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ALGEBRAS OF DIFFERENTIABLE FUNCTIONS
by E. T. Y. LEE

1. Introduction.

Let C, = Cy(R") be the Banach space of all complex-
valued continuous functions on R" vanishing at infinity,
supplied with the sup-norm |.[; and 9 the dense subspace
consisting of all infinitely differentiable functions with compact
support. Denote by 2 = 2(R") the linear space of all diffe-
rential operators

A= 3 a*D,

el <k
of constant (complex) coefficients. Here as usual
o= (0, ..., a,)
is a multi-index, with @« nonnegative intergers, and
d \
lof =Xa, ; D*=D=D& ... D@ where D= =<b_x_) .

For an operator A = X«,D* the formal adjoint operator
A of A is

A =3 (— 1)%la,D=

If feCy, Ae?, Afis defined in the distribution sense; thus
we say Afis equal to a function he C, if and only if for every

ped,
[ As)f= [ hs.
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Following de Leeuw and Mirkil ([1]), a subspace B of C,
1s said to be a space of differentiable functions if

B =Cy(@) = {feCy: AfeCy, VA @}

for some subset @ of 2. A space of differentiable functions
which is invariant under all rotations in R” (the precise sense
of which will be defined in the next section) will be called a
rotating space of differentiable functions. Examples of such
rotating spaces are Cj = C¢(2y), where 2y stands for all
operators in 2 of order not exceeding N; and also the space
Co = Go(2) = n C§. A space of differentiable functions which
is not C§ and not any C§ will be called a proper space of
differentiable functions. In [1], de Leeuw and Mirkil studied
spaces of differentiable functions on R2, giving a complete
classification of all the rotating ones. Other results are that
each rotating space of differentiable functions is an algebra,
under pointwise multiplication, and that except for C3,
each is a Banach algebra, under a natural norm.In obtaining
the classification theorem, an essential role is played by the
fact that rotations in R2? form a commutative group. Even
though this is no longer true for R", n > 2, it is found that
their results can also be extended very naturally to higher
dimensions. The purpose of this work 1s to present these
extensions.

Of necessity, then, we must repeat most of de Leeuw and
Mirkil. In particular, we list here all the preliminary proposi-
tions that are relevant to us. For proofs and other details
the reader 1s urged to refer to [1]. For a space of differentiable
functions B = Cy(&Q), we define

Ap = jAe2: Afe (), VieB{;

thus @j is a subspace of 2, B = Cy(Ap) and azo>@. We
endow the space Co(A) with the locally convex topology given
by the semi-norms [f], [Af], Ae@&. Each Cy(Q) is a Frechet
space, in which @ is dense. If Cy(&;) = Cy(&,), the topologies
defined by @; and @, coincide. Thus, for any space of dif-
ferentiable functions B, one may speak of the topology =(B)
of B, without reference to any @ for which B=C,(Q).
The following simple proposition plays an important role in
the classification of spaces of differentiable functions :
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Prorosition 1.1. — Let B, = C(Q,), t =1, 2. Then the
following are equivalent :

10 Bl c Bg.

20 7(B,;) > t(B,), when restricted to 9.

3° For each Ae@,, there evist A, ..., A,e@, and
K > 0, such that for all ¢ 9,

IAg] < K<|l<PII +3 ||Am|),

Sup-norm estimates of this kind contain useful information
about the operators :

Tueorem 1.2. — Let Ay, ..., AoeQ, with orders < N.
Suppose A €2 and that there exists K >0 such that

As0) < K(lel + 3 nAiqau), ve,

then A has order < N; and the homogeneous part of A of
order N is a linear combination of the homogeneous parts of
Ay, ..., A, of order N.

As a direct consequence of this, we have, if A has order N,
then there exists fe C{~! such that Afe Cy. This also implies
that ac': == QN.

Spaces of differentiable functions which lie between C§
and Cg-', for some N, will be said to be squeezed. If
B=0C(y(@) and C§<cBcC{-', then the linear space [&, 2x_,]
spanned by @ and 2y, 1s clearly contained in @y. On
the other hand, each A e @ maps B continuously into C,,
so that A can be estimated by a finite number of operators
Ay, ..., A,e@c9y,. By Theorem 1.2, Ae[A, 2y,]. This
gives Corollary 1.3 below, from which Corollary 1.4 can
established as a consequence.

Cororrary 1.3. — If B = (Cy(A) and CjcBcC§-, then
C‘LB = [a, QN—I]'

Cororrary 1.4. — The map @ — Cy(A) 1is a one-one
correspondence  between subspaces A of 2  satisfying
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Iy c@cQy and spaces of differentiable functions B with
Co € B € CJ-*. The inverse of this map is the map B — Qg.

Let B be a space of differentiable functions, C§<B < C{-?,
and let A e@p. Leibnitz’s rule shows there are A, AleQ,
with orders less than that of A, such that

(1.1)  A¢d = ¢AJ + JA¢ + BAj9AlY, ¢, JeD.

Since 2y, c@p, A], Ale@p also. Since 2 1is densein B,
equation (1.1) extends to ¢, ¢ e B. This implies that B 1is
closed under pointwise multiplication. Since Ape 2y, Ap 1s
finite-dimensional, so that the sum of the semi-norms given
by a basis for @p 1s indeed a norm. One can also check that
the multiplication is continuous on B X B. Thus:

Taeorem 1.5. — Every squeezed space of differentiable
functions is a Banach algebra.

In the next section we will show that every rotating space of
differentiable functions is squeezed. Section 3 contains the
main result, namely the classification of these rotating spaces
on R" n> 2. Section 4 contains extensions to spaces of
differentiable functions on C" invariant under the group
U(n) of unitary transformations in CP*

2. Squeezing of Rotating Spaces.
Let G be a group of invertible linear transformations
in R* For each ¢eG and f: R*— C, we define R,f by
(Rof)(z) = f(e7'z), <R~

Each R; is an algebra isomorphism of, say, C,; and the map
¢ — R; 1s a homomorphism of G. We also define the action
of G on 2: for AeQ, R;A is given by

(RA)g = (Roo Ao RiY)g, ged.
It can easily be checked that if e, = Xcje;, where {e} is

. 0 S 0 .
the standard basis of R", then R (—)= Xc;—- Since R,
o0x; 0z
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is linear and multiplicative, this shows that ®; maps 2
into 2, and indeed is an algebra isomorphism of 2. Again
¢ — R, i1s a homomorphism of G.

Let &£ be the space of all polynomials in =z, ..., 2,, with
complex coefficients. If Ae2, with A = P(D), Pe%, the
characteristic polynomial of A is defined to be the polynomial
A, with A(z) = P(iz), ze R". For each oeO(n), the group
of orthogonal transformations in R", we have

(2.1) RA = RA,

that is, the map A — A commutes with O(n). This is easy

to check for the operators O_Z:’ t=1, ..., n; and this is all
we need to check, since A — A is an algebra isomorphism of
2 and £.

A subspace of C, (or of 2) is said to be invariant under
G if it is invariant under all R,, (or, respectively, R;), c e G.
We will restrict ourselves here to the group G = SO(n)
of all rotations in R", although what follows in this section
also holds for the group O(n). We retain the terminology of
de Leeuw and Mirkil : the word rotating is used to mean inva-
riant under SO(r). It is clear that if B 1is a space of diffe-
rentiable functions, B is rotating if and only if g is rotating;
and by (2.1), this occurs if and only if @s= {A: Aedsz)
is a rotating subspace of £. Forany Pe %, let P’ denote the
homogeneous part of P of degree I. It is simple to check
that (R,P)' = R,P’; consequently if X is a rotating subs-
space of %, then sois X'= {P': Pe X}.

We call a set of differentiable operators §{A,, ..., A,}
an elliptic system of operators of order N if each A; has order
not exceeding N and if the polynomials AY, ..., AN

possess no common zero in R" except at the origin z = 0.

Lemma 2.1. — Let B be a rotating space of differentiable
functions. If Qg contains an operator of order N, then any
basts of the space @gn Qv is an elliptic system.

Proof. — If {A,, ..., A,} 1is a basis of @Apn2y, then
P,=A, ..., P,=A, form a basis of sz,
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and P}, ..., P} span X® If z,-~0 is a common zero of

{PY}, each PeX" must vanish at #,, and by homogeneity

also at cxy, ¢ > 0. For each zeR" there exists ¢e SO(n),

ow =145, 5o that P(z) = (R.P) <|I—fc|ﬁl‘!>= 0, since XY is
0

rotating. Thus X" = {0}, contrary to the assumption that

@y has an operator of order N.

Our purpose in this section is to show that any rotating
space of differentiable functions B == C§ 1is squeezed, and
therefore, in view of Theorem 1.5, is a Banach algebra. This
follows easily from the following.

Tueorem 2.2. — Let §A,, ..., Al be an elliptic system
of operators of order N. For each A e2 with order o(A) <N,
there exists K > 0, such that

lAgl < K<uqou +51401)  ges.

Let us first derive from it the squeezing theorem. If B is a
space of differentiable functions such that @y contains an
elliptic system §A;, ..., A,} of order N, then

B = Co(aB) CCogAn ceey A,,,; <G,

by Theorem 2.2 and Proposition 1.1; thus @p>2_,. Now
if @p is rotating and infinite-dimensional, Proposition 2.1
shows @y contains elliptic systems of arbitrarily high order,
sothat Ay = 2 and B = (5. If A3 isrotating and B =~ Cg,
let N be the smallest positive integer such that @gc 2y.
The same argument then shows that Qp> Qy,. Thus:

Tueorem 2.3. — Let B be a rotating space of differentiable
functions. If @y is infinite-dimensional, B = Cg. Otherwise
there is a positive integer N such that C§ ¢ B < Ci—2.

Theorem 2.2 is a slight extension of a corresponding theorem
of de Leeuw and Mirkil ([2]) concerning domination by a
single elliptic operator. Our proof here will be also a mere
modification of theirs. The proof relies on the following two
theorems, both of which were proved in [2].
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Tueorem 2.4. — Let A, A,, ..., A,e2 have characte-
ristic polynomials P, Py, ..., P,. Then there exists K > 0
such that

lA¢] < K 21] A,
for all ¢ €D, if and only if

P =X MP,
1
for some Fourter-Stieltjes transforms M,, ..., M,.
Taeorem 2.5. — If f s a homogeneous function on

R" — {0} of degree — k, k a positive integer, and is infinitely
differentiable, then f s a Fourier transform near infinity.
That is, there is a function in  LY(R") whose Fourter transform
agrees with [ outside some compact set.

We now prove Theorem 2.2. We will show that if Py, ...,
P,e 4 have maximum degree N and if P}, ..., P} have
no common non-zero zeroin R*, thenforany P e £ with degree
< N—1, one can find Fourier-Stieltjes transforms M,
M,, ..., M, such that

(2.2) P—M+ 3 MP.

It suffices to prove (2.2) when P 1s homogeneous. First consi-
der the case when all the P;s are homogeneous of degree N.
Then X|PJ2 has no non-zero real zero, and we define

(2.3) Ny() =

Each N; is a Fourier transform near infinity, by Theorem 2.5.
Let ¢ be a C”-function, zero near origin and 1 outside some
appropriate compact set. Define M; = ¢N;; then M;eC~
and agress with N; near infinity. Each M; is a Fourier
transform. (For if M; = h, outside a compact set K, let
¢eD ¢=1 on K. Then ¢(M,—h)=M —h. But ¢

and ¢M; are Fourier transforms, being functions in 9.)
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From (2.3), EM;P, = P near infinity, so that to obtain (2.3),
we need only define M =P — IM,P,.

For the general case where the Ps are not homogeneous,
we have

S|P = EIP?‘I2<1 +ﬂl%¢|—2>,

where Q 1s a polynomial of degree not exceeding 2N — 1.

Q

is a Fourier transform near infinity, by Theorem 2.5

Z[P;)®
applied to each homogeneous part of Q. Let K be a compact
neighborhood of the origin outside of which 2|§NI <1

choose a C®-function ¢, 0 <C¢ <1, which is zero in a
neighborhood of K and 1 near infinity. Define

M — JPP 1
B[Py 1+ $(QEIPY)’

then M;e C® and XM;P, = P near infinity. Set

(2.4)

M - P - ZMiPi,

then Me9 and so is a Fourier transform.
It remains to show that the M;s are Fourier-Stieltjes

4Q PP, .
transforms. Now SIPY and each SPYe are Fourier

transforms, by our previous arguments; therefore it suffices
to show that

1
1+ Q/Z|Pjl?

is a Fourier-Stieltjes transform. This follows from a well
known theorem in Banach algebras: If B is a commutative
Banach algebra, z<B, and if F is an analytic function defi-
ned on some open set in C including the spectrum of z,
and F(0) =0 in case B has no unit, then FoZ =19 for
some yeB, where & denotes the Gelfand transform of =.
In the present case B = L'R") and the Gelfand transform
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is simply the Fourier transform. Let i—;!%g ={f, fely, then

the spectrum of f is contained in the open unit disk, since

Ifl < 1. Taking F(2) =1 j_ o we see that 7

Fourier transform, and therefore

I SR
1+ f 1+ f

1s a Fourier-Stieltjes transform, 1 being the transform of the
unit mass at origin. This completes the proof of Theorem 2.2.

is a

3. Classification of Rotating Spaces.

Let Oy be the space of homogeneous differential operators
of order N; %y the space of homogeneous polynomials in
R" of degree N. The mapping o — ®R; 1is a representation
of the group SO(n) in Oy. Since a representation of a com-
pact group is completely reducible, the space Oy can be
expressed as a direct sum of a family of irreducible invariant
subspaces :

(3.1) Oy = {S;:je .

If §S;:jelIx} comprises all the irreductible subspaces of Oy,
then (3.1) is the unique decomposition of Oy into a direct sum
of irreducible subspaces. (The converse is also true, as can be
easily seen, since any representation of a compact group is
equivalent to a unitary representation.) The following propo-
sition is simply a re-wording of a theorem in [1] in a slightly
different context.

PropositioN 3.1. — Suppose Ox =@ {S;: je Iz} s the
unique decomposition of Oy into a direct sum of irreducible
rotating subspaces, then :

10If A =@S;, J a proper subset of Iy, then GCo(Q)

jey
is a proper rotating space of differentiable functions and
G € Co(&) e C3-1.
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20 If Jy=£J, and Q= @ S, i=1, 2, then Co(@,)5=Co(@).

JEJ;
3° If B us a proper rotating space of differentiable functions
and CJcBcC{, then B = Cy(Q) for some A =@ S,
J a proper subset of Ix. jed

Proof. — 1° If A= GB S;, then @ contains an elliptic

system of order N, smce each S; does. Thus Cy(A0) « Ci—1,
as in the proof of Theorem 2.3; C o(&) > CJ trivially, so that
Co(@) 1s squeezed and QAg@ay = A& 2%, by Corollary 1.3.
This implies Cy(&) 1s rotating, since ¢, 1s. It is easy to
check that Co(&Q) 1s proper.
20 Co(A,;) = Cy(A,) 1implies
A& vy = Ay = Agy = Ay @ Ay,

so that @, = @,, which i1s impossible since J; 5=J, and the
spaces S;, j € Iy, are linearly independent.

30 (1) Ay 1srotatingand 2y, c Agc . Let A = Apn Oy.
It 1s easy to check that @ 1s a proper subspace of Oyx. @ 1is
rotating, so the complete reducibility of the representation
c —> R, applies; and by the uniqueness hypothesis, each
irreducible rotating subspace of @ must be some S;, jely,
so that A = @ S;, for some proper subset J of Iy.

j€s

(i1) We must show that B=Co(@). By 1°, C} < Co(&) < CF-,
so that Agy = A& 2y—;. In view of Corollary 1.4, we must
show that Ap = A& Ay_y. Ag> A ® 2, by definition of A.
If Ae@p, then A=A — (A —AY) e@p+ 2, =Ap; thus
AeAgnOy=@ and A=A+ (A —AN)e@®q_,. This
proves Ap = A & Uy

It is clear, from the commutat1v1ty of the 1somorph1sm
A — A with rotations, that we may just as well work with the
representation o — R; in Zy. For any subspace X of 4y,
and any integer k>0, denote by r**X the space
{r*P:Pe X}, where r®=2Xa}. Let ¥y stand for the
subspace of <y consisting of harmonic polynomials. 6y 1is
rotating, since the Laplacien A = XD? satisfies R,A = A
for all rotations &. Now 1t 1s known that for all n > 2, one

has
(3.2) QN == %N &) r“’ﬁkaz.
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(See, for example, [4], p. 127, where it is shown that
Y4y = by + r*Ex_,. That the sum 1s direct i1s also known and
quite simple to check.) As a consequence,

(3.3) QEN - @ rz"'%N_z,,,.
0<2mLN

The following theorem, given by Brelot and Choquet ([3]),
1s precisely what we need here :

Prorosition 3.2. — Let n > 3.

10 The action of SO(n) on each ¥y is irreducible.

20 Any irreducible rotating subspace of %x must be some
r2"#x_sm. In other words, (3.3) is the unique decomposition
of %x into a direct sum of irreducible invariant subspaces.

We sketch a proof of 20 here, since we will have to refer to
the proof again in the next section. (The proof is somewhat
different from that given in [3], but its essence is really
contained there.) First, some simple remarks :

(1) RgeA=AcR, on 4.

(i) For any P e 6y, Ar¥**t2P = ¢cr*P, where ¢ > 0 depends
only on N, ! and n.

(1) If hy denotes the dimension of 6y, then Ay 1is
strictly increasing with N, for each n>3. (For n=2,
hy =2 for all N >1.)

(1) 1s trivial, (i1) 1s obtained by direct computation, using
Euler’s identity for homogeneous polynomials; (iii) follows
from an examination of formula (3.2).

Lemma 3.3. — Let X be an irreducible rotating subspace of
Engore. If AX = r2¥y, then X = r2'+236y.
Proof. — A:X — r*#6y isomorphically, otherwise the

null space of A in X is a proper rotating subspace, by (1).
Let Py, ..., P,, k = hy, be a basis of #y. Choose a basis
Qi ..., Qp, of X, such that AQ, = cr?'P;, where c¢ 1s the

positive constant given in (i1). Thus
A(Q; — r*#2P) = 0, v=1, ..., hx

We wish to conclude that Q, = r2*t2P; for all . If this is
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not the case, {Q, — r*+2P;}¥ would span a non-zero subspace

Y Of %N_l_zH_z. NOW ARqu = RGAQi = CrztRo-Pi; thus if
(3.4) RQ-Pi = 2“ﬁ(0'>Pj,

we have A(R;Q; — 2a;(s)Q;) = 0. Since A is injective
on X, this implies

(3.5) R.Q; = Xa;(s)Q;.

Equations (3.4) and (3.5) imply that Y 1is rotating; thus

= #bxi9142, by the irreducibility of #bx,5.,. But this
would 1mply Axio4e = ks, which is absurd by (ii). This
proves the lemma.

Part 20 of Proposition 3.2 follows immediately. If X 1is a
non-zero irreducible rotating subspace of Ly, let m be the
non-negative integer such that A"X=£{0{ but A™+*X ={0}.
Then A"X = #bx_,,, and repeated application of lemma 3.3
yields X = r?"#x_gp.

Proposition 3.2, in conjunction with Proposition 3.1, gives
us a complete classification of all rotating spaces of differen-
tiable functions on R" n > 3. Before summarizing the results,
let us make some side remarks here. The spaces by are
actually invariant under the group O(n), instead of simply the
subgroup SO(r). Thisis clear since R,A = A forall oe O(n).
For the case n = 2, the decomposition of £y into irreducible
rotating subspaces is

(3.6) = @ [,
m+n=N

where z=xz-+ 1y, z=a2 — 1y, and [z"z"] denotes the
subspace of Iy generated by the polynomial z"z". This can
be obtained by noticing that any irreducible representation
of a compact commutative group is one-dimensional. (See
[1]). Note that a reflection of axis, say y—> —y, sends
zZ"z" to 2z'z", so that [z"z"] is not invariant under O(2)
unless m = n. In fact, one sees that the irreducible invariant
subspaces of %y, under O(2), are precisely the subspaces
[z"%", 22" ] = r*¥Hx_pn, (if m < n). Thus, the decomposition
of £y under O(2) is also given by formula (3.3).

We summarize the results. Let Xy denote the space of
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homogeneous differential operators in 2 of order N with

harmonic characteristic polynomials; thus Hy = #y. A%y
—_—

will mean the obvious thing : A"y = r*"#s. We have shown

Tareorem 3.4. — Let
Fx(R™) = {Aifﬁx_m: 1=20,1, ..., [N/2]§

Then, for all n > 2,

10 If & is a sum of a proper subset of Fx(R"), then Cy(Q)
is a proper space of differentiable functions, invariant under O(n)
and squeezed between C§ and Cg—'.

20 Distinct subsets of Fx(R") give distinct spaces of diffe-
rentiable functions.

3% Any proper space of differentiable functions between Cj
and C§~' and invariant under O(n) must be a Cy(Q), where
@ is a sum of some proper subset of Fx(R").

For n> 3, the above description also gives all the spaces of
differentiable functions invariant under SO(n).

Note that the number of distinct proper spaces of diffe-
rentiable functions, between C§ and C{—! and invariant
under O(n), is the same for all n> 2. F,(R") consists of
only one element, so that there is no such proper invariant
space between C} and C,. Note, however, for n = 2, we do
have two proper rotating spaces of differentiable functions
between C} and C,, from the results of de Leeuw and
Mirkil. An example for n = 3: the two proper rotating spaces
of differentiable functions between C2 and C} are

62 2 02 62 b2 bZ 62
Co(d); co< L >

022 022 01 022 OT, 0T, dTpdTs THT,

The group O(n) is the group of linear isometries of R™
The de Leeuw-Mirkil rotating spaces on R2? can be considered
as the spaces of differentiable functions on GC! invariant
under the linear isometries of C!, since these are precisely
all the rotations on RZ2 Thus the next question to ask 1s:
What are the spaces of differentiable functions on G* n > 2,
invariant under the linear isometries of G"? :
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4. Invariant Algebras of Differentiable Functions on C*.
We identify C* with R2?** by
(Z1y vy Bp) == (Zyy, ooy Zny Y1y -+ -5 Yn)s

where z; =2z, 4+ 1y;, =1, ..., n. For functions on C",
continuity and differentiation are defined in terms of corres-
ponding functions on R2?". Naturally we define the spaces of
differentiable functions in Cy(C") to be just the spaces of
differentiable functions in Cy(R?"). The group of linear
1sometries of G" is the group U(n) of unitary transforma-
tions, which can be considered as a subgroup of O(2n) when
we identify G and R?2". Our problem here i1s simply to
find all spaces of differentiable functions in Cy(R?") which are
invariant under this subgroup. One therefore expects a larger
number of these spaces than there are such invariant under
O(2n). This is already seen to be the case when n=1. In
this section, whenever the word invariance is used, it will be
understood to mean invariance under the group U(n). The
result of section 2, namely that invariant spaces of differen-
tiable functions are squeezed, remains valid here, since one
has only to modify trivially the proof of lemma 2.1, noting
that the group U(n) acts transitively on the unit sphere
of C~

The space 2 = 2(R?") is the space of all polynomials in
0 0

—, —-  With the notation
ox; oYy;

d 1/ .a> d 1<o .a>
—_ = 1l ) _ = ——""i— 11— P
0z; 2 \dz; oY 0% 2 \dz; oY

2 is the space of differential operators of the form

(e ()
,..Jaap —_— — )
0z 0z
where
DN _ (3N o\ DN _ [0\ [0\E
6z> ~ \og 0z,) ) \oz (OE,,
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Note the characteristic polynomial of 2 isa multiple of z;.

ij
The isomorphism A — A takes operators Ae2 into poly-
nomials in z;, ..., 7, 31, ..., Zp
DeriniTION. — & s the space of polynomials in 2n variables
Zyy «evy Tny Y1y -« Y3 Ex the subspace consisting o}f polyno-

mials homogeneous of degree N. For PeXZ, let £ be the
function on C" given by

~

Pz, ..., z) =Pz, ..., 20y Z1y, ..., %),

or in short, P(z) = P(z, ). The collection {P: Pe2s} will
be denoted by 9.

The coefficients of the polynomial P can be expressed in
terms of the derivatives at z =0 of the function P. Thus
P(z) =0 for all zeC” implies P is the zero polynomial;
in other words %y and %y are isomorphic. The map A—A
gives an isomorphism of Oy and #y; thus the problem of
classification of invariant spaces of differentiable functions
on C" amounts to finding all irreducible invariant subspaces
of 4.

DeriniTioNn. — For any two non-negative integers p, q,
let 279D be the subspace of £ consisting of polynomials which
are homogeneous of degree p in the variables z;, ..., z,
(as polynomials over Gly,, ..., y,]), and homogeneous of
degree q in y,, ...,Yy, (as polynomials over Clzy, ..., z,]).
P®9 will stand for the space of all P for which P e2®9;
a function P e d®9 will sometimes be said to be of type (p, q).
H® D will stand for the subspace of £®9 consisting of all P
swhich are harmonic.

To avoid confusion with notations, let us note here that
P e#®9 does not mean that P is harmonic; of course the
polynomial P* given by

P*(.’,El, oo ey xn, yl’ e e ey yn) = p(xl + iy]_, e sy .’17,, + iyn),

is harmonic. Note that if Pedy, then P*edy; but if
Pe d®9 P* does not have to be in £®9,
Clearly £»?c<£,, .. In fact, each Ped®? is of the
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form Xa.p2r*yP, |a| = p, [B| = ¢. One can easily check that if
{P;} is a basis of 29, {Q;} a basis of 4“9, then {P,Q;}
is a basis of 4€®9, Thus

(4.1) dim 409 = dim £ 9.dim £ 9,

The distinct spaces £®9, p 4 ¢= N, are linearly inde-
pendent. For let £¢»% ¢ =1, ...  k, be these and P; e £¢-%
with P, + ..« 4+ P, =0. Replacing =z by tzr, t>0, we
have P, 4 ... + t%P, = 0. Suppose p, is the smallest
of the p/s; divide the above result by ¢« and then let
t—>0, we have P; = 0. Similarly the others. Since each
Pedy is of the form Xaspz*yf, with |a|+|B| =N, we
conclude that

(4.2) W= P £r9,

P+9=N

One can verify directly that £®9, #®9 are invariant

under U(n). Also, if Pe%®9, then

<3’_>“ <£_>@ P e Gwlahamipn,
0z 0z

The following fact can be proved in exactly the same manner
as the corresponding fact (3.2) :

(4.3) £ D = FoP D g p2ge-1,9-1),

A direct computation from (4.1) and (4.3) shows that for
n>2,

(4.4) dim #C-19-D < dim B9, p>1, ¢>1.

With slight modifications, the proof of 19, Proposition 3.2,
also carries over. Thus, for n > 2, the action of U(rn) on
each #®9 is irreducible. A simple consequence of this,

although we do not need it here, is that #®? has a basis
consisting of functions of the form

(o (.

With a;, bi € C Such that E aibi = O.
1
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Clearly #0™ = g™, &%9 = ™9, These are the only
&9 which are irreducible; for if p =0, ¢==0, #»9 is a

proper subspace of %79, since Azzi=~0. Repeated appli-
cation of (4.3) gives

(4.5) §eo—= @ pifge-ieD,
0<i< min(p, )

which, together with (4.2), yields a decomposition of %y as a
direct sum of irreducible subspaces :

(4.6) = @ rHe-e,

2i+j+k=N
With the aid of (4.4), the proof of 29, Proposition 3.2, can be
carried out without change, showing that the only irreducible
invariant subspaces of %¢ 9 are the spaces r¥F@—>9-9,
1=20,1, ..., min (p, ¢). That (4.6) indeed gives the unique
decomposition of &y as a direct sum of irreducible subspaces
1s shown by the following lemma.

Lemma 4.1. — Any irreducible invariant subspace of %y
must be a subspace of some £®9, p + q = N.

Proof. — In other words, we want to show that all elements

in an irreducible subspace X of %y must be of a single type.
(Clearly, the type must be the same for all elements in X,

since X is irreducible.) If PeX, P=£0, then by (4.2),

N+1

P= Y P, where Pje?:f@’i'qi) and €@ j=1, ..., N+ 1,
1

are the distinct £®9s of £y. Thus we wish to show that all
except one of the P;s must be zero. Suppose the contrary;

in fact let us suppose that none of the P,’s are zero, since the
following argument remains valid for other cases as well.
Consider the unitary transformation

g:z; —> ez, «eR,
then R,P = D) e*ei-1P, Now p; + g, = px + q, so that
. J
if pj—4q;=pi— g, we would have (p; ¢;)=(Ps, %)
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N-+1
Thus R,P = Y ¢“VP;, where the A;’s are distinct integers.

1
Hence for |a| sufficiently small, % =% e** if j=£ k. We

may also consider the maps z; - ez, with p =2, ..., N.
Altogether we see that X must contain the elements
N-+1

J

NP, w=0,1, ..., N.
=1

The determinant of the matrix (e**),_; ., is just the Van-
=0, .0ey D

dermonde determinant, and since {e*}{ are distinct, it is not

zero. This implies that X must contain each P;,; =1, ..., N,

which 1s impossible since, being irreducible, X cannot contain

elements of different type.

Let us finally remark that for the case n =1, there are no
#®9 with p==0, g=~0. For any Pe4®? is a multiple
of 272t =pz1 (if p>g), so that £CD = fE-19
in this instance. In other words, each £®9 is irreducible,
and all constituents in the sum (4.5) collapse into one. We now
summarize the results. Let R®9? denote the space of homo-
geneous differential operators A with A e #®9. We have
proved

Tueorem 4.2. — Let
Fx(Cr) = §ARC 9 : 4, j, k non-negative integers, 21 + | + k = N}
where, for n =1, it is understood that the spaces ARG® for

which both | and k are non-zero are to be deleted from the list
Fx(CY). Then forall n>1,

10 If & is a sum of a proper subset of Fx(C"), then Co(&)
is a proper ingariant space of differentiable functions on GC*,
squeezed between C§ and Cg*'.

20 Distinct subsets of Fx(C") give distinct spaces of diffe-
rentiable functions.

3° Any proper space of differentiable functions on GC",
between C§ and C§—' and invariant under U(n), must be a
Co(Q), where A is a sum of some proper subset of Fx(C").

Finally, some examples. %;(C?) consists of two elements:

wey=[2, 2],  meo,

0z, 02, ’
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F4(C?) consists of four elements :
S SR
Koo =2, 2, _] Re0;,  AKOO — [A];

bzl bzl 02, bzz

(11>__[ N ]
0%, bz2 bz2 bzl 02,03, 035 0%,

J4(C?) consists of six elements :

gon [ ,_03__ (’3] K@ 0.
073 0z} bz2 0z, 0z 073 ’

ARen =A%, A2 ] AR 0);
02,

| 0z
3{(1’ 2 __ - 63 03 b3 b3
_— — ) — — —
| 0230z, 0730z, 0230z 03, 02y 025
o o
—— 2 ]; A&,
023 0Z, 02, 03 02,
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