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ON SEMISIMPLE CLASSES AND SEMISIMPLE
CHARACTERS IN FINITE REDUCTIVE GROUPS

by Olivier BRUNAT

Abstract. — In this article, we study the elements with disconnected cen-
tralizer in the Brauer complex associated to a simple algebraic group G defined
over a finite field with corresponding Frobenius map F and derive the number of
F -stable semisimple classes of G with disconnected centralizer when the order of
the fundamental group has prime order. We also discuss extendibility of semisim-
ple characters of the fixed point subgroup GF to their inertia group in the full
automorphism group. As a consequence, we prove that “twisted” and “untwisted”
simple groups of type E6 are “good” in defining characteristic, which is a contribu-
tion to the general program initialized by Isaacs, Malle and Navarro to prove the
McKay Conjecture in representation theory of finite groups.
Résumé. — Dans cet article, on étudie les éléments de centralisateur non

connexe du complexe de Brauer associé à un groupe algébrique simple G défini
sur un corps fini. On déduit alors, lorsque le groupe fondamental est d’ordre pre-
mier, le nombre de classes de conjugaison semi-simples rationnelles de G dont
les représentants ont un centralisateur non connexe. On étudie également l’exten-
sibilité des caractères semisimples du groupe des points fixes GF à leur groupe
d’inertie dans le groupe des automorphismes de GF , où F est l’endomorphisme de
Frobenius de G relatif à la structure rationnelle. Comme conséquence, on montre
qu’un groupe fini simple de type E6 vérifie la condition inductive de McKay en
caractéristique naturelle. Ce travail s’inscrit dans le programme général initialisé
par Isaacs, Malle et Navarro pour prouver la conjecture de McKay en théorie des
représentations des groupes finis.

1. Introduction

This article is concerned with the semisimple characters of finite reduc-
tive groups. A finite reductive group is the fixed-point subgroup GF of a
connected reductive group G defined over the finite field Fq of character-
istic p > 0, where F : G → G is the Frobenius map corresponding to this

Keywords: algebraic groups, semisimple classes, Brauer complex, semisimple characters,
finite reductive groups, disconnected centralizers, inductive McKay condition.
Math. classification: 20C33, 20G40, 20E45.
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Fq-structure. The semisimple characters of GF are the constituents of the
duals of Gelfand-Graev characters (for the Alvis-Curtis duality) and play
an important role in the ordinary representation theory of GF , because,
apart from a few exceptions, they are the p′-characters of GF (that is the
irreducible characters of GF whose degree is prime to p). In the following,
we will write Irrs(GF ) for the set of semisimple characters of GF . One of
the aims of this work is to study these characters, compute their number,
understand the action of the automorphism group of GF on Irrs(GF ), and
determine the extendibility of χ ∈ Irrs(GF ) to its inertia group in the full
automorphism group. These questions are crucial, for example in order to
prove that GF satisfies the inductive McKay condition at the prime p.
Using Deligne-Lusztig theory [10], Lusztig has shown that the irreducible

characters of GF can be partitioned into series (the so-called rational
Lusztig series) labelled by the semisimple classes of G∗F∗ , where (G∗, F ∗)
denotes a pair dual to (G, F ). If such a series is labelled by a semisimple
class of G∗F∗ with representative s, then it contains |AG∗(s)F

∗ | semisim-
ple characters, where AG∗(s) = CG∗(s)/C◦G∗(s) is the component group
of s. In fact, Irrs(GF ) can be parametrized in a natural way by pairs (s, ξ)
where s runs over a set of representatives of the semisimple classes of G∗F∗

and ξ ∈ Irr(AG∗(s)F
∗). So, in order to understand Irrs(GF ), we have to

particularly consider the semisimple classes of G∗F∗ and their component
groups.
In [7], we explicitly computed the number of semisimple classes of G∗F∗

when G∗ is simple and p is a good prime for G∗. For that, we used the
theory of Gelfand-Graev characters for connected reductive groups with dis-
connected center, developed by Digne-Lehrer-Michel in [12] and [13]. This
method gives a lot of information on the F ∗-stable semisimple G∗-classes
of G∗ with disconnected centralizer (by the centralizer of an F ∗-stable
class, we mean the centralizer of a fixed F ∗-stable representative), which
allows us to prove the inductive McKay condition in defining characteristic
for simple groups coming from simple algebraic groups with fundamental
group of order 2; see [5, Theorem 1.1]. However, we cannot derive from [7]
all information that we need, especially phenomena appearing only in the
algebraic group, as for example the description of the F ∗-stable semisimple
classes with disconnected centralizer such that the fixed-point subgroup
AG∗(s)F

∗ is trivial (s is any F ∗-stable representative); see Remark 2.14.
In this work, we will consider the Brauer complex, initially introduced

by J. Humphreys in [18] for describing p-modular representation theory of
GF . When G is a simple simply-connected group, Deriziotis proved in [11]
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that the F -stable semisimple classes of G (and thus, the semisimple classes
of GF ) are parametrized by the faces of the Brauer complex of maximal
dimension. We generalize here some results to any simple algebraic groups
using an approach of Bonnafé [2].
Moreover, we are interested in the problem of the extendibility of semi-

simple characters of GF to their inertia groups in Aut(GF ). Digne-Michel
[15] and Malle [21] developed a theory of Deligne-Lusztig characters for
finite disconnected reductive groups. Using this theory, Sorlin [23] con-
structed extensions of Gelfand-Graev characters of GF to GF o〈σ 〉, where
σ is a quasi-central semisimple or unipotent automorphism of G. We will
use results of [23] in order to prove that, under certain assumptions, the
semisimple characters of GF are extendible to their inertia groups in the
full automorphism group.
Finally, recall that the McKay Conjecture asserts that for any finite

group G, if Irrp′(G) denotes the set of p′-characters of G, then | Irrp′(G)| =
| Irrp′(NG(P ))|, where P is a fixed p-Sylow subgroup of G. In [20], Isaacs-
Malle-Navarro proved a reduction theorem of this conjecture to finite simple
groups. They showed that if every simple group satisfies a refined property,
the so-called inductive McKay condition (see [20, §10] for more details),
then the McKay Conjecture holds for all finite groups. As an application
of our results, we will prove that “twisted” and “untwisted” finite simple
groups of type E6 satisfy the inductive McKay condition in defining char-
acteristic.
The paper is organized as follows. In Section 2, we introduce the Brauer

complex of G and describe the faces containing points with disconnected
centralizer; see Theorem 2.5. Then we compute the number of F -stable
semisimple classes of G with disconnected centralizer when G is not of
type D2n and has fundamental group of prime order; see Proposition 2.11.
Note that this result requires no condition on q. Furthermore, if G is not
of type D2n, we describe the F -stable points of the Brauer complex in
the case that F acts trivially on the center of G; see Propositions 2.16
and 2.17. As first consequences we prove that if p is odd, then the McKay
Conjecture holds for GF at the prime p, where G is a simple and simply-
connected group of type D2n+1; see Remark 2.18. It also holds for p = 2
(resp. p = 3) when G is a simple and simply-connected group of type
E6 (resp. E7); see Remark 2.15. In Section 3, we recall the construction
of semisimple characters and give the action of automorphisms of GF on
Irrs(GF ). Then we discuss extendibility in a special case of these characters
to their inertia groups; see Proposition 3.13. Finally, in Section 4 we prove
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1674 Olivier BRUNAT

the inductive McKay condition in defining characteristic (for p > 3) for
“untwisted” simple groups of type E6 in Theorem 4.9, and for the “twisted”
version in Theorem 4.10. Note that these methods also prove that the
inductive McKay condition is satisfied at the prime p by simple groups of
Lie type of type A2n such that 2n + 1 is a prime number distinct from p;
see Proposition 4.12.
It should be noted that recently, after the submission of this paper, using

a work of Maslowski [22], Späth showed that all finite simple groups of Lie
type are “good” for the defining characteristic; see [24].

2. Semisimple classes with disconnected centralizers

2.1. Notation

Throughout this paper, G denotes a simple algebraic group over Fp. We
fix a maximal torus T contained in a Borel subgroup B of G. Let Φ be the
root system of G relative to T. We write Φ+ and ∆ for the set of positive
roots and the set of simple roots of Φ corresponding to B. We denote by
X(T) and Y (T) the groups of characters and cocharacters of T and write
〈 , 〉 : X(T)× Y (T)→ Z for the duality pairing between X(T) and Y (T).
For α ∈ Φ, we denote by α∨ the coroot of α and write Φ∨ = {α∨ |α ∈ Φ}.
We define V = Q ⊗Z Y (T) and V ∗ = Q ⊗Z X(T), and extend 〈 , 〉 to a
nondegenerate bilinear form

〈 , 〉 : V ∗ × V → Q.

Let Gsc (resp. Gad) be the simply-connected version (resp. adjoint version)
of G. We denote by πsc : Gsc → G and πad : G → Gad corresponding
isogenies. Write Tsc = π−1

sc (T) and Tad = πad(T). Then Tsc and Tad are
maximal tori of Gsc and Gad, and the surjective homomorphisms πsc :
Tsc → T and πad : T → Tad induce injective homomorphisms πsc,X :
X(T) → X(Tsc), χ → χ ◦ πsc and πad,X : X(Tad) → X(T), χ → χ ◦
πad. Using πsc,X and πad,X , we identify X(T) with a subgroup of X(Tsc)
containing X(Tad), such that the root systems πsc(Φ) and π−1

ad (Φ) of Gsc
and Gad are identified with Φ. Similarly, using the injective morphisms
πsc,Y : Y (Tsc) → Y (T), γ → πsc ◦ γ and πad,Y : Y (T) → Y (Tad), γ →
πad ◦ γ induced by πsc and πad, the group Y (T) is viewed as a subgroup of
Y (Tad) containing Y (Tsc) such that π−1

sc,Y (Φ∨) and πad,Y (Φ∨) are identified
with Φ∨. Note that V = Q⊗ZY (Tsc) = Q⊗ZY (Tad), V ∗ = Q⊗ZX(Tsc) =
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ON SEMISIMPLE CLASSES AND SEMISIMPLE CHARACTERS 1675

Q⊗ZX(Tad), and the linear maps πsc,X and πsc,Y (resp. πad,X and πad,Y )
are adjoint maps with respect to 〈 , 〉. We define the group of weights by

(2.1) Λ = {λ ∈ V ∗ | 〈λ, α∨ 〉 ∈ Z ∀α ∈ Φ}.

Recall that X(Tad) = ZΦ and X(Tsc) = Λ, and the fundamental group of
Φ is the finite group Λ/ZΦ = X(Tsc)/X(Tad). Now, we denote by ($∨α)α∈∆
and ($α)α∈∆ the dual bases with respect to 〈 , 〉 of ∆ and ∆∨ = {α∨ |α ∈
∆}, respectively. Since X(Tad) = ZΦ and X(Tsc) = 〈$α, α ∈ ∆ 〉Z, we
deduce that

(2.2) Y (Tsc) =
⊕
α∈∆

Zα∨ and Y (Tad) =
⊕
α∈∆

Z$∨α .

We denote byW = NG(T)/T the Weyl group of G. ThenW acts on X(T)
and on Y (T) by

(2.3) wχ(t) = χ(tw) and γw(t) = γ(t)w,

for γ ∈ Y (T), χ ∈ X(T) and t ∈ T. In particular, we have 〈wχ, γ 〉 =
〈χ, γw 〉 and W (Φ) = Φ and W (Φ∨) = Φ∨. Recall from [9, §1.9] that
W = 〈 sα |α ∈ Φ 〉, and for χ ∈ X(T) and γ ∈ Y (T), we have sα(χ) =
χ− 〈χ, α∨ 〉α and sα(γ) = γ − 〈α, γ 〉α∨.

2.2. Semisimple classes with disconnected centralizers

We denote by Qp′ the additive subgroup of Q of rational numbers of
the form a/b with b not divisible by p, and write ι̃ : Q → F×p for the
composition of the morphisms Q → Q/Z → Qp′/Z → F×p , where the
second morphism is obtained by killing the p-torsion subgroup of Q/Z, and
the last morphism is a fixed isomorphism between Qp′/Z and F×p as in [9,
3.1.3]. We set ι̃T : Q ⊗Z Y (T) → T, r ⊗ γ → γ(ι̃(r)), which induces a
bijective morphism Qp′/Z⊗Z Y (T)→ T; see [9, 3.1.2, 3.1.3]. Furthermore,
the surjective homomorphism from Qp′ ⊗Z Y (T) onto Qp′/Z⊗Z Y (T) with
kernel Y (T) induces the isomorphism of groups

(2.4) T ' Qp′/Z⊗Z Y (T) ' Qp′ ⊗Z Y (T)/Y (T).

Note that the action of W on Y (T) defined in Equation (2.3) can be natu-
rally extended toQp′/Z⊗ZY (T) and to (Qp′⊗ZY (T))/Y (T) and is compat-
ible with the isomorphisms of Equation (2.4). We define W a = Y (T)oW .
Note that W a acts on V as a group of affine transformations by

(γ · w)(λ⊗ γ′) = λ⊗ γ′w + γ,

TOME 62 (2012), FASCICULE 5



1676 Olivier BRUNAT

for γ, γ′ ∈ Y (T), λ ∈ Q and w ∈W . So, we have

(Qp′ ⊗Z Y (T)/Y (T)) /W = Qp′ ⊗Z Y (T)/W a.

Since the set of semisimple classes s(G) of G is in bijection with the set
T/W of W -orbits on T (see [9, 3.7.1]), we deduce that s(G) is in bijection
with

(2.5) (Qp′ ⊗Z Y (T))/W a,

Now, we write α0 for the highest root of Φ (with respect to the height
defined by ∆) and put

(2.6) α0 =
∑
α∈∆

nα α,

with nα ∈ N∗. We define the affine Weyl group Wa of V as the subgroup
of affine transformations of V generated by sα (for α ∈ ∆) and sα0,1 =
sα0 + α∨0 . Then by [4, p.174], the alcove

C = {λ ∈ V | 〈α, λ 〉 > 0 ∀α ∈ ∆, 〈α0, λ 〉 6 1}

is a fundamental domain for the action of Wa on V . Recall that Wa =
Y (Tsc)oW (see [4, VI§2, Prop 1]). In particular, Wa 6W a, which implies
that every W a-orbit of V contains at least one element of C . We write

∆̃ = ∆ ∪ {−α0}

for the affine Dynkin diagram of G and ∆̃min = {α ∈ ∆̃ |nα = 1}, with
the convention that n−α0 = 1. For α ∈ ∆̃min, we set zα = wαw0, where
w0 and wα are the longest elements of W and W∆\{α}, respectively (note
that w−α0 = w0 and z−α0 = 1). Then zα induces an automorphism of the
extended Dynkin diagram ∆̃. We define

A = {zα |α ∈ ∆̃min}.

Recall thatA is isomorphic to the center Z(Gsc) as follows. By [4, Corollaire
p.177], we have Z(Gsc) = {ι̃T($∨α) |α ∈ ∆̃min}. Moreover, for z ∈ Z(Gsc),
there is a unique element wz ∈ W (obtained as the projection on W of
any element ω of Wa satisfying ω(C ) = y + C for y ∈ Qp′ ⊗ Y (T) such
that ι̃T(y) = z; note that wz is well-defined because it does not depend on
y). Then [4, Proposition 6 p.176] implies that zα = wι̃T($∨α) for α ∈ ∆̃min.
Furthermore, the map

(2.7) Z(Gsc)→ A, ι̃T($∨α) 7→ zα,

is an isomorphism of groups; see [4, VI.§2.3].
Now, we write Ŵa = Y (Tad)oW and ΓC for the subgroup of Ŵa which

stabilizes C . Then in [4, VI,§2 Prop 6], the following result is proven.
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Proposition 2.1. — The group of automorphisms of ∆̃ induced by
elements of W is A. For α ∈ ∆̃min, we set fα = zα + $∨α . Then fα ∈ Ŵa

and we have
ΓC = {fα |α ∈ ∆̃min}.

Moreover, the map

$∨ : A → Y (Tad)/Y (Tsc), zα 7→ $∨α + Y (Tsc),

is an isomorphism of groups.

Note that, by composition of $∨ with the isomorphism defined in Equa-
tion (2.7), we can identified the quotient Y (Tad)/Y (Tsc) with Z(Gsc).
For λ ∈ V , we will denote by (λα)

α∈∆̃ its affine coordinates, that is,
the unique family of rational numbers such that

∑
α∈∆̃ λα = 1 and λ =∑

α∈∆̃
λα
nα
$∨α , where nα are the integers defined in Equation (2.6) and

$∨−α0
= 0. Note that λ ∈ C if and only if λα > 0 for every α ∈ ∆̃; see [4,

Corollaire p.175].
Now, following [2], we define the subgroup AG of A to be the inverse

image of Y (T)/Y (Tsc) under $∨. We also define

(2.8) ∆̃min,G = {α ∈ ∆̃min | zα ∈ AG} and ΓG = {fα |α ∈ ∆̃min,G}.

Then Bonnafé proves in [2, (3.10), Cor. 3.12, Prop. 3.13]

Theorem 2.2. —
(1) For α ∈ ∆̃min and λ = (λβ)

β∈∆̃ ∈ C , we have fα(λ)β = λz−1
α (β) for

β ∈ ∆̃.
(2) The points λ, µ ∈ C are in the same W a-orbit if and only if there

is z ∈ AG such that z(λ)− µ ∈ Y (T).
(3) Let [s]G ∈ s(G) be a semisimple class with representative s ∈ G

corresponding to aW a-orbit [λ] (here, λ denotes a representative in
C ) on C . Then Iλ = {α ∈ ∆̃ |λα = 0} is a basis of the root system
of CG(s)◦ and the component group AG(s) = CG(s)/CG(s)◦ is
isomorphic to

AG(λ) = {z ∈ AG | ∀α ∈ ∆̃, λz(α) = λα}.

For α ∈ ∆̃min, we write

(2.9) Vα = {v ∈ V | fα(v) = v}

for the affine subspace of V of the invariants under fα.
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1678 Olivier BRUNAT

Lemma 2.3. — Let α, α′ ∈ ∆̃min. If 〈 zα 〉 = 〈 zα′ 〉, then Vα = Vα′ .
Moreover, if Ωα denotes the set of 〈 zα 〉-orbits on ∆̃, then

dim(Vα) = |Ωα| − 1.

In Table 2.1, we explicitly give the dimension of Vα for every irreducible
extended affine Dynkin diagram. For the notation, we use the labelling of
Bourbaki [4, Planche I-IX]. In particular, note that zαi(−α0) = αi.

Type |A| A zα dim(Vα)

An n+ 1 〈 zα1 〉 d|n+ 1, zdα1
d− 1

Bn 2 〈 zα1 〉 zα1 n− 1

Cn 2 〈 zαn 〉 zαn bn2 c

D2n+1 4 〈 zαn 〉 zαn , zαn−1 = z−1
αn n− 1

zα1 = z2
αn 2n− 1

D2n 4 〈 zαn−1 〉 × 〈 zαn 〉 zαn , zαn−1 n

zα1 = zαnzαn−1 2n− 2

E6 3 〈 zα1 〉 zα1 , z
−1
α1

2

E7 2 〈 zα1 〉 zα1 4

E8 1 {1} 1 8

G2 1 {1} 1 2

F4 1 {1} 1 4

Table 2.1. The dimension of the invariant subspace

2.3. Fixed-points under a Frobenius map

Now, we suppose that G is defined over the finite field Fq (for q a p-
power) and we denote by F : G → G the corresponding Frobenius map.
We assume that F is the composition of a split Frobenius with a graph
automorphism coming from a symmetry ρ of ∆ (which could be trivial).
We suppose that the maximal torus T of G is chosen to be F -stable and

ANNALES DE L’INSTITUT FOURIER
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contained in an F -stable Borel subgroup B. Moreover, F induces Frobenius
maps on Gsc and Gad (also denoted by F ) such that F and the isogenies
πsc and πad commute. We can define an F -action on X(T) and Y (T) by
setting

F (χ)(t) = χ(F (t)) and F (γ)(x) = F (γ(x)),

for χ ∈ X(T), γ ∈ Y (T), t ∈ T and x ∈ F×p . The F -action on Y (T)
extends naturally to Qp′/Z ⊗Z Y (T) and to (Qp′ ⊗Z Y (T))/Y (T) and is
compatible with the isomorphisms of Equation (2.4). Since the set of F -
stable semisimple classes of G is in bijection with the set (T/W )F ; see [9,
3.7.2], it follows that it is in bijection with the set (Qp′ ⊗Z Y (T)/W a)F .

We put W a,q = F−1(Y (T)) oW . Then the map

F : W a,q →W a, yw 7→ F (y)F (w),

is an isomorphism of groups. Note that W a is a subgroup of W a,q. Fur-
thermore, for v ∈ V and g ∈W a,q, we have

(2.10) F (g)(F (v)) = F (g(v)).

We define Wa,q = F−1(Y (Tsc)) o W and Ŵa,q = F−1(Y (Tad)) o W .
In particular, we have Wa,q 6 W a,q 6 Ŵa,q. Moreover, Equation (2.10)
implies that the set

Cq = {v ∈ V |F (v) ∈ C }

is a fundamental region for theWa,q-action on V . We denote by hq : V → V

the homothety with origin 0 and ratio 1
q . Recall that F acts on V by h−1

q ·F0,
where F0 : V → V is a linear transformation defined by F0(α) = ρ−1(α) for
all α ∈ ∆. Note that V can be regarded as a euclidean space on which the
elements of Ŵa and F0 act as isometries. In the following, we will denote
by d0 the associated metric. Since 〈F0(χ), γ 〉 = 〈χ, F0(γ) 〉, we deduce that
F0($∨α) = $∨ρ−1(α) for every α ∈ ∆. For α ∈ ∆̃, we set

$∨α,q = F−1($∨α) = 1
q
·$∨ρ(α).

Note that nρ−1(α) = nα. Hence, ∆̃min is ρ−1-stable. For α ∈ ∆̃min, we define

fα,q = zρ(α) +$∨α,q.

TOME 62 (2012), FASCICULE 5



1680 Olivier BRUNAT

Lemma 2.4. — Let α ∈ ∆̃min. Then the following diagram is commuta-
tive.

C
fα //

F−1

��

C

F−1

��
Cq

fα,q // Cq

Proof. — For every α ∈ ∆̃min, we set Iα = ∆\{α} and Φα = WIα(Iα)
the corresponding root subsystem with basis Iα. Since f−α0 = f−α0,q = 1,
the lemma is trivially true for −α0. Fix now α ∈ ∆ with nα = 1. For every
x ∈ V , we have

F−1fαF (x) = 1
q
· w∨ρ(α) + F−1

0 zαF0(x).

Moreover, we have ρ(Iα) = Iρα and Φρ(α) = ρ(Φα). If wα and wρ(α) are the
longest elements of WIα and WIρ(α) , then wρ(α) = ρ(wα). Indeed, for every
β ∈ ∆, we have sρ(β) = F−1

0 sβF0 which implies that ρ(wα) = F−1
0 wαF0.

Now, if β ∈ Φ+
ρ(α), then ρ(wα)(β) = F−1

0 (−F0(β)) = −β, as required. So,
we have F−1

0 zαF0 = zρ(α), and the result follows. �

Note that Wa,q is the affine Weyl group generated by sα for α ∈ ∆ and
by the affine reflection sα0,1/q = sα0 + 1

qα
∨
0 . We denote by Hq the collection

of all hyperplanes defined by the affine reflections of Wa,q. Moreover, Wa

is a subgroup of Wa,q. It follows that C is a union of certain transforms
of Cq under Wa,q. We write Eq for the set of elements ω ∈ Wa,q such that
ω(Cq) ⊆ C and define

(2.11) Ωq = {ω(Cq) |ω ∈ Eq}.

We now can prove

Theorem 2.5. — Let α ∈ ∆̃min. We define

Mα,q = {ω ∈ Eq | fα (ω(Cq)) = ω(Cq)}.

Let Vα be the subspace of invariants as in Equation (2.9). If Vα is contained
in some hyperplane of Hq, then |Mα,q| = 0. Otherwise, we have |Mα,q| =
qdimVα .

Proof. — Since Ŵa is a subgroup of Ŵa,q, it follows that fα ∈ Ŵa,q.
In particular, fα permutes the elements of Hq and also the set of alcoves
ω(Cq) for ω ∈ Wa,q. Hence, fα permutes the elements of Ωq (because for
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ω ∈ Eq, we have fα(ω(Cq)) ⊆ C ). We denote by rα ∈ Wa,q the element
such that

(2.12) rα(Cq) = fα(Cq).

Let ω ∈ Eq. Then we have

ω(Cq) = fα(ω(Cq))

= fαωf
−1
α (fα(Cq))

= fαωf
−1
α rα(Cq),

Furthermore, the group Ŵa,q normalizesWa,q, which implies that fαωf−1
α ∈

Wa,q. In particular, we have fαωf−1
α rα ∈Wa,q. However, by [4, VI.§2.1], the

groupWa,q acts simply-transitively on the set of alcoves {ω(Cq) |ω ∈Wa,q}.
It follows that fαωf−1

α rα = ω, which implies

(2.13) ω−1fαω = r−1
α fα

Note that r−1
α fα(Cq) = Cq and r−1

α fα ∈ Ŵa,q. Proposition 2.1 implies that
there is α̃ ∈ ∆̃min such that f

α̃,q
= r−1

α fα. We define

(2.14) m : ∆̃min → ∆̃min, α 7→ α̃.

Hence, the following diagram is commutative

Cq
ω //

f
α̃,q

��

ω(Cq)

fα

��
Cq

ω // ω(Cq)

For A ⊆ V and f : V → V , we denote by Af the subset of elements
of A invariant under f . So, Equation (2.13) implies that ω : C

f
α̃,q

q →

ω(Cq)fα is bijective. Thus the sets C
f
α̃,q

q and ω(Cq)fα are isometric. Let
x ∈ Vα. Suppose that x lies in the interior of some ω(Cq) for some ω ∈
Eq. Then x = fα(x) lies in the interior of f(ω(Cq)), which implies that
fα(ω(Cq)) = ω(Cq). Conversely, if ω(Cq) is fα-invariant, then the interior
of ω(Cq) contains elements of Vα (for example, the isobarycentre of the
simplex ω(Cq), because fα is an affine map). It follows that Mα,q = ∅ if
and only if Vα is contained in some hyperplane of Hq.
Suppose that Vα is not contained in some hyperplane of Hq. For H ∈ Hq,

consider the affine space Vα ∩H. Then dim(Vα ∩H) < dimVα (otherwise,
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Vα would be contained in H). This implies that

(2.15) Vol(C fα) = Vol

C fα\
⋃

H∈Hq, H∩C 6=∅

H

 .

Furthermore, we have

(2.16) C fα\
⋃

H∈Hq, H∩C 6=∅

H =
⊔

ω∈Mα,q

◦
ω(Cq)fα .

Since Vol(ω(Cq)fα) = Vol(
◦

ω(Cq)fα) for every ω ∈ Mα,q, Equations (2.15)
and (2.16) imply that

(2.17) Vol(C fα) =
∑

ω∈Mα,q

Vol
(
ω(Cq)fα

)
.

Moreover, the sets C
f
α̃,q

q and ω(Cq)fα are isometric. Thus they have the
same volume, and Equation (2.17) implies that

(2.18) |Mα,q| =
Vol

(
C fα

)
Vol

(
C
f
α̃,q

q

) .
Thanks to Lemma 2.4, we have F (C

f
α̃,q

q ) = C
f
α̃ . By Equation (2.13) and

Lemma 2.4, fα and f
α̃
are conjugate (in the group of affine transformations

of V ). Hence, zα and z
α̃
have the same order. If G is not of type D2n, then

A is cyclic. This implies that 〈 zα 〉 = 〈 z
α̃
〉 and thanks to Lemma 2.3, we

have Vα = V
α̃
. Hence, we have C fα = C

f
α̃ . If G is of type D2n, then the

invariant subspaces of fα and f
α̃
have the same dimension (because fα and

f
α̃
are conjugate). Table 2.1 implies that there is i > 0 such that α̃ = ρi(α).

Then f
α̃

= F−i0 fαF
i
0, and C

f
α̃ and C fα are isometric. We have proven that

Vol
(
F (C

f
α̃,q

q )
)

= Vol
(
C fα

)
.

Since F = h−1
q F0, we deduce that Vol

(
F (C

f
α̃,q

q )
)

= qdim(Vα) Vol
(

C
f
α̃,q

q

)
,

and it follows that Vol
(

C
f
α̃,q

q

)
= 1

qdim(Vα) Vol(C fα). Now, the result follows

from Equation (2.18). �

Remark 2.6. — If Vα is contained in some hyperplane H of Hq, then H
is not a wall of C . Indeed, the walls of C are the hyperplanes Hβ = {λ ∈
V | 〈β, λ 〉 = mβ} for β ∈ ∆̃, where mβ = 0 for β ∈ ∆ and m−α0 = −1.
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Let β ∈ ∆̃. We then define the element λα by setting λαziα(β) = 1
|〈 zα 〉·β| for

all i > 0 and λαγ = 0 for γ /∈ 〈 zα 〉 · β. Note that λα ∈ C and fα(λα) = λα.
Moreover, 〈β, λα 〉 = mβ + 1

nβ |〈 zα 〉·β| 6= mβ , which implies that λα /∈ Hβ .

Lemma 2.7. — Let λ ∈ ω(Cq) for some ω ∈ Eq. We suppose that λ /∈
∆̃min. Then, λ lies in an F -stable W a-orbit if and only if there is α ∈ ∆̃min
with zα ∈ AG such that F (λ) = F (ω)fα(λ).

Proof. — Since F (ω(Cq)) is an alcove for Wa, there is a unique v ∈ Wa

such that vF (ω(Cq)) = C . In particular, vF (λ) ∈ C . If F (λ) and λ lie
in the same W a-orbit, then vF (λ) and λ too. Then, by Theorem 2.2(2),
there is zα ∈ AG (for α ∈ ∆̃min) such that vF (λ) − zα(λ) ∈ Y (T). Since
$∨α ∈ Y (T), we deduce that vF (λ)− fα(λ) ∈ Y (T). But vF (λ) and fα(λ)
lie in C . We denote by (µβ)

β∈∆̃ and (λ′β)
β∈∆̃ the affine coordinate of vF (λ)

and fα(λ). We have

vF (λ)− fα(λ) =
∑
β∈∆

µβ − λ′β
nβ

$∨β .

We have 0 6 µβ 6 1 and 0 6 λ′β 6 1 for all β ∈ ∆̃ (because vF (λ) and
fα(λ) lie in C ). Thus, for every β ∈ ∆, we have

− 1
nβ
6
µβ − λ′β
nβ

6
1
nβ

Since Y (T) 6 Y (Tad), we deduce from Equation (2.2) that µβ = λ′β if
β /∈ ∆̃min. Suppose that β ∈ ∆̃min. Then nβ = 1 and µβ − λ′β ∈ {−1, 0, 1}.
If µβ −λ′β 6= 0, then we can assume that µβ = 1 and λ′β = 0. Then µβ′ = 0
for all β′ 6= β, and vF (λ) = $∨β . Similarly, we deduce that fα(λ) = $∨β′

for some β′ ∈ ∆̃min (because fα(λ) 6= vF (λ), which implies that there is
β′ ∈ ∆̃min with λ′β′ = 1). It follows that λ = $∨zα(β′) ∈ ∆̃min.

So, if we assume that λ /∈ ∆̃min, we deduce that vF (λ) = fα(λ). More-
over, vF (ω(Cq)) = C implies that F (ω)(C ) = v−1(C ). Since F (ω) ∈
Wa, it follows from [4, VI.§2.1] that F (ω) = v−1. Conversely, if F (λ) =
F (ω)fα(λ), then F (ω−1)F (λ) and fα(λ) are in C . So, we have

F (ω−1)F (λ)− zα(λ) = −$∨α ∈ Y (T),

and the result comes from Theorem 2.2(2). �

Lemma 2.8. — Suppose that A is cyclic. For α ∈ ∆̃min, α 6= −α0 and
ω ∈Mα,q, if λ ∈ ω(Cq) lies in an F -stable W a-orbit, then λ ∈ Vα.
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Proof. — Suppose there is $∨β ∈ ω(Cq) with β ∈ ∆̃min. Then fα($∨β ) =
$∨β . Moreover, $∨β = fβ(0) and fα(0) = $∨α . It follows that

fβ($∨α) = fβfα(0) = fαfβ(0) = fα($∨β ) = $∨β = fβ(0),

which implies that $∨α = 0, i.e. α = −α0.
So, this proves that λ /∈ ∆̃min and by Lemma 2.7, there is β ∈ ∆̃min

such that ωF−1fβ(λ) = λ. Then λ is a fixed-point of the map ωF−1fβ :
C → ω(Cq), which is a contraction map with rapport 1/q with respect
to the metric d0. By the contraction mapping theorem, λ is the unique
fixed-point of this map. We write α̃ = m(α) where m is the map defined in
Equation (2.14). Then, using Lemma 2.4 and Equation (2.13), we deduce
that

ωF−1fβfα̃ = ωF−1f
α̃
fβ

= ωf
α̃,q
F−1fβ

= fαωF
−1fβ .

In particular, we have ωF−1fβ(C f
α̃) = ω(Cq)fα . Moreover, in the proof of

Theorem 2.5 we have seen that A cyclic implies that C
f
α̃ = C fα . Hence,

it follows that

ωF−1fβ(C fα) ⊆ C fα .

So, λ is the limit of the sequence defined by x0 ∈ C fα and xk =
ωF−1fβ(xk−1) for k > 1. Since C fα is closed, we deduce that λ ∈ C fα , as
required. �

The proof of Lemma 2.8 shows that the map ωF−1fα : C → ω(Cq) for
ω ∈ Eq and α ∈ ∆̃min has a unique fixed-point, denoted by λω,α in the
following. Moreover, we define

(2.19) Sq,α = {λω,α |ω ∈ Eq}.

To simplify, we will write Sq,−α0 = Sq and λω,−α0 = λω.

Lemma 2.9. — Let α ∈ ∆̃min. If m : ∆̃min → ∆̃min denotes the map de-
fined in Equation (2.14), then $∨α ∈ Sq if and only if m(α) = α. Moreover,
if $∨α ∈ Sq, then for ω ∈ Eq and β ∈ ∆̃min we have

fα(λω,β) = λω′,β ,

where ω′ = fαωf
−1
α rα and rα is defined in Equation (2.13).
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Proof. — We have

rαF
−1($∨α) = rαF

−1fα(0)

= rαfm(α),qF
−1(0)

= fm(α)(0)
= $∨m(α).

Hence, m(α) = α if and only if $∨α ∈ Sq. For ω ∈ Eq, we denote by ω′ ∈ Eq
the element such that fα(ω(Cq)) = ω(Cq). We have

fαωf
−1
α rα(Cq) = ω′(Cq).

Since fαωf−1
α rα and ω′ lie in Wa,q, we deduce from [4, VI.§2.1] that w′ =

fαωf
−1
α rα. Now, if m(α) = α, for β ∈ ∆̃min, we deduce that

fα(λω,β) = fαωF
−1fβ(λω,β)

= fαωf
−1
α rαfm(α),qF

−1fβ(λω,β)

= w′F−1fβ
(
fm(α)(λω,β)

)
= w′F−1fβ (fα(λω,β)) .

By unicity, we deduce that fα(λω,β) = λω′,β . �

Remark 2.10. — In [9, 3.8], it is proved that Sq ⊂ Qp′ ⊗Z Y (Tsc).
Since Y (Tsc) 6 Y (T), the W a-orbits on Sq parametrize some F -stable
semisimple classes of G.

Proposition 2.11. — Assume there is α ∈ ∆̃min,G, where ∆̃min,G is
the set defined in Equation (2.8), such that AG = 〈 zα 〉 has prime order
and assume that G is not of type D2n. If Vα is not contained in some
hyperplane of Hq, then the number of F -stable semisimple classes of G
with disconnected centralizer is qdim(Vα). Otherwise, there are no F -stable
classes with disconnected centralizer.

Proof. — Since AG has prime order, the W a-orbit of λ ∈ C correspond-
ing to (see Equation (2.5)) a semisimple class of G with disconnected cen-
tralizer lies in Vα, by Theorem 2.2(3). First suppose that Vα is not con-
tained in some hyperplane of Hq. Then, Mα,q is non-empty. In the proof
of Lemma 2.8, we showed that if λ ∈ ω(Cq) with ω ∈Mα,q is such that its
W a-orbit is F -stable, then λ = λω,β for some β ∈ ∆̃min,G. Moreover, by
Lemma 2.8, we have λ ∈ Vα. Since AG is generated by zα, we have Vα ⊆ Vβ .
This implies that fβ(λ) = λ. Thus, λ = λω,β for all β ∈ ∆̃min,G and λ is the
unique element of ω(Cq) lying in an F -stable W a-orbit. So, in particular,
λ = λω. Moreover, Theorem 2.2(2) implies that for ω′ ∈ Mα,q such that
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ω 6= ω′, the elements λω and λω′ are not W a-conjugate. Then there are
|Mα,q| such elements. By Remark 2.10, these points lie in Qp′ ⊗Z Y (T)∩C

and correspond to the F -stable semisimple classes of G with disconnected
centralizer. The claim then follows from Theorem 2.5.
Suppose now that Vα is contained in some hyperplane of Hq, and assume

there is λ ∈ Vα with F -stable W a-orbit. Then λ /∈ ∆̃min (because α 6= −α0

and no element of ∆̃min is fixed by fα). Hence, Lemma 2.7 implies that
F (λ) = F (ω)(λ) with ω ∈ Eq such that λ ∈ ω(Cq), i.e., λ = ωF−1(λ).
Then, λ ∈ Sq. However, by [9, 3.8.2], λ lies in a unique element of Ωq,
which contradicts the fact that λ lies in a hyperplane which is not a wall
of C (see Remark 2.6). �

Lemma 2.12. — If p does not divide |AG|, then for every α ∈ ∆̃min,G,
the invariant subspace Vα is contained in no hyperplane of Hq.

Proof. — As we remarked at the end of the proof of Proposition 2.11, if
there is λ ∈ Sq such that fα(λ) = λ for α ∈ ∆̃min,G, then Vα is contained
in no hyperplane of Hq. Suppose there is λ ∈ C such that:

(1) We have λ ∈ Qp′ ⊗Z Y (Tsc) ∩ C .
(2) The type Iλ is not equal to the type of Iµ for every µ 6= λ.
(3) We have fα(λ) = λ.

Let λ be such an element. Property (1) implies that there is a semisimple
class [s]Gsc in Gsc corresponding to λ. Then F (s) is a semisimple element
whose centralizer is of the same type as the one of s (because F is an
isogeny). Let µ be the point of C which is Wa-conjugate to F (λ), i.e, µ
corresponds to the class of F (s) in the identification given in Equation (2.5).
By Theorem 2.2(3), we have Iµ = Iλ and it follows from Property (2) that
λ = µ. Hence, the Wa-orbit of λ is F -stable. We conclude using Prop-
erty (3).
Suppose that p is a prime that satisfies the condition in Table 2.2. For

types Bn, C2n, D2n, E6 and E7, the corresponding elements given in Ta-
ble 2.2 satisfy Properties (1), (2), and (3). The result follows in these cases.
Furthermore, for the type C2n+1, if we denotes by λn the corresponding
element of Table 2.2, we have

F (λn) = (q − ε0) · λn + ε0 · λn,

where ε0 ∈ {−1, 1} is such that q ≡ ε0 mod 4. Put δ = 0 if ε0 = 1 and
δ = 1 otherwise, and define rn = tnw

δ
0, with tn the translation of vector

(q − ε0) · λn ∈ Y (Tsc) and w0 is the longest element of W . By [4, Ch.
VI, §4.8], w0 acts on V as −1, which implies that w0(λn) = −λn. Thus,
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we have rn ∈ Wa and F (λn) = rn(λn). It follows that λn ∈ Sq and we
conclude as above.
Note that if G is of type An, there is no element λ ∈ C which satisfies

the above properties (1), (2), (3). So, in order to prove the result for the
type An, we will more precisely describe the hyperplanes of Hq. For this, we
write ∆ = {αi | 1 6 i 6 n} as in [4, Planche I] and recall that the positive
roots are the elements αij =

∑
i6r<j αr for 1 6 i < j 6 n+ 1. Hence, the

hyperplanes of Hq are given by

Hij,k =
{
λ ∈ V | 〈αij , λ 〉 = k

q

}
,

for 1 6 i < j 6 n + 1 and k ∈ Z. In particular, an element λ = (λi)16i6n
lies in Hij,k if and only if

(2.20)
∑
i6r<j

λr = k

q
.

Let zα ∈ A. Write d for the order of zα and define the element λd ∈ C

such that λd,ziα1
= 1/d for all i > 0 and λd,β = 0 for β ∈ ∆̃ which is

not in 〈 zα 〉 · α1. In particular, thanks to Equation (2.20), λd ∈ Hij,k for
some 1 6 i < j 6 n + 1 and 1 6 k 6 (q − 1) (we indeed can suppose
that Hij,k is not a wall of C by Remark 2.6) if and only if qnd = kd, where
nd = |{αr | i 6 r < j}∩〈 zα 〉·α1|. Since q > k > 0, we deduce that p divides
d. It follows that if p does not divide |AG|, then Vα is not contained in some
hyperplane, as required.
Finally, if G is of type D2n+1, then we show using equations of hyper-

planes derived from [4, Planche III] and an argument similar to type An,
that the fα-stable element 1

4 ($∨1 +$∨2n +$∨2n+1) lies in no hyperplane of
Hq which are not walls of C . �

Corollary 2.13. — In table 2.3, we give the number n(q) of F -stable
semisimple classes with disconnected centralizer for simple algebraic groups
such that A has prime order. If s is a representative of such a class, we write
AG(s) = CG(s)/CG(s)◦ for the component group of CG(s).

Proof. — This is a direct consequence of Proposition 2.11 and Table 2.1.
The condition on p comes from Lemma 2.12. �

Remark 2.14. — Recall that the Lang-Steinberg theorem implies that
the number |s(GF )| of semisimple classes of the finite fixed-point subgroup
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Type λ Type of Iλ

Bn p 6= 2 1
2 ·$

∨
2 Bn−2 ×A1 ×A1

C2n p 6= 2 1
2 ·$

∨
n Cn × Cn

C2n+1 p 6= 2 1
2 ·$

∨
2n+1 A2n

D2n p 6= 2 1
2 ·$

∨
n Dn ×Dn

E6 p 6= 3 1
3 ·$

∨
4 A2 ×A2 ×A2

E7 p 6= 2 1
2 ·$

∨
2 A7

Table 2.2. Some invariant elements

GF is given by

(2.21) |s(GF )| =
∑

[s]G∈s(G)F

F (s)=s

|AG(s)F |,

where the sum is over the set of F -stable semisimple classes of G and the
representative s is chosen to be F -stable, which is possible by the Lang-
Steinberg theorem. Suppose that AG has prime order. Then every semisim-
ple element s with disconnected centralizer has a component group AG(s)
isomorphic to AG and so to a subgroup H of Z(Gsc) of order |AG| (using
the isomorphism of Equation (2.7)), such that the actions of F on AG(s)
and on H are equivalent. In particular, we deduce that the actions of F on
the groups AG(s) for all s such that AG(s) is not trivial, are equivalent. We
denote by c1 (resp. c2) a set of representatives of the F -stable semisimple
classes of G with connected centralizer (resp. a disconnected centralizer)
and we suppose that the elements of c1 and c2 are chosen to be F -stable.
Then Equation (2.21) gives

(2.22) |s(GF )| = |c1|+ |HF | · |c2|.

In [7], we computed |s(GF )| for every simple algebraic group G defined
over Fq; see [7, Table 1]. Moreover, it is well-known [9, 3.7.6] that

(2.23) q|∆| = |c1|+ |c2|.

In particular, if |HF | is not trivial (this condition is for example related
in [7, Table 1]), we can deduce n(q) = |c2| from Equations (2.22), (2.23)
and [7, Table 1]. We retrieve the results of Table 2.3. But, whenHF is trivial
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(for example, for q ≡ 2 mod 3 for G of type E6), we get in Equation (2.22)
no new information, and n(q) cannot be computed using [7].

Remark 2.15. — In [7], the prime p is supposed to be a good prime for
G, i.e. p does not divide any of the numbers nα (for α ∈ ∆) defined in
Equation (2.6). Note that Proposition 2.11 applies for any prime p which
does not divide |AG|; see Lemma 2.12. In particular, we deduce from Equa-
tions (2.22), (2.23), and Table 2.3 that

|s
(
εE6,ad(2f )

)
| = 26f + 22f+1 and |s

(
E7,ad(3f )

)
| = 37f + 34f ,

where ε = 1 if F is a split Frobenius map and ε = −1 otherwise. Moreover,
thanks to [7, Prop. 4.1 and Prop. 5.9], the ordinary McKay Conjecture
holds in defining characteristic for these groups.

Type n(q) |AG(s)|

An,ad n+ 1 prime p 6= n + 1 1 n+ 1

Bn,ad p 6= 2 qn−1 2

Cn,ad p 6= 2 qb
n
2 c 2

E6,ad p 6= 3 q2 3

E7,ad p 6= 2 q4 2

Table 2.3. Number of semisimple classes with disconnected centralizer

Now, we define
Θq =

⊔
α∈ ∆̃min,G

Sq,α.

Proposition 2.16. — Suppose that F0 is trivial and that

q ≡ 1 mod |AG|.

Then the ΓG-orbits of Θq correspond to the F -stable semisimple classes of
G in the bijection given in Equation (2.5). Moreover, if AG is cyclic and
G is not of type D2n, and if for α ∈ ∆̃min,G, the invariant space Vα is not
contained in some hyperplane of Hq, then we have

|Θq,α| = qdim(Vα),

where Θq,α denotes the set of ΓG-orbits of Θq whose representatives are
contained in Vα.
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Proof. — We have |AG| = |Y (T)/Y (Tsc)|. In particular, |AG| is the
product of the elementary divisors of Y (Tsc)6Y (T) (viewed as Z-modules).
Hence, it follows that |AG| · Y (T) 6 Y (Tsc) and |AG| · F−1(Y (T)) 6
F−1(Y (Tsc)). For α ∈ ∆̃min, we have $∨α,q = 1

q · $
∨
α (because F0 is triv-

ial) and $∨α = (q − 1)$∨α,q + $∨α,q. Denote by rα the translation of vec-
tor (q − 1)$∨α,q. So, $∨α = q$∨α,q = rα($∨α,q). Since |AG| divides q − 1,
the translation rα lies in F−1(Y (T)), and we have rα(Cq) ⊂ C . Thus,
fα(Cq)) = rα(Cq). Furthermore, we have

rαF
−1($∨α) = $∨α .

This proves that $∨α ∈ Sα, and by Lemma 2.9, we deduce that m(α) = α

and that ΓG acts on Θq. Now, since $∨α ∈ Θq, Lemma 2.7 implies that the
elements of Θq are the elements of C whoseW q-orbit is F -stable. Moreover,
by Theorem 2.2(2), two elements of Θq areW a-conjugate if and only if they
lie in the same ΓG-orbit. As we have seen in the proof of Theorem 2.5, ΓG
acts on the set Ωq. We denote by S a system of representatives of Ωq/ΓG.
Then we have

Θq/ΓG =
⊔

ω(Cq)∈S

{ΓG · λω,β |β ∈ ∆̃min,G}.

Let ω(Cq) ∈ S. Then we have |{ΓG · λω,β |β ∈ ∆̃min,G}| = |Sω,q|, where
Sω,q = {λω,β |β ∈ ∆̃min,G}. Furthermore, the proof of Lemma 2.9 implies
that λω,β = λω,β′ if and only if there is f ∈ ΓG with f(ω(Cq)) = ω(Cq)
and β′ is the element of ∆̃min,G such that fβ′ = ffα. This proves that

|Sω,q| = |ΓG|/|StabΓG(ω(Cq))| = |ΓG · ω(Cq)|.

It follows that

|Θq/ΓG| =
∑

ω(Cq)∈S

|ΓG · ω(Cq)| = |Eq| = q|∆|.

The last equality comes from [11, §3]. However, the number of F -stable
semisimple classes of G is q|∆|; see [9, 3.6.7]. Hence, there are at most
q|∆| orbits under W a in Qp′ ⊗Z Y (T) which are F -stable. It follows that
the elements of Θq/ΓG have to contain points in Qp′ ⊗Z Y (T) ∩ C , and
correspond to the F -stable semisimple classes of G.
Now, we remark that ΓG stabilizes Θq ∩ Vα. Hence, we have

Θq,α = Θq ∩ Vα/ΓG.

We set Sα = {ω(Cq) ∈ S |ω ∈Mα,q}. Note that the elements of Sα do not
depend on the choice of representatives S of Ωq/ΓG. Indeed, if ω ∈ Mα,q

and ω′ ∈ Eq is such that there is f ∈ ΓG with ω′(Cq) = f(ω(Cq)), then
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ω′ ∈ Mα,q because f and fα commute. Moreover, for ω ∈ Mα,q, every
λω,β with β ∈ ∆̃min,G lies in Vα (by Lemma 2.8, because AG is cyclic).
Therefore, we have

Θq,α =
⊔

ω(Cq)∈Sα

{ΓG · λω,β |β ∈ ∆̃min,G}.

As above, we conclude that |Θq,α| = |Mα,q|, and the result comes from
Theorem 2.5. �

Proposition 2.17. — Suppose that F0 is not trivial and that q ≡ −1
mod |AG|. Moreover, assume that G is not of type D2n. Then the conclu-
sion of Proposition 2.16 holds.

Proof. — Let α ∈ ∆̃min. For every β ∈ ∆, we define s̃β = sβ − δαβ
q · α

∨.
Write zα =

∏
β∈I sβ for some index subset I of ∆ and define

z̃α =
∏
β∈I

s̃β ∈Wa,q.

Note that z̃α(Cq) = Cq− 1
q ·$

∨
α (by Proposition 2.1) and z̃α(Cq− 1

q ·$
∨
α) =

Cq − 2
q · $

∨
α . Furthermore, we have F0zαF

−1
0 = zρ−1(α) (see the proof of

Lemma 2.4). Moreover, ρ acts on A by x 7→ x−1 (because A is cyclic; see [4,
Planche I-IX]). This implies that fρ−1(α)fα = Id. Hence

F0zαF
−1
0 (1

q
·$∨α) = −1

q
·$∨ρ(α) + fρ−1(α)fα(0),

and we deduce that zα(F−1
0 ( 1

q ·$
∨
α)) = − 1

q ·$
∨
α . Note that z̃α(− 1

q ·$
∨
α) =

− 1
q ·$

∨
α . Since |AG| divides (q+ 1) the translation t of vector (q+ 1) · 1

q$
∨
α

lies in Wa. We set rα = tz̃αzα ∈ Wa. Then rα(Cq) ⊂ C and $∨α lies in
rα(Cq). Thus fα(Cq) = rα(Cq). Moreover, we have

rαF
−1
0 (1

q
·$∨α) = $∨α .

This proves that $∨α ∈ Sα and we conclude as in the proof of Proposi-
tion 2.16. �

Remark 2.18. — Suppose that G is adjoint of type D2n+1, that p is odd
and that F ∗ acts trivially on Z(G∗) (that is, q ≡ 1 mod 4 if F is split, and
q ≡ −1 mod 4 otherwise). Thanks to Propositions 2.16 and 2.17, we have

α −α0 α1 α2n α2n+1

|Θq,α| q2n+1 q2n−1 qn−1 qn−1

Note that we have in fact Θq,α2n = Θq,α2n+1 . We denote by cd(q) a set of
representatives (chosen to be F -stable) of F -stable semisimple classes of G
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whose centralizer component group has order d. Since G is of adjoint type,
we have AG = A ' Z4 and d|4. Furthermore, since Vα2n ⊆ Vα1 ⊆ V−α0 ,
we have
(2.24)
|c4(q)| = qn−1, |c2(q)| = q2n−1 − qn−1 and |c1(q)| = q2n+1 − q2n−1.

Therefore, Equation (2.21) implies that

|s(GF )| = q2n+1 + q2n−1 + 2qn−1,

and we retrieve the result of [7, Table 1]. Now, using [7, Prop. 4.1] (note that
G∗ is simply-connected), if we denote by Irrp′(G∗F

∗) the set of irreducible
p′-characters of G∗F∗ , then we deduce that

| Irrp′(G∗F
∗
)| = q2n+1 + 3q2n−1 + 12qn−1.

Comparing with [7, Prop. 5.10], this proves that the ordinary McKay Con-
jecture holds for G∗F∗ at the prime p.

3. Semisimple characters

3.1. Stable semisimple and regular characters

In this section we keep the notation of Section 2.3 and suppose that the
Frobenius map F : G → G is split (i.e the map F0 : V → V defined on
p.1679 is trivial). Moreover, we assume that p is a good prime for G. For
every α ∈ Φ, we write Xα for the corresponding one-dimensional subgroup
of G normalized by T and choose an isomorphism xα : Fp → Xα in such a
way that F (xα(u)) = xα(uq). Let ρ be a symmetry of the Dynkin diagram.
Then we write σ : G→ G for the graph automorphism on G defined for all
α ∈ Φ and u ∈ Fp by σ(xα(u)) = xρ(α)(γαu) where γα = ±1 is chosen such
that γ±α = 1 for all α ∈ ∆; see [8, 12.2.3]. Note that F and σ commute.
We denote by U the unipotent radical of B. Recall that B = U o T and
that U =

∏
α∈Φ+ Xα. Note that the product in the last equation is the

inner product of G. Now, we define the normal subgroup

U0 =
∏

α∈Φ+\∆

Xα ⊆ U

and the quotient U1 = U/U0 (with canonical projection map πU0 : U →
U1). Then we have U1 '

∏
α∈∆ Xα (as direct product), and U0 is F -stable

and connected, which implies

(3.1) UF
1 '

∏
α∈∆

XF
α ,
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(as direct product), because Xα is F -stable for every α ∈ ∆. Fix u1 ∈ UF

such that πU0(u1)α 6= 1 for all α ∈ ∆ (such an element is regular) and recall
that AG(u1) = Z(G), because p is a good prime for G; see [14, 14.15, 14.18].
Then by the Lang-Steinberg theorem, we can parametrize the GF -classes
of regular elements by H1(F,Z(G)) [14, 14.24]. For z ∈ H1(F,Z(G)), we
denote by Uz the corresponding class of GF . Furthermore, a linear character
φ ∈ Irr(UF ) is regular if it has UF

0 in its kernel, and if the induced character
on UF

1 (also denoted by the same symbol) satisfies ResUF
1

XF
α

(φ) 6= 1XF
α

for
all α ∈ ∆. By [14, 14.28], we also can parametrize the TF -orbits of regular
characters of UF by H1(F,Z(G)). For this, we fix a regular character φ1
of UF . Then, for every z ∈ H1(F,Z(G)), the regular character φz =tzφ1,
where tz is an element of T such that t−1

z F (tz) ∈ z, is a representative of
the TF -orbit corresponding to z.

Now, for z ∈ H1(F,Z(G)), we define the corresponding Gelfand-Graev
character by setting

Γz = IndGF

UF (φz).
We denote by DGF the duality of Alvis-Curtis and define Irrr(GF ) =
{χ ∈ Irr(GF ) | ∃z ∈ H1(F,Z(G)), 〈χ,Γz 〉 6= 0} and

(3.2) Irrs(GF ) = {εχDGF (χ) |χ ∈ Irrr(GF )},

where εχ is a sign chosen to be such that εχDGF (χ) ∈ Irr(GF ). The ele-
ments of Irrr(GF ) (resp. of Irrs(GF ) are the so-called regular characters
(resp. semisimple characters) of GF . In order to describe more precisely
the sets Irrs(GF ) and Irrr(GF ), we first introduce further notation. We
choose a σ- and F -stable torus T0 containing Z(G) and we consider the
connected reductive group

(3.3) G̃ = T0 ×Z(G) G,

where Z(G) acts on G and on T0 by translation. We extend σ and F to G̃.
Note that G̃ has connected center and the derived subgroup of G̃ contains
G. Furthermore, T̃ = T0T is an F -stable maximal torus of G̃ contained in
the F -stable Borel subgroup B̃ = UoT̃ of G̃. Moreover, we write (G∗, F ∗)
and (G̃∗, F ∗) for pairs dual to (G, F ) and (G̃, F ), respectively. Then the
embedding i : G → G̃ induces a surjective homomorphism i∗ : G̃∗ → G∗.
Now, we write T and T̃ for a set of F ∗-stable representatives of s(G∗)F∗

and s(G̃∗)F∗ . Note that s(G̃)F∗ = s(G̃F∗) because the center of G̃ is
connected, and T̃ is then a system of representatives of the semisimple
classes of G̃F∗ . Furthermore, for s ∈ T and a ∈ H1(F ∗, AG∗(s)), we choose
ga ∈ G∗ such that the F ∗-class of g−1

a F ∗(ga) in AG∗(s) is a and write
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sa = gasg
−1
a ∈ G∗F∗ . Then the elements sa for a ∈ H1(F ∗, AG∗(s)) are a

system of representatives of the G∗F∗ classes of [s]G∗∩G∗F∗ . In particular,
the set

(3.4) S =
⊔
s∈T

{
sa | a ∈ H1(F ∗, AG∗(s))

}
is a set of representatives of s(G∗F∗). Note that the elements of T̃ are
chosen such that, if s ∈ S, there is s̃ ∈ T̃ with i∗(s̃) = s. Now, for any
semisimple element s ∈ G∗F∗ and s̃ ∈ G̃∗F∗ , we denote by E(GF , s) ⊆
Irr(GF ) and E(G̃F , s̃) ⊆ Irr(G̃F ) the corresponding rational Lusztig series.
Recall that E(GF , s) consists of the irreducible constituents of Deligne-
Lusztig characters RG

T∗(s), where T∗ is any F ∗-stable maximal torus of G∗
containing s, and we have

Irr(GF ) =
⊔
s∈S
E(GF , s) and Irr(G̃F ) =

⊔
s̃∈T̃

E(G̃F , s̃).

For s̃ ∈ T̃ , let W (s̃) ⊆ W be the Weyl group of CG̃∗(s̃). Denote by T̃∗1 an
F -stable maximal torus of CG̃∗(s̃) containing s and for w ∈W (s) we write
T̃∗w for the F ∗-stable maximal torus of CG̃∗(s̃) obtained by twisting T̃∗1 by
w ∈W . We define

ρ
s̃

=
εG̃εC

G̃∗
(s̃)

|W (s̃)|
∑

w∈W (s̃)

RG̃
T̃w

(s̃),(3.5)

χ
s̃

=
εG̃εC

G̃∗
(s̃)

|W (s̃)|
∑

w∈W◦(s̃)

ε(w)RG̃
T̃w

(s̃),(3.6)

where ε is the sign character of W and εG̃ = (−1)rkFq (G̃). Here, rkFq (G̃)
denotes the Fq-rank of G̃; see [14, 8.3]. Then we have Irrs(G̃F ) = {ρ

s̃
| s̃ ∈

T̃ } and Irrr(G̃F ) = χ
s̃
| s̃ ∈ T̃ }. Let s ∈ T . Write s̃ ∈ T̃ such that i∗(s̃) = s

and define

(3.7) χs = ResG̃F

GF (χ
s̃
) and ρs = ResG̃F

GF (ρ
s̃
).

Furthermore, for s ∈ S, we recall that there is a surjective group homo-
morphism [3, (8.4)]

ω̂0
s : H1(F,Z(G))→ Irr

(
AG∗(s)F

∗
)
.

We now can recall the following result [3, Proposition 15.3, Corollaire
15.14].
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Theorem 3.1. — For every s ∈ S, we have 〈Γ1, χs 〉GF = 1. We write
χs,1 for the common constituent and put ρs,1 = εGεC◦G∗ (s)DG(χs,1). More-
over, for ξ ∈ Irr(AG∗(s)F

∗), we define

χs,ξ =tzχs,1 and ρs,ξ =tzρs,1,

where z is any elements of H1(F,Z(G)) such that ω̂0
s(z) = ξ and tz ∈ T

with t−1
z F (tz) ∈ z. Then

(1) For z ∈ H1(F,Z(G)) and ξ ∈ Irr(AG∗(s)F
∗), the character χs,ξ

(resp. ρs,ξ) is an irreducible constituent of Γz (resp. of DG(Γz)), if
and only if ξ = ω̂0

s(z).
(2) We have

χs =
∑

ξ∈Irr(AG∗ (s)F∗ )

χs,ξ and ρs =
∑

ξ∈Irr(AG∗ (s)F∗ )

ρs,ξ.

(3) We have Irrs(GF ) = {ρs,ξ | s ∈ S, ξ ∈ Irr(AG∗(s)F
∗)} and

Irrr(GF ) = {χs,ξ | s ∈ S, ξ ∈ Irr(AG∗(s)F
∗)}.

Convention 3.2. — The regular character φ1 ∈ Irr(UF ) will be chosen
to be σ-stable. This choice is possible by [5, 3.1] (note that Lemma 3.1 of [5]
is stated for a Frobenius map F ′ which commutes with F . But the argument
is still valuable for a graph automorphism commuting with F ).

Proposition 3.3. — Assume that φ1 ∈ Irr(UF ) is chosen as in Con-
vention 3.2. For every z ∈ H1(F,Z(G)), we have

σΓz = Γσ(z) and σDGF (Γz) = DGF (Γσ(z)).

Moreover, the operation of 〈σ 〉 on the set of constituents of Γ1 and of
〈σ∗−1 〉 on s(G∗F∗) commute, and for s ∈ S, if the G∗F∗ -class of s is σ∗-
stable, where σ∗ : G∗ → G∗ denotes the automorphism of G∗ obtained in
dualizing σ, then for every z ∈ H1(F,Z(G)), we have

σχs,ω̂0
s(z) = χs,ω̂0

s(σ(z)) and σρs,ω̂0
s(z) = ρs,ω̂0

s(σ(z)).

Proof. — For s ∈ S, we have

(3.8) σE(GF , s) = E(GF , σ∗−1(s)).

The proof is similar to [6, Proposition 1.1] (because F and σ commute). In
particular, one has σχs = χσ∗−1(s) and σρs = ρσ∗−1(s). Since φ1 is σ-stable,
it follows that σΓ1 = Γ1. This implies that if s is σ∗-stable, then χs,1 and
ρs,1 are σ-stable. We conclude as in the proof of [5, Theorem 3.6]. �
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Remark 3.4. — Note that Proposition 3.3 shows that H1(F,Z(G))σ
parametrizes the σ-stable Gelfand-Graev characters of GF .

Lemma 3.5. — Suppose that H1(F,Z(G)) has prime order. Then every
σ-stable regular (resp. semisimple) character of GF is a constituent of some
σ-stable Gelfand-Graev character (resp. dual of Gelfand-Graev character)
of GF .

Proof. — Let χ be a σ-stable regular character of GF . Thanks to The-
orem 3.1(3), there is s ∈ S and ξ ∈ Irr(AG∗(s)F

∗) such that χ = χs,ξ
and Proposition 3.3 implies that the G∗F∗ -class of s is σ∗-stable. Let
z ∈ H1(F,Z(G)) be any element such that ω̂0

s(z) = ξ. In particular,
χ ∈ Γz by Theorem 3.1(1). Since H1(F,Z(G)) has prime order, we de-
duce that ker(ω̂0

s) is is either trivial or equal to H1(F,Z(G)). If ker(ω̂0
s) =

H1(F,Z(G)), then ξ = ω̂0
s(1) and χ ∈ Γ1, which is σ-stable with our

choice in Convention 3.2. Suppose now that ker(ω̂0
s) is trivial. By Proposi-

tion 3.3, we also have σχs,ξ = χs,ω̂0
s(σ(z)). It follows from Theorem 3.1(1)

that χ is σ-stable, if and only if ω̂0
s(σ(z)) = ω̂0

s(z), which is equivalent
to z−1σ(z) ∈ ker(ω̂0

s). Then σ(z) = z and Proposition 3.3 implies that
σΓz = Γz, as required. �

Remark 3.6. — Note that in general, if χ is a σ-stable regular character
of GF , then χ is not necessarily a constituent of some σ-stable Gelfand-
Graev character of GF . For example, consider a simple simply-connected
group G of type A3 defined over Fq (with q ≡ 1 mod 4) and suppose that
the corresponding Frobenius map F is split. We denote by α1, α2 and α3
the simple roots of G (relative to an F and σ-stable maximal torus T of
G) that we label as in [4, Planche I]. Write σ for the non-trivial graph
automorphism of A3. The condition on q implies that F acts trivially on
Z(G). Hence, H1(F,Z(G)) = Z(G). Write z0 for a generator of Z(G). With
the choice of Convention 3.2, we write Γi = Γzi0 (with 0 6 i 6 3) for the 4
Gelfand-Graev characters of GF . Furthermore, we will denote by $∨i the
fundamental weight corresponding to αi. Recall that G∗ = Gad. Define
λ = 1

2 ($∨1 +$∨3 ) and write s = ι̃T(λ) ∈ Tad. Then F (s) = s and σ(s) = s.
Moreover, λ is stable under fz2

0
, but not under fz0 . Thus, by Theorem 2.2,

we have AG∗(λ) = 〈 z2
0 〉, and AG∗(s)F

∗ ' Z2. Denote by 1 and η the
irreducible characters of AG∗(s)F

∗ , and by χs,1 and χs,η the corresponding
regular characters of GF as in Theorem 3.1(1). Since σ acts as x → x−1

on Z(G), we have

ω̂0
s(1) = ω̂0

s(z2
0) = 1 and ω̂0

s(z0) = ω̂0
s(z3

0) = η,
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and Proposition 3.3 implies that χs,1 and χs,η are σ-stable. Moreover,
thanks to Theorem 3.1(1), the Gelfand-Graev characters which have χs,1
(resp. χs,η) as constituent are Γ0 and Γ2 (resp. Γ1 and Γ3). However, by
Proposition 3.3, we have

σΓ0 = Γ0,
σΓ2 = Γ2 and σΓ1 = Γ3,

and χs,η is a σ-stable regular character of GF which is constituent of no
σ-stable Gelfand-Graev characters of GF , as claimed.

3.2. Disconnected reductive groups

By Clifford theory, an irreducible character χ of GF is σ-stable, if and
only if it extends to the group GF o 〈σ 〉. Moreover, if E(χ) denotes an
extension of χ, then Gallagher’s theorem [19, 6.17] implies that every exten-
sion of χ is obtained by tensoring E(χ) with a linear character of GF o〈σ 〉
trivial on GF . So, in order to obtain information about the sets Irrr(GF )σ
and Irrs(GF )σ, we aim to understand the extensions of these characters to
GF o 〈σ 〉. For this, we will consider the group

H = G o 〈σ 〉.

We extend F to a Frobenius map on H by setting F (σ) = σ (to simplify
notation, the extended map will also be denoted by F ). Note that H is
a disconnected reductive group defined over Fq (the rational structure is
given by F ), and H◦ = G. Moreover, σ is a rational quasi-central element
in the sense of [15, 1.15]. Now, for i > 0, we define a scalar product on the
space of class functions on the coset GF · σi, by setting

〈χ, χ′ 〉GF ·σi = 1
|GF |

∑
g∈GF

χ(gσi)χ′(gσi).

Recall that in [15, 4.10], Digne and Michel define a duality involution
DGF ,σi for i > 0 on the set of class functions defined over the coset GF ·σi,
and prove in [15, 4.13] that if χ ∈ Irr(HF ) restricts to an irreducible char-
acter on GF , then the class function DHF (χ) defined for all g ∈ GF and
i > 0 by

(3.9) DHF (χ)(gσi) = DGF ,σi(χ|GF ·σi)(gσi),

is (up to a sign) an irreducible character of HF .
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We suppose that φ1 ∈ Irr(UF ) is chosen as in Convention 3.2. In par-
ticular, φ1 is σ-stable and linear. Thus, φ1 extends to a linear character
E(φ1) of UF o 〈σ 〉 by setting

(3.10) E(φ1)(uσ) = φ1(u) ∀u ∈ UF .

This extension is the so-called canonical extension of φ1. We define

(3.11) E(Γ1) = IndHF

UFo〈σ 〉(E(φ1)).

Note that, as direct consequence of Mackey’s theorem [19, (5.6) p.74], we
have

ResHF

GF (E(Γ1)) = Γ1.

Hence, E(Γ1) extends Γ1. We write Γ1,σ = ResGF ·σ(E(Γ1)).
Write C1 for the set of irreducible constituents of Γ1 and for χ ∈ Cσ1 ,

denote by E(χ) the constituent of E(Γ1) that extends χ. Define

(3.12) Ψ1 =
∑
χ∈Cσ1

DHF (E(χ)).

Lemma 3.7. — We suppose that Convention 3.2 holds. Then we have

ResGF ·σ(Ψ1) = DGF ,σ(Γ1,σ),

and 〈Ψ1,Ψ1 〉HF = 〈Γ1,σ,Γ1,σ 〉GF ·σ. In particular,

〈Γ1,σ,Γ1,σ 〉GF ·σ =
∣∣∣s(G∗F∗)σ∗ ∣∣∣ .

In [23], Sorlin develops a theory of Gelfand-Graev characters for dis-
connected groups when σ is semisimple or unipotent. These characters are
extensions of some σ-stable Gelfand-Graev characters of GF to HF ; see [23,
§5]. In particular, the following result is proven [23, 8.3].

Theorem 3.8. — Suppose that σ is a unipotent or a semisimple element
of HF and that H1(F,Z(Gσ)) is trivial. Then HF has a unique Gelfand-
Graev character Γ and we have

〈Γσ,Γσ 〉GF ·σ = |Z(Gσ)◦F |ql,

where l is the semisimple rank of Gσ and Γσ denotes the restriction of Γ
to the coset GF · σ.

Remark 3.9. — The character E(Γ1) defined in Equation (3.11) is a
Gelfand-Graev character of HF in the sense of [23], because the linear
character E(φ1) defined in Equation (3.10) is regular [23, Définition 4.1]).
Note that by [8, 12.2.3] the graph automorphism σ that we consider here
always satisfies the condition (RS) defined in [23, Notation 2.1].
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3.3. A result of extendibility

Let n be a positive integer. The map F ′ = Fn is a Frobenius map of
G, which gives a rational structure over Fqn . Note that F and σ commute
with F ′. Then restrictions of these endomorphisms to GF ′ induce automor-
phisms of GF ′ , denoted by the same symbol in the following. Note that,
viewed as an automorphism of GF ′ , the automorphism F has order n. We
write A = 〈F, σ 〉 and

(3.13) NF ′/F : UF ′

1 → UF
1 , u 7→ uF (u) . . . Fn−1(u),

for the norm map of U1, where U1 is the group defined before Equa-
tion (3.1), and we set N∗F ′/F : Irr(UF

1 ) → Irr(UF ′

1 ), φ 7→ φ ◦NF ′/F . Since
F and σ commute, we have

(3.14) σ ◦NF ′/F = NF ′/F ◦ σ.

Lemma 3.10. — If φ is a σ-stable character of UF
1 , then the character

N∗F ′/F (φ) is stable under F and σ.

Proof. — Since U1 is abelian and connected, the map NF ′/F is surjec-
tive [5, §2.4], and N∗F ′/F is a bijection between Irr(UF

1 ) and Irr(UF ′

1 )F .
Moreover, for every φ ∈ Irr(UF

1 )σ, Equation (3.14) implies that NF ′/F (φ)
is σ-stable, as required. �

Remark 3.11. — If φ ∈ Irr(UF ) is regular and σ-stable, then the corre-
sponding character of UF

1 is σ-stable. Applying Lemma 3.10 to this char-
acter, we obtain a character of Irr(UF ′

1 ) stable under F and σ. Denote by
φ̃ the corresponding character of UF ′ (with UF ′

0 in its kernel). Then φ̃

is a regular character of UF ′ stable under F and σ. Thus, φ̃ extends to
UF ′ o 〈σ 〉. Now, it follows from Equation (3.10) that E(φ̃) is F -stable.

Convention 3.12. — The character φ1 of UF ′ used to parametrize the
Gelfand-Graev characters of GF ′ is chosen to be σ and F -stable. This is
possible by Remark 3.11.

Proposition 3.13. — Assume that φ1 ∈ Irr(UF ′) is chosen as in Con-
vention 3.12. Suppose that σ is semisimple and that the characteristic p is
a good prime of (Gσ)◦. If H1(F ′,Z(Gσ)) is trivial, then the constituents
of Ψ1 are F -stable.

Proof. — Denote by Uσ the set of regular elements of H which are
G-conjugate to an element of the coset U · σ. In [23, §8], Sorlin defines

TOME 62 (2012), FASCICULE 5



1700 Olivier BRUNAT

a family of subsets (Uz)z∈H1(F ′,Z(G)) of UFσ which form a partition of UFσ
(see [23, 8.1]). Furthermore, we define

γu(g) =
{
|GF ′ |/|UFσ | if g ∈ UFσ

0 otherwise .

Remark 3.9 and the proof of [23, Théorème 8.4] imply that

(3.15) DGF ,σ(Γ1,σ) = γu,

because H1(F ′,Z(Gσ)) is trivial. Recall that the irreducible characters of
〈σ 〉 are described as follows. We fix a primitive |〈σ 〉|-complex root of
unity σ0, and recall that the linear characters of 〈σ 〉 are the morphisms
εi : 〈σ 〉 → C× such that εi(σ) = σi0. Let ρs,1 be a σ-stable constituent of
DGF ′ (Γ1). Then the set Irr(HF ′ , ρs,1) of extensions of ρs,1 to HF ′ consists
of the characters

ρs,1,i = E(ρs,1)⊗ εi ∈ Irr(HF ′),

for any i > 0, where E(ρs,1) denotes an extension of ρs,1 to HF ′ (such
extensions exist by [19, 11.22]). Now, [23, Proposition 8.1] implies that UF ′σ
is an HF ′ -class (because p is good for (Gσ)◦, the group H1(F ′,Z(Gσ)) is
trivial and σ is semisimple). Hence, by Lemma 3.7 and Equation (3.15), for
any h ∈ UF ′σ , we have

ρs,1,i(h) = σi0ρs,1,i(h)

= σi0〈 γu, ρs,1 〉GF ′ ·σ

= σi0 εG εC◦G∗ (s).

In particular, since σ0 has order |〈σ 〉|, we deduce that

(3.16) ρs,1,i = ρs,1,j ⇐⇒ ρs,1,i(h) = ρs,1,j(h) for h ∈ UF
′

σ .

Suppose now that ρs,1 is F -stable. Then F ρs,1,i = ρs,1,j for some j > 0,
because Irr(HF ′ , ρs,1) is F -stable, and for h ∈ UF ′σ , we have

ρs,1,j(h) = F ρs,1,i(h)
= ρs,1,i(F (h))
= ρs,1,i(h),

because F (h) ∈ UF ′σ . Therefore, Equation (3.16) implies that F ρs,1,i =
ρs,1,i. �

Remark 3.14. — In fact, in the proof of Proposition 3.13 we proved that
every extension to HF ′ of an F - and σ-stable constituent of DGF (Γ1) is
F -stable.
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4. Application to finite groups of type E6

4.1. Preliminaries

In this section, G denotes a simple simply-connected group of type E6
over Fp. We suppose that p is a good prime for G (i.e., p 6= 2, 3). Let
T be a maximal torus of G contained in a Borel subgroup B of G. We
denote by Φ the root system of G relative to T, and by Φ+ and ∆ the
sets of positive roots and simple roots corresponding to B. For α ∈ Φ, we
write Xα for the corresponding root subgroup and choose an isomorphism
xα : Fp → Xα. Since G is simple, we have G = 〈xα(u) |α ∈ Φ, u ∈ Fp 〉.
For α ∈ Φ and t ∈ Fp, we set nα(t) = xα(t)x−α(−t−1)xα(t). Recall that
the Weyl group W of G is generated by the coset nα(1) ·T for all α ∈ Φ.
Moreover, for α ∈ Φ one has α∨(t) = nα(t)nα(1)−1 for all t ∈ Fp. Then, we
have T = 〈α∨(t) |α ∈ Φ, t ∈ F×p 〉 and B = 〈T, xα(u), α ∈ Φ+, u ∈ Fp 〉;
see [17, 1.12.1].
We write ∆ = {α1, . . . , α6} as in [4, Planche V] and denote by ρ the

symmetry of ∆ of order 2. As in §3.1, we define the corresponding graph
automorphism σ : G→ G and a split Frobenius map by setting F (xα(u)) =
xα(up) for α ∈ Φ and u ∈ Fp, which commute with σ and defines an Fp-
structure on G. Note that T and B are stable under F and σ. Moreover,
by [4, Planche V], we have

ι̃T(ω∨α1
) = α∨1 (ξ)α∨3 (ξ2)α∨5 (ξ)α∨6 (ξ2),

where ξ ∈ Fp has order 3 (such an element exists because p 6= 3). Define

(4.1) T0 = {α∨1 (t)α∨3 (t2)α∨5 (t)α∨6 (t2) | t ∈ F×p }.

Then T0 is a subtorus of T which contains Z(G) = 〈 ι̃T(ω∨α1
) 〉, and is stable

under σ and F . In the following, we will use this torus for the construction
of G̃ as in Equation (3.3).

Recall that Gσ is a simple group of type F4 (by [17, 1.15.2]) and Tσ is
a maximal F -stable torus of Gσ, contained in the F -stable Borel subgroup
Bσ of Gσ (see [17, 4.1.4(c)]). In particular, Z(Gσ) is trivial (for example,
by Proposition 2.1, because Y (Tσ

ad)/Y (Tσ
sc) is trivial).

Lemma 4.1. — With the above notation, the group (G̃σ)◦ is a simple
group of type F4.

Proof. — The automorphism σ of G̃ stabilizes T̃ and B̃. Then it is quasi-
semisimple (see [15, 1.1]) and by [16, 0.1], the group G̃σ is reductive and
the root system of (G̃σ)◦ only depends on Φ (the root system of G̃) and
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on σ. Hence, (G̃σ)◦ and Gσ have the same type, i.e., an irreducible root
system of type F4. Furthermore, by [15, 1.8], T′ = (T̃σ)◦ is a maximal
torus of (G̃σ)◦. Now the exact sequence

(4.2) 0→ (X(T′) ∩QΦ)/ZΦ→ X(T′)/ZΦ→ X(T′)/(X(T′) ∩QΦ)

induces an exact sequence for the p′-torsion subgroups of these groups.
Since X(T′)/(X(T′) ∩QΦ) has no torsion, we deduce that

(4.3) ((X(T′) ∩QΦ)/ZΦ)p′ ' (X(T′)/ZΦ)p′

However, the group X(T′)∩QΦ is a subgroup of the weight lattice Λ. So, it
follows that ((X(T′)∩QΦ)/ZΦ)p′ is a subgroup of X(Tσ

sc)/X(Tσ
ad) = {1}

(because Gσ is a simple group of type F4, which implies that its funda-
mental group is trivial). It follows from Equation (4.3) and [3, 4.1] that
Z((G̃σ)◦) is connected. Denote by χ0 : T̃→ F×p the character of T̃ induced
by the character T0 → F×p , t 7→ t3 in X(T0) (the character χ0 is well-
defined because it is trivial on Z(G)). Note that X(T̃) = 〈α, α ∈ ∆; χ0 〉.
Moreover, σχ0 = −χ0 implies that

RkZ

(
(1− σ)X(T̃)

)
= RkZ ((1− σ)X(T)) + 1.

Now, the proof of [15, 1.28] implies that

dim(T′) = RkZ

(
X(T̃)/(1− σ)X(T̃)

)
= RkZ

(
X(T̃)

)
− RkZ

(
(1− σ)X(T̃)

)
= RkZ(X(T))− RkZ ((1− σ)X(T))
= dim(Tσ).

Hence, if Φσ denotes the root system of Gσ, we deduce from [25, 8.1.3] that

dim((G̃σ)◦) = dim(T′) + |Φσ|
= dim(Tσ) + |Φσ|
= dim(Gσ).

The result follows. �

Let n be a positive integer, F ′ = Fn and A = 〈F, σ 〉 as in §3.3. We
consider the finite group GF ′ .

Lemma 4.2. — The subgroups of A are 〈σiF j 〉 (for i ∈ {1, 3} and a
divisor j of n) and 〈σ 〉 × 〈F j 〉 (for a divisor j of n).
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Proof. — Note that the elements of order 2 of A are σ, Fn/2 and σFn/2
if n is even and σ otherwise. Let H be a subgroup of A. Then H = H2×H2′

with H2 the 2-Sylow subgroup of H and H2′ 6 〈F 〉. Then H is cyclic if
and only if H2 is cyclic if and only H2 contains a unique element of order 2.
The result comes from the fact that if H2 contains more than one element
of order 2, then σ ∈ H2. �

Denote by Irrl(UF ′) the set of linear characters of UF ′ and by Irrs(BF )
the set of irreducible characters χ of BF ′ such that ResBF ′

UF ′ (χ) has con-
stituents in Irrl(UF ′). The characters of Irrs(BF ′) can be described as
follows. The T̃F ′ -orbits of Irrl(UF ′) are parametrized by the subsets of ∆.
For J ⊂ ∆, we denote by ωJ the corresponding T̃F ′ -orbit, and write LJ
for the standard Levi subgroup (which is F -stable) with set of simple roots
J . Note that ωJ corresponds to the regular characters of Irr(UF ′

J ).

Convention 4.3. — Write AJ = StabA(ωJ). Then by [5, Lemma 3.1]
and Remark 3.11 there is φJ in ωJ an AJ -stable character. Moreover,
StabA(φJ) = AJ and if τ ∈ A, then StabA(τφJ) = StabA(φJ), because
A is abelian. Let Ω be an A-orbit of Irrl(UF ′)/T̃F ′ and we fix ωJ ∈ Ω. In
the following, we will fix a AJ -stable character φJ ∈ ωJ , and if J ′ ⊆ ∆ is
such that there is τ ∈ A with ωJ′ = τωJ , then we choose φJ′ = τφJ as
representative for ωJ′ . Note that φJ′ is well-defined (because it does not
depend on the choice of τ ∈ A with τωJ = ωJ′) and is AJ′ -stable. This
choice is compatible with Convention 3.12.

Now, for z ∈ H1(F ′,Z(LJ)), we choose tz ∈ T such that t−1
z F ′(tz) ∈ z

and define

(4.4) φJ,z = tzφJ .

Then the family (φJ,z)J⊆∆, z∈H1(F ′,Z(LJ )) is a system of representatives of
the TF ′ -orbits of Irrl(UF ′). Moreover, if we write ZJ = Z(LJ), then for
every z ∈ H1(F ′,Z(LJ)), we have StabTF ′ (φJ,z) = ZF

′

J . Now, for J ⊆ ∆,
z ∈ H1(F ′,Z(LJ)) and ψ ∈ Irr(ZF

′

J ), we define

(4.5) χJ,z,ψ = IndBF ′

UFoZF ′
J

(φ̂J,z ⊗ ψ),

where φ̂J,z is the extension of φJ,z to UF ′ o ZF
′

J defined by φ̂J,z(ut) =
φJ,z(u) for all u ∈ UF ′ and t ∈ ZF

′

J .

Lemma 4.4. — Assume that Convention 4.3 holds. For τ ∈ A, J ⊆ ∆,
z ∈ H1(F ′,Z(LJ)) and ψ ∈ Irr(ZF

′

J ), we have
τχJ,z,ψ = χτ(J),τ(z),τψ.
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Proof. — Using the induction formula [19, 5.1], we have

(4.6) τχJ,z,ψ = IndBF ′

UF ′oτ(ZF ′
J

)(
τ φ̂J,z ⊗ τψ).

Since τ and F ′ commute, we have τ(ZF
′

J ) = τ(ZJ)F ′ = ZF
′

τ(J), because
τ(LJ) = Lτ(J). Moreover, the choices in Convention 4.3 imply that τφJ,z
is TF ′ -conjugate to φτ(J),τ(z), and the result follows. �

4.2. Equivariant bijections

We define B = D o A, where D is the group of outer diagonal auto-
morphism of GF ′ induced by the inner automorphisms of T̃F ′/TF ′ . We
denote by OD and O′D the set of D-orbits of Irrs(GF ′) and Irrs(BF ′). The
group D has order 1 or 3. For i ∈ {1, 3}, we write OD,i and O′D,i for the
subset of elements of OD and O′D of size i. For ν ∈ Irr(Z(GF ′), we de-
note by Irr(GF ′ |ν) the set of irreducible characters of GF ′ lying over ν,
that is χ ∈ Irr(GF ′ |ν) if and only if χ|Z(GF ′ ) = χ(1) · ν. We recall that
Z(B) = Z(G), and for ν ∈ Irr(Z(GF ′)) we set

Irrs(GF ′ |ν) = Irr(GF ′ |ν) ∩ Irrs(GF ′)

and
Irrs(BF ′ |ν) = Irr(BF ′ |ν) ∩ Irrs(BF ′),

and denote by OD,ν and O′D,ν the set of D-orbits of Irr(GF ′ |ν) and
Irr(BF ′ |ν), respectively. For i ∈ {1, 3}, we write OD,ν,i (resp. O′D,ν,i) for
the subset of elements of OD,ν (resp. of O′D,ν) of size i.

Remark 4.5. — By Theorem 3.1(2), every D-orbit of Irrs(GF ′) is the
set of constituents of some ρs with s ∈ S. We denote by δs the D-orbit
corresponding to s ∈ S. Note that |δs| = |AG∗(s)F

′ |. For J ⊆ ∆ and
ψ ∈ Irr(ZF

′

J ), we define

(4.7) δJ,ψ = {χJ,z,ψ | z ∈ H1(F ′,Z(LJ))}.

Then the D-orbits of Irrs(BF ′) are the sets δJ,ψ with J ⊆ ∆ and ψ ∈
Irr(ZF

′

J ). Moreover, we have |δJ,ψ| = |H1(F ′,Z(LJ))|.

Lemma 4.6. — Let ν ∈ Irr(Z(GF ′). Write Aν = StabA(ν) and suppose
that OD,ν,k and O′D,ν,k for k ∈ {1, 3} are Aν-equivalent. Then Irrs(GF ′ |ν)
and Irrs(BF ′ |ν) are D oAν-equivalent.
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Proof. — We choose Aν-equivariant bijections f1 : OD,ν,1 → O′D,ν,1 and
f3 : OD,ν,3 → O′D,ν,3. We define Ψν : Irrs(GF ′ |ν)→ Irrs(BF ′ |ν) as follows.
Let δs ∈ OD,ν . If δs ∈ OD,ν,k for k ∈ {1, 3}, then by Remark 4.5 there is
J ⊆ ∆ and ψ ∈ Irr(ZF

′

J ) such that fk(δs) = δJ,ψ. Then we set

Ψν(ρs,z) = χJ,z,ψ.

Note that, if H1(F ′,Z(LJ)) is not trivial, then H1(F ′,Z(LJ)) and
H1(F ′,Z(G)) are identified by the map h1

J : H1(F ′,Z(G))→H1(F ′,Z(LJ))
defined in [14, 14.31] (which is an isomorphism in this case). Hence, the map
Ψν is well-defined and is an DoAν-equivariant bijection by Theorem 3.1,
Lemma 4.4, Proposition 3.3 and [5, 3.6]. �

Theorem 4.7. — Suppose that G is a simple simply-connected group
of type E6 defined over Fq with corresponding Frobenius F ′. We suppose
that F ′ is split. With the above notation, if ν ∈ Irr(Z(G)F ′), then the sets
Irrs(GF ′ |ν) and Irrs(BF ′ |ν) are D oAν-equivalent.

Proof. — Write q = pn, F the split Frobenius map of G over Fp which
stabilizes T and B, and σ the graph automorphism of G with respect to
T and B, as above. Recall that F ′ = Fn. We will prove that Irrs(GF ′ |ν)
and Irrs(BF ′ |ν) are DoAν-equivalent, using Lemma 4.6. In order to prove
that OD,ν,k and O′D,ν,k for k ∈ {1, 3} are Aν-equivalent, we use [19, 13.23].

First, we suppose that Z(G)F = 1 and Z(G)F ′ = Z(G), that is p 6≡ 1
mod 3 and q ≡ 1 mod 3. We write Irr(Z(G)F ′) = {1Z , ε, ε2}. Note that n
is even. Moreover, we have

A1Z = A and Aε = Aε2 = 〈σF 〉.

Suppose that k = 3 and ν = 1Z . Let H 6 A (the subgroups of A are
described in Lemma 4.2). By Lemma [5, 5.7] and Equation (3.8) (which
is valid for any element of A), we deduce that |OHD,1Z ,3| is equal to the
number of H∗-stable classes of s(G∗) with disconnected centralizer, where
H∗ denotes the subgroup of automorphisms of G∗ induced by elements of
H. If H = 〈σ 〉 × 〈F j 〉 or H = 〈σiF j 〉, then we write d = Ord(F j). We
claim that |OHD,1Z ,3| = p2n/d. Indeed, Theorem 2.2(3) implies that every
semisimple class of G with disconnected centralizer is σ-stable, and we
conclude with Table 2.3.
Now, in the proof of [5, 5.9], it is shown that |δ′J,ψ| = 3, if and only

if ZF
′

J = TF ′

J × HF ′

J , where TJ is a torus of rank |∆| − |J | and HF ′

J is
isomorphic toH1(F ′,Z(LJ)). Moreover, the elements of δ′J,ψ⊗εm lie over εm.
So, O′D,εm,3 consists of the orbits δ′J,ψ⊗εm with |H1(F ′,Z(LJ))| = 3. By [1,
Lemme 2.16, Table 2.17], a subset J ⊆ ∆ parametrizes such an orbit if and
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only if it contains {α1, α3, α5, α6}. Furthermore, by [17, Lemma 4.4.7], the
group Gσ is a simple group of type F4 with root system Φσ = {α̃ |α ∈ Φ}
where α̃ = 1

2 (α + ρ(α)), and the set of simple roots of Gσ with respect
to Tσ and Bσ is ∆σ = {α̃1, . . . , α̃4}. Note that the labelling is as in [4,
Planche VIII]. In particular, α̃1 = α2 and α̃2 = α4 are the long roots of
∆σ. Moreover, the root subgroup corresponding to α̃ ∈ Φσ is X̃σ

α̃
, where

X̃
α̃

= Xα if α = ρ(α) and X̃
α̃

= Xα · Xρ(α) if α 6= ρ(α); see the proof
of [17, Lemma 4.4.7]. We associate to J ⊆ ∆ the subset J̃ ⊆ ∆σ such that,
if a σ-orbit of ∆ lies in J , the corresponding root of ∆σ lies in J̃ . Write
Φ
J̃

= Φσ ∩ ZJ̃ . Then we have

LJ = 〈T, X̃
α̃
, α̃ ∈ Φ

J̃
〉 and L

J̃
= 〈Tσ, X̃σ

α̃
, α̃ ∈ Φ

J̃
〉,

where L
J̃
is the standard Levi subgroup of Gσ with respect to Tσ corre-

sponding to J̃ , because Tσ is connected. Note that LσJ = L
J̃
and D(LσJ) =

D(LJ)σ, where D(LJ) denotes the derived subgroup of LJ . Furthermore,
we have TJ = Rad(LJ), which implies that TJ is σ-stable. Since LσJ is
connected (as a Levi subgroup), we deduce from [15, 1.31] and [25, 2.2.1]
that LσJ = Tσ

J D(LJ)σ. This product is direct, because σ fixes no non-
trivial element of the center of D(LJ). It follows that Tσ

J is connected (as
group isomorphic to the connected quotient LσJ/D(LJ)σ). In particular, Tσ

J

is a subgroup of Rad(LσJ). Moreover, since D(LJ)σ = D(LσJ), we deduce
from [25, 2.3.3] that dim(Tσ

J) = dim(Rad(LσJ)), and [25, 1.8.2] implies that

(4.8) Tσ
J = Rad(LσJ).

Let δ′J,ψ⊗1Z ∈ O
′〈σ 〉×〈F j 〉
D,1Z ,3 . Then J is σ-stable and contains {α1, α3, α5, α6},

and σψ = ψ. Moreover, we have (TF ′

J )〈σ,F j 〉 = (Tσ
J)F j and Equation (4.8)

implies that the set O′〈σ 〉×〈F
j 〉

D,1Z ,3 is in bijection with the set of characters
χ̃
J̃,ψ̃

of Irrs((Bσ)F j ) such that J̃ contains {α̃3, α̃4}. Therefore, [7, Lemma
5.4] implies that

(4.9)
∣∣∣O′〈σ 〉×〈F j 〉D,1Z ,3

∣∣∣ = p2n/d.

Similarly, since (σiF j)n = F ′ (because n is even), for a σi-stable J ⊆ ∆,
we have (TF ′

J )σiF j = TσiF j

J , and we deduce that O′〈σ
iF j 〉

D,1Z ,3 is in bijection
with the D-orbits of size 3 of Irrs(BσiF j , 1Z). As above, [1, 2.17] and [7,
Lemma 5.4] implies that |O′〈σ

iF j 〉
D,1Z ,3 | = p2n/d. This discussion proves that, if

ν = 1Z , then for every H 6 A we have

(4.10) |OHD,1Z ,3| = |O
′H
D,1Z ,3|.
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Now, if ν = εm with m = ±1, then Aν = 〈σF 〉 and for every H =
〈σiFn/d 〉 6 Aν , the same argument shows that

(4.11) |OHD,εm,3| = p2n/d = |O′HD,εm,3|.

So, this proves that for every ν ∈ Irr(Z(G)F ′), the sets OD,ν,3 and O′D,ν,3
are Aν-equivalent.

Suppose now that k = 1. Note that s(G∗F ′∗) and OD are A-equivalent.
Let d be a divisor of n. Then, we have |s(G∗F ′∗)〈σ∗iF∗n/d 〉| = |s(G∗F∗n/d)|,
because the set of representatives T of F ′-stable semisimple classes of G∗
can be chosen such that if the class of t ∈ T is σ∗iF ∗n/d-stable, then
σ∗iF ∗n/d(t) = t. We then conclude using the fact that a power of σ∗iF ∗n/d
equals F ′ and with Equation (3.4). So, by [7, 1.1], we deduce that
(4.12)∣∣∣s(G∗F ′∗)〈σ∗iF∗n/d 〉∣∣∣ =

{
pn|∆|/d + 2p2n/d if Z(G)σiFn/d = Z(G)
pn|∆|/d otherwise

.

Furthermore, if t ∈ T is chosen F ∗n/d-stable when the class of t in G∗
is F ∗n/d-stable, then we have |s(G∗F ′∗)〈σ∗ 〉×〈F∗n/d 〉| = |s(G∗Fn/d)σ∗)|.
Thanks to Theorem 3.8, we deduce that

(4.13)
∣∣∣s(G∗F ′∗)〈σ∗ 〉×〈F∗n/d 〉∣∣∣ = pn|∆σ|/d.

Now, using the case k = 3, the fact that OD = OD,1 t OD,3 and Equa-
tions (4.12) and (4.13), we deduce that
(4.14)∣∣∣O〈σ∗iF∗n/d 〉D,1

∣∣∣ = pn|∆|/d−p2n/d and
∣∣∣O〈σ∗ 〉×〈F∗n/d 〉D,1

∣∣∣ = pn|∆σ|/d−p2n/d.

Moreover, note that the argument at the beginning of the proof shows
that the set O′〈σ 〉×〈F

n/d 〉
D is in bijection with Irrs((Bσ)Fn/d), which has

pd|∆σ| elements by [6, Proposition 3]. The set O′〈σ
iFn/d 〉

D is in bijection
with Irrs(BσiFn/d), which has pn|∆|/d + 2p2n/d elements if σiFn/d acts
trivially on Z(G), and pd|∆| elements otherwise. Since O′D = O′D,1 tO′D,3,
we deduce from Equations (4.9), (4.10) and (4.11) that
(4.15)∣∣∣O′〈σiFn/d 〉D,1

∣∣∣ = pn|∆|/d − p2n/d and
∣∣∣O′〈σ 〉×〈Fn/d 〉D,1

∣∣∣ = pn|∆σ|/d − p2n/d.

Equations (4.14) and (4.15) prove that the sets OD,1 and O′D,1 are A-
equivalent. So, by [7, Theorem 1.1], the sets Irrs(GF ′ , ν) and Irrs(BF ′ , ν)
are in bijection. SinceOD,ν,3 andO′D,ν,3 are in bijection by Equations (4.10)
and (4.11), we deduce that OD,ν,1 and O′D,ν,1 have the same cardinal.
Moreover, if H is not a subgroup of 〈σF 〉, then every H-stable character
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of Irrs(GF ′) (resp. Irrs(BF ′)) lies over 1Z . Now, let H = 〈σiFn/d 〉 be
a subgroup of 〈σF 〉. We consider the norm map NF ′/σiFn/d : Z(G) →
Z(G), which is well-defined because (σiFn/d)n = F ′n. By [5, Lemma 5.8,
Lemma 5.9], if NF ′/σiFn/d is surjective, then every set O′D,ν,1 and O′D,ν,1
contains 1

3 (pn|∆|/d − p2n/d) characters invariant under σiFn/d. Otherwise
(i.e., when NF ′/σiFn/d is trivial), the σiFn/d-stable characters of Irrs(GF ′)
and Irrs(BF ′) lie over 1Z . So, this proves that, for every subgroup H of
Aν , we have

|OHD,ν,1| = |O′HD,ν,1|.

Therefore, the sets OD,ν,1 and O′D,ν,1 are Aν-equivalent, as required.
Now, we suppose that Z(G)F and Z(G)F ′ are trivial, that is, p 6≡ 1

mod 3 and q 6≡ 1 mod 3. Then D is trivial and we conclude using the ar-
gument of Equations (4.12) and (4.13), and the discussion following Equa-
tion (4.14).
Finally, suppose that Z(G)F = Z(G), i.e. p ≡ q ≡ 1 mod 3. Then

Z(G)F ′ = Z(G). If n is odd, we remark that if X is a 〈σFn/d 〉-set and
an 〈F ′ 〉-set, and if x is fixed by σFn/d(x) and F ′, then Fn/d(x) = x and
σ(x) = x. In particular, we can compare | Irrs(GF ′)σFn/d | with the num-
ber of semisimple classes of GFn/d fixed by σ (there are pn|∆σ|/d such
classes by Lemma 3.7 and Theorem 3.8), and | Irrs(BF ′)〈σFn/d 〉| with
| Irrs((Bσ)Fd)| = pn|∆σ|/d. If n is even, then (σiF j) = F ′ and we are
in the same situation as the first case of the proof. Using the same ar-
gument as above we deduce the numbers of Table 4.1. We set aFn/d =
bFn/d = pn|∆|/d − p2n/d when the norm map NF ′/Fn/d is surjective, and
aFn/d = pn|∆|/d − 3p2n/d and bFn/d = 0 otherwise.

It follows that OD,ν,k and O′D,ν,k are Aν-equivalent. This proves the
claim. �

4.3. Inductive McKay condition

Lemma 4.8. — Let H = GC be a finite central product with Z = G∩C.
Suppose that C is abelian and that τ ∈ Aut(H) acts on G and C. For
χ ∈ Irr(G)τ , write ν = ResGZ (χ). If ν extends to a τ -stable character of C,
then we have

| Irr(H|χ)τ | = |(C/Z)τ |.
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H n 〈σ 〉 × 〈Fn/d 〉 〈Fn/d 〉 〈σFn/d 〉

|OHD,1Z ,3| p2n/d p2n/d p2n/d

|OHD,ε,3|, ε 6= 1Z 0 p2n/d 0

|OHD,1Z ,1| odd pn|∆σ|/d − p2n/d aFn/d pn|∆σ|/d − p2n/d

|OHD,1Z ,1| even pn|∆σ|/d − p2n/d aFn/d pn|∆|/d − p2n/d

|OHD,ε,1|, ε 6= 1Z 0 bFn/d 0

|O′HD,1Z ,3| p2n/d p2n/d p2n/d

|O′HD,ε,3|, ε 6= 1Z 0 p2n/d 0

|O′HD,1Z ,1| odd pn|∆σ|/d − p2n/d aFn/d pn|∆σ|/d − p2n/d

|O′HD,1Z ,1| even pn|∆σ|/d − p2n/d aFn/d pn|∆|/d − p2n/d

|O′HD,ε,1|, ε 6= 1Z 0 bFn/d 0

Table 4.1. Case when Z(G)F = Z(G)

Proof. — Recall that, for θ ∈ Irr(H), if we write γ = ResHZ (θ), then there
are unique θ1 ∈ Irr(G|γ) and θ2 ∈ Irr(C|γ) such that θ = θ1 � θ2, where � is
the dot product, defined by θ1 � θ2(g1g2) = θ1(g1)θ2(g2) for all g1 ∈ G and
g2 ∈ C. Let χ ∈ Irr(G)τ . Write ν = ResHZ (χ). Then we have

Irr(H|χ) = {χ � θ | θ ∈ Irr(C|ν)}.

Since χ is τ -stable, so is ν and Irr(C|ν) is τ -stable. Furthermore, χ � θ
is τ -stable if and only if θ is τ -stable. In particular, the set Irr(H|χ)τ
is parametrized by Irr(C|ν)τ . Moreover, C is abelian, then ν extends to
a linear character of C (denoted by the same symbol) [19, 5.4] and by
assumption, ν can be supposed to be τ -stable. It follows that the map
gν : Irr(C|1Z) → Irr(C|ν), θ 7→ θν is a bijection such that Irr(C|ν)τ =
gν(Irr(C|1Z)τ ) (because if ν is τ -stable, so is ν−1). But we can identify
Irr(C|1Z) with Irr(C/Z) and the action of τ on these sets is compatible.
Hence, we have | Irr(C|1Z)τ | = | Irr(C/Z)τ | and the result follows from [19,
6.32]. �

We recall that if N is a normal subgroup of G, then we can associate
to every G-invariant irreducible character of N an element [χ]G/N of the
second cohomology group H2(G/N,C×) of G/N .
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Theorem 4.9. — Let p > 3 be a prime number and q a p-power. Then
the finite simple group E6(q) is “good” for the prime p.

Proof. — Let X be a simple group of type E6 with parameter q = pn.
In order to prove that X is “good” for p, we will show that X satisfies the
properties (1)–(8) of [20, §10]. Let G be a simple simply-connected group of
type E6 defined over Fq and with split Frobenius map F ′ : G→ G. Recall
that X = GF ′/Z(G)F ′ and GF ′ is the universal cover of X. Moreover,
the subgroup UF is a p-Sylow subgroup of GF ′ with normalizer BF ′ . We
set M = BF ′ and we will show that M has the required properties. By [6,
Lemma 5], we have Irrs(GF ′) = Irrp′(GF ′) and Irrs(BF ′) = Irrp′(BF ′).
Let ν ∈ Irr(Z(G)F ′) and Aν = D o Aν as above. By Theorem 4.7, there
is an Aν-equivariant bijection Φν : Irrp′(GF ′ |ν) → Irrp′(BF ′ |ν). Thus,
Properties (1)–(4) of [20, §10] are satisfied. Moreover, by Lemma 4.6, it is
sufficient to prove the result for χ = ρs,1 and Ψν(χ) = χJ,1,ψ, where (J, ψ)
corresponds to s. For such a χ, we define

Gχ = Go StabAν (χ) and G′χ = G′ o StabAν (Φν(χ)),

where G = GF ′ (resp. G′ = BF ′) if χ is not D-stable, and G = G̃F ′ (resp.,
G′ = B̃F ′) otherwise. Recall that G̃ denotes the connected reductive group
defined in Equation (3.3) with the convention of §4.1. We have Z(GF ′) 6
Z(Gχ) and StabDoA(χ) is induced by the conjugation action of NGχ(UF ′).
So, the property (5) of [20, §10] holds. We set C = Z(G). Then C =
CGχ(GF ′) and the property (6) of [20, §10] is true.

In order to prove the properties (7) and (8) of [20, §10], we will first show
that χ and Φν(χ) extend to Gχ and G′χ, respectively. If χ is not D-stable,
then StabA(χ) 6 〈F, σ 〉. If StabA(χ) is cyclic, then χ extends to Gχ by [19,
11.22]. Otherwise, StabA(χ) = 〈σ, Fn/d 〉 for some divisor d of n, and by
Proposition 3.13, the extensions of χ to GF ′ o σ are Fn/d-stable, and thus
extend to Gχ by [19, 11.22]. So, χ is extendible to Gχ.

Suppose now that D is not trivial and χ is D-stable. In particular, χ is
extendible to G̃F ′ . Write Aχ = StabA(χ). We will prove that χ extends
to an Aχ-stable character of G̃F ′ . First, we suppose that σ ∈ Aχ and we
write H = GC. Recall that H is a central product and that C = Z(G̃F ′).
By [3, §6.B], H has index |D| in G̃F ′ . Note that χ is over 1Z . Since 1C
lies in Irr(C|1Z), we deduce from Lemma 4.8 that the character χ � 1C
is Aχ-stable. Moreover, Gallagher’s theorem implies that the elements of
E = Irr(G̃F ′ |χ � 1C) extend χ and |E| = |D| = 3. Moreover, E is Aχ-
stable. Denote by ρ : Aχ → SE the homomorphism of groups induced by
this operation. Suppose that σ ∈ Aχ. Note that σ does not act trivially
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on E (because if σ fixes a character of E, then the action of σ on E is
equivalent to the action of σ on G̃F ′/H, which is not trivial). So, ρ(σ) 6= 1
and ρ(σ) has order 2. Thus, σ has to fix a character of E. Suppose now
that there is F i ∈ Aχ. Since σ and F i commute, we deduce that ρ(F i)
centralizes ρ(σ). But SE ' S3 and the centralizer of ρ(σ) in SE has order
2. Thus, there is an Aχ-stable character χ̃ in E. By [15, 1.31], we have
G̃σ = Rad(G̃)σD(G)σ, because σ has order 2 and |Z(D(G̃))| = 3. Since
Rad(G̃) = T0 (cf. Equation (4.1)) has dimension 1, we deduce that σ acts
by inversion on T0 and |Tσ

0 | = 2. Hence, G̃σ is disconnected with connected
component a simple group of type F4 (by Lemma 4.1) of index 2. We
deduce that |Z(G̃σ)| = 2. Denote by Ψ̃ the character of G̃ constructed in
Equation (3.12). The character χ̃ extends to a character E(χ̃) of G̃F ′o〈σ 〉,
and 〈 Ψ̃, E(χ̃) 〉G̃F ′ ·σ = ±1. Moreover, by [23, Proposition 7.2] Ψ̃ has non-
zero values only on ŨF ′σ (see the proof of Proposition 3.13 for the definition),
which is the union of the two classes Ũ1 and Ũ−1 of G̃F ′ o 〈σ 〉 (by [23,
Proposition 8.1], because σ is semisimple). Then E(χ̃) has a non-zero value
on at least Ũ1 or Ũ−1. But F i fixes these two classes (because there is an
F i-stable element in ŨF ′σ . So, its G̃F ′o〈σ 〉-class is F i-stable and the other
class has to be also F i-stable). Then the argument of Proposition 3.13 shows
that E(χ̃) is F i-stable. It follows that E(χ̃) extends to (G̃F ′o 〈σ 〉)o 〈F i 〉
by [19, 11.22]. This proves that χ extends to Gχ.

Now, we suppose that σ /∈ Aχ. Then Aχ = 〈σiFn/d 〉 for some d 6= n.
Moreover, as we have seen in the proof of Theorem 4.6, we have F ′ =
(σiFn/d)n (if not, σ has to fix χ). Then, there is a semisimple element s of
G∗F ′∗ such that χ = ρs,1. Since AG∗(s)F

′∗ is trivial, by the Lang-Steinberg
theorem, we can suppose that s is chosen to be σ∗iF ∗n/d-stable. Let s̃
be an σ∗iF ∗n/d-stable semisimple element of G̃∗ such that i∗(s̃) = s (such
elements exist by the Lang-Steinberg theorem, because ker(i∗) is connected
and σ∗iF ∗n/d-stable). Note that s̃ ∈ G̃∗F ′∗ , and since s̃ is σ∗iF ∗n/d-stable,
the character ρ

s̃
is σiFn/d-stable. Moreover, ρ

s̃
extends χ. Since Gχ is a

cyclic extension of G̃F ′ , we deduce from [19, 11.22] that χ extends to Gχ,
as required.
Write χ′ = Φν(χ). Then there are J ⊆ ∆, z ∈ H1(F ′,ZJ) and ψ ∈

Irr(TJ)F ′ with ResTF
′

J

Z(G)F ′ (ψ) = ν, such that χ′ = χJ,z,ψ. Suppose that χ′ is
D-stable. Then z = 1 and TJ is connected. Write T̃J = CT̃F ′ (φJ), where
φJ is chosen as in Convention 4.3. Note that T̃J is a torus because the
center of G̃ is connected. Then TJ is a subtorus of T̃J and by [14, 0.5],
there is an F ′-stable subtorus T′ of T̃J such that T̃J = TJ ·T′ (as direct
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product). By [19, 6.17] and the construction of Equation (4.5) applied to
B and B̃, we deduce that

Irr(BF ′ |χJ,1,ψ) = {χ̃J,1,ψ⊗µ |µ ∈ Irr(T′F
′
)},

where χ̃J,1,ψ⊗µ denotes the character of B̃F ′ defined in Equation (4.5).
Note that if TJ is σiF j-stable (for any i, j), then T′ is σiF j-stable. Write
Aχ′ = StabA(χ′). It follows that the character χ̃J,1,ψ⊗1T′F ′

∈ Irr(B̃F ′) is an
Aχ′ -stable extension of χ′. For τ ∈ Aχ′ , φJ and ψ are τ -stable. Write ψ̃ =
ψ⊗1T′F ′ . Then T̃F ′

J and φ̂J ⊗ ψ̃ are Aχ′ -stable. Hence, as linear character,
φ̂J ⊗ ψ̃ extends to a linear character E(φ̂J ⊗ ψ̃) of (UF ′ o T̃F ′

J )oAχ′ , and
by [19, (5.6) p.74], we have

(4.16) χ̃
J,1,ψ̃ = ResB̃F ′oAχ′

B̃F ′

(
IndB̃F ′oAχ′

(UF ′oT̃F ′
J

)oAχ′
E(φ̂J ⊗ ψ̃)

)
.

Hence, χ′ extends to G′χ. Suppose that χ′ is not D-stable. If Aχ′ is cyclic,
then χ′ extends to G′χ by [19, 11.22]. Otherwise, z = 1 and we can show
that χ′ extends to Aχ′ , because we can construct an extension of χJ,1,ψ to
BF ′ oAχ′ as in Equation (4.16).
We now will prove the properties (7) and (8) of [20, §10]. If χ is not

D-stable, then C = Z(G)F ′ and we choose γ = ν. Then χ � γ = χ and
Φν(χ) �γ = Φν(χ) and by the preceding discussion, these characters extend
to Gχ and G′χ. Then by [19, 11.7], we have

[χ]Gχ/GF ′ = [Φν(χ)]G′χ/BF ′ ,

and Properties (7) and (8) of [20, §10] are proven in this case.
Suppose now that D is not trivial and that χ is D-stable. If ν = 1Z then

we set γ = 1C , which is Gχ and G′χ-stable. Moreover, as we have seen, the
characters χ � 1C and Φν(χ) � 1C extend to Gχ and G′χ. If ν 6= 1Z , then
Gχ = 〈F ′′ 〉 with F ′′ = σiFn/d for some d 6= 1 and F ′′n = F ′. Moreover,
since ν 6= 1 is F ′′-stable, it follows that F ′′ acts trivially on Z(G)F ′ . Note
that Φν(χ) is D-stable and extends to G′χ. Denote by χ̃′ such an extension
and write

γ = ResG
′
χ

Z(G̃)F ′
(χ̃′).

Then γ is G′χ-stable and Gχ-stable and lies over ν. Furthermore, by [19,
6.17], we have

(4.17)
∣∣∣Irr(G̃F ′ |χ)F

′′
∣∣∣ =

∑
θ∈Irr(GF C|χ)F ′′

∣∣∣Irr(G̃F ′ |θ)F
′′
∣∣∣ .

As we have seen previously, χ = ρs,1 for some F ′′-stable semisimple element
s ∈ G∗F ′∗ and there is an F ′′-stable semisimple element s̃ ∈ G̃∗F ′∗ such
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that i∗(s̃) = s. Then by [3, (15.9)], we have Irr(G̃F ′ |χ) = {ρ
s̃z,1 | z ∈ C}

and [3, Lemma 8.3] implies that this set is in bijection with C because
AG∗(s)F

′ is trivial. Moreover, since s̃ is F ′′-stable, these operations are
F ′′-equivalent and | Irr(G̃F ′ , |χ)F ′′ | = |CF ′′ |. Now, Lemma 4.8 implies that
| Irr(GF |χ)F ′′ | = |CF ′′ |/3, because F ′′ acts trivially on Z(GF ) = GF ∩C.
Since | Irr(G̃F ′ |θ)F ′′ | 6 3 (because GFC has index 3 in G̃F ′ and by [19,
6.17]), we deduce from Equation (4.17) that | Irr(G̃F ′ |θ)F ′′ | has to be equal
to 3. But χ · γ ∈ Irr(GF C|χ)F ′′ . Thus, χ · γ extends to an F ′′-stable
character of G̃F ′ and [19, 11.22] implies that χ · γ extends to Gχ. We
conclude using [19, 11.7] that

[χ � γ]Gχ/GF ′C = [Φν(χ) � γ]G′χ/GF ′ C .

Hence, the properties (7) and (8) of [20, §10] hold, as required. �

Theorem 4.10. — Let p > 3 be a prime number and q a p-power. Then
the finite simple group 2E6(q) is “good” for the prime p.

Proof. — We set F ′ = σFn. Then GF ′ is the universal cover of 2E6(q),
and the outer automorphism group of GF ′ isDo〈F 〉, where F acts on GF ′

as an automorphism of order 2n. For ω ∈ ∆/ρ, we set Xω =
∏
α∈ω Xα.

Note that Xω is a subgroup of U, because G is of type E6 and if the
roots α and ρ(α) are distinct, then they are orthogonal. Moreover, by [9,
§8.1] we have UF ′

1 '
∏
ω∈∆/ρ XF ′

ω (as direct product) and can construct
the Gelfand-Graev characters, the regular characters and the semisimple
characters of GF ′ as in §3.1. Note that the analogue of Theorem 3.1 is valid
(see [3, Proposition 15.3, Corollaire 15.14]) and the regular character φ1
of Irrl(UF ′) can be chosen F -stable by [19, 6.32]. In particular, if s is an
F ∗-stable element of G∗F ′∗ , then for every z ∈ H1(F ′,Z(G)), we have

F iρ
s, ω̂0

s(z) = ρ
s, ω̂0

s(F i(z)).

For every J ⊆∆/ρ, we write ωJ for the corresponding T̃F ′-orbit in Irrl(UF ′)
and we choose a representative φJ ∈ ωJ as in Convention 4.3. Then we can
define χJ,z,ψ ∈ Irrs(BF ′) as in Equation (4.5), which satisfies Lemma 4.4.
Let E be an F - and F ′-set, and let x ∈ E be such that F k(x) = x and

F ′(x) = x. Denote by d the order of F k (viewed as an automorphism of
GF ′). If d is even (resp. odd), then this is equivalent to σ(x) = x and
F k(x) = x (resp. σFn/d(x) = x). Moreover, note that if Z(G)F ′ = Z(G),
then Z(G)F = {1} and n is odd. Using these facts, we can prove in a
similar way as in the proof of Theorem 4.7, that for every ν ∈ Irr(Z(G)F ′)
and Aν = Stab〈F 〉(ν), there is an D o Aν-equivariant bijection between
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Irrs(GF ′ , ν) and Irrs(BF ′). Finally, we prove that the properties (5)-(8)
of [20, §10] are satisfied as in the proof of Theorem 4.9. �

Remark 4.11. — This method is not sufficient to show the statement
for p ∈ {2, 3}. Indeed, we need the assumption that p is a good prime for
G to apply the “relative” version of the McKay Conjecture proved in [7,
Theorem 1.1], and [23, Proposition 8.1(ii)].

Proposition 4.12. — Suppose that X = PSL`(pn) or X = PSU`(pn)
such that p is odd and ` is an odd prime number that not divides p. Then
X is “good” for p.

Proof. — We set G̃ = GL`(Fp) and denote by F the standard Frobenius
map of G̃ which acts by raising all entries of a matrix to the p-power.
Write F ′ = Fn and σ for the non-trivial graph automorphism with respect
to the F -stable Borel subgroup of lower triangular matrices and the F -
stable maximal torus T̃ of diagonal matrices of G̃. We set G = SL`(Fp),
T = T̃∩G and B = B̃∩G. Note that G̃σ = GO`(Fp) and Gσ = SO`(Fp),
which implies that Z(Gσ) = {1} and Z(G̃σ) has order 2. Denote by ∆ =
{α1, . . . , α`−1} the set of simple roots of G with respect to T and B. We
set α̃i = 1

2 (αi +α`−i) and ∆σ = {α̃i | 1 6 1 6 (`− 1)/2}. Then it is proven
in [17, Lemma 4.4.7] that ∆σ is the set of simple roots of Gσ with respect to
Tσ and Bσ. Moreover, if we set X̃

α̃i
= Xαi .Xα`−i for 1 6 i 6 (`−3)/2 and

X̃
α̃(`−1)/2

= 〈Xα(`−1)/2 ,Xα(`+1)/2 〉, then the group X̃σ

α̃i
is the root subgroup

corresponding to α̃i; see the proof of [17, Lemma 4.4.7]. Write J̃ for the
subset of ∆σ associated to a σ-stable subset J of ∆. Since Z(G)τ = {1}, it
follows from the argument of the proof of Theorem 4.7 that Tσ

J (here, TJ

denotes the radical of LJ as before) is the radical of the Levi subgroup L
J̃

of Gσ.
Therefore, by a similar argument to Lemma 4.6 and Theorem 4.7, we

show that for ν ∈ Irr(Z(G)F ′), there is an Aν-equivariant bijection between
Irrs(GF ′ |ν) and Irrs(BF ′ |ν).
Now, we suppose that χ ∈ Irr(GF ′) is T̃F ′ -stable and we denote by Aχ

its inertia subgroup in Aut(G̃F ′). As above, we write E = Irr(G̃F ′ |χ � 1C),
where C = Z(G̃F ′). Then |E| = ` and χ � 1C is Aχ-stable. So, Aχ acts on
E. Suppose that σ ∈ Aχ. Since σ has order 2 and that ` is odd, σ fixes a
character χ̃ of E. Thus, by Clifford theory and by [19, 6.32], the actions
of σ on E and on G̃F ′/GFC are equivalent. Since σ acts by inversion on
this group and has no non-trivial fixed point (because ` is odd), we deduce
that χ̃ is the unique σ-stable character of E. Let τ ∈ Aχ. Then τ and
σ commute and τ(χ̃) is a σ-stable character of E. By unicity, τ(χ̃) = χ̃,
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which proves that E has an Aχ-stable element. Finally, we conclude with
a similar argument to the proof of Theorem 4.9. The proof for a twisted
Frobenius map is similar and the claim is proven. �
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