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GENERALIZED INDUCTION OF KAZHDAN-LUSZTIG
CELLS

by Jérémie GUILHOT

ABSTRACT. — Following Lusztig, we consider a Coxeter group W together with
a weight function. Geck showed that the Kazhdan-Lusztig cells of W are compat-
ible with parabolic subgroups. In this paper, we generalize this argument to some
subsets of W which may not be parabolic subgroups. We obtain two applications:
we show that under specific technical conditions on the parameters, the cells of
certain parabolic subgroups of W are cells in the whole group, and we decompose
the affine Weyl group of type G into left and two-sided cells for a whole class of
weight functions.

RESUME. — Suivant Lusztig, nous considérons un groupe de Coxeter W avec
une fonction de poids. Geck a montré que les cellules de Kazhdan-Lusztig sont
compatibles avec les sous-groupes paraboliques. Dans cet article nous généralisons
cet argument a des sous-ensembles de W qui ne sont pas forcément des sous-groupes
paraboliques. Nous obtenons deux applications : nous montrons que sous certaines
hypothéses sur les parametres les cellules de certains sous-groupes paraboliques
sont aussi des cellules de W et nous décomposons le groupe de Weyl affine de type
G en cellules gauches et bilatéres pour toute une classe de fonctions de poids.

1. Introduction

This paper is concerned with the partition of a Coxeter group W (more
specifically affine Weyl groups) into Kazhdan-Lusztig cells with respect to a
weight function, following the general setting of Lusztig [14]. This is known
to play an important role in the representation theory of the corresponding
Hecke algebra, Lie algebra and group of Lie type.

In the case where W is an integral and bounded Coxeter group (see [14,
Chap. 1]) and L is constant on the generators of W (equal parameter case),
there is an interpretation of the Kazhdan-Lusztig polynomials in terms of

Keywords: Coxeter groups, Affine Weyl groups, Hecke algebras, Kazhdan-Lusztig cells,
Unequal parameters.
Math. classification: 20C08.



1386 Jérémie GUILHOT

intersection cohomology (see [10]) which leeds to many deep properties, for
which no elementary proofs are known. For instance, the coefficients of the
Kazhdan-Lusztig polynomials are non-negative integers. In that case, the
left cells have been explicitly described for the affine Weyl groups of type
A,.,r € N (see [13, 16]), ranks 2, 3 (see [1, 5, 12]) and types By, Cy and Dy
(see [3, 17, 18]).

Much less is known for unequal parameters. Lusztig has formulated a
number of precise conjectures in that case (see [14, §14, P1-P15]). The left
cells have been explicitly described for the affine Weyl groups of type A;
for any parameters ([14]) and By when the parameters are coming from
a graph automorphism ([2]). Note that the proof in the case B, involved
the positivity property of the Kazhdan-Lusztig polynomials in the equal
parameter case.

One of the few things which are known in the general case of unequal
parameters, is the compatibility of the left cells with parabolic subgroups;
see [6]. In a precise sense, any left cell of a parabolic subgroup can be
“induced” to obtain a union of left cells of the whole group W. The main
observation of this paper is that the methods of [6] work in somewhat more
general settings, so that we can “induce” from subsets of W which are
not parabolic subgroups (see Section 3). This leads to our “Generalized
Induction Theorem”.

We discuss two applications of this theorem. First we show the following
result; see Section 4.

THEOREM 1.1. — Let (W, S) be an arbitrary Coxeter system together
with a weight function L. Let W' C W be a bounded standard parabolic
subgroup with generating set S’ and let N € N be a bound for W'. If
L(t) > N for allt € S — S’ then the left cells (resp. two-sided cells) of W',
considered as a proper Coxeter group, are left cells (resp. two-sided cells)
of W.

Then, we decompose the affine Weyl groups G- into left and two-sided
cells for a whole class of weight functions. Namely, the ones which satisfy
L(s1) > 4L(s2) = 4L(s3) where

Go = (51,592,535 | (5152)° =1, (s253)° = 1, (s153)% = 1).

We also determine the partial left (resp. two-sided) order on left (resp. two-
sided) cells; see Section 6.

ANNALES DE L’INSTITUT FOURIER



KAZHDAN-LUSZTIG CELLS 1387

2. Hecke algebra and geometric realization of an affine
Weyl group

2.1. Hecke algebra and Kazhdan-Lusztig cells

In this section, (W,S) denotes an arbitrary Coxeter system. The basic
reference is [14]. Let L be a weight function. Recall that a weight function
on W is a function L : W — Z such that L(ww’) = L(w) + L(w’) whenever
Lww'") = £(w) + £(w’). In this paper, we shall only consider the case where
L(w) > 0 for all w # e (where e is the identity element of W). A weight
function is completely determined by its values on S and must only satisfy
L(s) = L(t) if s,t € S are conjugate.

Let A = Z[v,v~!] and H be the Iwahori-Hecke algebra corresponding to
(W, S) with parameters {L(s) | s € S}. Thus H has an A-basis {Ty, | w €
W}, called the standard basis, with multiplication given by

Tow, if sw > w,
T.T, =
Tow + (UL(S) — v_L(S))Tw, if sw < w,

(here, “<” denotes the Bruhat order) where s € S and w € W.
Let Acg = v 1Z[v™1] and Ao = Z[v~!]. For z,y € W we set

T, T, = Z faoy,:T> where fo, . € A
zeW
We say that N € N is a bound for W if vV f, , . € Ago for all z,y,2 in
W. If there exists such a IV, we say that W is bounded.
Let a — @ be the involution of A which takes v™ to v=" for all n € Z. We
can extend it to a ring involution from H to itself with

1
g Ty = E a,T, - , where a, € A.

weWw weWw
For w € W there exists a unique element C,, € H such that

Cuw=Cypand Cyy =Ty + > PyuTy

yeWw
y<w

where P, ., € A« for y < w. In fact, the set {Cy,, w € W} forms a basis
of H, known as the Kazhdan-Lusztig basis. The elements P, ., are called
the Kazhdan-Lusztig polynomials. We set P, ,, = 1 for any w € W.

Let w € W and s € S, we have the following multiplication formula

Csw + > M:,C,, ifw<suw,
Cscw — z;8z<z<w ’

(vs + v71)Clps if sw < w,

TOME 59 (2009), FASCICULE 4



1388 Jérémie GUILHOT

where M;,, € A satisfies
Mg, = M

y,w Yy,w?

> PM:, | — Py € Aco.
zy<Lz<w;sz<z

It is shown in [14, Proposition 6.4] that M, , is a Z-linear combination of
v™ such that —L(s) +1<n < L(s) — 1.
We have a similar formula for the multiplication on the right by Cs, we
obtain some polynomials MZ, which satisfy MZ77, = M7,  _..

The multiplication rule between the standard basis and the Kazhdan-
Lusztig basis is as follows

Cow —v FOCL,+ S M:,C., ifw< sw,
Tscw — zi5z<z<w ’
vEE) if sw < w.

Let y,w € W. We write y <, w if there exists s € S such that C, appears
with a non-zero coefficient in the expression of T;C,, (or equivalently CsC,,)
in the Kazhdan-Lusztig basis. The Kazhdan-Lusztig left pre-order < on
W is the transitive closure of this relation. One can see that

HC, C Z AC, for any w € W.

y<Lw

The equivalence relation associated to <j will be denoted by ~ and the
corresponding equivalence classes are called the left cells of W. Similarly,
we define <g, ~g and right cells. We say that x <pg y if there exists a
sequence

T =Ty L1yey iy, =Y
such that for all 1 < ¢ < n we have x;_1 < x; or x;_1 «—pr x;. We write

~ g for the associated equivalence relation and the equivalence classes are
called two-sided cells. One can see that

HCLHC Y AC, for any w € W.

YSLRW

The pre-order <y, (resp. <1 r) induces a partial order on the left (resp. two-
sided) cells of W.

For w € W we set L(w) = {s € S|sw < w} and R(w) = {s € S|w > ws}.
It is shown in [14, §8] that if y <z w then R(w) C R(y). Similarly, if y <r w
then L(w) C L(y).

We now introduce a definition.

ANNALES DE L’INSTITUT FOURIER
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DEFINITION 2.1. — Let B be a subset of W. We say that B is a left
ideal of W if and only if the A-submodule of H generated by {C\,|w € B}
is a left ideal. Similarly one can define right and two-sided ideals of W.

Remark 2.2. — Here are some straightforward consequences of this def-
inition
— Let B be a left ideal and let w € 6. We have
HC, C Y AC,.
yEB

In particular, if y <y w then y € B and ‘B is a union of left cells.

— A union of left ideals of W is a left ideal.

— An intersection of left ideals is a left ideal.

— A left ideal which is stable by taking the inverse is a two-sided ideal. In
particular it is a union of two-sided cells.

Example 2.3. — Let J be a subset of S. We set
R :={weW |JCRw)} and L7 :={weW|JCL(w)}
Then the set R’ is a left ideal of W. Indeed let w € R’ and y € W be

such that y <z, w. Then we have J C R(w) C R(y) and y € R”. Similarly
one can see that £/ := {w € W|J C L(w)} is a right ideal of W.

2.2. A geometric realization

In this section, we present a geometric realization of an affine Weyl group.
The basic references are [2, 11, 19].

Let V be an euclidean space of finite dimension r > 1. Let ® be an
irreducible root system of rank r and ® C V* be the dual root system. We
denote the coroot corresponding to a € ® by & and we write (z,y) for the
value of y € V* at & € V. Fix a set of positive roots @+ C ®. Let W, be
the Weyl group of ®. For o € ® and n € Z, we define a hyperplane

Hyn={zeV|(z,a =n}.
Let
F={Hyn|aecd nelZl.
Any H € F defines an orthogonal reflection o with fixed point set H. We

denote by €2 the group generated by all these reflections, and we regard €2
as acting on the right on V. An alcove is a connected component of the set

V- |JE

HeF

TOME 59 (2009), FASCICULE 4



1390 Jérémie GUILHOT

Q) acts simply transitively on the set of alcoves X.

Let S be the set of Q-orbits in the set of faces (codimension 1 facets) of
alcoves. Then S consists of 7 4+ 1 elements which can be represented as the
r + 1 faces of an alcove. If a face f is contained in the orbit ¢ € S, we say
that f is of type t.

Let s € S. We define an involution A — sA of X as follows. Let A € X;
then sA is the unique alcove distinct from A which shares with A a face
of type s. The set of such maps generates a group of permutations of X
which is a Coxeter group (W, S). In our case, it is the affine Weyl group
usually denoted Wo. We regard W as acting on the left on X. It acts simply
transitively and commutes with the action of €.

Let Ay be the fundamental alcove defined by

Ag={r eV |0< (r,a)<1forallacdt}.

We illustrate this realization in Figure 2.1 in the case where W is an
affine Weyl group of type Gs

W = (s1, 82,53 | (8182)6 =1, (3283)3 =1,(s183)% = 1).
The thick arrows represent the set of positive roots ®+, zAg and yAg

are the image of the fundamental alcove Ay under the action of y =
§9518281828389 € W and z = 838981895182 € W.

A

Ao

lz A

Figure 2.1. Geometric realization of Gy

ANNALES DE L’INSTITUT FOURIER



KAZHDAN-LUSZTIG CELLS 1391

3. Generalized induction of left cells
3.1. Main result

Let (W, S) be a Coxeter group together with a weight function L. Let
‘H be the associated Iwahori-Hecke algebra. In this section, we want to
generalize the results of [6] on the induction of left cells.

We consider a subset U C W and a collection {X,, | u € U} of subsets
of W satisfying the following conditions

I1. for all u € U, we have e € X,

I2. for all w € U and = € X,, we have {(zu) = £(x) + {(u),

13. for all u,v € U such that u # v we have X, uN X, v = (),

I4. the submodule M := (T,,Cy| u € U, z € X,;,) 4 C H is a left ideal,
I5. forall u € U, x € X, and u; < u we have

Py, ,T:T,, is an A.p-linear combination of T7,.
Let u € U and z € X,,. We have
T,.C, = Ty + an A-linear combination of T, with £(z) < £(xu).
Since the set {T,|Jw € W} is a basis of H, using I3, one can see that
B={T,Cylu e U,z € X,} is a basis of M.

Let w € U and z € W. Using I1, I4 and the fact that B is a basis of M,
we can write

T.C, = Z ayT,C, for some a,, € A.
uwel,xeX,,
Let < be the relation on U defined as follows. Let u,v € U. We write v < u
if there exist x € W and z € X, such that T,C,, appears with a non-zero
coefficient in the expression of 7, C, in the basis B. We still denote by
= the pre-order induced by this relation (i.e the transitive closure). Since
Cy € M, we have
HC, = Y AT.C,.
v=u,z€X,

Remark 3.1. — If we choose U = W and X,, = {e} for all w € W, the

pre-order = is the left pre-order <j on W.

We are now ready to state the main result of this section.

THEOREM 3.2. — Let U be a subset of W and {X,|u € U} be a col-
lection of subsets of W satisfying conditions 11-15. Let Y C U be such
that

v3ueU =vel.

TOME 59 (2009), FASCICULE 4
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Then, the set
{zulu e U,z € X,,}
is a left ideal of W.

The proof of this theorem will be given in the next section. We have the
following corollary.

COROLLARY 3.3. — Let C be an equivalence class on U with respect to
<. Then the subset {zulu € C,xz € X, } of W is a union of left cells.

Proof. — Let v € C, y € X, and z € W be such that z ~p yv. Consider
the set U = {u € Ulu < v}. Then U satisfies the requirement of Theorem
3.2, thus B := {zu|u e U, = € X, } is a left ideal of W. Since z <, yv and
yv € B, there exist u, € U and x € X,,_ such that z = zu, and u, < v.
We also have yv <, zu,. Applying the same argument as above to the set
{u € Ulu = u.} yields that there exists u, € U and w € X, such that
yv = wu, and u, = u,. By condition I3, we see that u, = v. Thus u, € C
and the result follows. |

Remark 3.4. — 1In [6], Geck proved the following theorem, where (W, S)
is an arbitrary Coxeter system.

THEOREM 3.5. — Let W/ C W be a parabolic subgroup of W and let
X' be the set of all w € W such that w has minimal length in the coset
wW'. Let C be a left cell of W’. Then X'C is a union of left cells of W.

Let U = W’ and for all w € W’ let X,, = X’. We claim that this theorem
is a special case of Theorem 3.2 and Corollary 3.3. Indeed, conditions 11-13
and I5 are clearly satisfied. Condition 14 is a straightforward consequence
of Deodhar’s lemma; see [6, Lemma 2.2]. Hence, it is sufficient to show
that the pre-order < on U = W’ coincides with the Kazhdan-Lusztig left
pre-order defined with respect to W’ (denoted <’ ) and the corresponding
parabolic subalgebra H' := (T, | w € W) 4 C H. In other words, we need
to show the following

u<pv = u=xw.

Let u,v € W’ such that v <) v. We may assume that there exists s € S’
(where S’ is the generating set of W) such that

T.C, = Z ayvwCw Wwhere aqy » € A and ay , # 0.
weWw’

Since C,, € B for all w € W', this is the expression of T,C, in B, which
shows that u < v.

ANNALES DE L’INSTITUT FOURIER
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Conversely, let u,v € W’ such that u < v. We may assume that there exist
z € W and x € X’ such that

T.C, = E Ay, 20 TyCrw  Where ayy 20 € A and agy 20 # 0.
weW'’ yeX’

We can write uniquely z = 2129 where 29 € W', 23 € X’ and {(z) =
£(z0) + £(21). Then, we have

TzC'u = Tz1 (Tzo Cv) = Tz1 Z aw,'ucw = Z aw,szl Cw

weW’ w v weW’ w) v

and this is the expression of T,C,, in the basis B. We assumed that T,.C,,
appears with a non-zero coefficient, thus v <}, v as desired.

3.2. Proof of Theorem 3.2

We keep the setting of the last section and we introduce the following
relation. Let u,v € U, x € X, and y € X,,. We write zu C yv if zu < yv
(Bruhat order) and v =< v. We write zu C yv if zu C yv or z = y and
U =v.

The main reference is the proof of [6, Theorem 1].

LEMMA 3.6. — Letv € U, y € X,,. We have

1 _
Ty—l CU = E Tﬂiu:yUTwC“
uel, zeX,

where Tyy 4o = 1 and 744,40 = 0 unless zu & yv.
Proof. — Let v € U and y € X,,. We have
-1 -

Ty,l - Ty + Z Rz,yTz

z<y

where R, , € A are the usual R-polynomials as defined in [14, §4.3]. We
obtain

T80, = (Ty + ZRZ,yTZ> c,

z<y

=T,Cy+ Y _ R.,T.C,.

z<y

Now we also have

T.C, = A-linear combination of T,C, where ©u < v and z € X,,.

TOME 59 (2009), FASCICULE 4
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We still have to show that if T,,C', appears in this sum then zu < yv.
This comes from the fact that T,C,, expressed in the standard basis, is an
A-linear combination of term of the form T, ,,, where wy < z and w; < v.
In particular, since z < y we have wow; < yv. Then, expressing the right
hand side of the equality in the standard basis, one can see that we must
have zu < yv if T,,C,, appears with a non-zero coefficient.
Finally, by definition of C, we see that

T8C, =TyCo+ D TauyTaCu-

TulCyv

The result follows. g

LEMMA 3.7. — Let u,v € U, x € X,, and y € X,,. Then

E ?mu,zwrzw,yv = 5m,y6u,v

wel,ze Xy,
zulCzwlyv

Proof. — Since the map h + h is an involution and C, = C,, we have

1,C, =T, \C,

= Z sz,vasz

wel,z€X,,
—1
= E rzw,vaz—l Cw
wel,zeXy,
= § Tzw,yv § F:cu,sz‘a:CVu
wel,ze€Xy, uelU,xeX,

E § qu,zwrzw,yv Tzcu

uel,zeX, \welU,zeX,,

Since B is a basis of M, using Lemma 3.6 and comparing the coefficients
yield the desired result. O

ProOPOSITION 3.8. — Let v € U and y € X,,. We have

* *
Cyo =T,C, + g Pruyo TxCu where py, .., € A<o.
uel,zeX,,
TzulCyv

Proof. — By Lemma 3.7, there exists a unique family (p},, ,,)cucys Of
polynomials in A.( such that

~ o "
Copo =TyCot > PhuyTeCu
uel,xe X,
TzulCyv

ANNALES DE L’INSTITUT FOURIER
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is stable under the ~ involution; see [4, p. 214], it contains a general setting
to include the argument in [6, Proposition 3.3] or in [14, Theorem 5.2].
Moreover, we have

Cy’U = TyC’U + Z p::u,vaﬂ?C’U«

uwelU,xe X,
TzulCyv
- Ty <TU + PU17UTU1> + pzu,yvjjm Pu17uTu1
v1<v uel,zeX, U1 <u
TulCyv

=Ty + (Z Pvl’vaTm) + > Y PruyePuaTe T,

v1<v uelU,zeX, ur<u
rzulCyv

By condition 15, all the terms P,, ,T,T,, occurring in the first sum and
all the terms py,, ., Pu; uT: Ty, occurring in the second sum are Ao-linear
combinations of T, with £(z) < ¢(yv). Thus

Cyo = Tyy + an A p-linear combination of T, with £(z) < £(yv)
and by definition and unicity of the Kazhdan-Lusztig basis, this implies
that Cy, = Cyo. O
Let U4 C U be as in Theorem 3.2. By definition of < one can see that

My = (T,C, |veEU, y€ X,)aCH
is a left ideal.
COROLLARY 3.9. —
My = (Cyo | vEU, y € X))
Proof. — Let v € U and y € X, using the previous proposition, we see

that

_ *
Cyo =T,Cy + E PauyoLuCu
ueEU,xeX,,
rul—yv

Thus Cy, € My. Now, a straightforward induction on the order relation
C yields
T,Cy = Cyy + an A-linear combination of Cy,,

where u € U, xz € X, and zu C yv.
This yields the desired assertion. 0

TOME 59 (2009), FASCICULE 4
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We can now prove Theorem 3.2.
Let U be a subset of U such that

vueEU = veEU.

Then My = (T.C, | w €U, 2 € Xy)a C H is a left ideal. We want to
show that the set B := {yv|v € U, y € X, } is a left ideal of W.

Let v e U, y € X, and z € W be such that z < yv. We may assume
that there exists s € S such that C, appears with a non-zero coefficient
in the expression of T;Cy, in the Kazhdan-Lusztig basis. By Corollary 3.9,
we have Cy, € My. Since My, is a left ideal we have T,C,, € My. Thus,
using Corollary 3.9 once more, we have

T,Cyy = Z g,y Copuy  Where agy o € A
ueU,xeX,
and this is the expression of T,C,, in the Kazhdan-Lusztig basis. The fact
that C, appears with a non-zero coefficient in that expression implies that
z = xu for some u € U and = € X,,. Thus z € B, as desired. O

4. Cells in certain parabolic subgroups

The aim of this section is to prove Theorem 1.1. We will actually prove
a stronger result. Let (W, S) be an arbitrary Coxeter system. For J C S,
we denote by X ; the set of minimal left coset representatives with respect
to the subgroup generated by J. Recall that R = {w € W| J C R(w)}.
Let W’ C W be a standard parabolic subgroup with generating set S’.
Furthermore, assume that (W', S") is bounded by N € N.

THEOREM 4.1. — Let t € S — S’ be such that L(t) > N. Then
fweW|w=yuw', ye R NXg, 0w W'}
is a left ideal of W.

Remark 4.2. — This theorem implies Theorem 1.1. Indeed, assume that,

for all t € S — 8" we have L(t) > N. Then
U fweW|w=yu', ye R NXg,w' e W} =W -W'
tes—s’

is a left ideal of W. Furthermore, since it is stable by taking the inverse,
it’s a two-sided ideal. Thus W — W' is a union of cells and so is W’. Let
y,w € W' be such that y <p w in W. Then using Theorem 3.5, one can
easily see that y <z w in W’. Similarly, if y <z w in W then y <z w in
W'. The theorem follows.

ANNALES DE L’INSTITUT FOURIER
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Until the end of this section, we fix ¢t € S — 5" such that L(t) > N.
Let U =tW'. For u € U let

X, = (RN Xg)t.

We want to apply Theorem 3.2 to the set U. One can directly check that
conditions I1-I3 hold. In order to check conditions 14-I5 we need some
preliminary lemmas. We denote by H’ the Hecke algebra associated to
(W’,S”) and the weight function L (more precisely the restriction of L
to S7).

LEMMA 4.3. — Let w' € W’'. We have
CCyw = Cpy  and T,Cy = Cp —v H0C
Proof. — We know that
CiCuw = Crw +  »_ M ,,C.,

tz<z<w’

T;Cyr = Copr — U_L(t)c’w' + Z M;,w’cz'

tz<z<w’

But 2z < w’ implies that z € W’, thus we cannot have tz < z. The result
follows. 0

Remark 4.4. — Let s’ € S’. Since L(t) # L(s’), the order of s't has to be
even or infinite (otherwise, s’ and ¢ would be conjugate and L(s") = L(t)).

LEMMA 4.5. — Let s’ € S’ and w € W’. Let m € N be such that m is
less than or equal to the order of s't. We have

m—1
T(S/t)m C’LU = Z Z aw',iT(s/t)is/th’ + h;n
w'eW’ 1=0

where a,; € A and hl, € H', and

m—1

Ty Cu = 3 3 buriTiesty Couwr + I,
w' eW’ i=0

where by ; € A and bl € H'. Furthermore, h), = h!/.
Proof. — The first two equalities come from a straightforward induction.

It is clear that hg = hy = C,. Even though it is not necessary, let us do
the case m = 1 to show how the multiplication process works. We have

T Cyp = E Ay Cy  for some a,y € A.
w W’
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Thus we obtain (using the previous lemma)
TiCyr = Tor Cpyr — 'UfL(t) Z Ayt Cpr
w/ew/
and
Tts/cw’ = Z aw’otw’ - UﬁL(t) Z Ayt Uy«
w'eW’ w EW’

It follows that

h/l = 7'1)7L(t) Z aw/Cw/ = hll/

w'eW’

Now, by induction, one can see that

ho=—vtOT,n eH and A =—0POT.R! e H.
The result follows. O
PROPOSITION 4.6. — The submodule
M:=(T,C, |uelU z€X, )4 CH
is a left ideal.

Proof. — Let z € W, u € U and x € X,,. We need to show that T,T,C,, €
M. Since T, T, is an A-linear combination of T, (y € W), it is enough to
show that T,,C,, € M for all y € W and u € U.

We proceed by induction on £(y). If £(y) = 0, then the result is clear.
Assume that ¢(y) > 0. We may assume that y ¢ X,,. Let w’ € W' such
that u = tw’. Recall that X, = (R N Xg)t.

Suppose that yt < y, then we have

Tthw/ = TytTtCtu)’ = ’UL(t)Tthtw/ eM

by induction.

Suppose that yt > y. Since yt € R and yt ¢ R N Xg, there exists
s’ € S’ such that (yt)s’ < yt. Let 2n be the order of ts’ (it has to be finite
in that case). One can see that there exists yo (with £(yo) < €(y)) such that

yt = yo(ts")™.
Using Lemma 4.3 and the relation Cy = T} + v~ LT, we see that

Crr = CyChyr = TyCrpr + v FO .
Since s’ € S’ and w’ € W’ we have

Ty Cy = g Gy, Cy; for some a,, € A.
w,eW’
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Thus we get
Ty Ciur = TyiCor + v~ LOT,

= Ty Tipsryn Cowr + v E DTy Tigrpyn—15C

=T, <T<ts’)"1Tt Y aw,Cuy + 0 HOT s Y awi&“)

w;eW’ w; €W/’
= ZawiTyO.(tS’)"*l Chuw,
+ 07 OT, N ", (Tiggyn-1Cu, — Tsryn—1Cl,) -
By induction we see that
>, Ty, Tisyn=1 Cra, € M.
Lemma 4.5 implies that
Tsrtyn—1Cy — T(gsryn—1Cy

is an A-linear combination of terms of the form T(y/¢)m o Ctor and Tiygrym Chayr,
for some tw’ € U and m < n — 2 (it is 0 if n = 1). Thus it follows by in-
duction that

Tyo D aw, (Tiortyn-1Cu; = Tpsryn-1Cuy) € M
as required. (|

PRrROPOSITION 4.7. — For allu € U, w1 < u and y € X,, we have

Py, «TyTy, is an Acg-linear combination of T, .

Proof. — Let u = tw’ € U, u; < u and y € X,. One can see that we
have either u; € W’ (then u; < w') or there exists w € W’ such that
up = tw and w < w'.

Assume that u; € W’. Then tu; > w; and we have (using ([14, Theo-
rem 6.6])

Pul,u = Pul,tw’ = ’U_L(t)Ptulytw/ S ’U_L(t)Ago.
Furthermore, the degree of the polynomials occurring in the decomposition
of T, T, in the standard basis is at most N. Indeed, let y’ € Xg andv € W’
be such that y = y’v. Then we have

T,T., = Ty T,T.,
= Ty’ Z fv7u1,u’Tu’

u' eWw’

= E fv,ul,u’Ty’u’

u' eWw’
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and since W’ is bounded by N, the degree of f, ., . is less than or equal
to N. Thus, since L(t) > N, we get the result in that case.

Assume that u; = tw (w € W’). Then, since y € (R N Xg/)t, we see that
L(yur) = U(y) + l(u1) and T, Ty, = Ty, . The result follows. O

We are now ready to prove Theorem 4.1. Conditions 14 and I5 follow
respectively from Proposition 4.6 and 4.7. Applying Theorem 3.2 yields
that

{zuluecUze X, ={weW|lw=yuw', ye RN Xs,uw € W'}
is a left ideal of W.

Example 4.8. — Let W be of type G, with presentation as follows

W .= <81, 82,83 | (3182)6 = ].7 (8283)3 = 1, (8183)2 = ].>
and let L be a weight function on W. The longest element of the subgroup
W' generated by sg, s3 is wo = s28382 and L(wp) = 3L(s2). One can easily
check that 3L(s2) is a bound for W, thus if L(s;) > 3L(s2) we can apply
Theorem 1.1. We obtain that the following sets (which are the cells of W’):

{e} U{s2, 5352} U{s3, 5253} U{wp} (left cells)

{e} U {s2, 53, 8352, 5283} U {wp} (two-sided cells).

are left cells (resp. two-sided cells) of .

5. Miscellaneous

In this section (W, S) denotes an arbitrary Coxeter system and L a pos-
itive weight function on W. We give a number of lemmas which will be
needed later on.

LEMMA 5.1. — Let S’ C S be such that

(1) for all s},s5 € S, we have L(s}) = L(s}),
(2) forallt € S— 5" and ' € S" we have L(t) > L(s').
Let y,w € W and s’ € S’ be such that s'y < y < w < s'w. Then if
M?j/w # 0, we have either L(w) C L(y) or there exists s € S’ such that
w = sy, in which case Myslw =1.
Proof. — We proceed by induction on £(w) — £(y). Assume first that

l(w) — €(y) = 1. Since s'y < y and s'w > w one can see that there exist
s € S such that s # s’ and w = sy. In that case we have

M {o, if L(s) > L(s'),
1, if L(s) = L(s).

y,w
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Thus if Mj:w # 0 we must have s € S’.
Assume that f(w) — £(y) > 1 and that £L(w) € L(y). Let s € S be such
that s € L(w) and s ¢ L(y). We have

5/ Sl
M, ., + E Py M7, —vs Py € Aco.
zy<z<w,s'z<z

Thus in order to show that M* =0 it is enough to show that

Yy, w

> P, —vePu € A
ziy<z<w,s'z<z
Let z € W be such that Mj:w # 0. By induction we have either Mj:w =1
or L(w) C L(z). In the first case we have Pyszj:w € Ap. Assume that

we are in the second case (then s € £(z)). By (|14, proof of Theorem 6.6])
we know that

-1
Pyz=v Py € A<o.

Furthermore the degree in v of M;:w is at most L(s') — 1 ([14, Proposi-
tion 6.4]). Since s’ € S’ we have L(s) > L(s') and

P, .M;,, € Ac.

Similarly ve Py . € A<o (since ¢(w) — £(y) > 1). Thus if L(w) € L(y) we
must have M;w = 0, as required. g

LEMMA 5.2. — Let B C W be a left ideal of W. Let s € S and B/,
(resp. B) be the subset of B which consists of all w € B such that ws > w
(resp. ws < w). Assume that there exists a left ideal A of W such that, for
all w' € B, we have

CuwCs = Curs + Y AC..

ze2A

Then AU B, UB's is a left ideal of W.

Proof. — Let w € AU B, UB.s. Let y € W be such that y <p w. We
need to show that y € AU B, U Bs.
If w € A then y € A, since A is a left ideal.
If w € B, then y € B. Note that since

y <p w = R(w) C R(y),

we have s € R(y) and y € B,. This shows that B, is a left ideal.
Finally, assume that w € B s and let w’ = ws € B’,. We may assume that
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there exists ¢ € S such that C, appears with a non-zero coefficient in the
expression of C;C, in the Kazhdan-Lusztig basis. We have

thw = thw’s
Q&M@+ZAQ>
z€A
= <Z ACz> Cot Y AC,
z2€B zeA
= > AC.+ Y AC.+) AC.
z€EB's 2EB zeA
Thus we see that y € AU B U B s as desired. g

LEMMA 5.3. — Let T be a union of left cells which is stable by taking
the inverse. Let T =U T; (1 < i < N) be the decomposition of T' into left
cells. Assume that for all i,j € {1,..., N} we have
(%) T NT; #0

Then T is included in a two-sided cell.

Proof. — Let y,w € T and i,j € {1,..., N} be such that y € T; and
w € Tj. Using (x), there exist y1,y2 € T; such that yrt €Ty and y, ' € T;.
We have

YNLYL~NL Y2 = Y~LYL ~RY LW

as required. O

6. Decomposition of G, in the asymptotic case

Let W be an affine Weyl group of type G with diagram and weight
function given by

a b b
o0 —0
S1 S92 S3

where a, b are positive integers.

The aim of this section is to find the decomposition of W into left cells
and two-sided cells for any weight function L such that a/b > 4. Further-
more we will determine the partial left (resp. two-sided) order on the left
(resp. two-sided) cells (see Section 6.4). We fix such a weight function L.
Throughout this section, we keep this setting.
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In Figure 6.1, we present a partition of W using the geometric realization
as described in Section 2.2, where the pieces are formed by the alcoves lying
in the same connected component after removing the thick lines. We have

Z
s
57

A

C: 5 03

S
>

o

g

7
S
TS
Al

3%
(5
A
,é
/X
N~

AT

1</
€§§

QULTNNAY A

7/
A
<7
A

TN
A
PN
7N
E@?
IN/X

ANV
adNAVLUNA

X/
X/

N
AV,

X/
N\
</

B <~— —> Do

NV
/X
N\~
/X
A
A

ZINA
2

SN
SIS
UNAY

Ql/

AN NEUN

75

C 6 02

NAUNN
NXTNANLT

AN,

Z

AV,
N

Figure 6.1. Decomposition of G into left cells in the case a > 4b

THEOREM 6.1. — The partition of W described in Figure 6.1 coincides
with the partition of W into left cells.

Using the same methods as in [7, Section 6], one can show that each of
the pieces is included in a left cell (with respect to L). Thus in order to
prove that each of the pieces is a left cell it is enough to show that each of
them is included in a union of left cells.
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We now consider the union of all subsets of W whose name contains a
fixed capital letter; we denote this union by that capital letter. For instance

4= (z‘QAi) U (igA;) |

THEOREM 6.2. — The decomposition of W into two-sided cells is as

We have

follows
W=AUBUCUDUEUF U{e}.

The proof of these theorems will be given in the next sections. For a
start, we already know that (see [9, §4])

e Ais a two sided cell;
o A; and A} are left cells for all 1 < i < 6;
o A; and A are left ideals for all 1 < i < 6.

Remark 6.3. — 1In this section we need to compute some Kazhdan-
Lusztig polynomials P, , (z,y € W) for a whole class of weight functions.
Methods for dealing with this problem are presented in [7, Proposition 3.2
and §6]. In particular, this involved some computations with GAP ([15]).

We now recall some notation. For any subset J C {s1, 52, s3}, let
) R ={weW|JCRw)};

2) Wy be the subgroup of W generated by J;
3) Xj:={w € W| w has minimal length in wWj}.

(
(
(
We refer to [8] for details in the computations.

6.1. The sets C;

In this section we want to prove that C; (for all 1 < ¢ < 6) is a left cell
and that C = UC; is a two-sided cell.
For 1 <i <6, let
(1) u; € C; be the element of minimal length in Cy;
(2) v; € A; be the element of minimal length in Aj;;
(3) v; € A, be the element of minimal length in Al

For instance, we have
Uy = 51525152815
V1 = 8152515251523

V] = 52518525152535152515251-
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We set U := {Ui,vi,’U; | 1< < 6}, XW = Xv; = X{Sl,sz} and
Xy, ={zeW | zu; € C}

for all 1 < 7 < 6. We want to apply Corollary 3.3. One can check that
conditions I1-13 of Theorem 3.2 hold. We now have a look at condition I4.

LEMMA 6.4. — The submodule
M =(T,C, |ueUzeX,) s CH
is a left ideal.
Proof. — In [9, Lemma 5.2], it has been shown that
(T:.C.,

are left ideals of H, for all 1 < ¢ < 6. Thus, in order to show that M is a
left ideal of H, it is enough to prove that T,,C,,, € M for all 1 <7 < 6 and
all z € W. We proceed by induction on £(z). If ¢(x) = 0 it’s clear. Assume
that £(x) > 0. We may assume that x ¢ X,,. Then, one can see that we
have either z = zpso (and f(x) = £(xg) + 1) or = x1525182815283 (and
¢(x) = (x1) + 6). Now, doing some explicit computations, one can show
that Ts,C,, is an A-linear combination of C,, with u € U. For example, we
have

T e X{s1,sz}>.4 and <T£Ov: |z € X{s1,sz}>A

ngcul = Cvl - UﬁL(S2)C

u1
and
Ty, Cyy = Cypy — v L6200, + O,
Similarly, one can show that T, s, s,s,5,55 Cu; 1S an A-linear combination of
terms of the form 7,C, where u € U, z € X,, and £(z) < £($25152515283).
For example we have
Tsy510815555Cur = Cup + AT 53515555 Cuy + ATsys15555Cuy + AT 5555 Cluy
+ AT, s, Cy, + AT, Cy, + AC,, + AC,, .
Thus by induction, we obtain that T7,,C,, € M as required. a
We now have a look at condition I5. Let u € U, v/ < u and y € X,,. We
need to show that

Py TyTy is an Acg-linear combination of 7.

For w = v; or u = v}, it has been proved in [9, Lemma 5.1]. In order to prove
it for u = u; we proceed as follows. We determine an upper bound for the
degree of the polynomials occurring in the expression of T, T, (where y €
C;, v < ;) in the standard basis using either [9, Theorem 2.1] or explicit
computations. Then we compute the polynomials P, , (see Remark 6.3)
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and we can check that the condition is satisfied for all weight functions
such that L(s1) > 4L(s2).

We can now apply Corollary 3.3. We need to find the equivalence classes
on U with respect to <. Using the fact that (T,C,, | v € X4, 5,3)4 and
(T:Cy | @ € Xys,,503)a are left ideals of H for all 1 < 4 < 6 and the
relations computed in the previous proof, one can check that

{{uiH{vi} {vi} [1<i <6}

is the decomposition of U into equivalence classes. Hence by Corollary 3.3,
the set X,,u; = C; is a union of left cells for all 1 < ¢ < 6. Since C; is
included in a left cell, we obtain that each of the C;’s is a left cell.

More precisely, if L is a weight function such that a/b > 4, the following
sets are left ideals of W

CZUAZUA; fori:1,2,3,6
C4UA4UA£1UA2,
C5UA5UA{:)UA1.
PROPOSITION 6.5. — The set C is a two-sided cell.

Proof. — Applying Theorem 3.2 to the set U yields that AU C' is a left
ideal of W. One can check that AU C' is stable by taking the inverse, thus
it is a two-sided ideal and A U C' is a union of two-sided cells. Since A is a
two sided cell (see [9] and the references there), we see that C is a union of
two-sided cells. Now one can check that C' = UC; satisfy the requirement
of Lemma 5.3 thus C is included in a two-sided cell. It follows that C'is a
two-sided cell. g

6.2. The sets B;

We want to prove that B; (for all 1 < i < 6) is a left cell. To this end,
since B; is included in a left cell, it is enough to show that B; is a union of
left cells. We also show that B is a two-sided cell.

CLAIM 6.6. — The set By is a left cell.
Proof. — Set u = $1535251 and

Xu, ={2€ W | 281835281 € B1}.
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Recall that
Ul = 8152815281,
V1 = 515251525152,
V] = 5152515251525352515251,
U = 5§152815251535251,
V2 = §25152515251535251,
’Ué — 5285152851525835152515251535251
U3 = 52515251525153,
and
Xy, ={z €W | zu,; € C;},
Xvi = Xv; = X{51752} for 1 < 7 < 6.
Using similar arguments as in Lemma 6.4 and the results in Section 6.1, one

can check that we can apply Theorem 3.2 to U := {u, uy, vy, v}, ug, va, v5, v3}.
We obtain that

{zu|uelUxe X} =AUALUC,UB UALUATUC U A;

is a left ideal. Since Ay, A} and C; are left cells for all 1 < ¢ < 6 it follows
that Bj is a left cell. O

CLAIM 6.7. — By is a left cell.

Proof. — The set RI5153} is a left ideal of W (see Example 2.3). Since
we have

R{s1,83} = By U A3 UA% UAyUCs

one can see that By is a left cell. O
CLAIM 6.8. — The set Bsg is a left cell.
Proof. — Let v = 815382515983 and
X, :={z € W]zv € B3} Y, :={y € X, |l(ys2s182) = £(y) — 3}.

We want to apply Theorem 3.2 to the set U = {v,uy,vq, ), v3, 02,05}
and the corresponding X,,. Arguing as in Section 6.1, one can show that
conditions I1-14 hold. However, condition I5 does not hold if (and only if)
v’ = 5159518283 < v and y € Y,,. Indeed, let y € Y, and yy = ys25152, then
we have P,/ , = v L03) and

L(s —L(s
TyoTsys15, LT = Ty, (T815251825153 + (v (s2) =L 2))T81S25152515283)

_ L(s2) —L(s2)
= Tyosis251808153 T (v -V )Ty051528182818283
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However, we can certainly construct the elements Cou (see the proof of
Proposition 3.8) such that

Cxu:a forallu e U and z € X,,.

Using Section 6.1 and doing some computations, one can check that

(1) Cpyy =Cyy forallu € U — {v} and z € X,,.

(2) Cyo =Cy ify e X, - Y,.
Let y € Y, and yg = ysa5152. We have

CZ/U = TyCU + E p;wvawCu
uelU,zeX,,
Tul_yv
= TyCU + Z p;v,vaECU + Z p;u,vaCECu
<y, x€X, uelU,zeX,,
uFv
= TyCU + Z p;k:v,vaﬂlcv mOd H<0
<y, x€Xy
T,C, mod Ho
= T,T,+Ty(PyTy) mod Hg
= TyTU + Ty0T€18281$2318283 mod H<0
Tyv + Ty031825152313253 mod H<0

where Heg = ®wew A<oTw- Thus since C;U is stable under the involution ~,
it follows that

Cyv = Cy” + Cy051528152515253'

Furthermore, since ygs1525152515283 € Az we obtain that
(T,Culue U,z € Xy)a = (Coylu € U,z € Xy)a
is a left ideal of H. We get that
B3sUCyUA3UA U A3 U Ay U As
is a left ideal of W. It follows that Bs is a left cell. O
CLAIM 6.9. — The set By is a left cell.
Proof. — The set R{52:53} ig a left ideal of W. Furthermore, we have
Riszss} — {s28382} U B4 U Ay U As,
it follows that By is a left cell. O

Remark 6.10. — We have seen in Example 4.8 that W — Wy, ..y is a
left ideal. Thus

R0 0 (W — Wi, o)) = BaU Ay U As
is a left ideal of W.
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CLAIM 6.11. — Bjs is a left cell.

Proof. — Let w € R{51:53} and let w’ = wsys3. We have wsy > w and

CwCSQ = Cw52 + Z MZ?{; z-

zeW,zs0<2

Applying Lemma 5.1 (in its right version), if M32;” # 0 then we have either
{51, 82,83} C R(z) which is impossible or there exists w” € W such that

w=w"s283 and z=w"ss.

Since w = w"”s283 = w's1s3 we must have w € As, which, in turn, implies
that z € A; (recall that A; is a left ideal). Thus applying Lemma 5.2 to
A= A; and B = R} yields that

Ristsslsy UA; = A4, UAs UAL U AgUCs U Bs
is a left ideal of W. In particular Bs is a left cell. O
CLAIM 6.12. — The set Bg is a left cell.
Proof. — Applying Lemma 5.2 (in a similar way as in 6.11) to
B=AUA,UCLUBLUALUA]UC U A3
and 2l = A; we obtain that
A UATUC, UAgUAGUCg U A5 U Bg

is a left ideal. Thus Bg is a left cell. In fact, since the elements of C; and
A} do not contain s; in their right descent set, we see that

Ay UA()'UA%UCGUA;;UB(;
is a left ideal of W. O
PROPOSITION 6.13. — The set B = UB; is a two-sided cell.

Proof. — By the previous proofs, we see that AUCU B is left ideal of .
Arguing as in the proof of Proposition 6.5, we obtain that B is a two-sided
cell. O

6.3. Finite cells

We already know that Ey, Eo, F' and {e} are left cells and that F7 U Es,
F and {e} are two-sided cells (see Example 4.8). Thus we see that

W—-—AUBUCUEUFU{e}=D=D;UDyUDs
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is a union of left and two-sided cells. For 1 < i < 3 we have DNR{si} = D,
thus D; is a union of left cells. Since D; is included in a left cell it follows
that D; is a left cell. Using Lemma 5.3, one can easily check that

D; UD;y U Ds

is a two-sided cell.

6.4. Left and two-sided order

THEOREM 6.14. — The partial order induced by < on the left cells
can be described by the following Hasse diagram

Proof. — Most of the relations can be deduced using the fact that for
s€ S and w e W, if sw > w then sw <, w. For instance, for all 1 <i <6
we have A; <y C; and A <y, C;.

Some of the relations require some explicit computations, we refer to [8]
for details. The fact that there is no other links comes from the last two
sections, where we have determined many left ideals of WW. Recall that in
[9], it is shown that A; and A} are left ideals of W. O

THEOREM 6.15. — Let T = D or T = F = {s2s3s2}. Then the partial
order induced by <pr on the two-sided cells is as follows

A<SC<B<LT<E<{e

and D and F' are not comparable.
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Proof. — This is easily checked. ]

Using the explicit decomposition of G in our case, we can check some
of Lusztig’s conjectures (see [14, Chap. 14]). For instance

P14. For any z € W, we have z ~p 27t

is certainly true. The following statement can be easily deduced from P4
and P9

r<py and z~pLrYy = T~LY.
This can be easily checked from the partial left order on the left cells.
Indeed, there is no relations between two left cells lying in the same two-
sided cell.

Acknowledgment. I would like to thank Cédric Bonnafé for pointing
out a gap in the proof of Theorem 4.1. I would also like to thank the referee
for some very useful comments.
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