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EIGENVALUES AND SUBELLIPTIC ESTIMATES FOR
NON-SELFADJOINT SEMICLASSICAL OPERATORS
WITH DOUBLE CHARACTERISTICS

by Michael HITRIK & Karel PRAVDA-STAROV

ABSTRACT. — For a class of non-selfadjoint h—pseudodifferential operators with
double characteristics, we give a precise description of the spectrum and establish
accurate semiclassical resolvent estimates in a neighborhood of the origin. Specif-
ically, assuming that the quadratic approximations of the principal symbol of the
operator along the double characteristics enjoy a partial ellipticity property along a
suitable subspace of the phase space, namely their singular space, we give a precise
description of the spectrum of the operator in an O(h)-neighborhood of the origin.
Moreover, when all the singular spaces are reduced to zero, we establish accurate
semiclassical resolvent estimates of subelliptic type, which depend directly on alge-
braic properties of the Hamilton maps associated to the quadratic approximations
of the principal symbol.

REsUME. — Nous décrivons le spectre et établissons des estimations de résol-
vante semi-classiques dans un voisinage de ’origine pour une classe d’opérateurs h-
pseudodifférentiels non-autoadjoints & caractéristiques doubles. Plus précisément,
sous I’hypothése que les approximations quadratiques du symbole principal de
l'opérateur sont elliptiques sur un sous-espace particulier de ’espace des phases,
dénommé espace singulier, nous donnons une description précise du spectre de cet
opérateur dans un O(h)-voisinage de 'origine. De plus, lorsque tous les espaces
singuliers sont nuls, nous établissons des estimations de résolvante semi-classiques
de type sous-elliptique qui dépendent directement de propriétés algébriques des ap-
plications hamiltoniennes des approximations quadratiques du symbole principal.

1. Introduction
In this work, we are concerned with the analysis of spectral properties for

general non-selfadjoint pseudodifferential operators with double character-
istics. This study was initiated in [8], and our purpose here is to complement

Keywords: non-selfadjoint operator, eigenvalue, resolvent estimate, subelliptic estimates,
double characteristics, singular space, pseudodifferential calculus, Wick calculus, FBI
transform, Grushin problem.

Math. classification: 35H20, 35P20, 35505, 47A10, 47B44.



986 Michael HITRIK & Karel PRAVDA-STAROV

the results of [8] on two essential points, as we describe below. Assume that
we are given a non-selfadjoint semiclassical pseudodifferential operator

P =PY(x,hD,;h), 0 < h < 1;

defined by the semiclassical Weyl quantization of the symbol P(z,&;h),

1 . T+y
i(z—y)£ p .
(271-)n /1:{2” € ( 2 7h‘§7 h)u(y)dydf,

with a semiclassical asymptotic expansion

PY(x,hDy; h)u(z) =

+oo
j=0

such that its principal symbol py has a non-negative real part
Re pO(X) Z Oa X = (‘T7£) € Rznv

and such that we have a finite number of doubly characteristic points X
for the operator,

po(Xo) = Vpo(Xo) = 0.

Our interest is in studying spectral properties and the resolvent growth
of the operator P in a fixed neighborhood of the origin. In the previous
work [8], we established an accurate semiclassical a priori estimate

Bllullz < Coll (P = he)ullze, |2] < C. (L1)

valid in an O(h)-neighborhood of the origin, when the quadratic approx-
imations ¢ of the principal symbol pg at the doubly characteristic points
enjoy the partial ellipticity property

(#,8) €5, q(x,§) =0 = (2,£) = 0. (1.2)

Here S is a suitable subspace of the phase space, namely the singular space
associated to ¢ [7], and the spectral parameter z in (1.1) avoids a dis-
crete set depending on the values of the subprincipal symbol p; and the
spectra of the quadratic approximations of the principal symbol pg at the
doubly characteristic points. The a priori estimate (1.1) gives a first lo-
calization and bounds on the low lying eigenvalues of the operator P, i.e.,
when restricting the attention to an O(h)-neighborhood of the origin in
the complex spectral plane. In the first part of the present work, we shall
push this analysis further and give a precise description of the spectrum
of the operator P in an O(h)-neighborhood of the origin, with complete
semiclassical asymptotic expansions for the eigenvalues. That such a study
is planned by the authors was mentioned in [8].

ANNALES DE L’INSTITUT FOURIER



EIGENVALUES AND SUBELLIPTIC ESTIMATES 987

In the second part of this work, we shall be concerned with the behavior
of the resolvent norm of P in a sufficiently small but fixed neighborhood of
the origin. We shall actually show that this behavior is linked to subelliptic
properties of the quadratic approximations of the principal symbol py at
the doubly characteristic points, and that the positive integers kg appearing
in the resolvent estimates

2k
hP¥T |2 T lu L2 < Col| Pu— zul 2,

depend directly on the loss of derivatives associated to the subelliptic prop-
erties of these quadratic operators. We shall show how the positive integers
ko are intrinsically associated to the structure of the doubly characteris-
tic set, and how they are completely characterized by algebraic properties
of the Hamilton maps associated to the quadratic approximations of the
principal symbol.

As in [8], the starting point for this work has been the general study of the
Kramers-Fokker-Planck type operators carried out by F. Hérau, J. Sjos-
trand and C. Stolk in [11]. This study has been a major breakthrough in
the understanding of the spectral properties of some general classes of pseu-
dodifferential operators that are neither selfadjoint nor elliptic. We draw
our inspiration considerably from this work and use many techniques de-
veloped in the analysis of [11]. By using some of these techniques, together
with the recent improvements in the understanding of spectral and subel-
liptic properties of non-elliptic quadratic operators obtained in [7] and [20],
here we are able to extend to a large class of non-selfadjoint semiclassical
pseudodifferential operators with double characteristics the results proved
in [11] for the case of operators of Kramers-Fokker-Planck type.

1.1. Miscellaneous facts about quadratic differential operators

Before giving the precise statement of the main results contained in this
article, we shall recall miscellaneous facts and notation concerning qua-
dratic differential operators. Associated to a complex-valued quadratic form

¢:Ry xR — C
(z,§) = q(=,¢),

with n € N*, is the Hamilton map F € Ma, (C) uniquely defined by the
identity

q((z, )i (y,m) = o((x, ), F(y,m)), (x,€) e R*™,(y,n) eR*, (L3)

TOME 63 (2013), FASCICULE 3



988 Michael HITRIK & Karel PRAVDA-STAROV

where q( oy ) stands for the polarized form associated to the quadratic
form ¢ and o is the canonical symplectic form on R*",

o((2.€),(y,n) =&y —am, (x,§) eR*™ (y,n) R (1.4)

It follows directly from the definition of the Hamilton map F that its real
and imaginary parts, denoted respectively by Re F' and Im F,
1 —

Lre?), mr=Lr-7),

Re F = =
¢ 2 %

with F being the complex conjugate of F, are the Hamilton maps associated
to the quadratic forms Re ¢ and Im ¢, respectively; and that a Hamilton
map is always skew-symmetric with respect to o. This fact is just a conse-
quence of the properties of the skew-symmetry of the symplectic form and
the symmetry of the polarized form,

VXY e R, 0(X,FY) = q(X;Y)=q(YV;X) =0(Y,FX) = —0(FX,Y).

(1.5)
We defined in [7] the singular space S associated to the quadratic symbol
q as the following intersection of kernels,

2n—1

S = ( M Ker[Re F(Im F)jD MR, (1.6)

J=0

where F' stands for the Hamilton map of ¢, and we proved in Theorem 1.2.2
in [7], that when a quadratic symbol ¢ with a non-negative real part is
elliptic on its singular space S,

(,6) €5, q(2,6) =0 = (2,§) =0, (1.7)

then the spectrum of the quadratic operator ¢*(zx, D) is only composed
of eigenvalues of finite multiplicity and is given by

(" (x,D,)) = { S (r + 2k2) (—iA) < iy € N}. (1.8)
AEo(F),
—iAeC+U(X(qls)\{0})
Here r) is the dimension of the space of generalized eigenvectors of F' in
C?" belonging to the eigenvalue A € C, and

¥(qls) = ¢q(S) and C4y ={z € C:Re z > 0}.

It follows from (1.6) that the closure of the range of ¢ along S, X(q|s),
satisfies X(q|s) C iR.

ANNALES DE L’INSTITUT FOURIER
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Remark. — Equivalently, one can describe the singular space as the

subset in the phase space where all the Poisson brackets HI Re ¢, k € N,

mg
are vanishing,

S={X eR™: Hf, ,Re q(X) =0,k € N}.

The singular space is therefore exactly the set of points Xy in the phase
space where the real part of ¢ under the flow generated by the Hamilton
vector field associated to its imaginary part Im g,

t — Re g(etfmaXy),

vanishes to an infinite order at ¢ = 0. We refer to Section 2 in [7] to find
all the arguments needed to establish this second equivalent description of
the singular space.

We shall finish this subsection by recalling that quadratic operators with a
zero singular space S = {0}, enjoy noticeable subelliptic properties. Specif-
ically, when ¢%(x, D, ) stands for a quadratic operator whose Weyl symbol
¢ has a non-negative real part Re ¢ > 0, and a zero singular space S = {0},
it was established in [20] that it fulfills the subelliptic estimate

| ({(a, &)y Rt 0|, < C(l¢" (2, Da)ullrz + [lulr2), v e SR™),
(1.9)
with a loss of 2kq/(2ko 4 1) derivatives, where ((x,&)) = (1 + |z|? +|¢£|?)/?
and kg stands for the smallest integer 0 < kg < 2n — 1 such that

(ﬂKerReFImF )ﬂR2":

Such a non-negative integer ko is well-defined since S = {0}.

1.2. Statement of the main results

Let us now state the main results contained in this paper. Let m > 1 be
a C order function on R*" fulfilling

3C) = 1,Np > 0, m(X) < Co(X —=)Ym(Y), X,Y e R™,  (1.10)
where (X) = (1 +|X|2)2, and let S(m) be the symbol class
S(m) = {a € C*(R*,C) : Ya € N**,3C,, > 0,VX € R*,
0% a(X)| < Cam(X)}.

We shall assume in the following, as we may, that m belongs to its own
symbol class m € S(m).

TOME 63 (2013), FASCICULE 3
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Considering a symbol P(z,&; h) with a semiclassical asymptotic expansion
in the symbol class S(m),

+oo
P(xagvh) ~ Zhjpj(x,ﬁ), (111)
)

with some p; € S(m), j € N, independent of the semiclassical parameter
h, such that its principal symbol py has a non-negative real part

Re po(X) >0, X = (z,€) € R*", (1.12)
we shall study the operator
P =PY(z,hDy;h), 0 < h <1, (1.13)
defined by the h-Weyl quantization of the symbol P(z,&;h), that is, the
Weyl quantization of the symbol P(x, h&;h),
1 .
/ <P (LY g b u(y)dyde.
R 2

PY(x,hDy;h)u(x) = G
(1.14)

We shall make the important assumption that Repg is elliptic at infinity
in the sense that for some C' > 1, we have
m(X)
S C
The ellipticity assumption (1.15) implies that, for A > 0 small enough and
when equipped with the domain

D(P) = H(m) := (m"”(z,hD))"" (L*(R")),

Repo(X) = |X| > C. (1.15)

the operator P becomes closed and densely defined on L?(R™). Further-
more, another basic consequence of (1.12) and (1.15) is that when z €
neigh(0, C), the analytic family of operators

P—z:H(m)— L*(R"),

is Fredholm of index 0, for all A > 0 small enough — see, e.g., [2]. An
application of analytic Fredholm theory allows us then to conclude that
the spectrum of P in a small but fixed neighborhood of 0 € C is discrete
and consists of eigenvalues of finite algebraic multiplicity.

We shall assume that the characteristic set of the real part of the principal
symbol py,
(Re po)~1(0) € R*",

is finite, so that we may write it as

(Re po) 1 (0) = {X1,..., Xn}. (1.16)

ANNALES DE L’INSTITUT FOURIER
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The sign assumption (1.12) implies in particular that we have
dRe pO(X]) = 07

for all 1 < j < N, and we shall actually assume that these points are all
doubly characteristic for the full principal symbol py,

po(X;) = dpo(X;) =0, 1 <j <N, (1.17)
so that we may write
po(X; +Y) = q;(Y) +O(Y?), (1.18)

when Y — 0. Here ¢, is the quadratic form which begins the Taylor expan-
sion of the principal symbol pg at X;. Notice that the sign assumption (1.12)
implies that the complex-valued quadratic forms ¢; have non-negative real
parts,

Reg; > 0, (1.19)

when 1 < j < N. We shall assume throughout the present work that when
1 < j < N, the quadratic form g; is elliptic along the associated singular
space S; introduced in (1.6), in the sense of (1.2).
The following result was established in [8], under the assumptions above: let
C > 1 and assume that z € C with |z| < C is such that for all 1 < j < N,
we have z — p1(X;) ¢ Q;, where Q; C C is a fixed neighborhood of the
spectrum of the quadratic operator q}”(m,Dm). Then for all A > 0 small
enough, the following a priori estimate holds,

Bl < O (P = hz)ull, e SRM. (1.20)

Here || - || is the L?norm on R". In view of the observations made above,
we see that the estimate (1.20) extends to all of D(P) = H(m), since the
Schwartz space S(R"™) is dense in the latter. The operator P—hz : H(m) —
L?(R"™) is therefore injective with closed range, and thus invertible, thanks
to the Fredholm property. We conclude that when z € C is as above, then
hz is not an eigenvalue of P and the resolvent estimate

(P—hz)"'=0 (;) : L*(R™) — L*(R") (1.21)
holds true.

The following is the first main result of this work.

THEOREM 1.1. — Let us make the assumptions (1.12), (1.15), (1.16),
and (1.17). Assume furthermore that the quadratic form q; introduced in
(1.18) is elliptic along the singular space S;, when 1 < j < N. Let C > 0.
Then there exists hg > 0 such that for all 0 < h < hg, the spectrum of the

TOME 63 (2013), FASCICULE 3



992 Michael HITRIK & Karel PRAVDA-STAROV

operator P in the open disc in the complex plane D(0,Ch) is given by the

eigenvalues of the form,

Zjk ~h (Aj,k -|—p1(Xj) + hl/Nj’k)\j,kJ + h2/Nj’k>\j7k,2 +.. ) , 1<j<N.
(1.22)

Here \; i, are the eigenvalues in D(0, C') of ¢’ (z, D) given in (1.8), repeated

according to their algebraic multiplicity, and Ny, is the dimension of the

corresponding generalized eigenspace. (Possibly after changing C' > 0, we
may assume that |X\;, +p1(X;)| # C forallk,1<j<N.)

We now come to state the second main result of this work. In doing so, let
us introduce the symbols
ri(Y) =po(X; +Y) = ¢;(V), 1<j<N. (1.23)

We shall assume that there exists a closed angular sector I' with vertex at
0 and a neighborhood V of the origin in R*" such that for all 1 < j < N,

r;(V)\ {0} € T\ {0} C {z € C:Re z > 0}. (1.24)

Figure 1.1. The range of r;.

Im 2
A

'\ {0}

By denoting F; the Hamilton maps and S; the singular spaces associated
to the quadratic forms g;, we shall also assume that all the singular spaces
are reduced to zero,

S; = {0}, (1.25)

ANNALES DE L’INSTITUT FOURIER
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when 1 < j < N. According to the definition of the singular space (1.6),
one can therefore consider the smallest integers, 0 < k; < 2n — 1, such that

k;j
(ﬂ Ker[Re Fj(Im Fj)l]) MR = {0}. (1.26)
=0

Defining the integer

ko = jnax k;, (1.27)

in {0, ...,2n — 1}, we shall establish the following result:

THEOREM 1.2. — Consider a symbol P(x,&; h) with a semiclassical ex-
pansion in the class S(m) fulfilling the assumptions (1.12), (1.15), (1.16),
(1.17) and (1.24). When all the quadratic forms ¢;, 1 < j < N, defined in
(1.18) have zero singular spaces S; = {0}, then for any constant Cy > 0
sufficiently small, there exist positive constants 0 < hg < 1, C' > 1 and
¢o > 0 such that for all 0 < h < hp, u € S(R"™) and z € Qy,

2k
hTR0 4T | 2| TR0 |[ul| 12 < col| Pu — zul| 12, (1.28)

where P = P"(x,hDy; h), ko is the integer defined in (1.27) and ), denotes
the set

1 2k
Qp = {z €C:Rezg ah%oil |z|2’°01+1, Ch < z| < C’o}. (1.29)

The set 2, defined in (1.29) is represented on Figure 1.2. We may also notice
that when z € Qy,, then Theorem 1.2 implies that z is in the resolvent set
of P, and the resolvent estimate

(P—2)'=0 (h*% |z|‘Wl+1) . L2(R") — L*(R")

holds.

Notice that the quantity h%|z|wl+l, which appears in the estimate
(1.28), when Ch < |z| < Cy, increases when the spectral parameter z
moves away from the origin at a rate, which depends on the maximal loss
of derivatives 2ko/(2ko + 1) appearing in the subelliptic estimates (1.9),
fulfilled by the quadratic approximations of the principal symbol at the
doubly characteristic points. When the spectral parameter is of the or-
der of magnitude of h, we recover the semiclassical hypoelliptic a priori
estimate (1.20), proved in [8], with a loss of the full power of the semi-
classical parameter. Theorem 1.2 and Theorem 1 in [8], together with the
description of the spectrum of P, given in Theorem 1.1, give therefore an
almost complete picture of the spectral properties and the growth of the re-
solvent norm of a non-selfadjoint semiclassical pseudodifferential operator
with double characteristics fulfilling the assumptions of Theorems 1.2 near

TOME 63 (2013), FASCICULE 3
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Figure 1.2. Set Q.

Im z

2kg 1
Re 2 = %hzko-ﬂ |Z|2k9+1

Qn

the doubly characteristic set. These results underline the basic role played
by the singular space in the analysis of the general structure of double
characteristics.

Coming back to Theorem 1.2, we would like to stress the fact that the
non-negative integer ko defined in (1.27), 0 < ko < 2n — 1, measuring
the maximal loss of derivatives 2ky/(2ko + 1) appearing in the subelliptic
estimates (1.9) fulfilled by the quadratic approximations of the principal
symbol at doubly characteristic points and the rate of growth of the resol-
vent norm when the spectral parameter z moves away from the origin in
the estimate (1.28); can actually take any value in the set {0,...,2n — 1},
when n > 1. Explicit local models for the quadratic approximations of the
principal symbol at doubly characteristic points for which the integer kg
can take any value in the set {0,...,2n — 1} are given for example by the
following symbols:

- Case kg = 0: According to the definition of the Hamilton map, this
is the case of any quadratic symbol ¢ with a positive definite real
part Re ¢ > 0.

ANNALES DE L’INSTITUT FOURIER
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- Case ko = 1: Consider a Fokker-Plank operator with a nondegen-
erate quadratic potential tensorized with a harmonic oscillator in
other symplectic variables

n
&+ a3 +i(r28s — &) + Y (& +27)
Jj=3

- Case kg = 2p, with 1 < p < n — 1: Consider

G+t +i(6 + 2226 + & + 2238 + oo + 62+ 20p 118 + E24y)

+ Y (G +ad)

Jj=p+2
- Case kg = 2p+ 1, with 1 < p < n — 1: Consider

n

2} (€] 22061 + & +2m3E0 + o A 201 &+ ) + Y (6 +2)).
Jj=p+2

We refer the reader to [20] for more details concerning those examples.

2kg 1

Figure 1.3. The estimate hZo+T |z|%Fo+1 ||lu|| 2 < ¢||Pu — zul| 2 is ful-
filled when z belongs to the dark grey region of the figure; whereas the
estimate hlju| 2 < ||[Pu — zu|| L2 is fulfilled in the light grey one.

Im z

TOME 63 (2013), FASCICULE 3
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Remark. — The basic role played by conditions of subelliptic type for
the understanding of resolvent estimates for non-selfadjoint operators of
principal type was first stressed in [2]. See also [18, 19] for specific cases.
These results were recently improved by W. Bordeaux Montrieux in a model
situation [1] and in the general case by J. Sjostrand in [24].

In [11], the authors obtain a result analogous to Theorem 1.1 and a resolvent
estimate similar to (1.28), in the case when kg = 1. These results are
obtained using assumptions of subelliptic type for the principal symbol of
the operator, both locally near the doubly characteristic points, and at
infinity. Our analysis does not consider such a general situation where the
ellipticity may fail both locally and at infinity. The purpose of the present
work, as well as of [8], is to understand deeper the phenomena occurring
near the doubly characteristic set, and therefore we simplify parts of the
analysis of [11] by requiring a property of ellipticity at infinity (1.15) for the
real part of the principal symbol py, whereas we weaken the assumptions
of subelliptic type at the doubly characteristic points. The assumption of
subelliptic type for the principal symbol py of the operator near a doubly
characteristic point, say here Xy = 0,

EI{':O > Ov Re pO(X) + €0H12mp0Re po(X) ~ |X‘2a

made in [11], implies (See Section 4 in [8]) that the singular space S as-
sociated to the quadratic approximation ¢ of the principal symbol py at
Xo = 0 is reduced to {0}. More specifically, the singular space S is equal
to zero after the intersection of exactly two kernels,

S = Ker(Re F) N Ker[Re F(Im F)] [|R*" = {0}.

This explains why the integer kg is equal to 1 in the case studied in [11].

In the proof of Theorem 1.1, we rely upon the techniques developed
in [11], [7], [8], and similarly to [11], the proof proceeds by solving a glob-
ally well-posed Grushin problem for the operator P in a suitable microlo-
cally weighted L2-space, introduced in [8]. The main technical tool in the
first part of the paper is therefore a systematic use of the FBI-Bargmann
transformation as well as of the associated weighted spaces of holomorphic
functions.

The proof of Theorem 1.2 uses elements of the Wick calculus, whose main
features are recalled in the appendix (Section A). This proof also depends
crucially on the construction of weight functions performed in [20] (Propo-
sition 2.0.1) for the quadratic approximations of the principal symbol at
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the doubly characteristic points. The method used in this proof, by starting
with weights built for quadratic symbols in order to deal with the general
doubly characteristic case, largely accounts for the assumption (1.24). We
shall need this assumption in our proof of Theorem 1.2. Nevertheless, this
hypothesis may be relevant only technically.

The plan of the paper is as follows. In Section 2, we study quadratic dif-
ferential operators with quadratic symbols ¢, elliptic along the associated
singular spaces, and derive some Gaussian decay estimates for the general-
ized eigenfunctions, thereby completing the corresponding discussion in [7].
This study is instrumental in Section 3, devoted to the construction of a
globally well-posed Grushin proof for the operator P and to the proof of
Theorem 1.1. Theorem 1.2 is established in Section 4. As alluded to above,
the proof makes use of some elements of the Wick calculus, and the relevant
facts concerning those techniques are reviewed in the appendix.

Acknowledgments. The research of the first author is partially supported
by the National Science Foundation under grant DMS-0653275 and by the
Alfred P. Sloan Research Fellowship. Part of this projet was conducted
when the two authors visited Université de Rennes in June of 2009. It is a
great pleasure for them to thank Francis Nier for the invitation and for the
inspiring discussions. The authors are also very grateful to San Vi Ngoc
for the generous hospitality in Rennes.

2. Gaussian decay of eigenfunctions in the quadratic case

In this section we shall be concerned with a quadratic form ¢ on R
such that Req > 0 and with ¢ being elliptic along the associated singular
space S, introduced in (1.6). It follows then from [7] (Section 1.4.1) that the
singular space S C R?" s symplectic. We have the following decomposition,

R2n — SUJ_ @ S, (21)

where St is the orthogonal space of S with respect to the symplectic
form o in R**, and let us recall from [7] (Section 2) that we have linear
symplectic coordinates (2’,¢’) in S+ and (2”,£”) in S, respectively, such
that if

X = (Z‘,f) — (X/;XN) — (a:’,g’;a:”,g”) c R2n — RQn' v R2n//7 (2.2)
then

q(z,8) = i (2", &) +iga (2", &), @1 =dqlsor, g2 =q|s. (2.3)

TOME 63 (2013), FASCICULE 3
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We know furthermore from [7] (Proposition 2.0.1) that the symplectic co-
ordinates may be chosen such that the elliptic quadratic form ¢, satisfies

"

)\.
B ) ==y 2 (xf n 5;’2) LA >0, epe{£l), (2.4

Jj=1

while ¢; enjoys the following averaging property: for each 7" > 0, the qua-
dratic form

1

T
Rea)r(e.€) = 7 [ Reas (exp (i) €) at - (25)

is positive definite in (z/,&’). In what follows, in order to fix the ideas, we
take g = 1 in (2.4).

Following [8] (Section 2), let us introduce the quadratic weight function,

t
Go(X) = —/J <_T> Req (exp (tHmq)(X)) dt, T >0, (2.6)
where J is a compactly supported piecewise affine function satisfying
J'(t) =6(t) — 1j_1,9)(2),
and 1_; g the characteristic function of the set [—1,0]. It follows that
HIquO = <Req>T,Imq —Re q, (27)
where
1 T
(Rea)rimg(X) = 7. | Rea(ex (tHun ) (X)) dr
0

From (2.3) and (2.4) we see that Gy is a function of X’ only, so that Gy =
Go(X'), X' = (2/,¢') € R*. Following [11] and [8], we shall therefore
consider an IR-deformation of the real phase space S+ = R2"/, associated
to the quadratic weight Gy, viewed as a function on R Let us set

As = {X'+i6Hg,(X'): X' e R*™} cC¥™, 0<6<1. (2.8)

We then know that for all § > 0 small enough, Aj is a linear IR-manifold,
and, as explained for instance in [9] (Section 4), there exists a linear canon-
ical transformation

K§ : R2n, — Ag, (2.9)
such that
ks(X') = X' +i6Hg, (X) + O(5? | X'|). (2.10)

ANNALES DE L’INSTITUT FOURIER



EIGENVALUES AND SUBELLIPTIC ESTIMATES 999

We introduce next the standard FBI-Bargmann transformation along
SoL ~ R

T'u(z) = éh_gnl/‘l/e%“’(xl’yl)u(y') dy', o' eC”, C>0, (2.11)

where p(2/,y') = (2’ —y)% Associated to T” there is a complex linear
canonical transformation

Kyt G2 5 (', — (2, &)= (y —in',n) € c>, (2.12)
mapping the real phase space R>" onto the linear IR-manifold
2 09 n
Aoy = {(x’ - (x’)) 7' € C } (2.13)
where
I 1 N2
Dp(z') = i(lmx) .

For a suitable choice of C' > 0 in (2.11), we know that the map T” takes
LQ(R"/) unitarily onto H¢O7h(C”/). Here and in what follows, when ® €
C"X’(C"/) is a suitable smooth strictly plurisubharmonic weight function
close to @ in (2.13), we shall let th(C”') stand for the closed subspace
of LQ(C”/; e~ L(da')), consisting of functions that are entire holomorphic.
The integration element L(dz’) stands here for the Lebesgue measure on

’

c".
Following [8] (Section 3), we write next

k(M) = Mg, = {(m %%if (x'));:n’ e c"’}, (2.14)

for 0 < § < dp with dg > 0 small enough, where ®5(2’) is a strictly plurisub-

harmonic quadratic form on C"/, given by

Ps(z') = V.Coyr pryecn’ xr (—Im o' y) — (Imy') -1 + 6Go(Rey', 7)) .

(2.15)
The unique critical point (y'(z’),n(z’)) giving the corresponding critical
value in (2.15) satisfies

y'(z') =Rex’ + O |2']), 7n'(z') =—-Imz"+ O |2'|), (2.16)
and as in [7], [8], we obtain that
®y(2') = o(a') + 6Go(Rex’, —Im ') + O(82 |2/ ). (2.17)

Let us set Q1 = ¢%’(2, hD,/) and recall from [23] the exact Egorov property
T'Quu= QT u, uc S(R™), (2.18)
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where @1 is a semiclassical quadratic differential operator on C" whose
Weyl symbol ¢; satisfies

q1 0 KT = q1, (2.19)
with ks given in (2.12).

Continuing to follow [23], let us also recall that when realizing @1 as an

unbounded operator on cho,h(C",)7 we may first use the contour integral
representation

’ /
Fa—yye g (LY /) N ot g
Q1U( 271'h 2rh)" //0, 26’@0 ’+y e Q1< 2 0 u(y )dy do’,

and then, using that the symbol q1 is holomorphic, by a contour deforma-
tion we obtain the following formula for (); as an unbounded operator on
Hg,n(C"),

~ 1
Quu(a’) = o—~m // _
(2mh)™ =222 (25 ) tit(a'—y')

/ /
ot @ —y)- e'q1<”3 ‘;y ’9’>u(y/)dy/ o', (2.20)

for any ¢t > 0. Furthermore, the operator @1 can also be viewed as an
unbounded operator

Q1 : Ho, n(C") = Hg, »(C"), (2.21)

defined for 0 < & < &g, with dg > 0 sufficiently small. Indeed, when defining
the operator in (2.21), it suffices to make a contour deformation in (2.20)
and set

~ 1
Qlu(l‘/) = n’ // 14! —_—
(27Th) 0/:%%(30 -;—y )+it(m’fy’)

i ’ ’ ’ ! !
F g (2 ‘;y 0)u(y)dy o/, (2.22)

for any ¢ > 0. We then know from the general theory [17], [22], that the op-
erator in (2.21) is unitarily equivalent to the quadratic operator on L?(R™ ),
whose Weyl symbol is given by the quadratic form

X' q (ks(X)), X' €R>™, (2.23)

with kg introduced in (2.9), (2.10). In particular, using (2.5), (2.7), and
(2.10), we see as in [7] (p.827) that the real part of the quadratic form in
(2.23) is positive definite, and from [7] (p.828) we also know that the spec-
trum of Q1 acting on Hg, 5 (C" ) agrees with the spectrum of Q1 acting on
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Hq,é)h((}"/)7 for all 0 < § < dg, dp > 0 small enough, including the multi-
plicities. For future reference, let us recall from [7] the explicit description
of the spectrum of )1, which is given by

Spec(Q1) =<h > (ra+ QkA)% kxeNp. (2.24)
A€o (F1)
ImA>0
Here, F is the Hamilton map associated to the quadratic form ¢; and r)
is the dimension of the generalized eigenspace of Fj in c corresponding
to the eigenvalue A € C of the Hamilton map F.

In the remainder of this section, we shall be concerned exclusively with
the case of (h = 1) quantization, and we shall then write H%(C"/) =
Hg, n—1(C"), and similarly for Hg,(C™ ). The following result is a slight
generalization of the corresponding statement from [7].

PRrROPOSITION 2.1. — There exists n > 0 and dyg > 0 small enough, such
that the generalized eigenvectors u of the operators

Qi(z', Dy : Hpy(C™) — Hg,y (C™)
and
Q1(z',Dy) : Hey(C") = Hgy(C™), 0 <6< do,
agree and satisfy
u e H@O_n‘x/‘Z(Cn ) (2.25)
Proof. — The statement of the proposition was established in the
work [7], in the case when w is an eigenvector of Q1. When treating the case
of generalized eigenvectors, we may argue in a way similar to [7] (p.829-831),

and consider the restriction of the heat semigroup, viewed as a bounded
operator,

e '@ He (C™) = Hg,(C™), 0<t<tqg, (2.26)
to > 0 small enough, to a generalized eigenspace Ey, C H%(C"I) of @1,
associated to an eigenvalue \g. The space E), is finite-dimensional, and the
restriction of Q1 — Ag to E}, is nilpotent. It was shown in [7] (Lemma 3.1.2)

that for each ¢ > 0 small enough, there exists @ = a(t) > 0 such that the
quadratic form P, satisfies

®,(z') < Bo(2') — a|a’|?, 2’ €C”.
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Notice that the map e~ *@1 : B\, — E,, is bijective for any ¢ > 0. Indeed,
the generalized eigenspace E), is stable under the action of the operator
(@1 and its restriction to this finite-dimensional space

Q1lE,, : Ex, = Ex,

is a bounded operator. This implies that the restriction of the semigroup
to the space (e *@1)|p, = coincides with the exponential of the bounded
operator —t@l\ By, Which is always bijective. Tt follows therefore that the
generalized eigenvectors u € H%(C"/) of Q1 acting on H%(C"/), belong
to Ha, (C”/)7 for § > 0 small enough, and satisfy (2.25). Considering the
action of the heat semigroup on the corresponding generalized eigenspace
of the operator @1 acting on Hg, (C”’) and repeating the arguments fol-
lowing the statement of Lemma 3.1.2 in [7], we obtain the statement of the
proposition. O

Having obtained the exponential decay properties of the generalized eigen-
vectors of ()1, we return to the full quadratic operator @ = ¢*(z, D,) in

(2.3), and introduce the corresponding quadratic differential operator @ on
the FBI transform side, given by

TQu = @Tu, ueSRM).
Here the full FBI-Bargmann transformation 7" is given by
T=T&T':L*R") =L*R")® L} R")
= Ha,(C") @ Ha, (C") = Ha, (C"),
with the partial transform T" along the singular space S being defined
similarly to (2.11). Associated to T” and to T', we have the linear canonical
transformations kp» and kp, with kK = Kk ® Kkpr, so that kr(y,n) =
(y —in,7n). The splitting of the coordinates (2.2) induces, by means of kr,

the corresponding splitting of the coordinates in C", so that we can write
x=(2,2") e C"=C" x C" . We have, in view of (2.3),

Q(z, Dy) = Q1(2/, Dar) + Qs (2", Dyrr), (2.27)
where the symbol ¢ of the quadratic operator @2(95” ,Dyr) is given by
G2=@q0 KJ}}/-

We shall be concerned with the generalized eigenfunctions of the operator

Q(z, D,) in (2.27) acting on the weighted space
Hg, (Cn) = Hg, (Cn,) ® Hg, (Cn”)v
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with § > 0 small enough fixed. Here in the left hand side,
s () = s (') + o ("),
and an application of (2.13) and (2.17) shows that
®s(x) = Bo(z) + 6Go(Rea’, —~Ima’) + O(6% |2']*).

Let us recall from [7] (p.843) that the spectrum of Q(x, D,) is given by
o(Q(z, Dy)) = 0(Qu(a’, Do) + io(Q2(a”, Dor)),

with the spectrum of él(x',Dz/) given in (2.24), and furthermore, from
(2.4), we know that the spectrum of Qo (z"”, D, ) consists of the eigenvalues
of the form

1"
n

Lo = Z % (2(1;/ + 1) , o € N”//.

j=1
The corresponding eigenfunctions are given by

Do (@) = (T"par) ("), (2.28)
where

(a2
(pau(y”) = Ha/,(y//)e (y ) /2

are the Hermite functions, with H,~ (y") being the Hermite polynomials on
R" . It is clear that the eigenfunctions @, (") form an orthonormal basis

2

of Hp,(C™ ), and a straightforward computation shows that the functions
. (2") are of the form

(I)a” (I”) = Do (I//)Ei(m”)2/4,
where p,~(2’) is a holomorphic polynomial on c"'.In particular, we have
@a// S Hq:,o_,,]‘m//P(Cn ), (2.29)

for some fixed n > 0.

Let u € Hg,(C"), and let us write
u(z’,2") = Z U ()P (2).
o’ cNn"’
Using that
(@@, D) = N)u= > (@i, Do) + iptar = Nttar ()| @ ("),

"
a” eNn

(2.30)
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we see that u is a generalized eigenvector of @(x, D,) corresponding to an
eigenvalue A € C, precisely when u is of the form

uw(z' 2" = Zuau (") Do (2", (2.31)

a//
where the summation extends over all o/ € N™ for which
A— i:“’ot" S O(Ql(x/a Dw'))7

and uqr(2') € H%(C"/) is a generalized eigenvector of Q1(z', Dy/) as-
sociated to the eigenvalue A — ipqr. Since, according to (2.24), o(Q1) is
contained in a proper closed cone in C of the form [Im z| < CRez, C > 0,
it follows that the sum in (2.31) contains a fixed finite number of terms,
when |A] = O(1). Combining Proposition 2.1, (2.29), and (2.31), we ob-
tain the following result, which summarizes the discussion pursued in this
section.

PROPOSITION 2.2. — There exists n > 0 such that for all 0 < § < do,
with &g > 0 small enough, the generalized eigenvectors u of the quadratic
operator Q(z, D,) acting on Hg,(C"), satisfy

u € H<I>07’r]|:v\2 (Cn)

Remark. — The discussion in this section, together with the corre-
sponding analysis in Section 3 in [7], can be considered as a natural general-
ization of Remark 11.7 in [11]. For future reference, let us also remark that
from [11], [9], [21], we know that the generalized eigenfunctions u of the
operator Q(z, D,) are such that the inverse FBI transform T~ 'u € L%(R")
is of the form

T u = p(x)e'®®), (2.32)

where p is a polynomial on R™ and ®(x) is a complex quadratic form, and
according to Proposition 2.2), we have Im ® > 0. Furthermore, the positive
Lagrangian subspace {(x,®'(x)); x € C"} is the stable outgoing manifold
for the Hamilton flow of the quadratic form

(2,6) 5 Lo 0g(2,6), (2,€) € R,

i

where 6 > 0 is sufficiently small but fixed.

ANNALES DE L’INSTITUT FOURIER



EIGENVALUES AND SUBELLIPTIC ESTIMATES 1005
3. Global Grushin problem

Throughout this section, we shall make the simplifying assumption that
the integer N introduced in (1.16) satisfies N = 1, and that the corre-
sponding doubly characteristic point is X; = (0,0) € R?". This assump-
tion serves merely to simplify the notation in the proofs and does not cause
any loss of generality. In particular, we write

po(X) = q(X) + O(X?),
where ¢ is a quadratic form, to which Proposition 2.2 applies.

When proving Theorem 1.1, it will be convenient to work with symbols in
the class S(1), bounded together with all of their derivatives, similarly to
what was done in [8]. Let us begin this section by describing therefore a
reduction to the case when m = 1. When doing so, we notice that for all
h > 0 sufficiently small, the operator

P+1:H(m)— L*(R")

is bijective, and by an application of Beals’s lemma, we know that (P +
1)71 € Op,(S((£))), see [3], p.99-100. Let

P=(P+1)7'P € Op, (S(1)),

with the leading symbol given by
~ Do
bo= po+1°
Furthermore, by holomorphic functional calculus [6], or by an explicit cal-
culation using the Weyl calculus [3] (use formula (8.11) p.100), we see that
the subprincipal symbol of P is given by
~ _ P1
P o+ 1
It follows from (3.1) that the leading symbol py of the bounded h-pseudo-
differential operator P satisfies Re po = 0, and that Repy is elliptic near
infinity in the class S(1). Furthermore, py vanishes precisely at the origin,
with

(3.1)

(3.2)

Po(X) = ¢(X) + O(X?),  p1(0) = p1(0).
In order to deduce the asymptotic description of the eigenvalues for the
operator P from the corresponding description for the operator ]5, we notice
that the resolvents of P and P are related as follows, for z € neigh(0, C),

(]5—2)_1 —(1— ) (P— liz>1 (P+1).
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Hence, z € neigh(0,C) is an eigenvalue of P precisely when z/(1 — z) is
an eigenvalue of P, and the multiplicities agree. In what follows, we shall
therefore be concerned exclusively with the case when m = 1.

3.1. Grushin problem in the quadratic case

In this subsection, we shall describe a well-posed Grushin problem for
the elliptic quadratic operator Qv(m,DI) defined in (2.27), acting on the
weighted space Hg,(C"), for 6 > 0 small enough but fixed. Let Ao € C be
an eigenvalue of Q(z, D,), and let Ey, C Hg,(C") be the corresponding
finite-dimensional generalized eigenspace. According to Proposition 2.2, we
have

E>\0 - HQO_W‘ﬂclz(Cn)’ n > 0.

Let ej,..., en, be a basis for E,,. We shall now introduce a suitable
dual basis. When doing so, let @* = é*(LDm) be the adjoint of the
operator @ = @(m,Dx) acting on the space Hg,(C"). Here the closed
densely defined quadratic operator @ is equipped with the domain {u €
Hg,(C"); Qu € Hy,(C™)}. According to the discussion in [13], p.426, we
have @* = Tg¥T~!. Here the Weyl symbol of g is the quadratic form
X — w, which has a non-negative real part, and whose restriction
to the corresponding singular space, which is equal to S, is elliptic. Let
fi,--, Ings fj € Heo(C™), be the basis for the generalized eigenspace of
the adjoint operator Q* : Hg,(C") — Hg,(C"), associated to the eigen-
value \g, which is dual to ej,... en,. An application of Proposition 2.2
shows that the functions f;, 1 < j < Ny, satisfy

fj € H<I>0717|w\2(cn)7 n> 0. (33)
In particular, f; € He,(C"), for 6 > 0 small enough, and we have
det ((ej, fx)) #0, 0< 8 < do, (3.4)

for some d¢ > 0 sufficiently small. Here the scalar product in (3.4) is taken
in the space Hg, (C™).

Let us introduce the operators
R_:CN - Hy (C™)

and
R,y : Hg, (C") — CNo,
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given by R_u_ = ;yzolu (4)e; and (Ryu)(j) = (u, fj), with the scalar
product taken in the space Hg,(C"). Arguing as in Section 11 of [11], we
obtain that for z € neigh(Ag, C), the Grushin operator

( Q== R- ) :D(Q) x CNo — Hg, (C™) x CNo (3.5)
R, 0

is bijective. Here D(Q) = {u € He, (C™); (1 + |z[*)u € L2 ,(CM)}

Continuing to follow [11], we shall now restore the semiclassical parameter
h > 0 and consider the operators

R_;,=0(1):C" = Hy, 4(C"), Ryp=0(1): Hgp,p — CY, (3.6)
given by

R*,huf Z U— 6] h> RJr,hu) (]) = (u? fj,h)' (37)

Here the scalar product in the definition of R, ; is taken in the space
H<I> h(Cn), and

ejn(r) = h~" e, (\;%) . fin(z) =hn" (\;%) :

With @ = @(x,th), we shall now consider the semiclassical Grushin
problem, given by

(@ - hz) u+R_jpu_=v, Ripv=uvy. (3.8)

LX)

Here z varies in a sufficiently small but fixed neighborhood of the eigenvalue
Ao- At this point, we are exactly in the same situation as described in Sec-
tion 11 of [11] (Proposition 11.5), and arguing exactly as in that paper, we
see that for each (v,v,) € Hg,; ,(C™)x CN°, the problem (3 8) has a unique
solution (u,u_) € Hg, ,(C") x CN° such that (1+ |z*)u € L3, ,(C").
Furthermore, for every k € R fixed, the following a priori estimate holds,

[ 2 ]+ A fus | < O) (1] (G J2) o ||+ A1 oy )
(3.9)
Here the norms are taken in the space L% L(C™).

The estimate (3.9) can subsequently be localized, and we see that the result
of Proposition 11.6 of [11] can be applied to our situation as it stands,
since the proof of Proposition 11.6 in [11] only relies on the ellipticity of
the quadratic operator @ acting on Hg, 5, (C"), for § > 0 small enough
but fixed, together with the decay estimates given in Proposition 2.2 and
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in (3.3). We therefore obtain the following result, which summarizes the
discussion in this section.

PROPOSITION 3.1. — Let xo € C§°(C") be fixed, such that xo = 1
near © = 0, and let k € R be fixed. Then for z € neigh(A\g, C), we have
the following estimate for the problem (3.8), valid for all h > 0 sufficiently
small,

(1) xou || 4+~ fu_|
<0(1) (I1h+ ) xov [l + B F oy | + B2 1cull) . (3.10)

Here K is a fixed neighborhood of supp(Vxo) and 1i stands for the char-
acteristic function of this set. The norms in the estimate (3.10) are taken
in the space Lg_,(C").

Remark. — When deriving the estimate (3.10), following [11], we re-
place the functions f; 5, in the definition of Ry 5, by x(z/RV'h) f; 1 (z), where
X € C§°(C"), and R > 0 is sufficiently large fixed.

3.2. Localization and exterior estimates

The purpose of this subsection is to study a globally well-posed Grushin
problem for the operator P introduced in (1.13). When doing so, we shall be
concerned with the action of P, after an FBI-Bargmann transformation,
on a suitable weighted space of holomorphic functions on C". We shall
therefore first proceed to recall the definition and properties of this space,
constructed and introduced in [8].

In Proposition 2 of [8], it was shown that for all 0 < € < g9, 0 < 0 < dp, with
€o > 0, dp > 0 sufficiently small, there exists a function G. € C§°(R2", R),
supported in a sufficiently small but fixed neighborhood of the origin, such
that G. = O(¢), V2G. = O(1), and such that for some C' > 1, C' > 1, we
have

. o . 2
>T
Ipo (X +0Hg, (X))| > Zmin (1X1.¢),

in the region where |X| < 1/C. Furthermore, in the region where | X| >
£1/2 we have

Re ((1 _ ZC&Z) po (X + i6He, (X))) >

, ¢>0. (3.11)
| X|

Q&
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Here we have also written pgy for an almost analytic extension of the leading
symbol pg of P to a tubular neighborhood of R*", bounded together with
all of its derivatives.

Remark. — For future reference, we may remark that it follows from
the construction of the weight function G. in [8], that in the region where
2
|X|” < /2, we have

G.(X) = Go(X') + O(X?), (3.12)
where the quadratic form Gy is defined in (2.6), see remark p.1002 in [8].

Associated with the weight function G, there is an IR-manifold

Ase = {X +idHs (X); X € R}, (3.13)
and arguing as in [8] (Section 3), we obtain that
200
K (Ase) = Moy, 1= {(3?,5) €C™¢ = Za;s(x)} : (3.14)

Here ®5. € C°(C") is a strictly plurisubharmonic function given by

Q5.(7) = v.cymecnxrr (—Ime(z,y) — (Imy) - n+0G:(Rey,n)) .

(3.15)
Uniformly on C", we have
®s.(z) = () + 0G-(Rez, —Im z) + O(6%¢), (3.16)
and in particular,
D5 — Dy = O(d¢). (3.17)

We furthermore know that ®;. agrees with ®; outside a bounded set and
that

V (05 — D) = O(3e'/?), (3.18)
with V2®; . € L°°(C"), uniformly in § and ¢.

In what follows, similarly to [8] (Section 3), we shall be concerned with the
case when

e = Ah, (3.19)

when A > 1 is sufficiently large but fixed, to be chosen in what follows. As
explained in [8] (Section 3), following [11], the h—pseudodifferential opera-
tor on the FBI-Bargmann transform side, P = TPT~!, can therefore be
defined as a uniformly bounded operator

ﬁ = O(l) : Hq)a,s,h(cn) — H‘%,s,h(cn)a
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given, when u € Hg; _4(C"), by

~ 1 im0 ~(x+y

Pu(x) = iy //FM@) e @Oy — )P ( 5 ,9) u(y) dy df + Ru.
(3.20)

Here ¢ € C§°(C"™) is such that ¢y = 1 near 0 and I's .(z) is the contour

given by

2005, (z+y\ . ——
g =220 tol@ = to > 0.
i ox ( 5 ) Tite@—y), to>

The remainder R in (3.20) satisfies

2®5 285 o

R=04(h™®): L*(C"e”® L(dr)) — L*(C";e” "% L(dx)).

Also, in (3.20) we continue to write P for an almost holomorphic exten-
sion of the full symbol P € S(Ag,,1) of P, P = Po k', to a tubular
neighborhood of Ag,, bounded together with all of its derivatives.

We shall be concerned with a global Grushin problem for the operator
P in the weighted space Hg, _ n(C"). In order to exploit the quadratic
Grushin problem for @, described in subsection 3.1, we shall make use of
the observation that there exists a constant C' > 0 such that in the region
of C", where

) < X (3.21)

the weight function ®s . is independent of ¢, and furthermore, in this region,
we have

Bs5. = Bs(z) + O |2]*). (3.22)
The equality (3.22) is obtained by a straightforward computation, using
(2.15), its analogue for the weight ®; ., given by (3.15), as well as (3.12).

By making a rescaling in €, we may and will assume in the following that
we have C'=1 in (3.21). It follows that in the region where |z| < /g, the
L?-norm associated to the quadratic weight function ®5 can be replaced
by the L?-norm associated to the full weight ®s ., at the expense of a loss
which is
exp (O(1)A¥*h1/2) = O(1),

provided that A > 1 is taken large but fixed, and h € (0, hg], with hg > 0
small enough depending on A. We shall therefore replace the fixed cut-
off function yo in Proposition 3.1 by xo(z/+/€), and following Section 11
of [11], this can be achieved by a rescaling argument using the change of
variables = /eZ. This argument is carried out in detail, see (11.33), in
Section 11.3 of [11], and for future reference, we shall record it here.
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LEMMA 3.2. — Let xo € C§°(C") be fixed, such that xo = 1 near x = 0,
and let k € R be fixed. Then for z € neigh(\g, C), we have the following
estimate for the Grushin problem (3.8), valid for h > 0 sufficiently small,
with e = Ah,

)0 (f) wll+h* | < O] (h+[P) *xo (ff) vl

+0(1) (hlk lvg |+ \/§| (h+ |z[H)*1k <\j§) u ||) . (3.23)

Here K is a fixed neighborhood of supp(Vxo) and 1i stands for the char-
acteristic function of this set. The norms in the estimate (3.23) are taken
in the space L3, (C"). According to (3.22), all the norms in the estimate
(3.23) can be replaced by the norms in the space L?{,éys,h(cn), for each fixed
A > 1, provided that h € (0, hg], with hg > 0 small enough, depending
on A.

We now come to study the global Grushin problem for the operator P
hz, for z € neigh(\g + p1(0), C), in the weighted space Hg, . n(C"). Here
p1(0) is the value of the subprincipal symbol pi(z,§) of P at the unique
doubly characteristic point, (0,0) € R®". With the operators R_ j and
R, j, introduced in (3.7), let us consider

(P—hz)u+R_jpu_ =v, Ryju=uv,, (3.24)

when (v,v4) € He;, n(C") x C™o. Writing the first equation in (3.24) in
the form

(Q = h(z—p1(0))u+ R_pu_ = v+ (Q + hp1(0) — Pu,

and applying Lemma 3.2 with & = 1/2, we get, with some constant C' > 0,
I )20 (22 )l 2

_ i
< Ol (h+ [2P) 20 (f> vl
T

NG
O s + 2 G o121 () el @2

Here the norms are taken in the space Léé . »(C™), as explained in Lemma

O+ 20 ( ) (P =0 — hpy (0))u|

3.2. Now, as was already observed and exploited in [8], see (5.7) in Section
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5, we have
| (h+ [2*)""?x0 (\2) (P=Q—hpi(0)ul| = Oa(h)||ul]
and therefore, using also that h-+|z|> < O(¢) in the support of the function
x = 1g(x/Ve),
we get

X —
W% o (2 ) wll 4 07

<SOM2)| o]+ Oah)l|ull + OB 2) jus| + O(RM?)]| 15 (\2) ull.

(3.26)
It follows from (3.26) upon squaring that
Bl xo (f) wlP + b
O(1 T
< G201 + 0A02)[ul + Ok s+ O 1 (2 )
(3.27)

The estimate (3.27) will be instrumental in obtaining the global well-
posedness of the Grushin problem (3.24).

When deriving an a priori estimate for the problem (3.24) away from an
O(y/e)—neighborhood of the doubly characteristic point z = 0 € C", we
shall proceed very much in the spirit of Section 6 in [8]. Let pg be an almost
holomorphic continuation of the leading symbol of ﬁ, bounded together
with all of its derivatives in a tubular neighborhood of Ag,. To simplify the
notation, we shall write here p := pg. According to (3.11), we know that

. O 20P5.(x) Oe
—ic—5 - > = = . .
Re ((1 zc|x|2> D <x, o >> 2% lz| > Ve (3.28)

Following Section 6 of [8], we shall now switch to rescaled variables. Set
T = +/ex. (3.29)

In the new coordinates, the IR-manifold A, in (3.14) becomes replaced
by the manifold

A~ = {(x 2‘w) Fe C”}, (3.30)

Ps.e i Oz
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with
~ ™ 1 -
@575 (.’)3) = 5@575(\@{)3).

We notice that VQEJ(;,E € L°°(C") uniformly in € € (0,&9], § € (0, dp], and
that along Agé , we have

€= —ImZ+ O(5).

Let us consider the Efpseudodiﬁerential operator,

1, 1, - ~ h 1
P.i= —p“(2.hD,) = —p (\@ (x th)) Ch=Z=5 (33D
with the Weyl symbol given by
= 1 . =
Pe(&.8) = -p (VE®.9)). (3.32)

It follows from (3.28) that along the manifold A?{Zé , the symbol (3.32)
satisfies the following estimate, 1

0 _ 20%;.(%) 5

in the region where |Z| > 1.

Associated with the IR-manifold A?{35 is the weighted space Hy, (C"),

where we notice that N
(13575(%) _ @575(1‘)
h h
The map u(z) — u(Z) = e"/?u(\/eZ) then takes the space Hg, ,(C")
unitarily onto the space H_ =(C").

Let now x(z) € Cp°(C";[0,1]) be such that x = 1 for large |Z|, and with
supp x contained in the set where |Z| > 1. Let us set

m(z) =1 —ic—s.
7]

Assume also that the spectral parameter z € C satisfies |z| < C, for some

fixed C' > 0. An application of Proposition 3 of [8], as in (6.15) in [8], shows

that the scalar product

(Xm(PE — h2)a, ﬂ) i (3.34)
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is equal to

[x@m@. (5 mgp) @) e O L@+ ORI,

Thus,

Re <Xm(PE — h2)i, a)ga,sﬁ

- [ x@re (m@m <~ 2W>> (@) 20O/ )
+oMmlal, 4

and using that (3.33) holds near the support of x, we get, by an application
of the Cauchy-Schwarz inequality,

/ X(E) [3(F) 2 25 @/F L, (d7)
<OW|Ix(P- ~R)illy, 3 llly, 5+ OMITIE, +

Coming back to the original variable x = /¥ and using that

~ 1 )
[| x(P. — hz)u ||$5,E,Z = EH X (\ﬁ) (p"(x,hDg) — hz)ul|e, . n,

we obtain that

5/)( (\;;) lu(z)]? e=2%5@/h [(dz)

<Ol (<2 ) 0 (@m0 = k)u o l1ullas OBl
An application of (3.24) then gives,

8/X (%) u(@)|* e 25« @/M Lde) < OW)|| v ||as o |0 ]l05 ..

L o)lx (\[) R i |y || log o+ O[]y

Using Proposition 2.2, together with (3.7) and (3.17), we easily see that

I (2) et =0((2) ol a9
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Recalling that ¢ = Ah, we obtain the following exterior estimate,

€ — x
b [ x (i ) @) e L) < O ool

- h
O ] g+ O () 1l e (330

The estimates (3.27) and (3.36) are the main results established in this
subsection.

3.3. End of the proof of Theorem 1.1

In this subsection, we shall glue together the estimates (3.27) and (3.36),
in order to show the well-posedness of the global Grushin problem (3.24).
Applying the exterior estimate (3.36) to estimate the last term occurring
in the right hand side of (3.27) and adding the estimates (3.27) and (3.36),
we obtain that

0(1)
e
O sl + O fuc [[ull + (04 + 0 () ) I1ul. 337

— 2
Rl wll* + b~ u_|” < [o]l* + O v[{lull

Here we have also used that we arrange, as we may, that x + x2 > 1 on
C". Now

OMIlvl[[full+O(A™=) fu_] |||l

ow) . h
< QW4 oA fu 4 A

and it follows that

h2
ol + u-* <O)|[v|* + O(A) |o4 |*

+O(A®) Ju_|* + (OA(h3) +0 <fj>> [|ull?.

Taking the parameter A sufficiently large but fixed, and then restricting
the attention to the interval h € (0, hg], for some hg > 0 small enough
depending on A, we obtain that

Mlull+ lu-| <O@)[|v]| + Oh) [vy]. (3.38)
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Here the norms throughout are taken in the space Hg;, n(C"), and ac-
cording to (3.17), the weight function ®s . can be replaced by the standard
quadratic weight ®g, at the expense of an O(1)-loss. The Grushin operator

g (ﬁ—hz R_,h

P(z;h) = B 0 ) : Hp, 1 (C™) x CNO — Hg, 5(C") x CN°
+,h

(3.39)
is therefore injective. On the other hand, being a finite rank perturbation
of the Fredholm operator

( P_th g ) : Hoy n(C™) x CN° = Hg, ,(C™) x €N,

the operator in (3.39) is also Fredholm, and furthermore, as observed in
the introduction, the index is zero. It follows that the Grushin operator
in (3.39) is invertible, so that the problem (3.24) is well-posed, for z €
neigh(Xo + p1(0), C).

The inverse of the operator in (3.39) is of the form

fam=( £y £l ) @) xS
— Hg, n(C") x CNo, (3.40)

and it follows from (3.38) that

1 n n
E(Z,h) = O (h) : H<1>07h(C ) — H%,h(C ),
with
E(zh) =0(1): CN — Hg, 1(C™),
E_(zh) = O(1) : Hg, ,(C™") — CNo,
and

E_,(z;h) = O(h) : CNo — CcNo,

Furthermore, let us recall from [25] that hz, with z € neigh(Ao + p1(0), C),
is an eigenvalue of P precisely when the determinant of E_ (z; h) vanishes.

In Section 11.5 of [11], the action of the Grushin operator in (3.39), after
applying the inverse FBI-Bargmann transformation, was studied in detail,
on spaces of functions of the form

(a(x; h)e'®@)/h u_) ,
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where a(z;h) is a symbol and the quadratic form ® has been introduced
in (2.32). It was deduced there that E_(z;h) has an asymptotic expan-
sion in half-integer powers of h, with a certain additional structure. A
complete asymptotic expansion for the determinant of E_, (z;h) was sub-
sequently obtained and it was shown that it is a classical symbol of order 0,
and complete asymptotic expansions for the zeros of the determinant were
obtained using Puiseux series. That discussion goes through without any
changes in the present situation, and therefore, repeating the arguments of
Section 11.5 of [11] as they stand, we obtain that the eigenvalues of h=!P
in a sufficiently small but fixed neighborhood of Ay 4 p;1(0) have complete
asymptotic expansions in powers of h'/No, of the form

A(h) = Ao+ p1(0) + et h/No 4 eoh?/No

On the other hand, from the main result of [8] and the discussion in the
introduction, we know that for all A > 0 small enough, the spectrum of P
in the disc D(0,Ch), is contained in the union of the regions

D (w4 (o, 2 ).

where \g is an eigenvalue of ¢(x, D) with |\g + p1(0)| < C, and C>0isa
sufficiently large constant. The statement of Theorem 1.1 follows and this
completes the proof.

4. Proof of Theorem 1.2

We shall begin this section by explaining that it is actually sufficient
to establish Theorem 1.2 in the special case when m = 1. Indeed, when
assuming that Theorem 1.2 has already been proved when m = 1, we may
consider an order function m > 1 as in (1.10) such that m € S(m); and
a symbol P(z,&;h) satisfying the associated assumptions of Theorem 1.2.
Then, one can choose a symbol py € S(1) with a non-negative real part
Re po = 0 which is elliptic near infinity in the symbol class S(1); and such
that pp = po on a large compact set containing p; 1(0) where pg stands for
the principal symbol of P(x,&; h). This is for instance the case when taking
Xo € C3°(R?™;[0,1]) such that xo = 1 near py*(0) and setting

Po = Xxopo + (1 = Xxo)-
Defining also the symbols

P; = Xxop; + (1 —xo0) € S(1),
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when j > 1, we may choose y € C§°(R®",[0,1]) such that y = 1 near
Py - (0) and xo = 1 near supp . By setting P = P"(z,hD,;h) and P =
PY(z,hD,;h), where

P(x,&h) ij x,&)h
in the symbol class S(1); and using L?-norms throughout, we deduce from
the semiclassical elliptic regularity that
2ko 1
W2 T ]

2k 2k
< R0 2| T ||\ (2, hD, ul| + h¥0 7T 2|07 |[(1 = x)® (2, hD, )ul|

_2ko 1 _2ko 1
< PR [2|ZRFT || (@, hDg Jul| + O (R 2[R 1) || (P — z)u|
+ O(h>)|lull,
when |z| < Cp, for 0 < Cyp < 1, since the principal symbol py of the
operator P is elliptic near the support of the function 1 — y. By using that

Theorem 1.2 is valid when m = 1, we may apply it to the operator P to
get that if z is as in Theorem 1.2,

BT || 0T [y (2, hD, Jull < O()[|(P = 2)x* (, kD, )u| (4.1)
< OW)(P = 2)x*(z, hDy)ul| + O(h™) u]

since (P — P)x¥(z, hD,) = O(h™) in £(L?) when h — 0. We get that
TR [ T | (2, h D Ju|
< OMIIP = 2)ull + OW[P, X" (z, hDg)]ull + Oh>)|Jull.  (4.2)

When estimating the commutator term in the right hand side of (4.2), we
take ¥ € Cg°(R®™,[0,1]) such that ¥ = 1 near p, '(0) and y = 1 near
supp X- Then, by using that

[P7 Xw(xthw)bzw(xthx) = O(hoo)v

in £(L?), together with the fact that pg is elliptic near the support of 1—¥,
we get that

k.
B0 [2| TR X (2, hD, ull < O(D[(P = 2)ull + O™ ull,  (4.3)

which in view of previous estimates completes the proof of the reduction
to the case when m = 1. In what follows, we shall therefore be concerned
exclusively with the case when m = 1.
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Consider py a symbol in the class S(1) independent of the semiclassical
parameter with a non-negative real part

Re pg = 0.

We assume that all the hypothesis (1.15), (1.16), (1.17), (1.24) and (1.25)
are fulfilled; and study the operator py(x,hD,) defined by the h-Weyl
quantization of the symbol pg(z, &) with the following choice for the nor-
malization of the Weyl quantization

(o hDJu(e) = |

R2n

mwi(r—y). T+ Y
2o (S e July)dydg.  (4.4)
This normalization differs from the one considered in (1.14); but, of course,
it is completely equivalent, after a rescaling of the semiclassical parameter,
to prove Theorem 1.2 with the normalizations (1.14) or (4.4). This choice
is for convenience only. Writing

po(X; +Y) =¢;(Y)+0(Y?),

when Y — 0; where g; denotes the quadratic approximation which begins
the Taylor expansion of the symbol py at the doubly characteristic point X;
and recalling (1.26) and (1.27); we notice that the following intersections
of kernels are zero

ko
( () Ker[Re F;(Im Fj)l]) AR = {0}, (4.5)
1=0
for any 1 < j < N. One can deduce, as in [20], that these properties imply
that the following sums of kg + 1 non-negative quadratic forms

ko
> “Re ¢;((Im F))'X), (4.6)
1=0

when 1 < j < N, are all positive definite. Indeed, let X, € R?" be such

that
ko

ZRe ; ((Im F})' X,) = 0.

1=0
The non-negativity of the quadratic form Re g; implies that for all | =
0, ..., ko,
Re ¢; ((Im F;)" X,) = 0. (4.7)
By denoting Re ¢;(X;Y) the polar form associated to Re ¢;, we deduce
from the Cauchy-Schwarz inequality, (1.3) and (4.7) that forall{ = 0, ..., ko
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and Y € R*,
Re ¢;(Y; (Im F})! Xo)|* = |o(Y, Re Fy(Im F;)'Xo)|”
< Re ¢;(Y)Re ¢;((Im F})' Xo) = 0.
It follows that for all [ =0, ..., kg and Y € R*",
o(Y,Re F;(Im F;)'Xo) =0,
which implies that for all [ =0, ..., kg,
Re Fj(Im F;)' X, =0,

since o is non-degenerate. We finally obtain from (4.5) that Xy = 0, which
proves that the quadratic forms (4.6) are positive definite. We then deduce
from Proposition 2.0.1 in [20] that there exist real-valued weight functions

2
g; € S(1,(X) 71 dX?), (4.8)

and positive constants ¢; j and ¢y ; such that for all X € R*",
Re 4;(X) + 1,3 Himg, 97(X) + 12 25(X)T07T > 03| X077, (4.9)

where Himg, denotes the Hamilton vector field of Im ¢;. We use here the
usual notation S (mh, M, 2ax 2), where 7y, and M), are positive functions
depending on the semiclassical parameter h, to stand for the symbol class

S (i, M 2dX?) = {ah € C®(R*,C) :Va € N** 3C, > 0,
VX € R*"V 0 < h <1, |0%an(X)] < Camh(X)Mh(X)—\al}.

Setting

95.n(X) = gj <\)/(E)7 (4.10)

for 0 < h < 1; it follows from (4.9) and the homogeneity properties of the
quadratic form ¢; that for all X € R*" and 0 < h < 1,

hRe g; (%) + 1, h(Himg, gj)(%) +h = Re ¢;(X)

2k
+ c1,jh(Himg; g,0)(X) +h > co jhZRoFT [ X |21 (4.11)

since

(Himg; 95,n)(X) = {Im 7;(X), g (%)} = {hlm Qj(%),gj (%)}
= h{Im qj (%)agj (j%)} = {Im qj’gj}(\)/(ﬁ> = (Himg, gﬁ(%),
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where {p, ¢} stands for the Poisson bracket

{p,a} = 675% - %875

Since py € S(1), it follows from (1.17) that there exists ¢z > 1 such that
forall 1 <j <N and X € R*",

po(X)] < eal X — X5/ (4.12)
and
z z
|po(X) — 2| > % when | X — X;? < 2|—CL (4.13)

Recalling the assumption (1.24), one can find a positive constant ¢g4 > 0
such that for all 1 < j < N and |X| < ¢y,

ri(X) e, (4.14)

where r; are the symbols defined in (1.23), and I is a closed angular sector
with vertex at 0 included in the right open half-plane

I\ {0} c {zeC:Rez>0}.
One may assume that

0<C4<jk_i{1f N|Xj—Xk|. (415)

Uik
One can therefore find a positive constant ¢5 such that

V1<j<N, VX|<c, Imrj(X)| <csRer(X). (4.16)
Let 1 be a C$°(R*",[0,1]) function such that

¥(X) =1, when | X| < %4; and supp ¢ C {X € R*™: | X| < cu}. (4.17)

Setting
fj = ’lﬁ’f‘j, (418)
and recalling the well-known inequality
1 @) <2f @)1 =), (4.19)

fulfilled by any non-negative smooth function f with a bounded second
derivative, we deduce from (4.16) and (4.17) that there exists a positive
constant cg such that for all 1 < j < N and X € R2”,

‘VRQ ’Fj (X)l < Cg Re ’Fj (X) (420)
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and

lesVRe 75(X) — VIm 7(X)| < cgy/esRe 75(X) — Im 75(X).

It follows that

(4.21)
< 06\/05Re 75(X) — Im 7;(X) + csc64/Re 75(X),

for all X € R*. We deduce from (1.23), (4.11), (4.17) and (4.18) that for
all [Y[< % and 0 <h <

Re po(Xj + Y) + cl7jh{Im pO(Xj =+ Y),gj,h(Y)} — Re fj(Y)
2k
— c1;h(Hims, g50)(Y) +h > co jhT0 T |[Y|T0TT . (4.22)
Since from (4.8), (4.10) and (4.21),

Pl (Himi; 95.0)(X)] S hIVIm 75(X)[[Vgj0(X)] S VR|VIn 75(X)]

5 cG\/ﬁ\/%Re ’I:J(X) —Im ,,:](X) + C5CG\/E\/R6 ’I:j(X),

it follows from (4.22) that there exists a positive constant ¢7 such that for
all [Y|< % and 0 <h <

Re po(X; +Y) + c1;h{Im po(X; + V), gjn(Y)} 4+ 2h + czRe 7;(Y)

k. .
+er(csRe 75(Y) —Im 75(Y)) = co jhT0 T Y| 7071 (4.23)
Notice from (1.19), (1.23), (4.16), (4.17) and (4.18), that for all |Y| < &,

crRe 7(Y) + c7(csRe 7(Y) — Im 7 (Y)) < (2¢5 + 1)erRe 75(Y)
< (2¢5 + 1)er(Re ¢ (Y) + Re 7( ) = (2¢5 + 1)crRe po(X; +Y).

It follows that for all [Y'| < § and 0 < h <

(14 (2¢5 + 1)er)Re po(X; +Y) + ¢ jh{Im po(X; +Y), g;n(Y)} + 2R

2kg 2
> co jh P FT|Y 2R T, (4.24)

Let Cy > 1 be a fixed constant. Then, by introducing the real-valued weight
function

ch (2 X)) 950 (X — X;), (4.25)
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where 1 is the function defined in (4.17); and noticing from (4.8) and (4.10)
that

N
h(ch,jgjyh(X - Xj))HImpo [ (2(X - X;))] = O(h),

j=1

we deduce from (1.15), (1.16), (4.15) and (4.24) that there exist some pos-
itive constant cg, cg and hg such that for all X € R*™and 0 < h < ho,

1 1

Re po(X) + h(Himp, 9n)(X) + csh > Cgh% min [C¢, (4c3)?6(X)] ﬁ,

(4.26)
where § stands for the distance to the set (Re po)~1(0). Since Re py > 0,
we may also assume according to (4.8), (4.9), (4.10) and (4.25) that

LX gia 427
S (X)) < - (127)

for all 0 < h < hg. Let z be in C and 0 < h < hg. We shall use a multiplier
method inspired by the one used by F. Hérau, J. Sjéstrand and C. Stolk in
[11]. By using the Wick quantization whose definition and properties are
recalled in Section A, one can write that

Re([po — 2]Wicky, [2 — g, (VRX) Vi) (4.28)
— Re( 2 gh \fX ]chk[p (\fX) ]Wicku’ u)
(Re( 2 gh(fX)]WICk[pO(\/EX) _ Z]WiCk>u,u>.
since real Hamiltonians get quantized in the Wick quantization by formally

selfadjoint operators on L?(R"). Notice also from (4.8), (4.10) and (4.25)
that

gn(VhX) € S(1,dX?), (4.29)

uniformly with respect to the parameter 0 < h < hg. We deduce from
symbolic calculus in the Wick quantization (A.10) that

Re([2 _ gh(\/EX)]WiCk[po(\/EX) _ z]Wick)
= [(2= gu(VhX)) (Re po(VAX) — Re 2)

+ gV(gh(\/ﬁX)) (VRe po)(VhX)

+ L h(Hipo 9)(VRX)

47

Wick
|7 s @30
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with [|Sh| z(z2) = O(h). Since from (4.19) and (4.29), we have

VR (0 (VB)).(TRe o) (V)|

< Vhy/Re po(VhX) < Re po(VAX) + O(h),

it follows from (4.27) that there exists a positive constant c¢1g such that for
all X € R* and 0 < h < hy,

(2—gn(VhX)) (Re po(VhX)—Re z)+l£ V(gn(VhX)).(VRe po)(VhX)
+ ih(hrlmpo gh)(\/EX) >
—Re po(VRX) + h(HImpo gn)(VhX) — e10h — gmax(() Re 2).

It follows from (4.26) that for all X € R*" and 0 < h < hy,
h

2 V(o (VhX)).(VRe po) (VAX)

1 NG 1 9

+ Eh(HImpo gn)(VhX) > —(508 + clo)h -2 max(0, Re z)

1 2k 1 2
+ chhzkoil min [00% , (403)%5(\/};)()} 2kp+1
™

(2—gn(VhX)) (Re po(VhX)—Re z) +

We then obtain that for all X € R*® and 0 < h < ho,

(2—gn(VhX)) (Re po(VhX)—Re z) + gV(gh(\/ﬁX)).(VRe po)(VhX)
b o h(Hugy 9)(VAX) > o657 550

1 2k 2
+ -eoh ™o (min [, (4eg) Ba(VRX)] 07T — |5 707 )
™

+ Q(LCQh”fgil 2| T _ max (0, Re z)) - (iqg + 010) h.
187 ’ 4

Considering the set

1
Qcp = {z €C:Rez< 09h2’“0+1 |z|2’°0+1 Ch < |z| < C’o}, (4.31)

187

where C' > 1 is a large constant whose value will be chosen later, and
¢ € C§°(R, [0, 1]) such that

1 1
©(X) =1 when | X| < —, and supp ¢ C {X eR:|X| < —}, (4.32)
4cs 3cs

ANNALES DE L’INSTITUT FOURIER



EIGENVALUES AND SUBELLIPTIC ESTIMATES 1025

we notice that for all X € R*", 0 < h < hg, C > 1 and 2z € Q¢ p,
2k 1 2
eoh T (min [ (de5) Fo(VAX) T — |27 )
vy

+9( ! h’fki||’€1+ (0, R ))
— — 2ko+1 2ko+1 —
1 187‘(’69 z max(U, e z

. 2
4 2|
By noticing now that one can find a C§°(R?", [0, 1]) function ® such that

1 1
®(X) = 1 when |X| < ——, and @c{XeR%:Xgi};
(X) when | X]| N and supp | X| N

(4.33)
verifying for all X € R*, 0 < h < ho and z € Qc s

N .
sa(‘WZX)?) <;@(W),

we get that for all X € R*", 0 < h < ho, C > 1 and 2z € Q¢ p,

(2 — gn(VhX))(Re po(VhX) — Re 2)

b Y9 (00 (VX)) (TR o) (V) + i, ) (VEX)

1 2kq 1 1
> —coh®Fo+T | z| 2R FT — (*Cg + 610)h
8m 4
N
_ iCQh%M%Uﬁ Z@(M)
Am j=1 V |Z|
It follows from (4.28), (4.30) and (A.4) that there exist some positive con-

stants c11 and c;2 such that for all 0 < h < ho, C > 1, z € Q¢ and
ue SR,

Re([po(VAX) — 2]Vi%u, [2 — g, (VAX)] V%) + c11hlful}-
2kq 1 N — .\ Wick
venhhnsjmn 3 (a(LE XYM, )

j=1 \/m

2kg 1 2
> c12h 7R | 2| TR0 FT ||luf| 12, (4.34)

Recalling (4.29) and (4.31), we deduce from the Cauchy-Schwarz inequality
and (A.5) that there exist some positive constants ¢13, ¢14 and ¢15 such that
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for all 0 < h < ho, C > ¢13, z € Q¢ and u € S(R™),

L2

, N _ X\ Wick
clSh%ppkoﬁZH@(M) ¢ u’
j=1 V |Z|

+ [lpo(VAX) ViU — zul| 2 > c1ah T |2 O || 2. (4.35)

Since from (4.33), we have

R

o( B s bler)

when 1 < j < N, we notice from (4.31), (A.8) and (A.9) that
H(I)(\/E\);r;)(j)WiCku‘ L = “Q)(W)wu‘ L + O( )HU”L2

and
[Po(VRX)WViku — zu| 12 = ||po(VAX)"u — zul| 2 + O(h)||ul| 2.

We deduce from (4.35) that there exist some positive constants c;¢ and c17
such that for all 0 < h < hg, C > ¢17, 2 € Q¢ and u € S(R"),

2k al hX — X;\®
clshWHAMﬁ H(I)(if j) uH —|—Hp0(\/ﬁX)“’u—zu||Lz
2" 2
2kg 1
> c16h 2R+ | 2| 2FoF T ||luf| 2. (4.37)

We shall now study the quantity
X — X\
> o (L)

To do so, we shall establish an a priori estimate similar to the one proved
in [11] (Proposition 4.1), namely that for all 0 < h < hg, C > c17, 2 € Qe p
and u € S(R"),

%HPO(\/EX)I”u — zul| 2 +O<\/>)HUL2 ~ Z Hq)(\FX = ) u‘ >

(4.38)
In [11], this estimate is proved on the FBI transform side. By using similar
arguments, namely a second microlocalization, we shall prove this estimate
directly without any use of the FBI transform.

2’
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Let ¥ be a C5°(R?", [0, 1]) function such that

1
¥ =1 when |Y]| < ; and supp\IIC{YERQ":\Y|<7}.

1
vV 303 ’ vV 203
We notice from (4.12) and (4.13) that the symbols

T;PO(\/MY‘FXJ‘)‘I’(Y%

where 1 < j < N, are uniformly bounded together with all their derivatives
with respect to the parameter z when z belongs to Q¢ ; and that these

symbols are elliptic
1 z 1
[P (VEY + X)) - 2> 5,

on the set

1
Y eR>:|Y| < }
{ YIS o

When quantizing these symbols in the h-Weyl quantization with the new
semiclassical parameter

~ h

h=—, (4.39)
||
we deduce from (4.33) and this ellipticity property that for all 0 < h < hy,
C > cr, 2 € Q¢ and u € S(R™),

(Vi )"u . < O Sl IVAY 4. +O() Jull 2

7
—u
2| e

We recall from (4.31) that

where the large constant C' > 1 appearing in (4.31) remains to be chosen.
One can then deduce from (4.39) and the symplectic invariance property
of the Weyl quantization (Theorem 18.5.9 in [12]) while using the following
affine symplectic transformation

1
X X — —X,,
N
that for all 0 < h < ho, C' > c15, z € Q¢ and u € S(R"),
VhX — X;\w 1 h
o — -7 ‘ < 1)— X))y — —
e (=277 vl < oW ImtVEX) "= sl + O ()l
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where c1g is a large positive constant and hy a new positive constant with
0 < ho < 1. This proves the estimate (4.38). We can next conclude as
follows. Noticing from (4.31) that

o) =05

2ko 1 1 1
it 1) - o(—L),
|2| O Zko+T
we deduce from (4.37) and (4.38) that there exist some positive constants
¢ and & such that for all 0 < h < hg, C > ¢, 2z € Q¢ and u € S(R™),

and

2k,
lpo(VAX) " u — zul| g2 > Eh 07 |2| 707 |Juf| 2. (4.40)

Finally, we deduce from the symplectic invariance property of the Weyl
quantization (Theorem 18.5.9 in [12]) while using the linear symplectic
transformation

(2,6) = (W~ 2w, h2¢),
that we have for all 0 < h < hg, C' > ¢, z € Q¢ and u € S(R"),

2kq 1
||p6”(x, hD )u — zul| 2 = éohZR0+T | 2] 2RoFT ||ul| 2. (4.41)
Recalling that m = 1 and noticing from the asymptotic expansion (1.11)
and the Calder6n-Vaillancourt Theorem that
| P (2, hDy; h) — pg (2, hDq) |l z(z2) = O(h),

when o — 0, we finally obtain by possibly increasing the value of the
positive constant c¢g > 0 that for all 0 < h < hg, C 2 ¢o, 2 € Q¢ and
ue SR"),

C, 2k
|| P (2, hDy; hyu — 2ul| 2 > %Ohroil |2 707 ||u| 2, (4.42)

where hg is a new positive constant such that 0 < hy < 1. This ends the
proof of Theorem 1.2.

Appendix A. Appendix on Wick calculus

The purpose of this section is to recall the definition and basic properties
of the Wick quantization that we need for the proof of Theorem 1.2. We
follow here the presentation of the Wick quantization given by N. Lerner
in [14, 15, 16] and refer the reader to his works for the proofs of the results
recalled below.
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The main property of the Wick quantization is its property of positivity,
i.e., that non-negative Hamiltonians define non-negative operators

a>0=aVik>0.

We recall that this is not the case for the Weyl quantization and refer to
[14] for an example of non-negative Hamiltonian defining an operator which
is not non-negative.

Before defining properly the Wick quantization, we first need to recall
the definition of the wave packets transform of a function u € S(R"),

Wu(y,n) = (u, 0y.5)L2®")

- 2n/4/ u(z)e @V e 2@V Ngy (y ) € R

where

@y,n(x) — 2n/4e—7r(ac—y)2621'71'(:15—‘1;).717 = Rn’
and 22 = 22 + ... + 2. With this definition, one can check (See Lemma 2.1
in [14]) that the mapping u — Wu is continuous from S(R™) to S(R*"),

isometric from L2(R™) to L?(R*") and that we have the reconstruction

formula

Yu e S(R"),Vz € R", u(z) = Wuly, n)ey,,(x)dydn. (A1)
R2n

We denote by ¥y the operator defined in the Weyl quantization by the
symbol

py(X) _ 2n€727r|X7Y|2, Y = (y’n) c I{QM7

by using the same normalization

(a¥u)(z) = /R o no(TEY ugade,  (A2)

as in [14]. This operator is a rank-one orthogonal projection
(Byu) (@) = Wu(Y)py (2) = (u, 0y) 12mm) 9y (2),
and we define the Wick quantization of any L>(R?") symbol a as

a'Vick — / a(Y)XydY. (A.3)
R2n

More generally, one can extend this definition when the symbol a belongs
to S'(R®") by defining the operator Vi for any u and v in S(R") by

< aWiCkuﬂ >S(R"),S(R) =< a(Y), (Zyu, U)Lz(Rn) >S/(R27),S(R2™)5
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where < -, + >g/(Rn),s(Rn) denotes the duality bracket between the spaces

S'(R") and S(R"). The Wick quantization is a positive quantization
a>0=a"Vik>0. (A.4)

In particular, real Hamiltonians get quantized in this quantization by for-
mally self-adjoint operators and one has (See Proposition 3.2 in [14]) that
L>®(R®") symbols define bounded operators on L*(R™) such that

||aWiCk||£(L2(Rn)) g ||a||Loc(R2n). (A5)

According to Proposition 3.3 in [14], the Wick and Weyl quantizations of
a symbol a are linked by the following identities

aWick = gv, (A.6)
with
a(X) = / a(X +Y)e 2V Fongy, X e R, (A7)
R2n
and
aVik = ¢" + r(a)”, (A.8)

where 7(a) stands for the symbol

1
r(a)(X) = / / (1—0)a" (X + 0Y)Y2e 2"V ongyds, X € R*.
0 R2n
(A.9)
We also recall the following composition formula obtained in the proof of
Proposition 3.4 in [14],

) . 1 1
o WickpWick _ {ab ——dbv+ %{(L b} + S, (AIO)
4im

Wick
4 }

with [|S]|z(z2rn)) < dnllal|Ley2(b), when a € L>®(R?") and b is a smooth
symbol satisfying
)= sup B (X)T?| < foo.
XeR2n,
TeR2M,|T|=1

The term d,, appearing in the previous estimate stands for a positive con-
stant depending only on the dimension n; and the notation {a,b} denotes
the Poisson bracket

Oa 0b  Oa 0Ob
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