Taking U sufficiently small
we may assume that D := Z(¢) is reduced. Using again the exact sequence
(1.1) we see that the sheaf 7,.(Ep) = j« ((71p)«(E]p)) is mapped injectively
into Tors(R!7,(€)). But, by Grauert’s theorems, the sheaf (7|p).(€|p) has
positive rank on D. Therefore D C supp(Tors(R!m.(€))), which proves the
inclusion D, () C supp(Tors(R 7. (€))). O

COROLLARY 1.4. — Suppose that the Brill-Noether locus BN () of the
pair (m, &) has codimension > 2 at every point. Then the first direct image
R, (&) is torsion free.

We also state explicitly the following obvious reformulation of this Corol-
lary 1.4, which can be regarded as a criterion for existence of divisors in
the base of the fibration:

(1 Note that, in complex analytic geometry, being irreducible at a point is not an open
property, as one can see in the example of the Withney umbrella, which is defined by

the equation zy? = 22.
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COROLLARY 1.5. — If R°7,(€) = 0 and Tors(R'7.(£)) # 0, then the
Brill-Noether locus BN (€) contains a non-empty effective divisor.

A similar statement is obtained if one replaces the condition R, () =0
with the condition “cohomologically flat in dimension 0” (see [1, p. 133—
134]):

PROPOSITION 1.6. — Suppose that B > = — h%(€,) € N is constant.
Then R'm,.(€) is torsion free.

Proof. — Since the map B > x ~ h%(&,) € N is constant, m.(£) is
locally free and commutes with base change by Grauert’s theorems (see [1,
Theorems 4.10(d), 4.12]). Here we used the properness and the flatness of
7 (which implies the flatness of £ over B). Using the base change property
we see that the natural morphism

W*(g\ﬂfl(U))\D — (mip)«(€p)
is an isomorphism. Applying the functor (ip). to the two sheaves, it follows
that the natural morphism

ﬂ-*(g‘n’l(U)) ®Op — 71'*(8@)

is an isomorphism. Via this isomorphism the morphism . (€ ‘ﬂ_—l (U)) —
m(Ep) in the exact sequence (1.1) corresponds to the canonical epimor-
phism

W*(g‘ﬂ_a(U)) — Tl'*((c/“ﬂ_—l(U)) ® Op

so is surjective. Therefore
ker (my: R'm.(E)|y — R'm.()|y) = {0}

by the exact sequence (1.1).

An alternative proof can be obtained using the definition of cohomolog-
ically flatness in dimension 0. For any open set U C B and any non-trivial
holomorphic map ¢ € O*(U) we get a monomorphism 0 — O(U) %> O(U)
so, by [1, Theorem 4.10 (a’)] the induced morphism my: R'm. (€)|, —
Rm.(&)|y is injective. O

Corollary 1.4 and Proposition 1.6 give criteria which guarantee the first
direct image R'm.(£) being torsion free. The proposition below gives a
criterium which guarantees this sheaf being a free O x-module.

PropPOSITION 1.7. — Let w: M — B be a proper, surjective holomor-
phic submersion with connected surfaces as fibers, and £ a holomorphic
bundle on M such that

(1) The Brill-Noether locus BN (€) := {x € B| h°(&,) # 0} has codi-
mension = 2 at every point.

TOME 65 (2015), FASCICULE 1



108 Andrei TELEMAN

(2) The map B 3> z — h*(&,) € N is constant.
Put k := rk(R'7,(€)) and assume that s = (s1,...,s;) € H(B, R'w,(&))®*
is a system of sections such that s(x) is linearly independent in the fiber
(R'7.(€))(z) for every x € B~ BN, (€). Then
(1) The morphism o: O* — R'r,(E) defined by s is an isomorphism,
in particular R'm.(£) is a free Ox-module and s(z) is linearly in-
dependent in (R'm.(€))(x) for every z € B.
(2) BN, (&) = 0.

Therefore, under the assumptions of the theorem, the first direct image
Rl7r,(€) is free if this sheaf admits a system s of k := rk(R'7.(£)) sections
which are linearly independent on the open set B \ BN, (€) (on which
R, (&) is locally free).

Proof. — Since the map B > z — h%(€,) € N is constant, it follows by
Grauert’s theorems that R?m,(€) is locally free and that R?m,.(£), Rim.(€)
commute with base changes ([1, Theorem 3.4 p. 116]). Therefore the canon-
ical morphisms (R7.(€))(x) — H*(E,) are isomorphisms for i = 1, 2, and
for every xz € B.

By Riemann-Roch theorem and the second assumption it follows that
the map B > = +— h'(&,) is constant on B \ BN, (€), hence the sheaf
F = R'7,(€) (which is torsion free by Proposition 1.4) is locally free on
this open subset. We know by hypothesis that the morphism o: O%k - F
defined by s is a bundle isomorphism on U := B \ BN (€). The canonical
embedding c¢: F — (FV)V of F in its bidual sheaf is also an isomorphism
on U, so the composition ¢ o o has this property too. The inverse 7 :=
{coo|y} ™" can be regarded as a section of Hom((FV)Y,OHF) = {FV}OF
defined on U. Since {F \/}@]c is a reflexive sheaf and U is the complement
of a Zariski closed subset of codimension > 2, it follows that 7 extends to
a global morphism 7: (F¥)¥ — OF*. We have

Fo(coo)=idper, (coo)oT =idFv)v
B

because these equalities hold on U. This shows that coo is an isomorphism,
in particular ¢ is a monomorphism and ¢ is an epimorphism. Since c is also
a monomorphism, it follows that ¢ is an isomorphism, so ¢ = ¢! o (co o)
will also be an isomorphism.

For the second statement, recall that the canonical map (Rl (€))(z) —
H'(&,) is an isomorphism for every x € B, hence the map x — h'(&,)
is constant on B (and coincides with k). Using the second assumption of
the hypothesis and the Riemann-Roch theorem, we conclude that the map
x + h%(&,) is constant on B, hence it vanishes identically. |

ANNALES DE L’INSTITUT FOURIER



ON THE TORSION OF THE FIRST DIRECT IMAGE 109

Proposition 1.7 leads naturally to the question: if one assumes that the
system s is generically linearly independent and the Brill-Noether locus
BN, (€) is non-empty, what can be said about the set of points where s is
linearly dependent? The answer is:

ProprOSITION 1.8. — Let w: M — B be a proper, surjective holomor-
phic submersion with connected base B, connected surfaces as fibers, and
& a holomorphic bundle on M such that

(1) The Brill-Noether locus BN, (€) has codimension > 2 at every
point.
(2) The map B > x ~ h%(&,) € N is constant.

Put k :=rk(R'7,(€)) and assume that
s=(s1,...,s,) € H (B, R'7,(E))%k

is a system of sections such that s(xq) is linearly independent in the fiber
(R'7.(€))(x0) for a point zg € B~ BN, (£). Put

S :={x € B\ BN;(£) | s(x) is linearly dependent in (Rlﬂ'*(é‘))(m)}.

Then the closure S of S is an effective divisor containing BN, (£). In par-
ticular this divisor is non-empty if BN (€) is non-empty:.

Proof. — Using the notations introduced in the proof of Proposition 1.7,
regard the wedge product Ao := s1 A --- A s;, as a section in A*(F). Let

d: N*(F) = {A(F)V} = det(F)

be the canonical embedding (see [20, Proposition 6.10 ch. V]) and D the
vanishing divisor of the section d o (Ac) of this holomorphic line bundle.
Note that D N (B ~ BN, (£)) = S which (taken into account that BN, (&)
has codimension > 2 at every point) implies S = D. In order to prove that
BN, (€) € D we will show that B~ D C B~BN,(£). Let 29 € B~ D and
let U be an open neighborhood of zy such that U N D = . This implies
UNS = 0, hence s|; satisfies the hypothesis of Proposition 1.7, which gives
BN, (£)NU =0, hence z & BN, (&). O

REMARK 1.9. — Note that, in general, for a point xo € BN.(&), the
system s(xq) can be linearly independent in (R'm.(€))(zo) although, by
Proposition 1.8, such a point belongs to the closure of the set S of points in
B~ BN, (&) where s(z) is linearly dependent. This shows that, in general,
for a system of sections in a torsion free coherent sheaf, being fiberwise
linearly dependent is not always a closed condition.

TOME 65 (2015), FASCICULE 1



110 Andrei TELEMAN

Example. — Let F be the ideal sheaf 7 of the origin in C2, and let s €
H°(Zy) be the section defined by the holomorphic function (z1,22) + 21.
Then s(0) is non-zero in the fiber Zy(0), although s(z) vanishes in Zy(z) for
every point z € {0} x C*.

In section 4 we will see that Proposition 1.8 has found interesting appli-
cations in studying families of class VII surfaces [7].

2. The sheaf Tors(R!'m.(€)) as inductive limit.

Let again B, M be complex manifolds, w: M — B a proper, surjective
holomorphic submersion, and let £ be a holomorphic bundle on M. For an
effective divisor D C B we put D := 7~ 1(D), which is an effective divisor
of M. The restriction £p will be alternatively regarded either as a locally
free sheaf on D, or as a torsion coherent sheaf on M.

Recall that for a decomposition D = D'+ D" of an effective divisor D of
B as sum of effective divisors we have an associated decomposition exact
sequence

(2.1) O—)Opl(fD")%OD—)ODH —0

induced by the restriction morphism rppr: Op — Op~ and the obvious
isomorphisms

ker(TDD”) = ID”/ID = ID”/ID/ID//
_ O(-D" . "
= O( )/ID,O(_D,,) = Op/(~-D").

LEMMA 2.1. — Let D =}, n;D; be an effective divisor of B decom-

posed as sum of irreducible components, such that D; ¢ BN, () for every
i €I. Then H°(ép) = 0.

Proof. — The statement is clear when D is irreducible, because a section
in a holomorphic bundle over an irreducible space vanishes if it vanishes
generically (as a map with values in the total space of the bundle). On the
other hand if D ¢ BN, (), any section of Ep (regarded as holomorphic
bundle over D) will vanish on the non-empty Zariski open subset D
7 BN, (£)) of D.

For D reducible we use induction with respect to n := >, ;n;. We
choose ig € I, we put D" := D — D
of sheaves on M:

io, and we use the short exact sequence

0— S'Dio (—DH) — gp — g’p// — 0.

ANNALES DE L’INSTITUT FOURIER
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Noting that £(—D") = EQn*(Op(—D")), we see that the two bundles have
the same Brill-Noether locus over B, hence H%(Ep, (—D”)) = 0, by the first
step applied to the bundle £(—D”) on M and the irreducible divisor D;, .
On the other hand H°(Epr) = 0 by the induction assumption. O

For an effective divisor D C B we put
D = m(Ep)(D) = m.(Ep(D)) € Coh(B).

DEFINITION 2.2. — We denote by Div(B) the small category associated
with the ordered set of effective divisors of B. The morphisms in this cat-
egory correspond to inclusions of effective divisors (regarded as complex
subspaces of B).

PROPOSITION 2.3. — The assignment D — RT, defines a functor
R™: Div(B) — Coh(B)
with the following properties.

(1) The support of RT, is contained in D, in particular RT, is a torsion
sheaf.

(2) For D' < D the corresponding morphism RT, ,: R}, — RT, is a
sheaf monomorphism.

(3) Rp depends only on the part of D which is contained in BN (E),
more precisely consider the decomposition D = )., n;D; of D
in irreducible components, let Iy C I the subset of indices i for
which D; C BN, (€), and put D° := > ier, MiDi. Then R, is an
isomorphism.

Proof. — The first statement is obvious. For the second, putting D" :=
D — D' and tensorizing with £(D) the exact sequence
0— Op/(=D") = Op — Opr — 0,

associated with the decomposition D = D’ + D", we obtain the short exact
sequence

0— Epr (Dl) — gD(D) — Epn (D) — 0.
The injectivity of R, follows applying the left exact functor . to this
short exact sequence.

To prove the third statement we put D" := D — DY, and we use the short

exact sequence

0 — EX(D°) — Ep(D) — Epn(D) — 0

obtained similarly. On the other hand, using Lemma 2.1 we obtain

H (7= Y(U),Epn (D)) =0

TOME 65 (2015), FASCICULE 1
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for every open set U C B, because no irreducible component of D” N U is
contained in BN, (&(D)). O

COROLLARY 2.4. — The natural morphism

lim Rp — lim RT

DeDiv(B) DeDiv(B)
|D|CBN(£)
is an isomorphism.
THEOREM 2.5. — Let m: M — B be a proper holomorphic submersion

with connected fibers, and £ a locally free coherent sheaf on M such that
m+(E) = 0. There exists a canonical isomorphism

iy R = lim R} Tors(R'm.(£)).
DeDiv(B) DeDiv(B)
|D|CBN4 (&)

In particular, the inductive limit on the left is a coherent sheaf supported
on the divisorial part D.(E) of BN ().

Proof. — For every D € Div(B) we define a morphism ¢p: R}, —
Tors(Rm,(£)) in the following way: the long exact sequence associated
with the short exact sequence

0>E&—=E(D)—=Ep(D)—0
and the left exact functor 7, begins with
0 = m.(En(D)) = RE 22 Rz, (€) 2y Rz, (E(D)) — -

Using the identification R'm.(€(D)) = R'7.(£)(D) = R'7.(£)®0, Op(D)
we see that of, is given by multiplication with the canonical morphism
op: O — Op(D). A local equation ¢ of D defined on an open set U C B
defines an isomorphism Oy (D NU) ~ Oy, and via this isomorphism the
restriction

J%ZOU%OU(DQU):OU

of op to U is given by multiplication with . This shows that 07, defines a
monomorphism ¢p: Rf, — Tors(R'm,(€)) whose image is the annihilator
(in R'm.(£)) of the ideal sheaf of D.

For D', D € Div(B) such that D’ < D we use the functoriality of the
connecting operator 0 with respect to morphisms of short exact sequences,
and we get

6E ORE,D :ag/,
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ie., ¥p o R, p = ¥ps. Using the universal property of the inductive limit
we see that the system (¢'p)pepiv(p) induces a morphism

¥ lim RT, — Tors(R'm.(£)),
DeDiv(B)

which is injective, because all morphisms p are injective.

The surjectivity of 1 is more delicate: let * € B and x an element
in the stalk R'7.(£), which is a torsion element of this Op ,-module.
Therefore there exists an open neighborhood U of x and a representative
h € R*m.(E)(U) of x and ¢ € O(U)~ {0} such that ph = 0 in R'm,(£)(U).
Let Dy := Z(p) € Div(U) be the effective divisor defined by ¢ and Dy =
Z (¢ o my) its pull-back to My := 7~ 1(U) via 7y := 7). We have a short
exact sequence

0— g]\/[U ﬂ gMU — SDU = (c:DU(DU) — 0.

Here we used the trivialization of Oy, (Dy) defined by womy. The long ex-
act sequence associated with this exact sequence and the left exact functor
(7v )« contains the segment

oy
0 — ()« (Ep, (Du)) = RS, —5% R'mo(Eny)
Y Rlm(Eniy (Dv)) = R'm(Enyy)s

in which a%U is given by multiplication with ¢ in the Opy-module
Rm.(Eny, ). Therefore, replacing U by a smaller open neighborhood of z if
necessary, we conclude that h belongs to the image of 8gU. The problem
is that Dy will not necessarily extend to a divisor of B, so this does not
prove the surjectivity of ¥ yet.

On the other hand we know by Proposition 2.3 that R%U = RgOU ,

where the support of DY, is contained in the maximal 1-codimensional an-
alytic subset Dy, (Enr,) of BNy, (Ear,). The point is that BN, (Ea, ) =
BN, (Ex) NU, so the similar relation Dy, (Epr,) = D (En) NU holds for
the maximal 1-codimensional analytic subsets of these analytic sets. There-
fore there exists a divisor D whose support is contained in D, (Epr) such
that DNU > DY,. Note that in general one cannot obtain equality, because
different irreducible components of Dy, (Epr,) (which can appear with dif-
ferent multiplicities in the decomposition of DY;) might belong to the same
irreducible component of D (Ep).

This shows that i belongs to the image of 1p, which proves the surjec-
tivity of the morphism . O
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COROLLARY 2.6. — In the conditions of Theorem 2.5, suppose that B
is compact. Then one has a canonical isomorphism

lim  H(Ep(D)) -+ HO(Tors(R'm.(£))).
DeDiv(B)
|D|CBNL (&)

Proof. — It suffices to recall that the functor I' commutes with inductive
limits of sheaves on compact spaces ([16, Theorem 3.10.1, p. 162]) and that

H(B, 7.(€p(D))) = H(M. Ep(D)). =

3. Tors(R'7.(£)) as Ext! and Hom

Let A be an integral domain. For an A-module N we denote by Ann(N) C
A the annihilator ideal of N. For an element o« € A we denote by Tors, N C
N the annihilator submodule of « in N. In other words

Tors, N := ker(aidy).
We have obviously

(3.1) Tors N = hg Tors, N,
aEA*

where the set A* := A~ {0} is ordered with respect to divisiblity, and the in-
ductive limit is constructed using the family of inclusions tng: Torsq, N —
Torsg N associated with pairs «|5. For an element o € A* the natural
morphism

Hom(N, 4) /aHom N,A) Hom (N /aA)

is injective, hence the left hand module can be identified with a submodule
of the right hand module. The multiplication with an element v € A*
defines an injective morphism

My A/aA - A/a'yA

so an injective morphism

t~: Hom (N, A/aA) — Hom (Nv A/a’yA)

defined by composition with m.. One has

Hom(N, A) Hom(N, A)
oy ( om( /omHom(N A)) om( /aHom(N A)
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so p induces an injective morphism

. Tom (¥ aa) /

{Hom &, A/aHom N, A)}

Hom (N7 /a A)
— 7 / Hom(N, A/ :
ayHom(N, A)
If a'ﬁ we put Map = mﬁ/aa Hap = /’('ﬁ/aa Nap = nﬁ/a-

PROPOSITION 3.1. — Let N be an A-module.

(i) For any o € A* one has a canonical isomorphism

Tors, (Ext!'(N, A)) = Hom (N7 A/QA)/{Hom(N, A)/a Hom(N, A) }

(ii) One has a canonical isomorphism

om 7ACY
alié_r);l*{H (N /A)/{HOmNA/aHomNA)}}

= Tors Ext'(N, A),

where the inductive limit is constructed using the family of mor-
phisms (1as)a)s-

(iii) If N and Tors(N) are finitely generated, then Ann(Ext*(N, A)) # 0,
in particular Ext'(N, A) is a torsion module, the inductive limit
in (i) computes the whole Ext'(N, A) and it stabilizes, i.e., there
exists g € A* such that the canonical morphisms

Hom (N, 4/ 4) /

{Hom(N, A)/ao

i {Hom (N,A/QA)/

acA*

Hom(N, A)}

Hom(N, A) / }
aHom(N, A)
— Ext' (N, A)
are isomorphisms.

Proof.
(i) The long exact sequence associated with the short exact sequence

0> A2 A—>A/aA—>0
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and the functor Hom(N, ) reads

0 — Hom(N, A) =5 Hom(N, A) — Hom(N, A/aA)
— Bxt}(N, A) -5 Ext'(N, A),

which gives a canonical isomorphism

o (541)

= 1
{Hom(N,A } — Torsq Ext™ (N, A).

)/a Hom(N, A)

It remains to prove that via these identifications the morphism 7,4 corre-
sponds to the inclusion morphism

tap: Tors, Ext'(N, A) — Torss Ext! (N, A)

associated with a pair a|S. Using the morphism of short exact sequences

0 - A O‘KAHA/QAHO
idAl v-l v-l )
0 - A 5"A—>A/BA—>O

we get the commutative diagram

Hom(N, 4/, 4) — Ext'(N, 4) 5= Ext!(N, A)

Hom(N, /5 4) — Ext!(N, 4) B Bxt'(N, 4)

which proves the claim.
(ii) Follows directly from (i) taking into account (3.1).

(iii) Let Ny be the quotient Ny := N/ Tors(N ), which is torsion free. Since
Ny is a finitely generated torsion free module over the integral ring A, it can
be embedded in a finitely generated free module F' such that Ann(F/Ny) #
0. We recall briefly the argument. Let K be the field of fractions of A and
t: Ng = Vo := K ®4 Ny the canonical embedding. We identify Ny with
its image «(Np), and we fix a finite A-generating set G of Ny (which will
also be a K-generating set of V;) and a system (g1,...,9,) of G which
is a K-basis of Vj. Developing all generators g € G with respect to this
basis, we see that there exists a € A* such that Ny C i(Agl @ ®Agy).
The A-module F := L(Ag; @ --- @ Agy,) is obviously free and o' C No.
Therefore o(F/Ny) = 0, hence o € Ann(F/Np).
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The short exact sequence
0= Ny—F—=F/Ny—0

yields an isomorphism Ext*(Ng, A) ~ Ext*((F/Ny), A). Using [4, Corollary
to Proposition 6, p. AX 89, n°4], we obtain

{a} € Ann(F/Ny) C Ann(Ext' (Ny, A)).
Therefore Ann(Ext!(Ng, A)) # 0. On the other hand the exact sequence
0 — Tors(N) - N — Ny — 0,
yields the exact sequence
0 — Ext'(Np, A) — Ext' (N, A) — Ext!(Tors(N), A),
which shows that
Ann(Ext!(No, A)) Ann(Ext! (Tors(N), A)) € Ann(Ext'(N, A)).

We know that Ann(Ext'(Ny, A)) # 0 and, since Tors(N) is also assumed
finitely generated, we have Ann(Tors(N)) # 0, which implies

Ann(Ext! (Tors(N), A)) # 0

(again by [4, Corollary to Proposition 6, p. AX 89, n°4]).
Therefore, the annihilator Ann(Ext'(N, A)) contains a non-zero element
ag, hence

Ext!(N, A) = Tors(Ext'(N, A)) = Tors,, (Ext!'(N, A)),

which can be identified with Hom (N, A/a0A> {Hom (N, A/ao Hom(N, A)}
by ().

We will see that in the case when A is a unique factorization domain, N
is a finitely generated torsion module, and Ann(N) is a finitely generated
ideal, there is an explicit, canonical choice of an element ag € A* which
computes Ext'(N, A) as in Proposition 3.1 (iii).

Suppose that A is a unique factorization domain and that N is a finitely
generated torsion module. This implies that the annihilator ideal Ann(N)
does not vanish. Suppose also that Ann(N) is finitely generated. This con-
dition holds automatically if we assume A to be Noetherian. We can define
a := ged(Ann(N)) € A*. In other words one has a = ged(e1, ..., ¢k),
where (p;) is a system of generators of Ann(N). For any § € A* we put

(a, B) := ged(a, B).
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LEMMA 3.2. — Suppose that A is a unique factorization domain, N is
a finitely generated torsion module, and Ann(N) is finitely generated. For
any B € A* one has

A A
Hom(N, “/34) = 1a,p)s (Hom(Nv /(a,ﬁ)A))
Proof. — The inclusion

H(a,p)8 (Hom(Na A/(a,ﬂ)A)) < Hom(N, 4/3.4)

is obvious and has been used before. For the other inclusion let f €
Hom(N, A/ﬂA)' Denote by J the ideal of A defined as the pre-image in A
of f(N). One has

(3.2) Anmn(N)J Cc BAC T,
where the first inclusion follows from Ann(N)f(N) = 0. We claim that
(3.3) T € (B/(a, ) A.

Indeed, for a prime element p € A let p™ be its maximal power which
divides all generators ; of Ann(N). In other words, p™ divides ; for any
i €{1,...,k} and there exists ig € {1,...,k} such that p™ is the maximal
power of p which divides ¢;,. Let p™ be the maximal power of p which
divides . Using (3.2) we get for every v € J a relation of the type

Pk Qg

with «; € A. The ig-th equality shows that whenever n > m we must have
p"~"™|v, hence the inclusion (3.3) is proved. We can complete now the chain
of inclusions (3.2) to

(3.4) Ann(N)J € BAC J € (8/(a, B))A.

Taking quotients with respect to the ideal 5A of the last two A-modules
we get

(V) ¢ (B/la B ))A/BA = M(a,8)8 (A/(a, ﬁ)A) :
Since my,,g)s is a monomorphism this proves that f can be written as
M(q,)3 © g for a morphism g € Hom(N, A/(a,ﬁ)A)’ which completes the
proof. a

PrOPOSITION 3.3. — Suppose that A is a unique factorization domain,
N is a finitely generated torsion module, and Ann(N) is finitely generated.
Put a := ged(Ann(N)).
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(i) The natural morphism
c: Hom (N, A/aA) — h&l Hom (N,A/aA)
acA*
is an isomorphism.
(ii) One has a canonical isomorphism

Hom (N, 4/, 4) = Ext!(N, 4).

Proof. — Since the morphisms p1,3 which intervene in the inductive limit
are injective, it follows that c is injective, so it suffices to prove that c is
surjective.

Let g € A* and f € Hom (N, A/BA)' By Lemma 3.2 there exists

g € HOIII(]V7 A/(a,,@’)A)

such that f = p(,,p)s(9). Noting that (a,)|a, we see that the three ele-
ments

g € Hom(N, A/(a’ﬂ)A% H(a,p)a(g) € Hom (N, A/aA> v f = tiga,p)s(9)

define the same element in the inductive limit. Therefore p(q 5).(g) is a
pre-image (with respect to ¢) of the element defined by f in the inductive
limit. O

[1, Corollary 4.11 p. 133] states:

PRrROPOSITION 3.4. — Let m: M — B be a proper morphism of complex
spaces and £ a coherent sheaf on M which is flat over B. Then there exists
a coherent sheaf T on B (unique up to isomorphism) with the following
property: for every coherent sheaf A on an open set U C B there exists an
isomorphism

(WU)*(gU X WE(A)) = HOTTL(TU, A)

which is functorial with respect to A.

In this statement &y, 7y denote the restrictions of £ and 7 to 7= 1(U),
and Ty the restriction of 7 to U.

We will see that the torsion sheaf Tors(R!m,(£)) in which we are inter-
ested has a simple description in terms of the associated sheaf 7. Before
stating our result we recall that for any complex manifold X and coherent
ideal sheaf T C Ox (which is non-trivial on any connected component)
there exists a minimal locally principal ideal sheaf gcd(Z) containing Z.
At a point # € X the stalk ged(Z), is generated by a := ged(p!, ..., "),
where (!, ..., ¢") is a system of generators of the stalk Z,. The definition
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is coherent because, choosing holomorphic functions &, ¢ representing the
germs a, ¢*, we have a, = gcd(PL, ..., @) for every u € X which is suffi-
ciently close to z (see [5, Theorem 2.11, p. 93]).

The effective divisor Dp,ax(Z) corresponding to ged(Z) is the maximal
effective divisor contained in the complex space Z defined by Z. This max-
imal divisor might be of course empty (when ged(Z) = Ox).

I am grateful to Daniel Barlet for explaining me interesting geometric
constructions of Dpax(Z). For instance, this divisor can be obtained using
the blow up p: X — X of X along Z and defining Dnax(Z) as image (as
analytic cycle) of the divisor on X corresponding to the locally principal
sheaf of ideals p*(Z)/ Tors C O.

THEOREM 3.5. — Let w: M — B be a proper morphism of complex
spaces and £ a coherent sheaf on M which is flat over B. Suppose that B is
locally irreducible, and let T be the associated coherent sheaf on B given
by Proposition 3.4. Then

(i) One has canonical isomorphisms
Ext'(T,0p) = Tors(R'm.(£)).

(ii) If 7.(€) = 0 and B is smooth, then
(a) T is a torsion sheaf,
(b) Denoting by Dyax the maximal divisor contained in the com-
plex subspace defined by Ann(T), one has canonical isomor-
phisms

Hom(Tp,,... Ob = Hom(T,Op....)

=5 Ext'(T,0p) =+ Tors(R'7,.(£)).

max)

Proof.

(i) Let U C B be a connected open set and ¢ € O(U) ~ {0}. We put
® := pom, and we denote by D, C U, Dy C 7~ }(U) the effective divisiors
defined by ¢ and ® respectively. Since £ is flat over B, the exact sequence

O—>OUL> OU—>OD¢ — 0
on B gives an exact sequence
0—>5U£> SU_>5D¢ —0

of coherent sheaves on M (see [1, p. 172]). The corresponding long exact
sequence on U is

0= (m0)«(Ev) = (70)+(E) = (70)«(EDy)

— R my)u(Ev) —5 RY(mv)+(Ev),
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which gives a canonical isomorphism

35)  (T0)«(Epy) /(

~]
—= ker(my,),

WU)*(gU)/SD(WU)*(gU)

which composed with the identifications

(mv)«(Ev) = Hom(Tu, Ov), (1v)«(Eps) = Hom(Tu, Op,, ),

given by Proposition 3.4 gives a canonical isomorphism

(36) ”Hom('TU,(’)Dw)/

~J, k
Hom(Tu, Ou er(my).

)/WHOW(TU, Ov)

For a product ¢ = p& we get a morphism of short exact sequences

0 — Exi(vy — Ex1(vy —> Epy — 0

idl l El :

0—— gﬂ—l(U) — Cr-l(U) —* 5[)\1, — 0

(1]

which gives the commutative diagram

(70)«(Epy) — RM(m0)4(Ev) =% R} (mv).(Ev)

e
(70)+(Epy) — R (m0)o(E0) % R} (mor)a(E0)

This shows that, via the isomorphisms I, I, (and also J,, Jy), the obvious
inclusion ker(mg,) C ker(my) corresponds to the morphism induced by
multiplication with &.

For a fixed point x € B the same results will hold if we use stalks at
z instead of sheaves on U and germs ¢, ¢, { € Of , instead of non-zero
holomorphic functions. Therefore we obtain a canonical isomorphism

ling Hom (T, Op, « =% Tors(R'm, (€))a.

)/Hom(ﬁ, Oz)/
pe0k | Hom (T, Oy)
The claim follows now by Proposition 3.1 (iii).

(ii) Suppose now that m.(£) = 0. Using Proposition 3.4 this gives
Hom(T,0p) = 0, hence T is a sheaf of rank 0, in other words it is a
torsion sheaf. The claim follows by (i) and Proposition 3.3. |
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4. Applications and examples
4.1. Parametrizing moduli stacks of complex manifolds

Let S be a fixed compact, connected, oriented smooth manifold, and
let Mg be the moduli set of biholomorphism classes of complex manifolds
which are diffeomorphic to S . This moduli set has a natural topology ob-
tained by identifying it with the quotient J/ Diff (M) of the space J of in-
tegrable complex structures on S by the group Diff (M) of diffeomorphisms
of S. It is well known that, even in simple cases, this quotient topology is
highly non-Hausdorff.

In general the moduli space Mg is not a complex space, but can be
naturally regarded as a complex analytic stack, i.e., a “category fibered
in groupoids” over the category C of complex spaces (endowed with the
usual Grothendieck topology) satisfying the two standard conditions: the
isomorphisms form a sheaf and every descent datum is effective (see [13,
Definition 4.3 ]). The “fiber” of the stack Mg over a complex space B is
just the groupoid of flat holomorphic families X — B whose fibers are
complex manifolds diffeomorphic to S. Intuitively, such a family can be
interpreted as a holomorphic morphism B — Mg. A detailed construction
of the moduli stack Mg can be found in [23].

We will concentrate on the open moduli substack Mg® C Mg of com-
plex manifolds X diffeomorphic to S and having H?(Ox) = 0. The versal
deformation of a manifold X with H?(©x) = 0 is smooth, so the complex
analytic stack M'g® is locally isomorphic to the quotient stack of a complex
manifold by a groupoid complex space (see [18, sect. 3] for the analogous
concept in the algebraic geometric framework). An interesting example of
such an analytic stack (obtained as quotient of a smooth complex manifold)
is described below; it can be interpreted as the moduli stack classifying a
family of contracting germs, so a family of minimal class VII surfaces (see
[27, p. 341, the example at the end of sect. 7]):

Example. — Consider the action of a: C x C? — C2 given by

a(C, (21, 22)) := (21,22 + 210).

The map p: C?/a — C given by [(21,22)] — 21 is surjective, its fiber
over any point z € C* is a point, whereas the fiber over 0 is the line
{[(0,u)] | u € C}. The topological quotient C?/« can be intuitively thought
of as a complex line with a 1-parameter family of mutually non-separable
“origins” 0, := [(0,u)]. Note that the dimension of the formal Zariski tan-
gent space of the quotient stack C?/a at [(21,22)] is 1 for z; # 0 and
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2 for z; = 0. Therefore, as happens with many moduli stacks of the
form M¢®, the dimension of the Zariski tangent spaces is non-constant (it
“jumps”). Consider the family of holomorphic maps f,: C — C? given by
fu(2) = (2, u) and note that the images of the induced maps g,,: C — C?/a
cover the quotient C2/a. Any g, is injective on whole C and étale on C*.
The stack C?/a can be reconstructed using this family of “parametriza-
tions” and studying how their images glue together in the stack. Indeed,
in this way we see that C2/a can be obtained from a 1-parameter family
(Cu)uec of copies of C by identifying all punctured lines C to C* in the
obvious way. This example shows that for understanding geometrically a
moduli stack Mg® is important to study the following

PROBLEM. — Classify generically versal holomorphic families w: X —
B with smooth base B, whose fibers X, are connected complex manifolds
diffeomorphic to S and have H?(©x,) = 0. For such a family describe
explicitly the analytic subset By, C B of points where 7 is non-versal.

The notion of “versality” used here follows the terminology introduced
in [2, section 1.10], hence it corresponds to “semi-universality” in the ter-
minology of [9], [3] and [15].

In order to explain in detail the condition generically versal used above,
consider a proper holomorphic submersion (with connected base and con-
nected fibers) m: X — B, denote by ©% the vertical tangent subbundle of
the tangent bundle © y. As usually we identify holomorphic vector bundles
with the associated locally free coherent sheaves. The long exact sequence
associated with the short exact sequence

0— 0% — Oy~ 1°(0p) =0,
of sheaves on X reads
o= RO, " (0p) = O > R'm,(0%) = R'm,(Ox) — -
We denote by
5: (OB)y — R'7.(©%)y, d(b): Op(b) — R'7.(0%)(D)

the morphisms induced by § between the stalks, respectively the fibers of
the two sheaves at a point b € B. The Kodaira-Spencer map py,: Op5(b) —
H'(X3,©,) can be written as

Pb = Cp © 6(())7

where ¢;, denotes the canonical map R'm,(©%)(b) — H' (X, Ox,) (see [1,
p. 112] ).
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ProPOSITION 4.1. — Let m: X — B be a proper holomorphic submer-
sion with connected base and connected fibers. Suppose that there exists
bo € B such that py, is an isomorphism and the map b+ h'(Ox,) is con-
stant on an open neighborhood U of by. For a point b € B the following
conditions are equivalent:

(1) py is bijective,

(2) py is surjective,
(3) h'(©x,) = dim(B) and 8 is an isomorphism of Op j-modules.
(4) h'(®x,) = dim(B) and &, is an epimorphism of Op ,-modules.

Proof. — (1)=-(2) is obvious. Put n := dim(B). Using the hypothesis and
the semicontinuity theorem [1], [15], [10], it follows that n is the minimal
value of this map on B, hence the set

By:={be B|h'(Ox,) =n}

(which obviously contains U) is a non-empty Zariski open set. Suppose
that (2) holds. The surjectivity of p, implies h!(Ox,) < n, hence in fact
h'(©x,) = n. Therefore b € By and pj, is bijective. On the other hand 0%
is cohomologically flat in dimension 1 over By, hence R!7,.(0Y,) is locally
trivial of rank n on By and the canonical map ¢, is an isomorphism for
every b € By (see [1, p. 134]). This shows that, for b € By, the bijectivity
of py is equivalent to the bijectivity of 4(b). On the other hand, for b € By
the Op p-modules (Op),, RT.(©%), are free of rank n, hence

(b) is bijective <« det(d(b)) # 0 < det(d,) € Op, < 0y is invertible.
Therefore (2)=(3). Obviously (3)=-(4). On the other hand
dp is surjective = §(b) is surjective ,

which, for b € By, implies 0(b) is bijective. As above this implies that J; is
invertible. This shows (4)=-(3). Finally, if (3) holds then §(b) is an isomor-
phism which, for b € By, implies that p, = ¢, 0 d(b) is an isomorphism. O

A holomorphic family which satisfies the assumptions of Proposition 4.1
will be called generically versal. The terminology is justified by the following
corollary, which can be regarded as a special case of the classical Zariski
openness of versality [3], [9], [15]. Note however that in the terminology of
these authors the versality condition is weaker than ours, so the corollary
below is not formally a particular case of this classical result.

COROLLARY 4.2. — Letw: X — B be a proper holomorphic submersion
with connected base and connected fibers such that there exists by € B
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for which the Kodaira-Spencer map py, is an isomorphism, and the map
b+ h'(Ox,) is constant on an open neighborhood U of by. Then the set

B, :={be B | is versal at b}
is Zariski open in B.

Proof. — First, using the definition of versality and Kodaira-Spencer
completeness theorem [21] (which applies because B is smooth) we see
that 7 is versal at b if and only if pp is an isomorphism. With the notations
introduced in the proof of Proposition 4.1 and using this remark we obtain

(4.1) B, = By ~ supp <R1W*(@})/6(@B)) '

which proves that B, is Zariski open. O

Using Proposition 1.8 we obtain interesting general properties of generi-
cally versal holomorphic families.

ProOPOSITION 4.3. — Let w: X — B be a generically versal holomorphic
submersion with connected surfaces as fibers such that the map B 3 x +
h?(©x,) is constant on B. Then the analytic subset B,, C B of points
where 7 is non-versal is an effective divisor containing BN.

Proof. — Using Riemann-Roch theorem fiberwise and the hypothesis, we
get By = B~BN,. Taking into account formula (4.1) it follows BN, C Byy.
It remains to prove that B, is pure 1-codimensional at any point.

If not, there would exist a regular point © € By, such that codim, (Byy) >
2. Then = € BN,, because the intersection B,, N (B ~ BN,) is obviously
an effective divisor in the open set B \. BN;: it coincides with the divi-
sor of points where the Kodaira-Spencer map (which on this set is just a
morphism of holomorphic vector bundles of the same rank) is degenerate.

Since we supposed codim, (Byy) = 2 and we have proved BN, C By, we
obtain codim, (BN,) > 2. Choose a local chart h: U =» V C C" around z.
Applying Proposition 1.8 to the vertical tangent bundle ©%, and the sheaf
morphism

5: 0y = OF" — R (m0).(0%,)
(where 77 : Xy — U stands for the restriction of 7 to Xy := 7= 1(U)), it

follows that B, is a divisor at x, which contradicts our assumption. O
COROLLARY 4.4. — With the notations and conditions of Proposi-
tion 4.3:

(1) For a point x € BN, with codim, (BN, ) > 2, the intersection
UN(By ~ BNy)
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is non-empty, for every open neighborhood U of x.
(2) The map B — Mg induced by 7 is non-injective around any point

T € Bpy N\ BN;.

More precisely, let x¢g € Bny ~ BN, Xg the corresponding fiber, ug
its universal deformation (which exists because h®(©x,) = 0), and

fzo (B 1‘0) — Ug

the morphism of germs induced by w. Then either the fiber of fZo
has strictly positive dimension, or fX° is a finite morphism of de-
gree = 2.

Proof. — The first statement is an obvious consequence of Proposi-
tion 4.3. For the second note first that By, ~ BN, is just the subset of
points z € B ~\ BN, where the differential of fZ° is not bijective. The
fiber of fZo is a germ (F,xo) of a complex space, namely the germ in
of the complex space defined (in a neighborhood of () by the equation
fEo(z) = fro(xg). If dim,, (F) = 0 then xq is an isolated point in the fiber
F, hence fZo is a finite morphism at xy (see [14, Lemma 3.2 p. 132]) and its
local degree at x( is defined. This local degree coincides with dim¢(Op 4,)
([11, p. 24]). Since the differential of fZo is degenerate, F' cannot be reduced
at xo, hence dimc(Opq,) > 2. |

Corollary 4.4 plays an important role in [7]. In this article the author
constructs explicitly generically versal families of class VII surfaces pa-
rameterized by open sets B C C™. Applying Corollary 4.4 one can prove
that the induced map B — M (in the moduli space of class VII surfaces
with fixed bs) is non-injective, more precisely is non-injective on every open
subset which intersects the set By, ~ BN, (which is non-empty for these
particular families). This conclusion is very interesting, because for two
different points « # y of B the corresponding fibers X,, X, “look” differ-
ent, hence there is no obvious isomorphism X, ~ X, . It turned out that
for Dloussky’s families of class VII surfaces, it’s very difficult to determine
explicitly the divisor By, C B and the locus of pairs (x,y) € B x B for
which X, ~ X,.

4.2. An explicit computation of H°(Tors(R!p.(£)))

Let X be a minimal class VII surface with b := b3(X) > 0. Recall
from [33] that the intersection form

. H*(X,7Z) /  H*(X,Z)
Tors %

ax /Tors —Z
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is negative definite and the lattice H?(X, Z)/Tors admits a basis (e1, . .., ),
unique up to order and called the Donaldson basis of H?(X,Z)/ Tors, such
that

b
€€ = _51']', Cl(IC)() = Zei.
i=1

This existence theorem is obtained using Donaldson’s first theorem and
the fact that ¢;(Kx) is a characteristic element for the intersection form
on H?(X,Z)/ Tors. For a subset I C {1,...,b} we put

er ::Zei, I:={1,...,b} I
iel
We recall that, by definition, a cycle of curves in a surface X is an effective
divisor D C X which is either an elliptic curve, or a rational curve with a
simple singularity, or a sum D = 25:1 D, of k > 2 smooth rational curves
Dy such that

D1Dy =---=Dy_1Dy =D;D; =1.

The GSS conjecture (which, if true, would complete the classification of
class VII surfaces) states that any minimal class VII surface X with by (X) >
0 is a Kato surface (and has a global spherical shell). Any Kato surface has
a cycle, so conjecturally any minimal class VII surface X with be(X) > 0
should have a cycle. A generic Kato surface (more precisely a Kato sur-
face with non-trivial trace [6]) has a homologically trivial cycle of rational
curves. Such a surface is called an Enoki surface and can be obtained as a
compactification of an affine line bundle over an elliptic curve. Any minimal
class VII surface which has a non-zero numerically trivial divisor (effective
or not) is an Enoki surface [12].

There are two types of Enoki surfaces. An Enoki surface X of generic
type has b irreducible curves D1, ..., Dy, and these curves form a cycle of
rational curves. More precisely supposing b > 1 each D; is smooth rational
and, with respect to a suitably ordered Donaldson basis (e1,...,ep), we
have ¢1(O(D;)) = e; — e;41, the indices being considered modulo b. An
Enoki surface of special type (also called a parabolic Inoue surface) has b+1
irreducible curves, namely b rational curves forming a cycle of the same type
as in the generic case, and a smooth elliptic curve E with ¢;(E) = =), e;.

In our previous articles [30]-[33] we developed a program for proving the
existence of curves on minimal class VII surfaces with by > 0 using certain
moduli spaces of polystable bundles on these surfaces: for a class VII surface
X we consider a differentiable rank 2 bundle £ on X with ¢ = 0 and
det(E) = Kx, where Kx denotes the underlying differentiable line bundle
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of the canonical line bundle Kx. The fundamental object intervening in
our program is the moduli space

M = MR (E)

of polystable holomorphic structures on E which induce the canonical holo-
morphic structure x on Kx. This moduli space is alway compact but,
for bo2(X) > 0, it is not a complex space. It can be written as the union

Mpst =RU MSt,

where R is a finite union of “circles of reductions” (i.e., of split polystable
bundles) and M>' is the moduli space of stable holomorphic structures on
FE which induce the canonical holomorphic structure x on Kx. The latter
subspace is open in MPst and has a natural complex space structure.

An important role in the proofs of the main results in [30], [33] (which
concern the case ba2(X) € {1,2}) and in the program developed for the
general case, is played by reduced, irreducible, compact complex subspaces
Y C M?®t which contain the point corresponding to the isomorphy class
[A] of the “canonical extension” A of X [31], [32]. By definition A is the
(essentially unique) non-trivial extension of the form

(4.2) 0->Kx —>A—0Ox —0.

This bundle is stable with respect to a suitable Gauduchon metric, unless
X belongs to a very special class of Kato surfaces [31].
Supposing that a classifying bundle for the embedding ¥ «— M5® exists,
and choosing a desingularization B of Y;¢q, we obtain:
e a compact complex manifold B,
e a rank 2 bundle £ on B x X,
e a point a € B such that the bundle £, on X is isomorphic to the
canonical extension A.

We denote by 7, p the projections of B x X on B and X respectively.
For any bundle £ on B x X and for every line bundle 7 on X we denote
by 7€ the tensor product

Te .= £ @ p*(T).

The goal of this section is the following vanishing result:

PROPOSITION 4.5. — Let X be a minimal class VII surface with b =
ba(X) > 0and J C {1,...,b} with 0 < |J| < b. Let £ be a rank 2 bundle
on B x X, where B is a connected compact complex manifold such that

(a) p«(&) =0,
(b) There exists a point a € B such that £, ~ A.
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Then

(i) Forany [T] € Pic™®’(X) except for at most one point of Pic™ °7 (X)
one has

HO(X, Tors(R'p.(’€))) = 0,

(ii) For any point [T] € Pic™®/(X) with sufficiently negative degree(®)
one has H'(7€) = 0.

Note that the condition p.(€) = 0 holds automatically when a(B) = 0
and the bundle £, on X is non-filtrable for generic z € B (see in [29, sec-
tion 4.3]). In [29] we use this vanishing result to prove a non-existence the-
orem for positive dimensional reduced, irreducible compact complex sub-
spaces Y C M5! containing the point [A] and an open neighborhood Yj of
this point such that Yy ~\ {[A]} consists only of non-filtrable bundles. The
idea of the proof is to show that the vanishing of H'(7€) leads to a contra-
diction, which gives p.(€) # 0, and using the results of [29, section 4.3], we
obtain a(B) > 0. Therefore B (so also Y) is covered by divisors, so the re-
sult follows by induction with respect to dim(Y"). This non-existence result
is a generalization (for subspaces of arbitrary dimension) of [30, Corol-
lary 5.3] which deals with the case dim(Y") = 1 and plays a crucial role in
proving the existence of a curve on class VII surfaces with by = 1.

Proof.

(i) Recall that we denote by Div(X) the set of effective divisors of X.
Using Corollary 2.6 we see that in order to prove this proposition it suffices
to show that for any effective divisor D € Div(X) we have

HO(Ep(D)) = 0,

where D := B x D, regarded as an effective divisor of B x X. The projection
Tp = T|p: D — B is a flat morphism and

"€p(D) = &p @ p*(T(D))

is a locally free sheaf on D, so is flat over B. Regarding 7Ep (D) as a locally
free sheaf on D and using the projection mp: D — B we will prove that

Claim. — Under the assumptions of the theorem for any [T] €
Pic™®7 (X)) except for at most one point of Pic™“/(X) it holds

H°(7¢p(D),) = 0 YD € Div(X).

(2) Recall that for a Gauduchon metric g on a complex surface X with b1(X) odd the
degree map deg,: Pic(X) — R is surjective on any connected component Pic®(X) ( [22,

Prop. 1.3.13 p. 40]).
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By Lemma A.1 and Remark A.2 H°(7p(D),) = 0 implies (7p).("Ep(D))
= 0, which obviously implies H°(’€p(D)) = 0. Therefore our claim com-
pletes the proof. Since "Ep(D), = T ® Ap(D) our claim follows from
Lemma 4.6 below.

(ii) The Leray spectral sequence associated with the projection p yields
the exact sequence

0— H'(p.("€)) — H(€) —» HO(R'p.("€)) — H*(p.("€)) — H*(¢).

By the projection formula we have p. (7€) = p.(£) ® T, which vanishes
by hypothesis. Therefore the canonical morphism H'(7€) — H(R'p,(7€))
is an isomorphism. By (i) we know that H°(Tors(R!p.(’€))) = 0 for any
[T] € Pic™®/(X) except for at most a point. It suffices to prove that for
any [T] € Pic™®’(X) with sufficiently negative degree one has H°(’S) = 0,
where 'S denotes the quotient of R'p,(’€) by its torsion subsheaf. The
projection formula gives a canonical isomorphism R'p, (7€) = R'p, ()T
hence, since T is locally free, we get a canonical isomorphism

S=8SaT,

where S is the quotient of R'p, (&) by its torsion subsheaf. Let S < B be
the embedding of S in its bidual, which is a reflexive sheaf on a surface,
hence is locally free. Fix a Hermitian metric & on B, a Gauduchon metric
g on X, and let hy be a Hermite-Einstein Hermitian metric on 7. When
the Einstein constant ¢y of the Chern connection A7 ., is sufficiently neg-
ative, the Hermitian endomorphism Ay Fpen, of B ® T becomes negative
definite, hence H*(B® T) = 0 by a well-known vanishing theorem (see [20,
Theorem 1.9 p. 52]). It suffices to recall that the Einstein constant of A7 ;-
is proportional with deg,(7) (see in [22, Proposition 2.18]) and to note that
H°(B®T) = 0 implies H°(’S) = 0, because 'S is a subsheaf of B&T. O

LEMMA 4.6. — Let X be a minimal class VII surface withb = by(X) > 0
and J C {1,...,b} with 0 < |J| < b. Then for any [T] € Pic™*/ (X)) except
for at most one point of Pic™ 7 (X) it holds

H(T ® Ap(D)) =0 VD € Div(X).

Proof. — Tensorizing with T(D) the exact sequence of locally free sheaves
(4.2) and restricting it to D we obtain the exact sequence

(4.3) 0—=T®Kp(D)—T®Ap(D) = Tp(D) — 0,

hence we see that H°(T @ Ap(D)) = 0 as soon as H°(Tp(D)) = 0 and
H(T ® Kp(D)) = 0. We will see that the first space vanishes for every
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[T] € Pic™ ¢/ (X), whereas the second vanishes for every [T] € Pic™ ¢’ (X)
except for at most a point of Pic™®’(X) (which is independent of D).

1. H(Tp(D)) = 0 for every [T] € Pic™*’ (X).

This follows by Lemma 4.7 (iii), (iv) below.

2. HY(T @ Kp(D)) = 0 for every [T] € Pic™*/(X) except for at most a
point of Pic™“/(X) (which is independent of D € Div(X)).

The proof of 2. starts with the cohomology long exact sequence associated
with the short exact sequence

0-TRIK=>TRKD)—=>TKp(D)—0,

which reads

(44) 0— HY (T oK)= HYT @ K(D))
— HY (T ®Kp(D)) - H(TQK) = ---.

Note that ¢1(7 ® K) = e, hence H(T @ K) = 0 by Lemma 4.7 (i) below.
On the other hand h?(T®K) = h(T") = 0, where the first equality follows
by Serre duality, and the second by 4.7 (i) again. Using the Riemann-Roch
theorem and taking into account that

1 1
xX(T®K) = Eej(ej_ a(K)) = —5esers = 0,

it follows h'(7T ® K) = 0. Therefore, using the exact sequence (4.4) we
obtain

(4.5) (T @ Kp(D)) = h°(K @ T(D)).

Therefore it suffices to prove that for any [7] € Pic™“ (X) except for at
most one point of Pic”™®/(X) one has h®(K @ T(D)) = 0 for any D €
Div(X). If (K@ T (D)) > 0, there exists an effective divisor G C X such
that

(4.6) KT ~0O(G-D,).
This implies

(4.7) > ei=c1(0O(G - D)).
ieJ
Suppose first that X is an Enoki surface. Taking into account the prop-
erties of Enoki surfaces explained above, we see that for any divisor A (ef-
fective or not) on an Enoki surface of generic type one has ¢;(A)c; (K) =0,
whereas for any divisor A (effective or not) on an Enoki surface of special
type one has ¢1(A)c1(K) = 0 mod b. Taking A = G — D this contradicts
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formula (4.7). So for an Enoki surface one has H*(T @ Kp(D)) = 0 for
every [T] € Pic™ 7 (X).

Suppose now that X is not an Enoki surface. The classes corresponding
to the irreducible curves of X are linearly independent in the free Z-module
H?(X,7)/ Tors. Therefore there exists at most one divisor A = A, — A_
(where AL are effective divisors with no common irreducible component)
such that »°._7e; = c1(O(A)). This shows that the pairs of effective divi-
sors (D, G) for which (4.7) holds are all given by

D=A_+H, G= A, + H where H € Div(X).

But for any such pair one has O(G — D) ~ O(A), so T must be isomorphic
with £~1(A) by (4.6). O

LEMMA 4.7. — Let X be a minimal class VII surface with b := by(X) >
0 and J C {1,...,b}. Then

(i) For every effective divisor D C X one has
(1), [D]) > 0.
(if) For every effective divisor D C X one has
(—es, DY+ D* <0

with equality if and only if D is numerically trivial.

(iii) If X is not an Enoki surface, then for every [T]| € Pic™®’(X) and
for every effective divisor D C X one has H°(Tp(D)) = 0.

(iv) If X is an Enoki surface and 0 < |J| < b, then for every [T] €
Pic™®/(X) and for every effective divisor D C X one has
H°(Tp(D)) = 0.

Proof.

(i) This important inequality is due to Nakamura (see [26, Lemma 1.1.3]).
It can be proved easily using the fact that, since X is minimal, the claimed
inequality holds for any irreducible curve of X.

(ii) Decomposing ¢1 (O(D)) = Zle d;e; mod Tors (with d; € Z) we have

b
(—es, DY+ D*=> "d;j - dj = —(Zd‘,‘(dj —-1) +Zd$) <0,
jed i=1 jed ieJ
with equality if and only if d; € {0,1} for j € J and d; = 0 for i € J.
Therefore one has equality if and only if there exists J' C J such that
c¢1(O(D)) = ey. By Lemma 4.7 (i) we must have J' = {), hence D is nu-
merically trivial. Let D = E’:Zl nsDs (with ns > 0) be the decomposition
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of D in irreducible components. We will prove (iii), (iv) by induction with

respect to n 1= Zle ns. We have

k
(4.8) Zm(q (T(D)), Ds) = (c1(T(D)), D)
= — (e1(T), D)+ D* = —(ey, D) + D2,

(iii) If X is not an Enoki surface and D is not empty, then (ii) and (4.8)
show that

k
> na(e(T(D)),Ds) <0,

hence there exists o € {1,...,k} such that (c1(T(D)),D,) < 0. Writing
D = D' + D, we obtain a short exact sequence
0— Tp/(D') — Tp(D) = Tp, (D) — 0
which gives the long exact sequence
0 — H°(Tp/(D')) = H°(Tp(D)) — H(Tp, (D)) — -+ .

But H(Tp, (D)) = 0, because the degree of the restriction of the line bun-
dle T(D) to the irreducible curve D, is negative. Therefore H°(Tp(D)) =
HO(Tp/(D")), and the sum of the coefficients of the decomposition of D’ in
irreducible components is n’ =n — 1.

(iv) If X is an Enoki surface, the proof of (iii) applies except when D
is numerically trivial, i.e., when D = nC where C' is the cycle of rational
curves of X. Write C' = Z?:l D, where (for a suitably ordered Donaldson
basis (e;)1<i<p) c1(O(D;)) = e; — e;41, the indices being considered mod b.
In this case we get

(c1(T(D)), D) = (=€, Di) + (D, D;) = (—ey, Di).
Since we assumed J # () and J # {1,...,b} there exists o0 € J such that
o+1€ J. Then {¢;(T(D)), D,) = —1, which shows that H°(Tp, (D)) = 0,

hence the same argument by induction as in the proof of (iii) can also be
used in the case when D is numerically trivial. a

Appendix A. Torsion free direct images

It is well known that “under suitable assumptions” the direct image of a
locally free sheaf is torsion free. Since we need this result in a very general
framework (when the total space is not supposed to be reduced) we state
this result explicitly and give a complete proof.
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LEMMA A.1. — Let M, B be complex spaces with B locally irredu-
cible®, : M — B a proper holomorphic map and € a coherent sheaf on
M which is flat over B. Then

(1) 7« (€) is a torsion-free coherent sheaf on B.
(2) Suppose B is connected and there exists xg € B such that
H%(&,,) =0. Then m.(€) = 0.

Proof.

(1) Let z € B and let 0 € m.(E), be a torsion element of the Op ,-
module 7, (). Therefore there exists ¢ € Op . \ {0} such that o = 0.
The stalk 7,(€), can be identified with the cohomology space H(M,, )
(see [16, Rem. 4.17.1, p. 202], [1, Lemma 1.3 p. 93] ), i.e., with the space
of sections of the restriction £|;, in the sense of the theory of sheaves on
topological spaces. Note that this restriction is not coherent on M,. Using
the natural Og-module structure of £, the condition ©)o = 0 becomes

(A1) Yo, =0in & Vy € M.

Since Op, is an integral domain by assumption (see [17, p. 8]) the mul-
tiplication with v defines a monomorphism of Op ;-modules

0— OB,a: i) OB@,

hence, since € is flat over B, the induced morphism &, — &, is also injective
for every y € M,,. Therefore (A.1) implies o = 0.

An alternative proof can be obtained using of [1, Corollary 4.11 p. 133]
in the special case 9T = Opg. It follows that there exists a coherent sheaf
T on B and an isomorphism 7,.(€) = Hom(7,O0p). It suffices to note
that Hom(7, Op) is torsion free when the structure sheaf Op is a sheaf of
integral domains.

(2) We apply Grauert’s Theorem ([1, Theorem 4.12 p. 134]). It follows
that the map = — H°(&,) is upper semicontinuous on B. Since we assumed
that this function vanishes at zg € B, it follows that this function vanishes
identically on a open neighborhood U of zq. Since B is reduced, the second
part of the quoted theorem shows that then the sheaf 7.(€) is locally free
on U. Therefore this sheaf vanishes on U which shows that its support is a
proper analytic set of B hence, since B is locally irreducible, it is a torsion
sheaf (see [28, Theorem 9.12 p. 60]). On the other hand by (1) this sheaf
is torsion free. |

(3)chc0rding to the terminology of [17], a locally irreducible complex space is auto-
matically reduced.
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Note that in this lemma we don’t have to assume the total space or the
fibers to be reduced. For instance we have

REMARK A.2. — Suppose that & is locally free on M and p: M — Y is
a flat morphism (for instance a holomorphically locally trivial morphism).
Then & is flat over Y, hence (supposing that Y is locally irreducible and p
is proper) Lemma A.1 applies.

[1]

[2]

3

[4

[5]

6

7]

8

9

(10]
(11]
(12]
(13]
14]
15]
(16]
(17]

(18]

BIBLIOGRAPHY

C. BANICA & O. STANASILA, Algebraic methods in the global theory of complex
spaces, Editura Academiei, Bucharest; John Wiley & Sons, London-New York-
Sydney, 1976, Translated from the Romanian, 296 pages.

W. P. BArTH, K. HULEK, C. A. M. PETERS & A. VAN DE VEN, Compact complex
surfaces, second ed., Ergebnisse der Mathematik und ihrer Grenzgebiete, vol. 4,
Springer-Verlag, Berlin, 2004, xii4+436 pages.

J. BINGENER, “Offenheit der Versalitiat in der analytischen Geometrie”, Math. Z.
173 (1980), no. 3, p. 241-281.

N. BOURBAKI, Eléments de mathématique. Algébre. Chapitre 10. Algébre homo-
logique, Springer-Verlag, Berlin, 2007, Reprint of the 1980 original, viii+216 pages.
J.-P. DEMAILLY, “Complex Analytic and Differential Geometry”, www-fourier.
ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf.

G. DLOUSSKY, “Structure des surfaces de Kato”, Mém. Soc. Math. France (N.S.)
(1984), no. 14, p. ii+120.

, “From non-Kahlerian surfaces to Cremona group of P?(C)”, Complex Man-
ifolds 1 (2014), no. Issue 1, p. 1-33.

G. Droussky, K. OELJEKLAUS & M. Towma, “Class VIl surfaces with by curves”,
Tohoku Math. J. (2) 55 (2003), no. 2, p. 283-309.

A. DouADY, “Le probléme des modules locaux pour les espaces C-analytiques com-
pacts”, Ann. Sci. Ecole Norm. Sup. (4) 7 (1974), p. 569-602.

A. DouADY & J. L. VERDIER, “Sém. Géom. Anal””, Ecole Norm. Sup., 1971-1972,
Astérisque 16, Soc. Math. France, Paris, 1974.

D. EisenBUD & H. I. LEVINE, “An algebraic formula for the degree of a C* map
germ”, Ann. of Math. (2) 106 (1977), no. 1, p. 19-44.

I. ENoki, “Surfaces of class VIIg with curves”, Téhoku Math. J. (2) 33 (1981),
no. 4, p. 453-492.

B. FANTECH]I, “Stacks for everybody”, in European Congress of Mathematics, Vol.
I (Barcelona, 2000), Progr. Math., vol. 201, Birkhiauser, Basel, 2001, p. 349-359.
G. FiscHER, Complex analytic geometry, Lecture Notes in Mathematics, Vol. 538,
Springer-Verlag, Berlin-New York, 1976, vii+201 pages.

H. FLENNER, “Ein Kriterium fiir die Offenheit der Versalitat”, Math. Z. 178 (1981),
no. 4, p. 449-473.

R. GODEMENT, Topologie algébrique et théorie des faisceaux, Hermann, Paris, 1973,
viii+283 pages.

H. GRAUERT & R. REMMERT, Coherent analytic sheaves, vol. 265, Springer-Verlag,
Berlin, 1984, xviii+249 pages.

N. HoFFMANN, “The moduli stack of vector bundles on a curve”, in Teichmiiller

theory and moduli problem, Ramanujan Math. Soc. Lect. Notes Ser., vol. 10, Ra-
manujan Math. Soc., Mysore, 2010, p. 387-394.

TOME 65 (2015), FASCICULE 1


www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf

136 Andrei TELEMAN

[19] L. Kaup & B. Kaup, Holomorphic functions of several variables, de Gruyter Studies
in Mathematics, vol. 3, Walter de Gruyter & Co., Berlin, 1983, xv+349 pages.

[20] S. KoBavasHI, Differential geometry of complex vector bundles, vol. 15, Princeton
University Press, Princeton, NJ; Iwanami Shoten, Tokyo, 1987, xii+305 pages.

[21] K. KopAIRA & D. C. SPENCER, “A theorem of completeness for complex analytic
fibre spaces”, Acta Math. 100 (1958), p. 281-294.

[22] M. LUBKE & A. TELEMAN, The Kobayashi-Hitchin correspondence, World Scientific
Publishing Co., Inc., River Edge, NJ, 1995, x4+254 pages.

[23] L. MEERSSEMAN, “The Teichmiiller and Riemann spaces as analytic stacks and
groupoids”, preprint arXiv:1311.4170, 2013.

[24] 1. NAKAMURA, “On surfaces of class VIIy with curves”, Invent. Math. 78 (1984),
no. 3, p. 393-443.

[25] , “Towards classification of non-Kéhlerian surfaces”, Sugaku Expositions 2
(1989), no. 2, p. 209-229.
[26] , “On surfaces of class VIIg with curves, 117, Téhuku Mathematical Journal

42 (1990), no. 4, p. 475-516.

[27] K. OELJEKLAUS & M. ToMA, “Logarithmic moduli spaces for surfaces of class VII”,
Math. Ann. 341 (2008), no. 2, p. 323-345.

[28] R. REMMERT, “Local theory of complex spaces”, in Several complex variables, VII,
Encyclopaedia Math. Sci., vol. 74, Springer, Berlin, 1994, p. 7-96.

[29] A. TELEMAN, “A variation formula for the determinant line bundle. Compact sub-
spaces of moduli spaces of stable bundles over class VII surfaces”, arXiv:1309.0350
[math.CV].

, “Donaldson theory on non-Kéhlerian surfaces and class VII surfaces with

by = 17, Invent. Math. 162 (2005), no. 3, p. 493-521.

, “The pseudo-effective cone of a non-Kéhlerian surface and applications”,

Math. Ann. 335 (2006), no. 4, p. 965-989.

, “Gauge theoretical methods in the classification of non-Kéhlerian surfaces”,

in Algebraic topology—old and new (the Postnikov Memorial Volume), Banach

Center Publ., vol. 85, Polish Acad. Sci. Inst. Math., Warsaw, 2009, p. 109-120.

, “Instantons and holomorphic curves on class VII surfaces”, Ann. of Math.
(2) 172 (2010), no. 3, p. 1749-1804.

[34] A. D. TELEMAN, “Projectively flat surfaces and Bogomolov’s theorem on class VIl
surfaces”, Internat. J. Math. 5 (1994), no. 2, p. 253-264.

(30]

(31]

(32]

(33]

Manuscrit regu le 5 mai 2013,
révisé le 2 décembre 2013,
accepté le 17 décembre 2013.

Andrei TELEMAN

Aix-Marseille Université

CNRS, Centrale Marseille, 12M, UMR 7373
13453 Marseille (France)

andrei.teleman@univ-amu.fr

ANNALES DE L’INSTITUT FOURIER


mailto:andrei.teleman@univ-amu.fr

	Introduction
	1. First properties of R1*(E)
	2. The sheaf `39`42`"613A``45`47`"603ATors(R1*(E)) as inductive limit.
	3. `39`42`"613A``45`47`"603ATors(R1*(E)) as Ext1  and Hom
	4. Applications and examples
	4.1. Parametrizing moduli stacks of complex manifolds
	4.2. An explicit computation of H0(`39`42`"613A``45`47`"603ATors(R1p*(E)))

	Appendix A.  Torsion free direct images
	Bibliography

