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p-ADIC DIFFERENTIAL OPERATORS ON
AUTOMORPHIC FORMS ON UNITARY GROUPS

by Ellen E. EISCHEN (*)

ABSTRACT. The goal of this paper is to study certain p-adic differential
operators on automorphic forms on U(n, n). These operators are a generalization to
the higher-dimensional, vector-valued situation of the p-adic differential operators
constructed for Hilbert modular forms by N. Katz. They are a generalization to
the p-adic case of the C°°-differential operators first studied by H. Maass and
later studied extensively by M. Harris and G. Shimura. The operators should be
useful in the construction of certain p-adic L-functions attached to p-adic families
of automorphic forms on the unitary groups U(n) x U(n).

RESUME. — Nous construisons certains opérateurs différentiels C° et leurs
analogues p-adiques, qui agissent sur des formes automorphes (& valeurs vectorielles
ou scalaires) pour les groupes unitaires U(n,n). Nous étudions des propriétés de
ces opérateurs, et nous les utilisons & prouver quelques théorémes arithmetiques.
Ces opérateurs différentiels sont une généralisation au cas p-adique des opérateurs
différentiels C'>° étudiés d’abord par H. Maass et étudiés ensuite en détail par M.
Harris et G. Shimura. Ils sont une généralisation au cas des opérateurs différentiels
p-adiques & valeurs vectorielles construits pour les formes modulaires par N. Katz.
Ils devraient étre utiles dans la construction de certaines fonctions L p-adiques,
en particulier les fonctions L p-adiques attachées aux familles p-adiques de formes
automorphes pour les groupes unitaires U(n) x U(n).

1. Introduction

The goal of this paper is to study certain p-adic differential operators
on automorphic forms on U(n,n). This is one step in an ongoing project
to construct certain p-adic L-functions attached to p-adic families of auto-
morphic forms on U(n) x U(n). For example, in analogue with [16], these
differential operators will be used in [3] to generalize the construction of the

Keywords: p-adic automorphic forms, differential operators, Maass operators.
Math. classification: 14G35, 11G10, 11F03, 11F55, 11F60.
(*) This research was partially supported by a fellowship from the Lucent Foundation.



178 Ellen E. EISCHEN

Eisenstein measure in [8]. This, in turn, gives a more general construction
of the L-functions in [4] than the one proposed in [8].

The differential operators in this paper eliminate some of the restrictions
on the extent to which the construction of p-adic L-functions proposed in
[8] can be generalized to construct more general 2- or 3-variable p-adic
L-functions attached to families of automorphic forms:

(1) As the introduction of [8] notes, M. Harris, J.-S. Li, and C. Skin-
ner interpolate the L-function at a fixed point sg; removal of the
restriction that sy be fixed requires the differential operators that
are the topic of this paper. This issue will be addressed in [3].

(2) No one has constructed p-adic L-functions attached to vector-valued
automorphic forms, only scalar-valued automorphic forms. The dif-
ferential operators are expected to make this generalization possi-
ble.

(3) In particular, no one has constructed p-adic L-functions attached
to vector-valued families of non-ordinary automorphic forms other
than modular forms. This project originated from my attempt to
construct (two- and three-variable) p-adic L-functions attached to
certain families of overconvergent automorphic forms on U(n,n).
This paper can be viewed as a step in that project, which has turned
out to be more widely applicable.

The length of this paper is due to the fact that much of the “background”
material provided here is not recorded elsewhere but is necessary for the
discussion in this paper. The details in the background sections should also
serve as a reference for others. For example, our discussion of the Kodaira-
Spencer morphism is more explicit than elsewhere in the literature and
includes a discussion at the level of coordinates. To date, this does not
appear elsewhere in the literature, but it is important for understanding
the action of the differential operators at the level of coordinates (rather
than just as abstract maps). Also, this paper provides a user’s guide to
g-expansions and the “Mumford object,” a generalization of the Tate curve
to the higher dimensional setting. The prior literature [20] on Mumford
objects and algebraic g-expansions is at the level of existence statements.
Since our intended applications require a more explicit description of the
Mumford object, we provide one here.
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p-ADIC DIFFERENTIAL OPERATORS 179

1.1. Motivation

As mentioned above, our motivation for studying the differential op-
erators comes from L-functions. Through the doubling method, one can
express special values of L-functions in terms of a finite sum of special val-
ues of Eisenstein series. So if each of the finitely many terms in the sum is
algebraic (or p-integral, or lies in a desired ring) up to a period, then the
same holds for the special values of the L-function. This is the approach
taken in [16, 8]. Many constructions of p-adic L-functions rely on p-adic
interpolation of special values of Eisenstein series [28, 15, 16, 25, 8]. In the
case of holomorphic Eisenstein series, the p-adic interpolation often takes
place through p-adic interpolation of Fourier coefficients. This approach
is in general not sufficient, though, because of the following issue: most
special values of L-functions come from non-holomorphic Eisenstein series,
which do not have Fourier expansions. This is closely related to the reason
that the L-functions L(s, f) in [8] are only p-adically varied at a fixed point
S = 8p.

For the case of the unitary groups U(n,n), the p-adic differential op-
erators in this paper can be used to solve this issue.(!) These differential
operators are a p-adic analogue of a class of C'°°-differential operators first
studied by H. Maass [21, 22] and later studied extensively by G. Shimura
[32, 31, 30, 29, 29, 30, 34] and M. Harris [7, 6]. (In the case of modu-
lar forms on the upper half plane, these C'*°-differential operators are the
widely used operators g — y‘k(%)(ykg) that map a weight k& modular
form g to a weight k + 2 modular form. More generally, they map a vector-
or scalar-valued automorphic function to an automorphic function of a
different weight.) These C*°-differential operators play an important role
in Shimura’s proofs of algebraicity properties of Eisenstein series and L-
functions. Shimura’s proofs, however, do not provide insight into p-adic
properties.

For Hilbert modular forms, N. Katz [16] reformulates Shimura’s C°-
differential operators in terms of the Gauss-Manin connection and the
Kodaira-Spencer isomorphism. This algebraic-geometric approach is useful
because it allows Katz to construct a p-adic analogue of the C'*°-differential
operators for Hilbert modular forms. This paper generalizes [16] to the set-
ting of automorphic forms on U(n,n), including the more general case of

(1 This paper generalizes almost immediately to the case of the symplectic groups Sp(n),
and it should be relatively straightforward to generalize to U(m,n). In the symplectic
case, similar operators were also discussed in [26, 1].
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180 Ellen E. EISCHEN

vector-valued forms. The author intends to apply these operators to con-
struct some of the more general p-adic L-functions mentioned above. The
differential operators allow one to show that the values of a certain p-adic—
in general non-algebraic—function at CM points over Oc, are in fact not
only algebraic but also the same as the values of a closely related C°°—in
general non-holomorphic—function at CM points over Oc, . So special values
of pairs of seemingly unrelated functions (namely, a C'* non-holomorphic
function and p-adic function) are meaningfully compared and shown to be
equal. The possibility of constructing the p-adic L-functions relies upon
this remarkable feature.

The starting point for my construction and proofs is [16]; however, the
higher-dimensional, vector-valued situation is more complicated and in-
volves several obstacles not encountered in the one-dimensional case consid-
ered in [16]. My generalization involves a more delicate use of the Kodaira-
Spencer morphism (which, for the unitary case, is no longer an isomor-
phism) than in Katz’s situation. Also, unlike in [16], the action of the
operator on g-expansions is no longer in terms of a derivation on a commu-
tative ring, but rather a map (in general, not a derivation) on a ring that
is in general non-commutative; I formulate the precise action of this map
on coefficients of vector-valued g-expansions so that the description of the
resulting coefficients can be used to study p-adic interpolation. (Similarly,
there are other instances in which a commutative ring in [16] is replaced
with a non-commutative one in my situation.)

1.2. Organization of the paper

Sections 2 through 5 cover background information, much of which is not
available elsewhere in the literature. In addition to being necessary for our
discussion, these sections should be a useful reference for other researchers.
In Section 2, we review automorphic forms from several perspectives. Sec-
tion 3 discusses the Gauss-Manin connection and Kodaira-Spencer mor-
phism in more detail than one finds elsewhere in the literature. In particu-
lar, we give an explicit example, which is useful for the explicit description
of the differential operators given later. No similarly explicit examples are
currently found in the literature. In Section 4, we discuss Fourier expan-
sions and the algebraic theory of g-expansions. We describe the “Mumford
object,” the higher dimensional analogue of the Tate curve; this should also
serve as a “users’ guide” for others seeking an explicit description of the
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p-ADIC DIFFERENTIAL OPERATORS 181

Mumford Object. In Section 5, we discuss p-adic automorphic forms on
unitary groups, in a format analogous to the one in [16].

Our discussion of the differential operators occurs in Sections 6 through
10. In Section 6, we briefly review Shimura’s definition of C°°-differential
operators. The material in Sections 7 through 10 builds upon the mate-
rial in [16]. In Section 9, we give an explicit formula for the action of the
differential operators on vector-valued p-adic automorphic forms. This dif-
ferential operator, unlike the one in Katz, is not a derivation; indeed, it acts
on a non-commutative ring. We obtain a higher-dimensional, vector-valued
analogue of Ramanujan’s operator qd%.

1.3. Notation

Our setup is exactly the same as the setup in Sections 0 and 1 of [§],
though our notation is not always the same. When appropriate, we adopt
the notation of [34], [6], [16], [8], and [9].

Fix a quadratic imaginary extension K of Q, and let Ok denote the ring
of integers in K. Fix a CM type X of K, i.e. an embedding

(1.1) K — C.

We associate K with its image in C under the embedding (1.1). Let ¢
denote the discriminant of /. Unless otherwise noted, we will always use
Ry to denote an Ox-algebra. Let a be a generator of Ok over Z.

Let Q denote the algebraic closure of Q in C, and write incly : Q — C
to denote the given embedding of Q in C. Fix a prime ideal (p) in Z that
splits completely in K. Denote the finite adeles of Q by Ay, and write A?
to denote the restricted product H/ Qq over finite primes ! # p. Let C,
denote the completion of an algebraic closure of Qp,, and fix an embedding
incl,, : Q< C,. Given an embedding o : K — Q, we write oo to denote
the embedding incl oo : K — C, and we write o, to denote the embedding
incl,o0 : L <= C,. We write ¢ to denote the composition of the embedding
o with complex conjugation.

We now set some notation for modules. For any module M, we de-
note > oo o M®¢ by T(M). From now on, for any module M, we associate
Sym(M) =%, Sym®M with its image in T'(M) = >, T¢(M) via

(1.2) Sym®(M) — M®°

xl.....xe|_) sz(1)®.-~®xs(c),
s€S.

TOME 62 (2012), FASCICULE 1



182 Ellen E. EISCHEN

where S, is the group of permutations of 1, ..., e. Let r be a positive integer,
and let V be a vector space containing vectors v; indexed by a subscript
i. For any r-tuple A = (A1,...,\.) of integers, let vy denote the tensor
product vy, ® --- ® vy, of r vectors vy,,...,vy,.. Denote the symmetric
product v7" -+ - v by vA. We write p; or simply st to denote the standard
representation of GL(V') on a vector space V.

In parts of the paper dealing with a complex analytic approach, we pri-
marily use Shimura’s notation (used throughout his papers, e.g. as dis-
cussed in the Notation and Terminology section of [34]). We review some
of it here. For a ring R and positive integers r and ¢, we write R/ to de-
note the R-module of r X c-matrices with entries in R, i.e. a matrix with
r rows and ¢ columns. When necessary to distinguish between column and
row vectors, we shall take advantage of this notation. For a matrix z with
entries in C, we write 'z to denote the transpose of z and z* to denote the
complex conjugation Z of tz.

Throughout the paper, fix a positive integer n and set g = 2n. We write
1, to mean the n x n identity matrix. As in [34], let H, = {z € C? |
i(z* — z) > 0} and 7, = ( 0 —ln

1, O
be helpful. If A is a matrix, let A denote A, and let A~ denote A. Given
a subgroup G of GL,(R), let GT denote the subgroup of G consisting of
elements of positive determinant.

We now set some conventions for schemes. For any morphism of schemes
7Y = Z, let (O /Z,d) denote the complex of sheaves of relative differ-

) . The following notation will also

entials on Y/Z (where d is the usual differentiation map). The de Rham
cohomology Hi (Y /Z) is defined to be the hypercohomology R, (Q)2)-
Given a scheme X over a scheme S and a scheme T over S, we denote
by Xr the scheme X xg T. When working with a separated scheme S of
finite type over C, we write S*" to denote the associated complex analytic
space. We then write Q%! or Og(hol) (resp. O~ or Og(C™)) to denote
the sheaf of holomorphic (resp. C*°) functions on S®".
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2. Certain abelian varieties of PEL type and automorphic
forms

In this section, following the perspectives of [34], [16], and [9], we dis-
cuss automorphic forms on the unitary groups U(n,n) and certain abelian
varieties with PEL structure.

2.1. Unitary groups

In order to discuss automorphic forms on unitary groups and abelian
varieties of PEL type, we need first to establish conventions for unitary
groups. In this subsection, we recall the notation and conventions concern-
ing unitary groups given in Section (0.1) of [8]; all the material in Section
(0.1) of [8] applies to our situation. Let V be an n-dimensional vector space
over K, and let (e, @)y, be a non-degenerate hermitian pairing on V relative
to the extension K/Q. We write —V to denote the vector space V over K
with hermitian pairing (e, e)_y defined by (e,e)_ = —(e e)y,. We write
2V to denote the K-vector space V @V with the hermitian pairing (e, e)oy
defined by

((v1,v2), (w1, wz))2v = (vi,w1)v + (v2, W) _v
(= (v, w1)v — (v2, w2)v)

for all vectors vy, vg, w1, ws in V.

The Hermitian pairing (e, e}y defines an involution ¢ on End(V) via
(gv,v") = (v,e(g)v’) for all g in End(V) and v,v’ € V. Note that for any
Q-algebra R, the involution c extends to an involution of V' ®q R.

For any vector space W with hermitian pairing (e, e}y, and Q-algebra
R, we define the following unitary groups over Q:

UW)(R) =UW,(e,0)w)(R)
= {9 € GL(W ®q R) | (gv, gv") = (v,0'), for all v,0" € W}
GUW)(R) = GU(W, (e, ®)w)(R)
= {9 € GL(W ®q R) | for all v,v" € W, (gv, gv') = v(g){v,v")
with v(g) € R*}.
Then
UQRV)(R) = U(n,n)(R) = {g € GLan(K ®q R) | gnng” = nn}
GU(2V)(R) = GU(n,n)(R) = {g € GL2n(K @g R) | g1mg" = v(9)1n
some v(g) € R*}.

1
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184 Ellen E. EISCHEN

2.2. Certain abelian varieties of PEL type

In this subsection, we review certain abelian varieties of PEL type.

Our situation is similar to the setup in Sections 1.2 through 1.4 of [8]. We
review here the most important features of the setup in [8], following [8]
closely. Our notation in this section is not entirely the same as the notation
in [8]. (For details on the material covered in this section, the reader may
also find it helpful to look at chapters 1 and 2 of [20] and at chapters 6 and
8 of [23].)

Let G = GU(V). Fix a compact open subgroup K = K, x K? of
GU(V)(Ay), with K, C G(Q,) a hyperspecial maximal open compact sub-
group of G(Q,) and K? in G(A?). (In applications, the maximal compacts
of interest will be those used in [8].) We recall the functor xAy from
schemes S over Q to the category of sets that is given in (1.3.1) of [8]:

(2.1) S {(4, A\ a)}

where

A is an abelian scheme over S, up to isogeny

A: A — AV is a polarization

t: K — Endg(4) ® Q is an embedding of Q-algebras

a:VeAr 5[], Ti(A) ®Q is an isomorphism of K-spaces, modulo
the action of K.

The above data are required to satisfy the Rosati condition, i.e. the follow-
ing diagram commutes:

A—2s v

v(a) \L l Y (a)

A4A>AV.

Furthermore, the isomorphism « must identify the Hermitian pairing on V'
with a multiple of the one coming from the Weil pairing associated to .
We call the tuples (A, A, ¢, ) abelian varieties of PEL type.

Given a vector space W over K with a non-degenerate hermitian pairing
on W, one can canonically associate to the group G = GU (W) a Shimura
datum (G, X) and a Shimura variety Sh(W) = Sh(G, X). The complex-
valued points of Sh(G, X) are given by

Sh(G, X)(C) = lim GQ\X x G(Af)/K,

where the limit is over all open compact subgroups of G(Ay). Let xSh =g
Sh(V) =k Sh(G,X) be the variety whose complex points are given by

ANNALES DE L’INSTITUT FOURIER



p-ADIC DIFFERENTIAL OPERATORS 185

G(Q)\X x G(Ay)/K; the complex points of this variety classify complex
abelian varieties satisfying the above moduli problem. If U is a compact
closed subgroup of GU(A ), we use the notation 7 Sh(V') to mean the tower
of the varieties g Sh =g Sh(V) with K C U a compact open.

We remind the reader of Theorem (1.3.2) in [8], which is originally due
to Shimura:

THEOREM 2.1. — Whenever K is sufficiently small (“neat”, in the sense
of [20], suffices), the functor Ay is representable by a quasi-projective
scheme kM over Q. The scheme M is the canonical model for x Sh(V).
As K varies, the natural maps between the above functors induce the nat-
ural maps between the varieties g Sh(V'). The action of GU(V)(Ayf) on
xSh(V) preserves the Q-rational structure.

Now we consider a similar but slightly different moduli problem that
is discussed in Section (1.6) of [8]; it will be useful for the p-adic theory,
which we will discuss later. Fix a sufficiently small compact open subgroup
K = K, x K? C G(Ay) as above. Consider the above moduli problem
with ¢ replaced by an injection (Ok)(,) — Ends(A) ® Zp). As explained
in [19], this moduli problem is represented by a smooth integral scheme
kS(G, X) over Zy), which is a smooth integral model for xSh(G, X). This
moduli problem is closely related to the moduli problem we now describe.
Let g» AP be the functor S — {(A, A, ¢,aP)} with A an abelian scheme
over S up to prime-to-p isogeny, A a polarization of degree prime to p,
t: (Ok) ) — Endg(4) ® Zg) an embedding of Zy)-algebras, and of :
V(A%}) 5 VIP(A) a prime-to-p (Ok) py-linear level structure modulo K?.
This functor is representable over Z, by a scheme also denoted xS(G, X).
The forgetful map gives an isomorphism Ay —g» AP.

We denote by M a moduli space over an Ox-algebra in the situation
where we want to remain ambiguous about the level structure or any other
details about the moduli problem; we also use this notation when it is clear
from context which moduli space we mean. We write A,,iy to denote the
universal abelian variety over M:

Auniv

TOME 62 (2012), FASCICULE 1



186 Ellen E. EISCHEN

We define

w =T ( Qa0 /M)
H%)R i= Hpp(Auniv/M).

Note that we will always take M to be over an Oj-algebra. Working
over Ok affords us the following convenient splittings. The embedding ¢ :
K — Endg(A) ® Q makes w and H}, into Ox-modules through the action
defined by a - v = i(a)*(v) for each a € Ok. Similarly, since A lies over
an Oj-scheme S, the action on w and H},p induced by the composition of
morphisms of structure sheaves Ox — Og — O4 also makes w and H},p
into Ox-modules. The isomorphism

OK®QO}C:>O/C@O}C
a® b (ab,ad)

extends to an isomorphism

(2.2) Ok ®g 05 = 05 @ Og

a® b (ab,abd).
So there is a splitting over Og w = wt ® w™, where wt is the Og-module
defined by wt = {w € wl(a)*w = aw,a € Ok} and w™ is given by

w = {w € w|t(a)*w = aw,a € Ok }. There is a similarly defined splitting
Hb,=HL," ® HL, . We shall sometimes denote H}jRi by H*.

2.3. The complex analytic viewpoint (Shimura’s perspective)

In this section, for a fixed open compact K, let I' be the congruence
subgroup of GU (n,,) defined by I' = K N G(Q).

2.3.1. Transcendental description of abelian varieties of PEL type

In this section, we follow the approach of Shimura in [34] and [33]. Let
A = (A, \ t,a) be a complex abelian variety of PEL type. Then A*" is a
complex torus C?" /L, for some Z-lattice £ in C?*, which can be obtained
as follows. Let {w; }"_; be a basis for QZ/C, and let {w; }7_; be a basis for
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p-ADIC DIFFERENTIAL OPERATORS 187

Then, we define the Z-lattice L(A, {w; }™ , {w; }";) to be

J,wr

Yasc

LAY e e = | P8 (e mian

Jywn
The complex abelian variety A*" is isomorphic to

CQ/L(Av {w:_ ?:17 {wz_}?:l)
The polarization A on A corresponds to a Riemann form on

L(A7 {wj}?:la {w;}?:l)
The morphism ¢ : £ < Endg(A) corresponds to the action ¢ of £ on
LA {wf ¥, {w; }7) given by t(a)v = ¥(a) - v for all @ in K and v in
LA {wf ¥, {w; }7 ), where ¥ : K — C3" is given by

a— diagla-1,,a- 1,).

The level structure o : V(Af) = V/(A) mod K corresponds to a map
V(Ar) = LA {w 1 {w7 1) ® Ay mod K, with a compatibility of
pairings as above.

2.3.2. Families of complex abelian varieties of PEL type

We now recall Shimura’s construction (Section 4 of [34]) of some families
of complex abelian varieties of PEL type. Throughout this section, fix a
Z-lattice L in K3,,.

For each z € H,, and each row vector x in K3, let p.(z) be the vector
in C?" defined by

p.(z) = ([z L)z*, [fz 1,]- tx) )
The function p, (z) is holomorphic in z.

We define L£1(z) = p,(L). Then p,(L) is a lattice in C9. Let A, be
the complex torus defined by A, = C?>"/p.(L). Let C, be the polariza-
tion on A, given by the Riemann form E, defined by E, (p.(x),p.(y)) =
tr (k@er) /R (TNny*) . Every complex-valued point (4, A, ¢, ) of the Shimura
variety g Sh(V') is isomorphic for some z to A, with polarization C, and
action of KC given by ¢, (a)-v = diagla-1,, a-1,]-v. To specify a finite ordered
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188 Ellen E. EISCHEN

set of points t1(2)...,ts(2) of finite order on A,, it is equivalent to specify
a finite set of elements uq,...,us in L ® Q/L such that ¢;(2) = p,(u;).

We conclude this section by giving a more explicit classification of ana-
lytic families of complex abelian varieties of PEL type. Fix a finite set of
points {u1,...,us} in K . Consider the quintuple

(2.3) Q={K,V, L, {ui}i_i}

Such a quintuple is called a PEL-type. Let P = (A, C,¢;{t;};_,) be a tuple
consisting of a complex abelian variety A, a polarization C, a set of points
t1,...,ts of finite order on A, and a ring injection ¢ : I — Endg(A4) that
is stable under the involution of Endg(A) determined by C.

We say that P is of type 2 if the following holds: there is a Z-lattice A;
a homomorphism £ : C9 — A; an R-linear isomorphism g : (C_(ll — C9 such
that g(az) = ¥(a)q(z) and 1(a) 0 & = £ 0 U(a) for all a € K and = € C}
and such that g(u;) = ¢; for each i; a Riemann form E determined by C
that satisfies E(q(z),q(y)) = tr x/o(znny*); and a commutative diagram
(Figure (4.3) in [34])

0 L C, Cy/L 0
¢
0 A Co A 0.

The classification of complex abelian varieties of type €2, which we now
make precise, will be useful for understanding how the classical (analytic)
definition of automorphic forms motivates the algebraic-geometric defini-
tion of automorphic forms. For each z in H,,, let P, = (A,, C,, v.; {ti(2)}_;)
with A, C,, t,, and {t;(z)};_, defined as above. Then, P, is of type 2 for
each z in H,. Furthermore, Theorem 2.2 (Theorem 4.8 in [34]) classifies

A B
) € U(n,) acts on

abelian varieties of type Q2. An element o = ( c D

H, by az = (Az+ B)(Cz+ D)~ L.

THEOREM 2.2. — The tuple P, is of type Q for each z in H,, and
every tuple of type Q is isomorphic to P, for some z in H,. Tuples P,
and P, are isomorphic if and only if there is an element - in the group
I'={aeU(n)|La =L and u;a—u; € L for each i} that satisfies w = z.

Remark 2.3. — Taking L to be the lattice in K3, generated by the
standard basis vectors eq, ..., e, and the vectors a-eq,...,a-eq, (with a
a generator of IC over Q), we see that there is an analytic family of abelian
varieties Auniv over H,, such that the fiber of Ayyniv over each point z = (z;;)
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in H,, is the abelian variety A, := C"/L., where L, is the Z-lattice in C?"
generated by:

(24) 2= (215,205, 21, - Zjn),
(2.5) ej = vector with 1 in the j-th and j + n-th positions
and zeroes everywhere else

(2.6) b= (a2, 2, 0z, 2n)
(2.7) e; = vector with o* in j-th position, « in j + n-th position,,
and zeroes everywhere else
with j = 1,...,n. We will work with this family of abelian varieties in

examples in future sections.

2.3.3. Complex analytic automorphic forms

In this section, we recall the classical definition of automorphic forms
over C, following [34].

For o = ( é g ) € U(ny) and z € H,,, we define M, (z) = M (o, z) =
(e, 2), M(a, 2)), where pu(a, 2) = Cz+ D and Mo, 2) = C -tz + D. Let X
be a finite-dimensional vector space, and fix a representation w : GL,,(C) x
GL,(C) - GL(X). For any map f : H, — X and o € U(n,), define
Fllot s oy = X by (flla) (2) = w (Mq (2)) " f(z).

Let T" be a congruence subgroup of U(7,,). A (holomorphic) automorphic
form of weight w with respect to I' is a holomorphic function f : H, — X
that satisfies

(2.8) fla=1

for each v € I'. When n = 1, we also require that f is holomorphic at the
cusps.

We denote the space of all (holomorphic) automorphic forms of weight
w with respect to I' by M ('), and we set M,, = UpM,(T"). A C°°-
automorphic form of weight w with respect to a congruence subgroup I is
a C°°-function f : H, — X satisfying (2.8) for each v € T.

2.4. Automorphic forms from another perspective

Our discussion here is a generalization to abelian varieties (of type ) of
the situation for elliptic curves discussed in Appendix A1.1 of [14].
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Let  be as in (2.3). Let (£, E, {t;}7_;) be a tuple consisting of a lattice
L in C9 such that there is an R-linear isomorphism

(2.9) q: C; — CY

satisfying ¢(L) = £ and ¢(az) = ¥(a)q(z) for all a € K and z € L, a
finite set of points {¢1,...,ts} in £ ® Q such that ¢(u;) = t; for all ¢, and
a Riemann form F = E, on CY relative to £ such that

(2.10) Eqy(q(x),q(y)) = tr kq(znny™)

for all z,y € C9. We call such a tuple (L, E, {t;}i_,) a lattice of type 2. We
define an action of GL,,(C) x GL,(C) on the set of tuples (£, E,{t;}5_;)
of type Q via a - (L, E, {t;};_,) = (oL, E*, {at;}{_,), where E® is defined
by E%(az,aw) = E(z,w). Observe that, modulo the action of GL,, x GL,
on lattices of type €2, there is a natural correspondence between lattices of
type £ and isomorphism classes of abelian varieties of type €.

THEOREM 2.4. — Fix a CM type Q. Let L be a Z-lattice in CY9, and
let f be an automorphic form of weight w with respect to a congruence
subgroup T' of U(n,) containing the group

(2.11) I"={aecU(n,)|La =L and u;a. — u; € L for each i}.

There exists a unique function fr, of lattices (L C C9, E,{t;};_,) of type
Q with Nu; € L for all i, such that for each a € GL,(C) x GL,(C),

(2.12) fule- (L, B At}ioy) = wa) T (L, B {ti}i)
and such that
(2.13) frp:(L), Bz, {p-(wi)}i=1) = f(2)

for all z in H,,.

Proof. — Let (£ C C9, E, {t;}5_,) be a lattice of type 2 such that Nt; €
L for all 4, and let ¢ be as in (2.9) through (2.10). Then, as explained
in the first paragraph of Theorem 4.8 of [34], there is a diagonal matrix
S € GLy,(C) and an element z € H,, such that

i.e. such that (£ C C9,E, {t;}5_,) = S - (p:(L), Ep., pz(u;)). Therefore, if
the function f, exists, then by (2.12) and (2.13), its value at £ must be
w(*S) 7 f(2).
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Now we show that the function f; exists. For this, it suffices to show
that if there exist matrices S and T in GL,(C) x GL,(C) and elements z
and w in H,, such that

(215) (‘C C CgaEv {ti}le) =S (pz(L)vEpzapz(ui))

and
(216) ('C C (Cgv E? {ti}le) =T (pw(L)v Epvaw(ui))a
then

(2.17) w('T) " f(w) = w('S) 7 f(2).

For the remainder of the proof, suppose that both (2.15) and (2.16) hold.
Then the abelian varieties of type Q attached to (p.(L), Ep,,p.(u;)) and
(pw(L), Ep,, ; Pw(u;)) are both isomorphic to the abelian variety of type 2
attached to (£ C CY, E,{t;};_,). Therefore, by Theorem 2.2, w = vz for
some v € I C T' C U(n,). By line (4.31) of [34],

(2.18) p.(za) = "M(a, 2)pa.(x)

for all z € CY9 and a € U(ny). Since L = La for all o in I, (2.18)
shows that p,(L) = *M (v, 2)pw(L). Since u; — au; € L for each a in I,
p.(u;a) = p,(u;) for each o in IV, Since v € U(n,), v Y* = 1, Hence, it
immediately follows from the definition of E. that E,_(p.(za),p.(ya)) =
Epz (pz(x)ﬂpz(y))' So

(p=(L), Ep.,pz(uwi)) = tM(% z2) - (pw(L), Ep,,, puw(ui))

Therefore T' = S - M (v, z), so the right hand side of (2.17) is equal to

(2.19) w('T) (M (7, 2)) f(2) = w('T) 7 f(72).

Since w = vz, the right hand side of (2.19) is equal to the left hand side
of (2.17). So Equation (2.17) holds, which proves the existence of the func-
tion fy. O

Having reformulated the definition of automorphic forms in terms of
functions of lattices of type €2, we now reformulate it again in terms of
functions of complex abelian varieties of type 2. Observe that giving an
ordered basis {culi n_, of w* is equivalent to giving an element of the
module £F = Tsome(C™, w¥). (This equivalence is via (e; — wi)P, <
{wE}r_,, with e; standard basis vectors in C*.) The group GL,(C) acts
on £4+ via

(2.20) (- M) = Ata-v)
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for all v € C" and a € GL,(C). We define £4 by €4 == €4 ® EL. Then
the action of GL,(C) on £F given in (2.20) induces an action of G L, (C) x
GL,(C) on £4, and to give an element of & 4 is equivalent to specifying an
ordered basis of wT and an ordered basis of w™.

Let L(A) be the lattice of type € attached to A as in Section 2.3.1. Then
we see that for each o € GL,,(C) x GL,(C) and X € €4,

(2.21) a-L=LIAa N).

Let (w, V) be a finite-dimensional representation of GL,(C) x GL,(C),
and let f : H,, — V be an automorphic form of weight w with respect to
some congruence subgroup I' of U(#,) containing I (with I defined as in
(2.11)). We define Fy, to be the unique function from pairs (A4, \) (where
A is an element of £4) to V satisfying both F(A, a)) = w(*a) " Fr(4, \)
and Fr(A4,)\) = fL(L(A, A)). Thus, an automorphic form f of weight w on
I corresponds to a function F' from pairs (A4, \) to V satisfying

(2.22) F(A o)) =w(a) " F(A,N).

Now we explain how to view functions F satisfying (2.22) as certain
functions on abelian varieties A of type 2. Given a ring R and a group
B that acts on R-modules V7 and V5, we define the contracted product
Vi xB V4 to be Vi @ Vo modulo the relation (vi,ve) ~ (bvy, bvs). Let H* :=
GL,(C) x GL,(C) act on €4 by the action induced by (2.20), and let H*
act on V via v — w(*h) 'v. We define £4,v,, to be the contracted product
Eavw =Ea xH" V. To give a function F from pairs (A, \) to V satisfying
(2.22) is equivalent to giving a function F from abelian varieties A of type
Q to £4.v.w- This equivalence is via F(A) = (A, F(4, \)).

Letting A2 . be the universal family of abelian varieties of type € over
I\H,,, we see that giving a holomorphic automorphic form f is equivalent
to giving a section of the O%"i—module

an .__ hol
Evi =Eam . v ® O3 .

Similarly, giving a C'*°-automorphic form f is equivalent to giving a section
of the Oy, (C*°)-module

gV,w (COO) = gAan

univ’

Viw ® Oy, (C™).
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2.5. Algebraic geometric approach to automorphic forms on
unitary groups

The approach in this section is similar to the one in Section 1.2 of [16].
Fix an Og-algebra Ry. Let V be an Ry-module. For any Ry-algebra R,
we denote by Vg the R-module V ®p, R obtained by extension of scalars
Ry — R. Let (p, V) be an algebraic representation of GL, x GL, that is
defined over Ry. That is, for each Ryp-algebra R, p defines a homomorphism

pr: GL,(R) x GL,(R) = GL(Vg)

that commutes with extension of scalars R — R’ of Rg-algebras.

Fix a compact open subgroup K of G = GU(n,n). We denote by T the
congruence subgroup G(Q) N K. For each abelian variety A = (A, \, ¢, a)
in xAy(R) over an Rg-algebra R, we now define modules EZ/R, 5;/}27
and £4/p. Like in Section 2.4, we define EAi/R = IsomR(R”,gj/R) and
Ea/r = EA/R & EX/R. To give an element of A € EAi/R is equivalent to

specifying an ordered basis wy, . ..,w, of gf IR the equivalence is via
+ +
Ae&yp e Aer), ..., A(en) € Wy/p-

So giving element of £4/r is equivalent to specifying an ordered basis of
w™ and an ordered basis of w'. The group GL,(R) acts on EX/R via

(2.23) (a-N)(v) = Ataw).

The action of GL,(R) given in (2.23) induces an action of GL,(R) X
GLn(R) on €4 ). Let H? = GLy(R) x GLyp(R) act on Vg via v — p(*a) 1o
and act on €4,/ through the action induced by (2.23). Similarly to in Sec-
tion 2.4, we denote by &4 v,p)/r the R-module £4,r xH” V. Observe that
formation of £4 v,,)/r commutes with extension of scalars R — R’ of
Ry-algebras.

DEFINITION 2.5. — An automorphic form of weight p, defined over Ry,
is a function f from the set of pairs (A, ), consisting of A in g Ay (R)
over an Ry-algebra R and an element X in £4 /g, to Vg such that all of the
following hold:

(1) The element f(A,\) depends only on the R-isomorphism class of
(4,0).

(2) The formation of f(A,\) € Vg commutes with extension of scalars
R — R’ of Ry-algebras, i.e.

J(A Xspecr R'VAQRR') = f(AN) QprleV erR.
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(3) For each (A, \) over R and o € H?(R), f(4,a)) = p(ta) L f(A, ).
We write M,(Ry) to denote the Ry-module of automorphic forms of weight
p defined over R.

DEFINITION 2.6. — An automorphic form of weight p defined over Ry,
is a rule f that assigns to each A in g Ay (R) over an Ry-algebra R an
element of £ 4 v,p)/r such that both of the following conditions hold:

(1) The elementf(A) in &(A,v,p)/r depends only on the R-isomorphism
class of A.

(2) The formation of f(A) commutes with extension of scalars R — R’
of Rg-algebras, i.e.

f(A X SpecR SpeCR/) = f(é) ®R 1le S(A,V,p)/R XR R/-

The equivalence of these Definition 2.5 with Definition 2.6 is through
F(4) = (A F(AN)).

The perspective of Definition 2.6 leads us to another (equivalent) formu-
lation of the definition of automorphic forms in the case where g Ay (R) is
representable (i.e. in the case where K is sufficiently small). In this case,
consider the scheme

M= MR(K) =K Sh(V) XOx R

|

SpecR

We denote by £* the locally free sheaf £+ = ISﬂOM(OxA,Qi) of O -
modules on M, and we denote by £ the locally free sheaf £ = £~ ® £T of
Oa-modules on M. We denote by Ey,, the locally free sheaf £ x 7"V Then
an automorphic form of weight p is a global section of the sheaf £y, on
MRp(K). Note that for any representation (p, V) that can be decomposed
as a direct sum (p; ® p2, V1 @ V2), the map

(224) gV,p — €V1,p1 D 8V2,P2
(>\, ’U) = (()‘7 Ul)v ()‘7 1)2))

is an isomorphism. Therefore, to give an automorphic form of weight p is
equivalent to giving an automorphic form of weight p; and an automorphic
form of weight po.

Since GL,, is reductive, each finite dimensional representation p can be
written as a direct sum of irreducible representations p = p1 @ - - - @ p,,, for
some m. Every irreducible representation of GL,, can be realized as a sub-
representation of one of the representations constructed as follows. For each
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set A of ordered integers A1 > ... > A, there is a representation (pp, V) of
highest weight A. The representation (pa, Vi) can be realized explicitly by
taking V) = Sym™~*2)(R") @ Sym*2 ) (A2R") @ ... @ Sym™" (A"R"),
and letting py be the GL,-action on V), induced by the standard represen-
tation of GL,(R) on R™. If \, is negative, then by Sym™" (A" R"), we mean
the dual representation of Sym_’\" (A™R™), which is just the representation
in which each g € GL,, acts on each v € R by v + det g*v. (Note that
the highest weight vector in Vj is (e1)M=22) @ (e1 Aep) P22 @ .. @ (e A
--- Aep)*.) Every irreducible representation of GL,, x GL, is of the form
p~ @ pt with p* irreducible representations of GL,,.
Let W be a free rank n R-module. We write WA to denote

SymM A (W) @ Sym P2 ) (A2W) @ - - @ Sym ™ (A"W).

When p is an arbitrary representation whose decomposition into irreducible
representations is pp, ® -+ ® pa,,, we denote by WP the module
Wear @ --- @ WrPAm . Given another free-module Wy of rank n and a repre-
sentation p = pp, ® pa,, we write (W @ Wy)P219P22 to denote the module
Wear @ Wop "2 Given an arbitrary representation p whose decomposition
into irreducible representations is p; @ - -+ @ pp,, we write (W @ Wp)? to
denote the module WP @ - .- @ Wrm.

Let A be an ordered set of integers A\ > ... > \,, corresponding to
the representation of GL,, of highest weight A. Each A* € £* induces an
isomorphism AP : Vy = (R™)PA — (wh)Pr defined by vy - vg - - vy
A(v1) - A(vg) - -+ - AM(vy) where each v; is in R™ and each - denotes the
symmetric, tensor, or alterating product (according to Vj). Observe that
(a- A)EPa = M2 (pp(*a)v). So given a representation py_ ® pa, of GL, X
GL,, each isomorphism (A7, A7) € £ = £~ ® £T induces an isomorphism
A\PA_®PAy . VPA7 ® VPA+ — (Rn)pA, ® (Rn)pA+ = (gf)p/\, ® (ng)pAJr
via v~ @ v = A2 (v7) @ A2+ (vT). Observe that (a - \)P*- %P2+ (v) =
MNA-BPA4 (pr @ pp ., (‘a)v). Therefore, there is an isomorphism

(2'25) gVA_®VA+ WPA_®PA, = (g_)pA7 ® <g+)p/\+7

defined by (X, v) — X\°2-®P+ (v). Thus, at least in the case in which K is
sufficiently small (i.e. when the moduli problem g Ay is representable), au-
tomorphic forms of weight p (with p a subrepresentation of p = py_ ®pa, )
are sections of (w™ ® wt)”. This last perspective (i.e. viewing automor-
phic forms as sections of (w™ ® w™)? will be particularly useful to us when
defining the differential operators.

When working over C, the following theorem, which relates algebraic
automorphic forms to holomorphic ones, is useful.
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THEOREM 2.7. — Ifn > 1, then f — f2" gives an isomorphism
M®9(C)(p, ) — M*™(p,T).

This fact involves the existence of toroidal compactifications and the
analytic Koecher principle. The reader may see [5] for additional details.

2.6. C*°-automorphic forms

For any sheaf F on M, we let F(C) be the sheaf obtained by tensoring
F with the C*-structural sheaf of M?".
Note that we have inclusions (analogous to (1.8.1) of [16])

M = H*(Mc, Ev,,) € M"™ = HO(M™ &y, ® O8) ¢ MC™
= H(M, év,, ® OF)

3. The Gauss-Manin connection and the Kodaira-Spencer
isomorphism

Throughout this section, let 7 : X — S and «’ : Y — S be smooth,
proper morphisms of schemes, and suppose that S is a smooth scheme over
a scheme T

3.1. The Gauss-Manin connection

In this section, we review the construction of the Gauss-Manin connec-
tion ([13], [17], [11], [18]).

Consider the decreasing filtration of (2% T d) defined by
Fil (Q%r)
(3.1) = Image(r* Q1 ®o Q;;/; = Q%7),

Fi

where the morphism in (3.1) is the canonical one. The associated graded
complex is Gr(Q2®) = ®,>0GrP, with Gr? = FP /FPT1. As explained in [17]
and [13], there is a spectral sequence (which converges to RP4m, (QS 7)) =
HYH(X/S)) with E; term given by EV'? = R, (GrP). The Gauss-Manin
connection is the differential d; : E;)’q — E%’q. We denote the Gauss-Manin
connection by V.
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Observe that Gr? = ;{_/fg@)ox QL s for all i. In particular, we see that
EY =gl (X/S) and B} = HY L (X/S) @04 Q}g/T. So the Gauss-Manin
connection is the map

V =di: Hyp(X/S) = Hfp(X/S) @05 Qg

We will always take ¢ = 1 when applying the Gauss-Manin connection.
Observe that by construction of V, if f is an endomorphism of X over
S, then

(3.2) V(£ (v) = (7 @1d)(V(v))
for each v in H}z(X/S). As a consequence of (3.2), we see that if A is an

abelian variety of type (2.1) over an Ox-scheme S and v is in H}z(A4/S)™,
then (t(a)* ®1d)(V(v)) = V(i(a)*v) = V(a-v) = aV(v) = (a®1d)V(v), so

(3.3) \Y (HJBR(A/S)JF) C Hpr(A/5)T 0 Q
Similarly,
(3.4) V (Hha(A/S)") € Hhp(A/S)” 0 9.

3.1.1. An important example

If we trace through the map given by the Gauss-Manin connection, we
see that it involves lifting a relative form to an absolute form, differentiating
the absolute form, and then projecting down to an element of H},(X/S)®
Q}g T This idea is best made clear in an example over C, which we will
now provide. This example not only explicitly illustrates how the Gauss-
Manin connection acts in one of the main cases that interests us (the other
example being over a p-adic base); it also will be useful later when we
explicitly describe the action of our C'*°-differential operators and when
we relate our C*-operators to the ones in [34]. This example is strongly
inspired by sections 4.0-4.2 of [6], and the construction here is directly
analogous to and closely follows what Harris does for symplectic modular
forms. Our example is the U(n,n) analogue of the example for symplectic
groups in sections 4.0-4.2 of [6].

As noted in Section 2, we will work over the underlying C*°-manifold of
our moduli space. In the example, we will consider A,n;v over H,, over C,

as in Section 2.3. The sheaf H},p(C) has a splitting
(3.5) Hpp(C) =2 w(C™) @ Split(C™),

where w(C') is the space of holomorphic one-forms (which is the C°° vec-
tor bundle corresponding to the sheaf of relative one-forms w =m.Q4 . /2.,.)
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and Split(C°) is the space of anti-holomorphic one-forms. Also, recall that
the fiber H},p(C™), of Hpr(C™) over a point z € H,, is the de Rham
cohomology of that fiber (i.e. A,, in the notation of Section 2.3) and that
the splitting (3.5) induces the Hodge decomposition of H},,(C>) at each
fiber.

Let ui,...,us, denote standard coordinates in C2". Then the global
relative 1-forms dug, ..., dus, form a basis of the fiber of w over each point
z€ H.

We now define some global relative 1-forms that have constant peri-
ods across the fibers of Auniv/H,. We define them to be dual to the one-
cycles (in homology) defined in terms of the basis for L, given in Equations
(2.4-2.7).

We consider the R-linear global relative one forms (for i = 1,...,n)
which are given over z = (z;;) in H, by

(36) o iajej—’_ibjzj—’—ia Zb/ / = a;
j=1 j=1 j=1

(3.7) Bi Zajej + ijZj + Za Z b’ 1 =b
j=1 Jj=1 j=1

(3.8) o zn:ajej + zn:bjzj + zn:a;e;- + z": vz | = a;
J=1 j=1 j=1 j=1

n n n n
(3.9) Bi D ajes +> bz + Y die +> bz | =1,
j=1 j=1 j=1 j=1

for each a;,b;, al, b, in R. (Here we are using the notation for the basis of
L, given in Equations (2.4-2.7).)
Observe that these forms have constant periods along the fibers. There-

fore,
(3.10)V(a)) =V (B:)=V(af)=V(B)=0 fori=1,...,n.

That is, the sections o, B;, «f, B; are horizontal. Now we express
duy, ..., dus, and duq,...,dus, in terms of a;, f3;, af, Bi. Using the defini-

tions of ei, 2i, €5, 2 (as in Equations (2.4-2.7)) and oy, B;, o, B} (as above),
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we see that for i = 1,...,n,
n n
(311) du; = ai—&—Zzijﬁj—I—&a;—t—&ZzijB;
=1 j=1
n n
(312) du; = o;+ Z Eijﬁj + OzOé;» +« Z Eijﬁ;;
j=1 j=1
and for i =n+1,...,2n, we have
(313) duz = o;+ Z Zj,i—nﬂj + OzOé,/L- + « Z Zj,z'—n/B;'
j=1 j=1
(3.14) diy = i+ Y ZinBi+aaj+ay Zi b
j=1 j=1

Since V is a connection, V (a-v) = aV (v) + v ® da, for any a € Oy,
and any v € H}, 5. This, combined with Equations (3.11) - (3.14) shows
that fori=1,...,n,

Vidu) = > Bi@du;+a6Y 8@ dz

j=1 j=1
(3.15) = Y (B +ap)) ®dz;
j=1

V(duiyyn) = Z B ® dzj; + o Z 6; ® dzj;
j=1 =1

n

(3.16) = ) (Bj+ap)) ®dz;

Jj=1

One can similarly compute V (dﬂi). For our purposes, however, we will
only be interested in the application of V to the holomorphic differentials.
(This is because automorphic forms are associated with the holomorphic
differentials.)
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From Equations (3.11) - (3.14), we see that

61 + 04/81 dun+1 — duy
(3.17) : =('—2)" :
ﬂn + OKB;L du2n - dﬂn
51 + dﬁi du1 — dﬂn+1
(3.18) : = (227" :
Bn + 0_457/1 duy, — dzy,
Remark 3.1. — We revisit (3.2) in the context of our example. Consider

an endomorphism f : Auniv — Auniv over H,,. Then f (L,) C L., and so f*
maps the horizontal sections «;, 8, a, B to horizontal sections. (i.e. Forms
with constant periods are mapped to forms with constant periods.) Let v
be an element of H}, . Then we can write v =Y f;; for some horizontal
sections y; and some sections f; € Oy, . Since f is a morphism over H,,
we see that f* (v) = > fif*v. So

V(@) = friedi= (o) V(3 fin) = (f @14V (1)

This completes our example (for now) regarding the action of the Gauss-
Manin connection. This perspective will be useful again when we define the
C*-differential operators.

3.1.2. Remark about some related connections

From the Gauss-Manin connection, we can construct connections on
(Hbr)®™, AH} R, and SymH},, through the product rule. For example,
for any v and w in H}, 5, we set

(3.19) Vwvew)=c(V@w)Qw)+veV(w),

where ¢ is the canonical isomorphism switching the order of the last two
components of the tensor product:

0 Hhr@Q@ Hhp > Hhp @ Hhp @ Q

V1 ® V2 QU3 = V1 QU3 Q Vg

We similarly define V on higher tensor powers of Hj, g inductively.
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3.2. The Kodaira-Spencer isomorphism

We briefly review the Kodaira-Spencer isomorphism. For more detailed
treatments, see [20, 5].

From now on, X is an abelian scheme. Let wx = m.{Qy,s and wxv :=
m.Qxv /s, where XV denotes the dual of X. Hypercohomology gives a
canonical exact sequence

(3.20) 0 — wx < Hhp(X/S) — R'm,.(Ox)
We then have canonical isomorphisms
Hpp(X/8)/(mfx/s) = R'm(Ox) = (wxv).
Define
(3.21) KS :wx = (wxv)' @ Qg7

to be the composition of canonical maps

(3.22) w s Hhp(X/S) > Hhp(X/S) ® Qg1
—» Rlﬂ'*(OX) & QS/T = (LUXV)V ® QS/T~

Tensoring each side with of 3.21 with wxv, we obtain a morphism KS :
wx @wxv — g7, making the Diagram (3.23) commute.

(3.23) wx ® wxv il Qg7

% /’@@goa/w(;@g

(va)V ® QS/T & wxv

In Subsection 3.2.1, we explicitly describe the Kodaira-Spencer morphism
in coordinates in an example over C. In our example, we will be able to
explicitly give the kernel of K.S. For more general cases, the kernel of K S is
provided in [20]; we provide the relevant result from [20] in Subsection 3.3.
However, while the abstract result from [20] is useful, it is also important
(for our particular situation) to keep in mind the example in coordinates
that we work out in Subsection 3.2.1.

3.2.1. Useful example over C

Like in Subsection 3.1.1, consider A,n;v over H,, over C. We first describe
the polarization (for z in H.,,)

A=At A, — AY
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following section 3.3 of [33] and section 4 of [34]. Define (,) to be the
non-degenerate symmetric R-bilinear pairing on C?" defined by (z,y) =
Yoy Tifi + Tiyi for all vectors x = (2;) and y = (y;) in C*". Let zJ, ef,

2", ¢}" denote the elements of C*" such that for any vector v € C*"

{v,27) = Bj(v)
(v,257) = Bj(v)
(v,€j) = aj(v)
(v,€f") = a(v),

where f3;, a;, B, o; are defined as in Equations (3.6) through (3.9).

Let (,) be the pairing on C*" defined by (z,y) = >, ;y; for all vectors
x = (z;) and y = (y;) in C?". Then we can write oy, 3;, o, B! as the sum
of its C-anti-linear and C-linear pieces as

Consider the Riemann form FE, on C2?" defined on the lattice L, by
E.(p-(2),p:(y)) := tre/r(zn,y*) for all z,y € OF", where p.(e) is defined
as in section 2.3.

Viewing A, as

(3.24) c/Lz,

where L% is the lattice spanned by zf, el z/*, ef*, we have that X is the C-
linear map defined by (A(u),v) = E,(u,v) for all u,v in C?". In particular,
we see that A(e;) = 227 + tre/r(@)z;" and A(e}) = tre/r(a)zf + 20az;".

So for u; € C, we have that for j =1,...,n,

A0, g, -, 0)) = uA (ala(aej—e;-)>

= (20— trez(e) £ +a (tre/e(@) — 2a6) 2)

a— o

=u; (7] +azj)

and similarly, A((0,...,uj4n,...,0)) = u;A (%(@ej - e})) = u;(2] +

—
=~ %
azi).
Now let wy, ... Wy, Wyy1,...,Ws, be coordinates on C2" in terms of the
vectors 27 + a2, ... 2k ozl F+azlt, .. 2k + azl¥, respectively. Then
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for 1 < j < n, M*(dw;) = duj. We are now in a position to look at the

action of the Kodaira-Spencer morphism K S on the basis du; ® dwj, ¢,j =

1,...2n for wa, ® way. We will do this by tracing du; ® dw; step-by-step

through the composition of maps (3.22) and (3.23). For ¢ = 1,...,n and

j=n-+1,...,2n,

(3.25)

incl. -
d’U,i ® d’LUj (l’n—>) dUi ® dwj V}EI)d (

k=1

Bk + afy,) ® dZik) ® dw;

n

(3.26) LS (o051 + a) © dai) @ d
k=1
(327) — Z dwk ® dzlk) X dwj — dZiJ_n.
k=1

(Note that in lines (3.24), (3.26), and (3.27), we are implicitly associating
the following via their canonical identifications: C2™, the tangent space of
AY, witv, Home g qin (wa., €), and @a, )

So from lines (3.25) through (3.27), we see that

(3.28) KS(du; ®@dwj) =dz;j—p, forl<i<nandn+1<j<2n

Similarly, by tracing du; ® dw; through the composition of maps (3.22) and
(3.23), one finds that

(3.29)
dzji—n ifn+l1<i<2nand 1<j<n
KS(du; @ dwj) =< 0 if1<i,j<n
0 ifn4+1<i4,5<2n

We thus find that Ixg := ker(KS) is spanned by
(3.30)  {du; ® dw; — du; @ dw;|1 < i,j < 2n}
U{duz®dwj|1 <t,j<norn+1<ij<2n}.

This is a special case of the more general result given in Lemma 3.4. In Sec-
tion 8, the above description of Ixg will be important in our consideration
of the action of V on Ixg (defined through the product rule).

LeEmMA 3.2. — KS induces an isomorphism (the “Kodaira-Spencer iso-
morphism”)

KS:wa @wav [Igs = Qe
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Associating Q3 /c with the complex vector space C;, via

dz; <+ €;5 := the n X n matrix with 1 in the ij-th position
and zeroes everywhere else,

we have that for all v € K¢ C GL2,(C), h € wa ® wav, and g € Qyyc,
(3.31) KS((pst ® pse)(y ®7)(h)) = 7(7)g.

Proof. — The isomorphism follows directly from the above example.
Equation (3.31) also follows from the above example, combined with the
definitions of pg; and 7 from Section 2.3. O

For convenience, we often associate ws with wav via the isomorphism
A WwAY — WA
dwi — duz
coming from the polarization A.

LEMMA 3.3. — V(Ixg) mod (Split(C*) ® Q(C>)) is contained in
Ixs ® Q(C™).

Proof. — We prove this lemma by showing that
(3.32) V(v)CcI®Q

for all the elements v in the basis for Ixg given in (3.30). Using the product
rule given in (3.19), we have that for all  and y in w(C°),

(3.33)

Vieey-—yez)=0(V(r)@y) +zoV(y) - a(V(y) @) -y @ V().
By (3.30), we know that for all z and y in w(C®) 2 ®y — y @ z lies
in Ixg. Therefore, for all z and w in w(C*), z ® V(w) — o(V(w) ® 2)
mod (Split(C*) ® Q(C*°)) lies in Ixg ® Q. Consequently, from Equation
(3.33), we see that V(z@y—y®2) lies in Ixs®Q mod (Split(C*) @ Q(C*))
for all z and y in w(C*°). In particular, for all ¢ and j,

V(du; ® du; — du; ® du;) mod (Split(C*) @ Q(C™))

lies in I g®42. Now, we check that V(du,;®du;) mod (Split(C*) @ Q(C>))
lies in Ixg ® Q(C) whenever 1 < i,j < norn+1<i,7 < 2n. From
Equations (3.15) through (3.18), we see that for 1 < 4,5 < n, V(du,)
mod Split(C*) ®Q(C*) is contained in the submodule of w(C*>)@Q(C™)
generated by the set of elements {duj ® w|l < k < n and w € Q(C>)};
and similarly, V(du;4,) mod Split(C*) ® Q(C*°) is contained in the sub-
module of w(C*) @ Q(C*) generated by the set of elements

{dur @w|n + 1<k <2n and w € Q(C*)}.
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Therefore, we see that for 1 < 4,j < n, V(du; ® du;) mod Split(C>) ®
Q(C™) is contained in the submodule of w(C*>) ® w(C*®) @ Q(C*>) gen-
erated by {dup ® du; @ w|l < k,I < n and w € Q(C*)}, which is a sub-
module of Ixg ® Q(C*) (by 3.30). Similarly, we see that for 1 < 4,5 < n,
V(duitn®@dujyyn) mod Split(C)@Q(C™) is contained in the submodule
of w(C®) @ w(C*®) ® N(C>) generated by

{dugsin @dujrn Qwn+1<k+n,l+n<2nand we QC®)},

which is a also submodule of Ixg ® Q(C) (by 3.30). Since we have now
shown that (3.32) holds for all v in the basis for Ixg given in (3.30), the
proof of the lemma is complete. O

3.3. The kernel of the Kodaira-Spencer isomorphism

We try as much as possible in this section to be consistent with the
notation of [20]. Let Sy be the base scheme over which xS is defined, and
let (A, A, ¢, @) be the tuple associated to a morphism S —x S.

LEMMA 3.4 ([20], part of Proposition 2.3.4.2). — The kernel Ixg of
KS :wa/s®@wavys — Sg/g, contains the submodule Jis of wa s @wav /s
generated by the set of elements

(M) ©x— (@) ©ylr,y € wavys}U
(334) {0)2) @y 2@ (((1)"y)lz € wA/S,y € wavys,b€ O},

Furthermore, if S — M is étale, then the map KS: ws/s@wav/s/Jxs —
Qg/g, is an isomorphism.

Since A is a prime-to-p polarization, the morphism \* : wyv /s — ways
is an isomorphism.
Therefore, we obtain the following Corollary of Lemma 3.4.

COROLLARY 3.5. — SupposeS — M is étale. Then, the Kodaira-Spencer
morphism K S induces an isomorphism, which by abuse of notation we also
denote K S:

(3.35) KS:SymZ(wA/S)/JKS:)QS/SO.
(Here, we associate Jxg with its image in Sym? (ways)-)

Remark 3.6. — We shall mainly be applying Corollary 3.5 in the case
where S = M and the map M — M is the identity (so the abelian scheme
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associated to S — M is the universal abelian scheme Ay;y). Since the
identity map is étale, we can indeed apply Corollary 3.5 in this situation.

In the case where S is an arbitrary scheme over Sy and S — M is
not étale, I'xg can be strictly larger than Jxg. For example, consider the
case where M = H,, over Sg = C, S = C, and A is the abelian variety
corresponding to a morphism S := Spec(C) — H,,/C. In this case, Qg/g, =
0, but Sym*(wa,s)/Jxs # 0.

As a direct consequence of Corollary 3.5, we have isomorphisms (which
are crucial in our construction of the differential operators)

(3.36) Qpys, = Sym*(w)/ Jics
(3.37) Swtw™

Depending on the situation, we will work sometimes with isomorphism
(3.36) and sometimes with (3.37).

4. Algebraic and analytic ¢g-expansions

In this section, we briefly discuss algebraic g-expansions, which will be
important in later proofs.

4.1. Fourier expansions

This section closely follows Section 5 of [34].

For ¢ € C and X € C7, let e(c) = exp(2wic), €"(X) = e(tr (X)), and
S=58"={ceKlo*=0c}.Let I' C GU(n,) be a congruence subgroup.
0 T ) isin I" for each o
in M.Let L' = {h € S|[tr(hM) C Z} . Let f be a holomorphic automorphic
form with respect to I" that takes values in a vector-space X. Then because
f(z+0) = f(z) for each 0 € M, f has a Fourier expansion, i.e. there
exist elements c(h) € X such that f(z) =3, ., c(h)e”(hz). We write the
Fourier expansion of f as f(z) = >, g c(h)e™(hz). If n > 1, then c(h) # 0
only if h is nonnegative definite.

Then there exists a Z-lattice M in S such that ( 1
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4.2. The algebraic theory of ¢-expansions and the Mumford
object

This section should be viewed as a user’s guide to algebraic g-expansions
in the PEL moduli problem. The situation for the Sp(n) moduli problem
is similar.

The algebraic theory of g-expansions relies upon the existence of what
we shall call “Mumford objects” or “Mumford abelian varieties.” Mumford
ojects are the higher dimensional generalization of Tate elliptic curves.
Like Tate curves, Mumford abelian varieties arise naturally from a certain
semiabelian scheme over toroidal compactifications of the moduli scheme
M = Sh(2V) over (Ok),,- For each cusp of M, there is a corresponding
Mumford object, which lies over the compactification of Sh(2V) at that
cusp. The details of the construction of toroidal compactifications of PEL
Shimura varieties is given in [20]. For Hilbert modular forms, the corre-
sponding toroidal compactifications were constructed in [27]. For symplec-
tic modular forms, this is discussed is [5]. For details on the discussion in
[5], see [20]. Tate curves are often used explicitly in computations and de-
scribed in detail in coordinates over C. The current literature on Mumford
objects and algebraic g-expansions does not provide a similarly explicit de-
scription. A g-expansion principle analogous to the g-expansion principle
for Tate curves is provided in [20], however.

4.2.1. The Mumford object

Let V. =W @ W', where W W' = K". Note that J = ( 10 _3" >

induces a pairing ¥ on V. The pairing ¥ induces an isomorphism W' =
Hom(W, K). Define a pairing ¥’ : V xV — Q by (x,y) — V'(x,y) =
tr (6" W (2,y)) for each z,y € V. Let L be the lattice inside V defined
by L = O @ Of. Then the restriction W' : L x L — Z of ¥’ is a perfect
pairing. Write W and W' to denote W N L and W’ N L, respectively.

Let U be an open compact subgroup of GU(n,n)(Ay) = G(Af). Then
Sha(U) = G(Q)F\Hn x G(As)/U D T\H,, with T = G+(Q)NU. Let P be
the stabilizer of W’ in GU (n,n), where GU (n,n) acts on W’ (viewed as row

vectors) on the right. Then each matrix in P is of the form ( 61 g ) .

Let N be the unipotent radical of P, and let H = N NT. Then H is
an upper-triangular, unipotent subgroup of GU(n,n)(K). It is a simple
computation to show that N is contained in the group of matrices of the
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1, B
form ( O" 1 > with B a Hermitian matrix with entries in K. Thus, we
n

can choose the lattice M used to construct Fourier expansions in Subsection

4.1 so that H = ( 15 iW ) . Note that H maps W to W’.

Let HY be the dual lattice of H. That is, each element of HY may be
viewed as a Z-linear map H — Z given by h +— tr (gh) C Z. for some
(non-unique) matrix g. A simple computation shows that we may associate
HY with the lattice L' in K, where L’ is defined in terms of M as above.

The data L = W @ W' above is called the (zero-dimensional) “cusp at
infinity.” The zero-dimensional cusps are in one-to-one correspondence with
the elements of P(Q)\G(Af)/K. There is not a canonical way to associate
a lattice to each g in P(Q)\G(Ay)/K, but a systematic way is the following.
Write

G%H:IIQQMK

g = gik.

Define the lattice at the cusp corresponding to g to be Ly = (L ® Z)gz nv,
Wy = WANL, W, = W'yNL. Then H is defined accordingly, corresponding
to our new choice of cusp. Note that the symmetric space is HFi H.,,. Each
g; tells us which T'; and ~ says which Borel. In the following discussion of
Mumford objects and g-expansions, one can consider any of the cusps g,
even though we write our discuss in terms of the notation for the cusp at
infinity; the reader wishing to work with a different cusp g should simply
replace L with L,, W with W,, etc. As explained in [20], for a toroidal
compactification of M, the completion along the boundary stratum for the
zero-dimensional cusp [g] lies over Spf R, where R is the ring

(Ok) ) lla, Holl™

= Z ang" | h =0, a € (OK)(p) » and a(vhy") for all (v,7%) € Ty
heHY,

There is a semiabelian scheme over the toroidal compactification of M.
By passing to (OIC)(p) ((q,H;O))7 we obtain an abelian variety Gy over
M/Spec((Ox) ) ((¢: Hy))), which gives the Mumford object at the cusp
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H, a semi-abelian scheme lying over

(O) () ((q, HYp)) { Z ang" | ap € (Ok)(py and ap, =0if h < O}

heHY

and denoted Mumy,(q).

We now briefly discuss the analytic situation over C to provide some
context and motivation for our upcoming (algebraic) description of Mum-
ford objects. Recall that for an elliptic curve E, the analytic construction

exp

E=C/Z+ vZ — C* /q(Z), where q is the map

q:7Z— C*

27r1n

n—e

gives a map from an elliptic curve to the complex points of the Tate curve.
We now do the analogue of this in our situation.

Setting X = Z+Z and Y = @, we have Z = X +¢Y, with Y > 0.
Now we express Hn in terms of H: H,, = HOR+(H @ R), i C H®C. (For
a set S of Hermitian matrices, we write S~ to denote the set of positive
definite matrices in S.) Let 7 € H,, C H ® C. Then we may express the
abelian variety A, as W/ ® C/L,, where L, is the Z-lattice generated by
W' ® 1 and 7(W) C W’ ® C. So we have a commutative diagram of Lie
groups (where the map ¢ is defined implicitly through the exp map, and

q(HY) = exp(m(W)))

W ®C/Ly ————> W' @C*/q(HY) = W' @ Gm(C)/qr (H")

Hn C H®C———> H®C* = Spec ((Ox) ) (¢, HY))®0,.C) ™

The quotient W’ ® G,,,(C)/q(H") above is the set of complex points of
an abelian variety.

We now describe the Mumford object more explicitly, analogous to the
description of Tateq p(q) in [16].

Remark 4.1. — For the reader trying to understand [16] in the context

of our description of the general situation, we provide the following dictio-
nary between Katz’s notation and the notation we will use for the general
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situation.
a« W
bW
a bt H
ab < HY.
We define a Z-linear morphism
(4.1) q¢:W—=>W oG,

from W to the torus W’ ®G,, lying over Ox((q, H")) to be the composition
of morphisms

wrrevaly,

W L2y Homy (H, W) S HY @ W = W @ Gy.

(By evaly,, we mean the map h +— h(w) in Homgz(H, W’).)
The “Mumford abelian variety at the cusp H” is the algebraification of
the rigid analytic quotient

(4.2) aWN (W)Y @ G) -
We denote the Mumford abelian variety by Mump,(q) or Mumpg(g). The
construction of the Mumford abelian variety is discussed in [24] and in [20].
The Mumford abelian variety Mump,(¢) has a canonical PEL structure.
The canonical endomorphism
Lean © O;(; — End(@,c)(p)((q’H;O))(MumL(q))
is defined by
a:L—=L
l—a-l
for each element « of Ok. The dual abelian variety is
Mumy,(q)¥ = Mumypvgwv (q),
i.e. the algebraification of the rigid analytic quotient Q(W’V)\ (WY ®Gy,) .

The canonical isomorphism W’ = WV induced by the pairing ¥ induces a
canonical polarization Acan : g(W)\ (W' ® Gp,) — Q(W’V)\ (WY @ Gyy,) of
Mumyp,(g). The natural exact sequence

0—)W/®H]£n/,bln — HTz(A) —W®Z—0
I n 1
induces a canonical level K structure aeqn, @ V @ Ay 5 [[;Ti(A) ® Q

modulo the action of K. At times, we shall write Mump,(g) to mean the
tuple (MumL (q)a )‘canv Leans acan)-
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Observe that there is a canonical isomorphism wy, : Lie(Mump(q)) —
Lie(W' ® Gyn) = W' ® (Ox) ) (¢, HYy)). Dualizing the morphism wy,, we
obtain a canonical isomorphism

(4.3) Wean : W' @ (OIC)(p) ((%H;O)) = w,

which gives a canonical element of £. There is a similar isomorphism on
Mumy,(q)V:

(44) WY@ (0Ox)y, (¢, HLy)) = Lie(G,, @ W) = Lie(Mumpz (g)")

We now revisit the Kodaira-Spencer morphism in the context of
Mumy,(g). Recall that for an abelian variety A the Kodaira-Spencer iso-
morphism identifies derivations of Onq with pairings of w, and Lie(AY),
i.e. with elements of Lie(A) ® Lie(A"). We provide a concise reminder of
the Kodaira-Spencer isomorphism for an abelian variety A, reviewing pre-
cisely the details that we will need in our discussion of the situation for
Mumyp,(g). Recall the exact sequence 0 — w — H}» — Lie(4Y) — 0 and
the Gauss-Manin connection (from which the Kodaira-Spencer morphism
is constructed) V : Hp,, = Hpp ® Q. Bach D € Thjo, = Der (Oag, Opm)
defines a morphism V(D) : Hbp — H}p, which induces a morphism
KS(D) : w — Lie(AY) defined to be the composition of maps

wes Hy, Y2 gL Lie(AY).

The map D — KS(D) defines the Kodaira-Spencer morphism T 0, —
Homp,, (w, Lie(AY)) = Lie(A) ® Lie(AY). Dualizing gives

Q + Lie(A) ® Lie(AY).

On Mumyp (q), the Kodaira-Spencer map is

K5 : Der (0 (4. HLo)). (i) (0. HYo)))
— Lie Mumwgw-(¢)) ® Lie Mump v gwv (q))
=W @ WY@ (Ox)y (0. HYp))

Given vy € H®70k, define D(y) € Der ((Ozc)(p) ((a, Hy)), (O ((a, H\g/o)))
by

D(v) < Z aaqa> = z tr (ay)aag®.

a€eHY acHY

Note that there is a natural Z-linear morphism ¢z : H — WV ®zW’. Then
KS(D(y)) = éu(y) ® Lin W & WY @ (Ox), (4, HZp))-

TOME 62 (2012), FASCICULE 1



212 Ellen E. EISCHEN

For w € W', let w(w) denote the image in w of w®1 under the morphism
(4.3). For each v € WV, let I(v) denote the image of v ® 1 under the
morphism (4.4). Then for each v € H, V (D(v)) (w(w)) = l(w -v) mod w.
The notation w and [ has been chosen to be similar to similar maps in
[16]. We further denote by w® (w) the projection of w(w) onto w*. We then
have that the Kodaira-Spencer isomorphism is the map w* (e;) @w™ (e;) —
(D(e;5))Y, with e;,e;,e;; standard basis vectors in W and H ®z O =
(Ox), respectively.

Note that by extending scalars, we may consider Mumy,(g) over R ®
(I ((q, H,)) for each Og-algebra R, and we can extend the above
maps to the case of Mumy,(q) over R® (Ox), (¢, Hy))-

4.2.2. Algebraic g-expansions

We now discuss the key features for our situation. For a general, in-depth
discussion of Fourier-Jacobi expansions, the reader is referred to [20].

DEFINITION 4.2. — Let f be an automorphic form of weight (p, V') over
R. We define the g-expansion of f at the cusp H to be

f ((MumL (Q)7 Qcans bleans Acan) ® R, Wean @ R) .

As noted at the beginning of the section, the g-expansions of f lie
inside V- ®r R ® (Ox),) [la, HS,)]- Furthermore, when working over C,
the analytically defined Fourier coefficients of the function f*" on H,
(where we associate the function f of abelian varieties with the function
fe™: H, — C as in Sections 2.3 through 2.5) at the cusp L are the same
as the algebraically defined g-expansion coefficents at the cusp L. That is,
if f((Mumpg(q), Qcan, teans Acan) @ C,wean ® C) =3, c v c(h)g", then the
h-Fourier cofficient of f" for each h € HY is also c(h).

In Proposition 7.1.2.15 of [20], Lan proves the Fourier-Jacobi Principle
for automorphic forms on PEL Shimura varieties. The g-expansion principle
for modular forms is a special case of this.

THEOREM 4.3 (g-expansion Principle, special case of Proposition 7.1.2.15
of [20]). — Let f be an automorphic form on U(n,n) over an Ox-algebra
R of weight p with values in an R-module R @, X for some Ox-module
X.

(1) If f(Mumyp(q)) = 0 at one cusp on each connected component of
M, then f = 0.
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(2) Let Ry — R be an Ox-subalgebra of R. If f(Mump(q)) €
(OIC)(p) ((q, HYp)) ®o R® X actually lies in

(Ox) ) (¢, Hp)) @0 Ro @ X = (Ok) () (0. HZg)) o R® X

for one cusp in each component of M, then there is a unique auto-
morphic form of weight p on U(n,n) defined over Ry which becomes
f after the extension of scalars Ry — R.

5. p-adic automorphic forms and the Igusa tower

In this section, we review p-adic automorphic forms, following the view-
points of [9], [10] and [8]. We also introduce the results for U(n, n) analogous
to ones in sections 1.9 through 1.12 of [16].

Let R be an Og-algebra that is separated for the p-adic topology, i.e.
satisfying R — @m R/p™R. Let Rg be the p-adic completion of R. Let
K = K, x K? C G(Ay) be a compact open subgroup with K, C G(Q,) a
hyperspecial maximal compact and K? C G(A’}).

Let v be the prime of K over p determined by the embedding incl,. Let
W = (Ok)v, and let W,,, = W/p™W for all nonnegative integers m. Fix a
toroidal compactification S of xS(G, X) over W.

The theory of p-adic automorphic forms is independent of the choice of
toroidal compactification. Let H be a lift of a power of the Hasse invariant
H to S. For m a positive integer, let M,, = S xw W,,, and let S, =
M,, [%} be the nonvanishing locus of H, i.e. the ordinary locus. Let Sy =

M {%} , and let S, be the formal completion @m S of Sp along Si.

Note that S,, is independent of the choice of H as long as p is nilpotent in
Wi, for all positive m.

Form > 0, let P, , be the rank g p-adic étale sheaf P, , = Auniv [pr]ét =
Auniv[P"]/Auniv[p"]° over S,,. We define T,,, to be the finite étale S,,-
scheme

Tm,r = ISOmSm (Pm,ra (OIC/I)TOK)”)

Tom,r
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representing the functor
(m: X = Sp) — {isomorphisms VU P, = (Ox/p Ox)"™ over X} .

Details about this scheme are given in [9] and [10]; of particular interest to
us will be the fact that 7, , is an affine morphism. Define T}, oc = @T Trr
and Too, 0o = lim T, o. Note that the formal scheme T o is an étale

cover of So. Note that T, , classifies quintuples
A= (A, A a?, X[ S (O;C/pTO;c)n> :

where (A, A, ¢, aP) is the abelian variety with prime-to-p structure corre-
sponding to a point of xS(G, X). Note that (Ox/p"Ox)" = (Z/p"Z)° .
Therefore, the prime-to-p polarization A and the isomorphism X [pr]ét =
(Ok/p"Ok)" induce isomorphisms A[p"]° = AY[p"]° = uf,, which induces
an inclusion ay, @ pip- — A.

Let w,, , be the pullback of Py, ;. to Ty, ., i.€. w,,, . = (7rj‘n7er,r) ®0r,, .-
For r > m, there’s a universal isomorphism (i.e. the universal object over
Trnir) Yuniv @ Ty P = (O /p"Ox)"™ , which induces an isomorphism
Wean = Yuniv ® 1d : w,, . = (O /p"Ok)" ®z, Or,, .. For r = m, the sheaf
W,y - 05 just the pullback of the sheaf of differentials w to T}, . Indeed, the
pullback of w to T}, , is canonically identified with Lie(AY;,) ® Wy,; the
now follows from the canonical isomorphisms

isomorphism with w,, ,.
.

Lie(AY,) © Wi = Lie(AY,[p"]°) © Wi = Lie(ppr)" @ W,
= (O;C/pTO)C)n ® OTm,w
Note that w,,,, induces isomorphisms wf,, and w_,, of w™ and w' with

Oky ® Or,, . = O} and Oxy @ Or,,, = OF |, respectively. So for
the p-adic situation (111 contrast to the situation over C), W.an provides a
canonical element of the sheaf £ introduced earlier.

A p-adic automorphic form of weight p_ ® p, is defined to be a global

p— P+
section of ((95500 Oo) ® ((95500 Oo) , where the action of Ok on each copy of

(O%oo OC) is induced by the action on w”~ ®gﬁf (identifying the two sheaves

via We,, ). When we want to eliminate ambiguity about the identification,

(wF), respectively.

we shall write ((9imo)n or ((’)}room)n to mean w,,,
We write V(p, Ry) to denote the space of p-adic automorphic forms of
weight p over Ry.

Above, we have used notation similar to that for the Igusa tower in
[9], [10], and [8]. To emphasize the analogy with [16], we shall some-

times use the notation w(p-adic)* = gic _» Om(p-adic) = Or,

00,007

and
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M(p-adic) = Teo,00. We shall denote the space of p-adic automorphic forms
of weight p = p~ ® pT over a p-adically complete and separated Ox-algebra
RO by Mp—adic'

5.1. g-expansions of p-adic automorphic forms

In this section, we discuss g-expansions of p-adic automorphic forms and
the g-expansion principle for p-adic automorphic forms. This is also covered
in [8], which cites [9)].

By extending scalars from (Ox),,, ((4, HY,)) to the p-adic completion
Ro®@oy (Ok)p) (¢, HYp)) of Ry ®ox (Ok), (¢, HY,)), we obtain the
Mumford object (Mump(q), Acans Qcan,tean) oOver the p-adic ring
Ro®o, (Ok)p) (¢, Hy)). (Note that by construction, the isomorphism
W.an from the previous section, viewed over Mumy,(q) is the same as the
isomorphism weqy, in (4.3).

So we obtain a g¢-expansion homomorphism F'J from the space of
p-adic automorphic forms with values in an Rg-module X to

Ro®oy (OIC)(p) ((a, Hﬁo)) @R, X:

e <<MumL(q)’ Acan; Qoan = Agan X (Qcan)y L“’”>RU®OK (O5) () (@ HZ)) w)

DEFINITION 5.1. — When Ry has no p-torsion, we define the space of
p-adic automorphic forms defined over Ry ® Q to be V(p, Ry) @0, Ko.

The g-expansion homomorphism extends to a g¢-expansion homomor-
phism

FJ': V(p, Ro) @0y, Ky = Ro®oy (Ox) ) (. Hg)) ® K, @y X.

We now state the g-expansion principle for p-adic automorphic forms. This
is the analogue of Theorem 1.9.9 of [16] and Corollary 1.9.17 of [16].

THEOREM 5.2 (Theorem 2.3.3 of [8], which cites [9]). — The g-expansion
homomorphisms have the following properties.

(1) The g-expansion homomorphisms F.J and FJ' are injective, and
when Ry has no p-torsion, the cokernel of F'J and FJ’' has no p-
torsion.

(2) FJ' "' (Ry® X) = V(p, Ro).
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5.1.1. Map from automorphic forms over a p-adic ring Ry to p-adic
automorphic forms over Ry

THEOREM 5.3 (((2.2.7) in [8]), analogue of Theorem 1.10.15 of [16]). —
The homomorphism f — f from the space of weight p level a automorphic
forms to the space of weight p level of p-adic automorphic forms defined
by f(X,\ t,a) = f(X, A, 1,0, Wean) Preserves g-expansions.

5.2. Frobenius and the unit root splitting

In this section, we give a splitting
(5.1) Hhp=wolU

over Two o analogous to the C*°-splitting H},; = wP@. The splitting (5.1)
will be indispensable for the construction of the p-adic differential opera-
tors. Most of the material in the section is essentially covered in section
1.11 of [16], with trivial generalizations. However, we have provided details
not given in [16].

Let X be an abelian variety of PEL type over an Oy-algebra R in which
p is nilpotent, and suppose that each of the geometric fibers of X/R is
ordinary. So there is an inclusion «;, : pf < X. Let X denote the formal
group of X, and let H.,, be the canonical subgroup of X, i.e. the kernel
of multiplication of by p in X. Then Heogn = ap (Mg)- Let X' = X/Hean,
and let 7 : X — X’ be the projection map. When p =0 in R, X’ = X,
where X(®) denotes the scheme over R obtained from X by extension of
scalars F,ps : R — R, and 7 is the relative Frobenius morphism:

X
\\

X0 — X
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Given a morphism «,, : pj= < X, we define o, : < < X' to be the

morphism that makes the following diagram commute

0 " e — > e —>0
[ \

Note that a prime-to-p level structure o induces a prime-to-p level struc-
ture o’ on X'. We let

L OIC(p) — E?’Ld(Al) X Z(p)

be the embedding induced by ¥ : Ok (,y = End(A)®Z,). As Katz explains
in Lemma 1.11.6 of [16], if (X, A) is in T -, then there is a unique polariza-
tion X that reduces mod p to the polarization A®) on X ). We shall now
also use 7 to denote the morphism (X, A, ¢, aP, ap) — (X’7)\',L’,ap’7a;,)
induced by 7.

Note that, by construction, 7 is compatible with change in base R/p™R —

R/p™~ 1R induced by projection. So the morphisms 7 induce a morphism
(52) Auniv/W — A:_miv/W

(where W = SpecR) over the p-adic ring R. Since this is not explicitly
mentioned in [16] and could be somewhat confusing to the reader, we note
that the map 7 in (5.2) is defined over R, not over To, o, though Ay and
Al iy lie over Ti, o. So there is a unique isomorphism F : T oo = Too,00

univ
such that A’ . is the fiber product

univ

A/

univ > Auniv

L,

F
Too,00 — Too,0

We now describe the action of F' on g-expansions, which we will use in
the proof of Lemma 5.9.

LEMMA 5.4. — For any g-expansion homomorphism f +— f(q), the ac-
tion of F on f satisfies (F f)(q) = f(q*), and so, if f(q) = > pcpv (c(R)g"),
then (F'f)(q) = Ypepv (c(h)a?") -
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LEMMA 5.5. — The abelian variety Mumyp,(q)’ and the morphism 7 :
Mumyp,(q) = Mump(q)’ a priori defined over (Ox ), (g, L) are in fact defined
over Ok(q, L).

Proof. — Since Mumyp (¢q)’ is obtained from Mumy,(¢) by extension of

scalars ¢ — ¢P, which is defined over Ox(q, L), Mumy(q) = Mump(q?)
is defined over Ok (q, L). It follows from the definition of = that 7 is the
map making the following diagram commute (where the vertical maps are
projection onto the quotient):

Xp

W' ® Gy, W' ® Gy
W' ® Gy . W' @G /p-q(HY) =W @G /q(p- H)
g
Remark 5.6. — Since m and Mump (¢q) are defined over O, we can

extend scalars and consider the map 7 over C. In this case, observe that m
corresponds to the map on lattices

pz(L) — ppz(L)a
[ — pl
i.e. the map
C/p=(L) = C/pp-(L)
T — px.
The morphism F' corresponds to the morphism
Hpn — Hn

Z > pz.

Define Fr to be the morphism Fr = n* : F*(H},,) — H},p. Note that
Fr defines a (F-linear) morphism of H}, g~ The higher dimensional analogue
of Lemma (A2.1) in [14] is the following.

LEMMA 5.7. — 7* (F*w) = pw.

As in [16], we have the following powerful proposition, which is essential
in the construction of the p-adic differential operators.

PROPOSITION 5.8. — There is a unique splitting

(5.3) Hhp=wa U
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over O such that 7 F* is an isomorphism on U when tensored with Q
and such that V(U) CU ®

The splitting (5.3) is called the unit root splitting and U the unit root
submodule of H},p, as in [16] and [12]. [16] notes simply that the version of
Proposition 5.8 in [16] (Theorem 1.11.27) is explained in [12]. If T\, o were
affine (which it is not), then all but the uniqueness statement would follow
immediately from [16]. Although T o is not affine, one may prove that
the statement extends to T\ oo by proving on an affine cover and glueing.
Details are provided in [2].

5.3. Unit root splitting for the Mumford abelian variety

We now discuss the unit root splitting over Mumyp, (¢q), which plays a key
role in the proof of Theorem 9.2.

LEMMA 5.9. — (Analogue of [16] Key Lemma (1.12.7)) Upon extension
of scalars to (Ox)v ®or (Ok) ) ((q, Hy)), the elements V(D(v))(w(w))
lie in U C H},p, for each v € H and w € (W')V.

/

Proof. — By Lemma 5.5, F';, Mumy,(¢)’, and 7 : Mumpy,(¢) — Mump,(q)
are defined over Ox(q,L). By Lemmas 5.7 and 5.8, 7* has the form
( p64 B, ) with respect to fixed bases for w and U for some g X g ma-
trixes A and D with entries in O and D invertible. So it suffices to show
that

(5.4) T (F* (V(D(7)) (w(w)))) = V(D(7)) (w(w))
for all v € H and w € (W’)V. So it is sufficient to extend scalars to C and
check (5.4) over C.

In our proof, we shall work with L = O%", i.e. the cusp at oo, and we
note that the proof at other cusps is similar. (We choose L = O,zc" because
working in the context of our explicit examples over C - which all used this
lattice - provides the most insight.)

Over C, H},, = Homy (p.(L),C), and w(w) is a C-linear combination
of the elements du;. So we are now reduced to proving an assertion about
maps of lattices. By Remark 5.6, (7*1)y = l(py) for each | € F*H}p and
v € L,. By (3.15) and (3.16), V(D(v))(du;) lies in the subspace of H},p
generated by elements of the form

(5.5) ﬁj + 04,63
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or
(5.6) B + ap;

1 < j < n (in the notation of (3.15) and (3.16)). Therefore, it suffices to
show that 7* o F'* fixes each element of the form (5.5) and each element of
the form (5.6).

By Remark 5.6 and the definition of 3;, we see that F™* (8;) : pp.(L) — C
is the Z-linear map defined by

przj—1
pzi— 0,1 #£
ei,e;,pz, — 0, for all i.
Similarly, F* (8;) : pp» (L) — C is the Z-linear map defined by

p-zj1

ei, e, p-z; — 0, for all 4.

So T F* (B; + cﬁé—) () = F* (B + cﬁ}) (pl) = (B + cﬁ;-) (1) for each | €
p-(L) and each ¢ € Oy, in particular for ¢ = «, @. Therefore,

7 F*V (D(7)) (du;) = V (D(7)) (du;) , for 1 <14 < 2n.

6. (C°°-differential operators from the perspective of
Shimura

We now review C*°-differential operators (acting on automorphic forms
on unitary groups) from the perspective of [34]. Examples of the mate-
rial discussed here can be found in [2]. In later sections, we reformulate
Shimura’s differential operators algebreo-geometrically, and then we con-
struct and discuss a p-adic analogue of the C'*°-differential operators. In
Proposition 8.5, we show that the C'*°-differential operators we construct
algebreo-geometrically in Section 8 are the same as Shimura’s differential
operators that we discuss in this section.

As in [34], for each z € H,,, let Z(2) = (i(z —'2),i(2* — 2)). Let T = C™.
Let {e,} be an R-rational basis of T over C. For u € T, let u, be defined
by u =", uy€,. Similarly, for z € H,,, define z, € Cby z =3 z,€,.

Let (p, V) = (p— ® p4, V- ® V) be a finite-dimensional representation
of GL,(C) x GL,(C). Let e be a positive integer. For finite-dimensional
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vector spaces X and Y, define S, (Y, X) to be the vector space of degree e
homogeneous polynomial maps of Y into X, i.e. the space of maps h from
Y to X such that h(a-y) = a®h(y)

for each a € C and y € Y. We let S.(Y) denote S.(Y,C). From here
on, we identify S.(Y,X) with S.(Y) ® X via h(u) ® z — h(u)z, for each
function h in S.(Y) = S.(Y,C) and = in X. Let MI.(Y,X) denote the
vector space of all C-multilinear maps

Y x---xY — X.
——

e times

An element of MI.(Y,X) is called symmetric if g(yﬁ(l),...7yﬂ(e))
g(y1, ..., ye) for each permutation 7 of {1,...,e}. As explained in Lemma
12.4 of [34], for each h in S.(Y, X), there is a unique symmetric element
hs of Ml,(Y,X) such that h(y) = h.(y,...,y) for all y in Y. We shall
associate S.(Y, X) with a subspace of MI.(Y,X) in this way. We define
a representation (7¢, MI.(T,C)) of GL,(C) x GL,(C) as follows: Given
(a,b) € GL,(C) x GL,(C) and h € MI.(T,C), [t%(a,b)h)(u1,...,uc) =
h(tauyb, ... .t au.b). Thus, we obtain a representation p¢ ® 7 of GL,(C) x
GL,(C) on MIl.(T,C) ® X = Ml.(T, X) via

[p@7°(9)](h(u) @ x) = T°(g9)h @ p(g)x

for each g € GL,,(C) x GL,(C), h € MI.(T,C), and z € X. We also write
p ® 7° to denote the restriction of this representation to S, (T, X).
For f € C*(H,,V), define operators

(6.1) C,D: C®(H,, V) = C®(Hn, S1(T,V))
by

OHw) = Yu jf ,

(CHu) = (T'E)Df)(u) = (Df)("€un),

respectively. For e > 1, we write D°f and C°f to denote D(D*"1f)
and C(C®~1f), respectively. The functions D®f and C°f have symmet-
ric elements of M. (T, V) as their values, which allows us—as explained
in Section 12.1 of [34]- to view them as elements of C* (H,,, S.(T,V)).
Therefore, the operators C¢ and D¢ can be viewed as maps C*°(H,,,V) —
C®(Hyp, Se(T,V)).

In general, the operators C'° and D¢ do not map automorphic forms to

automorphic forms. They are, however useful for constructing a map from
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the space of automorphic forms of weight p to the space of automorphic
forms of weight p ® 7. Define

(Dpf)(u) = p(Z) " DIp(E) f](u
= (p®7)(E)7Clp(E)S]

~—

and, more generally,
(Dpf) = (p®7)(E) " C*[p(E) /1.
The operator Dy satisfies the following properties ([34]):
e+1 e e
D™ = Dyg. DS = DS D,
(6.2) Dp(fllpe) = (DeH)llpere,

for v in G. So D} maps automorphic forms of weight p to automorphic
forms of weight p ® 7°¢.

Let Z be a GL,(C) x GL,,(C)-stable quotient of S, (T'), and let ¢z denote
the projection of S.(T') ® X onto Z ® X. Then the operator DPZ = ¢z D
is a map from the space of automorphic forms of weight p to the space of
automorphic forms of weight p ® 7z, where 7z denotes the restriction of 7
to Z.

7. Some purely algebraic differential operators

We introduce some key ingredients for the construction of both the C'*°-
and the p-adic-differential operators.

7.1. Some algebraic differential operators

Let S be an Ox-scheme. We assume throughout this section that S — M

is an étale morphism.
Recall that by (3.3) and (3.4),

(7.1) V(HE(A/S)) C HE(A/S) © Qg7

So the Gauss-Manin connection induces a connection (through the product
rule (3.19) and the fact that (7.1) holds)

V:T*(HE(A/S)) = T*(H=(A/S)) ® Q7.
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Let p = p+ ® p— be a quotient of pﬁdl ® p?}dz for some d; and dy. Applying
the product rule (3.19) again, we get a connection

V:HLp(A/S)P @T*(HY(A/S)® H™(A/S))
— Hpp(A/S)P @ T*(H*(A/S) ® H™(A/S)) ® Qg
We define a differential operator
DYy s: Vass = Hpp(A/S)P @ T*(H*(A/S) ® H™(A/S))
— Hpp(A/S)P @ T*TH(HY(A/S)® H™(A/S))

to be the composition of maps:

(7.2)
Vass = Hhp(A/8) @ T*(H*(A/8) © H™(A/S)) ———— > Va/s © Qg1
idRKS
Vass @ w(A/S) @ w™(4/5)
Vass @ HY(A/S)) © H™(A/S)
Hpp(A/S) @ T*H (HT(A/S) ® H™(A/S))
Remark 7.1. — Observe that we can similarly construct an algebraic

differential operator

DY g Hpp(A/S)" @ Sym® (H' (A/S) @ H™ (A/S))
— Hpp(A/S)P @ Sym* ™ (HT(A/S) @ H™ (A/S))
(essentially by replacing T'® with Sym® in the definition of DZ/S).

In the case where A = Ay and S = Mg, /Ry, we define D? :=
Di\.m;v/MRO' We denote by D the morphism D : T*(H}z(A/S)) —
T*t2(H}r(A/S)) whose restriction to T"(H}z(A/S)) is D®".

We write (DZ/S)d (resp. (DZ/S)d) to denote DZ/S (resp. DZ‘/S) com-
posed with itself d times.

Now we give a formula for the action of D in terms of the basis of invariant
one-forms «;, B;, a4, B in H})R(C‘X’) over C. So that we can consider all
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representations of interest simultaneously, we consider the representation p
as a subrepresentation of the tensor algebra. So we may view D’ in terms
of the restriction to H},p(C*) of the morphism D, which is a morphism

T*(Hpp(C™)) = T*F(Hpg(C™))

that is homogeneous of degree two in the sense that D maps T"(H} z(C*))
to T"T2(H}»(C*)). The sheaf T(H},,(C>)) is the sheaf R of graded
non-commutative Opq(C>)-algebras generated by the horizontal sections
o, Biy o, B (defined in Subsection 3.1.1) with no relations other than those
in the commutative ring O r(C*°). Lemma 7.2 gives the action of D on R
explicitly.

LEMMA 7.2. — Viewed as a morphism on R, the action of D is defined
for all sections f of Op(C™) and nonnegative integers ki, 5, \i, \; by

1KY AN AN
D H oo BB f ) =

1<i<n
18] A oI \) 8f
(73) H a?lalmlﬁl Z/Bl ! Z a 7 (Q_] : PZ)7
1<I<n 1<i,j<n Y

with P; and @Q); the elements of R defined by

n n
Pi=ai+ Yz +ac)+a )y zf;

k=1 k=1
and
n n
! /
Qj =0+ E 2k Br + oo + o E 21 B
k=1 k=1

For all v and w in R,
(7.4) D(v+w) = D(v) + D(w).

Proof. — Equation (7.4) follows immediately from the definition of D.
Since o, B3;, o, 8. are horizontal,

/ ’ ’ ’
K1 K] A al ) . K1, JEL A af A of .
\Y% I | ota, BB fl= I | ata BB g ER ~dZ;;.

1<I<n 1<I<n 1<ij<n Y

Recall from (3.28) that the injection Q — T?(H}, ) defined by the Kodaira-
Spencer isomorphism is given by dZ;; — du;n ® du;. By (3.11)-(3.14), we
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see that in R,

duj—i—n = Qja
for 1 < 4,5 < n. So now the lemma follows from the definition of D. O

Note that since V(H*) C H* ® Q, restriction of D, to (H*)P*+ gives
maps

(Hi)Pi N (Hi)pi®pst ® (HJF)pSt.

So through the product rule, D induces morphisms

(Hpr(A/S)")P+ @ (Hpr(A/S)™)P~
— (Hbp(A/S)V)/ 90 © (Hp(4/5) )20

7.2. Some algebraically defined maps on automorphic forms

The maps defined in this section will be used in the proofs of Theorems
8.2 and 9.1, algebraicity theorems about the differential operators defined
in Sections 8.1 and 9.1. Our construction is completely analogous to the
one in [16], and we follow [16] closely. Our construction here is a general
vector-valued construction that generalizes the scalar-valued one in [16] to
our higher-dimensional setting.

We work over an Oi-algebra Ry. Let R be an Ryp-algebra, and let = be
an R-valued point of the moduli scheme Mg, over Ry, corresponding to
a morphism Spec(R) — M over Ry. Let X denote the associated abelian
variety X with the associated PEL structure. Let A be an element of Ex /.

Suppose that we are given an R-sub-module Split(X/R) in H}r(X/R)
such that the natural map (induced by the inclusions)

(7.5) wx/r @ Split(X/R)—H}R(X/R)

is an isomorphism and such that HL 5 (X/R)* C Qf(/R ® Split(X/R). (For
example, when R = C and we work in the C'*°-category, the Hodge de-
composition gives us a splitting in which we can take Split(X/R) to be the
sheaf of anti-holomorphic one-forms.)

As earlier, we let M,(«)(Rp) denote the space of automorphic forms over
Ry of weight

(p=p @p",V=V"0VH
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and level a. Let e and d be positive integers. In this section, we define an
Ry-linear map

A(p, e, x, N, Split(X/R),d) : M,ygre(Ro) = V- @ V™ @ (R" @ R™)®t,

We identify each automorphic form f in M, g, (Ro) with the correspond-
ing global section of (W™ ®w™)?® (Q%@RU)7 as in Section 2.5. The canonical
inclusion w(X/R)* — HLR(X/R)* and the Kodaira-Spencer map (3.37)
induce inclusions
(7.6)  (wx/p® ﬂJ}?/R)p ® (Q%/RO)

= (Hhr ® Hpr )~ @ (Hhy ® Hby )%

Associate f with its image in (Hbp @ Hhp)® © (Hhp™ © Hbyp )®¢ via
the inclusion (7.6). Then for each integer d, (D?)¢(f) is a global section of
(Hbr' ® Hhr )*® (Hbyg' ® Hpp ¥+ Thus,

(DY) (@) € (Hbg (X/R)® Hbg' (X/R))P-©r+
® ((Hll)R
+

The choice of A gives isomorphisms A* : Wy R 5 R™, which induce

* >®d+e

X/R)® Hpp (X/R)

isomorphisms

(‘“J;(/R ® ‘“J;E/z%)pf@p+ ® (ﬂ;(/R ® gj{/z%)@)%d

3V @Vt e (R"e R)®tHd
The splitting (7.5) gives projections
(7.7) Hpr(X/R)® = i s
which induce projections (w* @ Split(X/R))P* — (w)i(/R)”i.

The projection (7.7) also induces a projection

F®(d+e)

(Hpr(X/R)™ @ Hpp(X/R)")®¢ = (wy ) @ wY )

and a projection (w;(/R @ Split(X/R))"- & (wj{/R @ Split(X/R))*+ —
(w;(/R)p7 ® (w;r(/R)p+'

We now define the Ry-linear map
A(p,e,x, A, Split(X/R),d) : M,ygre(Ro) = V- @ V™ ® (R" @ R™)®t?,

as follows. We define 9(p, e, z, A, Split(X/R),d)(f) to be the image of
(DPT P )d(f) € (H%,R+)P+®P§t ® (H%)Rf)/f@pgt under the composition of
morphisms given by the diagonal map in the commutative diagram (7.8):
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(7.8)

e Y

(wy/r ® SPIt(X/R))P-P% @ (w} @ Split(X/R))P+ 0%
mod Split(X/R)

_ — @5t +®pd
(HX/R)p st @ (&}/R)p ®py

V- @ Ve (R @ RY)EeH
For each R-submodule Z that is a GL,(R) ® GL,(R)-stable quotient
of (Q;C/R)f@"?t ® (g}/R)ﬁ@P?t, define ¢z to be the projection of
(W p)" P @ (wh p)? @P% onto Z. Identify Z with A(Z). Then we define
d(p,e,x, A\, Split(X/R),d)? = ¢z 0 d(p,e,z, \, Split(X/R), d).

8. The (C*°-differential operators
8.1. Construction of the C'° differential operators

Later, we will define p-adic differential operators through a construction
similar to the one in this section.
Let

(8.1) Hpp(C%) = w(C™) @ Split(C™)

be the canonical splitting of the Hodge filtration corresponding to the
holomorphic and anti-holomorphic one-forms. Here, Split(C*°) is the sheaf
w(C>) of anti-holomorphic one forms. Note that for each derivation D €
Der(O0%,, 0% ), V(D)(w(C>)) C w(Cx).

Since H}p(C®)* C w(C>=)* @ Split(C*), the splitting (8.1) induces
projections H p(C™)* — w(C>)*, which induces a projection

(82) Hhp(C®)P @T*(Hby (C®) @ Hbp (C™))
= w(C®) @ T* (W (C®) ®w™ (C))
= w(C®)P @T*(QC™)).
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As usual, we associate w® with its image in (H})* under the inclusion
coming from hypercohomology

Asin (7.6), the inclusion (8.3) and the Kodaira-Spencer isomorphism (3.37)
induce inclusions
(84) (W)~ ® (W)™ @ (55 5,) = (Hhp)"~%" ® (Hpyr ® Hpp' ).

Restricting D” to the image of (8.4), we get a map

(Dp)d‘(y)"*®(g+)ﬂ+®(ﬂ§9fmo) Hwh) @ W) @ (%) p,)
= Hhr(C®)! @ p @ (Hpr © Hpp ).
We define the C°°-differential operator d(p, C>°,d) to be the map
A(p,C*,d) : (™)~ @ (wh)* @ (UC™)®*)
= (W) ® (WhH @ (UC™)®*H)

that is the composition of maps in the following commutative diagram:

(@) @ (W) (C%) @ (QC)®*) o Hbp(C=)y ® (Hby™* @ Hbp )+
mod Split(C*)
8(p,C> dj (W)~ @ (Wh)P+(C®) @ (wh @w™)® T
(@) @ (@ (C) @ (AC))+
Remark 8.1. — For the reader who worries that defining the differ-

ential operators on (w™)”~ ® (w)?+ (instead of &y,) is too ad hoc or
non-canonical, we note that the differential operators can equivalently be
defined as morphisms from v, to Ev, (). @p..)0(p_op.)- Indeed, the com-
position of maps

Evp E(v_gCm) @ (Vs 8Cn), (- ®p.)®(p1 @)
(M)A (v) v (AN (v)

(g*)/), ® (g+)p+ (gf)p— ® (&Hr)w R0 *M (g*)ﬂ—@ﬁst ® (g+)p+®psz

(p,C™,d)
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gives an equivalent expression of our differential operator as an operator

from Ev,, to Eve(rm)@(RM)), (01 @p)@(0-@par)-

Let Z be a GL,(C) x GL,(C)-stable quotient of
(@)~ ® (@) (C%) ® (Qa e/ m(C))*F,
and let ¢z be the projection of

(@)~ ® (@) (C%) @ (Qa e m(C™))*H

onto Z. We define the differential operator 9(p, C>°,1)Z by ¢z00(p, C*,d).

8.2. Algebraicity theorem for C'*°-differential operators

The following algebraicity theorems (Theorems 8.2 and 8.3) are impor-
tant for our intended applications. The statement of Theorem 8.2 and the
idea of the proof are essentially the same as what is done in Section 2.4
of [16]; the new parts are our generalizations from Katz’s special scalar-
valued case to the arbitrary (often vector-valued) case and to the case of
projection onto subrepresentations.

Throughout this section, fix an Oy-algebra R with an inclusion
LR : R — C.

In the special case R = Q, the statement of Theorem 8.2 is essentially
the same as Theorem 14.9 (2) of [34]. However, the methods or the proof
of Theorem 8.2 are different from the proof in [34]; the proof we present is
similar to what is done in Section 2.4 of [16].

We associate each automorphic form f in M g, (R) with its image in
M,g-<(C) via the extension of scalars induced by tr. We also associate
each automorphic form in M,g.e(C) with the corresponding holomorphic
section of (w™)P~ ®@ (wT)?+(C>) ® Q(C>)®¢ on M(C>).

Let z = X be an R-valued point of Mg, and let A be an element of £x /.
Suppose that over R there is a splitting Split(X/R) Swx,r — Hpr(X/R).
Then we have an inclusion

(8.5) Split(X/R) — H'(X&", C)
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coming from the composition of maps

Split(X/R)? ext. of scalars via .p Split(X/R) @ (Cg s)eld HlDR X/R) @

IR

T H(XE,0)
We say that the the pair (z, Split(X/R)) satisfies the condition (f)if the
following holds:
The image of Split(X/R) under the inclusion (8.5) is the antiholomorphic
subspace
H%' ¢ H'(X""¢,C),
(1) i.e. Split(X/R) ® C = Split(C*)(xc).

Note that this condition is essentially the same as condition (2.4.2) in
[16].

For our intended applications, the only points that will interest us are
certain ordinary CM points. We shall see later that for each such ordinary
CM point, there is indeed a splitting satisfying condition ().

Note that in general, we only know that the values of 9(p, C*°,d)(f) at
points (z,A) lie in a C-vector space. (This is because even if f € M,(R),
we only know that 9(p, C>°,d)(f) is a C°°-function and nothing about
where its values at arbitrary points lie.) We see in theorem 8.2, however,
that we can say much more about the values of d(p, C*°,d)(f) at points
satisfying (f).

THEOREM 8.2. — Suppose that (x, Split(X/R)) is an R-valued point of
M g that satisfies condition (1). Let f be an automorphic form in Mg (R)
with values in an R-module V. Then

(86) (a(pv Coo’ d)f)(xa )‘)(C = LR(a(p7 €, )‘a Spht(X/R), d)f)
Therefore, (3(p, C>,d) f)(z,\)c € V @ (R” @ R")®*.

The proof we provide is similar to Katz’s proof of Theorem 2.4.5 in [16].

Proof. — As it was defined in Section 7.2, tr(9(p, e, z, A, Split(X/R),d) f)
lies in V®gr(R" ® R”)®d . So to prove the theorem, it suffices to prove that
Equation (8.6) holds.

By the extension of scalars from R to C given by ¢, we associate the
automorphic form f with its image fc in Mjyg,e(C), the R-valued point
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x with R-basis A\ with = with basis A¢, and Split(X/R) with its image in
Split(X/R) ® C. Then, we see that tg(d(p, e, xc, Ac, Split(X/R)c, d) fc) =
Lr(0(p, e, x, A, Split(X/R),d) f) is V @ g (R" @ R")®"-valued. So it suffices
to show that Equation (8.6) holds in the case R = C, which we will now do.

Associate f with its image in (Hpp)? ® (HY ® H™)®. Then
(O(p,e,x, A\, Split(X/R),d) f)(z) is obtained by applying (D?)? to f and
composing with the maps along the right side of the commutative di-
agram (8.7). (Commutativity in (8.7) follows from the hypothesis that
(x, Split(X/R)) satisfies condition (}).) Similarly, (9(p,C>°,d)f)(zx) is ob-
tained by applying (D?)? to f and composing with the maps along the
left side of the commutative diagram (8.7). So (8.6) holds for all x with a
splitting satisfying (7).

(8.7)
(Hbr)* ® (HLRJr @ Hpp )®et
mod Split(C™)
(W)= @ (WhHr+(C™) @ (WH(C™) @ w™ ()@t (Hhp(X/R)) @ (Hhp* @ Hb")(X/R))®e+d

mod Split(X/R)
take fiber atz

(" ®w ) (X/R)’ @ (W ®wh)(X/R)=+

=~ from choice of A

(V&rC)@c (C" @ Cn)®d

We also obtain the following generalization of Theorem 8.2:

THEOREM 8.3. — Suppose that (x, Split(X/R)) is an R-valued point of
Mg that satisfies condition ().
Let f be an automorphic form in M,g-<(R). Let Z be a GLy(R) x GL,(R)-
stable R-quotient of w', ® (QAumv/MR)°+d, and let ¢z be the projection of
Ww(C®)? @ (Qa,,.,/m(C®))*T onto Z @ C. Let Z, be the fiber of Z at
x. Then

(a(pv Coo’ d)Zf)((X7 >" by 05)7 >‘)(C = LR(a(pv €T, >‘7 Split(X/R), d)ZX f)

Therefore, (3(p, C>,d)? f)(x,\)c actually takes values in the R-module
A(2).

TOME 62 (2012), FASCICULE 1



232 Ellen E. EISCHEN

The proof is similar to the proof of Theorem 8.2, except that we also com-
pose with the projection onto Z. Note that like in Remark 8.1, restriction
to Z yields a canonical map £y, — £7.

8.3. Some properties of the C*°-differential operators

In this section, we give some fundamental properties of the C'*°-differential
operators 9(p, C™,d).

We denote by (9(p, C>,1))? the composition of d(p, C>, d) with itself d
times.

THEOREM 8.4. — The differential operators satisfy the following prop-
erties.

(1) For each positive integer d,

(88) 2(p, C,d) = (Dp, C, 1))"

(2) Associating the space of automorphic forms of weight p @ 7/ with
(w™)P~ @ (wh)P+(C®) @Q(C>)®/ via the natural isomorphism in-
duced by the Kodiara-Spencer isomorphism, we have that
d(p,C>=,d) is the same as d(p @ 77,C>,d), i.e. for all positive
integers f < e,

(8.9)  9(p, C%, d)|(w) - @(wt) + (€)@, aa (C=) 20
= 0(p@ 7/, C%,d)| (o) @)+ (C)80a, 5 /0 (C)Se
(3) For all positive integers d > 2,

(8.10)

dpo7i7l,C® 1) o---0d(p@T,C%® 1) 0d(p,C>® 1) = d(p,C>,d)

Proof. — Recall that Split(C°) is horizontal with respect to V, i.e.
V(Split(C*>)) C Split(C*) @ Q4. m(C>). So from the definition of
D? | we see that D?(Split(C*)) C Split(C*), and hence, for all positive
integers d, (D?)%(Split(C>)) C Split(C>). So

(DP)% o (¢ mod Split(C™)”) = (D” o (“ mod Split(C>)"))4,

where (D?o(“ mod Split(C>)”))? denotes D?o(“ mod Split(C>)”) com-
posed with itself d times. Therefore, it follows directly from the definition
of 9(p,C>=,d) that d(p, C=,d) = (d(p, C>°,1))%. So (8.8) holds.

Equation (8.9) follows directly from the definition of 7, our earlier explicit

description of the Kodaira-Spencer isomorphism, and the definition of the
map 9(p, C*,d) for any representation p.
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Now, d(p, C*, 1) has image in w(C™)? ® Y oo | Q¥¢(C*>). So (8.10) is a
corollary of (8.8) and (8.9). O

8.4. Comparison with Shimura’s C'*°-differential operators

PRroOPOSITION 8.5. — Let D, be Shimura’s differential operator dis-
cussed in the introduction (cf. section 12.1 of [34]). Let f : H, — V =
V_ ® VL be a C*°-function. Let A € £. Then

(8.11) Ap, €, 1) (A(f)) = MDpf).-

(In Equation (8.11), X refers to the induced map from V4 to w*.)

Proof. — Define Ui = A‘l(dui) for each tuple A4. Writing f in terms
of the basis vy for V*, we have

(8.12) F=> hoa Ay ® vy, ),
Ay

for some C>° complex valued functions fy_ x, . The sum in Equation (8.12)
is, as usual, over all tuples A4 so that vy, isin V*. Note that

(8.13)
A(p,C>, 1)(A(f(2)))

=9(p,C=1) | Y H_a vy @)
A Ay

(8.14) =0(p.C™ 1) | > fa(du” —di)s_ ® (dut —du')y,
A A

We get from (8.13) to (8.14) by recalling that 9(p, C>°,1)(w) = 0, since @
is holomorphically horizontal with respect to V.
Applying Equations (3.17) and (3.18) to Equation (8.14), we see that

A(p, €=, H(A(f(2)))

=3(p, 0=, 1) | pER) | D Hoa (B+aBh @ (B+ab)x,

A Ay

Now recall that the sections 3; + @f; and 8; + af; are horizontal for the
Gauss-Manin connection. So their image under 9(p, C*°, 1) is zero.
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Therefore

9(p, €=, 1)(A(f(2)))

= D| p(E(2)) Z o (B+af)r. @ (B+aB)x, | | mod Split(C™),
A Ay

where D is the map (6.1). Applying (3.17) and (3.18) again, we obtain
9(p, C=, 1)(A(f(2)))

= pfl(E(z))D (p (E(2)) ( Z faas(du™du™)a_ ® (du® — du*)h)) mod Split(C*)
A Ay

Let Z be a GL,(C) x GL,(C)-stable quotient of
wW(C®)? @ (a0 m(C%))*,

and let Z = H%(H,,Z). Let ¢z denote projection onto Z. Recall that
Shimura defines a differential operator DZ (see e.g. [34]) by D7 = ¢zD".
So as a corollary of Proposition 8.5, we obtain the following

COROLLARY 8.6. — D7 = 8(p,C>,1)%.

9. The p-adic differential operators

In this section, we construct p-adic differential operators that act on p-
adic automorphic forms, and we discuss basic properties of these operators.
We follow the arguments from [16] closely. Rather than the notation from
[16], however, we use the notation from [8] and [9], since this is what we
will use in our applications.

Throughout this section, let R be an Oj-algebra that is separated for
the p-adic topology, and let Ry be the p-adic completion of R.

9.1. Analogue of the differential operators 9(p, C*,d)
We define p-adic differential operators

d(p, p-adic,d) : (W)~ @ (wh)?+(p-adic)
— (W)~ @ (wh)?P+ (p-adic) ® Q(p-adic)
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in the same way as the C*-differential operators d(p, C*°,d), except that
we replace Split(C*) and Q(C*) with Split(p-adic) and Q(p-adic), re-
spectively. Replacing all occurrences of C*° with p-adic in the proof of
Theorem 8.4, we see that all the properties of the C'"*°-operators given in
Theorem 8.4 also hold for the p-adic operators. One can construct operators
d(p, p-adic, d)? similarly to how one constructs the operators 9(p, C>°,1)%.
The operators O(p,p-adic,d)? have properties similar to those of
A(p,C>,1)%.

9.2. p-adic arithmeticity result

In this section, following [16], we give a p-adic analogue of the algebraicity
theorem 8.2.

Let x = X be an R-valued point of Mg with an element A of &,/ g.
Suppose there is a splitting over R

Split(X/R) ® wx g = Hpr(X/R).
Then, similarly to the C* case, we have an inclusion
(9.1) Split(X/R) — H} g (p-adic)(X/Ro)

We introduce a p-adic analogue of the condition (). We say that the the
pair (z,Split(X/R)) satisfies the condition (1)if the following holds: The
image of Split(X/R) under the inclusion (9.1) is the unit root subspace

U(X/Ry) € Hpg(p-adic)(X/Ro),
(%) i.e. Split(X/R) ® Ry = U(X/Ry).

Let f be an automorphic form of weight p over R, and associate it with
a corresponding element of w%. Then by the extension of scalars R < Ry,
we can view f as a section f(p-adic) of w(p-adic)®.

We now give a p-adic analogue of the algebraicity theorem 8.2.

THEOREM 9.1. — Suppose that (x, Split(X/R)) is an R-valued point of
MR that satisfies condition (}), and let X be an element of £, . Let f be
an automorphic form in Mg, (R) with values in the R-module V. Then
(0(p, p-adic, d) f (p-adic))(z, \)r, = tr(0(p, €, 2, A, Split(X/R), d) f). There-
fore, (8(p, p-adic, d) f (p-adic))(z, \) g, lies in the R-module V& (R" @ R™)**.

The proof of Theorem 9.1 is similar to the proof of Theorem 8.2; simply
replace “C*°” with “p-adic.” We obtain a similar arithmeticity result for
the operators d(p, p-adic,d)?. We note that the only points that matter
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in our intended applications are certain ordinary CM points. We shall see
soon that for each such ordinary CM point there is a splitting that satisfies
condition (I).

9.3. Differential operators on p-adic automorphic forms

In this section, we construct a morphism @ that acts on the space of
p-adic automorphic forms. The operator 6 is a vector-valued analogue of
Ramanujan’s operator qd%.

Recall that p-adic automorphic forms are actually certain sections of
modules of the form OF  ®@rV with (p, V) arepresentation of GL, X GLy,.
Thus, all p-adic automorphic forms appear as certain sections of the tensor
product of total tensor algebras T(O%.__)®@T (0% ), which we associate
with the tensor product of the free algebras on n letters & = Or. . ®Rr
}2<T‘17 ce ,Tn> KRR R<T‘17 e ,Tn>, via

(9.2) e ®ej— T, ® Tj,

where e; denotes the i-th standard basis element of O7. . This viewpoint
allows us to consider p-adic automorphic forms as subsections of the algebra
fR. In the p-adic modular forms case, this algebra is simply the ring of p-adic
modular forms.

We use this viewpoint in this section, not only because it conveniently
allows us to consider modular forms of all different weights at once, but also
because this viewpoint is important for applications involving construction
of families of p-adic automorphic forms of different weights.

While not in general a derivation of R over R, the morphism 6 that we
construct later in this section extends to an R-derivation of the commuta-
tive subalgebra Or,_  ®g R[T1,...,T,] ® R[T1,...Ty].

Note that composition of the canonical isomorphism

Wean 1 O @07 = w™ (p-adic) @ w™ (p-adic)

with (9.2) induces an isomorphism
(9.3) RS T (w (padic)) @ T (wh (p-adic)) ,
which we shall also denote by w,,,

We are now in a position to define the map 6 and state some of its
fundamental properties.

THEOREM 9.2. — There exists a morphism 6 of R such that the follow-
ing hold:
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(1) The following diagram commutes:

T (w(p-adic)™) ® T(w(p-adic)T) Hop-adict) T(w(p-adic)™) @ T'(w(p-adic) ™)

(2) The morphism 6 is “homogeneous of degree 1 ® 17, i.e. if x1 and x4
are homogeneous elements of Or_ _ @r R(Ty, ..., T,) of degrees d
and da, then 0(x1 ® x2) is homogeneous of degree (d1+1) ® (da+1).

(3) On the commutative subalgebra

Or, T, ... Tl ®o,_ . Or, 11, ... Thl
of R, 0 is a derivation.
(4) If f(@) = Xheniyeny (c(h)q") at the cusp at infinity (L, H), with
i >0
cth) e R(Th,...,Tn) ® R{Ty,...,Ty), then
(9-4) ON@=" > (dn3"),
h:(hij)eH;O
where d(h) = 3_, ; hije(h) - (T; ® T;).
1 0 d(p, p-adic, 1) o Wy,
Recall that for any positive integers d and e, d(p,p-adic,1) maps each
element of T%(w(p-adic) ™) ® T¢(w(p-adic)*) to an element of

T (w(p-adic) ™) @ T (w(p-adic) ™).

Proof. — Define the morphism 6 by 6 = w_

—=can

So 6 maps homogenous elements of degree d ® e in & to homogeneous
elements of degree (d + 1) ® (e + 1) in R. It follows from the definition
of d(p,p-adic, 1) that 0 is a R-derivation of the commutative subalgebra
OToo,oo ®r R[T1, .. ,Tn] ®r R[T1, .. Tn] of fR.

Now, we will examine the action of 8 over the Mumford object Mumy,(g).
By Lemma 5.9, the elements V(D(7))(w(w)) liein U C H},j, for eachy € H
and w € W. Since V(D(v)) is an R-derivation and U an R-module, we in
fact have that

(9-5) V(D () (W (w) €U

for each w € W.
Note that d(p, p-adic, 1) (w™ (e;,) ® - @ wF (e;,)) = 0 for each positive
integer r and 1 < 41,...,%- < n. Note that

d(p,padic, 1) (f - w™ (e5,) ® - Qw™ (e4,)) = w™ (€)@ - @w™ (e;,)-Df,

TOME 62 (2012), FASCICULE 1



238 Ellen E. EISCHEN

for each section f of Or_ . If the value of f at Mump(q) is f(q) =
f(Mump(q)) = Zh:(h-j)eHg a(h)q", then for the standard basis elements
@ >0

ekl € H,
(D) (f@)= > a)-trlexh)d"= Y ad)lhkg".
h:(hi]‘)GH;O h:(hi]‘)GH;O

So over the Mumford object, we have

V(D (ex)) (f(g) - (wF (e3,) @+ @w™ (e3,)))
=D (ew) (f(q)) - (Wi (65,)® - ® wt (eir)) - KS(D(eg;) mod Split(p-adic)

= Z a(h)hieq" - wt (er) ® w™ (e;) mod Split(p-adic).
h:(h,‘j)EH;()

Therefore, Vf(q) = Zh:(hij)€H¥0 doi<ik<n a(h)hieg" - w(er) ® wt(e)
mod Split(p-adic), so

dp,p-adic, ) f(g) = ) Y ahhig" - wt(er) @ wF(er).

h=(hi;)€HY, 1<L,k,<n
Thus, 6 acts on g-expansions of automorphic forms as in Equation (9.4). O

Remark 9.3. — The operators 6 are a vector-valued generalization of
Ramanujan’s operator 6 = qd% and Katz's analogous operator for Hilbert
modular forms in [16].

DEFINITION 9.4. — For each subrepresentation Z, define
07+ (0. )" = (Or, )7 by 07 == ¢z 00% 0, -

From the definition of 6, we see that 62 = w2l o d(p, p-adic, d)? o w,,,,

We note that, in practice, the above discussion of # can often be simpli-
fied according to the properties of the particular representation with which
one works. For example, in our intended applications, we will only be in-
terested in representations of the form p_ ® py with pi = det™ @Sym!+.
In this case, we will be able to restrict our discussion to the commutative
subalgebra Or_  ®g R[T1,...,T,]®r R[11,...,T,] of R, on which 0 will
be a derivation.

Now we compare the values of 8 to the values of 9(p, p-adic, d).

LEMMA 9.5. — Let A be an R-valued point of M(p-adic) that satisfies
condition (1), and let w+ and w~ be elements of SZ/R and EZ/R respec-
tively. Let ¢ = (¢;5) € (GL,, x GLy,)(Ry) satisfy

(9.6) wt =t -wi, (4).

can
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Let f be an automorphic form of weight (p,V) over R, and let f =
Wean (f) € w. Then

0(p, p-adic, d)(f)(4,w) = (p@ 7%)(c™))(07f)(4).
Proof. — We have d(p, p-adic, d)(f) = Wean 0 84(f). So by (9.6),
8(p, p-adic, d)(f)(4,w) = (p @ 7%)(c™1)d(p, p-adic, d)(f)(A, wean(4))
=((p@ (e )E )4 O

The same method also gives a similar result when we restrict to subrep-
resentations Z of p ® 7¢:

COROLLARY 9.6. — With hypotheses as in Lemma 9.5,
(p, p-adic, d)?(f)(A,w) = (p@ 79)|z(c71))(67 F)(A).

As a corollary of Theorem 9.1 and Lemma 9.5, we obtain the following
theorem.

THEOREM 9.7. — Let A be an R-valued point of the moduli scheme
M(p-adic), and let f be an automorphic form over R of weight (p, V'), and
let Z be a subrepresentation of p ® 7¢. Then

(p@ 7] 2(c™)(O7 )(A) = tr(D(p, e, A,w,Split(A/R), d) ).

Therefore, ((p@71%)|z(c™1)) (0% f)(A) lies in the R-submodule Z = RQr Z
of RO XRnr Z.

10. Splitting of H},, for CM abelian varieties

We now discuss conditions under which an abelian variety A/R has a
splitting Hhr(A/R) = w & M over R that simultaneously satisfies both
condition (f)and ().

Let E x E’ be a product of CM algebras E and E’, with E = L1 x -+ X
Ly and B = L} x---x Ly, . products of CM fields L;, L; such that each
field L;, L is a totally real extension of the CM field K fixed in Section 1.3.
Let & = Gg xS g be a CM type for Ex E’, where 65 = &, X x&p,,
and 6 = & x -+ X Sy, are CM types for E and E'.

DEFINITION 10.1. — We shall say the CM type G is compatible with
3 if the following two conditions are both met:

(1) For each o in &, ol is in X.
(2) For each o in &g, ol isin X.

TOME 62 (2012), FASCICULE 1



240 Ellen E. EISCHEN

Suppose (E x E';&) is a CM type compatible with (IC,X). So E =
Ly X+ X Ly, and B = L} x -~ x L}, ., with each L; and each L; a
totally real extension of K, i.e. L; (resp. L,) is of the form F; ® K (resp.
F! ® K) for some totally real fields F;. We use the following notation:

Og :OLl X X OLm,E
OE’ = OLfl X X OLmE/
Opxp = Op x O
O:OFl Xoeee XOFmE XOFI/ Xoeee XOFmE,'

Let R be a Z,)-subalgebra of Q containing each Oy, and each O - For

each CM type (L;, Sr,), there is a natural ring isomorphism
Or, ®R:>OF,L. QRxOF @R

a®r— ¢e,(a®@r) X ¢g,(a®@T),
where
bs,: O, ® R — Op, ® R = RS

aQr— H o(a)r.
ceS;
is the projection A similar isomorphism holds for each (L}, & L;). So there
is a corresponding ring homomorphism
Opxer @R—-0O®RxOXR
a®r— (¢s(a)r, s (a)),
and for any Ogx g ® R-module M, there is a corresponding O® R-decompo-
sition M = M(6) & M(6), with
M(G)={me M|a-m=ds(a)m for all a € Opgxp},
M(&) ={m e M|a-m = ¢g(a)m for all a € Opxp'}.
If M is an invertible Opx g ® R-module, then so are M (&) and M(S) as
O ® R-modules.

PROPOSITION 10.2. — [Analogue of Key Lemma 5.1.27 in [16]] Let
(6,E x E') be a CM type compatible with (3, K), and let R be as above.
If A is an ordinary CM abelian variety of PEL type over R with complex
multiplication by (Opxgr, &), then wy,z = Hpg(S), and the splitting

H}r(A/R) = HE p(6) & H}, 5(6) simultaneously satisfies both (1)and (1).
Proof. — Let H = H},,(A/R). Since (A, &) is a CM abelian variety over

R, H = H(®) ® H(S) is an invertible Opx g ® R-module. So H(6) and
H(G) are invertible O ® R-modules. The action of Oy g on Lie(AY/R)

ANNALES DE L’INSTITUT FOURIER



p-ADIC DIFFERENTIAL OPERATORS 241
is through a + ¢g. So in the exact sequence 0 — w — H(G) ® H(S) —
Lie(AY/R) — 0, H(S) maps to 0 in Lie(4/R). So H(S) is contained in w.
Since A is ordinary, w is an invertible O ® R-module. So H(&) = w. The
rest of the proof now follows exactly as in [16] Key Lemma 5.1.27. |

Let U(1)™ denote the subgroup
U(l) x---xU(1)

n times
of U(n). Consider the natural embedding

Sh(UM)" xU(1)") = Sh(U(n) x U(n)) < Sh(U(n,n)).
The points of Sh(U(1)™ x U(1)™) parametrize abelian varieties isogenous
to a CM abelian variety of the form
Ax---xA
—_—
2n copies of A

(where each copy of A is one-dimensional) with CM type
(K, 2) x -+ x (K,2) x (K,Z) x -+ x (K,2).

n times n times
An abelian variety parametrized by a point of Sh(U(n) x U(n)) is isoge-
nous to an abelian variety parametrized by Sh (U(1)™ x U(1)™). So points
of Sh(U(n) x U(n)) parametrize CM abelian varieties compatible with X.
Since each of the abelian varieties in Sh(U(n) x U(n)) is of CM type com-
patible with X, we obtain:

COROLLARY 10.3. — FEach abelian variety parametrized by Sh(U(n) x
U(n)) has a splitting simultaneously satisfying (1) and ().

Corollary 10.3 is crucial to our applications involving the pullback
method to construct L-functions, which only requires evaluating automor-
phic forms at points of U(n) x U(n).

Remark 10.4. — Note that the proof of Proposition 10.2 shows that
there are also other abelian varieties which have a splitting simultaneously
satisfying both conditions () and (f). For example, suppose A is a CM
abelian variety with CM by a CM field L = F ® K in which p splits com-
pletely in F, where deg F' = 2n = dim A. Let & = {0y,...,02,} be a CM
type for L such that o;|xc€ X for 1 < ¢ < n and o4|c€ Yforn+1<i< 2n.
Then the proof of Proposition 10.2 shows that H) (&) © Hpz(6) gives
a splitting of H},p satisfying conditions (f)and (f) simultaneously. Thus,

there are also abelian varieties (over R) in Sh(U(2V)) not in
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Sh(U(n) x U(n)) that have a splitting (over R) simultaneously satisfying
(1) and (1). For all our intended applications (i.e. construction of certain
p-adic L-functions using the doubling method), however, only abelian va-
rieties of the type in Proposition 10.2 will be relevant.
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