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ON SEMISIMPLE CLASSES AND SEMISIMPLE
CHARACTERS IN FINITE REDUCTIVE GROUPS

by Olivier BRUNAT

ABSTRACT. — In this article, we study the elements with disconnected cen-
tralizer in the Brauer complex associated to a simple algebraic group G defined
over a finite field with corresponding Frobenius map F' and derive the number of
F-stable semisimple classes of G with disconnected centralizer when the order of
the fundamental group has prime order. We also discuss extendibility of semisim-
ple characters of the fixed point subgroup G¥ to their inertia group in the full
automorphism group. As a consequence, we prove that “twisted” and “untwisted”
simple groups of type Eg are “good” in defining characteristic, which is a contribu-
tion to the general program initialized by Isaacs, Malle and Navarro to prove the
McKay Conjecture in representation theory of finite groups.

RESUME. Dans cet article, on étudie les éléments de centralisateur non
connexe du complexe de Brauer associé & un groupe algébrique simple G défini
sur un corps fini. On déduit alors, lorsque le groupe fondamental est d’ordre pre-
mier, le nombre de classes de conjugaison semi-simples rationnelles de G dont
les représentants ont un centralisateur non connexe. On étudie également I’exten-
sibilité des caractéres semisimples du groupe des points fixes GI & leur groupe
d’inertie dans le groupe des automorphismes de G¥', ot F est ’endomorphisme de
Frobenius de G relatif & la structure rationnelle. Comme conséquence, on montre
qu’un groupe fini simple de type Eg vérifie la condition inductive de McKay en
caractéristique naturelle. Ce travail s’inscrit dans le programme général initialisé
par Isaacs, Malle et Navarro pour prouver la conjecture de McKay en théorie des
représentations des groupes finis.

1. Introduction

This article is concerned with the semisimple characters of finite reduc-
tive groups. A finite reductive group is the fixed-point subgroup G¥" of a
connected reductive group G defined over the finite field F, of character-
istic p > 0, where F' : G — G is the Frobenius map corresponding to this

Keywords: algebraic groups, semisimple classes, Brauer complex, semisimple characters,
finite reductive groups, disconnected centralizers, inductive McKay condition.
Math. classification: 20C33, 20G40, 20E45.
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F,-structure. The semisimple characters of G are the constituents of the
duals of Gelfand-Graev characters (for the Alvis-Curtis duality) and play
an important role in the ordinary representation theory of G¥, because,
apart from a few exceptions, they are the p’-characters of G¥' (that is the
irreducible characters of G whose degree is prime to p). In the following,
we will write Irrs(GT) for the set of semisimple characters of G. One of
the aims of this work is to study these characters, compute their number,
understand the action of the automorphism group of G¥' on Irr,(G*"), and
determine the extendibility of x € Irrs(G¥) to its inertia group in the full
automorphism group. These questions are crucial, for example in order to
prove that G satisfies the inductive McKay condition at the prime p.

Using Deligne-Lusztig theory [10], Lusztig has shown that the irreducible
characters of GI' can be partitioned into series (the so-called rational
Lusztig series) labelled by the semisimple classes of G*F"| where (G*, F'*)
denotes a pair dual to (G, F). If such a series is labelled by a semisimple
class of G*F" with representative s, then it contains |Ag-(s)" | semisim-
ple characters, where Ag+«(s) = Cg+(s)/ Cg&+(s) is the component group
of s. In fact, Irr, (G¥') can be parametrized in a natural way by pairs (s, &)
where s runs over a set of representatives of the semisimple classes of G*£~
and ¢ € Irr(Ag-(s)""). So, in order to understand Irry(G¥), we have to
particularly consider the semisimple classes of G*" and their component
groups.

In [7], we explicitly computed the number of semisimple classes of G*¥ .
when G* is simple and p is a good prime for G*. For that, we used the
theory of Gelfand-Graev characters for connected reductive groups with dis-
connected center, developed by Digne-Lehrer-Michel in [12] and [13]. This
method gives a lot of information on the F*-stable semisimple G*-classes
of G* with disconnected centralizer (by the centralizer of an F*-stable
class, we mean the centralizer of a fixed F*-stable representative), which
allows us to prove the inductive McKay condition in defining characteristic
for simple groups coming from simple algebraic groups with fundamental
group of order 2; see [5, Theorem 1.1]. However, we cannot derive from [7]
all information that we need, especially phenomena appearing only in the
algebraic group, as for example the description of the F*-stable semisimple
classes with disconnected centralizer such that the fixed-point subgroup
Ag-(s)F" is trivial (s is any F*-stable representative); see Remark 2.14.

In this work, we will consider the Brauer complex, initially introduced
by J. Humphreys in [18] for describing p-modular representation theory of
G, When G is a simple simply-connected group, Deriziotis proved in [11]
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that the F-stable semisimple classes of G (and thus, the semisimple classes
of G¥') are parametrized by the faces of the Brauer complex of maximal
dimension. We generalize here some results to any simple algebraic groups
using an approach of Bonnafé [2].

Moreover, we are interested in the problem of the extendibility of semi-
simple characters of G to their inertia groups in Aut(G*"). Digne-Michel
[15] and Malle [21] developed a theory of Deligne-Lusztig characters for
finite disconnected reductive groups. Using this theory, Sorlin [23] con-
structed extensions of Gelfand-Graev characters of G to G’ x (o ), where
o is a quasi-central semisimple or unipotent automorphism of G. We will
use results of [23] in order to prove that, under certain assumptions, the
semisimple characters of GI' are extendible to their inertia groups in the
full automorphism group.

Finally, recall that the McKay Conjecture asserts that for any finite
group G, if Irr,/ (G) denotes the set of p’-characters of G, then |Irr, (G)| =
|Irr, (NGg(P))|, where P is a fixed p-Sylow subgroup of G. In [20], Isaacs-
Malle-Navarro proved a reduction theorem of this conjecture to finite simple
groups. They showed that if every simple group satisfies a refined property,
the so-called inductive McKay condition (see [20, §10] for more details),
then the McKay Conjecture holds for all finite groups. As an application
of our results, we will prove that “twisted” and “untwisted” finite simple
groups of type Fg satisfy the inductive McKay condition in defining char-
acteristic.

The paper is organized as follows. In Section 2, we introduce the Brauer
complex of G and describe the faces containing points with disconnected
centralizer; see Theorem 2.5. Then we compute the number of F-stable
semisimple classes of G with disconnected centralizer when G is not of
type Da, and has fundamental group of prime order; see Proposition 2.11.
Note that this result requires no condition on g. Furthermore, if G is not
of type Ds,, we describe the F-stable points of the Brauer complex in
the case that F' acts trivially on the center of Gj; see Propositions 2.16
and 2.17. As first consequences we prove that if p is odd, then the McKay
Conjecture holds for G at the prime p, where G is a simple and simply-
connected group of type Da,11; see Remark 2.18. It also holds for p = 2
(resp. p = 3) when G is a simple and simply-connected group of type
Es (resp. E7); see Remark 2.15. In Section 3, we recall the construction
of semisimple characters and give the action of automorphisms of G¥ on
Irrs (GT). Then we discuss extendibility in a special case of these characters
to their inertia groups; see Proposition 3.13. Finally, in Section 4 we prove
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1674 Olivier BRUNAT

the inductive McKay condition in defining characteristic (for p > 3) for
“untwisted” simple groups of type Eg in Theorem 4.9, and for the “twisted”
version in Theorem 4.10. Note that these methods also prove that the
inductive McKay condition is satisfied at the prime p by simple groups of
Lie type of type As, such that 2n + 1 is a prime number distinct from p;
see Proposition 4.12.

It should be noted that recently, after the submission of this paper, using
a work of Maslowski [22], Spéath showed that all finite simple groups of Lie
type are “good” for the defining characteristic; see [24].

2. Semisimple classes with disconnected centralizers
2.1. Notation

Throughout this paper, G denotes a simple algebraic group over F,. We
fix a maximal torus T contained in a Borel subgroup B of G. Let ® be the
root system of G relative to T. We write ®* and A for the set of positive
roots and the set of simple roots of ® corresponding to B. We denote by
X(T) and Y(T) the groups of characters and cocharacters of T and write
(,): X(T) x Y(T) — Z for the duality pairing between X (T) and Y (T).
For a € @, we denote by o the coroot of a and write @V = {a¥ |« € ®}.
We define V= Q ®z Y(T) and V* = Q ® X(T), and extend (, ) to a

nondegenerate bilinear form
(,):V"'xV =Q.

Let Gy (resp. Gaq) be the simply-connected version (resp. adjoint version)
of G. We denote by 7. : Gge = G and maq : G — G,q corresponding
isogenies. Write Ty, = m.'(T) and Taq = 7aq(T). Then Ty and T,q are
maximal tori of Gg. and G,q, and the surjective homomorphisms 7. :
Tse = T and m,q : T — T,q induce injective homomorphisms 7 x :
X(T) = X(Tse), x = x©7se and maq,x : X(Taa) = X(T),x — xo©
Tad- Using mse x and maq x, we identify X (T) with a subgroup of X (Ts.)
containing X (Taq), such that the root systems me.(®) and 7, (®) of G
and G,q are identified with ®. Similarly, using the injective morphisms
Tse,Y Y(TSC) — Yv(']:‘)7 Y —» Tsc O 7Y and Tad,Y Y(T) — Y(Tad), vy —
Tad © 7 induced by 75, and m.q, the group Y (T) is viewed as a subgroup of
Y (Taq) containing Y'(Ty.) such that 7' (®V) and T4,y (®V) are identified
with ®V. Note that V = Q®3Y (Tse) = Q®zY (Taq), V* = Q07 X (Ty) =
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Q®z X (Taq), and the linear maps m., x and gy (resp. Taq,x and maqy)
are adjoint maps with respect to (, ). We define the group of weights by

(2.1) A={eV*|(\aY)€EZ Vaec d}.
Recall that X (T,q) = Z® and X (Ts.) = A, and the fundamental group of
® is the finite group A/Z® = X (Ts.)/ X (Taq). Now, we denote by () )aea
and (@, )aea the dual bases with respect to (, ) of A and AY = {aV|a €
A}, respectively. Since X (T,q) = Z® and X(Ts.) = (wa, @ € A)z, we
deduce that
(2.2) Y(Te) = P Za¥ and Y(Tw) = P Zw),

aEA acA

We denote by W = Ng(T)/T the Weyl group of G. Then W acts on X (T)
and on Y(T) by

(23) wx(t) = X(tw) and ,yw(t) _ ’y(t)w’
for v € Y(T), x € X(T) and ¢t € T. In particular, we have (*x,v) =
(x,7") and W(®) = & and W(®V) = &Y. Recall from [9, §1.9] that
W = (sq|a € ®), and for x € X(T) and v € Y(T), we have so(x) =
x— (o’ )aand sa(y) =7 — (a,7)a’

2.2. Semisimple classes with disconnected centralizers

We denote by Q, the additive subgroup of Q of rational numbers of
the form a/b with b not divisible by p, and write 7 : Q — Ef for the
composition of the morphisms Q — Q/Z — Qu/Z — IF , where the
second morphism is obtained by killing the p-torsion bubgroup of Q/Z, and
the last morphism is a fixed isomorphism between Q,/Z and F; as in [9,
3.1.3]. We set it : Q®z Y(T) - T,r ® vy — ~(i(r)), which induces a
bijective morphism Q,//Z®zY (T) — T, see [9, 3.1.2, 3.1.3]. Furthermore,
the surjective homomorphism from Q,s ®7 Y (T) onto Q,/ /Z ®z Y (T) with
kernel Y (T) induces the isomorphism of groups
(2.4) T~ Q/Z @, Y(T) = Qy @ Y(T)/Y (T).

Note that the action of W on Y (T) defined in Equation (2.3) can be natu-
rally extended to Q,/ /Z®7Y (T) and to (Qy®zY (T))/Y (T) and is compat-

ible with the isomorphisms of Equation (2.4). We define W, = Y (T) x W.
Note that W, acts on V as a group of affine transformations by

(v w)(A@9)=A29" +7,

TOME 62 (2012), FASCICULE 5



1676 Olivier BRUNAT

for v, v € Y(T), A € Q and w € W. So, we have
(Qy @2 Y(T)/Y(T)) /W = Qp @2 Y(T)/W.
Since the set of semisimple classes s(G) of G is in bijection with the set

T /W of W-orbits on T (see [9, 3.7.1]), we deduce that s(G) is in bijection
with

(2.5) (Qy ®zY(T))/Wa,
Now, we write «g for the highest root of ® (with respect to the height
defined by A) and put
(2.6) oy = Z Ny Q,

acA
with n, € N*. We define the affine Weyl group W, of V as the subgroup
of affine transformations of V' generated by s, (for @ € A) and sq,1 =
Sa + . Then by [4, p.174], the alcove

C={r eV ]|{(a,A)20VaeA, (a, ) <1}

is a fundamental domain for the action of W, on V. Recall that W, =

Y (Tye) X W (see [4, VI§2, Prop 1]). In particular, W, < W, which implies

that every W -orbit of V' contains at least one element of 4. We write
A=AU{—ap}

for the affine Dynkin diagram of G and Emin ={a € A |ne = 1}, with
the convention that n_,, = 1. For o € &min, we set z, = wqwgy, where
wo and w, are the longest elements of W and Wa\ a4}, respectively (note
that w_,, = wo and z_,, = 1). Then z, induces an automorphism of the

extended Dynkin diagram A. We define
A={z4|a € &min}.

Recall that A is isomorphic to the center Z(Gs.) as follows. By [4, Corollaire
p.177], we have Z(Gge) = {iT(@Y) | € Amin}. Moreover, for z € Z(Gy.),
there is a unique element w, € W (obtained as the projection on W of
any element w of W, satisfying w(%¢) = y + € for y € Qy ® Y(T) such
that It (y) = z; note that w, is well-defined because it does not depend on
y). Then [4, Proposition 6 p.176] implies that z, = Wi, (wy) for a € Apin.
Furthermore, the map
(2.7) Z(Gs) 2 A, (@) = za,
is an isomorphism of groups; see [4, VI.§2.3].

Now, we write W, = Y (Taq) x W and I'¢ for the subgroup of W, which
stabilizes €. Then in [4, VI,§2 Prop 6], the following result is proven.
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PROPOSITION 2.1. — The group of automorphisms of A induced by
elements of W is A. For a € Apin, we set fo = 24 +@2. Then f, € W
and we have

F% = {fa ‘ o€ zmin}

Moreover, the map
@’ 1 A= Y (Taa)/Y (Tse), 20 = @) + Y (Tse),
is an isomorphism of groups.

Note that, by composition of " with the isomorphism defined in Equa-
tion (2.7), we can identified the quotient Y (Taq)/Y (Tsc) with Z(Gsc).

For A € V, we will denote by (Aa) _x its affine coordinates, that is,
the unique family of rational numbers such that Z ~ )\ =1and XA =

Zan :‘L—wa, where n, are the integers defined in Equatlon (2.6) and

w”,, = 0. Note that A\ € ¢ if and only if A\, > 0 for every a € A; sce 4,
Corollaire p.175].

Now, following [2], we define the subgroup Ag of A to be the inverse
image of Y(T)/Y (Ts.) under w". We also define

(2.8) Aming = {0 € Amin| 2z € Ae} and T = {fa]a € Aninc}.
Then Bonnafé proves in [2, (3.10), Cor. 3.12, Prop. 3.13]

THEOREM 2.2. —

(1) For a € Apin and A = ()‘B)ﬁeA € ¢, we have fo(A)g = A1 (4 for
BeA.

(2) The points \, u € € are in the same W 4-orbit if and only if there
is z € Ag such that z(A\) — p € Y(T).

(3) Let [s]g € s(G) be a semisimple class with representative s € G
corresponding to a W ,-orbit [\] (here, \ denotes a representative in
%) on €. Then I ={a € A | \a = 0} is a basis of the root system
of Cg(s)® and the component group Ag(s) = Ca(s)/ Ca(s)® is
isomorphic to

Ac(N) = {z € Ag |Va € A, Apa) = Ao}

For a € &min, we write
(2.9) Vo={veV|f.(v) =0}

for the affine subspace of V' of the invariants under f,.

TOME 62 (2012), FASCICULE 5



1678 Olivier BRUNAT

LEMMA 2.3. — Let o, o' € ﬁmin. If (z4) = (24 ), then V, = V.
Moreover, if ), denotes the set of ( z, )-orbits on A, then
dim(V,) = |Qa] — 1.

In Table 2.1, we explicitly give the dimension of V,, for every irreducible
extended affine Dynkin diagram. For the notation, we use the labelling of
Bourbaki [4, Planche I-IX]. In particular, note that z,,(—ag) = «;.

Type | |A] A Za dim(V%,)
A, In+1 (Za, ) din+1, 23 d—1
B, 2 (Zay ) Zay n—1
Cn 2 (2a, ) Za,, 5]

Donir | 4 ( Za, ) Zans Fonoy = Za, | M1

Za, = zi 2n —1

Do, 4 (Zay_1 ) X (Zay, ) Zans 2oy 1 n

Zay = Zay, Ran 1 2n — 2
Es 3 (Za, ) Zays Zap 2
E; 2 (Zay ) Zay 4
Eg 1 {1} 1 8
Go 1 {1} 1 2
Fy 1 {1} 1 4

Table 2.1. The dimension of the invariant subspace

2.3. Fixed-points under a Frobenius map

Now, we suppose that G is defined over the finite field F, (for ¢ a p-
power) and we denote by F' : G — G the corresponding Frobenius map.
We assume that F' is the composition of a split Frobenius with a graph
automorphism coming from a symmetry p of A (which could be trivial).
We suppose that the maximal torus T of G is chosen to be F-stable and

ANNALES DE L’INSTITUT FOURIER
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contained in an F-stable Borel subgroup B. Moreover, F' induces Frobenius
maps on Gy and G,q (also denoted by F') such that F' and the isogenies
Tse and maq commute. We can define an F-action on X(T) and Y(T) by
setting

FO)@) = x(F(t)) and  F(y)(z) = F(y(z)),

for x € X(T), vy € Y(T),t € T and x € F;. The F-action on Y(T)

extends naturally to Q,//Z ®7z Y (T) and to (Qy ®z Y(T))/Y(T) and is

compatible with the isomorphisms of Equation (2.4). Since the set of F-

stable semisimple classes of G is in bijection with the set (T /W) see [9,

3.7.2], it follows that it is in bijection with the set (Q, ®z Y (T)/W,)F.
We put W, , = F~}(Y(T)) x W. Then the map

F Wa,q — Wa, yw = F(y)F(w),

is an isomorphism of groups. Note that W, is a subgroup of Wa’q. Fur-
thermore, for v € V and g € Wayq, we have

(2.10) F(g)(F(v)) = F(g(v)).

We define W, , = F~L(Y(Tys)) x W and W,y = F~1(Y(Taq)) x W.
In particular, we have W, , < W, 4 < W, 4. Moreover, Equation (2.10)
implies that the set

%, ={veV|F@) €€

is a fundamental region for the W, s-action on V. We denote by hy : V — V
the homothety with origin 0 and ratio %. Recall that F acts on V' by h;l -Fy,
where Fy : V — V is a linear transformation defined by Fy(a) = p~1(a) for
all a € A. Note that V' can be regarded as a euclidean space on which the
elements of Wa and F{ act as isometries. In the following, we will denote
by dp the associated metric. Since { Fo(x),v) = (X, Fo(7) ), we deduce that
Fo(wg) = @)1, for every a € A. For o € A, we set

Ly
- 6 "Wo(a):

g
<

I
B
5
&

|

Note that Np=1(a) = Na- Hence, ﬁmin is p’l—stable. For o € Emin, we define

fana = Zp(a) + W q-

TOME 62 (2012), FASCICULE 5



1680 Olivier BRUNAT

LEMMA 2.4. — Leta € Amin. Then the following diagram is commuta-
tive.
fa
t 4
L

foa

4 &

Proof. — For every a € Ay, we set I, = A\{a} and &, = Wy (I,)
the corresponding root subsystem with basis I,. Since f_, = f—ay,¢ = 1,
the lemma is trivially true for —ag. Fix now o € A with n, = 1. For every
x €V, we have

1
FilfaF(x) = 5 'w/\)/(a) + FO_lzaFO(x)'

Moreover, we have p(I,) = I,, and ®,) = p(Pa). If we and w,,) are the
longest elements of Wy, and Wy, then w,,) = p(wey,). Indeed, for every
B € A, we have s, = Fo_lngo which implies that p(w,) = Fo_lwaFo.
Now, if 8 € @/f(a), then p(wy)(B) = Fofl(—Fo(ﬁ)) = —f, as required. So,
we have FglzaFo = Zp(a), and the result follows. O

Note that W, 4 is the affine Weyl group generated by s, for a € A and
by the affine reflection sq,1/4 = Sa, + %ag . We denote by H, the collection
of all hyperplanes defined by the affine reflections of W, ,. Moreover, W,
is a subgroup of W, 4. It follows that € is a union of certain transforms
of €, under W, 4. We write E, for the set of elements w € W, 4 such that
w(%,;) € € and define

(2.11) Q, ={w(¥b,) |w e E,;}.
We now can prove
THEOREM 2.5. — Let o € Emin. We define
Ma,q ={w € Eq| fa (w(6g)) = w(%q)}-

Let V,, be the subspace of invariants as in Equation (2.9). If V,, is contained

in some hyperplane of H,, then |M, 4| = 0. Otherwise, we have | M, 4| =
dim V,
q i

Proof. — Since W, is a subgroup of Wa}q, it follows that f, € Wa,q.
In particular, f, permutes the elements of #, and also the set of alcoves
w(%,) for w € W, 4. Hence, f, permutes the elements of Q, (because for
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w € E,, we have fo(w(%,)) C €). We denote by 7, € W, , the element
such that
(2.12) ro(6y) = fo(%y)-

Let w € F,;. Then we have

w(€y) = fa(w(€y))
= faw it (fa(€)))
= fozwfojlra(%q),
Furthermore, the group /qu normalizes W,_,, which implies that fowf, ! €
W,.q- In particular, we have fowf5'ro € W, .. However, by [4, V1.§2.1], the

group W, , acts simply-transitively on the set of alcoves {w(%;) |w € W, 4}
It follows that f,wf, 'r, = w, which implies

(2.13) w fow =131 fo

Note that 73! fo (€y) = €, and 71 fo € /V[Zl,q. Proposition 2.1 implies that
there is @ € Ay, such that fe=ra 1f.. We define

(2.14) M Amin = Amin, @ — 4.

Hence, the following diagram is commutative

% = w(6q)
lf;q ifa
% = w(%q)

For A C Vand f : V — V, we denote by A/ the subset of elements
f~
of A invariant under f. So, Equation (2.13) implies that w : €;** —

w(€,)’= is bijective. Thus the sets quf‘” and w(%,)’> are isometric. Let
x € V,. Suppose that z lies in the interior of some w(%;) for some w €
E,. Then z = f,(x) lies in the interior of f(w(%,)), which implies that
fa(w(6y)) = w(€,). Conversely, if w(6y) is fo-invariant, then the interior
of w(%,) contains elements of V,, (for example, the isobarycentre of the
simplex w(%,), because f, is an affine map). It follows that M, , = 0 if
and only if V,, is contained in some hyperplane of H,.

Suppose that V,, is not contained in some hyperplane of H,. For H € H,,
consider the affine space V,, N H. Then dim(V,, N H) < dim V,, (otherwise,

TOME 62 (2012), FASCICULE 5
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V.. would be contained in H). This implies that

(2.15) Vol(¢7f=) = Vol | €7\ U H
HeHy, HN6#0

Furthermore, we have

(2.16) ¢t U H= || w(@)".
HGH(I,HO(@”#@ WEMq 4

Since Vol(w(%,)7*) = Vol(w(%,)’«) for every w € M, ,, Equations (2.15)
and (2.16) imply that

(2.17) Vol(¢/e) = Y~ Vol (w(,)’).

weEMy 4

Moreover, the sets %, and w(%,)’> are isometric. Thus they have the
same volume, and Equation (2.17) implies that

Vol (=)

—
Vol (%q “’“)

f~ f~ .
Thanks to Lemma 2.4, we have F(%;*") = € . By Equation (2.13) and
Lemma 2.4, f,, and f~ are conjugate (in the group of affine transformations

of V). Hence, z, and 7+ have the same order. If G is not of type Da,,, then
A is cyclic. This implies that (z,) = (zz) and thanks to Lemma 2.3, we
have V,, = V=. Hence, we have Glo — €13 18 G is of type Day,, then the
invariant subspaces of f, and f have the same dimension (because f, and
[ are conjugate). Table 2.1 implies that there is i > 0 such that & = p(a).

Then f~ = Fy" foFy, and %’% and €7« are isometric. We have proven that

(2.18) |Ma.ql =

Vol (F(%q“"“)) = Vol (¢/=).

. 1 f; q dim(Vy) f’;’ q
Since F' = h; " Fy, we deduce that Vol | F(€;*") | = q «) Vol | €, ],
and it follows that Vol | €, aa) = — vy Vol(€7=). Now, the result follows

q [e3
from Equation (2.18). O

Remark 2.6. — 1If V,, is contained in some hyperplane H of H4, then H
is not a wall of %. Indeed, the walls of % are the hyperplanes Hg = {\ €
VI{(B,\) = mg} for B € A, where mg = 0 for 5 € A and m_,, = —1.
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Let 8 € A. We then define the element \® by setting A% ) = |<za YA for
alli >0 and A =0 for v ¢ <za> B. Note that A* € € and f,(A*) = A“.
Moreover, (3, \*) =mg + m # mg, which implies that A\* ¢ Hpg.

LEMMA 2.7. — Let X € w(%,) for some w € E,. We suppose that \ ¢
Amm Then, X lies in an F-stable W 4-orbit if and only if there is o € Amm
with z, € Ag such that F(A) = F(w) fo(N).

Proof. — Since F(w(%,)) is an alcove for W, there is a unique v € W,
such that vF(w(%,)) = €. In particular, vF(\) € €. If F(X) and X lie
in the same W ,-orbit, then vF()\) and A too. Then, by Theorem 2.2(2),
there is z, € Ag (for a € Emin) such that vF(A) — zo(A) € Y(T). Since
@) € Y(T), we deduce that vF()\) — fo(A) € Y(T). But vF () and fq ()
lie in ¢". We denote by (u5) ,_x and (\j ) % the affine coordinate of vF'(A)
and f, (). We have

Y/
FO = fulh) = 30 2Ly,

BEA B

ﬁEA

We have 0 < pg < 1and 0 < A < 1 forall 8 € A (because vF'(A\) and
fa(A) lie in €). Thus, for every 8 € A, we have
1 _ps— N 1
TR
Since Y(T) < Y(Taa), we deduce from Equation (2.2) that pg = Xj if
B¢ &min. Suppose that 8 € &min. Then ng =1 and pg — Xﬁ e {-1,0,1}.
If 1g — Ny # 0, then we can assume that g = 1 and Xy = 0. Then pg =0
for all " # B, and vF(\) = wy. Similarly, we deduce that fo(\) = @y,
for some B’ € Amin (because fq(A) # vF(X), which implies that there is
B' € Apin with X, = 1). It follows that A = @Y ;) € Ay
So, if we assume that A ¢ Apin, we deduce that vF(A) = fo()). More-
over, vF(w(%,)) = € implies that F(w)(%¢) = v~ 1(¥). Since F(w) €
W,, it follows from [4, V1.§2.1] that F(w) = v~!. Conversely, if F()\) =
F(w)fa()\), then F(w™1)F(\) and f,(\) are in €. So, we have

//\

Fw ™ F(\) = za(A) = —wy € Y(T),
and the result comes from Theorem 2.2(2). O

LEMMA 2.8. — Suppose that A is cyclic. For a € ﬁmin, a # —ag and
w € Myq, if X € w(%,) lies in an F-stable W ,-orbit, then A € V,,.
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Proof. — Suppose there is w;_g/ € w(%,) with 8 € Emin. Then f, (wg/) =
@y Moreover, wy = f5(0) and fo(0) = w,. It follows that

fo(@a) = fafa(0) = fafs(0) = fa(wy) = @y = f5(0),

which implies that wy = 0, i.e. & = —ay.

So, this proves that A ¢ me and by Lemma 2.7, there is 8 € Emin
such that wF =1 f3(\) = X. Then X is a fixed-point of the map wF~! f5 :
% — w(%,), which is a contraction map with rapport 1/¢ with respect
to the metric dy. By the contraction mapping theorem, A is the unique
fixed-point of this map. We write & = m(«) where m is the map defined in
Equation (2.14). Then, using Lemma 2.4 and Equation (2.13), we deduce
that

wF ™ fafr =wF f=f3
= wfquFilfB
= fozw-Filfﬁ~

In particular, we have wF =1 f4 (‘Kfa) = w(€,)’=. Moreover, in the proof of

Theorem 2.5 we have seen that A cyclic implies that ¢l = ¢l Hence,
it follows that

WE fa(€7) C €.

So, X is the limit of the sequence defined by zo € €' and z, =
wF’lf/;(xk_l) for k > 1. Since €/ is closed, we deduce that \ € €/~ as
required. O

The proof of Lemma 2.8 shows that the map wF~1f, : ¢ — w(%,) for
w € E,; and o € Ay has a unique fixed-point, denoted by A, , in the
following. Moreover, we define

(2.19) Sg.a ={Aw,a|w € Eg}.
To simplify, we will write Sq,_q, = S¢ and A, —a, = Aw.

LEMMA 2.9. — Let o € &min. Ifm: Amin — Emin denotes the map de-
fined in Equation (2.14), then w,, € S, if and only if m(«) = . Moreover,
ifwy € Sy, then for w € E,; and § € Api, we have

faAw,8) = Awr 5

where w' = fowfy 7, and r, is defined in Equation (2.13).
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Proof. — We have

ToF " Hw@wY) = 1o 71 f4(0)
= Tafm(a),qF_l(O)
= fm(a)(o)

Y,
- wm(a) :

Hence, m(a) = aif and only if wy € S,. For w € E,, we denote by v’ € E,
the element such that fo(w(%;)) = w(E;). We have

fawfa'ra(€q) = w'(€,).
Since fowfyre and w’ lie in W, 4, we deduce from [4, VI1.§2.1] that v’ =
fawfiira. Now, if m(a) = a, for 8 € Apin, we deduce that

foz()\w,,é’) = fonF_lfB()‘w,,B)

= f(xwf(zlrtxfm(a),qulfﬁ()‘w,ﬂ)

= W' F " f5 (fin(o)(Aw.p))

= w'F7 f5 (fa(Au ) -
By unicity, we deduce that fo (A, 8) = Awr 8- O

Remark 2.10. — 1In [9, 3.8], it is proved that S, C Qp ®z Y (Ty).

Since Y (Ts) < Y(T), the W,-orbits on S, parametrize some F-stable
semisimple classes of G.

PROPOSITION 2.11. — Assume there is a € Amin,g, where &min,G is
the set defined in Equation (2.8), such that Ag = (z,) has prime order
and assume that G is not of type Ds,. If V,, is not contained in some
hyperplane of H,, then the number of F-stable semisimple classes of G
dim(Va) - Otherwise, there are no F-stable
classes with disconnected centralizer.

with disconnected centralizer is q

Proof. — Since Ag has prime order, the W 4-orbit of A € € correspond-
ing to (see Equation (2.5)) a semisimple class of G with disconnected cen-
tralizer lies in V,,, by Theorem 2.2(3). First suppose that V,, is not con-
tained in some hyperplane of H,. Then, M, 4 is non-empty. In the proof
of Lemma 2.8, we showed that if A € w(%;) with w € M, 4 is such that its
W .-orbit is F-stable, then A = Aw,p for some 5 € Emin’(;. Moreover, by
Lemma 2.8, we have A € V,,. Since Ag is generated by z,, we have V,, C V3.
This implies that fg(A) = A. Thus, A = A, g forall g € Emin’g and A is the
unique element of w(%,) lying in an F-stable W ,-orbit. So, in particular,
A = A,. Moreover, Theorem 2.2(2) implies that for w’ € M, , such that
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w # W', the elements \, and )\, are not W,-conjugate. Then there are
| My, q| such elements. By Remark 2.10, these points lie in Q,y @z Y (T)N%E
and correspond to the F-stable semisimple classes of G with disconnected
centralizer. The claim then follows from Theorem 2.5.

Suppose now that V, is contained in some hyperplane of H,, and assume
there is A € V,, with F-stable W ,-orbit. Then \ ¢ ﬁmin (because a # —ag
and no element of Emin is fixed by f.). Hence, Lemma 2.7 implies that
F(A\) = F(w)(\) with w € E; such that A € w(%,), i.e., A = wF ().
Then, A € S,. However, by [9, 3.8.2], A lies in a unique element of Q,
which contradicts the fact that A lies in a hyperplane which is not a wall
of € (see Remark 2.6). O

LEMMA 2.12. — If p does not divide | Ag|, then for every « € Emimg,
the invariant subspace V,, is contained in no hyperplane of H,.

Proof. — As we remarked at the end of the proof of Proposition 2.11, if
there is A € S, such that f,(\) = A for @ € Apin,g, then V, is contained
in no hyperplane of H,. Suppose there is A € € such that:

(1) We have A € Qp @z Y (Tsc)NE.

(2) The type I, is not equal to the type of I, for every p # A.

(3) We have f,(\) = A.
Let A be such an element. Property (1) implies that there is a semisimple
class [s]g,. in Gg corresponding to A. Then F(s) is a semisimple element
whose centralizer is of the same type as the one of s (because F' is an
isogeny). Let p be the point of ¥ which is W,-conjugate to F(\), i.e, u
corresponds to the class of F'(s) in the identification given in Equation (2.5).
By Theorem 2.2(3), we have I,, = Iy and it follows from Property (2) that
A = p. Hence, the W,-orbit of A is F-stable. We conclude using Prop-
erty (3).

Suppose that p is a prime that satisfies the condition in Table 2.2. For
types By, Capn, Do,, Eg and E7, the corresponding elements given in Ta-
ble 2.2 satisfy Properties (1), (2), and (3). The result follows in these cases.
Furthermore, for the type Cy,4+1, if we denotes by A, the corresponding
element of Table 2.2, we have

F(An) = (q - e0) “An t+ € Ap,

where ¢y € {—1,1} is such that ¢ = ¢ mod 4. Put § = 0 if ¢g = 1 and
6 = 1 otherwise, and define r,, = tnwg, with ¢,, the translation of vector
(¢ — €) - An € Y(Ty) and wy is the longest element of W. By [4, Ch.
VI, §4.8], wg acts on V as —1, which implies that wg(\,) = —A,. Thus,
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we have r, € W, and F(\,) = r,(\,). It follows that A\, € S, and we
conclude as above.

Note that if G is of type A,, there is no element A\ € ¥ which satisfies
the above properties (1), (2), (3). So, in order to prove the result for the
type A, we will more precisely describe the hyperplanes of H,. For this, we
write A = {a; |1 < i < n} as in [4, Planche I} and recall that the positive
roots are the elements o;; = Zi@q ar for 1 <17 < j <n+ 1. Hence, the
hyperplanes of H, are given by

k
Hij,k = {/\€V|<O{i]‘,/\> = q},

for 1 <i<j<n+1andk € Z. In particular, an element A = (\;)1<i<n

It

lies in Hj; j, if and only if

k
(2.20) Z A = e

i<r<j

Let z, € A. Write d for the order of z, and define the elemegt A €EC
such that )‘d»zél = 1/d for all i > 0 and A\gg = 0 for § € A which is
not in (zq ) - o1. In particular, thanks to Equation (2.20), Ay € H;j 5, for
some 1 <i<j<n+landl <k < (¢—1) (we indeed can suppose
that H;; 1 is not a wall of € by Remark 2.6) if and only if gng = kd, where
ng = [{a, |1 <7 <j}N(zy)-0q]. Since ¢ > k > 0, we deduce that p divides
d. Tt follows that if p does not divide |Ag|, then V,, is not contained in some
hyperplane, as required.

Finally, if G is of type Da,11, then we show using equations of hyper-
planes derived from [4, Planche IIT] and an argument similar to type A,,
that the f,-stable element () + @y, + @3, ) lies in no hyperplane of
‘H, which are not walls of €. O

COROLLARY 2.13. — In table 2.3, we give the number n(q) of F-stable
semisimple classes with disconnected centralizer for simple algebraic groups
such that A has prime order. If s is a representative of such a class, we write
Ac(s) =Ca(s)/ Ca(s)® for the component group of Cg(s).

Proof. — This is a direct consequence of Proposition 2.11 and Table 2.1.
The condition on p comes from Lemma 2.12. a

Remark 2.14. — Recall that the Lang-Steinberg theorem implies that
the number |s(GT')| of semisimple classes of the finite fixed-point subgroup
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Type A Type of I
B, p#2| i @ |BhaoxAix4
Con Dp#2 %w% C, x C,,

Cong1 P#2| 5 @4y Aap,

Dy, p#2 %w% D, x D,
Es p#3| 3 -wy As x Ag X A
Br  p#2| 3owy Ay

Table 2.2. Some invariant elements

GF is given by

(2.21) s(GM)I = Y |Ac)"],
[slaes(a)”
F(s)=s

where the sum is over the set of F-stable semisimple classes of G and the
representative s is chosen to be F-stable, which is possible by the Lang-
Steinberg theorem. Suppose that Ag has prime order. Then every semisim-
ple element s with disconnected centralizer has a component group Ag(s)
isomorphic to Ag and so to a subgroup H of Z(Gg.) of order |Ag| (using
the isomorphism of Equation (2.7)), such that the actions of F' on Ag(s)
and on H are equivalent. In particular, we deduce that the actions of F' on
the groups Ag(s) for all s such that Ag(s) is not trivial, are equivalent. We
denote by c¢; (resp. c2) a set of representatives of the F-stable semisimple
classes of G with connected centralizer (resp. a disconnected centralizer)
and we suppose that the elements of ¢; and ¢y are chosen to be F-stable.
Then Equation (2.21) gives

(2.22) 1s(GT)| = |e1| + [HT| - |ea).

In [7], we computed |s(GT)| for every simple algebraic group G defined
over [Fy; see [7, Table 1]. Moreover, it is well-known [9, 3.7.6] that

(2.23) ¢3! = ler] + [ea-

In particular, if |[H¥'| is not trivial (this condition is for example related
in [7, Table 1]), we can deduce n(q) = |ca| from Equations (2.22), (2.23)
and [7, Table 1]. We retrieve the results of Table 2.3. But, when H* is trivial
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(for example, for ¢ =2 mod 3 for G of type Eg), we get in Equation (2.22)
no new information, and n(g) cannot be computed using [7].

Remark 2.15. — 1In [7], the prime p is supposed to be a good prime for
G, i.e. p does not divide any of the numbers n, (for @ € A) defined in
Equation (2.6). Note that Proposition 2.11 applies for any prime p which
does not divide | Ag|; see Lemma 2.12. In particular, we deduce from Equa-
tions (2.22), (2.23), and Table 2.3 that

|8 (EEﬁ,ad(zf)) | — 96f + 92f+1  4nd |S (E7,ad(3f)) | — 37f _|_34f,

where € = 1 if F' is a split Frobenius map and € = —1 otherwise. Moreover,
thanks to [7, Prop. 4.1 and Prop. 5.9], the ordinary McKay Conjecture
holds in defining characteristic for these groups.

Type n(q) | |Ac(s)]

An,ad n + 1 prime p;én—&—l 1 n-+1

B ad p#2 | ¢" ! 2
Chad p#2 | ql%] 2
Eg.aa p#3 ¢ 3
E7 ad p#2 q* 2

Table 2.3. Number of semisimple classes with disconnected centralizer

Now, we define
0,= || Sea
Q€ Amin,c
PROPOSITION 2.16. — Suppose that Fy is trivial and that
g=1 mod |Ag]|.

Then the I'g-orbits of ©, correspond to the F-stable semisimple classes of
G in the bijection given in Equation (2.5). Moreover, if Ag is cyclic and
G is not of type Do, and if for o € Emin,g, the invariant space V,, is not
contained in some hyperplane of H,, then we have

|®q,a| — qdim(Va)’

where ©g4  denotes the set of I'g-orbits of ©, whose representatives are
contained in V.
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Proof. — We have |Ag| = |Y(T)/Y(Ts)|- In particular, |Ag| is the
product of the elementary divisors of Y(Ts.) < Y(T) (viewed as Z-modules).
Hence, it follows that |Ag| - Y(T) < Y(Ts) and |Ag| - F~H(Y(T)) <
F~1(Y(Ty)). For a € Apin, we have Wy, = % - w) (because Fy is triv-
ial) and wy = (¢ — 1)wy , + wy ,- Denote by 7, the translation of vec-
tor (¢ — Dwy .. So, w) = qwy, = ra(w, ). Since |Ag| divides ¢ — 1,
the translation r, lies in F~1(Y(T)), and we have 7,(%,) C €. Thus,
fa(6y)) = ro(%,). Furthermore, we have

ro F N w)) = w).

This proves that w) € S, and by Lemma 2.9, we deduce that m(a) = «
and that I'g acts on ©4. Now, since w,, € ©,, Lemma 2.7 implies that the
elements of ©4 are the elements of € whose Wq—orbit is F-stable. Moreover,
by Theorem 2.2(2), two elements of ©, are W ,-conjugate if and only if they
lie in the same I'g-orbit. As we have seen in the proof of Theorem 2.5, I'g
acts on the set 2,. We denote by S a system of representatives of Qg /T'c.
Then we have
@q/FG = |_| {FG : )\w,,ﬁ | ﬁ S ZmimG}-
w(€q)ES
Let w(%,) € S. Then we have [{T'c - |8 € &minvgﬂ = |Su,q|, Where
Sw,qg = {8 | B € Amin,g}. Furthermore, the proof of Lemma 2.9 implies
that A, g = Aw g if and only if there is f € I'g with f(w(%;)) = w(€,)
and (' is the element of A, e such that fg = ff,. This proves that
|Suw.ql = Tal/|Stabre (w(%y))| = T'a - w(g)].
It follows that
O/Tal= Y ITa-w(@)|=|E,|=q"!
w(%,)ES

The last equality comes from [11, §3]. However, the number of F-stable
semisimple classes of G is ¢l2l; see [9, 3.6.7]. Hence, there are at most
¢!l orbits under W, in Q, ®z Y(T) which are F-stable. It follows that
the elements of ©,/I'c have to contain points in Q, ®z Y (T) N¥, and
correspond to the F-stable semisimple classes of G.

Now, we remark that I'g stabilizes ©, N V. Hence, we have

Oga =0, NV Tq.

We set S, = {w(%,) € S|w € M, ,}. Note that the elements of S, do not
depend on the choice of representatives S of Qg /T'c. Indeed, if w € M, 4
and w’ € E, is such that there is f € I'q with &'(%,) = f(w(%,)), then
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w' € My,q4 because f and f, commute. Moreover, for w € M, 4, every
Awp with 8 € Apine lies in V, (by Lemma 2.8, because Ag is cyclic).
Therefore, we have

eq,a - |_| {FG . )\w,ﬁ |ﬂ € Emin,G}
w(Cq)ESa
As above, we conclude that |©g .| = |M,,4|, and the result comes from
Theorem 2.5. O

PROPOSITION 2.17. — Suppose that Fy is not trivial and that ¢ = —1
mod |Ag|. Moreover, assume that G is not of type Ds,. Then the conclu-
sion of Proposition 2.16 holds.

Proof. — Let o« € &mm. For every 8 € A, we define 53 = sg — 5"7‘3 caV.
Write zo = [[4¢; sp for some index subset I of A and define
Zo = H gﬁ S Wa7q.
Bel

Note that z,(%,) = €, — % -w,, (by Proposition 2.1) and Z, (¢, — % cwl) =
Cq — % - wy. Furthermore, we have Fyz,F, ' = Zp-1(a) (see the proof of
Lemma 2.4). Moreover, p acts on A by z + 271 (because A is cyclic; see [4,

Planche I-IX]). This implies that f,-1(4)fo = Id. Hence
1,1 1
FozaFy 1(5 ‘W) = 2 @) T fpi () fal0),
and we deduce that za(FO_l(% ‘w))) = —% -w@,,. Note that Za(—% cw)) =
—% -w). Since | Ag| divides (¢+ 1) the translation ¢ of vector (¢ +1)- %w(\;
lies in W,. We set 7o = tZp2qa € W,. Then r,(%,;) C € and @ lies in
ro(%y). Thus fo(6,) = ro(%,). Moreover, we have
1

roFTNE -

0 (q

This proves that @) € S, and we conclude as in the proof of Proposi-

tion 2.16. O

Remark 2.18. — Suppose that G is adjoint of type Da, 1, that p is odd
and that F™* acts trivially on Z(G*) (that is, g =1 mod 4 if F is split, and
q = —1 mod 4 otherwise). Thanks to Propositions 2.16 and 2.17, we have

- ‘ —Q g Qop, Q241
2n+1 2n—1 n—1 n—1
04,0l \ q q q q

Note that we have in fact ©g.a,, = O as,.,- We denote by c4(q) a set of
representatives (chosen to be F-stable) of F-stable semisimple classes of G
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whose centralizer component group has order d. Since G is of adjoint type,
we have Ag = A ~ Z4 and d|4. Furthermore, since V,,, C V,, C V_,,,
we have

(2.24)
@l =q""", leag)l = ¢*" " ="~
Therefore, Equation (2.21) implies that
‘S(GF” _ q2n+1 4 q2n—1 +2qn—17

1 2n+1 2n—1
—q .

and |ei(q)| = ¢

and we retrieve the result of [7, Table 1]. Now, using [7, Prop. 4.1] (note that
G* is simply-connected), if we denote by Trr, (G*F") the set of irreducible
p/-characters of G*f" | then we deduce that

|II'1"pI(G*F*)| — q2n+1 + 3q2n—1 + 12qn—1.

Comparing with [7, Prop. 5.10], this proves that the ordinary McKay Con-
jecture holds for G*F at the prime p.

3. Semisimple characters
3.1. Stable semisimple and regular characters

In this section we keep the notation of Section 2.3 and suppose that the
Frobenius map F : G — G is split (i.e the map Fy : V — V defined on
p.1679 is trivial). Moreover, we assume that p is a good prime for G. For
every a € ¢, we write X,, for the corresponding one-dimensional subgroup
of G normalized by T and choose an isomorphism z,, : Fp — X, in such a
way that F(zq(u)) = z4(u?). Let p be a symmetry of the Dynkin diagram.
Then we write 0 : G — G for the graph automorphism on G defined for all
o € ® and u € F), by (x4 (u)) = 2,(a)(yau) where 7, = £1 is chosen such
that y1 = 1 for all a € A; see [8, 12.2.3]. Note that F' and o commute.
We denote by U the unipotent radical of B. Recall that B = U x T and
that U = [[,cp+ Xa- Note that the product in the last equation is the
inner product of G. Now, we define the normal subgroup

U= J] X.cU
aedt\A
and the quotient U; = U/Uj (with canonical projection map my, : U —
Uj). Then we have Uy ~ [] . o X4 (as direct product), and Uy is F-stable
and connected, which implies
(3.1) U ~ [ X%,
acA
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(as direct product), because X,, is F-stable for every o € A. Fix u; € UF
such that 7y, (u1)a # 1 for all & € A (such an element is regular) and recall
that Ag(u1) = Z(G), because p is a good prime for G; see [14, 14.15,14.18].
Then by the Lang-Steinberg theorem, we can parametrize the G¥'-classes
of regular elements by H!(F,Z(G)) [14, 14.24]. For z € HY(F,Z(G)), we
denote by U, the corresponding class of G¥'. Furthermore, a linear character
¢ € Trr(UY) is regular if it has U} in its kernel, and if the induced character

on U¥ (also denoted by the same symbol) satisfies Resgg(dﬂ # 1xr for

all @ € A. By [14, 14.28], we also can parametrize the T -orbits of regular
characters of U by H'(F,Z(G)). For this, we fix a regular character ¢,
of UF. Then, for every z € H*(F,Z(G)), the regular character ¢, = ¢y,
where ¢, is an element of T such that t;1F(t,) € 2, is a representative of
the TF-orbit corresponding to z.

Now, for z € H(F,Z(G)), we define the corresponding Gelfand-Graev
character by setting

I, = IndSr(4.).
We denote by Dgr the duality of Alvis-Curtis and define Irr,.(G) =
{x € rr(GF) |32z € HY(F,Z(G)), (x,T.) # 0} and

(3.2) Irry (GF) = {6 Dar(X) | x € Irr, (GF)},

where €, is a sign chosen to be such that ¢, Dgr(x) € Irr(GF). The ele-
ments of Irr,.(GE") (resp. of Irrs(GT") are the so-called regular characters
(resp. semisimple characters) of G¥. In order to describe more precisely
the sets Irrg(GF) and Irr,.(GF), we first introduce further notation. We
choose a o- and F-stable torus Ty containing Z(G) and we consider the
connected reductive group

(3.3) G =T xzq) G,

where Z(G) acts on G and on Ty by translation. We extend o and I to G.
Note that G has connected center and the derived subgroup of G contains
G. Furthermore, T = T, T is an F-stable maximal torus of G contained in
the F-stable Borel subgroup B=UxTofG. Moreover, we write (G*, F*)
and (G*, F*) for pairs dual to (G, F) and (G, F), respectively. Then the
embedding i : G — G induces a surjective homomorphism ¢* :G* G*
Now, we erte T and T for a set of F*-stable representatives of S(G*)

and s(G*)T". Note that s(G)f" = s(GF") because the center of G is
connected, and T is then a system of representatives of the semisimple
classes of GF”. Furthermore, for s € 7 and a € H'(F*, Ag-(s)), we choose
ga € G* such that the F*-class of g;'F*(g,) in Ag~(s) is a and write
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Sa = 9asg; ' € G*F". Then the elements s, for a € H'(F*, Ag-(s)) are a
system of representatives of the G*I'" classes of [s]q- NG*F" . In particular,
the set

(3.4) S=||{salacH (F, Ag-(5))}
seT

is a set of representatives of s(G*F"). Note that the elements of T are
chosen such that, if s € S, there is s € T with i*(5) = s. Now, for any
semisimple element s € G*F" and 5 € G*F*, we denote by £(GF,s) C
Irr(GF) and (G, 3) C Irr(GF) the corresponding rational Lusztig series.
Recall that £(GT,s) consists of the irreducible constituents of Deligne-
Lusztig characters RS, (s), where T* is any F*-stable maximal torus of G*
containing s, and we have

Irr( GF |_| E( GF s) and Ir GF |_| E( GF
seS seT

For 5 € T, let W(5) C W be the Weyl group of Cg. (8). Denote by T? an
F-stable maximal torus of Cg. (5) containing s and for w € W (s) we write
'ffu for the F™*-stable maximal torus of Cg, (5) obtained by twisting T} by
w € W. We define

€afo~ (3 ~
(3.5) pr=——e S G (),
W 2 T
weW (s)
EX~E ~
G%oZ ()

. Ec

weWe(s)

where ¢ is the sign character of W and eg = (—1)rk5q(a). Here, rkp, (G)
denotes the Fy-rank of G; see [14, 8.3]. Then we have Irr,(G") = {pz|5 €
T} and It (GF) = x3|5 € T}. Let s € T. Write 5 € T such that i*(5) = s
and define

(3.7) Xs =Res§r(x;) and  p, = ResGr (py).

Furthermore, for s € S, we recall that there is a surjective group homo-
morphism [3, (8.4)]

20 HY(F,Z(G)) — Iir (AG*(S)F*) .

We now can recall the following result [3, Proposition 15.3, Corollaire
15.14].

ANNALES DE L’INSTITUT FOURIER



ON SEMISIMPLE CLASSES AND SEMISIMPLE CHARACTERS 1695

THEOREM 3.1. — For every s € S, we have (I'1, xs )gr = 1. We write
Xs,1 for the common constituent and put ps1 = EGé‘C?E*(S)Dg(XS,l). More-

over, for ¢ € Irr(Ag-(s)""), we define

Xsg ="Xs1 and pse ="ps1,
where z is any elements of H'(F, Z(G)) such that @%(z) = £ and t, € T
with t;1F(t,) € z. Then
(1) For z € H'(F,Z(G)) and ¢ € Trr(Ag-(s)™"), the character xs.¢
(resp. ps¢) is an irreducible constituent of T', (resp. of Da(T';)), if
and only if £ = @9(z).
(2) We have

Xs = Z Xs,& and Ps = Z Ps,E-
celr(Ag=(s)F™) celr(Ag*(s)F™)

(3) We have Irry(GF) = {psels € S, ¢ € Irr(Ag-(s)")} and
It (GF) = {xs¢|s €S, € € r(Ag-(s)F )}

CONVENTION 3.2. — The regular character ¢, € Irr(UT") will be chosen
to be o-stable. This choice is possible by [5, 3.1] (note that Lemma 3.1 of [5]
is stated for a Frobenius map F’ which commutes with F. But the argument
is still valuable for a graph automorphism commuting with F).

PROPOSITION 3.3. — Assume that ¢; € Irr(UY) is chosen as in Con-
vention 3.2. For every z € HY(F,Z(G)), we have

”Fz = Fg(z) and (TDGF (Fz) = DGF (Fa(z))

Moreover, the operation of (o) on the set of constituents of 'y and of
(0*=1) on s(G*I'") commute, and for s € S, if the G*F" -class of s is *-
stable, where o* : G* — G* denotes the automorphism of G* obtained in
dualizing o, then for every z € H'(F,Z(G)), we have

TX5,60(2) = Xs,00(0(2))  and  “Ps c0(z) = Ps,a0(o(2))-

Proof. — For s € S, we have
(3.8) TE(GF,s) = E(GT 0" ().
The proof is similar to [6, Proposition 1.1] (because F' and ¢ commute). In
particular, one has 7xs = Xs+-1(s) and 7ps = pg«-1(s). Since ¢y is o-stable,

it follows that °I'y = I'y. This implies that if s is c*-stable, then x;; and
ps1 are o-stable. We conclude as in the proof of [5, Theorem 3.6]. g
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Remark 3.4. — Note that Proposition 3.3 shows that H(F,Z(G))°
parametrizes the o-stable Gelfand-Graev characters of G

LEMMA 3.5. — Suppose that H*(F,Z(G)) has prime order. Then every
o-stable regular (resp. semisimple) character of G is a constituent of some

o-stable Gelfand-Graev character (resp. dual of Gelfand-Graev character)
of GF'.

Proof. — Let x be a o-stable regular character of G¥'. Thanks to The-
orem 3.1(3), there is s € S and ¢ € Irr(Ag-(s)"") such that y = xs¢
and Proposition 3.3 implies that the G*F -class of s is o*-stable. Let
z € HY(F,Z(G)) be any element such that &%(2) = ¢. In particular,
x € I, by Theorem 3.1(1). Since H'(F,Z(G)) has prime order, we de-
duce that ker(@?) is is either trivial or equal to H!(F,Z(G)). If ker(@?) =
HY(F,7Z(G)), then ¢ = &%(1) and x € I'y, which is o-stable with our
choice in Convention 3.2. Suppose now that ker(@?) is trivial. By Proposi-
tion 3.3, we also have “xs¢ = Xs,00(o(z))- 1t follows from Theorem 3.1(1)
that y is o-stable, if and only if ©%(c(z)) = @&%(2), which is equivalent
to z7lo(2) € ker(@?). Then o(z) = z and Proposition 3.3 implies that
°T, =T,, as required. O

Remark 3.6. — Note that in general, if y is a o-stable regular character
of GF | then x is not necessarily a constituent of some o-stable Gelfand-
Graev character of G. For example, consider a simple simply-connected
group G of type As defined over F, (with ¢ =1 mod 4) and suppose that
the corresponding Frobenius map F' is split. We denote by a1, as and ag
the simple roots of G (relative to an F and o-stable maximal torus T of
G) that we label as in [4, Planche I]. Write o for the non-trivial graph
automorphism of Asz. The condition on ¢ implies that F' acts trivially on
Z(G). Hence, H*(F,Z(G)) = Z(G). Write 2, for a generator of Z(G). With
the choice of Convention 3.2, we write I'; = T'.; (with 0 < < 3) for the 4
Gelfand-Graev characters of GI'. Furthermore, we will denote by @’ the
fundamental weight corresponding to «;. Recall that G* = G,q. Define
A = 3 (@Y + @y) and write s = i7(\) € Taq. Then F(s) = s and o(s) = s.
Moreover, A is stable under fzg, but not under f,,. Thus, by Theorem 2.2,
we have Ag-(\) = (22), and Ag-(s)" =~ Zy. Denote by 1 and 7 the
irreducible characters of Ag-(s)¥", and by Xs,1 and X, the corresponding
regular characters of G as in Theorem 3.1(1). Since o acts as z — 7!
on Z(G), we have

@i(1) =af(z5) =1 and  &{(20) = &{(25) =,
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and Proposition 3.3 implies that x, 1 and xs, are o-stable. Moreover,
thanks to Theorem 3.1(1), the Gelfand-Graev characters which have x,1
(resp. Xs,n) as constituent are I'g and I'y (resp. I'1 and I's). However, by
Proposition 3.3, we have

UF() = Fo, UFQ = FQ and UI‘l = Fg,

and X, is a o-stable regular character of G which is constituent of no
o-stable Gelfand-Graev characters of G, as claimed.

3.2. Disconnected reductive groups

By Clifford theory, an irreducible character y of G is o-stable, if and
only if it extends to the group G¥ x (o). Moreover, if E(x) denotes an
extension of x, then Gallagher’s theorem [19, 6.17] implies that every exten-
sion of y is obtained by tensoring E(x) with a linear character of G x (o)
trivial on G¥'. So, in order to obtain information about the sets Irr,(G)°
and Irrs (G*)?, we aim to understand the extensions of these characters to
G x (o). For this, we will consider the group

H=Gx (o).

We extend F' to a Frobenius map on H by setting F(o) = o (to simplify
notation, the extended map will also be denoted by F'). Note that H is
a disconnected reductive group defined over F, (the rational structure is
given by F'), and H° = G. Moreover, o is a rational quasi-central element
in the sense of [15, 1.15]. Now, for ¢ > 0, we define a scalar product on the
space of class functions on the coset G - ¢?, by setting

(X ar.qt = ‘G71F| > x(goh)xX (g07).

geGF

Recall that in [15, 4.10], Digne and Michel define a duality involution
Dgr i for i > 0 on the set of class functions defined over the coset GF.o%,
and prove in [15, 4.13] that if x € Irr(H') restricts to an irreducible char-
acter on G¥', then the class function Dgr () defined for all g € G and

120 by

(3.9) Dyr(x)(g0') = Dar oi(Xlar.q)(go"),

is (up to a sign) an irreducible character of HY".
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We suppose that ¢; € Irr(UF) is chosen as in Convention 3.2. In par-
ticular, ¢; is o-stable and linear. Thus, ¢; extends to a linear character
E(¢y1) of UF x (o) by setting
(3.10) E(¢1)(uo) = ¢1(u) Vu e U,

This extension is the so-called canonical extension of ¢1. We define
F
(3.11) E(T1) = Indgr (o (B(¢1)).

Note that, as direct consequence of Mackey’s theorem [19, (5.6) p.74], we
have
ResH (E(T'y)) =Ty.
Hence, E(T'1) extends I'1. We write I'1 , = Resgr.,(E(T1)).
Write C for the set of irreducible constituents of I'y and for x € CY,
denote by E(x) the constituent of E(T'y) that extends x. Define

(3.12) Uy = ) Dur(E(x).

x€Cy
LEMMA 3.7. — We suppose that Convention 3.2 holds. Then we have
ReSGF-a(\Ill) = DGF,J(FLd)v

and (V1,V1)gr = (I'6,1'10 )gr.o. In particular,

(Ti0,T10)gre = ‘S(G*F*)U*

In [23], Sorlin develops a theory of Gelfand-Graev characters for dis-
connected groups when o is semisimple or unipotent. These characters are
extensions of some o-stable Gelfand-Graev characters of G to HY'; see [23,
§5]. In particular, the following result is proven [23, 8.3].

THEOREM 3.8. — Suppose that o is a unipotent or a semisimple element
of HY and that H'(F,Z(G?)) is trivial. Then HY has a unique Gelfand-
Graev character I' and we have

<Favra >GF-U = | Z(GG)OF|qla

where [ is the semisimple rank of G° and I', denotes the restriction of T’
to the coset G- 0.

Remark 3.9. — The character E(T'y) defined in Equation (3.11) is a
Gelfand-Graev character of HY in the sense of [23], because the linear
character FE(¢1) defined in Equation (3.10) is regular [23, Définition 4.1]).
Note that by [8, 12.2.3] the graph automorphism o that we consider here
always satisfies the condition (RS) defined in [23, Notation 2.1].
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3.3. A result of extendibility

Let n be a positive integer. The map F’ = F™ is a Frobenius map of
G, which gives a rational structure over Fy». Note that F' and ¢ commute
with F’. Then restrictions of these endomorphisms to G¥ " induce automor-
phisms of G, denoted by the same symbol in the following. Note that,
viewed as an automorphism of G¥ /, the automorphism F has order n. We
write A = (F,0) and

(3.13) NF//F:Uf/—>Uf,ur—>uF(u)...F”71(u),

for the norm map of U;, where U; is the group defined before Equa-
tion (3.1), and we set Np, . : Irr(UF) = Irr(UF'), ¢ = ¢ o Npg/ . Since
F and o commute, we have

(314) O'ONF//F:NF//FOO'.

LEMMA 3.10. — If ¢ is a o-stable character of UY', then the character
Ni, p(@) is stable under F and o.

Proof. — Since Uj is abelian and connected, the map Np//p is surjec-
tive [5, §2.4], and Ng, p is a bijection between Irr(UF) and Irr(UF)F,
Moreover, for every ¢ € Irr(U1")?, Equation (3.14) implies that Ngp(¢)
is o-stable, as required. a

Remark 3.11. — If ¢ € Irr(UT") is regular and o-stable, then the corre-
sponding character of Uf" is o-stable. Applying Lemma 3.10 to this char-
acter, we obtain a character of Irr(UF") stable under F' and o. Denote by
(;~S the corresponding character of UF / (with UF "in its kernel). Then qNS
is a regular character of UF " stable under F and o. Thus, % extends to
U™ % (o). Now, it follows from Equation (3.10) that E(¢) is F-stable.

CONVENTION 3.12. — The character ¢, of UF" used to parametrize the
Gelfand-Graev characters of G’ is chosen to be o and F-stable. This is
possible by Remark 3.11.

PROPOSITION 3.13. — Assume that ¢, € Irr(UF") is chosen as in Con-
vention 3.12. Suppose that o is semisimple and that the characteristic p is
a good prime of (G°)°. If H'(F',Z(G?)) is trivial, then the constituents
of Uy are F-stable.

Proof. — Denote by U, the set of regular elements of H which are
G-conjugate to an element of the coset U - o. In [23, §8], Sorlin defines
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a family of subsets (U.).em1(r z(q)) of UL which form a partition of X
(see [23, 8.1]). Furthermore, we define

_ [ IGT/uS) it geuy
Yul9) = { 0 otherwise
Remark 3.9 and the proof of [23, Théoréme 8.4] imply that
(3.15) Dgr o(T'1,6) = Yus

because H'(F',Z(G7)) is trivial. Recall that the irreducible characters of
(o) are described as follows. We fix a primitive |(o )|-complex root of
unity op, and recall that the linear characters of (o) are the morphisms
g;i : (0) — C* such that &;(0) = of. Let ps 1 be a o-stable constituent of
Dgri (I'1). Then the set II‘].“(HF/7 ps.1) of extensions of ps 1 to H' consists
of the characters

psi = Elps1) @ e; € Ter(HT),

for any ¢ > 0, where E(ps1) denotes an extension of ps1 to HE (such
extensions exist by [19, 11.22]). Now, [23, Proposition 8.1] implies that 2/
is an HE -class (because p is good for (G?)°, the group H'(F',Z(G?)) is
trivial and o is semisimple). Hence, by Lemma 3.7 and Equation (3.15), for
any h € UF' | we have
ps,i(h) = USPS,l,i(h)

= Ué<7u7 Ps,1 >GF/-0'

= 00EG £Cy, (5)-
In particular, since o has order |{ o )|, we deduce that
(3.16) s =psiy = psiilh) =ps1,(h) for heul”.

Suppose now that ps; is F-stable. Then Fps71,i = ps,1,; for some j > 0,
because Imr(HF/7 ps.1) is F-stable, and for h € Uf/, we have

ps1.i(h) =T pei(h)
= ps,1,i(F(h))
= ps,1,i(h),
because F(h) € UF'. Therefore, Equation (3.16) implies that Fp,,; =
Ps,1,i- g

Remark 3.14. — In fact, in the proof of Proposition 3.13 we proved that
every extension to HY of an F- and o-stable constituent of Dgr (Ty) is
F-stable.
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4. Application to finite groups of type Ej
4.1. Preliminaries

In this section, G denotes a simple simply-connected group of type Fg
over E;. We suppose that p is a good prime for G (i.e., p # 2,3). Let
T be a maximal torus of G contained in a Borel subgroup B of G. We
denote by ® the root system of G relative to T, and by ®T and A the
sets of positive roots and simple roots corresponding to B. For o € @, we
write X, for the corresponding root subgroup and choose an isomorphism
T4 : F, — X,. Since G is simple, we have G = (z,(u)|a € ®,u € F,).
For a € ® and t € F),, we set ny(t) = z4(t)z_o(—t"1)za(t). Recall that
the Weyl group W of G is generated by the coset ny(1) - T for all a € ®.
Moreover, for a € ® one has oV (t) = nq(t)na(1)~! for all t € F,,. Then, we
have T = (aV(t)|a € @, t € F;> and B = (T, z,(u), a € @, u € F,);
see [17, 1.12.1].

We write A = {a1,...,as} as in [4, Planche V] and denote by p the
symmetry of A of order 2. As in §3.1, we define the corresponding graph
automorphism o : G — G and a split Frobenius map by setting F'(z,(u)) =
To(uP) for a € ® and u € F,, which commute with o and defines an F,-
structure on G. Note that T and B are stable under F' and o. Moreover,
by [4, Planche V], we have

ir(wa,) = of (§)ay (€%)ag (§)ag (€),
where ¢ € F, has order 3 (such an element exists because p # 3). Define
(4.1) To = {aY (o3 (a3 (Hog () | ¢ € F, }.
Then Ty is a subtorus of T which contains Z(G) = (Zr(w? )), and is stable

under o and F. In the following, we will use this torus for 1the construction
of G as in Equation (3.3).

Recall that G is a simple group of type Fy (by [17, 1.15.2]) and T is
a maximal F-stable torus of G, contained in the F-stable Borel subgroup
B of G7 (see [17, 4.1.4(c)]). In particular, Z(G?) is trivial (for example,
by Proposition 2.1, because Y (T7,;)/Y (TZ,) is trivial).

LEMMA 4.1. — With the above notation, the group (C-‘r")° is a simple
group of type Fy.

Proof. — The automorphism o of G stabilizes T and B. Then it is quasi-
semisimple (see [15, 1.1]) and by [16, 0.1], the group G? is reductive and
the root system of (G?)° only depends on ® (the root system of G) and
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on o. Hence, (é")o and G7 have the same type, i.e., an irreducible root
system of type Fy. Furthermore, by [15, 1.8], T/ = (T?)° is a maximal
torus of (G7)°. Now the exact sequence

(4.2) 0= (X(T') NQ®)/Zd — X(T')/Z& — X(T')/(X(T') N Q)

induces an exact sequence for the p’-torsion subgroups of these groups.
Since X (T")/(X(T') N Q®) has no torsion, we deduce that

(4.3) (X(T")n Q?)/22),, ~ (X(T’)/Zfb)p,

However, the group X (T)NQ® is a subgroup of the weight lattice A. So, it
follows that (X (T') NQ®)/Z®),, is a subgroup of X(TZ,)/X(TZ,) = {1}
(because G? is a simple group of type Fy, which implies that its funda-
mental group is trivial). It follows from Equatlon (4.3) and [3, 4.1] that
Z((G?)°) is connected. Denote by xo : T — IF the character of T induced

by the character To — ﬁ; ,t — t3 in X(To) (the character xo is well-
defined because it is trivial on Z(G)). Note that X (T) = (a, a € A; xo ).
Moreover, “xo = —xo implies that
Rk ((1 - U)X(T)) = Rky (1 — 0)X(T)) + 1.
Now, the proof of [15, 1.28] implies that
dim(T') = Rk, (X(T)/(1 - 0)X(T))
= Rky, (X(T)) — Rkg ((1 - U)X(T))
= Rkz(X(T)) — Rkz ((1 — 0)X(T))
= dim(T7).
Hence, if ®, denotes the root system of G7, we deduce from [25, 8.1.3] that
dim((G°)°) = dim(T’) + |®,|
= dim(T7) + |®,|
= dim(G7).
The result follows. U

Let n be a positive integer, F' = F™ and A = (F,0) as in §3.3. We
consider the finite group G*".

LEMMA 4.2. — The subgroups of A are (c'F7) (for i € {1,3} and a
divisor j of n) and (o) x (F7) (for a divisor j of n).
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Proof. — Note that the elements of order 2 of A are o, F™/2 and o F™/2
if n is even and o otherwise. Let H be a subgroup of A. Then H = Hy x Hy
with Hy the 2-Sylow subgroup of H and Ho < (F'). Then H is cyclic if
and only if Hs is cyclic if and only H contains a unique element of order 2.
The result comes from the fact that if Hy contains more than one element
of order 2, then o € Hs. O

Denote by Irr;(UF") the set of linear characters of UF" and by Irr,(BF)

the set of irreducible characters x of B¥' such that Resﬁill (x) has con-
stituents in Irr;(UF"). The characters of Irr,(BF') can be described as
follows. The TX -orbits of Irr;(UF") are parametrized by the subsets of A.
For J C A, we denote by w; the corresponding TF/-orbit, and write L
for the standard Levi subgroup (which is F-stable) with set of simple roots
J. Note that w; corresponds to the regular characters of Irr(Uf;/).

CONVENTION 4.3. — Write Ay = Staba(wy). Then by [5, Lemma 3.1]
and Remark 3.11 there is ¢; in wjy an Aj-stable character. Moreover,
Staba(¢s) = Ay and if T € A, then Staba("¢;) = Staba(¢s), because
A is abelian. Let Q be an A-orbit of Irr;(UF")/TF " and we fix wy € Q. In
the following, we will fix a Aj-stable character ¢; € wy, and if J' C A is
such that there is 7 € A with wy = "wy, then we choose ¢ = "¢y as
representative for wy. Note that ¢y is well-defined (because it does not
depend on the choice of T € A with "wy = wys) and is Ay -stable. This
choice is compatible with Convention 3.12.

Now, for z € H*(F',Z(Ly)), we choose t, € T such that t;1F'(t,) € 2
and define

(4.4) bz ="0s.

Then the family (¢,.)sca, zemt (77,2(L,)) 15 a system of representatives of
the TF -orbits of Irr;(UF"). Moreover, if we write Z; = Z(Ly), then for
every z € H'(F',Z(Ly)), we have Stabpr (¢,..) = Z% . Now, for J C A,
z € HY(F',Z(Ly)) and ¢ € Irr(Z5"), we define

bald N
(4.5) Xdzap = Ind[B]szlj, ($s.2 @),

where Q§J7Z is the extension of ¢, to U™ x Z?I defined by q?)J,z(ut) =
¢ (u) for all u € UF and t e Zf}ﬂ.

LEMMA 4.4. — Assume that Convention 4.3 holds. For 7 € A, J C A,
z € HY(F',Z(Ly)) and ¢ € Trr(Z5), we have

TXJ,Z,I/J = XT(J),T(Z),T’L[J'
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Proof. — Using the induction formula [19, 5.1], we have
F’ ~
(4.6) "X ey = IndEF,NT(Z?)(Tng,Z ® T).

Since 7 and F’ commute, we have T(ZI;/) = 7(Z)F = Zf(/J), because
7(Ly) = L;(s). Moreover, the choices in Convention 4.3 imply that "¢,
is TF/—conjugate t0 @r(1),7(2), and the result follows. O

4.2. Equivariant bijections

We define B = D x A, where D is the group of outer diagonal auto-
morphism of G induced by the inner automorphisms of TF /TF . We
denote by Op and O, the set of D-orbits of Irry(G*"') and Irry(BF"). The
group D has order 1 or 3. For i € {1,3}, we write Op; and Op, ; for the
subset of elements of Op and O, of size i. For v € Trr(Z(GF'), we de-
note by Irr(GF'|v) the set of irreducible characters of GF lying over v,
that is x € Irr(GF |v) if and only if Xlzgry = x(1) - v. We recall that
Z(B) = Z(G), and for v € Trr(Z(GF")) we set

IrrS(GF,\V) = Irr(GFI|V) N IrrS(GF/)
and
IrrS(BF/\I/) = Irr(BF/|1/) N IrrS(BF/),
and denote by Op, and Op, the set of D-orbits of Irr(GF'|v) and

Irr (B |v), respectively. For i € {1,3}, we write Op,; (resp. Op...i) for
the subset of elements of Op , (resp. of O, ) of size i.

Remark 4.5. — By Theorem 3.1(2), every D-orbit of Irry(GF") is the
set of constituents of some ps with s € §. We denote by ds the D-orbit
corresponding to s € S. Note that |d,| = |Ag-(s)"|. For J € A and
(NS Irr(Z_l]W), we define

(4.7) 016 = X2 | 2 € HU(F' Z(Ly))}.
Then the D-orbits of Irry(BF') are the sets 87, with J C A and ¢ €
Irr(Zf;/). Moreover, we have |8;.,| = |[H'(F',Z(Ly))|.

LEMMA 4.6. — Let v € Irr(Z(GF"). Write A, = Stab () and suppose
that Op,,x and O, ;. for k € {1,3} are A,-equivalent. Then Irr, (GF'|v)
and Trr,(B¥'|v) are D x A, -equivalent.
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Proof. — We choose A,-equivariant bijections f1: Op , 1 — (’)bﬂ/’l and
f3:0pus3— O/D,U,S‘ We define ¥, : Irrs(GF/|1/) — II‘I‘S(BF/|V) as follows.
Let §s € Op,. If 6 € Op i for k € {1,3}, then by Remark 4.5 there is
JCAand g€ Irr(Z?l) such that fi(ds) = 9. Then we set

\Ilu(ps,z) = XJ,z-
Note that, if H'(F',Z(Ly)) is not trivial, then H(F’,Z(Ly;)) and
HY(F',Z(G)) are identified by the map hl, : H'(F',Z(G)) — HY(F’, Z(L,))
defined in [14, 14.31] (which is an isomorphism in this case). Hence, the map

U, is well-defined and is an D x A,-equivariant bijection by Theorem 3.1,
Lemma 4.4, Proposition 3.3 and [5, 3.6]. O

THEOREM 4.7. — Suppose that G is a simple simply-connected group
of type Eg defined over F, with corresponding Frobenius F’'. We suppose
that F' is split. With the above notation, if v € Irr(Z(G)F"), then the sets
Irrs(GF/|u) and IrrS(BF,|y) are D x A, -equivalent.

Proof. — Write ¢ = p", F' the split Frobenius map of G over [F,, which
stabilizes T and B, and ¢ the graph automorphism of G with respect to
T and B, as above. Recall that F' = F". We will prove that Irr,(GF |v)
and IrrS(BF/ |v) are D x A,-equivalent, using Lemma 4.6. In order to prove
that Op,, x and O, for k € {1,3} are A,-equivalent, we use [19, 13.23].

First, we suppose that Z(G)F = 1 and Z(G)F" = Z(G), that is p # 1
mod 3 and ¢ =1 mod 3. We write Irr(Z(G)¥") = {1z, ¢,£2}. Note that n
is even. Moreover, we have

A, =A and A.=A.=(0oF).

Suppose that £k = 3 and v = 1. Let H < A (the subgroups of A are
described in Lemma 4.2). By Lemma [5, 5.7] and Equation (3.8) (which
is valid for any element of A), we deduce that |OF | | is equal to the
number of H*-stable classes of s(G*) with disconnected centralizer, where
H* denotes the subgroup of automorphisms of G* induced by elements of
H.If H= (o) x (F/)or H=(c"F7), then we write d = Ord(F7). We
claim that |Of | 4| = p*"/?. Indeed, Theorem 2.2(3) implies that every
semisimple class of G with disconnected centralizer is o-stable, and we
conclude with Table 2.3.

Now, in the proof of [5, 5.9], it is shown that |6} ,[ = 3, if and only
if Zf;’ = T x HY' where T is a torus of rank |A| — |J| and HY is
isomorphic to H*(F’, Z(Ly)). Moreover, the elements of 67y pgem lie over ™.
S0, O .m 3 consists of the orbits & ;o . with [H'(F',Z(Ls))| = 3. By [1,
Lemme 2.16, Table 2.17], a subset J C A parametrizes such an orbit if and
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only if it contains {a1, a3, a5, ag}. Furthermore, by [17, Lemma 4.4.7], the
group G is a simple group of type Fy with root system @, = {a|a € @}
where & = 2(a + p(a)), and the set of simple roots of G with respect
to T? and B? is A, = {a1,...,0a4}. Note that the labelling is as in [4,
Planche VIII]. In particular, &; = ag and as = a4 are the long roots of
A,. Moreover, the root subgroup corresponding to a € &, is 5(:‘;,, where

5(5 =X, if @ = p(a) and 5(5 = X - X, if @ # p(a); see the proof
of [17, Lemma 4.4.7]. We associate to J C A the subset JC A, such that,

if a o-orbit 0£ A lies in J, the corresponding root of A, lies in J. Write
<PJ~: ®, NZJ. Then we have

L;y=(T,X;,ac®y) and L;=(T7,X% d¢cd5),
where L~ is the standard Levi subgroup of G” with respect to T corre-
sponding to J, because T is connected. Note that L7 = Ly and D(Lg) =
D(Lj;)?, where D(L;) denotes the derived subgroup of L ;. Furthermore,
we have T; = Rad(Ly), which implies that T; is o-stable. Since L7 is
connected (as a Levi subgroup), we deduce from [15, 1.31] and [25, 2.2.1]
that LG = T D(L,)?. This product is direct, because o fixes no non-
trivial element of the center of D(Ly). It follows that T is connected (as
group isomorphic to the connected quotient LG /D(L)?). In particular, T

is a subgroup of Rad(L%). Moreover, since D(L;)? = D(L%), we deduce
from [25, 2.3.3] that dim(T%) = dim(Rad(L%)), and [25, 1.8.2] implies that

(4.8) 7 — Rad(L9).

Let 6 1, € (’) U>X F7). Then J is o-stable and contains {1, ag, as, a6},
and 7Y = ). Moreover we have (T§/)<0'7Fj> = (Tf})Fj and Equation (4.8)
implies that the set (9/<U F ) is in bijection with the set of characters
XI{; of Irr,((B°)F”) such that J contains {@s, &4 }. Therefore, [7, Lemma
5.4] implies that

(1.9 OS5 = ot

Similarly, since (¢°F7)" = F’ (because n is even), for a o'-stable J C A,
we have (T5)7'F = T3 7' and we deduce that (’) ‘ F ! is in bijection
with the D-orbits of size 3 of Irry(B7 ¥, 15). As above, [1, 2.17] and [7,

0F>|

Lemma 5.4] implies that \(9 p?"/4_This discussion proves that, if

v = 1y, then for every H < A we have

(4.10) 081,51 = 108], 5l-
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Now, if v = &™ with m = =£1, then 4, = (oF) and for every H =
(o'F™/?) < A, the same argument shows that

(411) |Og,sm,3| = p2n/d = |OIDH,€m,3|'

So, this proves that for every v € Irr(Z(G)F"), the sets Op 3 and Ob.s
are A, -equivalent.

Suppose now that k = 1. Note that s(G*F"") and Op are A-equivalent.
Let d be a divisor of n. Then, we have |s(G*F"")(e" F™/")| = |g(G*"")|,
because the set of representatives 7 of F’-stable semisimple classes of G*
can be chosen such that if the class of ¢t € T is o*F**/?_stable, then
o* F*"/4(t) = t. We then conclude using the fact that a power of o*! F*/@
equals F' and with Equation (3.4). So, by [7, 1.1], we deduce that
(4.12)

S(G*F/*)<a,*iF*n/d>

_ priald popn/d g 7@y P = 7(G)
prlAl/d otherwise

Furthermore, if t € 7 is chosen F*™*/?-stable when the class of ¢t in G*

is F*"/d_stable, then we have |5(G*F'*)<U*>X<F*"/d>‘ _ |S(G*Fn/d)g'*) '
Thanks to Theorem 3.8, we deduce that
(4.13) ‘S(G*F’*)W*)x(F*"/d) _ prlaal/d,

Now, using the case k = 3, the fact that Op = Op,; U Op 3 and Equa-
tions (4.12) and (4.13), we deduce that
(4.14)

wi pan/d
‘O(Dal ) :pn\Ag|/d_p2n/d-

o* *n/d
— prlAl/d_p2n/d anq ‘O<D71>><(F )

Moreover, note that the argument at the beginning of the proof shows
that the set Oga>X<F"/d> is in bijection with Irrs((BU)Fn/d), which has
p?&el elements by [6, Proposition 3]. The set OgaiFﬂ/% is in bijection
with IrrS(B”iFn/d), which has p™2l/d 4 2p2n/d clements if o?F™/4 acts
trivially on Z(G), and p?l2l elements otherwise. Since O}, = Op1UO0pb3,
we deduce from Equations (4.9), (4.10) and (4.11) that
(4.15)

‘Ogal’?F”/ﬂ — prlAl/d _ pn/d g O/(U)X<F"/d> = plAel/d _

2n/d
D1 .

p

Equations (4.14) and (4.15) prove that the sets Op 1 and Op, are A-
equivalent. So, by [7, Theorem 1.1], the sets Irr,(GF",v) and Irr,(BF',v)
are in bijection. Since Op ,, 3 and O, , 5 are in bijection by Equations (4.10)
and (4.11), we deduce that Op,1 and Ofp ,; have the same cardinal.
Moreover, if H is not a subgroup of (o F'), then every H-stable character
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of Trry(GF') (resp. Trrg(BF')) lies over 1z. Now, let H = (o'F"™/%) be
a subgroup of (oF'). We consider the norm map Ng//gipnsa : Z(G) —
Z(G), which is well-defined because (o F™/?)™ = F'™. By [5, Lemma 5.8,
Lemma 5.9, if Np/,ipn/a is surjective, then every set O, and Op 4
contains (p"4l/4 — p?n/d) characters invariant under o F™/?. Otherwise
(i-e., when N, /i pnsa is trivial), the o' F™/d_stable characters of Irr,(GF")
and Irrg(BY /) lie over 1z. So, this proves that, for every subgroup H of
A,, we have

|Og,u,l| = |Og{,v,1|'

Therefore, the sets Op 1 and Op, ,; are A,-equivalent, as required.

Now, we suppose that Z(G)F and Z(G)F' are trivial, that is, p # 1
mod 3 and ¢ # 1 mod 3. Then D is trivial and we conclude using the ar-
gument of Equations (4.12) and (4.13), and the discussion following Equa-
tion (4.14).

Finally, suppose that Z(G)f = Z(G), i.e. p = ¢ = 1 mod 3. Then
Z(G)F' = Z(G). If n is odd, we remark that if X is a (ocF™/4)-set and
an ( F')-set, and if z is fixed by 0 F/%(z) and F’, then F"/(z) = z and
o(x) = z. In particular, we can compare \IrrS(GF/)"Fn/ﬂ with the num-
ber of semisimple classes of G " fixed by o (there are plAel/d guch
classes by Lemma 3.7 and Theorem 3.8), and |Irrs(BFl)<"Fn/d>| with
| Trr, (B2)F")| = prlAel/d I n is even, then (¢'F7) = F’ and we are
in the same situation as the first case of the proof. Using the same ar-
gument as above we deduce the numbers of Table 4.1. We set apn/a =

bpn/a = prlAl/d _ p2n/d when the norm map Npi pn/a is surjective, and
Apn/d = prlAl/d _ 3p2n/d gnq bpnsa = 0 otherwise.

It follows that Op ., and Op, ;. are A,-equivalent. This proves the
claim. O

4.3. Inductive McKay condition

LEMMA 4.8. — Let H = GC be a finite central product with Z = GNC.
Suppose that C is abelian and that T € Aut(H) acts on G and C. For
x € Irr(G)7, write v = Resg (x). If v extends to a T-stable character of C,
then we have

[ e (H[x)"| = [(C/2)7].
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H no | (o) x (F/d) | (F/T) (oFm/?)
|Og,1z,3| p2n/d p2n/d p2n/d
|0 calie#12 0 pn/d 0
|OF 1,4l | odd | pri&el/d —p2n/d gy, | pridel/d — p2n/d
|Og71271| even | ptlAol/d _p2n/fd | g, | prlAl/d _p2n/d
08 calie#12 0 bpna 0
O p2n/d p2n/d p2n/d
|Og{s,3|7 e# 1z 0 pQ"/d 0
O | odd | prldal/d _pan/d | g | peldgl/d _ pen/d
O | even | prlAdl/d _pan/d | g | pnlAl/d _ p2n/d
|Og{s,1|v€¢ 1z 0 bpnya 0

Table 4.1. Case when Z(G)F' = Z(G)

Proof. — Recall that, for 6 € Irr(H), if we write v = Res% (), then there
are unique 01 € Irr(G|y) and 02 € Irr(C|vy) such that 6 = 6, . 0, where . is
the dot product, defined by 6 . 02(g192) = 01(g1)02(g2) for all g; € G and
g2 € C. Let x € Irr(G)™. Write v = Res? (). Then we have

Irr(H|x) ={x.0]0 € Irr(C|v)}.

Since x is 7-stable, so is v and Irr(C|v) is 7-stable. Furthermore, x . 0
is 7-stable if and only if 6 is 7-stable. In particular, the set Irr(H|x)"
is parametrized by Irr(C|v)T. Moreover, C is abelian, then v extends to
a linear character of C' (denoted by the same symbol) [19, 5.4] and by
assumption, v can be supposed to be 7-stable. It follows that the map
gy Irr(C|1z) — Irr(Clv), 0 — Ov is a bijection such that Irr(Clv)™ =
g (Irr(C|12)7) (because if v is T-stable, so is v~1). But we can identify
Irr(C|1z) with Irr(C/Z) and the action of 7 on these sets is compatible.
Hence, we have | Irr(C|1z)7| = |Irr(C/Z)7| and the result follows from [19,
6.32]. O

We recall that if N is a normal subgroup of G, then we can associate
to every G-invariant irreducible character of N an element [x]g/n of the
second cohomology group H?(G/N,C*) of G/N.
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THEOREM 4.9. — Let p > 3 be a prime number and q a p-power. Then
the finite simple group Fg(q) is “good” for the prime p.

Proof. — Let X be a simple group of type Eg with parameter ¢ = p™.
In order to prove that X is “good” for p, we will show that X satisfies the
properties (1)—(8) of [20, §10]. Let G be a simple simply-connected group of
type Es defined over F, and with split Frobenius map F’ : G — G. Recall
that X = GF'/Z(G)F" and G is the universal cover of X. Moreover,
the subgroup U¥ is a p-Sylow subgroup of G’ " with normalizer BF'. We
set M = B’ and we will show that M has the required properties. By [6,
Lemma 5], we have Irry(GF') = Trry (GF') and TIrry(BF') = Trr, (BF).
Let v € Irr(Z(G)F') and A, = D x A, as above. By Theorem 4.7, there
is an A,-equivariant bijection ®, : Irr, (GF'|v) — Trr, (BF |v). Thus,
Properties (1)—(4) of [20, §10] are satisfied. Moreover, by Lemma 4.6, it is
sufficient to prove the result for x = ps1 and U, (x) = xJ,1,4, where (J, 1))
corresponds to s. For such a y, we define

Gy =G xStaby, (x) and G = G x Staby, (®,(x)),

where G = G (resp. G’ = BF') if x is not D-stable, and G = GF' (resp.,
G’ = BF ,) otherwise. Recall that G denotes the connected reductive group
defined in Equation (3.3) with the convention of §4.1. We have Z(G¥') <
Z(Gy) and Stabpxa(x) is induced by the conjugation action of Ng, (U,
So, the property (5) of [20, §10] holds. We set C = Z(G). Then C' =
CGX(GF,) and the property (6) of [20, §10] is true.

In order to prove the properties (7) and (8) of [20, §10], we will first show
that x and @, (x) extend to G, and G', respectively. If x is not D-stable,
then Staba(x) < (F, o). If Staba(x) is cyclic, then x extends to G, by [19,
11.22]. Otherwise, Stabs(x) = (o, F™/¢) for some divisor d of n, and by
Proposition 3.13, the extensions of x to G x 0o are Fm/d_gtable, and thus
extend to G, by [19, 11.22]. So, x is extendible to G.

Suppose now that D is not trivial and x is D-stable. In particular, x is
extendible to GF'. Write A, = Staba(x). We will prove that x extends
to an A,-stable character of GF'. First, we suppose that o € A, and we
write H = GC. Recall that H is a central product and that C' = Z(GT).
By [3, §6.B], H has index |D| in G¥". Note that x is over 1. Since 1¢
lies in Irr(C|lz), we deduce from Lemma 4.8 that the character x . l¢
is Ay-stable. Moreover, Gallagher’s theorem implies that the elements of
E = Irr(G¥' |y . 1¢) extend y and |E| = |D| = 3. Moreover, E is Ay-
stable. Denote by p : A, — &g the homomorphism of groups induced by
this operation. Suppose that o € A,. Note that o does not act trivially
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on E (because if o fixes a character of F, then the action of o on FE is
equivalent to the action of ¢ on G¥'/H, which is not trivial). So, p(c) # 1
and p(o) has order 2. Thus, ¢ has to fix a character of E. Suppose now
that there is F* € A,. Since o and F' commute, we deduce that p(F?)
centralizes p(o). But & ~ &3 and the centralizer of p(c) in &g has order
2. Thus, there is an A,-stable character ¥ in E. By [15, 1.31], we have
G° = Rad(G)’D(G)?, because ¢ has order 2 and | Z(D(G))| = 3. Since
Rad(G) = Ty (cf. Equation (4.1)) has dimension 1, we deduce that o acts
by inversion on Ty and |T§| = 2. Hence, G is disconnected with connected
component a simple group of type Fj (by Lemma 4.1) of index 2. We
deduce that | Z(G7)| = 2. Denote by ¥ the character of G constructed in
Equation (3.12). The character X extends to a character E(Y) of G x(a),
and (U, B(Y) g, = 1. Moreover, by [23, Proposition 7.2] ¥ has non-
zero values only on U (F (see the proof of Proposmon 3.13 for the definition),
which is the union of the two classes Uy and U_; of GF' x (o) (by [23,
Proposition 8.1], because o is semisimple). Then E(X) has a non-zero value
on at least Z/{1 or U_ 1. But F* fixes these two classes (because there is an
Fi-stable element in Z/{f . So, its G x {0 )-class is Fi-stable and the other
class has to be also F-stable). Then the argument of Proposition 3.13 shows
that E(Y) is Fi-stable. It follows that E(X) extends to (GF x (o)) x (F?)
by [19, 11.22]. This proves that x extends to G.

Now, we suppose that o ¢ A,. Then A, = (o'F™/?) for some d # n.
Moreover, as we have seen in the proof of Theorem 4.6, we have F/ =
(o' F™/4)™ (if not, o has to fix x). Then, there is a semisimple element s of
G*F"" such that X = ps,1. Since Ag- (S)F/* is trivial, by the Lang-Steinberg
theorem, we can suppose that s is chosen to be o**F**/“_stable. Let §
be an ¢** F**/?@_stable semisimple element of G* such that i*(8) = s (such
elements exist by the Lang-Steinberg theorem, because ker(i*) is connected
and ¢*' F*"/4_stable). Note that 5 € (N;‘r*Fl*, and since 3 is o** F**/4_stable,
the character p is o' F"/4_stable. Moreover, py extends y. Since Gy is a
cyclic extension of éFl, we deduce from [19, 11.22] that x extends to Gy,
as required.

Write X' D, (x ) Then there are J C A, 2 € HY(F',Z;) and ¢ €

Irr(T ;)F " with Res ( ) () = v, such that X’ = x,z,. Suppose that x/ is

D-stable. Then z = 1 and T is connected. Write T ; = Csrr (¢.4), where

¢ is chosen as in Convention 4.3. Note that T 7 is a torus because the
center of G is connected. Then T is a subtorus of T; and by [14, 0.5],
there is an F’-stable subtorus T’ of TJ such that TJ =T, - T (as direct
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product). By [19, 6.17] and the construction of Equation (4.5) applied to

B and B, we deduce that

(B [x1,0) = {Xotwen | 1€ Tr(TH)},

where Xj1,ygu denotes the character of B defined in Equation (4.5).
Note that if T; is o* F/-stable (for any i, j), then T’ is o F-stable. Write
Ay = Staba(x'). It follows that the character Xj1,y@1_,,. € Irr(B') is an

A, -stable extension of x'. For 7 € A/, ¢; and 1 are T-stable. Write 1; =
Y @ lprr. Then T§' and ¢ ®1 are A,/-stable. Hence, as linear character,
¢ @1 extends to a linear character E(¢; ® ¢) of (UF' X Tf;/) X Ay, and
by [19, (5.6) p.74], we have

gF/ ><1AX/ (I ﬁF/ ><1AX/

(416) gF/ (UF'N%§,)NAX/

= Res E(ps® {/;)) :
Hence, x" extends to G . Suppose that x’ is not D-stable. If A,/ is cyclic,
then x' extends to G by [19, 11.22]. Otherwise, z = 1 and we can show
that x’ extends to A,, because we can construct an extension of x 1. to
B x A, as in Equation (4.16).

We now will prove the properties (7) and (8) of [20, §10]. If x is not
D-stable, then C = Z(G)F/ and we choose v = v. Then x .~ = x and
@, (x).y = ®,(x) and by the preceding discussion, these characters extend

to Gy and G . Then by [19, 11.7], we have

Xi19

e, jar = [(I)IJ(X)}G;(/BFU

and Properties (7) and (8) of [20, §10] are proven in this case.

Suppose now that D is not trivial and that y is D-stable. If v = 1 then
we set 7 = 1¢, which is G, and G;—stable. Moreover, as we have seen, the
characters x . 1¢ and ®,(x) - l¢ extend to Gy and G. If v # 1z, then
Gy = (F") with F = ¢’ F™/? for some d # 1 and F"™ = F'. Moreover,
since v # 1 is F”-stable, it follows that F" acts trivially on Z(G)¥ . Note
that ®,(x) is D-stable and extends to G;(. Denote by X’ such an extension
and write o

=~/
Z(Xa) P (X')-
Then v is G -stable and G,-stable and lies over v. Furthermore, by [19,
6.17], we have

(4.17) Irr(éF/|X)F”‘ = Z ‘Irr(éF/W)FN .
0t (GF C|x)F"’

v = Res

As we have seen previously, x = ps1 for some F”'-stable semisimple element
s € G*F" and there is an F"-stable semisimple element s € G*F" such
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that i*(5) = s. Then by [3, (15.9)], we have Irr(G¥'|y) = {12 €C}
and [3, Lemma 8.3] implies that this set is in bijection with C' because
Ag-(s)F " is trivial. Moreover, since § is F”-stable, these operations are
F"-equivalent and | Irr(GF', |x)F"| = |CF"|. Now, Lemma 4.8 implies that
| Ier(GF |x)F"| = |CF"|/3, because F" acts trivially on Z(GF) = GF n C.
Since |Irr(GF'[0)F"| < 3 (because GFC has index 3 in GF and by [19,
6.17)), we deduce from Equation (4.17) that | Irr(GF'|0)F”| has to be equal
to 3. But x - v € Iir(GF C|X)F”. Thus, x - v extends to an F"-stable
character of GF' and [19, 11.22] implies that x - v extends to G,. We
conclude using [19, 11.7] that

[Xx . ’Y]GX/GF’C = [®,(X) - V]G/X/GF’ c-
Hence, the properties (7) and (8) of [20, §10] hold, as required. O

THEOREM 4.10. — Let p > 3 be a prime number and q a p-power. Then
the finite simple group ?FEg(q) is “good” for the prime p.

Proof. — We set F' = g F™. Then GF" is the universal cover of 2FE(q),
and the outer automorphism group of G¥ "is Dx (F), where F acts on G '
as an automorphism of order 2n. For w € A/p, we set X, = [ e, Xa-
Note that X, is a subgroup of U, because G is of type Fg and if the
roots o and p(«) are distinct, then they are orthogonal. Moreover, by [9,
§8.1] we have U ~ [Loeay, XE' (as direct product) and can construct
the Gelfand-Graev characters, the regular characters and the semisimple
characters of G as in §3.1. Note that the analogue of Theorem 3.1 is valid
(see [3, Proposition 15.3, Corollaire 15.14]) and the regular character ¢;
of Irr;(UF") can be chosen F-stable by [19, 6.32]. In particular, if s is an
F*-stable element of G*F"" then for every z € H'(F', Z(G)), we have

0,500 = Pasa )y
For every J C A/p, we write w; for the corresponding TF _orbit in Irrl(UF/)
and we choose a representative ¢; € wy as in Convention 4.3. Then we can
define xj ¢ € Irrg (BF/) as in Equation (4.5), which satisfies Lemma 4.4.

Let E be an F- and F’-set, and let x € E be such that F*(z) =  and
F'(x) = x. Denote by d the order of F* (viewed as an automorphism of
G'). If d is even (resp. odd), then this is equivalent to o(z) = z and
F¥(z) = x (resp. oF™%(z) = z). Moreover, note that if Z(G)" = Z(G),
then Z(G)¥ = {1} and n is odd. Using these facts, we can prove in a
similar way as in the proof of Theorem 4.7, that for every v € Irr(Z(G)F")
and A, = Stab py(v), there is an D x A, -equivariant bijection between
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Irry (GF',v) and Irry(BF'). Finally, we prove that the properties (5)-(8)
of [20, §10] are satisfied as in the proof of Theorem 4.9. O

Remark 4.11. — This method is not sufficient to show the statement
for p € {2,3}. Indeed, we need the assumption that p is a good prime for
G to apply the “relative” version of the McKay Conjecture proved in [7,
Theorem 1.1], and [23, Proposition 8.1(ii)].

PROPOSITION 4.12. — Suppose that X = PSLy(p™) or X = PSU,(p™)
such that p is odd and ¢ is an odd prime number that not divides p. Then
X is “good” for p.

Proof. — We set G = GL, (Fp) and denote by F the standard Frobenius
map of G which acts by raising all entries of a matrix to the p-power.
Write F/ = F™ and o for the non-trivial graph automorphism with respect
to the F-stable Borel subgroup of lower triangular matrices and the F-
stable maximal torus T of diagonal matrices of G. We set G = SL; (Fp),
T = TNG and B = BNG. Note that G7 = GO,(F,) and G° = SO,(F,),
which implies that Z(G°) = {1} and Z(G?) has order 2. Denote by A =
{a1,...,ap_1} the set of simple roots of G with respect to T and B. We
set &; = 3 (o + ;) and A, = {a@; |1 <1< (£—1)/2}. Then it is proven
in [17, Lemma 4.4.7] that A, is the set of simple roots of G” with respect to
T? and B?. Moreover, if we set 5(;;7, =X, Xa,_, for 1 <i< (¢—3)/2 and

X~ =(X X

Ae—1)/2
corresponding to &;; see the proof of [17, Lemma 4.4.7]. Write J for the
subset of A, associated to a o-stable subset J of A. Since Z(G)™ = {1}, it
follows from the argument of the proof of Theorem 4.7 that T (here, T
denotes the radical of L; as before) is the radical of the Levi subgroup L;
of G7.

Therefore, by a similar argument to Lemma 4.6 and Theorem 4.7, we
show that for v € Trr(Z(G)"), there is an A,-equivariant bijection between
Ity (GF'|v) and Trrg (B |v).

Now, we suppose that x € Irr(GF/) is TF -stable and we denote by A,

Qe—1)/27 “HQ(e+1) /2 >

, then the group X2 is the root subgroup
o

its inertia subgroup in Aut(GF"). As above, we write E = Irr(GF" |y . 1¢),
where C' = Z(G"). Then |E| = £ and x.1¢ is Ay -stable. So, A, acts on
E. Suppose that o € A,. Since ¢ has order 2 and that ¢ is odd, o fixes a
character ¥ of E. Thus, by Clifford theory and by [19, 6.32], the actions
of o on E and on G¥ // GF'C are equivalent. Since o acts by inversion on
this group and has no non-trivial fixed point (because ¢ is odd), we deduce
that X is the unique o-stable character of E. Let 7 € A,. Then 7 and
o commute and 7(X) is a o-stable character of E. By unicity, 7(X) = X,
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which proves that E has an A,-stable element. Finally, we conclude with
a similar argument to the proof of Theorem 4.9. The proof for a twisted
Frobenius map is similar and the claim is proven. O
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