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GROUP SCHEMES OVER ARTINIAN RINGS AND
APPLICATIONS

by Ioan BERBEC (*)

ABSTRACT. — Let n be a positive integer and A’ a complete characteristic zero
discrete valuation ring with maximal ideal m, absolute ramification index e < p—1
and perfect residue field k of characteristic p > 2. In this paper we classify smooth
finite dimensional formal p-faithful groups over A, = A’/m™A’  ie. groups on
which the “multiplication by p” morphism is faithfully flat, in particular p-divisible
groups. As applications, we prove that p-divisible groups over k, and the morphisms
between them, lift canonically to A’ /pA’, and we study liftings to characteristic zero
of certain connected p-divisible groups of dimension d and height h over k = k, with
d and h coprime. When e = 1, we classify finite flat group schemes over A’/p? A’ of
p-power order and prove that a finite flat group scheme over A’ /p™ A’ of p-power
order, having flat p*-torsion for every i > 1, lifts to A’.

RESUME. — Soit m un entier positif et A’ un anneau de valuation discréte com-
plet de caractéristique zéro avec idéal maximal m, indice de ramification absolu
e < p—1 et corps résiduel parfait k de caractéristique p > 2. Dans cet article nous
classifions les groupes formels lisses p-fidéles de dimension finie sur A}, = A’ /m™A’,
i.e. les groupes sur lesquels le morphisme “multiplication par p ” est fidélement
plat, en particulier les groupes p-divisibles. Comme application, nous prouvons que
les groupes p-divisibles sur k, et les morphismes entre eux, se relévent canonique-
ment & A’/pA’, et nous étudions les relévements en caractéristique zéro de certains
groupes p-divisibles connexes de dimension d et hauteur h sur k=%, ou d et h
sont étrangers. Quand e = 1, nous classifions les schémas en groupes finis et plats
sur A’/p? A’ d’ordre une puissance de p et nous prouvons que tous les schémas en
groupes finis et plats sur A’/p™ A’ d’ordre une puissance de p, avec pi-torsion plate
pour chaque i > 1, se relévent & A’.

Introduction

Let p > 2 be a prime. Let A’ be a complete characteristic 0 discrete val-
uation ring with absolute ramification index e = e(A’) < p — 1 and perfect

Keywords: Group scheme, p-divisible group, almost canonical lifting.
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residue field of characteristic p. Let m be its maximal ideal, k = A’/m and
n a positive integer. In this paper we classify smooth finite dimensional
(commutative) formal p-faithful groups, i.e. groups on which the “multi-
plication by p” morphism is faithfully flat, in particular p-divisible groups,
over A}, = A’/m"™A’, and use it to derive other classification results and
some applications.

Fontaine classified smooth p-groups over A’, cf. Theorem 1.11 below. We
use his work to achieve the classification of smooth p-groups over A/, cf.
Theorem 2.8. We associate to any such group a so-called smooth Honda
system over Al i.e. linear algebra data constructed from the Dieudonné
module of the special fiber of the group. In general, we can prove that this
correspondence is essentially surjective and full. In order to prove that this
correspondence is also faithful, and thus achieve our classification, we have
to restrict to p-faithful groups. While essential surjectivity follows more or
less easily from Fontaine’s work, fully faithfulness is nontrivial, reflecting
phenomena specific to groups over A/, cf. Lemma 2.10. In the end, we
prove that our classification is compatible with Fontaine’s. More precisely,
we prove that if a p-faithful group I" over A’ is classified, via Fontaine, by the
pair (£, M) then its base change I',, to A/, is classified by (£/m"~1L, M),
cf. Proposition 2.12.

In the case n = e, from the algebraic properties of the Honda system as-
sociated to a p-divisible group over A’ , we deduce the following proposition.
It is implied by Proposition 2.17 and Corollary 2.18.

PROPOSITION. — For every p-divisible group I' over k there exists a
canonical p-divisible group T°®® over Al such that T°*" x Speck =~ T.
Moreover, any morphism f: I' — I between p-divisible groups over k lifts
canonically to a morphism f°": I'®®® — (T)®" of p-divisible groups over
A’ . In particular, any abelian variety (resp. finite group scheme) over k lifts
canonically to an abelian scheme (resp. finite flat group scheme) over A’.

We apply our classification to the study of liftings to characteristic zero
of Manin’s groups Gy 5—q, cf. Remark 4.1, where d < h are coprime and k
is algebraically closed. The group Gg,,—q is a connected p-divisible group
of dimension d and absolute height h over k. All connected p-divisible
groups of height h and dimension 1 are isomorphic to G . In general, all
p-divisible groups of dimension d and height h are isogeneous to Gg p—d,
cf. [13], p. 3. We prove, cf. Theorem 4.4, the following result.

THEOREM 1. — Let d < h be two coprime positive integers, let k be an
algebraically closed field of characteristic p, let O be the ring of integers in
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GROUPS OVER ARTINIAN RINGS 2373

a degree h extension K of Q,, with absolute ramification index e < p — 1,
and let A’ be the ring of integers in a degree e, totally ramified extension
of the fraction field of the Witt ring W (k), which contains the maximal
unramified extension of O.

There exists a p-divisible group I over A’ such that I’ x Speck ~ Gy p—q
and End a/_g (I') = O if and only if h > ed. In this case:

(i) There are exactly e? /g isomorphism classes of such I'’s, where g is the
number of automorphisms of K which fix its maximal unramified subex-
tension.

(ii) For every such ' and every n > 1
EndAﬁl—gr(rAﬁl) =0+ L Endk—gr(rk)

where I' o, (resp. I'y) is the base change to A;, (resp. k) of I and 7 is a
uniformizer of O.

We refer the reader to Section 4 for details concerning this result. This
Theorem, via Honda systems, becomes a beautiful, yet nontrivial, exercise
in semilinear algebra. Over bases with low ramification, Part (i) of the
Theorem generalizes to arbitrary dimension results of Lubin, [10], Theo-
rem 4.3.2, and Part (ii) generalizes results of Gross, [6], §3, and Yu, [15],
Section 14.

Another application of our classification of p-divisible groups over A/,
is the study of finite flat group schemes over A/ of p-power order, finite
groups in the sequel, in the case e = 1. Our main tool is Oort’s result, cf.
Theorem 3.1, which states that any finite group embeds into a p-divisible
one.

Fontaine associated to a finite group over A’ a so-called finite Honda sys-
tem (L, M) over A’ that classifies the group, with M being the Dieudonné
module of the special fiber of the group, cf. [3], Theorem 1.4. We associate
to a finite group over A/ a finite Honda system over Al , consisting of a
triple (L™, L,,, M), with (L™, M[p"~']) and (L,, M/p"~'M) being finite
Honda systems over A’ cf. Definition 3.6 and Proposition 3.7. In the case
n = 2 we are able to prove that this correspondence classifies finite groups
over A'/p?A’, cf. Corollary 3.10. For general n we can prove that this cor-
respondence classifies a certain class of finite groups over A/ among which
are the truncated Barsotti-Tate groups of level s > 1, c¢f. Remark 3.11 (2).

One of the main differences between the situation over A’ and the situa-
tion over A/ is that the “special fiber” functor from finite groups over A/,
to finite groups over k is not faithful. This implies, in particular, that the
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2374 Ioan BERBEC

category of finite groups over A} is not abelian, cf. Remark 3.11 (1). Nev-
ertheless, we are able to prove, cf. Theorem 3.16, that the “special fiber”
functor is faithful on the morphisms that lift to A;, ., for m large enough.

We also prove, cf. Theorem 3.13, the following result.

THEOREM 2. — Suppose A’ is unramified. Let G be a finite flat group
scheme over A’ /p" A’ of p-power order.

(i) If the p‘-torsion subgroup G|p'] is flat for every i > 1 then G lifts
to A’

(ii) The torsion subgroup G[p'] is flat for i between 1 and some positive
integer r if and only if G lifts to A’ /p"+T A’

A future generalization of this paper would be to include higher (e >
p — 1) ramification on the base. We think that Breuil’s techniques, cf. [2],
can be used to achieve this.

Here is the structure of this paper: in Section 1 we introduce notations
and we review concepts and results of Fontaine and Conrad that we will use
in our paper. In Section 2 we classify smooth formal p-groups. In Section 3
we study finite groups. In Subsection 3.1 we show how most of the results
can be carried out mutatis mutandis in the case of finite groups over A/,
with e > 2 and n of the form ge + 1. In Section 4 we study liftings to
characteristic zero of Manin’s groups and their endomorphisms mod m™.

Acknowledgement. — 1 would like to thank Professor Robert Coleman
for suggesting the motivating problem behind this paper to me and for his
guidance throughout my graduate studies. I also thank Brian Conrad for
helpful suggestions, which lead to some of the applications in this paper,
and the referee for very useful comments.

1. Notations and Preliminaries

The main references for this paper are Fontaine’s book [5] and Conrad’s
article [3]. For the convenience of the reader we review here all the defini-
tions and results we use from the above papers.

Throughout this paper:

n > 2 is a positive integer.

p = 3 is a fixed prime number.

k is a perfect field of characteristic p.

A = W (k) is the ring of Witt vectors of k. We let (A’,m) be the valu-
ation ring of a finite totally ramified extension K’ of the fraction field
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GROUPS OVER ARTINIAN RINGS 2375

K of A, with e = e(A’) the absolute ramification index of A’, and
Al = A'/m™. We fix a uniformizer 7 of A’.

If R (resp. R) is an A’ (resp A),) algebra, we denote by Ry (resp. Rg)
the special fiber R ® 4+ k (resp. R®a: k) of R (resp. R) and by Rg' = Rk
the generic fiber R ® 4+ K of R.

Dy, = A[F,V] is the Dieudonné ring, i.e. the variables satisfy FV =
VF =p, Fa =o(a), Va=0"1(a), for all « € A, where o: A — A is the
Frobenius morphism.

For us, a group is a group scheme, formal or finite.

A pseudo-compact ring S is a separated and complete linearly topolo-
gized ring such that the ring S/I is artinian for all open ideals I of S.
Obviously k with the discrete topology, A’ and A}, with the p-adic topol-
ogy are pseudo-compact.

DEFINITION 1.1. — Let (S,m) be a local pseudo-compact ring with
residue characteristic p.

1. A formal S-group functor F' is a functor defined on finite S-algebras
with values in abelian groups. Thus all our groups are commutative.

2. A formal S-group is a pro-representable formal S-group functor. A
formal p-group G over S is a formal S-group G such that G ~ h_n)1G[pZ]
We say that a formal S-group G is smooth if for all finite S-algebras R and
all square zero ideals I of R the canonical map from G(R) to G(R/I) is
surjective.

3. We say that a smooth formal p-group G over S is p-faithful if the
“multiplication by p” morphism [p]: G — G is faithfully flat.

4. We say that a p-faithful group G over S is p-divisible of height h if
G[p'] has order p* for all i > 1.

5. A finite flat group scheme of p-power order over S is a formal p-group
which is a finite flat scheme over S.

A profinite S-module M is a linearly topologized S-module such that
for any open submodule M’ the quotient M /M’ is an S-module of finite
length. A profinite S-algebra B is an S-algebra such that B is a profinite
S-module.

We briefly review the theory of Witt covectors from [5], Chapter 1T, §§1-4.

For any commutative ring S (the reader should have in mind k, A or
A,, finite algebras as a typical example) we define the S-valued Witt cov-
ectors CW(S) to be the set of sequences a = (...,a_;,...,ap) of ele-
ments a_; € S verifying the condition: there is an integer r > 0 such
that the ideal of S generated by the a_;’s for i > r is nilpotent. Letting

TOME 59 (2009), FASCICULE 6



2376 Ioan BERBEC

Sm € Z[Xo,...,Xm,Y0,...,Y,] denote the m'" addition polynomial for
Witt vectors, cf. [5], pp. 71-72, and choosing a and b in CW (S), the nilpo-
tence condition ensures that the sequence

{Sm(afifma sy Qg b*ifma ceey b*i)}m20

is stationary. Denoting the limit by c_; it is true that ¢ = (c—;) is in
CW(S), cf. [5], Chapter II, Proposition 1.1. Defining

at+b=c

makes CW (S) into a commutative group with identity (...,0,...,0), cf. [5],
Chapter II, Proposition 1.4.

We refer the reader to [5], Chapter II, §1.6 for the natural topology
of CW(S). We note that CW(.S) is complete and separable with respect
to this topology and that CW"*(S) = {a; a_; =0 for large i} is a dense
subgroup. Moreover, for every morphism of commutative rings ¢: S — S’
the map

CW(p): CW(S) — CW(S")
defined by

CW(cp)(( Oy ao)) = ( coyola—g)y .y (p(ao))

is continuous. Thus, CW is a functor from the category of commutative
rings to the category of topological groups. It can be extended in an obvious
way to the category of separable, complete linearly topologized commuta-
tive rings, cf. [5], Chapter II, §1.7.

Now we specialize to k-algebras S. In this case, CWy(S) = CW(S)
admits a unique structure of topological module over A, such that for all
z in k, with Teichmiiller lift [x] = (z,0,...,0,...) € A, we have

—i —

L 1
[z] -a= (...,xp a_i,..., TP a_l,ao).

The operations F,V: CWy(S) — CWy(S) given by
F(a) = ("‘70’11'7"‘7@8)’ V(a) = ('~-7a7i717~-~7a71)

2

are additive, continuous and satisfy the relations FV = VF = p, Fa =
o(a), Va = o7 (a), with a € A. In other words, CWy(S) is a topological
Dj-module. This is all functorial in S.
The group functor CWy on finite k-algebras is pro-representable.We de-
note by m the group scheme that represents it, cf. [5], Chapter II, §4.2.
For any formal p-group G over k we define its Dieudonné module

M (G) = Homy_g (G, CW5)

as the group of formal k-group morphisms from G to C/I/?k

ANNALES DE L’INSTITUT FOURIER
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Remark 1.2. — By viewing morphisms of formal group schemes between
G and CW}, as morphisms of schemes, we obtain an embedding

M(G) — Homy,_son (G, CWy) ~ CWi(R)

where R is the affine algebra of G. Moreover, if A is the comultiplication
of R then

M (G) = {a e CWi(R); CW(A)(a) =a®l + 1®a}.

This allows us to view .#(G) as a closed topological Dy-submodule of
CW(R).

All of the standard properties of the classical Dieudonné module theory
are proven in [5], Chapter III based on this definition. The main result of
this theory, [5], Theorem 1, p. 127, is comprised in the following theorem.

THEOREM 1.3. — The functor .4 sets up a duality of abelian categories
between formal p-groups over k and certain topological Dy-modules.

Now, for any separable, complete linearly topologized A-algebra S, in
particular for A,-algebras, CW(S) has a natural structure of topological
A-module, which is uniquely determined by

[x] -a= ( o ([z)ai, .. o ([2])ay, [x]ao)

for every € k and every a = (...,a_;,...,a0) € CW*(S), cf. [5], Chap-
ter II, §2.4. We denote this A-module by CW4(S5).

Recall from [5], Chapter II, §5 and Chapter IV, §3 the following defini-
tions and notations:

DEFINITION 1.4.

(i) A p-adic A’-algebra R is a separable, complete linearly topologized
A’-algebra, with the topology being the p-adic one, such that p is not a
zero divisor in R.

(ii) A special A’-algebra R is a profinite formally smooth A’-algebra
locally of finite dimension, i.e. a profinite A’-algebra whose every local
component is isomorphic to a power series ring in a finite number of in-
determinates with coefficients in the ring of integers of a finite unramified
extension of K'.

For a p-adic A-algebra R one can construct a continuous A-linear map

(1.1) 1/1)\712 CWA(R) —>RK

TOME 59 (2009), FASCICULE 6
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the topology on R being the p-adic one, defined by

o0
DR ((-- @iy 0)) = Y _p " (@)"
=0

which induces an A-linear continuous map
R
1.2 : CWL(R —
(1.2) wr k(Ri) — R
defined by
wr((yai,.. . a0)) =Y p=ia_;)”
i=0

where a_; € R is an arbitrary lift of a_;, cf. [5], Chapter II, §§5.1-2.

If (R, m) is a local special A’-algebra then we let RY" be the separable
completion of R with respect to the ideals J; = > >° p~"Tlm’ for s > 1,
ie. RY = @RK/Js- If R is an arbitrary special A’-algebra and if R =
[IRw is the decomposition of R into local components, we let 7%‘}? be
[[(Rw)%", where Ry is Um(R/I)w 7, with I running through all open
ideals of R contained in the open maximal ideal m. Let us denote by Q4/(R)
(resp. Qa/(R%Y)) the module of continuous A’-differentials of R (resp. RY").
We let

(1.3) P(R) = {a € R d(a) € Qa (R)}

where d: 7/'\’\,‘}(” — Qa (7%‘}(”) is the canonical morphism.
For a special A-algebra R one can construct an A-linear continuous map

(1.4) g : CWa(R) — R

defined by the same formula as (1.1) above, whose image is P(R), cf. [5],
Chapter II, Proposition 5.5, and which induces an A-linear continuous iso-
morphism

(1.5) wr: CWi(Ry) — Pp(,],];/)

defined as (1.2) above.

1.1. Group schemes over discrete valuation rings

In this Subsection we review Fontaine’s classification of smooth p-groups
and Conrad’s classification of finite flat groups over discrete valuation rings
with ramification index e < p — 1.

ANNALES DE L’INSTITUT FOURIER
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DEFINITION 1.5. — Let M be a Dj-module.

(i) Let M) be the Dy-module, whose underlying space is M, with A-
action given by a - x := 0~ !(a)x, for every a € A and x € M, and with F
and V acting as before. Thus F' and V can be seen as A-linear maps

M—Ys g M <2

(ii) Define My: to be the direct limit of the following diagram of A’-
modules

"
mesM—=plmeou MO

Al@AMTA/ Qa4 MWD

where the vertical maps are the obvious “inclusions”, Vi(A® z) = p~1A ®
V(z) and Fi(A® z) = A® F(x), with F, V the usual operators.

(iii) It is obvious how to associate to a Dy-morphism ¢: M — M' an
A’-morphism par: Mg — M),.

Remark 1.6.

(i) More explicitly, M4 is the quotient of A’ ®4 M @ p~'m @4 M1 by
the submodule

{(po(w) = Fy(w), p1(w) = Vi(u));u € m@a M,w € A" @4 MU},
In particular, it is easy to see that any element in M4, can be written as
(1 ®mo, Y52} p~ ot @ my), cf. also [3], Lemma 2.2.

(ii) We denote the image of the natural morphism p~*m® 4 M1 — My,
by MA’ [1] .

(iii) In the case A’ = A there is a canonical isomorphism between M
and M/, via which M 4/[1] corresponds to F'M. The reader should read M
instead of M4 and FM instead of M 4[1] in this case, in all the statements
we make.

We have the following basic result, cf. [5], Chapter IV, Proposition 2.3.

PROPOSITION 1.7. — The natural map M/FM — Ma//Ma/[1], given
by [z] — [(1 ® x,0)], is an isomorphism of k-vector spaces.

Let R be an A’-special algebra. We defined, cf. (1.4), an A-linear mor-
phism @ : CW3(R) — P(R). It is clear that wr (CWi(mR)) CmR (e<p—1),
hence Wg induces a morphism wfy: CWi(Ry) — P(R)/mR, which in

TOME 59 (2009), FASCICULE 6
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turn, via extension of scalars, induces a morphism wf : A’ ®@4 CWy(Ry) —
P(R)/mR. Now, A’ ® 4 CWi.(R}) surjects onto

(CWi(Ri)) o =2 CWi,ar(Ry),

cf. [5], Chapter IV, Proposition 2.5. Fontaine proved that w/, induces an
A’-linear map
P(R)

(16) WR CW]@7A/(R]C) — W

which is an isomorphism, cf. [5], Chapter IV, Proposition 3.2.
For future reference, we note that for a p-adic A’-algebra S we can con-
struct, as in the case of A’-special algebras, an A’-linear map

S
(1.7) ws: CWia(Sk) — m%

starting with Ws: CWa(S) — Sk, cf. (1.1) above.

Now let G be a smooth formal p-group over A’ and let R be its affine
algebra. Then G, = G x Speck, its special fiber, has affine algebra Ry.
Let M = .#(G}y) be the Dieudonné module of Gi. We denote by A the
comultlphcatlon of R and by A the extension of A to R“" Let §(a) :=
a®l + 1®a — A( ) for o € R“” Let:

(1.8) L1 ={aeP(R); §(a)c m’R@A/R} and £ = {a€ P(R); §(a) =0}.
Fontaine proved the following result.

PROPOSITION 1.8.
(i) The natural morphism Mg+ — CWj, 4/ (Ry), induced by the inclusion
M C CWi(Ry), is an injection.

(ii) The map wg, cf. (1.6) above, induces an isomorphism w between
MA/ and El/mR

Remark 1.9. — Conrad proved, cf. [3] last part of Lemma 2.7, that
My is an A’-submodule of CWj, 4/(Ry) also in the case when M is the
Dieudonné module of a finite group.

We now take some time to describe the map wg on the less obvi-
ous part of My, namely on My [1] = Im(p~'m ®4 M® — My). Let
= (0,p~'7* ® a) be in Mas[1], where a = (...,a_j,...,a9) € MM C
CWi (Rk)(l) and i is between 1 and e—1. Then, as an element of CWj, 4/ (Ry,)
via the natural inclusion My — CWj a/(Ry), x is equal to (7' ® b,0),
where b= (...,a_j,...,a0,a1) with a; € Ry, an arbitrary element. This is

ANNALES DE L’INSTITUT FOURIER



GROUPS OVER ARTINIAN RINGS 2381

so because p~'m'®@a = Vi (7' ®b) in p~tm® 4, CWi(Ry)WV, cf. Definition 1.5
(ii) and Remark 1.6 (i). Therefore

o —— L
(1.9) m(m)zwgp—f—%aﬁ)p* =mlelR

where a_; € R is any lift of a_.

Before we introduce the category of classifying objects, we note that a
profinite Di-module M is a Dp-module M which is A-profinite and is such
that its open Dy-submodules form a fundamental system of neighborhoods
of 0. Now, the category of classifying objects AY,, cf. [5], Chapter IV, §4.3,
is defined as follows:

DEFINITION 1.10.
1)
a. The objects are triples (L, M, p), where
i) M is a profinite Dy-module on which the action of F' is injective
such that the quotient M /FM is a finite dimensional k-vector
space,
ii) L is a free A’-module of finite rank,
iii) p: L — My is A'-linear such that the induced morphism
p: L/mL — Ma/Ma[l] = M/FM is an isomorphism of k-
vector spaces.
b. A morphism u: (L,M,p) — (L',M',p’) is a couple (ug,upr) with
ug: L — L' (resp. upp: M — M’) an A’ (resp. Dy) linear morphism
such that ups, a0 p = p' oug.

2) The category of smooth Honda systems H%, over A’ has as objects
pairs (L, M) with M and L as in 1(a) and with L included in M /. The
morphisms are the obvious ones.

3) We denote by SF 4/ the category of smooth finite dimensional formal
p-groups over A’.

Fontaine defined a functor LM/ (resp. LM4,) from the category SF 4/
(resp. of p-divisible groups over A’) to the category Al;, (resp. H4,) by
LMa(G) = (L, M, p) (resp. LM%,(G) = (p(L), M)), with p the composi-
tion
(1.10) L— L — L~ My

mR
where £, £; and M are as in (1.8) above.
Then he proved, cf. [5], Chapter IV, Theorem 2 (resp. Proposition 5.1),

the following theorem.

TOME 59 (2009), FASCICULE 6
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THEOREM 1.11. — The functor LMy (resp. LM{,) induces a duality of
categories between the category SFa, (resp. of p-divisible groups over A’)
and the category AY, (resp. HY,).

We now review Conrad’s classification of finite flat group schemes over A’.

DEFINITION 1.12.
1) Let SHQ, be the category of finite Honda systems over A’ whose
objects are triples (L, M, j) where:
i) M is a Dy-module with finite A’'-length,

ii) L % My is a morphism of A’-modules such that the natural k-linear
map L/mL — M4 /M 4/[1] is an isomorphism of k-vector spaces and
such that V o j is injective, where

Vi My — A @q MY
is induced by the maps
deV: A @a M — A @y MY,
p@id: p'meoa MY = A0, MO,
A morphism w: (L,M,j) — (L',M',j') is a pair v = (ur,up), with

upr: M — M’ a continuous Dy-linear morphism and up: L — L' an A’-
linear morphism such that up; 4 0j = j' ouyp,.

2) We denote by F.F a/ the category of finite flat group schemes over A’

of p-power order.

Let G be a finite flat group scheme over A’ of p-power order, with affine
A’-algebra R. Let M = .#(Gy) be the Dieudonné module of Gy, and let
L C M4 denote the kernel of the A’-linear composite map

WR RK

(111) MA’ — CWk,A’(Rk:) — ﬁ

where wg is the map (1.7) above.
Conrad defined, cf. [3], §3, a functor

LMy : FF 4 — SHY,

by LMy (G) := (L, M). Moreover, he proved, cf. [3], Theorem 3.6, the
following theorem.

THEOREM 1.13. — The functor LM 4/ is fully faithful and essentially
surjective.
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2. Smooth p-groups

In this Section we classify smooth p-faithful groups over A!. We start by
defining the category of classifying objects.

DEFINITION 2.1.
1) Let Aa; be the category whose objects are triples (L,, M, p) where:

i) M is a profinite Dy-module on which the action of F' is injective such
that the quotient M/FM is a finite dimensional k-vector space;
ii) L, is a free Al,_;-module;
iti) p: L, — Ma/m" 1My, is A!,_,-linear such that the induced mor-
phism
L, My My M
— — —
an mMA/ MA/ [1] FM

is an isomorphism of k-vector spaces.

p:

A morphismu: (L,, M, p) — (L., M’ p') is a pair (ur,,upr), withup,: L, —
L) (resp. ups: M — M') an Al,_, (resp. Dy) linear morphism, for which
the following diagram is commutative

ur, /
L, — L,
1’ g
M 4/ Upg, ar M,
w1 M, ? mnflMI/q/

where Ups, 4/ is induced by ups, 4.
2) Let Af;, be the full subcategory of A 4, of objects (L, M, p) such that
the “multiplication by p” map [p|]: M — M is injective.

3) We denote by SFa; (resp. SFF a; ) the category of smooth finite
dimensional formal p-groups (resp. p-faithful groups) over Al . Recall, cf.
Definition 1.1, that a smooth formal p-group is p-faithful if the “multipli-
cation by p” morphism is faithfully flat.

Now we want to construct a functor
LMnZ S‘FA% — AA%

For this, let G be a smooth formal p-group over A/, and let R be its affine
algebra. Then G = G X Speck, its special fiber, has affine algebra Ry. Let
M = #(Gy) be the Dieudonné module of Gy. Let R be a smooth A'-lift
of R. We know it is unique up to non-unique isomorphism. We denote by
A (resp. Ay) the comultiplication of R (resp. Ry). Let A: R — RE4R be
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an A’-algebra morphism that lifts A. We also denote by A the extension
of A to R¢'. For n > r > 1 define:

(2.1) L, ={a€eP(R); §(a) e mMR@4R}
with P(R) and ¢ as in (1.3) and (1.8) above, respectively.

Remark 2.2. — Our £, is Fontaine’s M$H 4/ (G), cf. [5], pp. 166-167 and
p- 202.

LEMMA 2.3. — The sets L, are independent of the lift &, i.e. they only
depend on G and the lift R.

Proof. — Suppose A and 31: R — R&aR are two A'-lifts of A which
are uniquely extended to 75,‘}(” Let § and d; be the corresponding mor-
phisms. For every a € R we have ﬁ(a) = ﬁl(a) (mod m"R&R), that is
A (a) = A (@) + 7"z with 2 € R®a/R. Therefore, since A and A, are
morphisms of algebras,

(22) A (a”)=(A (@) = (A1) +pin"y = Di(a”) +pin"y

with y € R&4R. So p~iA (') = p~iA(a?) (modm"RER) for all
integers ¢ > 0. In the unramified setting every element of P(R) is an
infinite sum of elements of the form p”ﬂpi with 8 € R, cf. (1.4). In the
ramified setting the situation is similar, because A’ ® 4 CW4(R) surjects
on P(R), cf. (1.6). Hence every element of P(R) is an A’-combination of
infinite sums of elements of the form p*iﬁpi with 8 € R. Therefore we get
that §(a) — 01(a) € m"RIR. O

Let p be the composition

P(R) "% P(R)/mR % CWi_(Ry)

where wg is the map (1.6) above.
The following Lemma follows directly from [5], Chapter IV, Lemmas 1.2
and 4.3.

LEMMA 2.4. — Let r be an integer between 1 and n —1 and let a € L,..
There exists an element «y € Ly such that p(y) € Ma/[1] and (a—7""1v) €
Lry1.

Let py be the composition

(2.3) L, — L4 proj; 1/mR v M4
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where, w is the map in Proposition 1.8 (ii) above, and let pg be the induced
map

Ly, My
— .
m"—1£1 mn—lMA,

(2.4) Po:

Note that these maps depend only on G and the lift R.
We have the following key result.

LEMMA 2.5.
(i) The morphism pg induces a map

Ly Myr
_ Ln mn—1., m"*lMA, proj. MA/ ~ M
PO L, v mn 1L, c, M, Mall]  FM
n 1 me s M T, A

which is an isomorphism of k-vector spaces.

(ii) £,,/m"~1L; is a free Al,_,-module.

Proof.

(i) Since the surjectivity of py: L, /(mL, +m""1Ly) — Mar/Mas[1] fol-
lows from Lemma 2.4, cf. also [5], Chapter IV, Proposition 1.1, all we have
to prove is that it is injective. For this, we need to prove that p=1(M4/[1])N
L, = mL, + m"" 1Ly (we can view p, as being induced by p: P(R) —
CWi o (Ri)).

“C” Let o € Ly, such that p(a) € My/[1]. This means, cf. (1.9), that
a = 73 for some § € P(R). Since « is in L,, it follows that 8 is in £, _1.
On the other hand, from Lemma 2.4 we know there is a v € £ such that
p(v) € Mas[1] and (B — 7"~2y) € L,,. Hence

n—2

a=78=n(f—1""y+1""2y) = 7(B—1""2y)+7" "y emL,+m" 1L,

This proves the first inclusion. Since the other inclusion “2” is obvious, it
follows that p, is injective.

For future reference, we observe that p induces a surjective morphism,
also denoted p

My ~ M

(2.5) p: Ly, —» Mo (1] —

(i) First of all, from (i) and some linear algebra follows that £, /m"~1£;
is a finite A’ (hence A! _;)-module. From (2.5) above, it follows that p

n—1

induces a surjective morphism py: £,,/mL,—1 — M/FM. Since mL,, +
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m" 'L, C mL,_, we have a commutative diagram

Ly P1 M
mLy_1 FM -

b

['n
mL,+mn-1L;

Since pg is an isomorphism, in particular injective, it follows that p; is in-
jective, hence an isomorphism since it was already surjective. It also follows
that the vertical arrow in the above diagram is an isomorphism. Therefore
Ln/mLy_1=L,/(mL, +m"1Ly).

Now, let {@y,q, ..., a4} C L,/m" 1L be alift of a basis of £,,/(mL,, +
m"~1£y). We claim that 7”72 - @; # 0 in £,,/m"~ 1Ly, for all j between
1 and d. Indeed, suppose 7"~ -@; = 0 in £,,/m" 1L, for some j. Then
it follows that 7" 2a; € m"~1L;. Hence n" 2a; = 7”713 for some £ in
Ly. So a; = wf3 and it follows that 5 € £,,_1, because a; € L,,. Therefore
aj € mL,_ and [a;] = [0] in £,/mLy—1 = L,/ (ML, + m"~1Ly) which is
a contradiction since [@;] is part of a basis of £,,/(mL,, + m"~1Ly).

From the above claim, the fact that £,/m" 1L is a finite A’-module
and the structure of modules over a principal ideal domain, it follows that
Ln/m" 1Ly is Al -free. O

With the previous Lemma we got really close to the definition of our
classifying functor £LM,,. We are not there yet because all the objects we
constructed depend on the lift R. So our goal in the sequel is to embed
L,/m"~1L£; in an object depending only on G. This is rather technical and
will follow from the following lemma.

LEMMA 2.6.
(i) There is a natural surjective map

A'&,CWa(R) — P(R)/m" 1P(R)
of A'-modules, whose kernel K does not depend on the lift R.
(ii) There is a natural injective map

Ln A'®4CWa(R)
m"—1£1 K

whose image L,, does not depend on the lift R and is “functorial”, i.e. there
is a functor Ly, : SFx, — A],_,-Mod such that L, (G) = L,,.

(ili) Let p: L, — Ma//m" " *Ma: be induced by py (L,/m" 1L, and
L,, are isomorphic). Then for every morphism f: G — G’ in SFa; the
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diagram
L, =¥
(2.6) [ 17

is commutative, where ./ is the Dieudonné module functor and .4 (f) is
induced by A (f)ar: Mar — MY,.

Proof. — This Lemma is quite straightforward. All we will do is draw
some diagrams which will make everything clear.

(i) We have the following diagram of A-modules with exact columns

CWa i@nn) mn_lf(R)
CWAR) — "%+ P(R)
{ ’
CWA(R) P(R)/m*1P(R)

where Wx is the map (1.4) above and the top horizontal map is the restric-
tion of Wr. Actually @Wr(CWa(m"R)) C m"R C m" 'P(R). From the
above diagram we get an induced morphism

w),(R): CWa(R) — P(R)/m""'P(R)
of A-modules, which yields, via extension of scalars, an A’-morphism
wn(R): A@ACWa(R) — P(R)/m" ' P(R).
Now for any other A’-lift Ry of R there exists a non-unique A’-isomorphism

R 7, R1 . It is easy to see that we have the following commutative

diagram
(2.7) iy P(R)[m" ' P(R)
R /
A Q@ ACWy (R) "
Wn (Rl

"P(Ry)/m" 1 P(Ry)

where ¢* is induced by . This shows that the A’-module
K = ker(w,(R)) = ker(w,(R1))

does not depend on the lift R. This proves (i).
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(ii) Since £, Nm" 1 P(R) = m"~1L; we get a canonical map
L,/m" 'Ly — P(R)/m" 'P(R),
which induces an injective map

L, P(R) ~ A'®@sCW4(R)
— — .
mr—1., m"~1P(R) K

Now, a diagram similar to (2.7) above, with (A’® 4CW4(R))/K instead of
AR CW4(R) and with L£,/m"™ 'Ly (resp. L/ /m" L)) instead of
P(R)/m" tP(R) (resp. P(R')/m"~1P(R’)) will convince the reader that
the image of (2.8) does not depend on the lift R, where the objects £} and
L, correspond to R'.

We are left with defining the functor L, : 5‘7:1% — Al _,-Mod. Since we
said how it acts on objects, L, (G) = L, = image of (2.8), we only have
to define it on morphisms. Let f: G’ — G be a morphism in SFa:, let
¢: R — R’ be the induced morphism of A/ -algebras, and let ¢: R — R’
be a lift of ¢ where R (resp. R’) is an A’-special lift of R (resp. R'). We
also denote by ¢ the unique extension of ¢ to A%" and its restriction to
P(R). It is obvious that ¢(L,.) C L. for all 1 < r < n. If ¢: L,,/m""1L; —
Ll /m"~12} is induced by ¢ we define L,,(f): L, — L, to be the induced
morphism. Recall that L,, ~ £, /m"~1£; and L], ~ £/, /m"~1L}. Tt is clear
that this construction is functorial. This proves (ii).

(2.8)

(iii) We want to prove that the diagram (2.6) is commutative. We keep
the same notations as in the proof of (ii) above. The commutativity of (2.6)
follows from the following enlarged diagram

L ~ Ly Ly Ly ~ M 51
n m71—1£1 mn—ll:l mR—‘rm"—lﬁl mn—lMA/
m(f)l |7 |# |? |7
o~ L c, c, ~, My,
n mr 17 mr1L7 mR fmn - 1L] w1017,

in which all the squares are commutative and in which the composition of
the maps on the top (resp. bottom) row is p (resp. p’). Here we used the fact

that £q/mR——=Mp/, cf. Proposition 1.8 (ii), to get the isomorphisms
between the fourth and the fifth column in the above diagram. |

Now we are able to make the following definition.

DEFINITION 2.7. — Define the functor LM,,: SF ar — Aa, as follows:
i) for an object G of SF a: we let

LM, (G) = (Ln, M, p)
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where M is the Dieudonné module of G and L,, and p are as in Lemma 2.6;

ii) for a morphism f: G — G’ in SF , we let
LM (f) = (Ln(f), 4 (f))

where L,, is as in Lemma 2.6.

Remark. — Lemmas 2.5 and 2.6 guarantee that the functor LM, is
well defined. Also, it is clear that by restricting LM,, to SFF a; we get a
functor 7
LM]: SFFa — A, .

The main result of this Section is the following theorem.

THEOREM 2.8.

A. The functor LM, is essentially surjective and full.

B. The functor LM} induces a duality of categories between the category
SFFa:, of smooth finite dimensional p-faithful groups over A; and the
category AQ% .

Proof.

A. We first prove that LM, is essentially surjective. The reader who is
familiar with the proof of the main result of Fontaine, cf. Theorem 1.11
above, will realize that our proof of essential surjectivity is built on his,
cf. [5], §1 and §4.8. Let (L, M, p) be an object in SF 4 . From Theorem 1.3
we know there exists a smooth formal p-group Gy, of finite dimension over
k such that its Dieudonné module My = .#(Gy,) is isomorphic to M. We
fix such an isomorphism ip;: M =~ M. Let Ry be the affine k-algebra of
Gk, let R be an A’-special lift of Ry and let R = R/m"™R. Note that R is
unique up to non-unique isomorphism. As in Lemma 2.3, the set £1 = {« €
P(R);6(a) € mR®R} C P(R) is well defined and depends only on Rj.
Since L,, is A/, _,-free, we can embed it into £;/m" 1L, C P(R)/m"~1L;.
We choose an isomorphism iy,: L, — Lo of L, onto an A’,_;-submodule
of £1/m"~1L; such that the following diagram

(53 L
Ln LO( m"*lﬁl
M,/ it (M) 4/
m"—11VIA/ m"_l(Mo)A/

is commutative. Here 7y is induced by (ips)a- and the right vertical arrow

is induced by the isomorphism
P(R) [,1 w1t

W D) ﬁ — (MO)A/ C CWk’A/(Rk)
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cf. Proposition 1.8 (ii).

Let Lo C L1 be an A'-free module of rank d = rka, (L) = dim(Gy)
that lifts Ly and let £, = Lo +m" 1Ly C L1 C P(R). It is easy to see
that £,, does not depend on the particular lift £g. Furthermore it is not
hard to see that we have
Lo Lo _ Ly

2.9 ~ ~
( ) mﬁo mLo an
and
(2.10) Lo En  _po~r

mn—1£0 - mn—1£1
We denote by pg the projection from Ly onto L,, via the above isomorphism.
Due to the particular choice of i, we know that the following diagram

-~

PO

EO (MO)A/
Do \L
I P My i (M) 4/
n m"—lMA/ m”_l(Mo)A/

commutes, where pg is the composition
Ly
Lo— L1 — — =~ (My)a-
0 1= o5 = (Mo)a
From now on, we identify M with My and L, with Ly via ip; and ip,.
Let S be a p-adic A’-algebra:

e we denote by N (S) (resp. NP (S)) the abelian group
Hom 4/ (Lo, Sk /m™S) (resp. Homa/ (Lo, Sk /mS)) of A'-linear mor-
phisms from Ly to Sk /m"S (resp. Si/mS);

e we denote by G(S) the abelian group Hom$™ (M, CWj,(Sk)) of
continuous Dj-linear morphisms from M to CW(Sk);

e we denote by ¢, the map from G (S) to N (S) which associates
to u € G (S) the composition

g LY w S
Lo L% Mar 225 CWy a0 (Sp) 25 2K
mS
cf. (1.7) above for the definition of ws;
e finally, we denote by G, (8) the fiber product N, (S) x Ng (S)

G (S), where the morphism from N, (S) to N2 (S) is the one in-
duced by the projection from Sx /m"S to Sk /mS and the morphism
from G (S) to N2, (S) is ¢p,-
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It is clear that everything is functorial in §. Thus we have defined a

functor G ) from p-adic A’-algebras to abelian groups. We can also

(L0,M,po

define another group functor G from p-adic A’-algebras to abelian

(L, M.p)
groups by replacing in the above construction £y with £,/m"R and py
with p, where p is the composition
Ly, Ly
— ~

mrR mR
For any p-adic A’-ring S we denote by Xr(S,,) the set of continuous A, -
algebra morphisms from R to S,, = §/m"S. We want to define a morphism
n(S): Xgr(Sn) — G(cn,M,ﬁ)(S)' Let  be in Xgr(S,) and let Z: R — S
be an A'-lift of z. We also denote by Z the unique extension of Z to a
morphism from RY to Sk and its restriction to P(R). We define x¢, to

be the composition

s — .
mnR mrR mnS
It is easy to see that x, does not depend on the lift Z of z. Let s be the
composition

(2.11)

(2.12) M — OWk(Rk) CVV—(I;IC) CWk(Sk)

where z: R — S is induced by xz. We define 1(S)(z) = (x¢,,, xam)-
It is clear from the following commutative diagram
(2.13)

L, /m"RC—— P(R)/m"R ‘ Sk /m"S

|

My ——— CWy, a(Ry)

CWi(x ’ w, l
(CWyi(2k)) a OWk,A’(Sk) s SK/mS

that n(S) is well defined. It is obvious that 7 is functorial in S.

Moreover, the inclusion £y — L, defines a morphism of group func-
tors resg, : G([:n,M,;) — G(CQ,M,,;\O)’ which in turn defines a morphism
Mo (S): Xr(Sn) — Gw0 M;())(S), for every p-adic A’-ring S, by letting
(2.14) Mo (S) = rescy(S) on(S).

It is clear that ., is functorial in S.
Now, the fact that LM, is essentially surjective follows from the following
lemma.

LEMMA 2.9. — For all p-adic A’-algebras S the map 1., (S) is bijective.
There is a unique structure of smooth formal p-group on G = Spf, R
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induced by 1., which is independent of the particular lift Ly, i.e. it depends
only on the triple (L,, M, p). Moreover LM,,(G) ~ (L,, M, p).

Proof of Lemma 2.9. — This Lemma follows basically from [5], Chap-
ter IV, §1.6 and §4.8. We limit ourselves to pointing out the main steps in
the proof. We use Fontaine’s notations.

We prove that 7., (S) is bijective. Let (€, ) be an element in G om0 (S).
We want to prove that there exists a unique element = in Xz (S,,) such that
Neo (S)(x) = (&,7). First of all, by Theorem 1.3 above, there exists a unique
continuous k-algebra morphism zy: Ry — Sk such that v = CW (zy). So
we want to prove that there exists a unique z: R — S,,, which reduces to
xy, such that zz, = £, where x, is the restriction of 2. to Lo, cf. (2.11)
for the definition of z.,, .

We have Ry = R$'@5RS. Let R° denote the lifting of R§* in R and let
us choose a local subring R¢ of R which lifts Rj,. There is a natural isomor-
phism of R¢*® 4 R into R. We chose coordinates X = (X1,Xs,...,X4) of
R¢. Thus R is identified with the ring A’[[X]] and R§ with k[[X]], where
Yj is the image of X; in R} for 1 < j < d.

It is obvious that a lift z: R — S of zj is uniquely determined by a d-
tuple o = (s1, 52,...,84) € 8¢, where s; € S is a lift of 5; = 25 (X ;) € Sk.
Thus there is a bijection between morphisms z: R — S, that lift z; and
d-tuples o € 8, which are well defined modulo m™S. We will denote by z7
the morphism from R to S corresponding to o.

Since 0z, (S)(x) = (2o, 2m) = (x2y,7) € G(ﬁmM@)(S), it follows that
e, () —&(a) € mS for all o € L. We see that the bijectivity of n¢, (S)
will follow from the following result.

SUBLEMMA 2.9.1. — Let r be an integer between 1 and n — 1. Suppose
there exists a d-tuple o9 = (s9,9,...,s9) € S? lifting the 5;’s, which is
uniquely determined modulo m"S and which is such that z7? (o) — §(a) €
m’S for all « € Ly. Then there exists a d-tuple ¢ = (s1, s9,...,54) € S¢
lifting the 5;’s, which is uniquely determined modulo m"*1S and which is
such that 7 (o) — &(o) € m™t1S for all o € Lo.

This Sublemma, in the unramified case, is actually the result on the
bottom of p. 178 in [5]. A careful reading of the proof of Fontaine’s re-
sult shows that the only condition on L for the result to hold is that
Lo/pLo be isomorphic to M/FM. This condition is satisfied in our case
since Lo/pLo =~ Ly /pLy, ~ M/FM, cf. (2.9) above.

The proof in the ramified case goes through similarly. To convince the
reader of this, we show that the main steps in the above proof have a
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correspondent in the ramified case, too. For space reasons, we use the same
notations as in [5], Chapter IV, §1.6. Here are the main steps:

(i) Let @ € £1. Then o = wg(y), with y = (1 ® ag, >0, p~'7’ @ a;)
in Ma, withap = (...,a-m0,...,8-1,0,00,0) € M and a; = (...,a—pm,
s, 0-g4,a-1,;) € Mforalll <i < e—1, cf. Remark 1.6 (i), Proposition 1.8
and (1.9). It follows that

e—1 o)
1=0 m=1

for some lifts @_,, ; € R of the a_,, ;’s. Moreover, since M = M & M®,
we can actually write « like

a=ao+ao® + 14

with a® (resp. a®) as in (2.15) above, but with the a_,, ;’s in R¢ (resp.
R°) and 3 € R.

(ii) Let {aq,...,aq} be an A’-basis of Ly. Then, with notations as in

é?;ﬁ is in R°, for all ¢ and v between 1 and d.
Moreover, the fact that Lo/mLy — Ma//Ma/[1] — M/FM, cf. (2.9)
above, guarantees that the matrix (3%)1@',11@1 is invertible.

(i) above, it is trivial that

(iii) One can repeat the argument in [5] bottom of p. 179 - top of p. 180
to show that, if x; = 29 + 7"y; in S, for 1 < i < d, then

d Oaf

= 0Xy

af (1. wq) —af(als...,al) =7

(29,...,29) -y (modm™1S)

for all 1 < ¢ < d. The argument still works because e < p — 1. This ends
our sketch of the proof of the Sublemma.
The rest of Lemma 2.9 is standard. O

We now prove that LM, is full. Let G be an Al -group, R its affine
algebra, R an A’-special lift of R, and let (L, M, p) = LM, (G). Let Lo,
L1 and L£,, be as before.

From Lemma 2.9 and from (2.14) it follows that, for all p-adic A’-rings S,
the map

n(S): G(Sp) — G( S)

Ln,M,E)(
is an injective group homomorphism.

Let G’ be another A/ -group with affine algebra R’, let R’ be an A’-
special lift of R’, let £} and L], be as in (2.1) above, and let (L), M’, p') =
LM (G"). Let (¢,7): (Ln, M, p) — (L;,, M’, p’) be a morphism in A, . We
want to construct a morphism f: G’ — G such that LM, (f) = ((,7). In
order to do that, we need the following important technical result.
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LEMMA 2.10. — There exists a morphism ZO: Lo — L], which makes
the following diagram

)

L€ Ly, My
k %
L P M 41
n T mnoihl,,
E Cl ¥y Yar
0 , ,
P M
/ A’
) Ln E—— m”—lM;‘,
> &
c > M,

commute. Moreover, there exists a unique A’-linear morphism Z L, —
Ll /(m"=1Lh nmR') lifting ¢, which makes the diagram
L, ! M,
g
L’/Vl p M/
mn—1LiNmR/

commute, where ¥ = ppyr © Y.

Proof of Lemma 2.10. — Let {e1,...,eq} C Lo be an A’-basis of L.
There are two conditions that Eg has to satisfy: pr’ OZO = (opr and f)’ozo =
~va: o p. From these two conditions we see that in order to construct ZO we
need to come up with a set of elements {hq,...,hq} C L), such that h; is
a lift of ((€;) and p'(h;) = va(p(e;)), for all 1 < i < d, where €; = pr(e;).

Let g; € L], be an arbitrary lift of ((€;), for every i. We have

(par 0 9')(9i) = (¢ o pr')(9:) = p'(C(&:)) = F(p(€:)) = (Parr ©var 0 p)(ei)-
So p'(g:) — (yar o p)(e;) € m*~1M’,,. We know wg/ (L)) = M, cf. Propo-
sition 1.8 (ii). Hence, there exists g; € £} such that

(a0 p)(ei) = 7'(g:) + 7' (" "))
n—1_/

Now it is clear that the elements (h;)i1<i<d, defined by h; = g; + 7" g},
satisfy the above requirements. Define 601 Ly — L], by sending e; to h; for
all i’s.

Let oo € L,,. Suppose there exist v and v in £, such that

pr'(u) = pr'(v) = (@) and p'(u) = p'(v) = va (P())-
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It follows that u—v € 7w 1L} and u—v eKer(p') = L, NmR’, cf. Proposi-
tion 1.8 (ii). Thus u —v has to be in m"~1£/ N L, NmR' = m"~ 1L, NnmR".

On the other hand, from the first part of the Proof we see that we can
always find an element wu,, in £}, such that

7 (a) = (@) and p(ua) = ya:(A(a)):

Thus, the correspondence « — [u,] defines a well defined A’-linear mor-
phism ¢: £, — L /(7""1L£} N «R’), which is uniquely determined by

(¢, 7)- O
Now, ZO and ~ induce a morphism of group functors
VU N
02 Gy  Clcomi)

Since 7., is an isomorphism between G and G the morphism ¢

: ) (Lo,M,p0)’
induces a morphism of group functors

fG -G
that makes the diagram
(2.16) e ! ¢
] 8
el ~ ¢ a -
(M) T (£o,Mipo)
commute.

It is clear from the first diagram in Lemma 2.10 that LM, (f) = (¢, 7).
Thus LM, is full.

B. We will prove that LM} is essentially surjective and fully faithful. By
Part A, all we need to prove is faithfulness. Let f: G’ — G be a morphism
in SFF 4, such that LM (f) = (0,0) in Hom, s ((Ln,M,p), (L, M’ p")),

Al

where (L,, M,p) = LMJ(G) and (L', M',p') = LMJS(G"). We need the
following result.

LEMMA 2.11. — If G is p-faithful then
m" L NmR = m"R.

Proof of Lemma 2.11. — Since [p]: G — Gy, is faithful, it follows that
[p]: M — M is injective. This, after some computations using the explicit
description of M4/ given in Remark 1.6 (i), implies that [p]a/: Mar — My
is also injective. Since [p]4s is the “multiplication by p” map on M4, and
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(7¢) = (p), it follows that the “multiplication by 7” map on M- is injective.
Hence, we get an isomorphism
El £1 m£1 +mR m£1
[f]: — -7 — = = .
mR mR mR mL; NmR
Since u: £1/mR — mL;/m?R is also an isomorphism, where u(a) = 7,
we get that m£; NmR = m?R. The Lemma follows by finite induction. [
Let f*: R — R’ be induced by f and let ¢: R — R’ be a lift of f*.
We also denote by ¢ the unique extension of ¢ to P(R). It is clear that
w(Ly) C £ and (L) C L. In particular f induces a morphism @: £,, —
L /m™R’ which reduces to the zero morphism from L, to L] and which
makes the second diagram in Lemma 2.10 commute. Since, by Lemma 2.11,
m" 1L N mR = m"R’ we can apply Lemma 2.10 to deduce that the
morphism @: £, — L, /m™R’ is the zero morphism. Therefore

(2.17) o(Ln) C M "R

Let S be a p-adic A’-ring. Using (2.17), we get that the morphism
?(8): G(L,WM,:p\,)(S) — G'(Lmz\/[’;)(é')7 induced by ¢: £, — L/, and 0 =
A (f): M — M, is the zero morphism. Now, since in the commutative
diagram
f(S)

G'(S)
MS)J« ln(S)
’ ;(S):O
G(c'n,M',?) (S) > G(‘Cnva;)\) (S)

the vertical arrows are injective, f(S) has to be zero. Hence f is the zero
morphism between G’ and G. Thus LM/ is faithful.

With this we achieved the proof of our Theorem. O
PRrOPOSITION 2.12. — Consider the following diagram of functors:
LM 4

where B,, is the base change from A’ to A, and Q,, sends an object (L, M, p)
of AY, to the object (L/m™ 'L, M,p) of Aa; , with

p: E/mn_lﬁ — MA//mn_lMA/

induced by p.
The functors F = Q,, o LM s and E = LM,, o B,, are isomorphic.
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Proof. — Let G be an object in Aly,. With usual notations, we have
F(G) = (L/m" 1L, M,p) (resp. E(G) = (Ln,M,p,)), where (L, M, p)
(resp. (Ln, M, py)) is as in (1.8) (resp. Definition 2.7).

We have the following commutative diagram of A’-modules

P(R ~ 'S
(2.18) e R ABACWa)
Lo,
rnn—l[/1

cf. Lemma 2.6 for the objects in the right column. Note that the morphism
L/m" 1L — L, /m" 1L is an isomorphism, because it is so modp and
the modules are A/, _;-flat.

Define a morphism p(G): F(G) — E(G), by u(G) = (u,idps). It is
clear that p(G) is well defined and bijective and that g is a morphism of
functors. O

We have the following consequence of the Proof of Theorem 2.8 and of
Proposition 2.12.

COROLLARY 2.13. — Any smooth finite dimensional formal p-group
over A] lifts to a smooth finite dimensional formal p-group over A’.

Now, we restrict Theorem 2.8 to the case of p-divisible groups, cf. Def-
inition 1.1 (4). For this, we first introduce the classifying category, the
category of smooth Honda systems over A!,.

DEFINITION 2.14. — Let HY%, be the full subcategory of AQ, whose
objects are pairs (L, M), with M an A’-free module and
L, C Mo /(m" 1My,

Define a functor LM from the category of p-divisible groups over A/, to
the category of smooth Honda systems over A] by

LM(G) = (po(Ln/m" " L1), M),
cf. (2.1) and (2.4).

From Theorem 2.8 we get the following result.

COROLLARY 2.15. — The functor LM induces a duality of categories
between the category of p-divisible groups over Al and the category HY,
of smooth Honda systems over A!,.
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Remark 2.16. — Let G be a p-divisible group over A’ and let LM $,(G) =
(L, M), cf. (1.10). From Proposition 2.12 it follows that

LMY(G,) = (L/m" 1L, M).

The following result is a special feature of p-divisible groups over A, =
A’ /pA'.

PRrROPOSITION 2.17. — For every p-divisible group ' over k there ex-
ists a canonical lift T*® over AL. Moreover, for every morphism f: T —
IV between p-divisible groups over k there exists a canonical morphism
fean: rean — (V)™ over Al that lifts it.

Proof. — Let M be the Dieudonné module of I'. Then, we claim that
the natural morphism
A’ ® M My
—
me LA SN FM T me My,

given by Zj;g @ m; — [(Z;;g 77 ® mj,0)], is injective and its image

L C My /7 Y Mas is AL_-free.
It is easy to see that it is well defined, i.e. that E;;g 7/ ® Fm; is mapped
to zero. Indeed, this follows from the following relation
e—2 e—2 e—2
(Z @ Fm;, O) = Z(ﬂ'j ®@Fmj, -1l @m;)+m¢" Z(O,p‘lﬂjH@mj)
i=0 =0 =0
in which the right hand side is clearly zero in My /m¢~*Ma/, cf. Re-
mark 1.6 (i).
We now prove that it is injective. Assume [(Zj;g 77 ®mj,0)] is zero in
My /71 M 4/. This means that we have the following relation

e—2 —1 >
(Z @ mj,O) =gt (ez: ™ ®m, ipilﬂ't ® nt>
7=0 s=0 t=1
e e—1 e—1 e
+ (Zﬂ't Q x — ZTI‘S ®Fys,27rs ® Ys — Zp_lﬂt ®th)
t=1 s=0 s=0

t=1
in A @4aMapmos MY, for some m'’s, n’s, x’s and y’s in M. In the
case e = 3, the reader would have to trust us that similar things happen in
the general case, this gives the set of equations

mo = pmy +pr3 — Fyo, 0=pny+pyr —Vay,
my =pmy +x1 — Fy,  0=pnz+pys — Vo,
0 =my+ax2— Fya, 0=mn1+yy— Vzs.
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Clearly my € FM and, because Vx; € pM = VFM and V), is injective,
it follows that x; € FM, hence m; € FFM.

So the map is injective and since A’'/7*"1A’ @ M/FM is A,_,-free of
rank d = dimyg M/FM, we get that (L®*, M) is a smooth Honda system
over AL. Therefore, it gives rise to a p-divisible group I'*® over A/, which
lifts T'.

Now let f: I' — I be a morphism between p-divisible groups over k
and let ¢: My — M be the corresponding Djy-linear map between their
Dieudonné modules. It is clear that o4 (L$") C L{", where
Bar: Ma/(m" " 1Ma) — M, /(m™"1M,). Therefore @: (L™, My) —
(L§*™, M) is a morphism of smooth Honda systems over A/, which gives
rise to a group morphism f": T — (TV)" gyer A/ that lifts f. It is
clear that the correspondences I' — I'®" and f — f°" are functorial, i.e.
canonical. ]

COROLLARY 2.18.
(i) Any abelian variety over k and any morphism between abelian vari-
eties over k, lifts canonically to AL.

(ii) Any finite group over k lifts canonically to a finite flat group over A.,.

Proof. — Part (i) follows from the above Proposition via Serre-Tate,
cf. [9], Theorem 1.2.1. Regarding Part (ii), we note that any finite group
G over k is the kernel of an isogeny ¢: I' — IV between p-divisible groups
over k, cf. Theorem 3.1 below. Then G°" := ker(¢®") is the canonical lift
of G to A.. O

3. Finite flat group schemes

We begin by recalling some fundamental concepts about formal groups
over a pseudo-compact noetherian local ring. Thus a morphism between
formal groups u: G — H is a monomorphism or a closed immersion if the
morphism induced between the affine algebras is surjective. A morphism
u: G — H between two formal groups is an epimorphism if the morphism
induced between the affine algebras is flat and faithful with respect to
the completed tensor product, cf. [4], Exposé VIIg, §1.3.1 (note that over
noetherian bases “topologically flat” is the same as “flat”). An isogeny is
an epimorphism with finite kernel, between two p-divisible groups.

In our case, i.e. over A} or A’, we see that a morphism between formal
groups that are flat over the base is an epimorphism (resp. isogeny, resp.
monomorphism) if and only if it is so mod m. Another way to express this
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is in terms of Dieudonné modules. Thus, via Theorem 1.3, we see that
a morphism is an epimorphism (resp. monomorphism) if and only if the
induced morphism between the Dieudonné modules of the special fibers of
the groups is injective (resp. surjective).

Also there exists the quotient of a formal group by a flat subgroup, cf. loc.
cit. §2.4. It is a standard fact that the quotient of a p-divisible group by a
finite flat subgroup is a p-divisible group, cf. for instance [1], Lemme 3.3.12.

As we announced in the Introduction, we make heavy use of the following
result of Oort, cf. [12].

THEOREM 3.1. — Every finite flat group scheme over a noetherian com-
plete local ring, with perfect residue field of characteristic p, is the kernel
of an isogeny between two p-divisible groups.

Remark. — See Remark on pp. 112-113 of [1] for details. Also see The-
orem 3.1.1 in [1] for a generalization due to Raynaud.

Recall from Section 2 that for a p-divisible group T" over A/, we denote
by Rr its affine A} -algebra, by Rr an A’-special lift of Rr, by £, 1 the set
{a € P(Rr);6(a) € m"Rr&aRr}, by Mr the Dieudonné module of T,
and by (L, r, Mr) the smooth Honda system of I'. Moreover, we introduce
the following further notations.

DEFINITION 3.2. — Let (L,,, M) be a smooth Honda system over Al,.
We call an L-lift of L, a free A’-submodule £ of My, of rank equal to
dimy M/FM such that

My
et M) <
Also, we denote by L, the preimage m, YL,) of L,, inside M4, where
Tn: Mar — My /(m™ 1 My,) is the natural projection.

The following result establishes the basic properties of these notions.

PROPOSITION 3.3.
1. Let (L,, M) be a smooth Honda system over Al . For every L-lift L
of L,, we have
(i) L/mL ~ My /My [1] =~ M/FM.
(ii) ,C|n‘ =L+m" 1My

2. Let ¢: I' — I’y be an isogeny between two p-divisible groups over Al .

(i) The isogeny ¢ lifts to A" if and only if there exist L-lifts Lr (resp.
Lr,) of L, (resp. Ly, 1, ) such that the injection My, — My sends
£p1 into EF.
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(ii) Let G be the kernel of ¢. Then G is killed by p", for some positive
integer r > 1, if and only if p" Mr C Mr, and p"Lj,|r € Lin| 1, -

Proof. — Part 1 is standard and Part 2(i) follows from Proposition 2.12.
The kernel of ¢ is killed by p” if and only if ' N I factors like T % ry —rn.
This, in turn, is equivalent to the inclusions p"Mr C My, C Mr and
P Linr € Lin)ry € Linr- O

Remark 3.4. — For a p-divisible group I" over A/, with smooth Honda
system (Lyr, M), the isomorphism classes of L-lifts of L, r are in bijec-
tion with the isomorphism classes of p-divisible groups over A’ that lift I".
Indeed, an L-lift £ of L, r together with Mt make up a smooth Honda
system over A’ which, via Remark 2.16, corresponds to a p-divisible group
I'? over A’ that lifts T.

LEMMA 3.5. — Let
(3.1) 0—-My— My — M—0

be an exact sequence of Dy-modules.

(i) Suppose we are given a smooth (resp. finite) Honda system (L1, M)
(resp. (L, M)) over A such that Im(Ly € My — M) = L. Then (£; N
Moy, Ms) is a smooth Honda system over A.

(ii) Suppose we are given smooth (resp. finite) Honda systems (L, ;, M;)
(resp. (L,M)) over A, (resp. A), with i = 1,2, such that the sequence
induced by (3.1)

Lpos—L,1—L—0
is exact. Moreover suppose that pMy C M and pL, .1 C Ly)2-

Let B1,...,Bu (resp. Yut1,---,7%a) be in Ly, o (resp. Ly,,1) such that
their images in Ly, 1/pLy 1 (resp. L) form a k-basis of ker(Ly, 1 /pLp1 — L)
(resp. L), where d = dimy, My /FM, = dimy, My/F M. Then the A-module

El == <ﬂ17' "3/6717’)/114—‘,-17"' ;7d>A
is an L-lift of Ly ; and the A-module

£2 = <617 e aﬁuap’yu+1> e ap’Yd>A
is an L-lift of Ly, 2, which is equal to £, N M.

(iii) Let r > 1 be an integer and let m > n + r. Suppose we are given
smooth Honda systems (L, 1, M) and (L, 2, M) over A, such that
p"M = 0 and Im(Ly, 2 € Ma/p™ 'My — M;/p™ *My) C L,,1. Then
for every L-lift Ly of L, the A-module Ly = L1 N My is an L-lift of
Ly = Liyma/p" 'Ly C My/p" ! M.
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(iv) Suppose we are given finite Honda systems (Lg, M) and (L, M)
over A. Furthermore, suppose that

dimy, M, /pM;y = dimy, My /FM; + dimg My /V M.
If Ly is an A-submodule of My such that the sequence induced by (3.1)
0—-Ly—Li—-L—0
is exact, then (L1, My) is a finite Honda system over A.

Remark. — Before we give the proof of the Lemma we make it more
comprehensible by translating it in terms of groups. Thus, (i) gives the
explicit smooth Honda system of the quotient I'/G of a p-divisible group
T over A by a finite flat subgroup G. Number (ii) states that an isogeny
¢: ' — T'1 over A,, such that ker ¢ is killed by p, lifts to A. Number (iii)
states that given an isogeny ¢: I' — T'; over A/p"*" A such that ker ¢ is
killed by p", its base change to A/p™A lifts to A. Number (iv) will help us
construct Honda systems.

Proof.

(i) It is clear that My (resp. Lo = £1 N M>) is A-free and it has the same
A-rank as M; (resp. £1). This is so because M (resp. L) is an A-module
of finite A-length and M; (resp. £1) is A-free. On the other hand, we have
the equalities tka(£1) = dimg M;/FM; = dimy My/FMs. Indeed, the
first equality comes from the fact that (£q,M;) is Honda and the second
comes from the fact that the sequence (3.1) corresponds via Theorem 1.3
to an exact sequence 0 — G — I'y — I's — of groups over k, with G
finite and I'y and I's smooth, necessary of the same dimension, dimension
which is equal to dimg My /FM; = dimy My/FMs, cf. [5], Chapter III,
Proposition 6.1(ii). Therefore, in order to prove that (L2, M3) is Honda it
is enough to prove that the natural map Lo/pLo — Ms/F M, is injective.
Let = be in L5 N FMs. Then x is also in £; N FM; = pLq. So x = pa
for some « in L;. Since x = Fy for some y in Ms, we get that Va = y.
Therefore Vysa is zero inside M. But @ is in L and L N ker Vs is zero,
hence @ is zero. It follows that « is in My, hence in £; N My = L5. Thus
LoNFMs; =pLs and we are done.

(ii) Since from the way we constructed it, £1 is an L-lift of L, ; that
surjects onto L, it follows from Proposition 3.3, 1(i), that (£q,M;) is a
smooth Honda system over A, hence by (i) we get that (£ N Mz, My) is
a smooth Honda system over A. All we have to do is prove that Lo =
L1 N M,. Then, since by hypothesis L5 is included in Ly, 2, it follows that
Ly/(p"~'Ls) injects into Ly, 2/(p" ' Mz) = Ly 2 and since they become
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isomorphic mod p they must be equal. Note that the sequence of A-modules
induced by (3.1)
0—-LiNMy— L, —L—0
is exact. Since by hypothesis £, is included in £1 N M5 the fact that they
are equal is a standard linear algebra exercise.
(iii) By hypothesis the morphism My — M; induces a morphism
M, M,y
3.2) (En: oty ) = (o gy
of finite Honda systems over A. Since the category of finite Honda systems
over A is abelian, cf. [3], Lemma 1.3, it follows that the coimage and the
image of (3.2) are equal. Since the coimage is
My +p™ "My My +p™ ' M,
prtMy T pmT My )

(Lm,l N

and the image is

(3.3) (ﬁwmm +p" My My +pm—1M1)
: pmflj\41 ’ pm71M1
and L, 1 = E‘m|71/pm’1M1, we get the relation
(34) 'C|m\,2 +Pm71M1 = £|m\,1 N Mo +Pm71M1~

Since p" M is included in Mz we get that L,,,,|,1 N My is included in Ly, 2 +
p"~ 1M, which, via Proposition 3.3, 1(ii), is equal to Lin2-

Let (L, M) be the cokernel of the morphism (3.2) and let £4 be an L-lift
of Ly, 1. From (i) it follows that (£4 N My, M>) is a smooth Honda system
over A. Since £1 N My is included in L, 1 N Mz, which in turn is included
in L, 2, it follows that £; N M3 is an L-lift of L, ».

(iv) We have to prove two things: that Vi, is injective on Ly and that
Ly /pLy is isomorphic to My /FM;. Let a be in L; such that Vjy, « is zero.
Then Vy @ is zero in M and since @ is in L we get that @ is zero. It follows
that « is in Ly and since Vi, = Vi, a = 0 we get that « is zero.

Since V), is injective on Ly it follows that Lj[p] @ ker Vi, injects into
M [p|, where Li[p] (resp. Mi[p]) is the submodule of L; (resp. M;) of
elements killed by p. This fact implies the relations

dimk Ll/le = dimk Ll[p] § dimk Ml/le - dimk Ml/VMl
:dlmk Ml/FMl

Thus in order to complete the proof we need to show that the natural
map Li/pLy — M;/FM, is surjective. Let = be in M;. Since L; (resp.
M) surjects onto L (resp. M) and L surjects onto M /FM there exists «
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in Ly and y in M; such that T = @ + F)yy in M. It follows that there
exists z in My such that © = o+ F,y + 2z in M;. Since Lo surjects onto
My /F My there exists @ in Ly and w in My such that z = 8+ Fj,w. We
get x = (a4 B) + Fa, (y + w). This completes the proof. O

Now we construct two functors on finite groups over A,. Let G be an
object in FF 4,, with affine A,-algebra R¢, and let M be its Dieudonné
module. By Theorem 3.1, G sits in an exact sequence of formal group
schemes over A,

(3.5) 0-G—-I'—-TI1—-0

where I" and I'y are p-divisible groups. We call such a sequence a presenta-
tion of G.

The sequence (3.5) induces the following exact sequence of Dieudonné
modules

(3.6) 0— Mp, - Mr—M—0
which, in turn, induces the following exact sequence of Dg-modules with
finite A-length

MF1 ﬂpn_lMF Mpl Mr M
— — — — —

pn—erl pn—erl pn—lMF pn—lM

Note that because I' — I'y is a morphism of p-divisible groups over A,,, the
morphism Mr, — Mr induces a morphism (L, r,, Mr,) — (Lnr, Mr) of
smooth Honda systems over A,, and, in particular a morphism

(3.7) 0 0.

My My
35 (Lo M0y (1, M)
(38) T
of finite Honda systems over A. Let
M My ﬂp”_lMF
3.9 (Ln, 7> d (L("), 1—)
( ) pnflM ar 197171‘2\4F1

be the cokernel and the kernel, respectively, of the morphism (3.8), in the
abelian category of finite Honda systems over A. Note that under the iso-
morphism
Mp pn-t p"~'Mp

—
MFl pnilMIH
the Dj-submodule M[p™~1] of M, of elements killed by p"~!, corresponds
to (Mpl ﬁpnilMp)/(pnierl). Let

(3.10)

_ Mrp, Np"~*Mp

n n—1 n 1

(B M) = (20, S )
1

be the finite Honda system over A induced by the isomorphism (3.10).
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DEFINITION 3.6. — Let SHQN (resp. SH)y ) be the category of finite
(resp. restricted) Honda systems over A,, whose objects are triples (resp.
pairs) (L™, L,,, M) (vesp. (L, M)), where M is a Dy-module with finite A-
length and (L™, M [p"~Y]) (resp. (L., M/p™" 1 M)) is a finite Honda system
over A, and whose morphisms are the obvious ones.

We define two functors LM (resp. LM?) from FFa, to SHQH (resp.
SH',, ) which send a group G to

LM} (G) = (L",L,,M) and LM} (G) = (L,, M)

with L™, L, and M as in the paragraph before Definition 3.6, and a mor-
phism f: G’ — G to A (fr): Mg — Mg.

PROPOSITION 3.7.
1. The functors LM} and LM are well defined.
2. The functor LM, is essentially surjective.

Proof.

1. It suffices to prove that LMJ is well defined. We have to prove two
things: that LM/ is well defined on objects, i.e. its definition does not
depend on the particular presentation (3.5) of G, and that it sends a mor-
phism of groups into a morphism of finite Honda systems. We assume for
the moment that LM/ is well defined on objects and prove that it is a
functor.

Let f: G — H be a morphism of finite groups over A,,. Let

(3.11) 0-G—-»I'—-I'1—0; 0-H—->A—-A; -0
be presentations of G and H. Let ¢y be the composition
(3.12) G axa L axH T xA.

It gives rise to a morphism v; between Dieudonné modules

(3.13) Mr & My — Mg & Mg “25 Mq @ Me — Mg.

Note that the morphism Mg ® Mg — Mg is the addition. It follows that
vy is surjective, hence ¢y is a monomorphism. Denote I' x A by T and
let T be the p-divisible group cokerts. From (3.11) and (3.12) we get a
commutative diagram with exact rows

(3.14) 0 G r I 0.
id’T ' ¢Pr1 ’?
0 G I'x A T, 0
i e
0 H A Ay 0
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The bottom right square of diagram (3.14) yields, in particular, the fol-
lowing commutative diagram

M
(3.15) (LA PN n,A> 1%)

| |
M
(Ln,T1 ; ﬁ) — (Ln,T7 pni\/%)
of finite Honda systems over A, cf. also (3.8). We get induced morphisms
between the kernels (resp. cokernels) of the horizontal morphisms in (3.15),
which express exactly the fact that LM (f) is a morphism of finite Honda
systems over A,,.

We now prove that LM/ is well defined on objects. For this, take H (resp.
f) equal to G (resp. id) in the above construction. Let (L™(T'), L,,(T"), M)
and (L™(A), L, (A), M) be the finite Honda systems induced by the two
presentations (3.11) of G. Also let (L™(T" x A), L,,(T' x A), M) be the finite
Honda system induced by the middle row of diagram (3.14). From (3.13)
we see that
(3.16) Lo(T % A) = Ly (T) + Ln(A) € —2

: n - n n = pn—lM'

Since the three L’s are isomorphic mod p they must be equal. Thus L, (T") =
L,(A).
From (3.12) we get a commutative diagram with exact rows

(3.17) 0 T'xA T, 0.

G
Ay idy V

0*>G><G*>F><A*>F1 XAlﬂ'O

which gives us two things. The first is that the induced morphism

Mr My Mr & My
D —

3.18
( ) Mr, — My, M~y

1

is the addition from M @ M to M. The second is that we have an induced
morphism of finite Honda systems over A between

- (L My, @& My, )H(L M)
n,F1XA17 pn_l(Ml"l @ MAl) 'ﬂ,FXA? pn_l(MF @MA)

]\4{\1 ﬁp7l71MA
p—TMy,

which is (L0 (T) & L) (4), Moy M

M~ Mr & My
er( (Lo o) = (Berens i i)
er( 0 Ty, ) T\ T @ M)

), and
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which is (L(”)(F x A), MTl“]’)’::f%F@M“), of. also (3.8) and (3.15). In
1

particular, the A-module L™ (I") @ L(™) (A) maps inside L™ (I x A). From
the following commutative diagram

(3.19) Mr,np™ "' M @ My, Np™ " My My, Np™ ™ (Mr®M,)
M p7L71MF1 pnflMA1 1771711\4.1.1
p" ' Mp ® p" T My p" N (Mr&Ma)
p*~1Mrp; 7 ptTi1Ma, pn 1My,
Mr My Mr®Mp
Mrl MAl MTI

and from (3.18) we get the inclusion

L™(T) 4 L™(A) C L™(T x A) C M[p"~1].
Since the L’s are isomorphic modp we get that they are equal. Thus
L™(T) = L™(A).

2. Let (L,, M) be a restricted Honda system over A,. By Theorem 3.1
and Theorem 1.3, M sits in an exact sequence 0 — My — M7 — M — 0
of Dig-modules, with M; being A-free. From [3], Theorem 1.4, Step 4, ap-
plied to the exact sequence of Dj-modules 0 — My + p*~'M; — M; —
M/p"~1M — 0, there exists a smooth Honda system (£;, M;) that sur-
jects onto (Ly,, M/p"~1M). Define L, 1 = L£1/p"~'L;. Similarly, we get a
smooth Honda system (Ls, Ms) that surjects onto the finite Honda sys-
tem ker((Ly,1, M1/p""*My) — (Ly, M/p"~'M)) over A. Define L, o =
Lo /p"1L5. Then the morphism

(Ln2, M3) — (Lp,1, My)
of smooth Honda systems over A,, gives rise to an isogeny I'y — I's over
A,, whose kernel has restricted Honda system equal to (L,,, M). |
For future reference, we state the following practical consequence of the

fact that LM, is well defined.

COROLLARY 3.8. — Let G — I' be a monomorphism over A,,, with G
finite and I' a p-divisible group. Then the restricted Honda system of G is
the image of the smooth Honda system of T'.

PROPOSITION 3.9. — The functor LM2f is essentially surjective and full.

Proof. — Let (Ly, Ly, M) be a finite Honda system over A,. As in the
proof of Proposition 3.7 Part 2, we construct an exact sequence 0 —
My — My — M — 0 of Dg-modules, with M; being A-free, and a
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smooth Honda system (Lg 1, M) over Ay that surjects onto (Lo, M). We
let Lo o € My/pMs be any k-vector space that fills in the empty space of
the following commutative diagram with exact rows

0 MoNpM; Mo Mo+pMy 0
pMa pM> pMy

0 L JA v 0

where (L', (Ma+pMy)/pMy) is the kernel of (La 1, M1 /pM1)— (La, M/pM)
and (Lgl), (M2NpMy)/pMsz) corresponds to (Ly, M[p]) via the isomorphism
(3.10). By Lemma 3.5 (iv), (La,2, M2) is a smooth Honda system over As.
The morphism

(L2,27M2) - (L2,1,M1)

of smooth Honda systems over Ay gives rise to an isogeny I'y — I's over
As, whose kernel has finite Honda system equal to (L1, Lo, M). This proves
that LM2f is essentially surjective.

Let G and H be two finite groups over A, let (L%, Lg, Mg) and
(L¥, Ly, Mp) be their finite Honda systems, respectively, and let

(3.20) 0-G@—-TI'—->I1—-0; 0-H—-A—A;—0

be some presentations of them.

Let (L, Ly, My) - (LS, Lg, M) be a morphism in SHY, . We seek to
reconstruct diagram (3.14) from w and (3.20), in order to get a morphism
f: G — H that maps to u. For this, it is enough to construct the middle
and the right columns. The only unknown is T;. We know its Dieudonné
module M. It is the kernel of the surjective composition

Mp @ My — Mg @ My 2% Mo @ Mg — M.

We need to construct a k-vector subspace Lo of M/pM such that the
morphisms

(3.21) (L2, x Ay s Mryxa,) — (Lo, M) — (Larxa, Mrxa)

are morphisms of smooth Honda systems over As.
Consider the commutative diagram of Di-modules with exact rows

(322) 0——=Mr, @My, —> Mr @My —> Mg &My —0.

v { |

0 M Mr & My Mg 0
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To ease notation, we denote I' X A (resp. I'y X Ay) by = (resp. Z1). Let
(L', M) (resp. (L"”,M")) be the kernel of

(L2,z, Mz/pMz) — (Lg ® Ly, (Mg & My)/p(Mg & My))

(vesp. (Loz, Mg/pM=) — (Lg, Mc/pMg)). From the snake lemma it fol-
lows that the induced morphism L’ — L” is injective.

Diagram (3.22) induces, in particular, the following commutative dia-
grams with exact rows of k-vector spaces

(3:23) SR g f\f L& Loz, — L£
MOpM= > N —> M L<2)(—>i*>> L

where the right diagram is included in the left one, L(? is induced by L&
via the isomorphism pMz/pM ~ M=/M ~ Mg and L(EQ) = Lg) @ Lf) ~
LY @ LY cf. also (3.9) above. The fact that the image of L(Ez) C (Mg, N
pMz=)/pMz, — (M NpMz)/pM lies inside L(?) follows from the inclusion
u(L?) C LY and the fact that the image is actually L follows from (3.19)
and (3.22). It follows that the sequence

0—-L? L, —-L, -0

is exact, where Ly (resp. L}) is the image of Lo =, C Mz, /pM=, — M/pM
(resp. L' — L"). Thus there exists a k-vector subspace Ly of M/pM that
fills in the empty space of the right diagram in (3.23). It follows from
Lemma 3.5 (iv) that (Lg, M) is a smooth Honda system over As.

Let Ty be the p-divisible group over A, that corresponds to (Lo, M).
From (3.21) we get a commutative diagram of smooth Honda systems
over A,

(L2r,, Mr,) ———— (La,r, Mr)
v i}
(Lo, M) —— (L2,r © Lo A, Mr & My)
4 i}

(LQ,Al ; MAl) - (LZ,Az MA)

which induces a commutative diagram with exact rows of groups over As

(3.24) 0 G r r, 0.
b
0 el I'x A 1 0
v ypr v
0 H A A 0
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It follows from the universal property of the kernel that the dotted arrows
in the above diagram are well defined morphisms of finite groups over A,.
In fact G’ — G is an isomorphism because it is so mod p. If we define f to
be the composition G — G’ — H it follows that LM (f) = u. O

COROLLARY 3.10. — Two finite groups over A, are isomorphic if and
only if their finite Honda systems are isomorphic.

Proof. — The “only if” implication being trivial, we need only prove
the “if” implication. Start with an isomorphism between the finite Honda
systems. By Proposition 3.9, it gives rise to a morphism between the groups,
which is an isomorphism mod p, hence an isomorphism. O

Remark 3.11.

1. If we consider a finite Honda system (L', L, M) over Ay with pM =0
and L' # L we get a finite group G over Ay with the property that the
morphism G 2 G is not zero but it is zero mod p. This is one instance of the
non-faithfulness of the special fiber functor. Other more general examples
can be given. Note also that for such a group G the p-torsion subgroup
G|p] is not flat.

2. For arbitrary n, we see from the proof of Proposition 3.9 that LM/
is essentially surjective onto the finite Honda systems (L', L, M) over A,,
with L and L' free A,,_;-modules, and that LM, is full, hence classifying
by Corollary 3.10, when restricted to the finite groups over A4, that map
to such Honda systems. Indeed, the thing that made the proof work was
that the L’s in the Honda systems were A/p"~!A-free.

In particular, Proposition 3.9 and Corollary 3.10 hold also for LM/ re-
stricted to the category of truncated Barsotti-Tate groups of level s > n
over A, (the case of levels less than n is trivially true).

3. Since for truncated Barsotti-Tate groups the kernel and the cokernel
of the “multiplication by p”~'” morphism are isomorphic in a functorial
way, we see that the restricted Honda system is enough to classify these
groups. It follows that a p-divisible group (resp. truncated Barsotti-Tate
group) over A,, is determined by its reduction mod p and by its p" ! torsion
subgroup. This, over A,,, recovers a classical result of Grothendieck, cf. [§],
Corollary 4.7.

DEFINITION 3.12. — We say that a finite group G over Al is fully flat
if all the p-torsion subgroups {G[p']}i>1 are flat.

THEOREM 3.13. — Let ¢: I' — I'1 be an isogeny between two p-divisible
groups over A,, and let G be its kernel.
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(i) If G is fully flat then ¢ lifts to A.
(ii) The torsion subgroup G[p"] is fully flat for some integer r > 1 if and
only if G lifts to A/p"+" A.

Proof.
(i) We define the following sequence of finite groups
G
3.25 Go=G, Gig1= 7,120
(3.25) 0 ) =G 7] {
We have the isomorphisms
G G[piJrl]
(320 o O o
Let G and G[p] sit in exact sequences
0 Glp] Lo Iy 0
vr id|, v
0 G Lo I 0

with the I'’s p-divisible. From the properties of the cokernel we get an
induced morphism I'y — T, which, by the snake lemma, is an isogeny with
kernel G.

Therefore, in general, for every i > 0 we have a commutative diagram
with exact rows

(327) 0 G, [p] I | P 0.

o !

0 G, T, r) 0

From (3.26) and (3.27) we get the following relations between the
Dieudonné modules
p'Mr, + My,

Mg, =p'Mg = 7
I

, My, = p'Mrp, + Mp.
Suppose G, is zero for some positive integer . From (3.27) and Propo-
sition 3.3, 2(ii), we get

(3.28) PLr, € Linjriyys € Linpryy, 0<i<r =1

i1
where, by convention, I', is equal to I'j,.
Note that since the kernel of I'y — T; is G[p?], which is killed by p?, the

isogeny I'o L, Iy factors like I'g — I'; — I'g. We claim that the composition
G; — T'; — T’y is a monomorphism. Indeed, the corresponding morphism
between the Dieudonné modules is p' M, — Mr, — p' Mg which is clearly
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surjective. Therefore, by Corollary 3.8, the restricted Honda system of G;
is (L, MGi), with

p'Mg
pi—i-n—lMG ) :
It follows, in particular, that for every i > 0 the A-module L; surjects onto
L1 via the surjective morphism p’ Mg /p'™" Mg 5 pit1 Mg /pit" Mg
given by [z] — {pz}. For future reference we denote by d (resp. d;) the
dimension of the k-vector space Ly, r,/pLnr, (resp. L;/pL;). We have the
inequalities

(3.29) L;= Im(ﬁw,ro C Mr, L p'Mg —

dzdy>2dy > 2dr_2 >dr_1.

On the other hand, from diagram (3.27) and the fact that the func-
tor LM is well defined, cf. Proposition 3.7, we get the following exact
sequences of A-modules

L.

pL;

Here we implicitly used the fact, which we leave as an exercise to the reader,

that (L;/pLi,p*Mg/p"" 1 Mg) is the restricted Honda system of G;[p].
The sequences (3.30) yield the following commutative diagram with exact

(330) Ln,l"{J - Ln,l"i — L; — 0 Ln,l"

i1 Ln7ri -

rows of k-vector spaces

L, L
n, Iy n,lp 1
(331) et Loy ——>0
to \ /
/
erl
L"’F'rfl L"vrr72 Ly_2 0
pL"»Fr—l an,l"T_Q pLy_2
L/
r—2
Ly, ry Ln,ry L, 0
pLn,ry pLn,ry j2%1
\ //
Ll
Ly, Ln,ry Lo 0
an,Fl an,FO pLo

-
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where L} is by definition

ker(Ly,r, /pLn,r, — Li/pL;) =Im(Lnr,., /PLnr..y — Lnr, /PLar,)-

Note that the kernel of L,, r, — L;, which by (3.30) is the image of Ly, —
L, r,, surjects onto the kernel of L,, r, /pLy,,r, — L;/pL;, which is L. Since
the morphism L, r; — Ly, 1, factors through all the L, r;’s with j > i, we
get that L’ surjects onto L; for all j > i.

Next we prove the following statement by decreasing induction on ¢ be-
tween 7 — 1 and 0.

FAcT 3.14. — There exist elements 1, . ..,%a, in Ly, r, such that:

(i) The images of p"y1,...,p"ya, in L;/pL; form a k-basis of this vector
space.

(ii) The elements p"'y4,,, 41, .., p"" ' ya, are in Ly, py and, if i is strictly
less then r—1, their images in Ly, v, /pLn r,,, form a k-basis of ker(Lj  , —
L).

Note that P(r—1) is trivial because of (3.28) and (3.29). Assume we have
P(i). Let £4,41, - - -, €a,_, bein Ly, r, such that the images of p" 1&g, 41, ...,
p' =€y, , in Ly (vesp. L;_1/pL;_1) lie in ker(L; 4 LN L;) (resp. form a
k-basis of ker(L;_;/pLi_1 % L;/pL;)). This is possible because of (3.29)
and the fact that the kernel of L, ; = L; surjects onto the kernel of
L;—1/pL;—1 LN L;/pL;. Tt follows that the image of pifj is zero inside L;.
Hence
Lin|ry +p" " M

p" !t Mr,
cf. (3.30) and (3.3). Since My, = p‘* M, + My there exist (; in L), 1y, and
z; (resp. y;) in Mr, (resp. Mt ) such that

i

]ng S keI‘(Lm[‘i ad Lz) =

P& =6+ 0" (0’5 + yy)-

Define v; = & — p" ;. Then ~; is in Ly, r, and
P =B +0"" 'y € Linry,-
Since the image of p'~!~, inside L,, p

is the same as that of p'~1¢; the

i—1

only thing that remains to prove is that the elements pivg,4+1,...,0"4,_,
form a k-basis of ker(L/ - L!_,). For this, let d4,...,04, ,+1 bein Lin|,r;
such that their images d4,...,04,_,+1 form a k-basis of L) ;. Then, by
Lemma 3.5 (ii) applied to the isogeny I';_; — T';, the A-module

L= {0, 0d; 41,0 Vds_1»--->P'71)A
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is an L-lift of L, r,. It follows that the elements

6da ey 6di,1+17p17di717 cee 7Pz7di+1

form a basis of L}. Since piyj is in pMr, , we get that the elements

P Yd;_ys- -y D*Ya;+1 form a basis of ker(L, — L,_,).

Now, to end the proof of the Theorem, we take elements dg4, ..., 04,41 in
L, r; such that their images in Ly form a k-basis of L. We claim that
the A-module

Lo = (ds---+0dg+1,Vos--->71)A
is an L-lift of L,, r, such that LoNMr, is an L-lift of L, p,, forall 1 <3 < 7.

To show how the proof of the last claim goes we assume r is equal to 3
in order to avoid unnecessary technicalities. By Lemma 3.5 (ii) applied to
the isogeny I'y — I'y and by P(0) we get that Lo is an £-lift of L, p, and
that the A-module

‘Cl - ‘CO N MF1 = <6da ey 6d0+1>p’ydoa cee 7p’71>A
is an L-lift of L, r,.
Then, by P(1) (ii) (resp. (i)), it follows that the elements
57(1’ ey 5d0+17p7d07 <y DYdy 41
(vesp. PYa,, - - -, Py1) form a basis of L} (resp. L1/pL1). By Lemma 3.5 (ii)
applied to the isogeny I'1 — I'y we get that the A-module
‘CZ - £1 N MFQ = <6d7 ey 5d0+17p’7d07 cee ap7d1+1ap2’7d1a e 7p2’71>A

is an L-lift of L, r,.
Similarly, it follows that the elements

Oy s Odot 1y Py -+ s PV 415 P2 Vdy - -+ PP Vo 41
form a basis of L5 and that Ly = Lo N My, is an L-ift of Ly, 1, generated
by the elements
0= (0ds -+ Odg 1, PVdos -+ DYy +1, D2V -+ s D2 Vgt 1, PPV -+ D7 1) A
Proposition 3.3, 2(i), finishes the proof for us.

(ii) Here we prove the ’only if” part of the statement. The ’if” part follows
from Corollary 3.17 below. Suppose G[p"] is fully flat. As usual, we have
the presentations

(3.32) 0 —= G[p"] To I, 0.
\L-‘ 1d\L ¢/
0 G Iy 'y 0
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By (i) there exists an £-lift Lr, of L, r, such that Lp, N Mr, is an L-lift
of Ly r,. Let L ={ay,...,aq)4 be an L-1ift of L”1F6' Since £’ C EW,F& -
‘C\n|,F,,. = Lr, N Mr, +p”_1MFT and My =p"Mp, + MF6 we can write

o =B +p" la;+p"t Yy, 1< <d

with §; in Lr, N My, and z; (resp. y;) in My, (resp. Mrp,). Define v; =
aj—p"~lz; for j between 1 and d. Then the A-module Lry = (71,---,7d)A
is an L-lift of L,, p; which is included in Lr, 4 p™*" ' Mr,. It follows that
the morphism
»CF’ »CFO
(pn—&-r—fﬁr, ’MF6> - <pn+7"—1£ro ’ MFU)
0

of Honda systems over A/p"*"A lifts the morphism (L, r;, Mr,) —
(Lyr, Mr) of Honda systems over A,,. By Corollary 2.15 we get an isogeny
I' — TV over A, 4, that lifts Ty — T'{,. The kernel of this isogeny lifts G. O

LEMMA 3.15. — Let m and r be two positive integers such that m > r,
let T' be a p-divisible group over A1, and let (Ly4m.r, Mr) be its Honda
system. For every L-lift L of Ly r the composition

P(Rr) (RP)x

P"Rr p"RE

is zero, where R% is the affine A-algebra of T'*[p"], with T'* as in Re-
mark 3.4.

£n+m,F -

Proof. — Note that the affine A-algebra of I'? is still Rr, enhanced with
a comultiplication given by the group structure on I'“. Also from Theo-
rem 1.11 and (1.8) it follows that the A-module £ is identified with the
elements a in P(Rr) such that §(«) = 0. It also follows that L4 =
L+ p"™™=1L; r. Indeed, the right module is included in the left one, they
are Ay 4m—1-free modulo p" ™™~ 1L; 1 and they are isomorphic mod p, cf.
Lemma 2.5.

From [5], Remark 2 on page 186, we know that the composition

L < P(Rr) — (RF)k

is zero. Hence we only have to deal with p”*m’lﬁmﬂ. Let 8 bein £; 1. The
fact that A(8)— &1+ 188 is in pRr® 4Ry implies that [p'](8) = p B+pa
for some a in Ry, where P(Rr) b P(Rr) is induced by T'* . P2, Since
[p"](6) is mapped to zero inside (Rf)k, it follows that p" (3 is mapped into
pRE. Thus p"t™~1L; 1 is mapped into p"+™~ "R C p"RE. The Lemma
follows. O
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THEOREM 3.16. — Let m and r be two positive integers.
1. Assume r < m and let G (resp. H) be a fully flat (resp. an arbitrary)
finite group over A, ., such that G is killed by p". The natural map

Im(HomAHm,gr(G, H)— HomAn,gr(Gn,Hn)) — Homy_ g (Gi, H)

is injective.
2. Assume 2r < m and let G and H be arbitrary finite groups over A, +m
such that G is killed by p". The natural map

Im(Hompy,, ., (G, H) — Homy, g (Gp, Hy,)) — Homy,_ g (G, Hy)
is injective.
Proof.

1. Let f: G — H be a morphism such that f; = 0. Then, by (3.14), f
extends to a morphism of presentations

Lf

(3.33) 0 G T T, 0.
N
0 H A Ay 0

By Theorem 3.13 (i), there exists an L-lift £ of L4, v such that the
presentation of G lifts to

LC
0 G~ T£ T£ 0

over A. Since G* is killed by p", it follows that “ factors through Y#[p"].
Thus, the morphism P(R~y) — (Rgc )k factors like

(3.34) P(Ry) = (RX )k — (Rge)x

with REL the affine A-algebra of T<[p].
Let Ry — R~ be an A-algebra morphism that lifts Ry — Ry. Then the
composition

(3.35) Rpa — Ry — Rge

is an A-algebra morphism that lifts the composition Rp E Ry A R¢.

Let L5 be an arbitrary L-lift of L,4,, o. The morphism P(R,) —
P(Rv), induced by Ry — R, takes L5 over into L4, v. From (3.34),
(3.35) and Lemma 3.15 it follows that the composition

P(Ry) (ool
PR p"Ree

Ly —
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is zero. This together with the fact that fr is zero imply that
Nen(Rge)(Lin o fn) s zero, cf. (2.13) and (2.14). Since nz, (Rge) is bijec-
tive by Lemma 2.9, we get that vy, o fr, is zero, hence f,, is zero since ¢,
is a monomorphism.

2. The proof of this part is almost the same as the proof of (1) with the
only difference that, since in general ¢y doesn’t lift to A, we have to work
with ¢f ptm—r which does lift to A, by Lemma 3.5 (iii). This is why we
need m > 2r. O

COROLLARY 3.17. — Let m and r be two positive integers such that
m 2= r and let G be a finite group over A, ,. Then G[p"], is fully flat.

Proof. —Let 0 - G — T LA I’y — 0 be a presentation of G. Then
G[p"] is the kernel of ¢[p"]. Let £ (resp. £1) be an L-lift of Ly, r (resp.
Lytmr,) and let TX (resp. I'“1) be the corresponding p-divisible groups
over A lifting T' (resp. T'y). It is clear that the Honda system of T'*[p"]
(resp. Ffl [p"]) is (L/p"L, Mt /p"Mr) (resp. (L1/p" L1, Mr, /p" Mr,)). Also,
because £ is an L-lift, it follows that £/p"t™ 1L = L, 4, . And the same
holds for £;.

Since the morphism

Mr,
anrmf 1 A]\41_‘1

Mr
pn+m71MF )
is a morphism of finite Honda systems over A, it follows that the morphism
L1 Mp, L My
R = (57 =
p"Ly prMr, p" L p"Myp
is also such a morphism. By Theorem 1.13 it gives rise to a morphism

Y DA — T ')

(L’I’L+m,F17 ) - (Ln+m,F7

of finite groups over A.

Now, we have two morphisms ¢, 4, and ¢[p"] between I'[p"] and I'1[p"]
which are equal mod p. By Theorem 3.16 (1), ¥, equals ¢[p"],. Thus G[p"],
is the base change to A, of ker ¢. Since the category F.F 4 is abelian, cf. [14],
Theorem 3.3.3, our Corollary follows. |

3.1. Remarks on the situation in the ramified setting

Most of the results can be carried out mutatis mutandis over A/, with n
of the form ge + 1.
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More precisely, using the exactness properties of the functor M — M4/,
cf. [5], Chapter IV, §2.3 and Proposition 2.4, and [3], Lemma 2.2, one can
define the functors LMf: and LM, in the same manner, cf. Definition 3.6,
prove that they are well-defined and that LM, is essentially surjective, cf.
Proposition 3.7.

Then, as in the proof of Proposition 3.9, one can prove that LM} is essen-
tially surjective onto the finite Honda systems (L', L, M) over A/, with L
and L' free A’ /p?A’-modules, and that LM is full, hence classifying, when
restricted to the finite groups over A/ that map to such Honda systems. In
particular, cf. Remark 3.11 (3), LM classifies the truncated Barsotti-Tate
groups over A/ .

DEFINITION 3.18. — We say that a finite group G over A, is strongly
flat if it is fully flat and L; is A’ /pA’-free for every i > 0, where (L;, M;) =
LM} (G;[p]) and G; is as in (3.25).

Theorem 3.13 remains true when applied to the strongly flat groups over
Al . Theorem 3.16 and Corollary 3.17 also remain true with ’fully flat’
replaced by ’strongly flat’.

Most probably, with a bit more work one could extend these results to
the case of arbitrary n.

4. Almost canonical liftings.

In this Section we assume k is algebraically closed. We let d < h be two
relatively prime positive integers. Let I'g be a p-divisible group over k, with
Dieudonné module M isomorphic, as a Dy-module, to

n | Odn—a p-lg
(4.1) (A , { o Onaa } oa)
where o is the absolute Frobenius on A = W (k) and O;x; (resp. I;) is
the zero (resp. identity) matrix in the ring of i X j (resp. @ X i) matrices
over A. This means that there exists an A-basis of M on which F' acts as
prescribed by the matrix. We denote by {e1,...,en} the elements in this
basis. We have the relations

Fe;=eqr;, 1<j<h—d; Fep_qij=pe;, 1<j<d.

Remark 4.1. — There is a canonical way of associating to the Dieudonné
module (4.1) a connected p-divisible group Gg,,—q over F,, of dimension d
and height h, cf. [11], §4.2 and [7] (28.5.7). Thus we require Iy to be
isomorphic over k to Gg,n—q-
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We denote by W; the ring W (IF,,:) of Witt vectors over i, for i > 1. By
requiring that an h x h matrix over A commute with F, as given in (4.1),
we get the following description of the subring R = Endp, (M) of the ring
of h x h matrices over A

Qp Pap—1 paz pai
ot ot ot ot

af ay, pag bag

(4.2) : : s a; €Wy

(h—2)u (h—2)u

[on g

ap_2 pap_,
(h—1)u (h=1)u (h—1)u (h=1)u
o g o [ea
L Op—1 ap,_o ai ap, ]

where u > 1 is minimal such that ud = wh + 1 for some integer w. The
Z,-algebra R is the maximal order in the division algebra Dy, 4 over Q,,
with invariant d/h. We have

h—1

R = {ah + Zawi; a; € Wh}
i=1

where W), is embedded into R via

(4.3)
a 0 0 0 0 0 0 p
0 a°° 0 0 1 0 0 0
2u
ar— | 0 0 a’ 0 and y=| 0 1 0 0
0 0 0 ao" " 00 - 10

For every a € W}, we have the relation
ay =~a° .

Let O be the ring of integers in a degree h extension K of Q,, which we
embed into R C Dy, 4. Let e = e(O) < p—1 and f = h/e. Also let A’ be the
ring of integers in a degree e totally ramified extension of the fraction field
of A. Moreover, we choose A’ to contain the maximal unramified extension
of O. Let m be a uniformizer of © and A’, and let ¢ € O* be such that

p = em®. We denote by v the unique valuation on I, 4 normalized such
that v(m) = 1.

Remark 4.2. — For an element b in O we denote by T}, its matrix rep-
resentation inside R as given by (4.2).

DEFINITION 4.3. — We call an O-lifting of 'y a p-divisible group I' over
A’ such that Ty, ~ TI'g and Enda/ g (I') = O. We say that two O-liftings
are isomorphic if they are isomorphic as groups over A'.
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The main result of this Section is the following theorem.

THEOREM 4.4. — There exists an O-lifting of 'y if and only if f > d.
In this case, we have
(i) For every O-lifting T’ and every n > 1

Ry—1=Enda, () =0+7""'R

where T',, is the base change to A/, of T'.

(ii) There are exactly e?/g isomorphism classes of O-liftings I' of T,
where g is the number of automorphisms of K which fix its maximal un-
ramified subextension.

Remark 4.5. — It is clear from Theorem 2.8 B that we have
anan—l ggRl QRO:R

Proof. — The way we prove this Theorem is by translating it in terms
of Honda systems. Thus, a p-divisible group I" over A’, which lifts Ty,
corresponds to a Honda system (£, M), cf. Definition 1.10 (2) and Theo-
rem 1.11. The fact that I' has endomorphisms by O C R = Endp, (M) C
End 4/ (M) translates into the fact that for every endomorphism M LM
of M we have T4/(L£) C L. In general, we say that an A’-submodule U
of My is an O-module if T4/(U) C U for every T in O C R. So, all we
have to do is to find all the @-modules of M 4, which are A’-free of rank d.
Furthermore, via Corollary 2.15, we know that

(44) Rp1 = Endya (L/m" 1L, M) ={T€R; Tu/(L) C L+ m" "My}

This will help us prove the statement about the endomorphisms mod m”.

We first prove the statement about the existence of O-liftings, then the
one concerning endomorphisms and, finally, the one concerning isomor-
phism classes. In the sequel we will distinguish between the case in which
O is unramified, which is straightforward, and the case in which O is ram-
ified, which is a bit more involved.

Case ¢ = 1. O = Wj,. In this case, the O-modules of M of A-rank 1 are

exactly
Aeq, Aes, ..., Aeyp.

It is clear that £ = Ae; + Aey + -+ - + Aeq is the only A-free O-module
of M satisfying £/pL ~ M/FM. The pair (£, M) is a Honda system over
A which gives rise to a p-divisible group I' over A that lifts I'y. It is also
clear in this case that R,_1 = O + p" 'R and that I' is unique up to
A-isomorphism.
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Case ¢ > 1. In this case we have to find an A’-free O-module £ of M4/,
such that £/nL ~ M/FM.
() a

We start by describing Im(Endp, (M) —5 Enda/(Mar)). We choose
and fix the following A’-basis of M4

E1 = (1@6170), E2 = (1@62,0),...7 Ed: (1®€d,0)

and
Ej=(0,p 'r®ej_q), d+1<j<h.

We use this basis to identify M, with (A’)" and Enda/(M4/) with the h
by h matrices over A’. Using the description of M4 as in Remark 1.6 (i),
for every T in R we get the following relation between T and T4/:
AL A Ay pimA,

(45) r= [ As Ay pr A3 Ay
where A; € Md(A), A € Md,h—d(A)7 Az € Mh—d,d(A) and Ay € Mh_d(A).

We choose an embedding O — R such that the embedding Wy C O — R
corresponds to W), — R as given by a — T, in (4.3) above. Then, for every
element § € O we have

] and Ty = [

e—1

(4.6) Ty =Ta, +»_ Ta, 7
i=1

for some a;f’s in W,

We claim that there exists an element 6 in O which is primitive, i.e. K =
Q,(0), and verifies v(0) = 1. Indeed, using a Primitive Element Theorem
type of argument, we can choose 6 from among the elements {w + p’C}i>o0,
where ¢ (resp. w) in O is a primitive p/ — 1 root of unity (resp. root of
an Eisenstein polynomial over Wy of degree e), in particular Ky = Q,(¢)
(resp. K = Ky(w)), where K is the fraction field of W}. The characteristic
polynomial of Ty (resp. Tp a/) is the minimal polynomial of 6 over Z,.
Hence Ty (resp. Tp. a+) has h distinct eigenvalues, which are conjugate by
Gal(@p/(@p). Let {wy,ws,...,wp} C (A)" be an A’-basis of M4, formed
by eigenvectors of Ty 4s. It follows from (4.6) that the eigenvectors can be
split into f subsets C; = {wj, wyir, ..., We—1)f41}, for 1 <1 < f, such
that the elements of C; have zeros on all positions 1 through h, which are
not congruent to [ mod f. In fact, the elements in Cj, when viewed as
elements of (A’)¢ by considering only the entries congruent to I mod f, are
the eigenvectors of the e by e matrix 7; obtained from Ty 4+ by considering
only the entries (i,7) with ¢ = j = [ (mod f). Moreover, the characteristic
polynomial of Ty 4+ is the product of the characteristic polynomials 1;(X)
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of the Ty’s and p;(X) is the minimal polynomial of 6o """ over Wy, for

every [ between 1 and f.
If f>dand!l <dthen T;is

4.7)
Z(Fl)u mg(f;”“ ngj(ffl)u Wa?(lil)u
Eﬂ_e—la;(lflJrf)u ag<l—1+f>u o pagj(cz—uf)u pagfz—1+f)u
T, = : : . : :
sﬁeflail:;);(e%)f]u o paz[,l;l+<672)f]u
_Ewe—lazlifflﬂefl)f]u a‘{e[l:;);(klmu a(}.[l—ﬁr(e—l)f]u az[l—u(efl)f]u ]

We choose arbitrary elements

(4.8) By 0 0
0 By :
0 0
0 By
By 0 0
0 ’ Byio ’
0 0
0 Bay
Bn—fy1 0 0
0 Bh—p+2
0
0 0 By,
in each of the subsets Cq, Cy, ..., Cf, respectively.

Writing out what it means for the vectors in (4.8), when viewed inside
(A”)¢, to be eigenvectors of the T;’s we get the following values for the
valuations of the entries

e—1—1 if 1<ig<e—-1
4.9 v(B; = , if >d
(4.9) (Bif+1) {O PR f
and
(4.10) v(By) >0, 1 <l <min(f,d— f), if f<d.

From (4.10) it follows that, in the case f < d there are no A'-free O-
modules £ of M4 such that £L/7L ~ M/FM. Hence, in this case, there is
no O-lifting of I'y.
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From now on we assume that f > d. Choose one element z; in Cj for
every 1 <1 <d(< f) and define £ C M4/ to be

(4.11) L=Azn+Az+ -+ Az

It is clear that £ is an A’-free O-module of M4/ such that £/mL ~ M/FM.
Hence the pair (£, M) is a Honda system over A’, which gives rise to a p-
divisible group T' over A’ that lifts I'g. Moreover, it is clear that O =
{¢p € R; ¢4 (L) C L} = EndHi/ (£,M) = Endgs_g(I"). This proves the
existence of the O-lifting.

We now prove (i), i.e. the statement about the endomorphisms mod m™.
We start by proving a result that holds for all p-divisible groups over A’.
We have the following result.

PROPOSITION 4.6. — With notations as in the statement of Theo-
rem 4.4, for all integers n,m > 0 we have

"Ry, € Ryym and 7" RN Ryqm = 7" Ry

Proof. — We know, cf. (4.4) above, that R, = {T € R; Ta(L) C L +
m" My }. Let T be in R,,,. Then Ty (L) C L+ 7" Mar, s0

(") 4 (£) = (T2 4 0 T )(£) € T2 (£ + 7 Moy
=7a"L+ 7Tn+mMA/ cL —|—7Tn+mMA/

where 77 is the image of 7 € O via O — R. Thus #"T is in R, 4,, and the
first part of the Proposition follows.

For the second part, the only thing to prove is the inclusion “C”. The
other inclusion follows from the first part and from Remark 4.5. Let T" be
in ™ RN Ry4m. Then there is a U in R such that "= 7"U and such that
7"Ua/(L) C L+ 7T My Tt is clear that the last relation implies that
U/ (L) is actually included in 7L + 7"t M/, hence that Ua/ (L) is
included in £ + 7™M 4.. Therefore U is in R,, and T is in 7" R,,. O

This Proposition, in the case m = 1, implies that we always have an
injection

R - R,
(4.12) 0— R RN Ror
Thus dimy, R, /Rn11 > dimy, R/Ry, where ky =T ;.

Coming back to our O-lifting I and its Honda system (£, M), it is clear
that O + "R C R, for all n > 0. So, taking (4.12) into account, all we
have to prove is that

(4.13) Ry CO+7R.
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We actually prove that Ry € Wy + mR. Let ¢ = b, + 2?2—11 b;v' be an
element in R;. This means that ¢4/ (L) C L+ 7M. We may assume that
¢ is bp + Z{;ll b;v', because Z?;; b;y' € mR. Now, another nontrivial
computation, cf. also Lemma 4.7 (a) below, shows that the conditions

par(z)) =cjlz1+ -+ chza  (modT)
with 1 < j < d, imply
b7 = b (mod ) and b =0(modr) for 1<i<f—1.

At this point, we used the fact that for d > 1 we have d < fand h+1 > 2f.
Hence by, which is an element of kj,, is actually in k ¢. Therefore by, is in W
and ¢ — by, is in wR. This proves (4.13) and, with it, the statement about
the endomorphisms mod 7™.

Now, we prove (ii). We first remark that there are exactly e? submodules
L of My that are A’-free O-modules such that £/7L£ ~ M/FM. Indeed,
L would admit an A’-basis of eigenvectors for the action of O, i.e. a de-
composition into a direct sum of A’-free O-modules of M4 of rank 1. But
these submodules are elements of the set {A'w;; 1 < i < h}. Finally the
condition £/7L ~ M/FM implies that £ is of the form

4.14 L= Aw,, +- -+ Aw,
1 d

with w;, in C; for 1 <1 < d. Let I € Hle{l—i—if;o <i<e—1} be
a multi-index. Define £; as in (4.14) above, where I = (i1,...,4q). We
use the notation I; for ¢;. The statement about the isomorphism classes of
O-liftings follows from the following lemma.

LEMMA 4.7. — Fix a multi-index I.

(a) Let T € R* be a Dy-automorphism of M such that Ta:(L;) = L,
for some multi-index J. Then

TA/ (A/w]l) = A/le and TU =UT

forevery 1 <l <dand U € Wy C O C R.

(b) There is a bijection of sets

{J; there existsT € R* with Ta/(L;) = L;} < Gal(K/Ky)

where Gal(K/Kjy) is the group of automorphisms of K which fix Ky =
Frac(Wy).

We start by proving (a). Let T = bh—i—Z?:_ll by, cf. (4.2). Recall, cf. (4.8)
above, that for all 1 <[ < d we can write

e—1

b
wy, = Y Bl Eigs
=0
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where b € {I,J} and the BEfH’s are elements in A’ satisfying (4.9). The
fact that T4/ (L) is included in £; means that, for all [, we can write

d
(4.15) Tawy, = Z Criwy,
r=1

for some constants ¢,;’s in A’. Now, since the w; ’s have zeroes on all posi-
tions not congruent to r mod f and since r in (4.15) runs from 1 to d, it fol-
lows that T'4-wjy, has zeroes on all positions congruent to d+1, ..., f mod f.

If Tar = (Tij)1<ijsh, for 1 <l < f welet Ty = (Tipqrjr+1)o<ij<e—1
be the e by e matrix obtained from T4/ by keeping only the elements on the
rows congruent to r mod f and on the columns congruent to ! mod f. The

fact that T'4-wr has zeroes on all positions congruent to d+1,..., f mod f
translates into the following relations
B
BI
f+l
T . =0 for d+1<r<f and 1<I<d.

B}Il—f-&-l
This implies that T}, = 0 and, with it, that b;f4»—; = 0 for all [ between 1

and d, for all r between d + 1 and f and for all i between 0 and e — 1. It is
easy to see that we have the following equality of sets

{1,2,...,f=1}={r—0Ld+1<r< f,1<1<d}.
Therefore b;jp4, = 0forall 1 <7 < f—1and 0 <7 < e— 1. Hence,
T = by + 327 bigy™/ . Tt is clear that this proves (a).
(b) Let n: {J; there exists T' € R* with T4/ (L;) = Ly} — Gal(K/Ky)
be defined as
n(J) = urlk
where T' is in R* such that Ta/(L;) = L; and tp: Dy g — Dy g is the

inner automorphism z +— T 'zT of Dy 4. Also, let §: Gal(K/K;) —
{J; there exists T € R* with T4/ (Ly) = L;} be defined as

o(ry=4J

where J is defined by the relation T4/ (L;) = L, with T' € R* such that
vp extends 7: K — K (such a T exists by Skolem-Noether).

All we need to do is to prove that n and § are well defined, because it is
clear that they are inverse to each other.

We start with 7. The first thing we need to prove is that if T € R*
satisfies Ta/ (L) = Ly then vp(K) C K. Since Ty a/(Ly) C Ly, it follows
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that (T~ 1TyT)a/(L;) C L. From (a) it follows, in particular, that
(T TyT) 4 (A'wy,) C Alwy,,
which, in turn, implies that
(T 'TyT) 4Ty arwr, = Toar (T TyT) arwr, .

This last relation implies that T~'TyT commutes with Ty, hence v1(Ty) =
T~'TyT must be in O — R. Since K = Q,(Ty) C Dy, 4, it follows that
t7(K) C K. The fact that ¢p fixes Ky also follows from (a).

The second thing we need to prove is that if T} and T are elements of
R* such that Ty a/(L1) = T, 4/(Ly) then n(Ty) = n(Tz). As above, since
(Tngl)A/ (Lr) = L1, we get that T1T271 commutes with Ty, hence Tngl
must be in O — R. It is clear that this implies that 7, |k = ¢p, |k. Thus, n
is well defined.

We prove now that ¢ is well defined. First we have to prove that if T € R*
satisfies ¢7(K) C K then Ty (Ly) = L, for some J. The fact that |k is
an automorphism of K implies, in particular, that t7(Tp) = T~ T,T is in
0= EndHi, (L7, M). Hence (T~ YTyT) a(Lr C Ly, which, together with
the fact that vp fixes K, implies that T4/ (L) is an A’-free O-module of
My such that Ta/(Ly)/7Ta(Ly) =~ M/FM. We saw in the paragraph
before our Lemma, that this implies that T4/ (L;) = £ for some J.

Finally, we have to prove that if 7} and T are elements of R* such
that LT1|K = LT2|]K then TLA' (L[) = T27A/ (ﬁ]) The equality LT1|K = LT2|K
implies that T, ' Ty is in O = EndHi, (L1, M). Hence (T; *T2)ar(L1) = L,
ie. Ty a/(L1) = Ta,4/(Ly). The proof of Lemma 4.7 and, with it, the proof
of our Theorem is complete now. O
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