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CONTACT GEOMETRY OF MULTIDIMENSIONAL
MONGE-AMPERE EQUATIONS: CHARACTERISTICS,
INTERMEDIATE INTEGRALS AND SOLUTIONS

by Dmitri V. ALEKSEEVSKY, Ricardo ALONSO-BLANCO,
Gianni MANNO & Fabrizio PUGLIESE

ABSTRACT. — We study the geometry of multidimensional scalar 2% order
PDEs (i.e. PDEs with n independent variables), viewed as hypersurfaces £ in the
Lagrangian Grassmann bundle M (1) over a (2n + 1)-dimensional contact manifold
(M, C). We develop the theory of characteristics of £ in terms of contact geometry
and of the geometry of Lagrangian Grassmannian and study their relationship
with intermediate integrals of £. After specializing such results to general Monge-
Ampeére equations (MAEs), we focus our attention to MAEs of type introduced by
Goursat in 1899:

9% f
det ‘M — b;j (z, f, Vf)H =0.
We show that any MAE of this class is associated with an n-dimensional sub-
distribution D of the contact distribution C, and viceversa. We characterize these
Goursat-type equations together with their intermediate integrals in terms of their
characteristics and give a criterion of local contact equivalence. Finally, we develop
a method to solve Cauchy problems for this kind of equations.

Keywords: Hypersurfaces of Lagrangian Grassmannians, contact geometry, subdistribu-
tions of a contact distribution, Monge-Ampére equations, characteristics, intermediate
integrals.

Math. classification: 53D10, 35A30, 58A30, 58A17.
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RESUME. — Nous étudions la géométrie des équations aux dérivées partielles
scalaires du deuxiéme ordre multidimensionnelles (c’est-a-dire, EDP avec n va-
riables indépendantes), considérées comme hypersurfaces € dans le fibré Grassman-
nien Lagrangien M) sur une variété de contact (2n + 1)-dimensionnelle (M, C).
Nous développons la théorie des caractéristiques de £ en termes de la géométrie de
contact et de la géométrie du fibré Grassmannien Lagrangien et étudions leur rela-
tion avec les intégrales intermédiaires de £. Aprés avoir appliqué tels résultats aux
équations de Monge-Ampére générales (EMA), nous concentrons notre attention
sur les EMA du type introduit par Goursat en 1899 :

82
Nous montrons que toutes les EMA de cette classe sont associées & une sous-
distribution n-dimensionnelle D de la distribution de contact C et vice-versa. Nous
caractérisons les équations du type de Goursat avec leurs intégrales intermédiaires
en fonction de leurs caractéristiques et donnons un critére d’équivalence locale
de contact. Enfin, nous développons une méthode pour résoudre les problemes de
Cauchy pour ce genre d’équations.

det‘ =0.

Introduction

Characteristics of PDEs are a classic subject ([9, 10, 19, 21]), as they
are related to the local existence and uniqueness of solutions of Cauchy
problems. Consider the scalar second order partial differential equation
with one unknown function (2"¢ order PDE)

(0.1) F(x', . 2™, 2,p1, - Pus D11, D12 - -+ s Prn) = 0
where z = z(zl,...,2"), p; = 02/02%, p;; = 9*2/02'0x7; the Cauchy
problem consists in finding a solution z = f(z!,...,2") of (0.1) such that
of
(0.2) Flexr@),xny = 2(8), 25 = P(t),
(X1(t),..., X" (t))
where
(0.3) @(t) = (X'(t), ..., X"(t), Z(t), Pi(t),. .., Pult)),
t=(t1,...,tn 1)

is a given (n—1)-dimensional manifold, i.e. a Cauchy datum (obviously, the
particular choice of the parametrization is irrelevant). If submanifold (0.3)
is non-characteristic, then, in the C* case, Cauchy problem (0.1)—(0.2)
admits a unique formal solution; if, moreover, F' is real analytic, then such
solution is, in fact, an ordinary one, analytical and locally unique.

As a well known example, take n = 2. In this case, ®(¢) is a curve in the
space (z!,22, 2, p1, p2); given a point m = ®(0) = (z*,72,%,P;, py) on this
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CONTACT GEOMETRY OF MULTIDIM. MONGE-AMPERE EQUATIONS 499

curve and a point m' = (Z%,72,%,D;, D, P11, 1o, Dog) Satisfying (0.1), the
tangent vector v = ®(0) is non-characteristic for (0.1) at m' if

OF 22 OF| o, OF

172
v _
Op11 il Op12 il Op22

(')’ #0

m!

(0.4)

where v = v!(0y1 +510: +P110p, +D120p,) +0%(0p2 +520: +P120p, +P220p, )-
Vector v can be considered as an “infinitesimal Cauchy datum”. From equa-
tion (0.4) it is clear that one can associate with any point m! satisfying (0.1)
two (possibly imaginary) directions in the space (x!, 2, z, p1, p2), namely,
those annihilating (0.4) (“characteristic lines”); if we let m! vary on (0.1)
keeping m fixed, these two directions form, in general, two distinct cones
at m. It is proved that the only PDEs for which these cones degenerate into
two 2-dimensional planes are classical Monge-Ampeére equations (MAESs)
(see for instance [3, 2]).

One of the aims of this paper is to see whether a similar phenomenon
occurs also in the case of MAEs with an arbitrary number of independent
variables, which, of course, is considerably more complicated.

In fact, MAEs for n = 2 have been intensely studied since the second half
of XIX century by many géométres, among them Darboux, Lie, Goursat
(a systematic account of such investigations can be found in [8] and [9]);
later, this classical approach was put aside in favor of more “hard analysis”
techniques. The last 40 years have witnessed a renewed interest in the
differential-geometric approach to MAEs, mainly due to Lychagin and his
school (see [12] and [13] for an exhaustive bibliography). However, such
results are focused on the classical case (n = 2).

Up to now, no serious effort has been made to extend the classical theory
to the general multidimensional case (only very special cases have been
studied). In fact, the main achievements so far obtained in this direction
are due to Boillat and Lychagin.

Boillat [4] noticed that MAEs with two independent variables are the
only 2" order PDEs exceptional in the sense of Lax [14]. This property
was used in [20] to find the general form of a MAE in three independent
variables, and in [5] for the case of arbitrary independent variables. Such
general form is

(0.5) My + My 14+ My=0

where M}, is a linear combination (with functions of 2%, z, p; as coefficients)
of all k£ x k minors of the Hessian matrix ||z |-

Lychagin [15], by introducing a new approach based on contact geome-
try, defined multidimensional MAEs as the kernel of a differential operator
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500 D.V. Alekseevsky, R. Alonso-Blanco, G. Manno & F. Pugliese

associated with a class of n-differential forms on a contact manifold. Lo-
cally, such PDEs are described by (0.5). In the rest of the paper, when we
write “general MAEs” we mean “multidimensional MAEs in the sense of
Lychagin”. In [6, 7] an interpretation of MAEs with constant coefficients is
given in terms of Lagrangian Grassmannians.

As far as we know, the oldest paper about the multidimensional general-
ization of classical MAEs dates back to 1899. In [10] it was noticed that clas-
sical MAEs (n = 2) can be obtained by substituting dp; = p11da! + p12da®
and dps = pradz! + paadaz? into the following pfaffian system

dp1 — blld.’bl - blgdl'z =0
dps — bardat — baodz? = 0, bij = bij(x!, 22, 2, p1, p2)

and by requiring the linear dependence of the obtained 1-forms. Obviously,
such a procedure can be extended to any number n of independent vari-
ables; namely, one can consider the system

n
dpi_Zbij‘dZ‘j =0, i=1,...,n, b :bij(xl,...,x",z,pl,...,pn)
=1

thus getting MAE
(06) det Hpij — bin =0.

It turns out that the class of PDEs considered by Goursat is a subclass of
those considered by Lychagin.

The above analytical procedure has a natural geometrical meaning,
tightly connected with the fundamental notion of characteristics of a PDE.
Such a connection, which was already studied in [3, 2] for n = 2, will be
extended below to the case of any number of independent variables. As we
shall see, for n > 2 the complexity of the problem dramatically increases.
To this purpose, as a first step we develop a coordinate free setting of the
theory of characteristics of 2"¢ order PDEs (with n independent variables)
in terms of contact manifolds and Lagrangian Grassmannians. Then, we fo-
cus our attention to MAEs of type (0.5) and (0.6), describe them in terms
of their characteristics, study their intermediate integrals and the problem
of solutions for a given Cauchy datum.

Notations and conventions

In the rest of the paper we work in the C'°° case: the term “smooth”
means C°°. Latin indices will run from 1 to n, unless otherwise specified.
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We will use Einstein convention. We denote by X - p the Lie derivative of
the differential form p along the vector field X and by V the symmetric
tensor product, i.e. AV B = 1(A® B+ B® A); S?(V) is the symmetric
square of V. The annihilator of a vector subspace U will be denoted by U°.
We denote by (v;) the linear span of vectors vy, ..., vy,.

1. Preliminaries and description of the main results

Let (M,C) be a (2n + 1)-dimensional contact manifold, i.e. C is a com-
pletely non-integrable distribution on M of codimension 1. Locally, C is
the kernel of a 1-form 6, determined up to a non vanishing factor, with
ONdON-"- A db # 0 . The restriction w := df|¢ defines on each hyperplane
Cm, m € M, a conformal symplectic structure. Lagrangian planes of C,,, are
tangent to maximal integral submanifolds of C; for this reason, such sub-
manifolds are called Lagrangian (or also Legendrian). We denote by £(C,,)
the Grassmannian of Lagrangian planes of C,, and by

m: MM = U L(Cpm)— M
meM
the bundle of Lagrangian planes. Since points of M) are Lagrangian
planes, throughout the paper we will consider the identification m! =
Ly € M| so that the tautological bundle T(M ™) := Umteno L —
M® is well defined.

A scalar 1%t order PDE with one unknown function and n independent
variables (1°* order PDE) is a hypersurface F of M and its solutions are
integral manifolds of C contained in F. A scalar 2"¢ order PDE with one un-
known function and n independent variables (2"% order PDE) is a hypersur-
face £ of M) and its solutions are Lagrangian submanifolds ¥ C M such
that TS C €. A Cauchy datum for £ is defined as an (n—1)-dimensional
integral submanifold of C. The restriction to £ of fibre bundle 7 is a bundle
over M whose fibre at m is the hypersurface of £L(C,,)

Em = ENLEC).

A characteristic subspace for £ at m' is a hyperplane U C L,,1 such that
the curve U € £(C,,) of Lagrangian planes containing U is tangent to &,
at m'. The tangent space T,,,1U(") is called a characteristic direction for £
atm'. When UM C &,,, hyperplane U is said to be strongly characteristic.

By means of previous geometric concepts, we are able to give an intrinsic
definition of MAEs of form (0.5) and (0.6). Of these, the former describes,
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locally, hypersurfaces &, of M) formed by Lagrangian planes which an-
nihilate an n-form Q on M (to avoid trivial equations, this form can be
chosen in A™(M)\Z(8), where Z(#) C A*(M) denotes the differential ideal
generated by a contact form 6):

(1.1) o = {ml eMV | Q= o}.

As to (0.6), it locally describes hypersurfaces £p of M (1) whose points
are Lagrangian planes which non trivially intersect an n-dimensional sub-
distribution D of C:

(1.2) Ep = {ml e MW ’ L1 ﬂ'Dﬂ.(ml) #* 0}.

One of the main geometric objects associated with a 2"% order PDE &
is its conformal metric gg, which is defined by means of the canonical
isomorphism g,,1: 151 L(Cr) = Lyt V Ly, p = g,, where m! € MM
(see Section 2 for details), and defining ge as (g9¢)m: = [g(ar),,], Where
E={F =0}

Now, we are in the position to formulate the main result of the paper.

THEOREM 1.1. — Let £ € M) be a 2"¢ order PDE. Then & is locally
of the form Ep for some n-dimensional distribution D C C iff the following
properties are satisfied:

/

m1, Where

(1) Its conformal metric is decomposable: (gg)m: = €y V £
L1, ) C Ly are lines;
(2) if we let vary the point m' along the fibre &,, the lines €,,1, ¢! . fill
two n-dimensional spaces D1,,, Da,, of Cy,.
Furthermore, Dy and Dy are mutually orthogonal w.r.t. w = df and £ =

Ep, =Ep,.

Essentially, we find necessary and sufficient conditions for a scalar 27¢
order PDE to be of &p type. In [10] the author found sufficient conditions
in terms of the existence of a suitable number of intermediate integrals: we
give a geometrical interpretation of this result in Corollary 6.6. Also, we
would like to underline that the above theorem is the natural generaliza-
tion of a well known result for n = 2: a 2"¢ order PDE £ ¢ M) with
two independent variables is a non-elliptic MAE iff the characteristic lines
fill two 2-dimensional subdistributions D, Dy C C which turn out to be
mutually orthogonal w.r.t. w = df. The equation is parabolic if D; = Dy
and hyperbolic otherwise.

Then, we describe some procedures for integrating equations p, based
on the existence of classical or nonholonomic intermediate integrals (this
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notion is a generalization of the ordinary one, see Section 6.4). For this kind
of equations, we get an easy generalization of the Monge method stated
in Theorem 6.12. As an application, in Section 7.1 we prove that MAEs
of type Ep (possibly, with no ordinary intermediate integral) admitting
a special nonholonomic intermediate integral have (smooth) solutions. In
Section 7.2 we prove that when a MAE of type £p admits a suitable number
of independent intermediate integrals the Cauchy problem can be solved.
In Section 7.2.1 we work out all details and computations for an explicit
equation by using our results, including main Theorem 1.1.

2. Geometry of the tangent and cotangent bundle of the
Lagrangian Grassmannian £(V)

Lagrangian Grassmannian L(V) and its tautological bundle
T(L(V)). Let (V,w) be a symplectic 2n-dimensional vector space. A La-
grangian plane is an isotropic subspace L C V of maximal dimension (i.e.
w|r = 0 and dim L = n). We shall denote by £(V') the Grassmannian of La-
grangian planes in V and by T (L(V)) its tautological bundle, i.e. the fiber
at point L € L£(V) is L. Fixed a symplectic basis {e;, ¢’} (i.e. w(e;, el) = 87,
each n-plane L € L(V) transversal to (e!,... e") is uniquely determined
by a symmetric real matrix P = |p;;||: L = Lp = (e; + pi;e?). If U is a
subspace of V, we shall denote by U+ the orthogonal complement of U
w.r.t. w.

The Pliicker embedding v: L = (vl,vz,...,vn> € L(V) — [volg] €
PA™(V), where voly, := vi Ava A= Av, € N'(V), allows to identify

L(V) with its image into the projective space PA™(V'). A straight line of
PA™(V') which is included in «(£(V')) is called a line of L(V'). We will denote
by ¢(L, L) the line of PA™(V) passing at L with direction L € T,L(V).

Metrics associated with tangent and cotangent vectors of £(V).
It is well known that there is a canonical isomorphism

(2.1) g: TLL(V) =5 S2(L*), L+ g~

In this way, a vector field X on L(V) defines a section g~ of
S2(T*(L(V))) which we will call a metric on T (£(V)) (note that it can be
degenerate). By duality, we also get a canonical isomorphism g: T3 L(V) =
S%(L), p = g, (the use of super and subscripts eliminates the ambiguity
on maps “g”).

TOME 62 (2012), FASCICULE 2
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In terms of coordinates, the metric gL on L = (w; := e;+p;je’) associated
with L ~ ||p;;|| is given by

g" =pijel@el.

In the same way, the metric g, on L* associated with 1-form p = pt dp;;
is g, = p¥ w; ® wj, In particular, a function F € C*°(L(V)) defines a
metric on L*:

OF
(22) gary, = Y 75— wi V w;.

Rank of tangent vectors of £(V'). Isomorphism (2.1) allows to define
the rank of a tangent vector L € T,L(V) as that of the corresponding
symmetric bilinear form g € S2(L*). We call the set T'L(V) of vectors
of rank 1 the characteristic cone or Segre variety (see [1]). If L € TEL(V),
then, up to a sign,

(2.3) L~ gL =n®mn, for somen e L*.
From now on, we identify L with gL.

PROPOSITION 2.1. — The straight line ¢(L,L) of PA"(V) is a line of
L(V) iff rank(L) = 1.

Proof. — Assume that L € T}L(V). Take coordinates P = ||p;|| with

P(L) =0 and P(L) = diag(1,0,...,0). Then,
UL, L) = [(ex+te) Aeg---Aep] = [e1 A Aen+tel Aea A---Ney] C L(V).

The converse is derived from the following property: if a,a’ € A*(W)
are two k-vectors such that ta + sa’ is decomposable for any ¢, s € R, then
there exists a decomposable (k — 1)-vector b € A¥=1(W) and vectors v, v’
such that a = v Ab and @’ = v' Ab. Indeed, a k-vector ¢ is decomposable iff
it satisfies the Pliicker relation (y_.c) A c = 0 for any v € AK=1(W*) (see,
for example [11]). By hypothesis, these relations hold for ¢ = a, ¢ = o’ and
c¢=a+ d'. Then we get

0= (yaa)Ad + (yad)Na, ¥V ye AL (W),

We choose v such that v/ :=v.1a #0and v := —y_1a’ #0. Then v' A a =
vAd, sothat a =v Ab, a’ = v Ab for some b € AF~1(IW). O
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3. Hypersurfaces of the Lagrangian Grassmannian

3.1. Characteristic cone and characteristic subspaces of a
hypersurface E of £(V) and its conformal metric gg

Let E = {F = 0} with F' € C*°(L(V)) such that dF' # 0 be a hyper-
surface of L£L(V). We denote by gg := [gar|g] the conformal class of the
restriction of g4 to E; we call it the conformal metric on E. It is indepen-
dent of the choice of F' and its local expression is given by (2.2).

DEFINITION 3.1. — The set Chy(E) = TLENT}L(V) of rank 1 tangent
vectors to E at point L is called the characteristic cone of E at L and its ele-
ments are called characteristic vectors for E at L. The 1-dimensional vector
space generated by a characteristic vector is called a characteristic direc-

tion. A characteristic vector L for E at L is called strongly characteristic
if the line ¢(L, L) is contained in E.

LEMMA 3.2. — Characteristic vectors L € Chy,(E) are, up to sign, the
tensor square L =1 ® 1 of gg-isotropic covectors n € L*.

Proof. — By definition, L is characteristic for E = {F = 0} if, besides
being of the form +n ® n (rank 1), it is tangent to E; in other words, if L
kills (dF)y. So,

0= (L, (dF)L) = (9", gar),) = (£1 © 0, gar),) = £gar), (1:1)
and the result follows because (9r)r = g(ar), - O

We define the prolongation U") C L(V) of a subspace U C V by:

(3.1) O . Lef(V)|L2U, if dim(U)<n
Lef(V)|LCU, if dim(U) = n.

Since L = L4, then U ¢ W = UM 5 WO and also UMD = (UH) 1t

U is isotropic, then

(3.2) UV ~UeL(W)={UaL|L € L(W)},

where W := (U@ U’)t with U’ satisfying dim U’ = dim U and w|y gy non-
degenerate. In coordinates, let {e;} be a basis of L such that U = (e, )1<a<k;
let also {e;,e'} be its extension to a symplectic basis of V' and consider
U/ = {ea}lgagk. SO,

U = {1 = (ea, e +pyed) | 1<a<h, [Ipyll € PR},
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and its tangent space at L is given by
(3.3) TUW = (e'vel, i,j=k+1,...,n) ~S*U") c S*(L*),
where U? C L* denotes the annihilator of U.

DEFINITION 3.3. — An isotropic subspace U is called characteristic for
a covector p € T{L(V') if U C L and p|7, yay = 0. It is called characteristic
for a hypersurface E = {F = 0} of L(V') at a point L € E if it is character-
istic for the covector (dF)y. It is called strongly characteristic if U!) C E.
A covector nj € L* is called characteristic for p if the hyperplane Ker(n) is
characteristic for p.

This definition extends Definition 3.1 in the following sense. Let n € L*
and U := Ker(n) C L be its associated hyperplane; equation (3.3) gives
T,UM = (n®@n), so that U is characteristic for (dF)z, in the sense of Def-
inition 3.3 iff the (one-dimensional) tangent direction to U(!) is generated
by one characteristic vector for (dF')r in the sense of Definition 3.1.

By using again identification (3.3), and by arguing as in the proof of
Lemma 3.2, we can determine the “characteristicness” of a subspace in
terms of the conformal metric: this is the content of the following

LEMMA 3.4. — Let U C L € L(V) and p € T{L(V). Then U is charac-
teristic for p iff its annihilator U C L* is g,-isotropic.

The following proposition relates the decomposability of g, with the be-
havior of the set of characteristic hyperplanes for p.

PROPOSITION 3.5. — Let p € T{L(V). Then g, is decomposable iff
characteristic hyperplanes for p form two (n — 2)-parametric families H
and H’ such that

dim (| U=dim (] U=1.
UcH UcH’

Proof. — Let g, = vVw for some v,w € L. By Lemma, 3.4, a hyperplane
U = Ker(n) of L is characteristic iff g,(n,n) = n(v)n(w) = 0. This means
that v € U or w € U. So we get two families of characteristic hyperplanes
H:={UCL| veU},H :={UCL|we U} such that (., U = (v)
and (yeqy U = (w).

Viceversa, let H be a (n — 2)-parametric family of characteristic hyper-
planes for p which contain a common line (v). By dimensional reasons, the
set Upyey UY ={n € L* | nlu =0 for some U € H} contains a conic con-
vex open subset O of the annihilator v* C L*. So 0,1’ € O implies that
n+n" € O.Lemma 3.4 shows that g,(n,1) = g,(n",n") = g,(n+n',n+n) =0
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which implies g,(n,7") = 0, Vn,n’ € O. Since v° is spanned by O, it is g,-
isotropic. Thus, g, = vV w for some w € L. O

3.2. Hypersurfaces of £L(V) associated with n-forms
and their characteristics

Any n-form Q € A"(V*) defines the hypersurface

For each o € A""2(V*), the n-form Q7 := Q + 0 A w defines the same
hypersurface.

DEFINITION 3.6. — Let 2 € A™(V*). A k-dimensional subspace U =
(e1,--+ ,ex) CV is called Q-isotropic if (eg A -+ Aeg)a = 0.

THEOREM 3.7. — Let L € Eq and H be a hyperplane of L. Then the
following equivalences hold:

(1) H is characteristic for Eq at L;
(2) H is strongly characteristic;
(3) H is Q°-isotropic for some o € A"~2(V*).

Proof. — Implications 2 = 1 and 3 = 1 are trivial.

1 = 2. Below we will adopt the following notation: if W = (v;), then
volyy == vy Avg A --- A v,. Let {e;,e'} be a symplectic basis of V such
that H = (e1,...,en—1) C {(€1,...,€n_1,€,) = L, so that HY = {L; =
(e1,...,€en—1,en+te™)}. Any Lagrangian plane in a neighborhood of L = Lg
is of the form I = <ei+pijej>. Let vol; := voly,, so that vol; = voly, +t vol,
where L' = {e1,...,e,_1,€"). In this way the tangent vector to H) at L

is defined by the derivative along volr,. Also, let F'(L) = vol; 1, so that
Eq is locally described by {F = 0}. The derivative of F at L along voly, is

. F(Lt) - F(L) . VOlt 20— VOlL a0
lim = lim
t—0 t t—0 t
(VOIL +t VOIL/) 29 —volg 10

= lim
t—0

= VOlL/ 20 = F(L/>

which vanishes iff L’ belongs to Eq. Hence, H M) is included in Eq.
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1 = 3. By using the above results, we have that
H is characteristic < H® ¢ Eq
< vol; 1N =0 <= Qy(ey) = Q(e™) =0
where Q, :=a.Q, a=e; A---Ae,_1. For any o € A" 2(V*), we have
that
n—1
as’ = Qa + Z(_l)JU(elv sy €5—1,€65415 - - - aen—l)(ej _IQJ).
j=1

Thus, (a19°)|z = 0 and (a197)(e') vanishes if o(e1,...,ei_1,€i11,---,
en—1) = (=1)iT1Q,(e?). For such a o, a 17 = 0, i.e. H is isotropic for Q7.
0

3.3. Hypersurfaces Ep associated with an n-plane D and their
characteristics

We associate with an n-dimensional subspace D C V the following subset

of L(V):

(3.5) Ep={LeL(V)|LND#0}.
If D={01 =02 ="= 0, =0}, then
(3.6) Ep =Eq, where Qp:=p1 A - Agn.

If D = (e; + b;;e?) (for some symplectic basis {e;,e'}), then Ep = {L =
Lp | det(P — B) = 0}, where P = ||p;;|| and B = ||b;;||. In particular,
Ep is an algebraic hypersurface of £L(V'). Below we describe the conformal
metric gg,, in coordinates.

PROPOSITION 3.8. — Let Ep be the hypersurface of L(V') associated
with n-plane D = (e; + b;jel) and L = Lp = (w; = e; + p;je!) € Ep. Then
the conformal metric gg,, on L* is given by
(37) 9Ep = A w; V w;
where A = ||A¥|| and AY is the algebraic complement of the (i, j)-entry in
matrix (P — B). Moreover

(1) A=0 ifrank(P — B) < n—1;

(2) A = ||a'¥|| if rank(P — B) = n—1 where (P — B) -a = 0 and
(P — B)-b=0. In particular
(a) ggp, = a Vb, a=a‘w;, b= blw;;
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(b) matrix £(A+ A") has rank equal to 1 if B = B* and rank equal
t02if B £ B,

Proof. — Since T(det(P B)) equals A% if i = j, and AY + A7 if
i # 7, then, for each n € L*,

ge,(n,m) 8 — B))nin;
i<J
=> Al = Z(Aij + AT )nmy,
0 0

where 7; = n(w;). This proves (3.7). The second part of the lemma follows
from elementary properties of adjoint matrices. |

DEFINITION 3.9. — A point L € Ep is called singular if dim(LND) > 2

and regular otherwise. The set of regular points of Ep will be denoted by
ESE.

Now we give a criterion to distinguish singular points.

ProroSITION 3.10. — A point Lp € Ep is singular iff the differential
of det(P — B) at L vanishes, that is iff the metric gg, vanishes at L.

Proof. — Since LN D = Ker(P — B), we derive the equivalence dim(L N

D)=k < rank(P—B) =n—k. If k > 2, then rank(P B)<n-2,
which implies that its adjoint matrix vanishes. Then 8 (det(P B)) =0
at the point L and (gg,)r = 0. O

The following key proposition states that, given an n-dimensional sub-
space D C V, the only other subspace defining the same Ep is the skew-
orthogonal complement D-.

PROPOSITION 3.11. — Let (V,w) be a 2n-dimensional symplectic vector
space. Let D and D be n-dimensional planes of V. Then

Es=Ep <= D=D or D= D"
Proof. — One implication will be proved if dim(L N D) = dim(L N D)

for any Lagrangian plane L. But this easily follows from identities
LND*=L*nDt =(LuD)* =(L+D)*

As to the inverse implication, we must prove that for any e € V' \ (DU D)
there exists a Lagrangian subspace L 3 e such that L " D = 0, so that
L ¢ Ep; in this way, if e € l~), then E~ # Ep. In order to get such an L, let
us consider the (n—1)-dimensional subspace D N e+ and the quotient map
II: et — et /(e) (symplectic reduction). The projection II(DNet) is a half
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dimensional space in the symplectic space et /(e) and it is elementary the
existence of a Lagrangian subspace L C e*/(e) such that II(DNet)NL = 0.

Then, L := II7!(L) is a Lagrangian subspace of V with e € L and LND = 0,
as required. O

If we translate previous proposition in terms of n-forms, we get the fol-
lowing

COROLLARY 3.12. — Up to a factor, at most two different decomposable
n-forms give equation Eq.

The proposition below describes characteristic hyperplanes for hypersur-
faces Ep.

PROPOSITION 3.13. — Let D and Qp be as in (3.6). Let also H C V
be an (n—1)-dimensional isotropic subspace and H") = {L;}. Then the
following conditions are equivalent:

(1) H C Ly is characteristic for Ep at Lo € Ep;

(2) HY C Ep;

(3) (Q2p,vol;) = 0, where vol; denotes an arbitrary element in \"(L;)
different from zero;

(4) LynD #0 for all ¢;

(5) H has non trivial intersection with D or D*.

Proof. — Equivalence 1 < 2 is Theorem 3.7, taking into account (3.6).
Properties 3 and 4 are, by definition, alternative ways to write property 2.

Let us passe to equivalence 2 < 5. Let H be characteristic for Ep at
L, (so, it is also strongly characteristic and, hence, any Lagrangian plane
containing H intersects D non trivially). We want to prove that H has a
non trivial intersection with either D or D+. Let HND = 0. Let {e;, '} be
a symplectic basis such that H = (e1,...,en—1) and L = (e1,...,€p—1,€n).
By assumption, LND # 0, so that the unique possibility is that LND is gen-
erated by a vector e, + Z?;ll a;e;. Up to a change of basis, we can assume
such generator to be e,, (in particular, e,, € D). Now, the Lagrangian planes
Ly :={e1,...,en_1,e,+te™) have non trivial intersections with D. In fact,
by the same reasoning as above, L;ND, t # 0, is generated by a vector of the
form e, +te" + S0 oy (t)e; = e, +t (e” +3 ey (t)ei) . Taking into
account that e, € D, we get v, := e + Z?;ll t~la;(t) e; € D. If we take
two different values ¢,7 we have that > 7 (tilai(t) - (f)_lai(f)) e €
D N H = 0 which implies that v, is independent of ¢{. A new change of
basis allows to take e™ = wv,, so that Ly N D = (e, + te™); in particular,
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D D {(en,e™) and Dt C (e,,e™)*. Also, H C (e,,e™)* and a computation
gives us

dim D*NH = dim D* +dim H —dim(D* + H) > n+ (n—1)— (2n—2) = 1,

because D + H C (en,e™)t. As a consequence, H N D+ # 0, as we
wanted. O

Remark 3.14. — Claims 1, 2, 3 of the above theorem remain equivalent
also for hypersurfaces Eg.

Bringing together Propositions 3.5, 3.8, 3.11, 3.13, in the theorem below
we summarize the main results regarding the hypersurfaces of type Ep by
pointing out how to describe them in terms of their characteristics.

THEOREM 3.15. — Let EFS® be the set of regular points of Ep. Then

e A hyperplane H of L € ES® is characteristic for Ep at L iff it
contains one of the following straight lines:

(p:=LND or 0j:=LND"

Then, if (5, # ¢, there are two (n—2)-parametric families H (t1, . . .,
tn_2) and H'(t1,...,t,_2) of characteristic hyperplanes in L: one
contains £, = ﬂtl,...,tn,z H(ty,...,tn_2) and another contains ¢}, =
ﬂtl,...,tnfz H'(t1,...,tn—2). If £, = £}, these two families coincide.

e The conformal metric of ES® is decomposable and is given by

(ggres) = L V 0.
e For any line { C D there exists L € E5® such that { = {;, = LN D.
Hence D = ¢, ¢ and D+ = Urer, 7

4. Local description of PDEs and MAEs

In this section we refer to definitions given in Section 1. From now on,
for simplicity, we will assume that the contact form 6 is globally defined.
A diffeomorphism of M which preserves C is called a contact transfor-
mation. There exist coordinates (z%,z,p;) on M, i = 1,...,n, such that
0 = dz — p;dz*. Such coordinates are called contact (or Darboux) coordi-
nates. Locally defined vector fields

o~

Oy = Ogi + pi0s, 8101‘7 1=1,...,n,

span distribution C. A system of contact coordinates (¢, z,p;) on M in-
duces coordinates (xi,z,pi7pij = pji, 1 < 4,5 < n)on MM as follows:
a point m' = L,;1 € MM has these coordinates iff 7(m!) = (2%, z, p;)
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and the corresponding Lagrangian plane is given by L,,1 = Lp := (@N +
PijOp;) C Crx(my)- '

A 1% order PDE is locally described as zero level set My := {f (2", z,p;) =
0} of a function f € C°°(M), whereas a 2"¢ order PDE € is locally de-
scribed by € = {F (2%, z,p;, pij) = 0}, with F € C>®°(MM).

MAE:s of type £ are, taking into account the beginning of Section 3.2,
the zero locus of the following n-form on the tautological bundle
T(MD): m' — Q L .- It is straightforward to check that, locally, such
MAE:s are described by (0.5). For a given n-dimensional subdistribution D
of C, we have

Ep=Eap, with Qp=Y; -OA---AY, -0,

(see also [16]) where Y; are vector fields generating the orthogonal distribu-
tion D+ (w.r.t. w = df). Indeed the distribution D is defined by the system
of equations {§ = 0, Y; - 0 = 0}, so that the result follows from (3.6). On
the other hand, it is always possible to choose a contact chart (z°, z,p;)
such that
D= (X1, Xo,..., Xp), Xi=0p +bij0p,,

for some functions b;; (it is sufficient that D N (9, ,...,p,) = 0). In this
case,

&p = {LP = (Dyi + pijOp,) | det [Ipij — by :o}.

Remark 4.1. — Even if D+ and D define the same equation, they are
not necessarily contactomorphic.

5. Characteristics of PDEs, of MAESs
and proof of Theorem 1.1

We define the prolongation NV ¢ M®) of a submanifold N of a contact
manifold M as follows (see (3.1)):

N {ml € MY | Ly DTN NCm, if dim(N) <n

mt € MY | Ly CTuNNC,y,, if dim(N)=n
If N is an integral submanifold of the contact manifold (M,C), then the
natural projection 7y : N — N is a fibre bundle whose typical fibre is
U@ L(W) ~ L(R?"2F) where U and W are as in the identification (3.2),

with U =T, N and V = C,,.

Definitions given in Section 3.1 can be immediately reformulated in the
language of PDEs by replacing V' with C,, and E with &,,. In particular, a
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direction in T},1&,, is called characteristic for £ if it is generated by a rank
1 tangent vector (in T,,1£(C,,)). In the same way, a subspace U C T,,M
is said to be characteristic for the equation £ at m! if U is tangent to
£ at m'. If in addition UM C &, U is said to be strongly characteristic.
Also, we can introduce a conformal metric (gg)m: = ge ., € S%(Lr.,) at
each point m! = L,,1 € £ and Lemma 3.4 is still valid mutatis mutandls.
In coordinates, a tangent vector to &, at m' having P = ||p;;|| as matrix

of coordinates is of rank 1 iff p;; = n;nm; up to a sign (see also (2.3)).
Furthermore, it is characteristics for £ = {F = 0} if it satisfies
. oF
(5.1) 8 j oo nin; =0
i<g p] i<J Pij

ie. covector n is isotropic for ge. In view of Proposition 3.5, (gg)m: is
decomposable iff characteristic hyperplanes of L,,: are divided in two (n —
2)-parametric families #,,1 and H! , such that

dim ﬂ U = dim ﬂ U=1.

UeH, 1 UG"H'"L

All results of Section 3.2 can be applied to fibers £q,,, just by replacing
with Q,, and &q,, with Eq, m € M. In fact, in view of (1.1) and (3.4), we
have that o = (U,,c s Eq,,. For the sake of completeness, we reformulate
the results of Theorem 3.7 in the language of MAEs:

THEOREM 5.1. — Let m' € £q. Then a hyperplane of L,,: is charac-
teristic for Eq iff it is strongly characteristic. Moreover, characteristic hy-
perplanes are those hyperplanes which are isotropic with respect to some
n-form Q7 := Q + o A df, where o € A"~2(M).

Furthermore, all results of Section 3.3 can be applied to fibers Ep,  just
by replacing D,, with D and £p,, with Ep, m € M. In fact, in view of
(1.2) and (3.5), we have that Ep = (J,,cs Ep,,. The following statement
is a reformulation of Theorem 3.15.

m*

THEOREM 5.2. — Let m' € Ep,,, be a regular point. Then (ge, )m: =
by VU1, where £y1 = Lyt N Dy, and £, = Ly N D~ are lines. Thus
there exist only two (n — 2)-parametric families of characteristic hyper-
planes of Ly,1: one rotates around {,,1, the other around ¢, ,. Moreover,
Chpi(Ep) = {En®@n, n € 0, U0} where (0., ('% C L* , are, respec-
tively, the annihilators of £,,,1 and ¢, ,. Covectors n € L , corresponding
to characteristic directions and belonging to f?nl (resp., E;r?l ) define hyper-
planes {n = 0} which contain {,,: (resp., ¢! .). If one let the point m" vary
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on Ep,y, the line £,,1 (resp., £, ,) fills the n-dimensional space D,, (resp.
DJ_

m/°

Conversely, let us assume that the PDE £ ¢ M has the following
property: there exists a subdistribution D such that L,,: N D,, # 0 for all
m' € &€ - m € M. Obviously, in this situation we have that £ C Ep.
As dim £ = dim &p, these submanifolds, locally, coincide. But, in order to
have a converse of Theorem 5.2, one must find D (if possible) by following
the steps indicated in the statement of the above theorem; in this way,
Theorem 1.1 is proved.

Example 5.3. — Consider the PDE &: {p12 = f}, f € C*°(M). Equa-
tion of characteristics (5.1) of £ is 117m2 = 0, so that the conformal metric
of € at a point m! is equal to (ge)m1 = €1 V £, where

by = <5x1 +p110p, + fOp, +p1381’3>’

= <5x2 + fOp, + D220y, +p233p3>

If we let vary the point m' on the fibre &,,, m = m(m?), lines £,,,» and ¢/ ,
fill, respectively, the following mutually orthogonal 3-dimensional planes
at m

Dy, = <§zl +fap2v 81717 8p3>v Drjﬁ = <5:1:2 +fap1’ 81727 8P3>’

so that we obtain distributions D and D+ on M. Thus, in view of Theorem
1.1, £ =&p.

6. Intermediate integrals of MAEs and Monge method

We prove that the existence of an intermediate integral of a 2" order
PDE is equivalent to the existence of a special vector field (Hamiltonian
vector field) whose directions are strongly characteristic (Theorem 6.5). By
applying this result to MAEs of type &p, we see that their intermediate
integrals coincide with the first integrals of the distribution D or D+ (The-
orem 6.7), which will be useful, among other things, to prove Theorem 6.12.

6.1. Cartan and Hamiltonian vector fields

DEFINITION 6.1. — Sections of the contact distribution C are called
Cartan vector fields. The type of a Cartan field Y is defined as the rank of
the sequence 0, Y -0,Y - (Y - 0),...

ANNALES DE L’INSTITUT FOURIER



CONTACT GEOMETRY OF MULTIDIM. MONGE-AMPERE EQUATIONS 515

Any 1-form o € A(M) determines a Cartan vector field Y,, € C by the
relation
Yo -0=Y,ud0=a—a(Z)0
where Z is the Reeb vector field (associated with ) defined by conditions
0(Z) = 1, Z1df = 0. In particular Y = Y{y.g) for any Cartan field Y.
Although Y, depends on the choice of 6, its direction does not change.

DEFINITION 6.2. — A vector field Yy := Yy is called a Hamiltonian
vector field.

It is easy to check that Y7 is of type 2 (the minimum possible).

In addition, Yy is a characteristic symmetry of the distribution {6 =
0, df = 0}. In other words, Y} coincides with the classical characteristic
vector field of the 1! order PDE f(x%, z,p;) = 0.

Two functions f and g on M are said to be in involution if w(Y},Y,) = 0.
This condition is equivalent to the integrability of the distribution (Y, Yy).
By using this fact, it can be proved the following theorem which we ex-
tracted from [18] and comes from Jacobi.

THEOREM 6.3. — Any set (fi,..., fr) of k < n independent functions
on the contact manifold M which are in involution can be extended to a
contact chart.

6.2. Intermediate integrals of 2"¢ order PDEs

Recall that My = {m € M | f(m) = 0} denotes the zero level set of a
function f € C*>(M).

DEFINITION 6.4. — Let £ C MM be a 2"® order PDE. A function
f € C®(M) is called an intermediate integral of £ if all solutions of the
family {M_.}cer of 1°¢ order PDEs, are also solutions of €.

THEOREM 6.5. — The following conditions are equivalent:
(1) A function f € C*°(M) is an intermediate integral of &;
(2) MY, c & VeeR;

(3) Integral curves of Yy are strongly characteristic for £.

Proof.

1 = 2. Assume that f is an intermediate integral. Let m! = L,,» € M(l_)
for some ¢ € R. The plane L,,: is always tangent to some solution > of
PDE f = ¢ which, by hypothesis, is also a solution of £. This means that
m! e ¥ c €.

C
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2 = 1. We have just to use that ¥ C M is solution of the 1%! order PDE
f=ciff 2O c Ml
2 < 3. Recall that Y =Yy =Yr_.. Also, <(}/f)m>L = CmﬂTme,f(m).
Then (Yf)frll) = (Tme_f(m))(l) and the equivalence follows. O

27d order

As an application of previous results we are able to characterize
PDEs which have a large number of intermediate integrals. Such PDEs are
described in the following corollary whose statement was known by Goursat

[10]. We give a simple and clear geometric proof of it.

COROLLARY 6.6. — Let £ be a 2" order PDE. If there exist n inde-
pendent functions fi,. .., f, such that f = ¢(f1,..., fn) is an intermediate
integral for any ¢, then & = Ep where D = (Yy,,..., Y} ).

Proof. — For each f = ¢(f1,...,fn) we have that Yf(l) C & by Theo-
rem 6.5. Now let us define

Dy = {(Y)m | f =0(f1,..., fn) with ¢ arbitrary};

it describes an n-dimensional subdistribution of C. In fact, if dimD < n,
then {Y%,,...,Y}, } would be dependent, that would imply that the contact
form 6 is dependent on {dfi,...,df,}, which is not possible as 6 must
depend at least on the exterior differential of (n+1) independent functions.
By definition, {J;_, (Yf)grll) = &p,,. Since U;_, (Yf)(l) C &, we conclude

m

that gpm Q 5m- O

6.3. Intermediate integrals of M AEs of type &p

Below we apply Theorem 6.5 to describe intermediate integrals of equa-
tions Ep in terms of D. In the rest of the paper we denote by D’ the derived
distribution of D, i.e. the distribution spanned by vector fields of D and all
their commutators.

THEOREM 6.7. — A function f € C°° (M) is an intermediate integral of
Ep iff the associated Hamiltonian field Yy belongs to D or D+. Equivalently,
the intermediate integrals are the first integrals of D or D+.

Proof. — According to Theorem 6.5, f is an intermediate integral of £p
iff Yy is strongly characteristic. By arguing as in the proof of Proposi-
tion 3.11, we obtain that for equations of type £p this means that Yy € D
or Yf S DL, O

Some consequences easily follow:
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COROLLARY 6.8. — If D (or D*) admits a first integral, or equivalently
its derived flag D C D' C D" C --- C D* C --- is such that D* # TM for
any k, then Ep admits a smooth solution.

COROLLARY 6.9. — The set of intermediate integrals of Ep is the union
of two subrings Ry and Rg of C*° (M) which are in involution, in the sense
that if f; € R;, i = 1,2, then {f1, fo} = w(Y},,Y},) =0.

The following corollary characterizes the simplest equation of type Ep.
Such characterization was known by Goursat [10]; we give a proof by using
Theorem 6.7 and elementary contact geometry.

COROLLARY 6.10. — The following conditions are equivalent:

(1) D is an n-dimensional integrable distribution of C;

(2) D is generated by n commuting Hamiltonian vector fields;

(3) &p is contact-equivalent to the equation det ||p;;|| = det ||z,i,: || = 0;

(4)

(5) & admits a ring of intermediate integrals generated by (n + 1)
independent functions.

&p is contact-equivalent to the equation p11 = 21,1 = 0;

Proof.

1 = 2. In fact, since D is integrable, we can find n+1 functions { f; }i=0..n
such that D is described by D = {dfo = df1 = --- = df,, = 0}. Since D C C,
then (up to a factor) 0 = dfy + >, a;df; for some aq,...,a, € C(M).
Hence 2’ = f;, 2 = fo, p; = —a;, are contact coordinates on M and D
can be written as D = {dz! = 0, d2® = 0, ...,da"™ = 0, dz = 0} =
(Opys -y Op,)-

2 = 1. It is an easy application of Theorem 6.3.

1< 3. In fact, we already proved that condition 1 implies that D is

contact-equivalent to (0p,, ..., 0p, ). By using the Legendre transformation
' =p;, 2=z —pat, pi = —a', i =1,...,n, we realize that D is also
contact-equivalent to (9,1, ...,0;n), whose associated Ep is det ||p;;|| = 0.

1 < 4. This equivalence goes as the previous one by using the partial
Legendre transformation 2’ = z — pyzt, 2’ = py, p} = —2!, 2% = 27,
Ps=pp, B=2,...,n.

1= 5. In fact, D is integrable iff there exist (n + 1) functions f;,
i = 0,...,n, such that D = {dfy = 0,...,df, = 0}. This implies that
©(fo, f1y---, fn) is a first integral of D for any function ¢.

5 = 1. If 5 holds, either D or D+ has (n+ 1) independent first integrals.
This condition is equivalent to their, simultaneous, integrability. (|
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6.4. Construction of solutions of &5 by the
generalized Monge method

The concept of intermediate integral can be naturally extended (see [2])
as follows.

DEFINITION 6.11. — A nonholonomic intermediate integral of Ep is a
type 2 Cartan field X € D.

Next theorem describes a method for constructing solutions of &p by
generalizing the Monge method of characteristics (see [9, 17]).

THEOREM 6.12. — Let X be a nonholonomic intermediate integral of
Ep. Let N C M be an (n—1)-dimensional integral submanifold of the
distribution of C transversal to X. Then ¥ = |J, ¢+(N) C M, where ¢,
is the local flow of X, is solution of the equation &p iff w(T,,N,X,,) =
0VmeN.

Proof. — Let us recall that 3 is a solution of £p if it satisfies the following
two conditions: a) T, X ND,, #0,Vm € ¥, and b) T,,X C C,,, VM € 3.
Condition a) is obviously satisfied. To check condition b) we choose coor-
dinates (¢,%%) on ¥ such that (y°) are local coordinates on N and X = 0.
Any vector field Y € X(N) can be considered as vector field on ¥ which
does not depend on ¢, hence commutes with X. It is sufficient to check that
the function F(t,y") := 60, (Y) is identically zero. Due to the fact that
X is of type 2, the first two derivatives of F' w.r.t. ¢ are
F=(X-0)(Y) = w(X,Y),
F=(X-(X-0)Y=MY)+uX-0)(Y)=AF+ukF,

for some functions A, p. Hence, F satisfies a linear 2" order ODE with the
initial conditions F(0,y%) = 0, F(0,y") = w(X,Y)|y = 0. This shows that
F=0. 0

When X =Y}, the above theorem reduces to the method of characteris-
tics for integrating PDE f = 0.
7. Some applications
7.1. On the existence of smooth solutions of MAEs of type &p

Let us consider a Cartan field of the form

(7.1) X =Y} + A,
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where X(A) = 0 and f, g are two functions in involution (in particular
X(f) = X(g9) = 0). Then MAEs &p for which X € D admit smooth
solutions.

Such a Cartan field is of type 2 and we can show the existence of a Cauchy
datum N such that T, N is orthogonal (w.r.t. w = df) to X, and X, ¢ T,N,
for all p € N. In fact, by using Theorem 6.3, we can suppose f = p; and
g = pa2, so that X = 9,0 + A@zz The (n—1)-dimensional submanifold N
defined by equations

=0, 2=0, p;=0, i=1,...,n,

satisfies |y = O and, if p € N, T,N = { zz|p, . ,5:,3 »)- Now, by Theorem
6.12, it is possible to construct a smooth solution of £p by expanding the
Cauchy datum N using the flow of X.

We would like to underline that there exist MAEs of type &p without
intermediate integrals but such that D or D~ contains a vector field of type
(7.1). Let us consider, for instance, n = 3 and the distribution D = D+ =
(X,Y, Z), where

X = 5951 + (p2 +p3)5x2, Y =0, — (p2+p3)0p,, Z = 5x3 + (2! + p2)0p,-

It is easy to check that D’ = C and, so, D" equals the complete module of
vector fields.

7.2. MAEs of type £p admitting n intermediate integrals

In the case in which a MAE of type &p admits n independent interme-
diate integrals which are first integrals of a family of characteristics (see
Theorem 6.7) we can solve the Cauchy problem for Ep.

In fact, let N be a Cauchy datum and fi,..., f, be independent first
integrals of D (the same reasoning holds true if f1,..., f, are first integrals
of D1). Let us denote by g; the restriction of f; to N. Of course the func-
tions g; are dependent, so that there exists a non trivial functional relation
¥(g1,...,9n) = 0. The function f =(f1,..., fn) turns out to be an inter-
mediate integral which vanishes on N, so that a solution of £p with initial
condition N can be constructed.

Also, Ep can be reconstructed from the set of its intermediate integrals.
More precisely we have that

1)
gD_MI _UM¢(f17 yfn)
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where ¢ is an arbitrary function of n variables. In fact, on one hand Mz C
Ep, since, if L € Mz, then L = T,,% where ¥ is a solution of a 1! order
PDE M/ for some first integral of the form f = o(f1,..., fn). But X is
also a solution of £p, so that L € £p. On the other hand M7z D &p, since,
if L = Ly € Ep, then Lyt N Dypp1y contains a vector (Yy)q(m1y for an

appropriate first integral f of D. As a consequence, L € M; m),

7.2.1. An example

All the examples of MAEs of type Ep integrated in [10] have the following
property: both the distributions D and D+ are such that D’ and (D+) are
of dimension n + 1 and integrable. Of course, this twofold requirement is
quite restrictive: for instance, for the evolutionary equation ps = p12 none
of the previous conditions is satisfied (to see this, it is sufficient to consider
Example 5.3 and put f = p3); whereas, for the equation (p1)2 = pi2 only
one of them is true (again, consider Example 5.3 and put f = (p1)°). Our
method for solving Cauchy problems covers a more general type of equa-
tions. In what follows we completely study an example of a MAE of type
Ep in three variables that does not fall into any of the types that Goursat
integrated in the cited work. To start with, we apply the criterion given by
Theorem 1.1 to show, by the algorithmic procedure indicated therein, that
it is an equation of type &p, which is not obvious a priori. Then, for better
illustrating our results, we will also solve an explicit Cauchy problem.

Let us consider the equation

E: pui+ (z' + p2)piz2 + 2 papas — pap1s — x'papas = 0,

where p;, pi;, denote, as usual, the partial derivatives 9z/9z°, 9?2 /0x' 07
of the unknown function z which depends on the independent variables z!,

2, x5,

Computation of characteristics. A straightforward computation
shows that conformal metric ge is of rank 2 and decomposable. We have
that

(9€) 1 = 1 V by = (351102 +wi) V (wy + pows — p3ws)

where wy = 0p1 — (2" +p2)p12 + 2" papaz — psp1s — 7' psp2s) Op, +P120p, +
P130p;, W2 = = O + P120p, + P220p, + P230p,, and ws = = Oy + P130p, +
D230p, + D330p,-
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Proof that £ is of Goursat type: Application of criterion of
Theorem 1.1. By substituting the values of wi, we and ws in £,,1 we
obtain

bt = D1 + 28,2 + (p13 + 7' Pa3) (Opy +P30p, ) + (P12 + ' P22)(Op, — P20p,)

If we let vary the point m! along the fibre &, of the equation £, we obtain
the distribution

D = (X1, X2, X3), X1 = 0p1 +2'0,2, Xo =y +930p,, X3 =y, — P20y,

Theorem 1.1 proves that £ = Ep. On the other hand, by taking the orthog-
onal complement of D or by performing the analogous calculation for ¢/ ,
we get the distribution

DY = (Y1,Y,V3), Vi =0 + 20,2 — p30ys, Yo =08y, — a0y, Y3 = 0.

Intermediate integrals. It is easy to check that D’ is of rank 4 and
integrable, and it is generated by 9,1 + 20,2, Opy + P30p,, Opy — P20y,
and 9,. It can be easily seen that (D+)” is of rank 5 and then the equation
is not of the type studied in [10].

In view of Theorem 6.7, a standard computation gives the following 3
independent intermediate integrals of Ep:

2

AL = (xl) — 222, Ny = (p3)2 — (pg)2 — 21, Agi=ad.

A Cauchy problem. In view of Section 7.2, any Cauchy datum can be
extended to a solution as we found 3 first integrals of D. For this case, a
Cauchy datum N consists of a 2-dimensional integral submanifold of C. If
we suppose that this datum can be parameterized by z! and z2, then we
can arbitrarily fix z, 3 and ps3 as functions of ! and 22 and then determine
p1 and po by the contact condition. Let us choose, for instance,

N:z:(z1)2+x2, 22 =z, p3=0.

Then, from the contact condition, one easily obtains that p; = 2z! and
p2 = 1, which completes the parametrization of V.

The restrictions of A1, Ao and A3 to N are A\; = (x1)272:c2, Ay = —1—4z!,
A3 = z'. A first integral vanishing on N is f := Ao + 43 + 1, whose
associated Hamiltonian field is

Y} = 23Y,, — 202Y,, — 2V, + AV, = 2 (pgé;s — By — B — 26p3)

which has the following 6 independent first integrals

TOME 62 (2012), FASCICULE 2



522 D.V. Alekseevsky, R. Alonso-Blanco, G. Manno & F. Pugliese

1
p1 =P, P2 = P2, H3 = 5(1’3)2 +22%, g = poxt — 2?,

1 1 1
ps =2t — 3P He = 5((]92)2 +p1)ps — 5(;03)3 ~ 2.

In order to prolong the Cauchy datum N along the orbits of Y¢, we re-
strict the above 6 first integrals on N (the bar denotes such a restriction):
_ _ _ _ _ _ 2
iy = 22", iy = 1, fig = 22', fiy =« — 2%, fi; = 2!, g = —((2')” +2?).
By eliminating parameters x' and 22 we obtain 4 independent relations

1 1 1
(7.2) po =1, py—p1 =0, ps—gpm =0, pet ()’ +5m—p=0
for which the prolongation must hold. If we substitute the p’s in (7.2) we
get
o =1
%(p3)2 +22% —p; =0
et = 3ps—5m =0
2((2)? +p1)ps — 2(03)° — 2+ L(p1)® + Lpy — ozt + 22 = 0.

Finally, from the first three equations of system (7.3) we can obtain the p’s

3

(7.3)

in terms of the x’s and then, the fourth equation allows to express z as a

2. 23 which is the required solution:

1 . 1 2 2
z:f+m1+(z1)2+:z:2—z3:|:\/1—4m3+4x1 <6+3x1x3>.

6 3

function of !, x

Acknowledgements. — This project has been partially supported by
RIGS Programme of ICMS, University of Edinburgh. The first author has
been partially supported by the Royal Society and GNSAGA. He thanks
V. Lychagin for discussions on the geometry of 2"¢ order PDEs and the
role of the metric defined on solutions of such equations. The second author
thanks J. Mufioz, A. Alvarez, S. Jiménez and J. Rodriguez for stimulating
discussions and encouragements. We are indebted to the anonymous referee
for his valuable suggestions which have greatly improved the exposition of
our work. In particular, we thank him warmly for proposing an elegant
proof of Proposition 3.11.

BIBLIOGRAPHY

[1] M. Axivis & V. GOLDBERG, Conformal differential geometry and its generalizations,
Pure and Applied Mathematics (New York), John Wiley & Sons Inc., New York,
1996, A Wiley-Interscience Publication, xiv+383 pages.

ANNALES DE L’INSTITUT FOURIER



CONTACT GEOMETRY OF MULTIDIM. MONGE-AMPERE EQUATIONS 523

[2] R. ALONSO-BLANCO, G. MANNO & F. PUGLIESE, “Normal forms for Lagrangian dis-
tributions on 5-dimensional contact manifolds”, Differential Geom. Appl. 27 (2009),
no. 2, p. 212-229.

R. ALoNsO BrLanco, G. MANNO & F. PUGLIESE, “Contact relative differential in-
variants for non generic parabolic Monge-Ampeére equations”, Acta Appl. Math.
101 (2008), no. 1-3, p. 5-19.

G. BoiLLaT, “Le champ scalaire de Monge-Ampere”, Norske Vid. Selsk. Forh.
(Trondheim) 41 (1968), p. 78-81.

, “Sur I'équation générale de Monge-Ampére & plusieurs variables”, C. R.
Acad. Sci. Paris Sér. I Math. 313 (1991), no. 11, p. 805-808.

B. DouBrov & E. V. FERAPONTOV, “On the integrability of symplectic Monge-
Ampeére equations”, J. Geom. Phys. 60 (2010), no. 10, p. 1604-1616.

[7] E. V. FERAPONTOV, L. HADJIKOS & K. R. KHUSNUTDINOVA, “Integrable equations
of the dispersionless Hirota type and hypersurfaces in the Lagrangian Grassman-
nian”, Int. Math. Res. Not. IMRN (2010), no. 3, p. 496-535.

[8] A. R. ForsYTH, Theory of differential equations. 1. Exact equations and Pfaff’s
problem; 2, 3. Ordinary equations, not linear; 4. Ordinary linear equations; 5, 6.
Partial differential equations, Six volumes bound as three, Dover Publications Inc.,
New York, 1959, xiii+340 pp.; xi+344 pp.; x+391 pp.; xvi+534 pp.; xx+478 pp.;
xiii+596 pages.

3

[4

[5]

6

[9

E. GOURSAT, Lecons sur 'intégration des équations aux dérivées partielles du second
ordre, vol. 1, Gauthier-Villars, Paris, 1890.

, “Sur les équations du second ordre a n variables analogues a ’équation de
Monge-Ampere”, Bull. Soc. Math. France 27 (1899), p. 1-34.

[11] P. GrirriTHs & J. HARRIS, Principles of algebraic geometry, Wiley-Interscience
[John Wiley & Sons], New York, 1978, Pure and Applied Mathematics,
xii+813 pages.

(10]

[12] A. KUSHNER, “Classification of Monge-Ampére equations”, in Differential equations:
geometry, symmetries and integrability, Abel Symp., vol. 5, Springer-Verlag, Berlin,
2009, p. 223-256.

[13] A. KUSHNER, V. LYCHAGIN & V. RuBTsov, Contact geometry and non-linear dif-
ferential equations, Encyclopedia of Mathematics and its Applications, vol. 101,
Cambridge University Press, Cambridge, 2007, xxii+496 pages.

[14] P. D. Lax & A. N. MILGRAM, “Parabolic equations”, in Contributions to the theory
of partial differential equations, Annals of Mathematics Studies, no. 33, Princeton
University Press, Princeton, N. J., 1954, p. 167-190.

[15] V. LyCAGIN, “Contact geometry and second-order nonlinear differential equations”,
Uspekhi Mat. Nauk 34 (1979), no. 1(205), p. 137-165.

[16] Y. MacHIDA & T. MORIMOTO, “On decomposable Monge-Ampére equations”,
Lobachevskii J. Math. 3 (1999), p. 185-196 (electronic), Towards 100 years after
Sophus Lie (Kazan, 1998).

[17] T. MORIMOTO, “Monge-Ampeére equations viewed from contact geometry”, in Sym-
plectic singularities and geometry of gauge fields (Warsaw, 1995), Banach Center
Publ., vol. 39, Polish Acad. Sci., Warsaw, 1997, p. 105-121.

[18] J. MuNoz DiAz, “Ecuaciones diferenciales I”, Ed. Universidad de Salamanca, 1982.

[19] I. G. PETROVSKI, “Lectures on partial differential equations”, Dover Publication,
New York, 1991.

[20] T. RUGGERI, “Su una naturale estensione a tre variabili dell’equazione di Monge-
Ampere”, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 55 (1973),
p. 445-449 (1974).

TOME 62 (2012), FASCICULE 2



524 D.V. Alekseevsky, R. Alonso-Blanco, G. Manno & F. Pugliese

[21] G. VALIRON, The classical differential geometry of curves and surfaces, Lie Groups:
History, Frontiers and Applications, Series A, XV, Math Sci Press, Brookline, MA,
1986, Translated from the second French edition by James Glazebrook, With a
preface by Robert Hermann, viii+268 pages.

Dmitri V. ALEKSEEVSKY

University of Edinburgh

School of Mathematics and Maxwell Institute for
Mathematical Sciences

The Kings Buildings, JCMB

Mayfield Road

Edinburgh, EH9 3JZ (UK)

D.Aleksee@ed.ac.uk

Ricardo ALONSO-BLANCO
Universidad de Salamanca
Departamento de Matematicas
plaza de la Merced 1-4

37008 Salamanca (Spain)

ricardo@Qusal.es

Gianni MANNO

Universita di Milano-Bicocca

Dipartimento di Matematica e Applicazioni
via Cozzi 53

20125 Milano (Italy)

gianni.manno@unimib.it
Fabrizio PUGLIESE
Universita di Salerno
Dipartimento di Matematica
via Ponte don Melillo

84084 Fisciano (Italy)
fpugliese@unisa.it

ANNALES DE L’INSTITUT FOURIER


mailto:D.Aleksee@ed.ac.uk
mailto:ricardo@usal.es
mailto:gianni.manno@unimib.it
mailto:fpugliese@unisa.it

	Introduction
	Notations and conventions
	1. Preliminaries and description of the main results
	2. Geometry of the tangent and cotangent bundle of the Lagrangian Grassmannian L(V)
	3. Hypersurfaces of the Lagrangian Grassmannian
	3.1. Characteristic cone and characteristic subspaces of a hypersurface E of L(V) and its conformal metric gE
	3.2. Hypersurfaces of L(V) associated with n-forms and their characteristics
	3.3. Hypersurfaces ED associated with an n-plane D and their characteristics

	4. Local description of PDEs and MAEs
	5. Characteristics of PDEs, of MAEs and proof of Theorem 1.1
	6. Intermediate integrals of MAEs and Monge method
	6.1. Cartan and Hamiltonian vector fields 
	6.2. Intermediate integrals of 2nd order PDEs
	6.3. Intermediate integrals of MAEs of type ED
	6.4. Construction of solutions of ED by the generalized Monge method

	7. Some applications
	7.1. On the existence of smooth solutions of MAEs of type ED
	7.2. MAEs of type ED admitting n intermediate integrals
	7.2.1. An example


	Bibliography

