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INVARIANT MEASURES FOR THE DEFOCUSING
NONLINEAR SCHRODINGER EQUATION

by Nikolay TZVETKOV

ABSTRACT. — We prove the existence and the invariance of a Gibbs measure
associated to the defocusing sub-quintic Nonlinear Schrédinger equations on the
disc of the plane R2. We also prove an estimate giving some intuition to what may
happen in 3 dimensions.

RESUME. — On démontre ’existence et I’invariance d’une mesure de Gibbs par
le flot de ’équation de Schrédinger non linéaire posée sur le disque du plan R?. On
démontre également une estimée qui donne une idée de ce qui pourrait arriver en
dimension 3.

1. Introduction

In [12], we constructed and proved the invariance of a Gibbs measure
associated to the sub-cubic, focusing or defocusing Nonlinear Schrédinger
equation (NLS) on the disc of the plane R2. For focusing non-linear in-
teractions the cubic threshold is critical for the argument in [12] because
of measure existence obstructions. The main goal of this paper is to show
that, in the case of defocusing nonlinearities, one can extend the result of
[12] to the case of sub-quintic nonlinearities. Thus we will be able to treat
the relevant for the Physics case of cubic defocusing NLS. The argument
presented here requires some significant elaborations with respect to [12]
both in the measure existence analysis and the Cauchy problem issues. The
main facts, proved in [12] which will be used here without proof are some
properties of the Bessel functions and their zeros and the bilinear Strichartz
estimates of Proposition 4.1 and Proposition 4.2 below.

Keywords: Nonlinear Schrodinger, eigenfunctions, dispersive equations, invariant
measures.

Math. classification: 35Q55, 35BXX, 37K05, 37L50, 81Q20.



2544 Nikolay TZVETKOV
1.1. Presentation of the equation

Let V : C — R be a C*°(C) function. We suppose that V is gauge
invariant which means that there exists a smooth function G : R — R
such that V(2) = G(|z|?). Set F =9V, i.e. F(z) = G'(|z|?)2. Consider the
NLS

(1.1) (0, + A)u — F(u) = 0,

where u : R x © — C is a complex valued function defined on the product
of the real line (corresponding to the time variable) and ©, the unit disc of
R? corresponding to the spatial variable. More precisely

© = ((z1,22) € R? 1 2} + 23 < 1).

In this paper, we consider (1.1) subject to Dirichlet boundary conditions
u|rxse = 0. It is likely that Neumann boundary conditions are in the scope
of applicability of our methods too.

We suppose that

(1.2) 3Ja €]0,4[: Y(k1,k2),3C > 0:Vz € C,
|0M10"V ()] < C(1L+ 2ot

The number « involved in (1.2) measures the “degree” of the nonlinearity.
In this paper we will also suppose the defocusing assumption

(1.3) 3C > 0,36 € [2,4[: V2 € C,V(2) = —C(1 + |2])°.
A typical example for V is
2 at2
V(z) = (L+21%)7=

a+2
with corresponding
F(z)=(1+12*) %=

In the case @ = 2 one can take V(z) = i|z|* which leads to a cubic
defocusing nonlinearity F(u) = |u[*u. Observe that V(z) = —31|z|*, which
is the potential of the cubic focusing nonlinearity F(u) = —|u|*u, does not

satisfy assumption (1.3).
We restrict our consideration only to radial solutions, i.e. we shall sup-
pose that u = u(t,r), where

Ty =rcos¢, zp=rsing, 0<r<1, ¢e€0,2n].

Our goal here is to construct a Gibbs type measure, on a suitable phase
space, associated to the radial solutions of (1.1) which is invariant under
the (well-defined) global flow of (1.1).

ANNALES DE L’INSTITUT FOURIER



NLS AND INVARIANT MEASURES 2545
1.2. Bessel expansion and formal Hamiltonian form

Since we deal with radial solutions of (1.1), it is natural to use Bessel
function expansions. Denote by Jo(z) the zero order Bessel function. We
have that (see [12] and the references therein) Jo(0) = 1 and J(x) decays

—1/2

as T when z — oo. More precisely

_[2cos(x —7/4) 372
Jo(@—\/;ﬁ +O(z=%2).

Let 0 < z1 < z2 < --- be the (simple) zeroes of Jo(x). Then (see e.g. [12])
Zn ~n as n — oo. Bach L? radial function may be expanded with respect
to the Dirichlet bases formed by Jy(z,7), n = 1,2,3,.... The functions
Jo(z,7) are eigenfunctions of —A with eigenvalues 22. Define e, : © — R
by

en = en(r) = ||Jo(zn )||£21(@)J0(znr).

We have (see [12]) that || Jo(2,-)|lr2e) ~ n~'/2 as n — oo. Therefore
lenllrz@) = 1 but |len]lr=(@) ~ n'/? as n — oco. Hence we observe a
significant difference between the disc and the flat torus T?, where the sup
norm of the eigenfunctions can not grow so fast.

Let us fix from now on a real number s such that

1 2 2 1
(1.4) max(g,lfa,l—ﬁ) <s<3

(recall that a,3 < 4 and thus a proper choice of the index s is indeed
possible). Set e, s = z;, °e,, (H® normalization) and if

u(t) = Z cn(t)en,s

then we need to analyze the equation

(1.5) iz, cn(t) =222, Scn(t) 11, (F( i cm(t)em’s)) =0, n=12,...

where II,, is the projection on the mode e, i.e. IL,(f) = (f, e,). Equation
(1.5) is a Hamiltonian PDE for ¢ = (¢;,)n>1 with Hamiltonian

o] 1 o)
H(c,©) = Z 2272 e, |? + 27r/ V( Z cnen,s(r))rdr,
n=1 0 n=1
and a formal Hamiltonian form

0H 0H

iCt:JE7 ZEt:—J%,
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2546 Nikolay TZVETKOV

where J = diag(22),>1 is the map inducing the symplectic form in the
coordinates (¢, ¢). Thus the quantity H(c,¢) is, at least formally, conserved
by the flow. In fact we will need to use the energy conservation only for finite
dimensional (Hamiltonian) approximations of (1.5). Let us also observe that
the L? norm of u(t) expressed in terms of ¢ as

)
lel2 = 3 22 e ?
n=1

is also conserved by the flow. Following Lebowitz-Rose-Speer [10],
we will construct a renormalization of the formal measure
X(|lc]l) exp(—H (e, ¢))dede (x being a cut-off) which is invariant under the
(well-defined) flow, living on a low regularity phase space (for a finite dimen-
sional Hamiltonian model the invariance would follow from the Liouville
theorem for volume preservation by flows induced by divergence free vector
fields).

1.3. The free measure

Define the Sobolev spaces HZ, 4(0), o > 0 equipped with the norm

[e%S)
H E Cn€n,s
n=1

The Sobolev spaces HZ, 4(©) are related to the domains of o/2 powers of

oo
= zfl(”_s)\cn|2.

2
Hruad (@) n=1

the Dirichlet Laplacian. In several places in the sequel, we shall denote

|- l|ze (@) simply by [ ||+ (e). We can identify I*(N;C) with HE, 4(©) via
the map
c= (Cn)n>1 [— Z Cn€n,s-
n=1

Consider the free Hamiltonian

oo
Hy(c,e) =Y 227 |cn|?

n=1

and the measure
“exp(—Ho(c,@))dede” 15 e = lenl’de,de,
= — — 225, |2 — = d“(c)
J exp(—Ho(c,¢))dcde oy Joemm TlenlPde, de,
Denote by B the Borel sigma algebra of H? ;(©). The measure dy is first

defined on cylindrical sets (see [12]) in the natural way and since for s<1/2,

e}
2s—2
E Zn < o0
n=1

ANNALES DE L’INSTITUT FOURIER



NLS AND INVARIANT MEASURES 2547

we obtain that du is countably additive on the cylindrical sets and thus may
be defined as a probability measure on (H7, 4(0), B) via the map considered

above. Let us recall that A C H7 ;(©) is called cylindrical if there exist an
integer N and a Borel set of V of C" so that

A= {u € Hiy(0) : (1), .., (u,ens)) € V}.

In addition, the minimal sigma algebra on HJ, ;(©) containing the cylin-
drical sets is B.

The measure dp may also equivalently be defined as the distribution of
the H} ;(©) valued random variable

25 Z

QD(LU',T) _ Z gn(("i) en,s(r) _ Z gn(:)) en(T'),

n=1

where g, (w) is a sequence of centered, normalized, independent identically
distributed (i.i.d.) complex Gaussian random variables, defined in a prob-
ability space (Q, F,p). By normalized, we mean that

1
gn(w) = ﬁ

where hp,l, € N(0,1) are standard independent real Gaussian variables.
Indeed, if we consider the sequence (¢n(w,7))nen defined by

(hn(w) + ily (w)),

o 9n(w)
(L6) enlw,r) =Y F e, (r)
n=1 n

then using that s < 1/2 we obtain that (¢n(w, 7)) nven is a Cauchy sequence
in L2(Q; H: 4(0)) and p(w,r) is, by definition, the limit of this sequence.
Thus the map which to w € € associates ¢(w, r) is measurable from (€, F)
to (H 4(©), B). Therefore ¢(w, r) may be seen as a HS, ;(©) valued random
variable and for every Borel set A € B,

u(A) = p(w : p(w,r) € A).

Moreover, if f : HZ ;(©) — R is a measurable function then f is integrable
if and only if the real random variable f o ¢ : Q — R is integrable and

/ fwww:/fm%w@w.
s (@) Q

rad

TOME 58 (2008), FASCICULE 7



2548 Nikolay TZVETKOV
1.4. Measure existence

Following the basic idea one may expect that the measure (Gibbs mea-
sure)

(1.7) dp(u) = X(HuHLz(@)) exp(— /@ V(u))du(u)
is invariant under the flow of (1.1). In (1.7),
X R— [Oa OO[

is a non-negative continuous function with compact support. In (1.7),
exp(— [ V(u)) is the contribution of the nonlinearity of (1.1) to the Hamil-
tonian, while the free Hamiltonian (coming from the linear part of (1.1))
is incorporated in dy(u). One may wish to see dp(u) as the image measure
on H? (0) under the map

rad
— gn(w)
n
w— Z e (1)
n=1
of the measure

(ot Mizoy) exp(=2r [V (plew.r))rdr )dp(o).

A first problem (in order to ensure that p is not trivial) is whether [g V'(u)
is finite 1 almost surely (a.s.). Let us notice that an appeal to the (1.2) and
the Sobolev inequality gives

(1.8) ]/ V(w)| < C(1+ [[ull 33t q)) < C(L+ llullt? o))
1

provided o > 2(5 — 37a) = 395 For a > 2 (a case excluded in [12]),
inequality (1.8) does not suffice to conclude that [g V(u) is finite p a.s.
Indeed, for @ > 2 one has o > % and, using for instance the Fernique
integrability theorem, one may show that |lul|g- () = o0, p a.s. We can
however resolve this problem by using a probabilistic argument (which “im-
proves” on the Sobolev inequality). Let us also mention the recent work [2],
where one studies LP properties of Gaussian random series with a particular

attention to radial functions. Here is a precise statement.

THEOREM 1.1. — We have that [y V(u) € L'(du(u)) (in particular
Jo V(u) is p a.s. finite).

Essentially, the assertion of Theorem 1.1 follows from the considerations
in [2]. We will however give below a proof of Theorem 1.1 using an argument
slightly different from [2].

ANNALES DE L’INSTITUT FOURIER
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1.5. Finite dimensional approximations

Let En be the finite dimensional complex vector space spanned by
(en)N_;. We consider Ey as a measured space with the measure induced
by C" under the map from CV to Ey defined by

N
(c1y...,eN) — Z Cnen,s-
n=1

Following Zhidkov (cf. [13] and the references therein), we consider the
finite dimensional projection (an ODE) of (1.1)

(19) (z@t +A)U—SN(F(U>) =0, U|t:() € Ey,

where Sy is the projection on Ey. Notice that Sy (F'(u)) is well-defined
for u € Ey since Exy C C*°(0). The equation (1.9) is a Hamiltonian ODE
for u € Fny with Hamiltonian

u :/ IVU\2+/V(U), u € Ey.
e o

Thus Hy (u, @) is conserved by the flow of (1.9). One may directly check this
by multiplying (1.9) with @; € Ey and integrating over © (observe that the
boundary terms in the integration by parts disappear). Multiplying (1.9) by
% and integrating over ©, we see that the L?(©) norm is also preserved by
the flow of (1.9) and thus (1.9) has a well-defined global dynamics. Denote
by ®n(t) : En — En, t € R the flow of (1.9). Let uy be the distribution
of the Ey valued random variable ¢y (w,r) defined by (1.6). Set

dpn (v) = x(||ul r2(e)) exp(— /@ V(u))dpn (u).

One may see py as the image measure on Fx under the map w — oy (w,r)
of the measure

X (llen (W, )llL2(o)) exp ( - 27T/O V(en(w, T))Tdr)dp(w)~

From the Liouville theorem for divergence free vector fields, the measure
pn is invariant under ®y (¢). Indeed, if we write the solution of (1.9) as

N

u(t) = Z cn(t)ens, cn(t)eC

n=1

then in the coordinates ¢,,, the equation (1.9) can be written as

(1.10) iz, 5c,(t) — 222, ° /SN e, =0, 1<n<N.

TOME 58 (2008), FASCICULE 7



2550 Nikolay TZVETKOV

Equation (1.10) in turn can be written in a Hamiltonian format as follows

Oscn = —z‘zﬁ‘*%, 0y = z‘zisg—z, 1<n<N,
with
N 1 N
H(c,©) = Zzif2s|6n|2 + 277/ V(Z cnen,s(r)>rdr, c=(c1,...,¢N).
n=1 0 n=1
Since

N
0 . 9, 0H 0 ,. o,0H
— (= i R s~ =0
;(3%( o 55) - aﬁ(mn 5'cn) ’
we can apply the Liouville theorem for divergence free vector fields to
conclude that the measure dede is invariant under the flow of (1.10). On

the other hand the quantities H(c,¢) and

N
el =) 2% enl?
n=1

are conserved under the flow of (1.10). Moreover, by definition if A is a
Borel set of E defined by

N
A= {uGEN:u:chen,s, (c1y...,¢N) EAl},

n=1

where A; is a Borel set of CV, then

px(A) = ry / e HED (o] dede,

Ay
with
KN = 7T_N< H 22_25).
1<n<N

Therefore the measure py is invariant under @y (t), thanks to the invari-
ance of dcdé and the @y (t) conservations of of H(c,¢) and x(||c||). Let us
also observe that if we write (1.10) in terms of (Re(cy,),Im(c,)) then we
still obtain a Hamiltonian ODE and one may show the invariance of pn
under (1.9) by analyzing that ODE.

One may extend py to a measure pn on H ;(0). If U is a p measurable
set then py(U) = pny(U N En). A similar definition may be given for py.
The measure py is well-defined since for U € B one has that U N Ey is a
Borel set of Fy. Indeed, this property is clear for U a cylindrical set and

ANNALES DE L’INSTITUT FOURIER



NLS AND INVARIANT MEASURES 2551

then we extend it to B by the key property of the cylindrical sets. Observe
that for U, a p measurable set, one has

ﬁmm:LXW%wm@wm¢AW&wmmm

where

Un = {u € H;},4(0) : Sy(u) € U}.
The following properties relating p and py will be useful in our analysis
concerning the long time dynamics of (1.1).

THEOREM 1.2. — One has that for every p € [1, 00|,

MMM@MWFAWWGWWM»

In addition, if we fix o € [s,1/2[ then for every U an open set of H7, ;(©)
one has

(1.11) p(U) < liminf gy (U) (= liminf py (U N Ex)).
N —o0 N —o0

Moreover if F' is a closed set of H, ;(©) then

(1.12) p(F) = limsup pn(F) (= limsup py(F N EN)).
N—oo N—o0

The proof of Theorem 1.2 is slightly more delicate than an analogous
result used in [12]. In contrast with [12] we can not exploit that [o V(Syu)
converges i a.s. to [o V(u). In [12] we deal with sub-quartic growth of V'
and by the Sobolev embedding we can get directly the needed p a.s. con-
vergence. Here we will need to use a different argument.

1.6. Statement of the main result

With Theorem 1.1 and Theorem 1.2 in hand we can prove our main
result.

THEOREM 1.3. — The measure p is invariant under the well-defined p
a.s. global in time flow of the NLS (1.1), posed on the disc. More precisely:
e There exists a p measurable set . of full p measure such that for
every ug € X the NLS (1.1), posed on the disc, with initial data
data u|i—o = ugp has a unique (in a suitable sense) global in time
solution u € C(R; H},4(0)). In addition, for every t € R, u(t) € ¥

and the map ug — u(t) is p measurable.

TOME 58 (2008), FASCICULE 7



2552 Nikolay TZVETKOV

e For every A C X, a p measurable set, for every t € R, p(A) =
p(®(t)(A)), where ®(t) denotes the flow defined in the previous
point.

The uniqueness statement of Theorem 1.3 is in the sense of a uniqueness
for the integral equation (6.1) in a suitable space continuously embedded in

the space of continuous H? ,(©) valued functions. Another possibility is to

rad
impose zero boundary conditions on R x 90 and then relate the solutions
of (1.1) to the solutions of (6.1) (see also Remark 6.1 below).

As a consequence of Theorem 1.3 one may apply the Poincaré recurrence
theorem to the flow ®. For previous works proving the invariance of Gibbs
measures under the flow of NLS we refer to [3, 4, 13]. In all these works
one considers periodic boundary conditions, i.e. the spatial domain is the
flat torus. We also refer to [9], for a construction of invariant measures,
supported by H?2, for the defocusing NLS.

Let us also remark that the result of Theorem 1.3 implies that the sub-
quintic defocusing NLS is almost surely globally well-posed for data ¢(w, )
defined by

z

Pl =Y 2 o)

n=1
Because of the low regularity of ¢ for typical w’s such a result seems to
be difficult to achieve by the present deterministic methods for global well-
posedness of NLS.

1.7. Structure of the paper and notation

Let us briefly describe the organization of the rest of the paper. In the
next section, we prove Theorem 1.1. Section 3, is devoted to the proof of
Theorem 1.2. In Section 4, we recall the definition of the Bourgain spaces
and we state two bilinear Strichartz estimates which are the main tool in
the study of the local Cauchy problem. In Section 5, we prove nonlinear esti-
mates in Bourgain spaces. Section 6 is devoted to the local well-posedness
analysis. In Section 7, we establish the crucial control on the dynamics
of (1.9). In section 8, we construct the set ¥ involved in the statement
of Theorem 1.3. In Section 9, we prove the invariance of the measure. In
the last section, we prove several bounds for the 3d NLS with random data.

In this paper, we assume that the set of the natural numbers N is

{1,2,3,...}. We call dyadic integers the non-negative powers of 2, i.e.
1,2,4,8 etc.

ANNALES DE L’INSTITUT FOURIER
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2. Proof of Theorem 1.1 (measure existence)
2.1. Large deviation estimates

LEMMA 2.1. — Let (gn(w))nen be a sequence of normalized i.i.d. com-
plex Gaussian random variables defined in a probability space (Q, F,p).
There exists 3 > 0 such that for every A > 0, every sequence (c,,) € I?(N;C)
of complex numbers,

= G
p(w: ’chgn(w)} > )\) < de S lenl?
n=1

(the right hand-side being defined as zero if (¢, )nen is identically zero).

Proof. — By separating the real and the imaginary parts, we can assume
that g, are real valued independent standard Gaussians and ¢, are real
constants. The bound we need to prove is thus

(2.1) 38> 0:Y(c,) € *(N;R), ¥\ > 0,

) _ 8?2
p(wi |chgn(w)| >)‘) < 2e Z”C%
n=1

We may of course assume that the sequence (¢, )nen is not identically zero.
For t > 0 to be determined later, using the independence, we obtain that

/Qexp (t i cngn(w))dp(w) = exp ((t2/2) i ci)

n=1

Therefore

exp(t2/2 ZC) exp(tA) ( chgn )

n=1

TOME 58 (2008), FASCICULE 7



2554 Nikolay TZVETKOV

and thus

w: icngn(w) > A) < exp( (t?/2) Z ) e,

For a > 0, b > 0 the minimum of f(t) = at®> — bt is —b*/4a and this
minimum is attained in the positive number ¢ = b/(2a). It is thus natural
to choose the positive number ¢ as

= (3 2)

n=1

which leads to

p(w : icngn(w) > )\) < exp ( — 22):\202>
n=1 nCn

In the same way (replacing ¢, by —c¢,), we can show that

o 3o <3) <o (g

which shows that (2.1) holds with 8 = 1/2. This completes the proof of
Lemma 2.1. |

We next state the following consequence of Lemma 2.1.

LEMMA 2.2. — Let (gn(w))nen be a sequence of normalized i.i.d. com-
plex Gaussian random variables defined in a probability space (Q, F,p).
Then there exist positive numbers c1,co such that for every non empty
finite set of indexes A C N, every A > 0,

p(w cO- Z |gn(w)|2 S /\) < 661|A|_C2>‘7
neA
where |A| denotes the cardinality of A.

Proof. — A proof of this lemma is given in [12, Lemma 3.4]. Here we
propose a different proof based on Lemma 2.1. The interest of this proof
is that the argument might be useful in more general situations. Again, we
can suppose that g, are real valued standard Gaussians. A simple geometric

observation shows that there exists ¢; > 0 (independent of |A]) and a set
A of the unit ball of RI*! of cardinality bounded by e'!Al such that almost

surely in w,
1
(D lgn) ) <sup| D eug (e

neA nen

ANNALES DE L’INSTITUT FOURIER



NLS AND INVARIANT MEASURES 2555

(¢ = (cn)nea with >, |cn|? = 1). Therefore

{w : Z |gn(w)|2 > /\} C U {w ;| chgn(wﬂ > g}

nen ceA neA

Consequently, using Lemma 2.1, we obtain that there exists co > 0, inde-
pendent of A, such that for every A > 0,

( Z |gn ‘2 > )\) g |A|4efc‘2>\ g 4601|A‘762>\ < 6(01+2)|A\*02>\.
neA

This completes the proof of Lemma 2.2. O

2.2. Proof of Theorem 1.1

Theorem 1.1 follows from the following statement.

LEMMA 2.3. — The sequence [gV(Sy(u)) converges to [oV(u) in
L(dp).

Proof. — Let us first show that (o V(Sn(u)))ven is a Cauchy sequence
in L'(du). From the Sobolev embedding, we have that for a fixed N the
map from H34(0) to R defined by u — [o V(Sn(u)) is continuous and

thus measurable. Write, for N < M, using (1.2)

| [t = [ visuw)|

<c|| [ I8wt) = Sarta)l(1+ 1Sy ([ + S ()]
(C]

LY(HE, qB,dp(w))

LV(HE, ;iB.dp(u)
Using the Hoélder inequality, we get
| [ 18w (w) = Sarta)|(1+ ISy )"+ [Saa ) )|

(C]

<ISn (1) = Sar ()| pe+2(0) (C + 15w (W) 17572y + 180 (W15 H ) -

Another use of the Holder inequality, this time with respect to du gives

V(S — [ V(S
| [visve - [ vsuw],, .,
< CH”SN(U) - SM(U)HL“Jr?(@)HLa+2(d#(u))

X (1SN @)z 0) s gy 150 @les20) 5o g )

TOME 58 (2008), FASCICULE 7



2556 Nikolay TZVETKOV

Thus
@) | [vvw - [ visuw,,, < Clev —eoul

x (14 lonlgiaorn + lomlEhonn ):

Lo+2(6xQ)

where ¢ is defined by (1.6). Let us now prove that there exists C' > 0
such that for every IV,

(2.3) lenll Lotz axe) < C.

Using Lemma 2.1 with ¢, = 2, e, (r), 1 < n < N and the definition of the
L*2 norms by the aide of the distributional function, we obtain that for
a fixed r

ot r)l5 2y = (0 +2) [ A" p(: [entw.r)] > X)aa

< C/OOO A*Hexp (—(W)/(ZN: zflen(mIZ)) dA

:C(/OOO)\”‘“e_de)\)(Z ~2e(r) )

n=1

Therefore
N 1
_ 2
o (@, Moz < C(3 2 2len(r)?)
n=1

Squaring, taking the L% (©) norm and using the triangle inequality, we
get

N
lonlZarziaxe) < Z 25 |lenlZate(oy-
n=1

On the other hand, it is shown in [12] that for @ < 2 one has that
llenllLa+2(0) is uniformly bounded (with respect to n), for a = 2,
llenllpa+2(e) < Clog(142,)'/* and for a>2, ||ep || Lar2(o) < Cr/?72/ (42
Since z, ~ n, we obtain that there exists C' such that for every N € N,

ol Latz2@xe) < C. Therefore (2.3) holds.

Similarly, we may obtain that

M

(2.4) lon = omllTarzoxe) < Z Z 2 llenlZarz (o)
n=N+1

ANNALES DE L’INSTITUT FOURIER



NLS AND INVARIANT MEASURES 2557

which tends to zero as N — oo thanks to the bounds on the growth of
llen |l La+2(@). Moreover, we have that

(2.5) J\;im oN =@ in L*T%(0 x Q)

(we can identify the limit thanks to the L?(© x ) convergence of ¢ to ¢
and the fact that L2"2(© x Q) convergence implies L?(0 x Q) convergence).

On the other hand thanks to (1.3), we can write V(u) = Vi(u) + Va(u),
where V1 > 0 and |Va(u))| < C’(1+|u|ﬁ) Thanks to the Sobolev embedding
and (1.4), we obtain that [y Va(u) is continuous on HE ;(©). Therefore the
map u — [o Va(u) is a p measurable real valued function. Let us next
show that the map u +— f@ Vi(u) is p measurable. For that purpose, it is
sufficient to show that the map

(26) c= Cn nGN'_’/ Vl chen s)

neN

is measurable from /2(N) to R. Indeed, we have that the map

— Z Cnén,s(T)

neN

is measurable from from [?(N) x © to R since we can see Y\ Cnen s(r)
as the limit of Zivzl cnens(r) as N — oo in L2(13(N) x ©) where [2(N) is
equipped with the measure du(c) introduced in the introduction. Therefore
V1<Zn€N Cnen.s) is a measurable map from [2(N) x © to R. Since V; >

0, using for instance the Fubini theorem, we obtain that the map (2.6)
is indeed measurable. This in turn implies the measurability of the map
u— [o V(u). Next, similarly to the proof of (2.2), we get

| [visven - [ viw)

< Ol — o
L (dpa(w) le —onlle +2(0xQ)

x (14 len 5oy + 1015 0 k0 )-

Therefore
lim_| / V(Sy(u / V(u
N—oco Ll( H? B, du(u))
This completes the proof of Lemma 2.3. ]
Using Lemma 2.3, we have that [, V(u) € L' (du(u)) and thus [g V(u
is finite p a.s. This proves that dp is 1ndeed a nontrivial measure. This
completes the proof of Theorem 1.1. O
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2.3. The necessity of the probabilistic argument

In this section we make a slight digression by showing that for a > 2
an argument based only on the Sobolev embedding may not conclude to
the fact that f@ ) is finite p a.s. More precisely we know that for every
o < 1/2, ||lu||g- ey is finite p a.s. Therefore the deterministic inequality

(2.7)  Jo<1/2,3C > 0,Vu € fad(@), [l

Lo+2(0) S CHUHH“
would suffice to conclude that fo ) is finite p a.s. We have however the
following statement.

LEMMA 2.4. — For « > 2, estimate (2.7) fails.

Proof. — We shall give the proof for & = 2. The construction for a > 2
is similar. Suppose that (2.7) holds for some o < 1/2. Using the Cauchy-
Schwarz inequality, we obtain that there exists 6 €]0,1/2] such that

19
3C > 0:Vu € Hypq(©), |lullu-(e) < CIIUIILz )HUIIH1 ©)

(observe that H! ,(©) may be seen as the completion of C5°(©) radial
functions with respect to the H'(©) norm). Thus by applying (2.7) to
H! ,(©) functions, we obtain that

140 10
(28)  30>0:Yue HLO), o) < Clulbid, lullbits,.

We now show that (2.8) fails. Let v € C5°(©) be a radial bump function,
not identically zero. We can naturally see v as a C§°(R?) function. For
A > 1, we set
oa(z1, 22) = v(Axy, Axe).
Thus vy € C§°(0) and vy, is still radial. We can therefore substitute vy in
(2.8) and obtain a contradiction in the limit A — oo. More precisely, one
may directly check that for A > 1,
loallzae) ~ A%, lvallzzey ~ A7 oallmie) ~ 1.

This completes the proof of Lemma 2.4. O

3. Proof of Theorem 1.2 (integrability and convergence
properties)

3.1. Convergence in measure

Let us define the p measurable functions f and fy by

) = x(llz@) exp(= [ v
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and
() = (IS (o) exp(= [ ViSv(w).
We start by the following convergence property.

LEMMA 3.1. — The sequence (fn(u))nen converges in measure as N
tends to infinity, with respect to the measure i, to f(u).

Proof. — Since x and the exponential are continuous functions, it suffices
to show that the sequence ||Syul|z2(e) converges in measure as N tends to
infinity, with respect to the measure j, to ||u[/z2(e) and that the sequence
Jo V(Sn(u)) converges in measure as N tends to infinity, with respect to
the measure p, to f@ V (u). Thanks to the Chebishev inequality, it therefore
suffices to prove that ||Syul|r2(e) converges in L?(du(u)) to [Jul|12(e) and
that [y V(Sn(u)) converges in L'(du(u)) to [g V(u). The first assertion
is trivial and the second one follows from Lemma 2.3. This completes the
proof of Lemma 3.1. ]

3.2. A Gaussian estimate

We now state a property of the measure p resulting from its Gaussian
nature.

LEMMA 3.2. — Let o € [s,1/2[. There exist C > 0 and ¢ > 0 such that
for every integers M > N > 0 (with the convention that Sy = 0), every
real number A > 1,

(1 € H2aa(©) ¢ [Sur(w) = Sn () o ) > A) € Cem ¥ T,

Proof. — We follow the argument given in [12, Proposition 3.3]. It suf-
fices to prove that p(An ) < Cexp ( —eA?(1+ N)2(1_‘7)), where
Anm = (w €Q: ||<PM(W7') - ‘PN(WW)HHU(G) > )‘)'

Let & > 0 be such that 20 < 1 — 20. Notice that a proper choice of 6 is
possible thanks to the assumption o < 1/2. For 0 < Ny < N two integers
and k > 0, we consider the set Ay, n,,x, defined by

AN17N2,H = (w €N: HQDNz(wv') - @Nl(wv’)HHU(@)

> nA((l + Ny 4 (;:]]\ZY[ID
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Let Ly, Ly be two dyadic integers such that
L1/2<1+N<L1, Lo < M < 2Ls.

We will only analyze the case Ly < Lo/2. If Ly > Lo/2 then the analysis
is simpler. Indeed, if L1 > Lo/2 then Ly > Lo which implies

L1/2<1+N<1+M<1+2L2<4L1

and the analysis of the case Ly < Lo/2 below (see (3.3), (3.4)) can be
performed to this case by writing

em —on = (oL, —¢n) + (oM — ¢1,)
(without the summation issue). We thus assume that Ly < Lo/2. Write
oM — N = (pr, —N) + ( > (par— sDL)> + (orr — ¢r,)-
L1<L<Ly/2
L—dyadic

Using the triangle inequality and summing-up geometric series, we obtain
that there exists a sufficiently small £ > 0 depending on ¢ but independent
of A\, N and M such that

(3.1) Anm CAN Ly U ( U AL,2L,n) UALQ,M,H-

L1<L<Lgy/2
L—dyadic

Since z, ~ n, for w € Ar 2r 4,

2L
D lgn(@)P = AL (L7 4 (L7 (14 N))P).
n=L+1

Therefore using Lemma 2.2 and that 2 — 20 — 26 > 1, we obtain that for
A>1,
(32) p(AL oL Ii) < 601L702A2(L2_20—29+(1+N)2_2°)

2 2-20 272-20-20
< 670)\ (14+N) 670)\ L ,

where the constant ¢ > 0 is independent of L, N, M and A. Similarly

2 2-20 2,2-20-20 2 2-20
(33) p(AN,Ll,n) < 676)\ (14+N) 670\ L] < efc)\ (14+N)
and

2 2-20 272-20-26 2 2-20
(34)  PArare) < e N W LT ot 1N

Collecting estimates (3.2), (3.3), (3.4), coming back to (3.1) and summing
an obviously convergent series in L completes the proof of Lemma 3.2. [
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3.3. Uniform integrability

We next prove the crucial uniform integrability property of fx.

LEMMA 3.3. — Let us fix p € [1,00[. Then there exists C' > 0 such that
for every M € N,

[ Imtrdut <c.
Hrsad(@)
Proof. — Using (1.3), we observe that it suffices to prove that
iC >0, VM € N,
7o laaqey) exp (Colloar . ) ey o) < C:

Using the Sobolev inequality, we infer that

lnr (W, )Ly < Cllom(w, )l e (o),
provided

1 1
3.5 >2(=—=).
( ) 0=z (2 ﬂ)
Observe that since § < 4 there exists o € [s,1/2[ satisfying (3.5). Let us
fix such a value of o for the sequel of the proof. Since y is with compact
support, we need to study the convergence of the integral

Ao
with
1
har(A) = p(w € Q: llonr(w, ) lmeco) > cllog(M)
loas @, lzage) < C)

where ¢ and C are independent of A and M (C' is depending on the support

of x) and ) is a large constant, independent of M, to be fixed later.
Since for N < M,

(3.6) lleon(w, )laeo) < CN[lon(w, - )llz20) < ON|lonm(w, )|z o)

we obtain that there exists @ > 0, independent of M and X such that if M
satisfies M < a(log(/\))ﬁ then hpr(A) = 0 (use (3.6) with M = N). We
can therefore assume that M > a(log()\))#.
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Let us fix A > Ag. Define N as the integer part of a(log()\))rlﬁ_‘s, where
d is such that

2—o0p
208(1—0)
Let us notice that a proper choice of § is possible since § < 4 and o < 1/2.
Observe also that for A\g > 1, depending only on «, we have N > 1 and
N < M. Using (3.6), we obtain that the event

C 1
(we i lon( lnee) > 5008, llen @,z <€)

is of probability zero for A > A\g, where Aq is a large constant independent
of M. At this place we fix the value of A\g. Using the triangle inequality, we
obtain that for A > A,

har(N) <p(w € 9 llpar(w, ) = on(w, (o) > 5 10g(W) ¥ ).

Using Lemma 3.2, we arrive at

(3.7) 0<d<

har(A) < C’e’c(log(/\))% (14N)20=)

M,gg(l,g)

< Ce—c(log()\))% (log(A)) P

2. —o
— Ce—cllog(n) 78 217

Thanks to (3.7), we have that % —26(1 — o) > 1 and therefore hps(X) is
integrable on the interval [\g, oo[. The integrability on [0, Ag] is direct since
0 < hpr(A) < 1. This completes the proof of Lemma 3.3. O

Remark 3.4. — The exponent 5 = 4 appears as critical in the above
argument, a fact which reflects the critical nature of the cubic non-linearity
for the 2d NLS. This fact may be related to a blow-up for the cubic focusing
NLS for data of positive ;1 measure. This is however an open problem (see
the final section of [12]).

Using Lemma 3.3, we readily arrive at the following statement.

LEMMA 3.5. — Let o € [s,1/2[. There exist C > 0 and ¢ > 0 such that
for every integer M > 1, every real number A > 1,

pne (u € Hig(0) : [1Sar(w)| ooy > A) < Ce™Y.

Proof. — It suffices to use the Cauchy-Schwarz inequality, Lemma 3.2
and Lemma 3.3. g

Another consequence of Lemma 3.3 is the integrability of f(u).

LEMMA 3.6. — For every p € [1,00], f(u) € LP(H}, 4; B, dp(u)).
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Proof. — Using Lemma 3.1, we obtain that there is a sub-sequence
Ny such that the sequence (fn,(u))keny converges to f(u), p almost
surely. Thanks to Lemma 3.3 (fn,(u))gen is uniformly bounded in
LP(H 4(©),B,du). Using Fatou’s lemma we deduce that f(u) belongs to
LP(H} 4(©),B,dun) with a norm bounded by the liminf of the norms of

fn, (u)’s. This completes the proof of Lemma 3.6. |

3.4. End of the proof of Theorem 1.2

We have the following convergence property which yields the assertion
of Theorem 1.2 in the particular case U = F' = H? 4(©).

LEMMA 3.7. — Let us fix p € [1,00[. The following holds true:
Jim () — () Pdp(u) = 0.
oo Hﬁad(e)
Proof. — Let us fix € > 0. Consider the set
Ane = (u€ Hpg(0) 1 |fn(u) — fu)] <e).

Denote by A% . the complementary set in H,4(0) of Ay .. Observe that
f and fx belong to L?*(du) with norms bounded uniformly in N. Then,
using the Hoélder inequality, we get

‘/AC |fn(uw) — fu)Pdu(u)

1
P

<N = fllzer(aw [0(AS 2)] 2P

<=

< Clu(Ay )]
On the other hand

[l = Pt < =
AN,e

and thus we have the needed assertion since the convergence in measure of
fn to f implies that for a fixed €, limy oo (A% ) = 0. This completes
the proof of Lemma 3.7. O

We can now turn to the proof of Theorem 1.2. We follow the arguments
of [12, Lemma 3.8]. If we set

Un = {u€ H}4(0): Sy(u) e U}

then
Uc thmf(U]\;)7
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where
thlnf Uy) = U ﬂ Un,.-
N=1N,=

Indeed, we have that for every u € HZ ,(0), Sy(u) converges to u in
H? ,(©), as N tends to co. Therefore, using that U is an open set, we
conclude that for every u € U there exists Ny > 1 such that for N > Ny
one has u € Uy. Hence we have U C liminfy(Uy). If A is a p-measurable
set, we denote by 14 the characteristic function of A. Notice that thanks
to the property U C liminfy(Uy),

liminf 17, > 1p.

N —o0

Recall that
oy V) =on@NEx) = [ Ao (i (wdn(w).
H? ,(©)
Using Lemma 3.7, we observe that

Jm ([ o - [

Next, using the Fatou lemma, we get

Iy (u) f(w)dp(u) ) = 0.

(©)

rad

N—o0

hrn mpr(U NEN)= hmlnf/ o T, (w) f(w)dp(u)
> [ Wl )

rcxd
= [ fdutn) = p(0).
This proves (1.11). Observe that Lemma 3.7 implies that
hm pN(EN) - p(Hrad(G))'

Therefore to prove (1.12), it suffices to use (1.11) by passing to complemen-
tary sets (as in [12], we could give a direct proof of (1.12)). This completes
the proof of Theorem 1.2. a

Remark 3.8. — Let us observe that the reasoning in the proof of The-
orem 1.2 is of quite general nature. It suffices to know that:

e (fn) is bounded uniformly with respect to N in LP(du) for some
p> 1
e (fn) converges to f in measure.
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3.5. A corollary of Theorem 1.2

Combining Lemma 3.5 and Theorem 1.2, we arrive at the following state-
ment.

LEMMA 3.9. — Let 0 € [s,1/2[. There exist C > 0 and ¢ > 0 such that
for every real number X\ > 1,

p(u € H2a(©) : [ull o o) €N, o0[) < Cem¥.
Proof. — It suffices to apply Theorem 1.2 to the open set of HZ ,(©),
U = (u€ Ha(®) : [ullu-(o) €A o)
and to observe that pn(U) = pn(Uy), where
Un = (u € Ha(O) 5 Sy ()llo(e) €N, o).

Thus by Lemma 3.5, pn(U) < Cexp(—cA?) which, combined with Theo-
rem 1.2, completes the proof of Lemma 3.9. O

Remark 3.10. — As a consequence of Lemma 3.9 one obtains that for
o € [s,1/2] one has p(HZ4(0)) = p(H;, 4(0)). Moreover for every p mea-
surable set A,

p(u €A |lullge (o) e])\,oo[) < Ce—N,

and thus A may be approximated by bounded sets of H7 ,(0) (the in-
tersections of A and the balls of radius A > 1 centered at the origin of
H,q(0)).

4. Bourgain spaces and bilinear estimates

The following two statements play a crucial role in the analysis of the
local Cauchy problem for (1.1).

PROPOSITION 4.1. — For every € > 0, there exists 3 < 1/2, there exists
C > 0 such that for every N1, Ny > 1, every L1,Ls > 1, every uy, us two
functions on R x © of the form

wit,r)= Y ci(nt)en(r), j=1,2

N;j<(2n)<2N;
where the Fourier transform of c;(n,t) with respect to t satisfies

supp¢j(n,7) C{r € R: L; < <T—|—z,2L> <2L;}, j=1,2
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one has the bound
luruzllL2rxe) < C(min(NbNZ))E(L1L2)'8H'UJ1||L2(]R><®)||U2||L2(]R><®)-

PROPOSITION 4.2. — For every € > 0, there exists 3 < 1/2, there exists
C > 0 such that for every N1, Ny > 1, every L1,Ls > 1, every uy, us two
functions on R x © of the form

(751 (t,’l“) = Z C1 (n’t)en(r)

and
us(t,r) = ca(n,t)el, (r)

where the Fourier transform of c¢;(n,t) with respect to t satisfies
supp&(n,7) C{r € R: L; < (T +22) <2L;}, j=1,2
one has the bound
lurus| 2@ ) < C(min(Ny, No))*(LiLa)’||url|2@xe) uz] £z 2 xe)-

For the proof of Propositions 4.1 and 4.2 we refer to [12, Proposition 4.1]
and [12, Proposition 4.3] respectively. The results of Propositions 4.1 and
4.2 can be injected in the framework of the Bourgain spaces associated to
the Schrodinger equation on the disc, in order to get local existence results
for (1.1). Following [12], we define the Bourgain spaces Xfa’s(R x ©) of
functions on R x © which are radial with respect to the second argument,
equipped with the norm

el rxe) = ZZQ"II 7+ 22)(u(t), en) (1) 32 g,

where (-, -) stays for the L?(©) pairing and = denotes the Fourier transform
on R. We can express the norm in X;S(R x ©) in terms of the localization

operators Ay . More precisely, if for IV, L positive integers, we define Ay 1,
by

1 —_— .

Anp(u) = — Z / (u(t), 6n>(T)62tTdT> €ns

2 N<(zn)<2N S(r+a)<2L

then we can write
2b A72 2
||U||Xab (®xO) ~ > LN AN ()72 @xo):
L,Nfdyadic

where ~, ;, means that the implicit constant may depend on ¢ and b. Using

that (see [12]),
3C > 0:Yn €N, |[len||L~(o) < Cn?
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and the Cauchy-Schwarz inequality in the 7 integration and in the n sum-
mation, we arrive at the bound

(4.1) AN, (W) e @xe) < LEN||Ay, L (W)l 2@ x0)-

Let us next analyze 0,(An,r(u)). We can write

AN,L(U) = Z C(TL, t)en(r)a
N<(zn)<2N
suppc(n,7) C {T € R: L < {7+ 22) < 2L}
and thus

(4.2) 0, (AML(u)) = Z c(n,t)el, (r).

N<(2n)<2N

Recall (see [12]) that for m # n, €/, and e/, are orthogonal in L?(©) and
ller, |l L2 (@) = n. Therefore

o0 (Ax0) ey =¢ 3 bl [ fotn 7

N<(zn)<2N
and thus

)HL2(R><O) HL?(Rx@)'

Using [12, Lemma 2.1], |0 e ||r~@) < Cn3/? and thus coming back to
(4.2), after writing c(n,t) in terms of its Fourier transform and applying
the Cauchy-Schwarz inequality in the 7 (the dual of ¢ variable) integration,
we obtain that

(44) Ha (ANL CL%NZHANL(U)

)||L°°(R><@ HL2(R><®)'

Let us next define two other projectors involved in the well-posedness anal-
ysis of (1.1). The projector Ay is defined by

An(u) = Z (u, en)en.

n:N<(zn)<2N

For N > 2 a dyadic integer, we define the projector S '~ by

Sv= Y Ax.

N1<N/2
N;—dyadic

For a notational convenience, we assume that Sy is zero.
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5. Nonlinear estimates in Bourgain spaces

In this section, we shall derive nonlinear estimates related to the prob-
lems (1.1) and (1.9). We start by a lemma which improves on the Sobolev
embedding.

LEMMA 5.1. — Let us fix p > 4. Then for every b > %, o>1- % there
exists C > 0 such that for all u € X75(R x ©) one has

(5.1) [ullrxe) < Cllull kot @ o)

Proof. — It suffices to prove the assertion for p = 4 and p = oo. Let
us first consider the case p = 4. Observe that Ay () fits in the scope of
applicability of Proposition 4.1. Using Proposition 4.1 with ¢ = /2 > 0,
we obtain that

AN, L) L1@xe) S CIANLW)lxor20 ey

Therefore, by writing u =}, y An,r(u), where the summation runs over
the dyadic values of L, N, by summing geometric series in N and L , we
obtain that (5.1) holds true for p = 4 (observe that we use Proposition 4.1
with e = ¢/2 instead of o in order to get small negative powers of N and
L after applying the triangle inequality to >, v A r(u)). Let us next
consider the case p = oo. In this case, the assertion holds true thanks to
(4.1) and another summation of geometric series. This completes the proof
of Lemma 5.1. g

The next lemma gives sense of F'(u), in the scale of Bourgain’s spaces,
for u of low regularity.

LEMMA 5.2. — Let (b,0) be such that max(1/3,1 —2/a) < o < 1/2,
b>1/2 and let u € X75(R x ©). Then F(u) € X7 "(R x ©). Moreover

ra

J\;EHOO |1F(u) — F(SN(u))HXY;S"’(]Rx@) =0.

Proof. — For v € Xfa’g (R x ©), we write

/ [F(u)o] < C / fuv| + / )
Rx© Rx© Rx©

< CHUHX;;’E(RX@)”UHX;;’S(RX@)

N

+ Cllull 35 g oy IVl Lotz @xo)-

Now, using Lemma 5.1, we get

el xe) < Cllullgors ey

ANNALES DE L’INSTITUT FOURIER



NLS AND INVARIANT MEASURES 2569

where o1 > 0, when @ < 2 and 07 > 1—4/(a+2) when a €]2,4[. Observing
that for a > 2, max(1/3,1 —2/a) > 1 —4/(a + 2) shows that

/]Rx@ |F(u)o] < C’||u||ng(RX@)||v||ng(RX@) (1 + ||u||;¥(:;§(RX@))
and thus F(u) € X7~ ’(R x ©). Similarly one shows that

| ItPt) = PGy < Cllu=Sv g ol oy (14 el

which yields the needed convergence. This completes the proof of Lem-
ma 5.2. ]

One may prove a statement similar to Lemma 5.2 with Sy replaced by
S ~,1 where SN 1, is defined similarly to SN with Ay, replaced by An, 1.,
L1 < L. This observation allows to consider only finite sums over dyadic
integers in the proof of the next proposition (one can also apply a similar
approximation argument to v involved in (5.6)).

In fact a much stronger statement then Lemma 5.2 holds true. It turns
out that under the assumptions of Lemma 5.2 one has F(u) € X7 7" (Rx©).

rad

PROPOSITION 5.3. — Let max(1/3,1 — 2/a) < 01 < 0 < 1/2. Then
there exist two positive numbers b,b" such that b+ b < 1, b < 1/2 < b,
there exists C > 0 such that for every u,v € X7 (R x ©),

rad

max(a,2
(5:2) NPy gy < C(1+ lul Uf,,(R)X@))uu||ng(RX@)
and

(53) IF(w) =~ F©) | g < O (14 ull 3i™* 4ol 3 ) vl .

Proof. — The proof of this proposition for a@ < 2 is given in [12]. We
therefore may assume that o > 2 in the sequel of the proof. The proof will
follow closely [12] by incorporating an argument already appeared in [6].
Let us observe that in order to prove (5.2), it suffices to prove that

G4 NP o gy < C (1 10130 ) 1l

uniformly in M € N. Indeed, if we can prove (5.4) then (F(Sy(w)))aren is
a bounded sequence in X7 " (R x ©) (and thus also in X7 "(R x ©))
and therefore it converges (up to a sub-sequence) weakly to some limit
which satisfies the needed bound. In order to identify this limit with F'(u)
it suffices make appeal to Lemma 5.2. Thanks to the gauge invariance of
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the nonlinearity F(u), we observe that F(u) — (OF)(0)u is vanishing at
order 2 at v = 0 and thus in the proof of (5.4), we may assume that

(5.5) k1R (F)(0) =0, Vki +ky <2.
Observe that (5.4) follows from the estimate

(5.6) ] A 6F(§M(u))6

< Clllly g ey (1 15 ey Iz
(let us remark that if v contains only very high frequencies with respect to
the Ay 1, decomposition then the right hand-side of (5.6) is small). Using
that Ay = San — Sy and (5.5), we may write
F(Su(uw)= Y (F(Sn,(w) = F(Sn, 2(u))

2< N <M
N;—dyadic

= Y (Aw@Gi(An, (1), Sn, (u))
Ni<M/2 -
N1 —dyadic + mGQ(ANl (u)a SNl ('LL)))

= F(u) + Fa(u),

where G1(z1,22) and Ga(z1,292) are smooth functions with a control on
their growth at infinity coming from (1.2) (similar bounds to F with «
replaced o — 1). Moreover, thanks to (5.5), G1(0,0) = 9(F)(0) = 0 and
G2(0,0) = 9(F)(0) = 0. We will only estimate the contribution of F}(u)
to the right hand-side of (5.6), the argument for the contribution of Fs(u)
being completely analogous. Next, we set

I=| / Fu(w)a),
Rx©

I0No, i) = | [ A (0B, (0)G (A, (w), S, ()]

Then I < I; + I, where
L= > INoM), L= > I(No, W),

Nog<Ni<M/2 Nj<min(Ng,M/2)
Np,N;—dyadic Ny,N;—dyadic

We first analyze I;. Using (5.5) with (k1,k2) = (1,0), we decompose
Gl(AN1 (u)7SN1 (u)) as

> (G1(§2N2AN1 (), San, Sw, (1) — G1(Sn, Aw, (1), Sy, Sw, (U)))-
NQN—Qj}f\;ldic
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Using that An, An, = Ap,, if Ny = Ny and zero elsewhere, we obtain

(5.7) Gi(An, (), Sy (W) = Y An(w)GIF (A, (u), Sn, (u))

Na<Ny
Ny —dyadic
+ Z AN2 (U)Gjl\gz(ANz(u)»SN‘z(u))a
Na<Ny
N3 —dyadic

where GI?(z1,22) and GY2(z1,2) are smooth functions with a control
on their growth at infinity coming from (1.2). Moreover thanks to (5.5),
applied with (k;,ks) = (2,0) and (k;,ks) = (1,1), we get GN2(0,0) = 0
and G2¥2(0,0) = 0. Therefore, we can expand for j = 1,2,

(5.8) G (AN, (), Sn,(w) = Y Ang (WG (A (), Sn, (u))

N3<N2
N3 —dyadic
+ Z ANs(u)Gi\;sQ(ANz(u)vSN3(U))7
N3<N3
N3 —dyadic

where, thanks to the growth assumption on the nonlinearity F(u), we have
that the functions Gﬁijz (21, 22), j1,72 € {1,2} satisfy

(5.9) G2, (21, 22)] < C(1+ |z1] + |22])* 2.
We therefore have the bound

nee Y%

No<Np N12Ng>=Ng
No,N1—dyadic Na,N3—dyadic

/Rxe | A () A, (1) An, (u) A ()| (1 + [A g ()] + | S () )

By splitting
A= > Axp,
L—dyadic
we may write for b > 1/2, 0 < 01 < 1/2, by using (4.1) and the Cauchy-
Schwarz inequality in the L summation

AN, (u)|| L~ ®xo) < Z AN, L(w)||L=®mx6)
L—dyadic

<C Y NLE|Aw, 1 (u)]2@xe)
L—dyadic

< ONi—n o
S ON; IIuer;b

LY (Rx©)
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where C' depends on b and ;. Similarly

1SN, ()| @ x o) < Z AN (W] L~ @xo)

N<N3z/2

N —dyadic
< Y lAve@)li=@xe)

N<Ng/2
L,N —dyadic
1
< Y ONLEAN Lo
N<Ng/2
L,N—dyadic
1
< C( Z Ll?b]v?(lﬂ'l)) :
N<Ng/2
L,N—dyadic 1
‘ ( T L2bN2°'1|AN,L(u)II%z)
N<Ng/2
L,N—dyadic
1—
< ONF™ " ull o v -
Therefore
L (1 + ||u||X“1 b Rx@)) Z Z

No<Ny N12N22=N3
No,N1—dyadic N3,N3—dyadic

NI (1w 0)Ax (AN ) Aw ().

Using Proposition 4.1 and the Cauchy-Schwarz inequality, we obtain that
for every € > 0 there exist § < 1/2 and C. such that

/ ‘ANO,LU(’U)ANLLI (U)ANz,Lz (U)ANS,LS (u)‘
Rx©

< HANOvLO(U)AN2vL2(U)HLQ(RXG)|‘AN1!L1(U)AN31L3(U’)HLQ(]RXG)

X O

3
< CE(N2N3)€(LOL1L2L3)ﬁHANO7LO (v) HLz(RX@) H ”AvaLj (U)THLQ(Rx@)'

Therefore, if we set
(5.10) Q = Q(No, N1, Na, N3, Lo, L1, Lo, L3)
= ONg “N{ (N3N L (La Lo Ls)" (14 [ull 522 o))

X ||AN0,L0(’U)||L2(]R><@)) H HANJ"LJ‘ (U)HLQ(RXG)’
j=1
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we can write

he Y >

Lo,L1,L2,Lg—dyadic N;i>N3>N3,N1>Ng
0,N1,N2,N3—dyadic

o Nél—al)(a—Q)

NO) (NyN3g)o1—¢

LYY (L LyL3)P " (E

Q.

Let us take € > 0 such that

a(l —oq)

—

A proper choice of ¢ is possible thanks to the assumption oy > 1 — 2/a.
With this choice of € we have that 2(c; —¢) > (1 — 01)(a — 2). The choice
of ¢ fixes B via the application of Proposition 4.1. Then we choose b’ such
that 8 < b’ < 1/2. We finally choose b > 1/2 such that b+b" < 1. With this
choice of the parameters, coming back to the definition of the projectors
An 1 and after summing geometric series in Lo, L1, L2, Ls, N2, N3, we
can write that

e<1l—

No\ T
2 0
< OO+ [l o) ey 2o (5) co)d(),
No<Ny
No,N1—dyadic
where
(511) C(NO) = N(TUHANO (U)HX?ELZ/(RX@)’

d(N1) = NY||An, (U)ng(’;(mxe)'

Finally, using [12, Lemma 6.2], we arrive at the bound

I < C””Hx:ﬂsvb/(ﬂgxg)(l + Hu”)(ol b(RX@))”u”i:aldvb(RX@)||u||Xr”a’g(R><(~))

which ends the analysis for I;.
Let us now turn to the analysis of I5. The main observation is that after
in integration by parts the roles of Ny and N; are exchanged. We have that

I < > I(Lo,No,Nv),
N1 <min(Ng,M/2)

Lo,No,ledyadiC

where

0 NouN0) = | [ A 0) B s IG (A, (1. 5, ()
Write
(5.12) Anpo@) = > clno,t)en,(r),

No<(zng)<2No
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where

supp ¢(ng, 7) C {T eR: Ly < <7'—|—sz0> < 2L0}.

Define An, 1, as

~ c(ng, t)
ANOaLO (U) = 22 e{no (T)
No<(2zny)<2No o
Since ||ey,, |20y = no (see [12]), we have
(5.13) AN, 2o ()l z2Rx0) & Ng 1 AN.Lo (V)| 22 (Rx0)-

Since e,, vanishes on the boundary, using that

en(r) = 72’% %3r (roren(r)),

n

an integration by parts gives

(Lo, No, N}) = ‘ Ang. 1, (0)0, (ANl (u)G1 (A, (w), S, (u))) ‘

Rx©

Recall that equality (5.7) shows that Gy (A, (1), Sy, (1)) can be expanded
as a sum of two terms and then each term can be expanded according to
(5.8). Therefore
I(Lo, No, N1) < I1(Lo, No, N1) + I2(Lo, No, N1)

+ I3(Lo, No, N1) + Is(Lo, No, N1),

where

I (Lo, No, N1) =

>y

HM”

N3<SN2SNp
N3,N3—dyadic

/Rxe|£N0,Lo<v)8T(AN1(u))ANz(U’)ANS( )Glji‘]Q(ANS(u)7§N3(u))‘7

2 2
L(Lo,No, Ni)=>_ Y >
J1=1j2=

N3SN2<Ny
N3,N3—dyadic

/R B (), ()0 (A, (1)) Ay (G, (A (1), S ()
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J1=1j2=1 N3z<Na<N;
Ng,N:;—dyadiC

/ AN Lo (0) AN, () A, (), (A () BT, (A, (), S ()],

J1=1j2=1 N3<No<N;
N3,N3—dyadic

4 o |AN0-,L0 (U)AN1 (U)AN‘Z (U)ANs (u)aT’ (Giv_]?;_]z (ANs (u)7 SN:; (u))) ‘7
X

Recall that Gi\ﬁjz (21, z2) satisfies the bound (5.9). If we define @ by (5.10),
expanding with respect t0~the L localizations, using two times Proposi-
tion 4.2 to the products Ay, 1, (v)An, L, (w) and O (An, (u)) Ang, L, (1)
and (5.9) (together with (4.1), (4.3) and (5.13)) gives

Z I (Lo, No, N1) < Z Z

N1 <min(Ng,M/2) Lo,L1,L2,Lg—dyadic N;>N3>N3,N1<Ng
Lo,No,N;—dyadic No,N1,N2,N3—dyadic
_ (1—01)(a—2)
L"‘b'(LlLQLg)ﬁ*b(@)" Ny T,
0 Ny (N2 N3)o1 =

The last expression may estimated exactly as we did for I, by exchanging
the roles of Ny and Nj. Similarly

Z I5(Lo, No, N1) < Z Z

Ny <min(Ng,M/2) Lo,L1,Ls,Ls—dyadic N{>Ngy>N3,Ni<Ng
Lo,No,N;—dyadic No,N1,N2,N3—dyadic
(1—01)(a—2)
g
LY (Ly LaLy)? (Do) (22N = 7
0 14243 o1—¢ .
N No/ (Na2N3)o

On the other hand on the summation region,

= ()

and thus, again, we may conclude as in the bound for ;. The sum

E I3(Lo, No, N1)
N1 <min(Ng,M/2)
Lo,No,N1—dyadic
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can be bounded similarly. Let us finally estimate the quantity

> I4(Lo, No, N1).

N1 <min(Ng,M/2)
Lo,No,N1—dyadic

Observe that we can write

O (G 1 (B (), g ()| < € (10 (B () + 10, (S ()]

- max(a—3,0)
x (14 18, ()] + 18, (w)]) .

Now using (4.4), we can write

107 (A (u))]| oo (rx0) + 107 (SN (W) || L (@ x )
< Y 10(AN @)= @xe)

N<N3
N —dyadic

< Y 10-Ars)ie@xe)

L,N<N3
L,N —dyadic

1
< D CN?L2||An L (u)| 2 @®xo)
L,N<N3
L,N —dyadic

< ON2Z~— o1 ot
< ONg IIUIIXmlb

LY (Rx©)"

Similarly

- max(a—3,0)
(14 18, ()] + 5x (w)])

< C(l + N31701||U||X;731,b )max(ocfS,O).

L (Rx©)

Let us suppose that « € [3, 4], the analysis for « € [2, 3] being simpler (one
needs to modify slightly the next several lines by invoking the assumption
o1 > 1/3). If we define @ by (5.10), expanding with respect to the L
localizations, using Proposition 4.1 to the product Ay, r, (v)An,, 1, (u) and
Proposition 4.2 to the product KNO,LU (v)An,. 1, (1), we get

Z I4(Lo, No, N1) < Z Z

N1 <min(Ng,M/2) Lo,Lq1,Ly,L3—dyadic N;y>Ng>N3,Ny<Nq
Lo,N(],ledyadiC No,Nl,NQ,Ng—dyadiC

I S

—y _
B aaat (3 3 2N

Q.
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Since on the region of summation

(&) wh<(3)

N1/ No Ny

we may conclude exactly as we did for I;. This completes the analysis for
I, and thus (5.2) is established. Thanks to the multilinear nature of our
reasoning (compare with the method of Ginibre-Velo, Kato for treating
the Cauchy problem for NLS which is not multilinear), the proof of (5.3)
is essentially the same as the proof of (5.2). However one can no longer
assume that the frequencies N7 and N, satisfy N7 > Ny but this fact does
not affect the analysis since in contrast with (5.2) all terms in the right
hand-side of (5.3) have the same spatial regularity o (this is a standard
feature in the analysis of nonlinear PDE’s and not related to the spaces
Xfa’g we work with). More precisely, we can write

F(u) — F(v) = (u—v)G1(u,v) + (T —7)G2(u,v)
with G;(z1, 22), j = 1,2 satisfying the growth assumption
(514) ’8.]:1155128?2526;]('217 Z2)| < Ok17k2,l1712 (1 + |Zl‘ + |Z2|)aiklik2illil2'

Since the analysis is very similar to the proof of (5.2), we shall only out-
line the estimate for (v — v)G1(u, v). Again, we can suppose that F(u) is
vanishing at order 3 at u = 0 and « > 2. Let us set

wy =u—v, W2 =1uU, w3 = 0.
We thus need to prove that

[e3%

‘ / w1G1(w2,w3)UT4‘ SO+ llwellxon@xoy  1wsllxot o))
X6 rad rad
X ||w1||X:a’g(]R><9)||w4||X;aZ’b,(R><@).

Next, we expand

w1 = Z ANl (w1)7 Wy = Z ANo(w4)

N7 —dyadic No—dyadic

and

Gilws,ws) = ) (G1(§2N2(w2)7§2N2(w3))—G1(§Nz(w2)7§N2(w3)))-

Ny —dyadic
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Thus, modulo complex conjugations irrelevant in this discussion, one has
to evaluate quantities of type

Gy Y| EwIsn A,
No,N1,N2—dyadic Rx©

X HJNQ (AN2 (wQ)vgNz (wQ)vANg (w3)a §N2 (w3)) ’ .] = 273a

where H ]NQ (21,29, 23, 24) are smooth functions satisfying growth restric-
tions at infinity coming from (1.2). In the analysis of (5.15), we distinguish
two cases for Ny, N1, Ny in the sum defining (5.15). Since N; and Ny
are not ordered, we need to compare Ny with max(Ny, Na) by performing
arguments close in the spirit to the proof of (5.2).

Case 1. — The first case is when Ny < max(Np, Na). In this case, we
expand once more H. 7N 2 which introduces a sum over N3 —dyadic, N3 < No
of terms Ay, (w;) (or complex conjugate) times a function which satisfies a
decay property coming form (1.2). As in the analysis of I; above, we obtain
the bound

(5.16) [(5.15)] < > >

Lo,Ly,Ls,Lz—dyadic Ny,Ny>Ng,max(Ny,No)>Ng
No,N1,N2,N3—dyadic

N?Elfa)(OLfQ)
min(Ny, No)N3)7—¢

L5 (I LaLs) "~ ( Mo ))g( Q,

max(Nl, NQ

where @ is defined similarly to (5.10) with the important difference that oy
is replaced by o and the harmless difference that u is replaced by a suitable
wj, j = 1,2,3 and v is replaced by wy. If max(Nq1, No) = Ny or N1 > N3
then we conclude exactly as in the proof of (5.2).

We can therefore suppose that max(Ny, N3) = Ng and N7 < N3. Observe
that we can also suppose that F'(u) is vanishing at order 5 at u = 0 which
allows to expand the non-linearity once more. Indeed, the cubic term in
the Taylor expansion of the non-linearity can be dealt with as in (5.16)
since in this term o = 2. Thus in the case max(N7, N3) = Ny and N7 <
N3, we expand once more the non-linearity which introduces a sum over
Ny — dyadic, Ny < N3 of terms Ay, (w;) (or complex conjugate) times a
function which satisfies an appropriate decay property coming form (1.2).
We next consider two cases N7 > N4 and N7 < Ny. Let us suppose first
that N1 > Ny. In this case, using the bilinear Strichartz estimates as in the
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analysis of I; above, we obtain the bound

(5.17) [(5.15)] < > >

Lo,L1,Lo,L3,L4—dyadic N3>N1>N4,No>N3>N4,Ny>Ng
No,N1,N2,N3,Ny—dyadic

o Nilfo')(a72)

NNa—= Q,

Y N,
LYY (LyLoLsLy)? b(—o)

Ny
where @ is defined similarly to (5.10) with one additional factor in the
product, i.e. the product runs from 1 to 4 instead of 1 to 3. With (5.17)
at our disposal, we can conclude exactly as in the proof of (5.2). Let us
suppose finally that N; < Ny. In this case we put the term involving Ay,
in L and perform the bilinear estimates with the terms involving Ny, Na,
N3, Ny to get

(5.15)] < > >

Lo,Ly,Lo,L3s,Ly—dyadic Ny<N4,No>N3>N4,No>Ng
No,N1,N2,N3,Ns—dyadic

UNll_"Nfax(O’(l_a)(a_S))
(N3N4)a—5

Y /N,
Lg Y(LyLoLsLy)? b(*o) Q,

Na
where @Q is defined similarly to (5.10). Once again we conclude similarly to
the proof of (5.2).

Case 2. — If Ny > max(Ny, Na), then we integrate by parts by the aid
of Ay, (ws) and the analysis is very similar to the bound for I, in the proof
of (5.2).

This completes the proof of Proposition 5.3. O

Remark 5.4. — We refer to [1], where an analysis similar to the proof of
Proposition 5.3 is performed. In [1], one proves bilinear Strichartz estimates
for the free evolution and by the transfer principal of [6] these estimates
are transformed to estimates involving the projector Ay, . This approach
is slightly different from the approach used in [12], based on direct bilinear
estimates for functions enjoying localization properties similar to Ay, r(u).

6. Local analysis for NLS and the approximating ODE

In this section, we state the standard consequence of Proposition 5.3
to the local well-posedness of (1.1) and (1.9). For T > 0, we define the
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restriction spaces Xfa’s([—T, T] x ©), equipped with the natural norm

||u||X;’a>g([—T,T]><®) = inf{||w||X:a,§(RX®),

we X7V (R x ©) with wlj—p,r; = u}.

rad

Similarly, for I C R an interval, we can define the restriction spaces
Xfa’g(l x ©), equipped with the natural norm. A Sobolev inequality with
respect to the time variable yields,

1

[ull o (-7, 73:2,,(0)) < Collull xoo (7100 0> 5

Thus for b > 1/2 the space Xfa’g([fT, T] x ©) is continuously embedded
in C([-T,T]; H?, 4(©)). We shall solve (1.1) for short times by applying

rad
the Banach contraction mapping principle to the “Duhamel formulation”

of (1.1)
u(t) = ePug —i t e E=TAR (u(r))dr
(6.1) (*) 0 / Fu(r))dr,

where e*2 denotes the free propagator.

Remark 6.1. — 1In (6.1), the operator €2 is defined by the Dirichlet
self-adjoint realization of the Laplacian via the functional calculus of self-
adjoint operators. As mentioned before the uniqueness statements in the
well-posedness results in this paper are understood as uniqueness results
for (6.1). On the other hand, despite the low regularity situation in this
paper, the solutions of (6.1), we construct here have zero traces on R x 00
(which is a general feature reflecting from the Dirichlet Laplacian, we work
with) and thus the uniqueness issue can be studied in the context of the
equation (1.1) subject to zero boundary conditions on R x 90. If we set
S(t) = €™, then S(t)e, = e **ne, and the norms in the Bourgain spaces
may be expressed as

HUHX;(I;(RX@) = ”S(_t)u”Hr"a’g(Rxey

where Hfa’s(R x ©) is a classical anisotropic Sobolev space equipped with
the norm
b, T 2
01, ey = 0 227 470 ), n) (D)3 s, -
n>1

where again (-,-) stays for the L?(0) pairing and = denotes the Fourier
transform on R. Therefore in the context of (6.1) we are in a situation
where the Bourgain approach to well-posedness of dispersive equations may
be applied. Let us also observe that the solutions of (6.1) we obtain here
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solve (1.1) in distributional sense (see e.g. [6, Section 3.2] for details on
this point). Let us finally remark that for ¢ < 1/2 the spaces HZ 4(0O)
are independent of the choice of the boundary conditions we work with.
In particular, the space H? 4(©), on which the invariant measure dp is
defined, is independent of the boundary conditions. On the other hand
both the dynamics and the Gibbs measure dp do depend on the choice of
the boundary conditions.

Now we state the following standard consequence of Proposition 5.3 (see
[8] or [12, Proposition 6.3]).

PROPOSITION 6.2. — Let max(1/3,1 —2/a) < o1 < 0 < 1/2. Then
there exist two positive numbers b, b’ such that b+b' < 1,0 < 1/2 < b, there
exists C' > 0 such that for every T €]0, 1], every u,v € Xfag([ T,T] x ©),
every ug € HZ,4(0),

Heim“(JHx;’ (=T, T)x0) X < Clluollag,, (o),

t
H/ DA R (u(r))dr H ’
0 X2V (=T, T]x©)

1—b—0b' max(2,q)
<CT (1+|| I X710 TT]X@))H ||x:§( [~T,T]x©)

and

H / =TI (u(r)) F@)r| rree

rad

max(2,a
<O (1l ) 1)

max(2,a)

G 2y 1 = Pl <oy

One may also formulate statements in the spirit of Proposition 6.2, where
[-T,T)] is replaced by an interval I C R of size one and 0 by a point of I.
We also remark that the integral terms in Proposition 6.2 are well-defined
thanks to a priori estimates in the Bourgain spaces (see e.g. [8]).

Proposition 6.2 implies (see [12, Proposition 7.1]) a local well-posedness
result for the Cauchy problem

(6.2) (i0; + A)yu — F(u) =0, ul—o = uo.

PROPOSITION 6.3. — Let us fix 01 and o such that max(1/3,1-2/a) <
01<0<1/2. Then there exist b>1/2, >0, C>0, C>0, c€]0, 1] such that
for every A>0 if we set T'=c(1+A)~P then for every ug € H', (©) satisfying

rad
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[luo||ger < A there exists a unique solution u of (6.1) in ng’b([—T, T]x9).
Moreover u solves (6.2) and

lull e (7,715 ©)) < Cllull s (g 1700y < Cllunllzes o)-
If in addition ug € HZ,4(©) then
lull o =z 21517 0)) < Cllull o100y < Clluollee)-
Finally if u and v are two solutions with data ug, vo respectively, satisfying
[uollor < A, lvollger < A
then
|u = vl ((—r. 1,571 (0)) < Clluo — vol mo1(e)-
If in addition ug,vo € HZ,4(©) then
lu — || Lo (1,117 (0)) < Clluo — vollze(o)-

Since the projector Sy is acting nicely on the Bourgain spaces Propo-
sition 6.2 also implies a well-posedness result (the important point is the
independence of N of the constants appearing in the statement) for the
ODE (1.9).

PROPOSITION 6.4. — Let us fix o1 and o such that max(1/3,1—-2/a) <
01 < 0 < 1/2. Then there exist b > 1/2, 3 > 0, C > 0, C> 0, ¢ €]0,1] such
that for every A > 0 if we set T = ¢(1 4 A)~? then for every N > 1, every
ug € En satisfying ||ug||ge1 < A there exists a unique solution v = Sy (u)
of (1.9) in XZLP([=T,T] x ©). Moreover

rad
”“HL“([—T,T];H”(@)) < C”“”Xfald’b([—T,T]xe) < 5||U0||H”1(e)-
If in addition ug € HZ, 4(©) then
[ull oo (-1 1107 (0)) < Clltl xob (1 11x0) < Clluoll sz (e)-
Finally if u and v are two solutions with data ug, vo respectively, satisfying
[uoll o < A, lvollger < A

then
HU - UHLOO([—T,T];HH((—))) < C||U0 - 7)0||H<71 (e)-
If in addition ug,vo € HZ4(©) then

lu =z (-m.17:570)) < Clluo = voll (o).
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7. Long time analysis of the approximating ODE

In this section we study the long time dynamics of
(71) (z@t + A)u — SN(F(U>) =0, U|t:0 € FEy.

Recall from the introduction that the measure dpy is invariant under the
well-defined flow of (7.1). Denote this flow by ®x(t) : Ex — En, t € R.
We have the following statement.

PROPOSITION 7.1. — There exists A > 0 such that for every integer
i > 1, every o € [s,1/2], every N € N, there exists a py measurable set
Z?\/,a C En such that:
o on(Ex\Si,) <27
LINIAS E?V,o = ||u||L2(@) <A
e There exists C,, depending on o, such that for every i € N, every
N €N, every ug € Xy, every t € R, [ ®x(t)(uo)|| 5o (o) < Coli +
log(1 + |t\))%
e For every o €]s,1/2], every o1 € [s,0], every t € R there exists iy
such that for every integer i > 1, every N > 1, if ug € X}y, then
one has @ (t)(ug) € Eﬁf}l.

Remark 7.2. — One may wish to see the invariance property of the sets
va’g displayed by the last assertion as a “weak form of a conservation law”.

Proof. — Let A > 0 be such that x(z) = 0 for |z| > A. For o € [s,1/2],
i, J integers > 1, we set

B;&{J(Da) = {U € Ex : ||ullgoo) < Doli+ )%, |ullr2(e) < A}»

where the number D, > 1 (independent of i,j, N) will be fixed later.
Thanks to Proposition 6.4, there exist ¢ > 0, C' > 0, 8 > 0 only depending
on ¢ such that if we set 7 = ¢D; (i + 5)~P/2 then for every t € [, 7],
(7.2)

oy (t)(BY,(Ds)) C {UGENZ [l zoo) < CDo(i+3)%,  ull2e) < A}-

Next, following Bourgain [3], we set

[27 /7]
SN,(Do) = (] @n(—kr)(BY, (Do),
k=—[27 /7]
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where [27 /7] stays for the integer part of 2/ /7. Using the invariance of the
measure py by the flow ® 5, we can write

27 /7] N
pn(EN\EY (D ))ZPN( U (EN\Q’N(—kT)(B;\??U(Do))))
k=—[29 /7]

< (2027/7] + 1) pn (EN\B, (Do)
< C2D(i+ j)Ppn (En\BY (D))

Using the support property of x, we observe that set (v € Ex : |lullz2(e) >

)

A) is of zero pn measure and therefore
(7.3)

PN (EN\BY,(Ds)) = i (u € Hiaa(©) ¢ 1Sx (W)l 1o(0) > Doli+ )
Therefore, using Lemma 3.5, we can write

(74)  pn(EN\ZN, (D)) < C2DE(i + j)P/2e=Paliti) L 9= (49,

N

provided D, > 1, depending on ¢ but independent of i, j, N. Thanks to
(7.2), we obtain that for ug € Ew » (Do), the solution of (7.1) with data ug
satisfies

(7.5) |@ 5 (t)(uo) e (o) < CDo(i+5)%, [t <2

Indeed, for [t| < 27, we may find an integer k € [—[27/7],[27/7]] and 71 €
[—7,7] so that ¢t = k7 + 71 and thus u(t) = ®n(71)(Pn(kT)(ug)). Since
ug € E” »(Ds) implies that @y (k7)(uo) € B%{U(Dg), we may apply (7.2)
and arrive at (7.5). Next, we set

- (=i

Thanks to (7.4),
on(Ex\Si,) <27,
In addition, using (7.5), we get that there exists C, such that for every i,
every N, every ug € Xy, every t € R,
. 1
1@~ () (wo)l| e (o) < Co(i+log(1 + [¢]))2.

Indeed for t € R there exists j € N such that 2771 < 1+ [t| < 27 and we
apply (7.5) with this j.

Let us now turn to the proof of the last assertion. Fix ¢ € R and ug €
Eﬁv -+ Since ug € EN o, for every integer j > 1, we have the bound

1D (t1) (u0) | s1o o) < Co(i 4 §)%,  |ta] < 27
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Let iy € N (depending on t) be such that for every j > 1, 27 + || < 2774,
Therefore, if we set u(t) = ®n(t)(up), we have that
. ,
1@ n (t1) (u(®)l| e () = (PN (E+t1) (uo) | o (0) < Colitj+in)?, [t] <2
Thanks to the L? conservation law, for ug € 23\,70 one has
[®n(t1)(u(t)lz20) = lluollz2(e) < A

Therefore

| @ (t1)(

[| @ (t1)( 1@ (t1)(

||Hf’1(®) HHC’(@) ||L2(®)
< [A}%’l [Coli+j+i1)] ™
Let us fix i1 > 1 such that in addition to the property
2t <29 >
we also have that for every i,7 > 1,

A=

M\H

(Coli+i+i0)]* <D, (i+5+i)b.
Thus

|@x (t0) @)l (o) € Doy (i +i)%,  [ta] <2
i.e. for every [t1] < 27 one has ®n(t)(u(t)) € Bﬁf;l’j( +)- We can therefore
conclude that u(t) € Z%‘)?{J( ») for every j > 1. Hence u(t) € Zf{f;l and

the restriction on 7; depends only on o, o7 and ¢. This completes the proof
of Proposition 7.1. O

8. Construction of the statistical ensemble (long time
analysis for NLS)

Let us set for mtegers i>21, N>1lando € [s 1/2[
o ={u€HL4(O): Sy(u) € Xy, }.
Next, for an integer ¢ > 1 and o € [s,1/2], we set
3L = {u € H34(0) : AN, — 00, Ny €N, Juy, € ZY, ,,
uy, — uin HS4(0)}.
We have the following statement.

LEMMA 8.1. — The set X is a closed set in HZ4(©) (in particular p
measurable).
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Proof. — Let (um)men be a sequence of X¢ which converges to u in
HS 4(©). Our goal is to show that u € ¥%. Since u,, € X¢ there exist a
sequence of integers Ny, — o0 as k — oo and a sequence (un,, , )ken Of
¥\ . Such that

(8.1) lim uy,, , = U in H7(O).
k—o00 ’

For every j € N, we can find m; € N such that

=t 17009 < 5
U — Um,; 54 5
o) < 5
Then, thanks to (8.1) (with m = my), for every j € N, we can find Ny, 1, €
N and UN,,, , € Eﬁvm. such that

joki T
. 1
ij,kj >0 Humg - U’ij,kj HH"(@)) < Z
Therefore, if we set v; = un,, ., and Mj = N, then M; — oo as
j — 00, v € EZMJ,’U and v; — w as j — oo in HY4(0). Consequently
u € ¥, This completes the proof of Lemma 8.1. g

We have the inclusion

hmsupENU = ﬂ U ENM, cxi.

N—oo N=1N;=
Indeed, if v € limsupy_, iﬁv , then there exists a sequence of integers
(Ni) tending to infinity as & — oo such that u € ENk o le. Sy, (u) €
¥, .o Thus u € X% since Sy, (u) tends to u in H,;(O). Therefore

rad

(8:2) (%) = p(limsup Sy ).

N—o0

Let us next show that

(8.3) p(lim sup iﬁvg) lim sup p(ENU)

N—o0 N—o00

Indeed, if we set Ay = iﬁ\,a and By = H},4(©)\An then

(8.4) limsup p(A) = limsup (p(Ha(0)) — p(Bx))
N—o0 N—o0
= p(Hpaa(0)) — liminf p(By).
Using Fatou’s lemma, we can obtain
—liminf p(By) < p(l}\rfrilglofBN),

N—oo
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where

oo (oo}
lim inf By = U N Bw-

N=1N;=N
Therefore, coming back to (8.4), we get

limsup p(An) < p<Hfad(@>\1}\I,rLi£Of BN) = p(limsup AN).

N—oo N —o00
Therefore (8.3) holds. Since

o) = [ F)du

Yoo
pr(Zhy,) = /
)

thanks to Lemma 3.7, we get
]\}E»noo ((p(z’;\/',cr) - PN(Eﬁv,a)) =0.

Thus, using Proposition 7.1 and Theorem 1.2, we obtain

and

fv (w)dpn () = /~ fv (w)dp()

N,o N,o

(8.5) limsup p(Xy,,) = lim sup p (S )

N—oo N —o0

> limsup (pn (En) —277)

N—o0

= p(H3a(©)) — 27"
Collecting (8.2), (8.3) and (8.5), we arrive at

p(5E) > p(Hi(©)) —27°.

Y, = Uzj’,.

i>1

Now, we set

Thus ¥, is of full p measure. It turns out that one has global existence for
Ug € Zg.

PROPOSITION 8.2. — Let us fix o € [s,1/2[, 01 €| max(1/3,1—2/a),0]
and i € N. Then for every ug € X!, the local solution u of (6.2) given by
Proposition 6.3 is globally defined. In addition there exists C' > 0 such that
for every ug € X¢

(8.6) [w(®)|gore) < C(i +log(1 +[t]))=.

Moreover, if (ug k)ren; Uok € Xb y,, Nk — 00 converges to ug as k — 00
in HZ 4(O) then

(87) klinolc ||u(t) — (I)Nk (t)(uO,k)HHal (@ = 0.
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Proof. — Let ug € % and (uox) uox € Eg,Nk, N — oo a sequence
tending to ug in HJ4(0©). Let us fix T > 0. Our aim so to extend the
solution of (6.2) given by Proposition 6.3 to the interval [T, T]. Using
Proposition 7.1, we have that there exists a constant C' such that for every
ke N, every t € R,

(8.8) 1@, (£) (0,10) || 0 (0) < O+ log (1 + [¢]) .

Therefore, if we set un, (1) = @, (t)(uo ) and A = C(i +log(1+ T))z, we
have the bound

(8.9) lun, )llze <A, V| <T, VkeN.

In particular ||ug||ge < A (apply (8.9) with ¢ = 0 and let & — o). Let
7 > 0 be the local existence time for (6.2), provided by Proposition 6.3
for oy, 0 and A = A + 1. Recall that we can assume 7 = ¢(2 + A)~# for
some ¢ > 0, 8 > 0 depending only on o and o;. We can of course assume
that T > 7. Denote by u(t) the solution of (6.2) with data ug on the time
interval [—7, 7]. Then vy, = u — up, solves the equation

(8.10) (10 + Aoy, = F(u) — Sy, (F(uny,)), vn,|t=0 = uo — uo k-
Next, we write
F(u) = S, (F(un,)) = Sn, (F(u) = F(un,)) + (1 = Sn, ) F(u).

Therefore

o, (1) = €' (ug — uo k) — Z/0 RSN, (F(u(r)) — Flun, (1)))dr
—i /0 t DA — Sy ) F(u(r))dr.

Let us observe that for oy < o the map 1 — Sy sends H7,;(©) to H.',(O)
with norm < CN?177. Similarly, for I C R an interval, the map 1 — Sy
sends X70(I x ©) to X75P(I x ©) with norm < CN?'~7. Moreover Sy
acts as a bounded operator (with norm < 1) on the Bourgain spaces Xfa’g.
Therefore, using Proposition 6.2, we obtain that there exist C' > 0,b > 1/2

and 0 > 0 (depending only on o, 1) such that one has the bound
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”ka HX:;E&([*TW]X@) < C(”u

+7 ||kaHX01 b (= TT]X@)(l + ||u||o¢01 ,

rad

[—7,7]xO)

o)

0
+ TN Nl kot (2r i xe)

o)

where a3 = max(2, ). A use of Proposition 6.3 and Proposition 6.4 yields
||UNI¢HX‘71 b(ermixe) S Clluo —wokllme o)
+ O low, s ey (1 F ClleolSs o
+ Clluo s o)
+CTONT 7 ||uoll 1= (@) (1 + Clluol e, (o))
< Clluo — uo ko1 (0)
+Cr(1 + )™ ||y, ||X(r1 P(orr]xO)
+Cr(1+ A N 7Nuoll o (o)

Recall that 7 = ¢(2 + A)~#, where ¢ > 0 and 3 > 0 are depending only on
o and o;. In the last estimate the constants C' and 6 also depend only on
o1 and o. Therefore, if we assume that 8 > «;/6 then the restriction on 3
remains to depend only on o7 and o. Similarly, if we assume that ¢ is so
small that

Crf14+ AN <Cl2+MN) P14+ N <0f <1/2

then the smallness restriction on ¢ remains to depend only on o7 and o.
Therefore, we have that after possibly slightly modifying the values of ¢
and § (keeping ¢ and 8 only depending on ¢ and o7 and independent of
Ni) in the definition of 7 that

lonillxone(—rre) S Clluo = wollmes @) + 5N lluoll e (o)
1 o1—0
= Cllow, (0)ll = o) + 5 NE 7 [w(0) [ (o)
Since b > 1/2, the last inequality implies

B11)  low, (Dl e) < Cllow (0)l[e10) + CONZ 7 [[u(0)][mo (o)
<7 =c(l+A)7,
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where the constants ¢, C and 3 depend only o7 and o. Therefore, using
that

kli_{jgo ||UNk: (O)HH"l (®) = 0,

we obtain that
(3.12) Tim oy, () les ) = 0.} <.
Thus by taking Ny, large enough in (8.11) one has via a use of the triangle
inequality,
(8.13) [lu®)llro1 (o) < llunw, O)llmer @) Hlvne )lam(e) < A+L, [t <7
Let us define the function gi(t) by

9 (t) = [lon, (D)l o1 @) + Nyt~ 7|[u(t) || e (o)

The function gi(t) is a priori defined only on [—7,7]. Our goal is to extend
it on [T, T]. Using (8.11) and the bound

[u®)]| o) < ClluO)] @), [t <,

provided from Proposition 6.3, we obtain that there exists a constant
C(o,01) depending only on o7 and o such that

9:(t) < C(o,01)9x(0), Vt e [-T,7].

We now repeat the argument for obtaining (8.11) on [r, 27] and thanks to
the bounds (8.9) and (8.13), we obtain that vy, (t) and u exist on [r, 27]
and one has the bound

lon, (Dl o1 @) < Cllow, (T) o1 (0) + CNY ™ llu(T) oo, ¢ € [7,27).

Therefore, thanks to (8.12) (with ¢ = 7)
klingo lon, (Ol ge10) =0, 7 <t<2r

By taking N > 1, we get via a use of the triangle inequality

[u®) |z o) < luw, (D)llgere) + low (Ollgore) S A+1, 7<t <27
Using (8.11) and the bound

[u(®)| @) < Cllu(T)lm-(e), T <t <2,
provided from Proposition 6.3, we obtain that
gx(t) < C(o,01)gk(7), Vit € [r,27].

Then, we can continue by covering the interval [—T,T] with intervals of
size T, which yields the existence of u(t) on [T, T] (the point is that at
each step the H? norm of u remains bounded by A 4+ 1 and the limit as
k — oo of the H? norm of vy, is zero). Since T' > 0 was chosen arbitrary,
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we obtain that for every uy € X! the local solution of (6.2) is globally
defined. Moreover

lu@®)| o) S A+1, [t <T

which by recalling the definition of A implies the bound (8.6). In addition,
by iterating the bounds on g we get at each step, we obtain the existence
of a constant C' depending only on ¢ and o; such that

gr(t) < 0 g, (0)

which implies that there exists a constant C' depending only on o1 and o
such that vy, enjoys the bound

lon, Ollzes ) < € (N7~ ol ooy + 1o — woklles e ) 1t < T
Therefore for every € > 0 there exists N* such that for Ny > N* one has
the inequality

sup [lu(t) — @, () (uo.k)|Hor (o) <&
t|<T

Hence we have (8.7). This completes the proof of Proposition 8.2. ]

By the Proposition 8.2, we can define a flow ® acting on X, 0 € [s,1/2]
and defining the global dynamics of (6.2) for ug € X,. Let us now turn to
the construction of a set invariant under ®. Let [ = (I;),en be a increasing
sequence of real numbers such that lp = s, [; < 1/2 and lim;_, o [; = 1/2.

Then, we set
Y= ﬂ .
o€l
The set ¥ is of full p measure. It is the one involved in the statement of
Theorem 1.3. Using the invariance property of Zﬁ\,’o, we now obtain that
the set X is invariant under ®.

PROPOSITION 8.3. — For every t € R, ®(¢t)(X) = X. In addition for
every o € I, ®(t) is continuous with respect to the induced by H7 4(©) on
Y topology. In particular, the map ®(t) : ¥ — ¥ is a measurable map with
respect to p.

Proof. — Since the flow is time reversible, it suffices to show that
(8.14) P(t)(X)Cx, VieR.

Indeed, if we suppose that (8.14) holds true then for u € ¥ and ¢t € R, we
have that thanks to (8.14) ug = ®(—t)u € ¥ (recall that @ is well-defined
on ¥ by Proposition 8.2) and thus v = ®(t)ug, i.e. ¥ C ®(¢)(X). Hence
®(t)(X) = X is a consequence of (8.14).
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Let us now prove (8.14). Fix ug € ¥ and ¢t € R. It suffices to show that
for every o1 € [, we have
D(t)(ug) € Xy, -
Let us take o €]o1,1/2[, o € [. Since uy € X, we have that ug € %,.
Therefore there exists i such that ug € 3¢. Let ug € Eﬁvk’g, Nj, — 00 be
a sequence which tends to ug in H?(0). Thanks to Proposition 7.1 there
exists 47 such that

Dy, () (uop) € BN | VkeN,

Ni,o17

Therefore using (8.7) of Proposition 8.2, we obtain that
D (t)(ug) € T

Thus ®(t)(ug) € ¥, which proves (8.14).

Let us finally prove the continuity of ®(¢) on ¥ with respect to the
H? ,(©) topology. Let v € ¥ and u,, € X be a sequence such that w,, — u
in HZ 4(©). We need to prove that for every t € R, ®(¢)(u,) — ®(¢)(u) in
HZ ,(©). Let us fix t € R. Since u € ¥ (and thus in all £,, o € [), using
Proposition 8.2, we obtain that there exists C' > 0 such that
(8.15) sup [2(7)(w) o) < Cllog(2+ 1)? = A.

Let us denote by 7y the local existence time in Proposition 6.3, associated to
o and A = 2A. Then, by the continuity of the flow given by Proposition 6.3,
we have ®(79)(un) — P(70)(u) in HJ 4(O). Next, we cover the interval [0, t]
by intervals of size 79 and we apply the continuity of the flow established in
Proposition 6.3 at each step. The applicability of Proposition 6.3 is possible
thanks to the bound (8.15). Therefore, we obtain that ®(t)(u,) — ®(¢)(u)
in HZ

rad

(©). This completes the proof of Proposition 8.3. O

9. Proof of the measure invariance

Fix o €]s,1/2[, 0 € [. Thanks to the invariance by ® of the set X,
using the regularity of the measure p (which is a finite Borel measure) and
Remark 3.10, we deduce that it suffices to prove the measure invariance for
subsets K of ¥ which are compacts of H7 ;(©) and which are bounded in
HZ ,(©). Let us fix t € R and a compact K of H} ;(©) which is a bounded
set in H7,,(©). Our aim is to show that p(®(t)(K)) = p(K). By the time

reversibility of the flow, we may suppose that ¢ > 0. Since K is bounded in
HY, 1(©) and a compact in H? ;(©), using the continuity property displayed
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by Proposition 8.3 and Proposition 6.3, we infer that there exists R > 0
such that

(9.1)  {®(7)(K),0 <7<t} C{ue H4(O):|ullg-e) < R} = Bg.

Indeed, the left hand-side of (9.1) is included in a sufficiently large H? 4(©)
ball thanks to the continuity property of the flow on H7 4 (©) shown in
Proposition 8.3 and the compactness of K. Then, by iterating the propa-
gation of regularity statement of Proposition 6.3, applied with A such that
the H? ;(©) ball centered at the origin of radius A contains the left hand-
side of (9.1), we arrive at (9.1) (observe that we only have the poor bound
R ~ €.

Let ¢ and 8 (depending only on s and o) be fixed by an application of
Proposition 6.3 with s = 01 and o = 0. Next, we set

— CO(]. + R) _BO
where 0 < ¢y < ¢, B9 = 3, depending only on s and o, are to be fixed in

the next lemma which allows to compare ¢ and ® for data in Bg.

LEMMA 9.1. — There exist ¢y and 3y depending only on s and ¢ such
that for every € > 0 there exists Ny > 1 such that for every N > Ny, every
ug € Bg, every T € [0, 9],

|2(7)(u0) = B (7) (Sx (w0)) | 1. o <

Proof. — For ug € B, we denote by u the solution of (6.2) with data ug
and by uy the solution of (7.1) with data Sy (ug), defined on [0, 79]. Next,
we set vy = u — uy. Then vy solves

(9.2) (i0; + Aoy = F(u) — Sn(F(un)), wvn(0)=(1—Sn)ug
By writing

F(u) - SN(F(’ILN)) = SN(F(U) - F(UN)) =+ (1 - SN)F(U)
and using Proposition 6.2, we obtain that there exists b > 1/2 and § > 0
depending only on s and o such that one has
lonllxzt 0,701 00y < ON* o]l o)

max(2,a)

+Crgllonllx et (0,01 x0) (1 Flull=t 0.m) o)

max(2,a) )
+lluwlly. X2 ((0,70] x©)

0 nrs—o max(2,q)
+CTON Hu”XUb(OT()]X@)(]'—’_H || Z([OTO]XG)).
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Using Proposition 6.3 and Proposition 6.4, we get

lonllx 0,701 00y < ON*lluollz o)

max(2,
4 Onfllow o o e (1 Clluall 352

+ CTYN* = |luol| ooy (1 + Clluol55;" )

Coming back to the definition of 79 we can choose ¢y small enough and Sy
large enough, but keeping their dependence only on s and o, to infer that

[onllxe (0,701 x0) < N luol - (e)-

Since b > 1/2, by the Sobolev embedding, the space de([O,To] x ©) is
continuously embedded in L>([0, 79]; H7,4(©)) and thus there exists C' de-
pending only on s, o such that

lon ()| re@) < CRN®*77, t €0, 7).

This completes the proof of Lemma 9.1. |
It suffices to prove that

(9-3) p(®(T)(K)) = p(K), 7 €0,70].

Indeed, it suffices to cover [0,¢] by intervals of size 79 and apply (9.3) at
each step. Such an iteration is possible since by the continuity property
of ®(t) at each step the image remains a compact of H? ;(0) included in
the ball Bg. Let us now prove (9.3). Let B, be the open ball in H? ,(0©)
centered at the origin and of radius e. We have that ®(7)(K) is a closed

set of H? 1(0©) contained in X. Therefore, by Theorem 1.2, we can write

p((I)(T)(K) —|—Bigg) > limsuppN((tb(T)(K) +B72a) N EN>7

N—o0

where B, is the closed ball in H?, ;(0), centered at the origin and of radius

2e. Using Lemma 9.1, we obtain that for every ¢ > 0, if we take N large
enough, we have

(@ (7)(Sn(K)) + Be) N En C (®(7)(K) + Ba) N En

and therefore

limsuppN((fb(T)(K) + Bs.) N EN)
e > Timsup oy ((On(7)(Sn (K)) + B2) 1 Ex ).

N —oc0

ANNALES DE L’INSTITUT FOURIER



NLS AND INVARIANT MEASURES 2595

Next, using the Lipschitz continuity of the flow ® 5 (see Proposition 6.4),
we obtain that there exists ¢ €]0, 1[, independent of € such that for N large
enough, we have

@N(T)((K+Bcs) ﬂEN) C ((I)N(T)(SN(K)) +Bs) N Ey,

where B.. is the open ball in H ;
ce. Therefore

limsuppN<(<I)N(T)(SN(K)) + B.) N EN>
Nee > limsup pn (@N(T)((K + Be)N EN))

N—oo

(©) centered at the origin and of radius

Further, using the invariance of py under ®p, we obtain that

PN ((I)N(T)((K + Bee) N EN)) = pN((K + Bee) N EN)

and thus
Tim sup px (@N(T)((K + B.)N EN)) > liminf py ((K + BN EN).
N—oo — 00

Finally, invoking once again Theorem 1.2, we can write
liminf o (K + Bee) N Ex ) > p(K + Bec) > p(K).
Therefore, we have the inequality
p(®()(K) + Bac) > p(K).
By letting ¢ — 0, thanks to the dominated convergence, we obtain that
p(2(1)(K)) = p(K).
By the time reversibility of the flow we get p(®(7)(K)) = p(K) and thus

the measure invariance.
This completes the proof of Theorem 1.3. g

10. Concerning the three dimensional case
10.1. General discussion

The extension of the result to the 3d case is an interesting problem. In
this case one can still prove the measure existence. The Cauchy problem
issue is much more challenging. Despite the fact that the Cauchy problem
for H°, 0 < 1/2 data is ill-posed, in the sense of failure of continuity of
the flow map (see the work of Christ-Colliander-Tao [7], or the appendix
of [6]), we may hope that estimates on Wiener chaos can help us to resolve
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globally (with uniqueness) the Cauchy problem a.s. on a suitable statistical
ensemble ¥ (which is included in the intersection of H?, o < 1/2 and
misses H'/?). This would be an example showing the possibility to get
strong solutions of a dispersive equation, a.s. with respect to a measure,
beyond the Hadamard well-posedness threshold. In this section, we prove an
estimate which shows that one has a control on the second Picard iteration,
inall H?, 0 < 1/2, a.s. with respect to the measure. We will consider zonal
solutions of the cubic defocusing NLS on the sphere S®. The analysis of
this model has a lot of similarities with the analysis on the ball of R3
(which is the three dimensional analogue of (1.1)). There are however some
simplifications because of the absence of boundary on S? and a nice formula
for the products of zonal eigenfunctions. In this section, we will benefit from
some computations of the unpublished manuscript [5].

10.2. Zonal functions on S°

Let S3 be the unit sphere in R*. If we consider functions on S® depend-
ing only on the geodesic distance to the north pole, we obtain the zonal
functions on S3. The zonal functions can be expressed in terms of zonal
spherical harmonics which in their turn can be expressed in terms the clas-
sical Jacobi polynomials. Let 6 € [0, 7] be a local parameter measuring the
geodesic distance to the north pole of S3. Define the space L2 ;(S?) to be
equipped with the following norm

Iz, o0 = ([ 1F@Psmoyan),

where f is a zonal function on S3 and (sin #)2d# is the surface measure on
3. One can define similarly other functional spaces of zonal functions, for
example LP (S3), HS,,(5?) etc. The Laplace-Beltrami operator on L?(S%)

rad
can be restricted to L2, ;(S%) and in the coordinate 6 it reads
02 2 0
R + [ —
06%  tgh 90

since using the parametrization of S® in terms of # and S?, one can write,

9> 29 1
Ags =24 29 4 " Ag.
ST 907 g0 00 s
It follows from the Sturm-Liouville theory (see also e.g. [11]) that an or-
thonormal basis of L ;(S3) can be build by the functions

rad

o
Pn(e):\/>51n”9 0elon], n>1,

T sinf’
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where @ connotes the geodesic distance to the north pole of $2. The func-
tions P, are eigenfunctions of —Ags with corresponding eigenvalue A, =
n? — 1. We next define the function v : N* — R by

7(”7”17”27”3)5/ PnPnlanPn3
S3

Then clearly

o0

P, 3 = Z’Y(nvnlvnan)Pn

and thus the behavior of v would be of importance when analyzing cubic
expressions on S2. In the next lemma we give a bound for y(n, n1,na, n3).

LEMMA 10.1. — One has the bound
0 < y(n,n1,n2,n3) < (2/7) min(n, ny, ne, ng).

Proof. — Using the explicit formula for P, and some trigonometric con-
siderations, we obtain the relation

min(k,l)
(10.1) PP = \f Z Pioijszj-1, k>11>1.

By symmetry we can suppose that ny > ns > n3 > n. Then due to (10.1)
we obtain that P, P,, can be expressed as a sum of n terms while the
sum corresponding to P,, P,, contains ns terms. Since for k # [ one has
f53 PP, = 0, we obtain that the contribution to ~y(n,n1,n2,n3) of any
of the term of the sum for P,P,, is not more than 2/7 and therefore
~v(n,n1,m2,n3) < (2/m)n. This completes the proof of Lemma 10.1. O

We shall also make use of the following property of v(n,ni,na, n3).
LEMMA 10.2. — Let n > ny + ng + ns. Then vy(n,n1,ng,n3) = 0.

Proof. — One needs simply to observe that in the spectral decomposition
of P,, Py, P,, there are only spherical harmonics of degree < ny + na + ns
and therefore P,, P, Py, is orthogonal to P,. This completes the proof of
Lemma 10.2. O

Remark 10.3. — Let us observe that (7/2)y(n, n1, na,n3) € Z. This fact
is however not of importance for the sequel.
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10.3. The cubic defocusing NLS on S

Consider the cubic defocusing nonlinear Schrodinger equation, posed
on S3,

(10.2) (i0y + Ags)u — |ul?u = 0,

where u : R x $2 — C. By the variable change u — e®u, we can reduce

(10.2) to
(10.3) (i0; + Ags — D)u — |ul*u = 0.

We will perform our analysis to the equation (10.3). The Hamiltonian as-
sociated to (10.3) is

1
o) = [ val s [ Py [l
S3 S3 2 S3

where V denotes the Riemannian gradient on S®. We will study zonal
solutions of (10.3), i.e. solutions such that u(t, ) is a zonal function on S3.
Let us fix s < 1/2. The free measure, denoted by p, associated to (10.3) is
the distribution of the HZ ,(S%) random variable

plw,0) = > 2 p ),

n

n=1
where g, (w) is a sequence of centered, normalized, independent identically
distributed (i.i.d.) complex Gaussian random variables, defined in a prob-
ability space (Q, F,p). Using Lemma 10.1, we obtain that
1
||Pn||L4(S3) < n4.

and therefore using Lemma 2.1, as in the proof of Theorem 1.1, we get

(@, 0) sy < 3 I Pall3aen <O 2 < oo
n=1 n=1

Hence the image measure on HZ, (S?) under the map

w — i ) p ().

n

of )

exp( =5 lle(w, ) Eagse) ) dp(w)
is a nontrivial measure which could be expected to be invariant under a flow
of (10.3). For that purpose one should define global dynamics of (10.3) on

a set of full u measure, i.e. solutions of (10.3) with data ¢(w,8) for typical
w’s. Using for instance the Fernique integrability theorem one has that
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llo(w, ) 1/2¢s3) = 00 p a.s. Thus one needs to establish a well-define (and
stable in a suitable sense) dynamics for data of Sobolev regularity < 1/2.
There is a major problem if one tries to solve this problem for individual
w’s since the result of [7] (see also the appendix of [6]) shows that (10.3) is
in fact ill-posed for data of Sobolev regularity < 1/2 and the data giving
the counterexample can be chosen to be a zonal function since the analysis
uses only point concentrations. Therefore, it is possible that solving (10.3)
with data p(w, ), for typical w’s, would require a probabilistic argument in
the spirit of the definition of the stochastic integration. Below, we present
an estimate which gives a control on the second Picard iteration with data
e(w,0).

Let us consider the integral equation (Duhamel form) corresponding to
(10.3) with data ¢(w,6)

(10.4) u(t) = S)(p(w,-)) - Z/o S(t = 7)(Ju(r)Pu(r))dr,

where S(t) = exp(it(Ags — 1)) is the unitary group generated by the free
evolution. The operator S(t) acts as an isometry on H*(S®) which can
be easily seen by expressing S(t) in terms of the spectral decomposition.
One can show (see [6]) that for s > 1/2, the Picard iteration applied in
the context of (10.4) converges, if we replace p(w,-) in (10.4) by data in
ug € H*(S?), in the Bourgain spaces X**([~T,T] x S%), where b > 1/2 is
close to 1/2, T ~ (1 + ||lug|| g+ (s2)) ™ (for some 3 > 0 depending on b and
s). For the definition the Bourgain spaces X**([~T,T] x S3) associated to
Ags, we refer to [6] (see also (10.5) below). The modification for Ags — 1
is then direct. Let us set (the first Picard iteration)

= - gn(w) —itn2
Ul(w,t,e):S(t)(w(w,)):Z - Pn(9)€ t )
n=1
The random variable u; represents the free evolution. Notice that again
ur(w,t, M grr2(gsy = 00, aus.
but for every o < 1/2,
lui(w,t, - )l go(s3) < 00, as.

Let us consider the second Picard iteration

us(w,t,0) = S#)(p(w,-)) — i/o S(t —7)(Jur (w, 7)Pug (w, 7))dT.
Set .
vo(w, t,0) = /0 S(t —7)(Jur (w, ) [Pug (w, 7))dT.
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Thanks to the “dispersive effect”, vy is again a.s. in all H?(S?) for 0 < 1/2.

PROPOSITION 10.4. — Let us fix 0 < 1/2. Then for b > 1/2 close to
1/2 and every T > 0,

[va(w, 2, 0)|| L2 (s x00 ([— 7,11 x 53)) < 00
In particular
[v2(w, £, 0) || L2 (s (- 1,171 (59))) < 00
and thus |[va(w, -, )| Lo (=7, 1);H7(s3)) IS a.s. finite which implies that the

second Picard iteration for (10.4) is a.s. in H°.

Remark 10.5. — Using estimates on the third order Wiener chaos, we
might show that higher moments and Orlitch norms with respect to w are
finite.

Proof of Proposition 10.4. — Let ¢ € C§°(R;R) be a bump function
localizing in [T, T]. Let ¢; € C§°(R;R) be a bump function which equals
one on the support of 1. Set

wl(t) = ¢1 (t)ul(t).

Then using [8], for b > 1/2 (close to 1/2),

lva(w, ) xeb(=7,1)x53) < [[Pv2(w, )|l x08 (R 53)
< Olffwi(w, ) Pwr(w, )l xo0-1(rxs9)-
Set
w(w, t,0) = |wy(w, t,0)*w (w,t,6).
We need to show that the L*(Q) of [lw(w, )|l xet—1(rxg3) is finite. If

w(w,t,0) = Z c(w,n, t) P, ()
n=1

then we have

(105) e Wy = 3 [ (022000 o, ),
n=1

where ¢(w, n, 7) denotes the Fourier transform with respect to ¢ of ¢(w, n, t).

Let us next compute c¢(w,n,t). This will of course make appeal to the

function v introduced in the previous section. We have that

wiw,t,0) =vt) > Gy ()G, (W) gny (W)

ninan
(n1,m2,n3)€EN3 112703

X Pnl (H)Pnz (G)Pns (e)e_it(nf_ng"'”g)
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and therefore

)9n1 (W) gny (W) gny (W)
ningng

3
C(wanvt) = flpl (t) Z 7(n7n17n27n3
(n1,m2,n3)€EN3
—it(ni—n3+n3)

X e .
If we denote 1o = 13 then
~ . Ini (W)gns (W) gns (w)
cw,n, ) = Z vy(n,n1,n2,n3) TS

(n1,n2,n3)€EN3 Y
2 2 2
X wg(f—i—nl —n5 +n3).

Let us observe that thanks to the independence of (g, )nen we have that
there are essentially two different situations when the expression

(10.6) /s g (W) gns (@)gns (W) gmy (@) gms (@) gms (w)dp(w)

is different from zero. Namely

® N =Mmy, N2 = M2, N3 = M3,
® N1 = N2, N3 = M1, M2 = M3.

Indeed, the complex Gaussians g,, satisfy
[ sn)inte) = [ g2@idple) = [ ghwidp(e)
Q Q Q
= [ lou)Pgn@dp(e) = 0

and thus in order to have a nonzero contribution of (10.6) each Gauss-
ian without a bar in the integral (10.6) should be coupled with another
Gaussian having a bar and the same index.

Therefore coming back to (10.5), we get

/Q 0@, Mo s dp(@) < (I + I),

where

o0 20 2
(10.7) I = Z / n v%(n,n1, ng, n3)

oo (TH+n2)F  (ningns)?

(n,n1,m2,mn3)EN*~

X |1/p;\2(7' + n% — n% + ng)dT,
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with 8 = 2(1 — b) and

(n,nl,nl,nQ)’Y(n,nQ,n3,n3)
(10.8) I, = > / T+n2

(n,n1,n2,n3)EN4 (n1n1n2)(n2n3n3)

X |’(7)5|2(T + n%)dr.

Notice that 8 < 1 is close to 1 when b > 1/2 is close to 1/2. Thus our goal
is to show the convergence of (10.7) and (10.8). For that purpose we make
appeal to the following lemma.

LEMMA 10.6. — For every o €]0,1/2[ there exist 3 < 1 and C > 0 such
that for every a € R,

20

(10.9) Z 1+|n2—a|) C(1+ |af)”.

Proof. — Let 8 < 1 be such that 20 — 20 > 1,ie. 1/24+0 <3< 1. We

prove (10.9) for such values of 3. The contribution of the region tn? > |a
to the left hand-side of (10.9) can be bounded by

>

535 < Cr < Cp(1+|a])?

—~ (1+ %rﬂ)ﬂ
thanks to the assumption 263 — 20 > 1 and since for in? \oz| one has
In? — a| > 2n?. We next estimate the contribution of the region 1n? < |af
(if it is not empty) by

W'y — L <cyap

SEERrEEE

This completes the proof of Lemma 10.6. g

Let us now show the convergence of (10.7). Using the rapid decay of
|12|2, we can eliminate the 7 integration and arrive at

20,2

n 7 (n,n1,n2,n3)
10.10 10.7) < C )
(10.10)  (10.7) 2 Al 2 )

(n,n1,n2,n3)€EN4
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Using Lemma 10.1 and Lemma 10.6, we obtain that with a suitable choice
of B < 1 one has

2
(10.7) < C

Z (1+ |n? — n3 + n3|)? (min(n, n2,n3))

2
ninon
(n1,n2,n3)€EN3 ( 1z 3)

Z (max(ny, ne, n3))%° (min(ny, ny, n3))?

<C
b (n1nang)?

(n1,n2,n3)€EN3

<C Z n3%nang CZ n3° log1—|—n1)) -~

(n1ngng)?

nz<n2<ny

Let us next analyze (10.8). Using the rapid decay of |¢2|27 we can eliminate
the 7 integration and arrive at

c Z n?’ 7(7%71177117712)7(”77127“37”3).

(14 |n3 —n2|)# (nining)(nansng)

(10.8) <

(n,n1,n2,n3)EN*

Using Lemma 10.1 and Lemma 10.6, we obtain that with a suitable choice
of B < 1 one has

o Z n3° min(ny, ny) min(ng, na)

10.8) <
( ) (ﬂ1n2n3)2

(n1,n2,n3)€EN3
Let us fix € > 0 such that o + ¢ < 1/2. Therefore, we can write

20+2¢ 1—¢
8 <c Y= (mna) 78 .

2
ninaoan,
(n1,m2,n3)EN3 ( 1z 3)

This completes the proof of Proposition 10.4. g

Note addeded in proof. — In a recent joint work by Nicolas Burq and
the author, it is shown that the phenomenon discussed in Section 10.1 is
indeed possible in the context of the nonlinear wave equation.
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