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ON THE BURNS-EPSTEIN INVARIANTS OF
SPHERICAL CR 3-MANIFOLDS

by Khoi The VU (*)

ABSTRACT. In this paper we develop a method to compute the Burns-Epstein
invariant of a spherical CR homology sphere, up to an integer, from its holonomy
representation. As an application, we give a formula for the Burns-Epstein invari-
ant, modulo an integer, of a spherical CR structure on a Seifert fibered homology
sphere in terms of its holonomy representation.

RESUME. — Dans cet article nous développons une méthode pour calculer I'in-
variant de Burns-Epstein d’une sphére d’homologie CR sphérique, & un nombre
entier pres, de sa représentation d’holonomie. Comme application, nous donnons
une formule pour l'invariant de Burns-Epstein, modulo un nombre entier, d’une
structure CR sphérique sur une sphére d’homologie fibrée de Seifert en termes de
sa représentation d’holonomie.

Dedicated to Professor Ha Huy Vui on the occasion of his sixtieth birthday.

1. Introduction

In [3], Burns and Epstein define a global, biholomorphic, R-valued in-
variant p of a compact, strictly pseudoconvex 3-dimensional CR, 3-manifold
M whose holomorphic tangent bundle is trivial. As the Burns-Epstein in-
variant is defined through the transgression form, it depends on the Cartan
connection of the CR structure in a delicate way. Therefore it is not easy
to compute the Burns-Epstein invariant for a general CR 3-manifold. In
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776 Khoi The VU

Burns-Epstein’s work [3], they compute the Burns-Epstein invariant for
tangent circle bundles over Riemann surfaces and Reinhardt domains in
C2. In [4], Burns and Epstein raise the following question: ”An interesting
question is left open here about the relationship of these invariants to the
Kéhler geometry of the interior manifold, and the behavior of developing
maps for CR manifolds which are locally CR equivalent to the standard
sphere”.

This paper is an attempt to answer the second part of this question.
Namely, we show that for a spherical CR homology sphere, the Burns-
Epstein invariant, modulo an integer, is basically a "topological” invariant.
More precisely, it coincides with minus the Chern-Simons invariant of the
holonomy representation. The main result of our is the development of a
cut-and-paste method, inspired from the works of P. Kirk and E. Klassen in
gauge theory (see [15, 16]), to compute the Burns-Epstein invariant, modulo
an integer, of spherical CR homology spheres. We first define the normal
form of a flat connection near the torus boundary. Next, we prove a result
(Theorem 5.1) that expresses the change of the Chern-Simons invariant of a
path of normal form flat connections on a manifold with boundary in terms
of the boundary holonomy. To compute the Chern-Simons invariant on a
closed manifold M, we decompose it as an union of manifolds with torus
boundary. On each manifold with boundary, we try to connect our original
connection to a connection whose Chern-Simons invariant is already known
and then use Theorem 5.1 to compute its Chern-Simons invariant. This
method has been applied successfully to find the Chern-Simons invariant
of representations into SU(2),SL(2,C),SU(n) (see [15, 16, 17]) and the
Godbillon-Vey invariant of foliations [13].

The rest of this paper is organized as follows. In the next section, we
recall some preliminaries about the universal covering group of U(2,1) and
the Burns-Epstein invariant of a CR 3-manifold. In section 3, we show
that, up to an integer, the Burns-Epstein invariant of a spherical CR ho-
mology sphere equals minus the Chern-Simons invariant of its holonomy
representation. Section 4 contains technical results that allow us to define
a normal form of a flat connection on a manifold with boundary. In section
5, We prove Theorem 5.1 that expresses the change of the Chern-Simons
invariant of a path of flat connections in terms of the boundary holonomy.
This theorem are our tool to compute the Chern-Simons invariant in sec-
tion 6. There, we give an explicit formula for the Chern-Simons invariant
of a Seifert fibered homology sphere. As an illustration, we carry out an
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explicit computation of the Burns-Epstein invariants, modulo an integer,
of the homology sphere (2,3, 11).

2. Preliminaries

We first introduce some notations. We denote by diag(a,b,c) a 3 x 3
diagonal matrix whose main diagonal is (a, b, c). For a matrix A, we will
use the notation A" to denote its complex conjugate. Next, we recall the
definition of the unitary group U(2,1). Let’s define

U(2, 1) = {A = (aij)i,jzlw’3| a;; € C, JATJ = A_l},

where J = diag(1,1,—1). Note that U(2,1) acts on the open unit ball in
C?, a model for the complex hyperbolic space Hg, by
112 + a12W + A13 G212 + G22W + A23
a312 + azow + azz’ az1z + azw + asz’
This action is transitive and the stabilizer of the origin is isomorphic to
U(2) x U(1). It follows that the fundamental group of U(2, 1) is isomorphic
to Z & Z.

In the following, we will construct the universal covering group G of
U(2,1). Let’s define
G = {(A,61,02) € U2,1) x R xR | 6, = arg(det(A)) mod 2,6y =
arg(ass) mod 27}.

Since A € U(2,1), we find that |az1|? + |as2|> — |ags|? = —1. Therefore
ass # 0, and the definition makes sense.

Let A = (ai;) and B = (b;;) be two matrices lying in U(2,1). The
multiplication on G is defined by

(z,w) — (

asz1b13 + asabas

(A,01,02)(B, ¢1,02) = (AB, 01 + ¢1,02 + ¢ + arg(1 + )

azzbss

Here, arg is the principal argument which takes value in (—, 7).
Note that |as1b134asebos|* < (Jas1[*+|as2|?)(|bis]|?+|b2s|?) < |ass|?|bss|?.

So we get:

az1b13 + azzbaz

< 1.
| as3bss |
It follows that in our formula arg(1 + %) €(-5,5)

Using the same argument as in [10], we see that the multiplication is
well-defined and that G is indeed a covering group of U(2,1). To check
that G is simply connected, we consider its action on the open unit ball
in C? through the action of the first component A € U(2,1). It is not
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778 Khoi The VU

hard to see that the action is transitive and the stabilizer of the origin is
homeomorphic to SU(2) x R x R. This implies that, homotopically, G is
the same as SU(2) therefore it is simply connected. We will also identify
the Lie algebra of G with u(2,1)— the Lie algebra of U(2,1).

Elements of U(2,1) can be divided into 3 types according to their action
on the complex hyperbolic space HZ (see [5]). Namely, a matrix is called
elliptic if it has a fixed point in H. It is called parabolic if it has a unique
fixed point in F% and this lies on OHE. And finally, a matrix is called
lozodromic if it has exactly two fixed points in HZ which lie on 9HZ. We
will call an element of the universal covering group G elliptic, parabolic
or loxodromic if its image under the projection map G — U(2,1) is of the
corresponding type.

Let M be a smooth, compact, oriented 3-manifold. A contact structure
on M is an oriented 2-plane field V = ker «, where « is an 1-form such
that a A da is nowhere zero. A strictly pseudoconvex CR structure on M
is a contact structure V together with a complex structure J on V. Let
V ® C = v @ v, where v,v are the i and —i eigenspaces of J respectively.
We call v the holomorphic tangent bundle of the CR manifold M.

A CR structure, which is locally isomorphic to the standard CR structure
on the unit sphere S3 C C?2, is called a spherical CR structure. A spherical
CR structure is determined by a pair (D, p), where D : M — S3 is a local
isomorphism and p : j(M) — PU(2,1) is the holonomy representation such
that D oy = p(vy) o D, for all v € j(M). See [8] for more details about
spherical CR structures.

We now briefly recall the definition of the Burns-Epstein invariant. The
reader is referred to [3] for more details. Let (M,V,J) be a CR 3-manifold
with trivial holomorphic tangent bundle and 7y : Y — M be its CR
structure bundle. We denote by 7w the Cartan connection form, that is an
s5u(2,1)-valued 1-form on Y. Let II = dm + m A 7 be its curvature form.
Consider the following 3-form on Y :

1 1
TCy(7) := TT(7T/\H+§7T/\7T/\7T).

812
The main theorem of Burns-Epstein [3] says that there exists a 3-form
TCy(w) on M, which is defined up to an exact form, such that
7% (TCy(mr)) = TCy(m). Moreover, the value of the integral S TCy(m)
is a biholomorphic invariant of the CR structure on M. For a given CR

3-manifold (M, V, J), this value is simply denoted by p(M) and called the
Burns-Epstein invariant of M.
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Since the Burns-Epstein invariant is only defined when the holomorphic
tangent bundle is trivial, for simplicity, we will restrict ourself to the case
of homology spheres so that this condition is automatically fulfilled. With
some modifications, the reader may extend our results here to the relative
version of the Burns-Epstein on a general 3-manifold as defined in [6].

3. The relation between Burns-Epstein invariant and
Chern-Simons invariant

Next, we recall the definition of the Chern-Simons invariant of a flat
connection associated to a representation. The reader is referred to [7] for
general facts about the Chern-Simons invariant. For technical reasons, we
will work with the universal covering group G.

Let p : (M) — G be a representation of the fundamental group of M.
Consider the flat G-bundle E, := M X, G associated to p. Let A be the
connection form of the flat connection on F,, then the Chern-Simons form
of A is defined by

CS(A) = 8%%@1 NdA + gA AAAA).

As we have shown that homotopically G is the same as SU(2), standard
obstruction theory implies that E, is a trivial bundle. The Chern-Simons
invariant of p is defined by

cs(p) == /M s*(CS(A)) mod Z,

where s is a section of E,. It is not hard to see that the Chern-Simons
invariant is well-defined. The reason is that the difference between two
sections is, homologically, a multiple of the fiber. Moreover, the Chern-
Simons form, when restricted to the fiber, is the generator of H3(G;Z) = Z.

We can also define the Chern-Simons invariant for a representation p into
the groups U(2,1),SU(2,1) or PU(2,1) in the same manner as long as the
associated bundle F, is trivial. However we will get nothing new, since in
these cases we can lift p to a representation g into G and cs(p) = ¢s(p). The
equality of the Chern-Simons invariant of p and p follows from two facts.
The first one is that the connection form A is induced from the pullback of
the Maurer-Cartan form by the projection map M x G — G. The second
fact is that the Maurer-Cartan forms are preserved under pullback by the
covering maps of Lie groups.

Next, we show that the Burns-Epstein invariant of a spherical CR struc-
ture, modulo an integer, coincides with minus the Chern-Simons invariant
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780 Khoi The VU

of the holonomy representation. So the Burns-Epstein invariant, modulo
an integer, only depends on the holonomy representation.

PROPOSITION 3.1. — Let (M,V,J) be a spherical CR homology sphere
whose holonomy representation is p : J(M) — PU(2,1) then

w(M) = —cs(p) mod Z.

Proof. — Let D : M — S° be the developing map for the CR structure
on M and D be the induced map on the CR structure bundles. We denote
by Yy; and Ygs the CR structure bundles over M and S? respectively.

Consider the commutative diagram below
Y~ e

UV 7TS3

M — §?

Let A be the Cartan connection form on Ygs. By the naturality of Cartan
connections, we find that D*(A) is the Cartan connection form on Yy
which is denoted by 7. As M is a homology sphere, the CR structure bundle
over M is trivial. So, there exists an equivariant section s : M — Yy
The equivariant 3-form s*(TCy(D*(A))) on M will descend to the 3-form
TCy(m) on M.

As the curvature II = d# + # A @ = 0, we deduce that d7 = —7 A 7.
Therefore, we obtain:

1 -1 1 2
The reader may have noticed that the form in the last equality above is
nothing but minus the Chern-Simons form associated to 7. This gives us

the following:
(3.1) 5*(TCo(D*(4))) = 5" (—CS(D*(A)) = —CS((D o 5)*(4)).

On the other hand, Ygs can be identified with the Lie group SU(2,1) (see
[11]). Moreover, the Cartan connection A on Yg: is identified with the
Maurer-Cartan form on SU(2,1).

Consider the equivariant map Do s : M — Ygs = SU(2,1). Under the
above identification, it can be regarded as a section of the principal bundle
E, = M x,SU(2,1) over M. Therefore (Dos)*(A) is an equivariant 1-form
on M that descends to the flat connection form on M. For simplicity, we
still use (D o s)*(A) to denote the flat connection form on M.

ANNALES DE L’INSTITUT FOURIER



ON THE BURNS-EPSTEIN INVARIANTS 781

y (3.1) and the above reasoning, we deduce that

w(M) = /M TCo(m) = /M —CS((Dos)*(A) = —cs(p) mod Z.
]

Remark 3.2. — 1In the proof of Proposition 3.1 we use the hypothesis
that M is a homology sphere only to get the triviality of the CR structure
bundle. So this proposition is true anytime the CR structure bundle is
trivial.

According to [11], over the standard 3-sphere, the form T'C5(A) coincides
with —ﬁdVol , where dV ol is the volume form on the unit 3-sphere. So it
follows from the proof above that

u(M) = /M 5 (TCo(D*(4))) = /M<D 0 5)*(TCa(A))
E/ (Dos)*(mgs)* (——dVol =— / D*(dVol).
M

So we deduce that if x : M — S? is any equivariant map, regarded as a
section of the associated bundle M X, S3, then

w(M) = —/M (ﬁdVol) mod Z.
The reason is that two sections D and k are homologically differed by a
multiple of the fiber S® and the integral of the form ﬁdVol over the unit
3-sphere is 1. We get the following corollary:

COROLLARY 3.3. — Let M be a spherical CR homology sphere. Suppose
that the holonomy representation p : jJ(M) — PU(2,1) is reducible then
w(M)=0 mod Z.

Proof. — As the holonomy representation p is reducible, we can find a
common fixed point * € S3 for all elements in its image. So we can take
the constant map as a section of the associated bundle M x P S3 and the
corollary follows. O

4. Normal forms of flat connections near the boundary
torus
On a manifold with boundary, the integral of the pullback of the Chern-

Simons form may depend on the way we choose the section s. To be able to
define the Chern-Simons invariant on the manifold with boundary we will

TOME 61 (2011), FASCICULE 2



782 Khoi The VU

firstly define explicit normal forms of flat connections near the boundary.
We then show that every flat connection can be gauge transformed into
a normal form. This will be done by finding an explicit form, near the
boundary, of the developing map associated to the flat connection.

Let X be a 3-manifold whose boundary 0X is a torus 7. We fix a pair
of meridian and longitude p, A on T. Choose a coordinate (e2™, e2™¥) on
T such that the corresponding map:

R — T
(z,y) > (777, e¥)

sends the horizontal line to p and the vertical line . Let T' x [0, 1] be the
collar neighborhood of T in X. Suppose that {dxz,dy,dr} is an oriented
basis of 1-forms on X near T. Here r is the coordinate on [0, 1] such that
T x {1} = 9X and we orient T by the "outward normal last" convention.

Let A be a flat connection form on a principal G-bundle over X with the
holonomy p. As the bundle is trivial, we could regard A as an u(2, 1)-valued
1-form on X. Recall that the developing map of A is a map Dy : X — G
such that Da(a o) = p(a) o D(Z) for all a € 3(X) and & € X.

We will follow the scheme in [13] and define the normal form for a flat
connection on X by dividing into several cases according to the type of the
boundary holonomy.

(I) Elliptic: suppose that the boundary holonomies p(r) and p(A) are ellip-
tic. By conjugation we may assume that

p(p) = (A, 27(cn + o +a3), 2maz) and p(\) = (B, 27(f1 + B2+ f3), 27 33).

Where «y, 3; are real numbers and A, B are respectively the following ma-
trices:

e27ria1 0 0 627Tiﬁ1 0 0
0 627Tia2 0 ) 0 e27riﬂ2 0
0 0  e?ries 0 0  e2mibs

We can see that, near the boundary, the developing map D : R?x [0, 1] —
G is given by

D(z,y,r) = (M, 2m(a12 + cox + azz + fry + Pay + B3y), 2w (asx + B3y)).

Where M is the following matrix:

627Ti(a11:+51y) 0 0
0 627r7,'(a2:r+52y) 0
0 0 62wi(a3x+ﬁ3y)

ANNALES DE L’INSTITUT FOURIER



ON THE BURNS-EPSTEIN INVARIANTS 783

It follows that near 0X = T, we can gauge transform the flat connection
A to the form

2mi(odx + B1dy) 0 0
D7 dD = 0 2mi(apd + Pady) 0
0 0 2mi(azdx + B3dy)

(IT) Loxodromy: it follows from [5, Lemma 3.2.2] that in this case the
boundary holonomy can be conjugated to the form

p(p) = (A, 2701 4+ 4702, 2705) and p(N\) = (B, 271 + 4772, 277T2).

Where 6;, 7;, u, v in the formula are real numbers and A, B are respectively
the following matrices:

62772'91 0 0 62771'7'1 0 0
0 €2m92 cogh . e2™%2 ginhy | | 0 e2™72 coshv €22 sinh v
0 2% ginh . 292 coshu 0 e?™m2 ginhv 2™ cosh v

The developing map, near the boundary, is given by
D(z,y,r) = (M,2n(b1z + 11y) + 4n(b2z + T2y), 27 (022 + T2y)).

Where M is the matrix

e2m’(01x+ﬁy) 0 0
0 e2mi(O22+72y) COSh(UZ‘ + vy) e2mi(022+72y) Sinh(um + 'Uy)
0 2mi(B27+m2Y) ginh (uz + vy) €2 4729) cosh(uz + vy)

So, near the boundary, the connection has the form

2mi(01dx + T dy) 0 0
D7 YdD = 0 2mi(O2dx + Tody) udx + vdy
0 udz + vdy 27i(O2dz + T2dy)

(IIT) Parabolic: according to [5, Thm. 3.4.1], a parabolic element g € U(2,1)
has a unique decomposition g = pe = ep, where p is unipotent and e is
elliptic. Furthermore, parabolic elements of U(2, 1) can be divided into two
types according to whether the minimal polynomial of the unipotent part
pis (z—1)% or (x —1)2.

If the minimal polynomial of p is (x — 1) then g can be conjugated to the

1-5 a s
foorm | —a 1 a | €™ with R(s) = % Note that using a further
-s a l1+s

conjugation by an appropriate diagonal matrix, we may assume that a is

real.
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784 Khoi The VU

In case g has the unipotent part p with the minimal polynomial (x —1)2,
it can be conjugated to the following form:

e27ri91 (1 _ Zp) 0 Z'pe27ri91
0 627ri02 0
_,L'p€27ri91 0 627ri91 (1 + ’Lp)

So we consider two cases.
Case 1: by conjugation, we may assume that

p(p) = (A, 6ma, arctan( ) + 27a),

_r
1+a2/2

lfgfip a %2+ip
where A = —a 1 a e
2

2 _ip a4 1+% +ip

2mic

As p(A) is of the same type and commutes with p(u), it is not hard to check
that p(A) must have the following form:

p(A) = (B, 6mf3, arctan( + 2m0).

1)
1+02%/2
Here the matrix B has a similar form:

2 . 2 i
1- % —iq b % +1iq _
B = - 1 b 627rzﬁ'
2 g b 1+ Y% +ig
Note that all the parameters a, b, p, g, o, 5 are real numbers.
We then can choose the developing map to be

pT +qy

D(w,y,r) = (M, 6r(az + fy), arctan(3=— 7= v

)+ 27 (ax + By)),

1_ (am—;by)2 _ (CLJ? + by) (az—;by)2 +
i(pr + qy) i(pz + qy)

where M = —((IZU + by) 1 (CLZC 4 by) e27ri(aa:+6y).

_ (a‘mgby)2 (CL:C + by) 1 + (amzby)Q +
—i(pr + qy) i(pr + qy)
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ON THE BURNS-EPSTEIN INVARIANTS 785

By straightforward computations, we deduce that, near the boundary, the
connection form D~'dD is the following:

—i(pdz + qdy) (adx 4 bdy) i(pdx + qdy)
2mi(adx + Bdy)

—(adz +bdy) 2mi(adz + Bdy) (adz + bdy)

—i(pdz + qdy) (adx + bdy) i(pdx + qdy)+
2mi(adx + pdy)

Case 2: after conjugation, we may assume that

p(k) = (A, 470, + 2705, 2761 + arctan(p))

and p(\) = (B, 4nm + 277, 2mm + arctan(q)).

Where the parameters 6;, 7;, p, ¢ are real numbers and

e2™0 (1 — ip) 0 ipe2mit
A= 0 e?mif 0 :
_ipe2mits 0 €201 (1 + ip)
e2m (1 — iq) 0 iqe?™im
B= 0 e2mima 0
—ige?™in 0 2™ (1 + iq)

So the developing map is of the form
D(z,y,7)

= (M, 47 (012 + 11y) + 27 (022 + T2y), 2w (012 + T1y) + arctan(pz + qy)).
Where M is the following matrix:

627ri(01$+7'1y)_ 0

z(px + qy)BQﬂi(911+‘r1y)
Z(pI + qy)€2ﬂ'i(01x+‘rly)
0 627r72(021+7'2y) 0

7@(])17 + qy)627ri(01x+7'1y) 0 e27r72(91:c+7'1y)+
z(px + qy)e27ri(91:n+'rly)

TOME 61 (2011), FASCICULE 2
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After some lengthy computations, we find the connection form D~1dD to
be

2mi(01dz + T dy)— 0 i(pdx + qdy)
i(pdx + qdy)
0 2mi(O2dz + T2dy) 0
—i(pdz + qdy) 0 2mi(6hdx + T dy)+
i(pdz + qdy)
DEFINITION 4.1. — We say that a flat G-connection form on a manifold

with torus boundary X is in normal form if, near the boundary, it has one
of the forms as in the cases (I), (II) and (III) above.

Note that one connection may have different normal forms as we can add
integers to the exponential parameters in the holonomy matrices without
changing the matrices themselves.

For the computation of the Burns-Epstein invariant, we need to bring
connections to the normal forms. The following proposition shows that we
can always do so.

PROPOSITION 4.2. — a) Let A be a flat connection form on X. Then
there exists a gauge transformation that brings A into a normal form.
b) Let A; be a path of flat connection 1-forms on X. Then there exists a
path of gauge transformations g; such that g; - A; is in normal form for
all t.

Proof. — We have shown above that, near the torus boundary, we can
always gauge transform the flat connection into a normal form. By using
standard obstruction theory argument as in [16, Prop. 2.3], we can extend

the gauge transformation to all of X and therefore prove the proposition.
O

The next lemma tells us that the integral of the Chern-Simons form
of a normal form flat connection on a manifold with boundary is gauge
invariant.

LEMMA 4.3. — Let A and B be two normal form flat connections on a
manifold with torus boundary X. Suppose that:

e A and B are gauge equivalent.
e A and B are in normal form and equal near the boundary.

Then we get the equality [, CS(A) = [, CS(B) mod Z.

ANNALES DE L’INSTITUT FOURIER
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Proof. — The proof is similar to the one of [16, Thm. 2.4], so we will
leave it to the reader as an exercise. O

By Lemma 4.3, we may define the Chern-Simons invariant of a normal
form flat connection A as follows:

cs(A) ::/XCS(A) mod Z.

5. Variations of the Chern-Simons invariant

In this section, we will prove the main technical tool for computing the
Chern-Simons invariant. Our result is a formula that expresses the change
of the Chern-Simons invariant of a path of normal form flat connections in
terms of the boundary holonomy.

THEOREM 5.1. — Let A; be a path of normal form flat connections
on a manifold with torus boundary X. Suppose that p; : }(X) — G is
the corresponding path of holonomy representations. In the following, we
consider several cases.

(I) Elliptic: let p;(1) and p:(X) be elliptic elements. Suppose that, near the
boundary, A; has the form

2mi(aq (t)dx + f1(t)dy) 0 0
( 0 2mi(ag(t)dr + Ba(t)dy) 0 ) :
0 0 2mi(as(t)dx + B3(t)dy)

Then

1t i s s
cstin) —es(ido) = 5 [ (@1~ ) + (aafla— ) + (o iyl
0
(II) Loxodromy: let py(1) and py(X) be loxodromy elements. Suppose that,
near the boundary, A; has the form

2mi(01(t)dz + 1 (t)dy) 0 0
0 2mi(02(t)dx + 2 (t)dy) u(t)dz + v(t)dy
0 u(t)dz + v(t)dy 2mi(02(t)dx + T2(t)dy)
Then

1t -
cs(Aq) — cs(Ag) = 5/ (0171 — O171)dt
0

1 . 1 1
+ / (027'.2 — 027’2)dt + 3 / (iLU — U’U)dt
0 4m? Jo

(III) Parabolic:
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Case 1: let pi(p) and pt(\) be parabolic elements whose unipotent parts
have minimal polynomial (x — 1)3. Suppose that, near the boundary, A;
has the form

—i(p(t)dx + q(t)dy)+ a(t)dz + b(t)dy i(p(t)dz + q(t)dy)
2mi(a(t)dz + B(t)dy)

—(a(t)dz + b(t)dy)  2mi(a(t)dx + B(t)dy) a(t)dz + b(t)dy

—i(p(t)dx + q(t)dy) a(t)dz + b(t)dy i(p(t)dx + q(t)dy)+
2mi(a(t)dx + B(t)dy)

Then )

cs(Ar) —es(Ap) = g/o (a3 — af)dt.

Case 2: let pi(p) and pi(X) be parabolic elements whose unipotent parts
have minimal polynomial (z — 1)2. Suppose that, near the boundary, A;
has the form

2mi (01 (t)dx + 1 (t)dy)— 0 i(p(t)dz + q(t)dy)
i(p(t)dz + q(t)dy)
0 2mifs(t)dz+ 0
2miTo(t)dy
—i(p(t)dz + q(t)dy) 0 2mi(01(t)dx + 71 (t)dy)+
i(p(t)dz + q(t)dy)
Then

1 ) 1 _
cs(Ay) —es(Ap) = / (0171 — O171)dt + 5/ (0272 — Bao)dt.
0 0

Proof. — Consider the path A; as a connection form on X x [0, 1], then
it is a flat connection, that is F4* A FAt = 0. by Stokes’ Theorem

/CS(Al)—/ CS(AO)—/ CS(At):/ tr(FA AFAY) = 0.
X X OX x[0,1] X x[0,1]

So
1 2
cs(Ar) —es(Ag) = / —Qtr(At ANdAy + A N A AN Ay).
axx[0,1 8T 3
We now use this formula and the normal form of the connections to compute
the changes of Chern-Simons invariant in each case.
(I) Elliptic: in this case tr(A; AdA; + %At NAL A Ay) = 4n? [(alﬂl —a1f1)+
(agﬂg — dafle) + (aggg — dzf3)]dx A dy A dt. So the result follows.
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(IT) Loxodromy: after some computation, we find that
tr(Ay NdA; + A, N Ap N Ay) = An? (017 — O171)de A dy A dit+
872(0a7y — Oama)da A dy A dt + 2(iw — uo)dz A dy A dt.
So we deduce the required formula.

(III) Parabolic:

Case 1: straightforward computations show that

tr(Ag NdA; + %At NAL AN Ay = 127T2(aB —af)dz A dy A dt.

So the change in the Chern-Simons invariant is given by the stated formula.
Case 2: in this case, we find that

tr(Ay ANdA; + %At A Ay N Ap) = 8m2 (017 — 917’1)d1‘ Ady N dt+

47’('2(92’7"2 - 92T2)d$ AN dy A dt.

So the formula follows. O

In the last part of this section, we will study the difference between
the Chern-Simons invariant of two different normal form connections in
the elliptic case. This result will be used in the computation of the next
section. Our result is similar to Theorem 2.5 of [16].

Consider a manifold with torus boundary X. Let A be a normal form
flat connection that has the following form near the boundary 0.X:

2mi(andx + B1dy) 0 0
0 2mi(aedr + Ba2dy) 0
0 0 2mi(asdz + B3dy)

We define h : S* — G by h(e?™) = (diag(e*™? =2 1),0,0). It is not
hard to see that h is a nullhomotopic map into G. So we may find a path
ht : ST = G, 0 <t <1, such that:

e h; is constant when t is near 0 or ¢ is near 1.

e hp=1€ G and hy; = h.
Next we use the map h; above to define two gauge transformations on
X as follows. Recall that we denote by T x [0,1], with the coordinate

(e2™i@ 2™ ) a collar neighborhood of X in X such that T'x {1} = 90X
Let g5, 9y : T x [0,1] = G be maps that are defined by

gz(e27riac7 e27riy’ 7‘) _ hr(e%rix) and gy(627riac7 627Tiy,’l“) _ hr(e27riy).

Note that we can extend g, and g, to be identical to 1 € G outside the
collar neighborhood.

It is not hard to check that g, - A and g, - A are also in normal form. In
fact, near X, we have

TOME 61 (2011), FASCICULE 2



790 Khoi The VU
2mi(on + 1)da+ 0 0
2mif1dy
ge - A= 0 2mi(agy — 1)dz+ 0 and
2mifady
0 0 2mi(azdr + Bady)
2micadx+ 0 0
2mi(B1 + 1)dy
Gy A= 0 2micqodx+ 0
2mi(B; — 1)dy
0 0 2mi(agdx + Bady)
We now state the following theorem:
THEOREM 5.2. — Let A and B be two gauge equivalent normal form
flat connections on X. Suppose that
2mi(ondz + S1dy) 0 0
A= 0 2mi(aadx + B2dy) 0 and
0 0 2mi(agdx + PBsdy)
2mi(ay + m)dz+ 0 0
2mi(B1 + n)dy
B = 0 2mi(ag — m)dz+ 0
2mi(Be — n)dy
0 0 2mi(azdx + B3dy)

near the boundary 0X, for some integers m and n. Then
cs(B) —es(A) =m(B1 — B2)/2 — n(a; — a2)/2 mod Z.

Proof. — By Lemma 4.3, if g is a gauge transformation such that g- A =
B near 0X then cs(g-A) = ¢s(B) mod Z. Therefore, it is enough to prove
that cs(gy - A) — cs(A) = (B1 — B2)/2 mod Z and cs(g, - A) — cs(A) =
(042 — al)/2 mod Z.

By Proposition 1.27(e) of [9], the difference between two Chern-Simons
forms CS(g, - A) — CS(A) is equal to

1

1 - - _
32 sz (95 Hdge A g5 M dge A g, dga).

d(Tr(g; " Age A gy tdgy)) — i
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It follows from the definition of g, that %L; = 0. So the last term in this
formula vanishes. By direct computation, we deduce that

cs(gs - A) — es(A) = gkz [ Tr(9; Aga A g3 dgs) = 5 [(B1 — B2)dxdy

= (81— B2)/2.
By using a similar argument, we can show that the formula for g, also
holds. Thus the theorem follows. g

6. Applications

In this section, we will apply our main theorem to find the Chern-Simons
invariant of representations of a Seifert fibered homology sphere. We also
give an explicit example where we find all the Chern-Simons invariants of
the manifold and deduce result about the Burns-Epstein invariant.

Let ¥ = ¥(aq,...,a,) be a Seifert fibered homology sphere, where a; > 1
are pairwise relatively prime integers. We put a := a; - - - a,,. We denote by
R*(X) the space of irreducible representations from j(3) to G.

The fundamental group of ¥ is given by
J(X) = {z1,..., 2,k |his central, 297 h = ... =g pbr =gz, =1},
Here the numbers b; are chosen so that > % =1

Let p be an element of R*(X). Since h is in the center of j(X), p(h) is in
the center of G. As x*h% =1, we deduce that p(z;) is an elliptic element
for all 7. Suppose that the representation p is given by

p(h) = (diag(e*™P0, ™0 ¢2™70) I (py + qo + 7o), 2770) and

p(l’i) ~ (diag(€27rip7‘,7€27riqa 27”?”7) 27T(p1 _'_qz "‘Tz) 27.‘.”)_

Here we use the notation ~ to denote the conjugacy relation in G.
As p(h) is central, we have py = g9 = 19 mod Z. Since p must preserve
the relation x?ihbi =1,¢=1,...,n, we deduce that

(6.1) s; :=a;p; + bipo = —(aiq; + biqo) are integers for alli =1,...,n.

(6.2) a;ri +birg=0foralli=1,....,n
THEOREM 6.1. — The Chern-Simons invariant of p is given by
1 n n
= o (o ().
i=1 i=1

TOME 61 (2011), FASCICULE 2



792 Khoi The VU

Proof. — We write ¥ = X U (—S), where X is the complement of the
n'" exceptional fiber and S is the solid torus neighborhood of the nt"
exceptional fiber. Next, we then find paths of representations on X and S
that connect p to the trivial representation. We then apply Theorem 5.1 to
compute the Chern-Simons invariant on each X and S.

Step 1. Computation on X.

We know that j(X) is obtained from j(X) by eliminating the relation
2% hb». Moreover, X has a natural meridian u = x% h’ and longitude
A=z, 7 he where c = a1 - - An_1 Z;L_l 2—

After conjugation, we may assume that

p(xn) = (diag(e®™Pr, ¥ ™) 21 (py, 4 o 4 Tn), 2770).

Since each conjugacy class in G is connected, we can deform p|x (z;), within
its conjugacy class, to the diagonal form for all i = 1,...,n— 1. This means
that we can find a path of representations p; : 3(X) — G,0 < ¢ < 1, such
that po = plx, pt(h) = p(h) for all ¢ and

p1(xi) = (diag(e®™ P 2™ ™) o (p; + q; +15),27ry), i =1,...,n — 1.
For this path of representations we find that
pe(an) = (diag(e?™ WD 2T 270 97 (p(t) + q(t) 4 r(t)), 277 (t)).
Where p(t), q(t), r(t) are functions with the following properties:
* p(0) = pn, q(0) = gn, 7(0) = 7y
o p(1) = =7 pa() = = X7 r() = - X7
Therefore, we get
pu) = (M), 27 (p(t) + q(t) + 7(8)) + 2mba(po + o + 7o), 27anr (t) + 2mbar),
where M (t) = diag(e%i(“np(t)+bn1’0), 2mi(ana(t)+bngo) e2wi(anr(t)+bnr0))'
And pi(A) = (N(t), =2may - an—1(p(t) + q(t) + 7(t)) + 2mc(po + qo + ro),
—27ay - -+ ap_17r(t) + 2mwerg), where
N(t) = diag(e%ﬂl(f(ll~-au,L71P(f/)+cpo)76271'1?(7(11~~an71q(f,)+cqo)7827711(7(11>--a,,L717’(t)+(:ro)).

So, by Proposition 4.2, we can find a path of normal form u(2,1)—valued
flat connections on X that is given near X by

Ay = diag(2mi((anp(t)+bpo)dz-+(—ar -~ an_1p(t)+cpo)dy), 2mi((ang(t) +
bngo)dx + (—ay -+ - an—1q(t) + cqo)dy), 2mi((anr(t) + bnro)da+
(—ay - an_17(t) + cro)dy)).
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We now use Theorem 5.1 to compute the difference of Chern-Simons in-
variants:

1

cs(Ar) = es(Ao) = —3 /0 (anc+ay---an_1b,)(Pop(t) + qoq(t)) + ror(t))dt

= =3 e+ ax b)) pop(t) + q0a(t) + ror ()]

So we arrive at the following:

1, = "
(6.3) cs(Ao) = cs(Ar) — 5(170 gpi + 4o Zlfh + 70 2:17%)

Now, by using (6.1) and (6.2), we can write

n—1
Ay = diag(2mi(—an Zpl + bppo)dx + 2mwi(ay -+ - ap—1 Z )dy, 2mi(—ay, Z G
=1 G 1=1
n—1
+ bpqo)dr — 2mi(ay « - - ap—1 Z dy, 2mi(an, Z r; 4+ bpro)dz).
=1

Let A} be a normal form flat connectlon on X which is gauge equiva-
lent to A;. Moreover, we assume that A} has the following form near the
boundary 0X :

All = diag(Qﬂ'i(_an Z?:_ll pi + anO)dl‘ 271'i( Qp Z:L_ll qi + ban)dm,
2mi(—an ZZ 1 75 + bpro)dx).
Since a1 ---an_1 Z 1 | o+ is an integer, by using Theorem 5.2, we find
that

(6.4)  cs(Ar) = es(4}) — . 1221 aanl

i=1 i=1
n—1

bnpo + an Z qi — anO)'
=1

As the holonomy representation pj of the connection A is abelian, it
factors through the projection map j(X) — Hy(X) = Z. We find that
p1(A) equals to 1 and p)(u) equals to

(diag(ezm.(fa" Z::ll pi+bnp0)7 o2mi(—an Z:L:_ll qi+bnqo)7 p2mi(—an Z?:_ll erbnro))7

n—1 n—1
—27ay, z:(joZ +qi +1i) + 27b, (po + qo + 10), —2may, Z i 4 bnro).
i=1 i=1

So we can deform p) to the trivial representation. We now get a path of
flat connections A} linking A/ to the trivial connection whose Chern-Simons
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invariant is obviously zero. Applying Theorem 5.1 to the path

n—1 n—1
A} = diag(2tmi(—an Y pi + bupo)da, 2tmi(—an Y _ gi + bugo)dz,
i=1 =1

2tmi(—an El 1 T +bpro)dx), 0 <t <1,
we find that c¢s(A}) = 0. Now combining this with (6.3) and (6.4), we get

%(po Z?:l Pi+ 40> iy ¢ + 7o Z?:1 7).
Using (6.1), we can rewrite this identity as follows:

(6.5) es(Ao) 7ﬂa i‘;— ZpiJquiJrQZ—n)—
i=1 i=1 i=1 n

%(po Z?:1 Pi + qo Z?:l qi + 70 Z?:l ;).
Step 2. Computation on the solid torus.
We denote the connection form corresponding to p|s by By. Near the
boundary 0X, By coincides with Ag and is given by

BO = diag(27”'((anpn + bnpO)dx + (_al crp—1Pn + CpO)dy>)ﬂ 27(7;((0‘71(]774'*'

bngo)dx + (—a1 -+ - @p_1qn + ¢cqo0)dy)), 2mi(—ay - - Ap_17y + cro)dy).
Let B; be a normal form flat connection on S which is gauge equivalent
to Bg. Moreover, we assume that
= diag(2mi(—ay -+ ap_1Pn + cpo)dy, 2mi(—ay - - Ap_1qn+
cqo)dy, 2mi(—ay - - - ap—17y + crg)dy) near the boundary 0X.
By (6.1), the numbers a,p, + bppo = s, and anq, + brgo = —s, are
integers. So by applying Theorem 5.2, we find that

cs(Bo) = ¢s(B1) + ssp(—a1 -+ Gn_1Pn + €Po + a1 -+ Gn—1qn — €Qo)-

2
Note that B; is a connection form that corresponds to an abelian repre-
sentation. Moreover, B; contains the dy terms only. Carrying out a similar
computation as we did for the connection A} in the previous step, we con-
clude that ¢s(By) = 0. Therefore we can write

nl

(Bo)*%a pn+poz +qn*qoz
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Moreover, from (6.1) we deduce that

n—1 n—1 n—1
b; Si
pOE = - - E i
Q; Q;
=1 =1 =1

and

n—1 ) n—1
- _ Si _ )
nSl--Sa S
=1 i=1
So we arrive at the followmg:

(66) (BO = *CL* sz + ZQz +2 Z

Now as ¥ = X U (—S5), we see that cs(p) = cs(Ag) — ¢s(By). Note that
the term a2= 7" 11 2 which appears in (6.5) and (6.6), is an integer and
therefore can be ignored. So we obtain the formula

zplz ay

_§(p0 Z?:l Pi + qo Z?:l qi + 70 Z?:l ri).
It follows from (6.1) and (6.2) that

n .
%ZmeLf Zqz—fandro——azrz

So, finally, we arrive at the needed formula:

es(p) = 5 ((Zm? OIS >> -

O

We can use the above theorem to find all the possible values of the Chern-
Simons invariants if we know the representation space R*(X). For a general
manifold, this space is hard to describe in details. Fortunately, for the
case of Seifert fibered homology spheres with three singular fibers, the
representation spaces have been studied in [14]. So we are able to find all

the possible values of the Chern-Simons invariants.
As an illustration, we present an example of the homology sphere
3(2,3,11). Tts fundamental group has the following presentation:

1(3(2,3,11)) = (x1, x2, z3, h| h central, 22h 7 = 23h = 23 h? = ziaaxs = 1).

By the computation in [14], we know that X(2,3,11) has five distinct irre-
ducible representations into PU(2, 1). For homological reason, each PU(2,1)
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representation has a unique lift to a representation into the universal cov-
ering group G. By further computations, we obtain the following list of
representations into G.
1) p(z1) ~ (diag(1,—1,—1),0, —7), p(x2) ~ (diag(1,e*™/3,e*>7i/3),0, %’r),
p(xz) ~ (diag(eu”/n,66”/11,64“/11) 0, %) p(h) ~ (1,0, —2m).
2) p(xl) ~ (diag(lv —1,-1),0,7), p(x2) ~ (diag(e 2m/37 1, e4m’/3)’ ) _2?#))7
p(acg) ~ —1273/11 ,—6mi/11 67471'1'/11) , 4;717) p(h) ~ (1,07270.
) 0, 27() p([L‘z) ~ (dzag(l 64771/3762‘”/3)) 7_4?77)%
plas) ~ <dmg<e-4“/“ e~ 107i/1 =811 0 _85)  p(h) (1,0, 4).
diag(_lv ) ) (%2) ~ (dza9(62m/37 1, 647”’/3)’ 0, 4?77))’
dzag( 471'1‘/117 10771/11’ 871'1'/11) 0, %) p(h) ~ (I,O, _471.).
5) p( ) (dzag(— ,—1,1),0,0),p(3€2) (dzag( 2ﬂi/3’e4ﬂi/371)70a0)a
p(x3) ~ (diag(e=?™/11 2™/ 1),0,0), p(h) ~ (I,0,0).
Using Theorem 6.1, we can find the Chern-Simons invariant of these
representations and list them below:

,€

—~

diag(e

IS
S~—
P\R
K
\_/:/
¢ 2
o~

Representation 1 2 3 4 5
cs(p) mod Z é—g % 6—76 % g—g

Therefore, we can deduce that the Burns-Epstein invariant, modulo an
integer, of any spherical CR structure on 3(2,3,11) with irreducible holo-
nomy representation is one of the values above.

Remark 6.2. — Little is known about the problem of classification of
spherical CR structures on 3-manifolds. On Seifert fibered manifolds, the
only work done so far is the classification of the S'-invariant CR structures
by Kamishima and Tsuboi [12]. We do not know any example of a spherical
CR structure on 3(2,3,11) whose holonomy is one of the representations
listed above.

Recently, Biquard and Herzlich [2] introduce an invariant v for strictly
pseudoconvex 3-dimensional CR manifolds. They show that their invari-
ant agrees with three times the Burns-Epstein invariant up to a constant.
Furthermore, by relating the v invariant to a kind of eta invariant, Bi-
quard, Herzlich and Rumin [1] are able to give an explicit formula for the
v invariant of the transverse S'-invariant CR structure on a Seifert fibered
manifold. It would be interesting to work out the relationship between the
v invariant, modulo an integer, and the metric Chern-Simons invariant.
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