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MAXIMAL INEQUALITIES AND RIESZ TRANSFORM
ESTIMATES ON L? SPACES FOR SCHRODINGER
OPERATORS WITH NONNEGATIVE POTENTIALS

by Pascal AUSCHER & Besma BEN ALI (*)

ABSTRACT. — We show various LP estimates for Schrédinger operators —A+V
on R™ and their square roots. We assume reverse Holder estimates on the potential,
and improve some results of Shen. Our main tools are improved Fefferman-Phong
inequalities and reverse Holder estimates for weak solutions of —A + V' and their
gradients.

RESUME. — On montre des estimations LP pour des opérateurs de Schrodinger
—A 4+ V sur R™ et leurs racines carrées. Le potentiel est dans une classe Hol-
der inverse améliorant les résultats de Shen. On s’appuie sur une inégalité de
type Fefferman-Phong améliorée et des inégalités Holder inverse pour des solutions
faibles de —A + V' et leurs gradients.

1. Introduction and main results

Let n > 1 and V be a locally integrable nonnegative function on R",
not identically zero. The validity of the a priori LP(R™) inequality for
u € C§°(R™)

(1.1) [Aully + [[Vull, < Ol = Au+ Vull,

with C independent of u has attracted many authors. Here, || ||, denotes
the norm in LP(R™). First, it allows to find the domain of the maximal
realization of —A + V on LP(R™). Second, it provides estimates on the

Keywords: Schrodinger operators, maximal inequalities, Riesz transforms, Fefferman-
Phong inequality, reverse Holder estimates.

Math. classification: 35J10, 42B20.

(*) We thank B. Helffer for providing us with the unpublished reference [27] and also A.
Ancona for indicating the relevance of [22].
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fundamental solution (to be defined appropriately). It could well yield esti-
mates for semi-linear equations but we have not seen any such applications
in the literature and are not aware of any.

In this work, we search conditions, minimal in some sense, for this in-
equality to hold. Let us mention that to find the domain, it is enough to
obtain this inequality with V replaced by V + A in the right hand side for
some large constant A > 0 with C depending on A. We are interested in the
possibility of having “homogeneous” inequalities (A = 0) or, equivalently,
on inequalities for —A + V + A for A > 0 with constant independent of .

The case p =1 is well-known. For u € C§°(R"), real-valued, one has

(1.2) [Aully + [[Vuly < 3] = Au+ Vaul,

as a consequence of the contractive inequality ||[Vul; < || — Au + Vul
following either from work of Kato [25], or from work of Gallouét and
Morel in semi-linear equations [17] inspired by the seminal paper of Brezis
and Strauss [5] on semi-linear elliptic equations with L' data. Nevertheless,
we shall give a simple account of this. This allows to define —A 4+ V as an
operator on L!(R™) with domain D;(A) N Dy(V), a fact that was known
before ([39]).

We turn to the L? theory for 1 < p < co. Assume that V € L} (R™).
Then it is known that —A 4+ V' a priori defined on C§°(R™) is essentially
m-accretive in LP(R™) ([24, 25, 30]) and the domain of the m-accretive
extension contains D,(A) N D,(V) = WP(R") N LP(R™, VP) as a dense
subspace. There are conditions to insure equality in [28, 39, 8, 34]. But this
is still not enough to assert the validity of (1.1). A remark is that, by stan-
dard Calderén-Zygmund theory, one can replace ||Aul|, by the equivalent
quantity [|[V2ul, as 1 < p < cc.

A natural question is which condition on V insures (1.1). An answer is
the following.

THEOREM 1.1. — Let 1 < ¢ < oo. If V € B, then for some € > 0
depending only on V', (1.1) holds for 1 < p < q+e¢.

Here, By, 1 < g < o0, is the class of the reverse Holder weights with

exponent ¢: w € By if w € L}, (R™), w > 0 almost everywhere and there

exists a constant C' such that for all cube @ of R"™,

(1.3) <612|/qu(x)da:)l/q < |QC|/Qw(x)dx.

If ¢ = oo, then the left hand side is the essential supremum on Q. The
smallest C' is called the B, constant of w. Examples of B, weights are
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the power weights |z|~% for —oo < a < n/q and positive polynomials for
q = oo. Note that B; C B, if p < g and w € B, implies w € By, for some
€ > 0 depending on the B, constant of w. Recall also that w € B, implies
that dv = wdx is a doubling measure, namely the existence of a constant
C such that v(2Q) < Cv(Q) for all cubes @ of R™, where AQ is the cube
that is concentric with @) and dilated by a factor A > 0. Properties of B,
weights presented here and used in the text are well-known facts among
the harmonic analysis communauty. Good references to which the reader is
referred to are [18, Chapter 9] or [38, Chapter 9] in order to keep the length
reasonnable. There is one known property that we do prove in Section 11
as it is not standard.

Our result extends the one of Shen obtained under the restriction that
n/2 < g and n > 3 [31]. Prior to Shen’s work, this was proved for positive
polynomials when p = 2 in [27] and then when 1 < p < oo in [20, 19,
40].9 Tt is somewhat surprising (as it was to us) that we can go below
the exponent n/2 which is critical for the regularity theory of the elliptic
operator —A + V.

Note that our result can be reformulated as : For 1 < p < o0, if V € B,
then (1.1) holds. Given the necessity of local L? integrability, it is best
possible within the class of all reverse Holder weigths, which is the same
as Ao, the class of all Muckenhoupt weights.

A second family of inequalities concerns the square root (see below for a
definition). We recall at this point the identity

IVal3 + IV 2ull3 = |(=A+ V) 2ull}, ue G5 (R).

The a priori inequalities

(1.4) IVall1.00 + V20100 S (A + V)2l
and
(1.5) IVullp + IV 2ull, S (I(=A+ V) 2ull,

when 1 < p < 2 hold for v € C§°(R™). Here, || ||p,c0 is the “norm” in the
Lorentz space LP»>°(R"™). Here, < is the comparison in the sense of norms.
Actually, the first inequality is attributed to Ouhabaz (unpublished) and
the second one follows by interpolation. The proof of (1.4) uses the fact
that the heat kernel of —A + V is controlled pointwise by the one of —A
and a theorem in [11]. See [12] where the needed estimates are proved and
[7] where a similar argument is done for Riesz transforms on manifolds. See

(D) After this work was completed, we learned of a new recent proof using representations
via Lie groups in [14], which also covers all positive fractional powers.
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also [33] for a different proof using finite speed of propagation for the wave
equation.

We are interested in pushing the range of p in (1.5) beyond 2 and also in
studying the converse inequalities, that is a prior:i validity for smooth u of

(1.6) I(=A+ V) ully 00 S [Vully + [V 20l
and of
(1.7) I(=A+ V) 2ull, S [Vullp + [V 2ul],.

Note that (1.5) for p implies (1.7) for the conjugate exponent p’. Hence,
(1.7) already holds in the range p > 2 and necessary for (1.5) to holds with
exponent p’. The statement summarizing our results is the following.

THEOREM 1.2. —

(1) Let V € B, for some g > 1. Then (1.5) holds for 1 < p < 2(q +¢).

(2) If V € Ao = Ug>1By, then (1.6) and (1.7) for 1 < p < 2 hold.

(3) Let V € B, for some g > 1 and q > n/2. Then ||Vull, < ||[(-A+
V)1/2u||, holds for 1 < p < ¢* +¢ if ¢ < n, and for 1 < p < oo if
qz=n.

Here, ¢* = gn/(n — q) is the Sobolev exponent of ¢ if ¢ < n. Note that
q* > 2q exactly when g > n/2, hence item 3 improves over item 1 for the
gradient part. We note that Shen proved item 3 when n > 3 and item 1
when ¢ > n/2 and n > 3 [31]. We shall fully prove this theorem, even item
3 with an argument of a different nature that is interesting in its own right.
The argument for (3) requires the proof of (2) first.

Note that one can also prove inequalities similar to (1.5) for fractional
powers (—A 4+ V)%, 0 < s < 1, with range 1 < p < (¢ + ¢)/s. We shall not
pursue this here.

Our results are satisfactory for reverse Holder potentials as they make a
bridge with the known results for L}

ioc ONnegative potentials. Let us list
some other consequences to illustrate this.

COROLLARY 1.3. — Letn > 1,1 <p < oo and V € B,. Then the m-
accretive extension on LP(R™) of —A +V defined on C§°(R™) has domain
equal to Dy(A) N Dy(V). In particular, for p = 2, —A + V defined on
H2(R™) N L2(R", V?) is self-adjoint in L2(R™).

This applies to power weights c|z|~® although this particular application
is known by other methods [28].

ANNALES DE L’INSTITUT FOURIER
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COROLLARY 1.4. — Let n > 1. Assume V € A, and 1 < p < 2 or
V € B,y and 2 < p < oo, then (—A + V)2 has LP-domain equal to
D,((~A)/2) ND,(V1/2) = WHH(R") 1 LR, V7P2)

Further easy consequences are the following estimates. Set
p =sup(2p,p*) for 1 < p < oo withp* =0 ifp>2nand H=-A4+V
with appropriate definition.

COROLLARY 1.5. — Assume that V € B, for some q > 1. Then for
€ > 0 depending only on V,
(1) V/2H-1V1/2 is bounded on LP(R™) for (2(g+e)) <p<2q+e).
(2) VY/2H~1div is bounded on LP(R") for (¢ +¢) <p < 2(q +e).
(3) VH~'V'/2 is bounded on LP(R") for (2 ( (g+e)) < pP<4q q+e.
(4) VH~'div is bounded on LP(R™) for ({+¢) <p < q +&.

Again, this result extends the ones of Shen in [31] obtained with the
restriction ¢ > n/2 and n > 3. He also proved bounds for V/2VH~1,
which we can recover by our methods under the same hypotheses (and for

> 1 instead of n > 3). We therefore do not include such results.

We mention without proof that our results admit local versions, replacing
V € By by V € By o which is defined by the same conditions on cubes
with sides less than 1. Then we get the corresponding results and estimates
for H 4+ 1 instead of H. The results on operator domains are valid under
local assumptions.

Our arguments are based on local estimates and this is fortunate because
there is no auxiliary global weight as in [31] (see Section 2). Our main tools
are

1) An improved Fefferman-Phong inequality for A., potentials.
2) Criteria for proving L? boundedness of operators in absence of ker-
nels.
3) Mean value inequalities for nonnegative subharmonic functions against
Ao weights.
4) Complex interpolation, together with LP boundedness of imaginary
powers of —A 4+ V for 1 < p < oo.
5) A Calderén-Zygmund decomposition adapted to level sets of the
maximal function of |V f| + [V1/2f].
6) Reverse Holder inequalities involving Vu and V/2y for weak solu-
tions of —Au + Vu = 0.
The latter estimates are of independent interest and we give a rather
complete picture. This is more than necessary for applications to the in-
equality (1.5).

TOME 57 (2007), FASCICULE 6
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2. An improved Fefferman-Phong inequality

Usual Fefferman-Phong inequalities take the form

/ m(z)?|u(@)? de < C | [Vu(@)]? + w(@)|u(@) dz

R’IL
for u € C§°(R™) where m is a positive weight function depending on the
potential w. If w € B, and ¢ > n/2, there is such a function m [31]. If
q < mn/2, it is not clear how to define m in function of w. Nevertheless,
local inequalities on cubes @ still hold and depend on the scaling defined
by the quantity R?avgw (The notation avg v means ﬁ Jzv)

LEMMA 2.1. — Let w € Ay, and 1 < p < co. Then there are constants
C > 0 and 8 € (0,1) depending only on the A constant of w, p and n
such that for all cubes Q (with sidelength R) and u € C*(R"™), one has

Cmgp(RP
[ 1l > SR [
Q Q

where mg(x) = x for x < 1 and mg(z) = 2° for x > 1.

We recall that A, is the class of all Muckenhoupt weights and is also
the class of all reverse Holder weights ([18, Chapter 9])

This lemma with 8 = 0 is already in [31] when p = 2. The improvement
occurs when RP avgw > 1 and is crucial for us in Section 8. Such an im-
provement has also applications to criteria for compactness of resolvents for
magnetic Schrodinger operators (personal communication of B. Helffer)(2) .

Proof. — We begin as in Fefferman-Phong argument (see [15] and also

[31]) we have
C
- / / () — u(y)|P drdy
/Q R™*P Jo Jg

/w|u|p—Rn// x)|P dzdy.

(2.1) /Q|Vu|p + wlul? > avg [min(CR_p,w)] /Q lu(y)|P dy.

and

Hence,

(2) Added in proof: compactness of the solution operator to d in weighted LZ?-spaces,
preprint 2007, F Haslinger and B. Helffer.
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Now, we use that w € A,. There exists ¢ > 0, independent of (), such that
E={z€Q; w(z)>cavgw} satisfies |E| > 1|Q|. Hence

avg [min(CR™7,w)] > %min(CR_p,aan w).

This proves the desired inequality when RP avgw < 1.

Assume now that RP avgw > 1. Subdivide ) in a dyadic manner and
stop the first time that R(Q’')? avg w < 1. One obtains a collection {Q;} of
strict dyadic subcubes of @ which are maximal for the property R avg, w <
1. Furthermore, since w(z)dx is a doubling measure and as the ances-
tor @\1 of Q; satisfies (2R;)P avg, w > 1, there exists A > 0 such that
R avg, w > A. The last observatlon is that the @; form a disjoint covering
of @ up to a set of null measure. Indeed, for almost all z € @, avg, w con-
verges to w(z), and therefore R(Q’)? avg w to 0, whenever @’ describes the
sequence of dyadic subcubes of @ that contain z and shrink to 0. Hence,

/|Vu|p+w|u|p:Z/ Val? + wlul?

Q i Y Qi
C’me Plavg, w )/ |ul?
AC’ZR P/ |ulP

AC"mln( ) R~ p/|u|p

p
It remains to estimate min; (%) from below. As w € Ao, there exists

1 € a < oo such that w € A,. This implies that for any cube @ and
measurable subset F of ), we have

(ava> S o <|E|>C’_1
avg w |Q|
Applying this to £ = Q; and @Q, we obtain,
R b _ RPavgow avg, w
R; Rl avg, w ) \ avgw

a - w
= RP avg w ( Qi >
avg w
n(a—1)

> CO'RP il
>CR anw<R>

TOME 57 (2007), FASCICULE 6
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This yields min; (£)" > C(RP avq w)” with § = +Tata— and the lemma

is proved. O

Remark 2.2. — If w € B, for ¢ > n/p (as in [31] with p = 2), then
R/R; is also bounded by C(RP avg w)P~™/4, that is R/R; is logarithmically
comparable to RP avg w. No such thing is true if ¢ < n/p. For example, if
w(x) = |z|~* with p < @ < n (hence w € B, for ¢ < n/a < n/p) then
it is easy to show that max R/R; can be unbounded. Furthermore, for all
x then RP avg;, r)w tends to 0 as R — +o0, which is not the case when
0 < a < p. The case a = p is different in the sense that RP avg(,, r) w tends
to a non zero constant as R — +00.

3. Definitions of the Schrédinger operator

Recall that V' is a nonnegative locally integrable function on R". The
definition of the Schrédinger operator associated to —A + V is via the
quadratic form method (See [9, Sections 1.3 & 1.8]. Let

V={feL*R");Vf&VY%f e L*R")}.
Equipped with the norm
1/2
£y = (IFIE + IV £13 + VY2 7113)

it is a Hilbert space and C§°(R™) is dense in V. The sesquilinear form

Q(u,v) = Vu-Vu+ Vuv
R‘n,

on V x V is bounded below and non-negative and, therefore, there exists a
unique positive self-adjoint operator H such that

(Hu,v) = Q(u,v) Yue€D(H)Vve.

The Beurling-Deny theory implies that e(H + €) ! is a positivity-
preserving contraction on LP(R™) for all 1 < p < oo and € > 0. More-
over, if V' € L} (R") is another potential with 0 < V’/ < V and H’ is the
corresponding operator then one has for any € > 0 and for any f € LP,

1<p<oo f20
0<(H+e) 'f<(H +e)'f

This fact can be seen from [29, Theorem 2.4.7] on L? for the semigroups
generated by —H and —H'’ by applying the Laplace transform or from
the Trotter-product formula [9, p. 49]. Passing from L? to L? is standard.
Taking V’ = 0 yields the pointwise domination of the kernel of resolvent
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of H by the kernel of the resolvent of the negative Laplacian (—A +¢)~!
which is a convolution operator with e"~1G(ex) for some G € L(R™). Note
that if V is bounded below by some positive constant € > 0, then H~! is
bounded on LP(R™) for all 1 < p < co and is dominated by (—A +¢)71.

Since D(H) is dense in V, there is a natural extension H of H as a
bounded operator from V to V' (not identified with V). Further, for any
e >0, H +¢ is invertible but this ceases at ¢ = 0 so it is useful to introduce
an “homogeneous” version of H as follows: Let V be the closure of C§°(R™)
under the semi-norm

11y = (IV I3+ 1V21113)

By (2.1), there is a continuous inclusion V € L7, (R™) if V' is not identically
0, which is assumed from now on, hence, this is a norm. The form @ is the
inner product on Y associated to this norm so that V is a Hilbert space. But
if we choose not to identify V and its dual, then there is a unique bounded
and invertible operator H: V — V' such that for all u,v € V, (Hu7v> =
Q(u,v). Here, (, ) is the duality (sesquilinear) form between V' and V.
Note that since C§°(R™) is densely contained in V, this coincides with the
usual duality between distributions and test functions when v € C§°(R"™).
By abuse, we do not distinguish the two notations, which we write as an
integral when the integrand is integrable.

In concrete terms, if f € V' there exists a unique u € V such that

1/2

(3.1) Vu-Vo+Vut = (f,v) VoveCFMR™).
R7l

In particular, —Awu + Vu = f holds in the sense of distributions. There is
a classical approximation procedure to obtain u for nice f.

LEMMA 3.1. — Assume that f € V' N L*(R"). For ¢ > 0, let u. =
(H+¢)~'f € D(H). Then (u.) is a bounded sequence in V which converges
strongly to H=1f.

Proof. — By definition,

Vue - Vo4 (V4 e)u.v = fo VYveV
Rn R™
and in particular
/ Va2 + (V + ol = [
R’V‘L

R

The boundedness of (uc) in V follows readily using that | fRn fuz| <
Il flly lluelly, and f e V',

TOME 57 (2007), FASCICULE 6
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Let us see first the weak convergence. Let u € V be a weak limit of
a subsequence (uc;). One can take limits in the first equation when v €
C5°(R™) and we see that u satisfies (3.1). By uniqueness, v = H~'f and
(ue) converges weakly to u. Since f € V', we have

/ Vul? + Viuf? = (f.u).
RTL

Weak convergence implies

/ |Vul|? + Vl§ul|? < hminf/ |Vue| + Viue|?
Rn n
< 1imsup/ |Vue|? + Vu|?
R'Vl
ghmsup/ Vae]? + (V + 2)uc
R'ﬂ

=limsup | [ = (f,u).
R’Vl

Thus ||uc|y, — |lully, and together with weak convergence, this yields strong
convergence. O

Remark 3.2. — The continuity of the inclusion V C L}, (R") has two
further consequences: first, we have that LEOMP(R"), the space of compactly
supported L? functions on R", is continuously contained in V' L2(R™).

Second, (u.) has a subsequence converging to u almost everywhere.

We continue with square roots. As H is self-adjoint, it has a unique square
root H'/?, which is self-adjoint with domain V and for all u € C§°(R™),
| H/2u)|3 = ||Vul|3 + ||V'/2u)|3. This allows us to extend H'/2 from V into
L2.If S denotes this extension, then we have $*S = H where $*: L2 — V'
is the adjoint of S.

Our results are all about H or alternately about H + ¢ with a uniform
control of constants with respect to € > 0. By abuse, we write H for H
and H'/? for its extension S or its adjoint S*. The context will make clear
which object is the right one.

4. An L' maximal inequality
The following result is essentially a consequence of a result of Gallouét
and Morel [17] in the semi-linear setting or can be seen from [25]. We

present a simple and complete proof in this situation. We assume that V'
is not identically 0

ANNALES DE L’INSTITUT FOURIER
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LEMMA 4.1. — Let f € L%, (R"), f >0 and u = H~1f. Then u > 0,
Vu and Au are in L'(R™) with

/‘Vug /,

n Rn,

/ |Au| <2 /-
n R’IL

Furthermore, u € VVlloc1 (R™) and for any measurable set E with bounded

v <capr [ .

and for all compact set K in R™,

/ | < cE&nv) [ F.
K

R

measure,

Remark 4.2. — 1In fact, more is true. If n = 1, the estimate on u” tells
us that v’ is bounded. If n > 2, then u € Wl’q(R") for 1 <g¢< 25

loc

Proof. —For N > ¢ >0, set V., y =inf(V +¢,N). Let f € Lcomp(R”),
f>0andsetu=H"'f u. = (H+e)"!f and Ue, N = H_ Nf where H, y is
associated to the potential V. n. By Lemma 3.1 we know that u € L}, _(R")

(with norm controlled by || f]lcc Which is not enough). From the preced-
ing section u, us,us, v = 0. Further, V; vy < V + € implies v, < uc ny and
(V 4+¢)e>0 being non-decreasing implies that (ue)e>¢ is non-increasing with
ue < u. In addition, it follows from the remark after Lemma 3.1 that u.
converges almost everywhere to u as ¢ — 0. Indeed, a subsequence already
converges almost everywhere to u, hence the family itself by monotonic-
ity. As a consequence, (u.) converges to u in L}, (R™) by the monotone
convergence theorem. g

Let us see the estimate for Vu. Since € < V, n, the operator H;}V is
a bounded operator on L!(R") as it is dominated by (— A +e)7 ! (see
the preceding section). As V; v < N is bounded, V,, NH N is a bounded
operator on L!(R") and also AH_ 5 by difference. As u. x € L'(R") and
Aue n € LY (R™), an easy argument via the Fourier transform implies that
Jgn Auc n =0, and so

/ ‘/;,Nus,N = f
n Rﬂ,

Next, we have 0 < V, yu. < Vi nuc N, so Vo yue is integrable and by
monotone convergence as N — 0o, (V + &)u. is integrable and

/ﬁv+@ <[ r

TOME 57 (2007), FASCICULE 6
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/Vua</ (V—I—e)ug</ f

and monotone convergence as € — 0 yields

/ Vu < f.

We turn to the term with Au. As (ug) converges to u in L, (R™), Au is
the limit of Aue in D/(R™). If h € C§°(R™), then

Finally, we have

— Aug, h = Vug - / fh— Vuah—/ cugh.
n Rn n

R™ R™
As h has compact support, the last integral converges to 0, hence —Au is
equal to f — Vu € D'(R™) and its L' control follows.
We turn to the gradient estimate. As u. € L'(R") and Au. € L'(R"),
it can be shown (see [4, Appendix]) that if E' is a measurable subset of R"
with bounded measure and 1 < ¢ < 25,

/|Vus|q< (n, )| B[~ 5 | A |
E

hence
(4.1) [ el < Ctm o BP= =

Next, recall that if @ is a cube, by (2.1) we have,

(n— 1)q

avg [min(CR™, V)] / Ue é/ [Vue| + Vue
Q Q
hence
(4.2) / ue < CQn, V)| fIh.
Q

It follows easily from these two estimates and Poincaré inequality that
Us € V[/l1 q(]R") for 1 < ¢ < ;%7 and is bounded in that space. Thus, for
any 1 <q<5,u€ WZO’E(R”) by taking weak limits. The estimate (4.1)
passes to the liminf and by Holder becomes true for ¢ = 1. The estimate
(4.2) also passes to the limit by convergence in L} (R™). This finishes the
proof.

Let B = {u € L}, (R"); Au € L*(R"),Vu € L'(R™)} equipped with the
topology defined by the semi-norms for L} .(R"), |[Aul|; and |[Vul;. We
have obtained
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THEOREM 4.3. — The operator H™' a priori defined on LZ5,,,(R™)
extends to a bounded operator from L*(R™) into B. Denoting again H~*
this extension, V H~! is a positivity-preserving contraction on L'(R™) and

1AH™! a contraction on L*(R™).

PROPOSITION 4.4. — Let f € L'(R™). There is uniqueness of solutions
for the equation —Au + Vu = f in the class L*(R™) N B. In particular, if
u € C(R") and f = —Au+ Vu, then u = H1f.

Proof. — Since —Au~+Vu = 0, then for ¢ > 0 we have —Au+Vu+eu =
eu. As u € LY(R"), we can write |u| < (=A + &) !(elu|) = (—e71A +
1)7!|u|. Using the explicit expression of the kernel of (—e~'A +1)~! and
taking limits as € — 0 proves that v = 0. g

COROLLARY 4.5. — Equation (1.2) holds.

Proof. — If u € C§°(R™) and f = —Au + Vu, then Vu = VH~!f and
Au = AH~'f by the proposition above. Applying Theorem 4.3 proves that
IVull1 < || — Au+ Vul|; and ||Aull; < 2| — Au+ Vul;. O

Remark 4.6. — We have obtained existence in B and uniqueness in
BN LY(R"), which is enough for our needs. Uniqueness can even be shown
in a larger space if n > 3 for any V and under some conditions on V if
n < 2. See [17].

5. LP maximal inequalities

The main sledge hammer is the following criterion for LP boundedness
([3])- A slightly weaker version appears in Shen [32].

THEOREM 5.1. — Let 1 < pg < qo < oo. Suppose that T is a bounded
sublinear operator on LP°(R™). Assume that there exist constants as >
ay > 1, C' > 0 such that

(5.1)  (ave|Tf™)W < C{(anQ )R+ <S|f><z>},

for all cube Q, x € Q and all f € L%, (R™) with support in R™ \ as Q,

comp

where S is a positive operator. Let pg < p < qo. If S is bounded on LP(R"),
then, there is a constant C' such that

ITfllp < Cl
for all f e LSS, (R™).

comp
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Note that in this statement, f can be valued in a Banach space and |f|
denotes its norm. Also the space L5, (R™) can be replaced by C§°(R™).

Fix an open set Q. By a weak solution of —Au + Vu = 0 in ), we
mean u € L} (Q) with V1/2u,Vu € L? (Q) and the equation holds in
the distribution sense on (2. Remark that by Poincaré’s inequality if u is a
weak solution, then u € L?, (). A subharmonic function on § is a function

v € L} .(Q) such that Av > 0 in D'(£2). It should be observed that if u is
a weak solution in Q2 of —Au + Vu = 0 then

(5.2) Alul? = 2V |ul? + 2|Vul?

and in particular, |u|? is a nonnegative subharmonic function in .

The main technical lemma is interesting on its own right. It states that
a form of the mean value inequality for subharmonic functions still holds if
the Lebesgue measure is replaced by a weighted measure of Muckenhoupt
type. More precisely,

LEMMA 5.2. — Assume w € Ay, and f is a nonnegative subharmonic
function in €2, Q is a cube in R” with2Q C Q, 1 <y <2 and 0 < s < oco.
Then for some C' depending on the Ao, constant of w, s, u (and independent
of f and Q) and almost all x € (), we have

fo) < (w(f@ /M ) wfs)l/s.

Here w(E) = [ W As Ay, weights have the doubling property we have
av,Qw ~ avg w and the inequality above rewrites (the notation sup mean-
ing essential supremum)

(5.3) (avg w)(sgp f*) < Cavug(wf®).

Proof. — This is a consequence of a result of S. Buckley [6]. We give the
proof for the convenience of the reader. Since w € A, there is t < oo such
that w € A;. Hence for any nonnegative measurable function g, we have

1 1/t _
avuQ g < C<w(MQ) /MQ wgt) =C( aVMQ(wgt))l/t(aqu w) e,

But subharmonicity of f in 2 implies for almost allz € Q@ and all 0 < r < oo

(5.4) F(@) < Crp (avg 1)
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(See [16]. It can also be obtained from classical facts on weak reverse Holder
weights [22, Theorem 2]). Applying this with r = s/t yields

f(r) < C( avuQ fs/t)t/s S C<aVuQ(wa)) v ( avuQ “’) 71/8'

O

COROLLARY 5.3. — Letw € B, forsome 1l <r < oo and let 0 < s < oo.
Then there is C' > 0 depending only on the B, constant of w, s, p such
that for any cube () and any nonnegative subharmonic function f in a
neighborhood of 2Q) we have for all 1 < p < 2

(avo(ws*))"" < C avug(wf?).
Proof. — We have
(avg(wf* )" < (avqun)'" sup f°
< C (avquw) sup /f*

< C avyg(wf?).

The second inequality uses the B, condition on w and the last inequality
is (5.3). O

Let us come back to the Schrodinger operator.

THEOREM 5.4. — Let V € B, for some 1 < g < co. Then there isr > ¢
(or r = 00 if ¢ = 00) such that VH ' and AH~", defined on L*(R™) from
Theorem 4.3, extend to bounded operators on LP(R™) for 1 <p < r.

Proof. — By difference, it suffices to prove the theorem for VH~!. We
know that this is a bounded operator on L*(R™). Let r > ¢ be given by self-
improvement of the reverse Holder inequalities of V. Fix a cube ) and let
f € L*°(R") with compact support contained in R™\ 4Q. Then u = H~!f
is well-defined in V and is a weak solution of —Au + Vu = 0 in 4Q. Since
|u|? is subharmonic, the above corollary applies with w =V, f = |u|? and
s =1/2. It yields (5.1) with T=VH™! py=1,q0=7r,5 =0, a; = 2 and
e = 4. Hence, T is bounded on LP(R™) for 1 < p < r by Theorem 5.1. O

PROOF OF THEOREM 1.1. — Let u € C§°(R") and f = —Au+ Vu.
We know that u = H~'f by Proposition 4.4. Now, using the hypothesis
V € By, we have bounded extensions on LP(R™) of VH™! and AH™!
for 1 < p < q+ € for some ¢ > 0 depending on V. We conclude that
IVall, + [ Aul, S £,
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6. Complex interpolation

We shall use complex interpolation to obtain item 1 of Theorem 1.2,
relying on the following result due to Hebisch [21].

PROPOSITION 6.1. — Let V' be a nonnegative locally integrable function
on R™. Then for all y € R, H¥ has a bounded extension on LP(R"),
1 < p < oo, and for fixed p its operator norm does not exceed C(6,p)e’!¥!
for all § > 0.

Here, H" is defined as a bounded operator on L?(R™) by functional
calculus. For V' = 0, this is standard result for the singular integral operator
(—A)%. Actually, the operator norm can be improved but we do not need
sharp estimates.

LEMMA 6.2. — The space D = R(H) N L*(R™) N L>°(R") is dense in
LP(R™) for 1 < p < 0.

Proof. — Tt suffices to show that R(H) N L'(R™) N L>°(R") is dense in
LY (R™)NL>(R™) for the LP(R™) norm. Let f € L*(R™)NL>(R™). Since f €
L3(R"), fore >0, f. = H(H+¢)"'f € R(H). Also f- = f —e(H +¢)71f.
Thus f. € LY(R") N L®°(R") as |[(H + )71 f| < (=A + &)~ f| and the
kernel of (—A +¢)~1! is integrable. It remains to see that f. converges to f
in LP(R™). But again |f — f-| < e(—A + &)Y f| and the latter expression
is easily seen to converge to 0 in LP as ¢ tends to 0.

We now prove the boundedness of VH /2 and VY/2H~1/2 on LP(R")
for 1 < p < 2(q + €), which is half of item 3 of Theorem 1.2. Let f € D,
g € C°(R™). We define for z€ S={z+iycC; 0<z <1,y € R},

A(z) = ((=A)°H™* [, 9)

We shall use the Stein interpolation theorem for families of operators (see
[36, Chapter 5]).

Observe that for all z € S, (—A)?g € L? with ||(=A)%gll2 < C|lgm2
(the Sobolev space of order 2). Since f € R(H), f = Hf with M =
[fllz + 1 H f]|2 < oo. Hence,

1E == fllz = 1H'* flla < I H ¥ |lz| H' =" fll2 < C(6)e’ M.

|22

Thus |A(z)| < Cse®l¥IM||g||z=. Tt follows that A satisfies the admissible
growth condition. It is not difficult to establish continuity on S and ana-
lyticity on Int .S of A. Then, for z =iy and 1 < p < oo, we have

|AGiy)| < IH fllp(=2) gl < C6p)e ™ flpllglly-
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Andfor z=1+idyand 1 <p<q+e,
[ AL+ iy)| < |AHT H ™Y fl|,||(=2) "]l
<AH Y|, C @, p) 1 f 115 9]l
Thus, for z=1/2 and 1 < p < 2(q + €), we obtain
1AL/2) < C)fpllgllp -

We conclude by a density argument that (—A)/2H~1/2 is bounded on
LP(R™) for 1 < p < 2(q +¢).

Similarly, for f € D, g € C§°(R™), we define for z € S = {z + iy €
C; 0< x <1} and fixed N > 0,

B(z) = (VNH ", 9),
with Viy = inf(V, N). Then,
|B(2)] < C(6,¢)e’ " M (|lgll2 + [Vaglla),

hence B has the admissible growth condition. It is also clearly continuous
on S and analytic on Int.S. Then, for z =4y and 1 < p < oco.
|B(iy)| < I1H™ flpl[Viy ™ gllyr < CGp)e ™ 1 f 15 lgllp-
Andfor z=1+idyand 1 <p<q+e,
[AQ +iy)| < [VNH T HTY f ]V Vgl
< IVH | C@Ep)E N fllpllglly-

where we used that ||[VNH |,, < [VH |,, as 0 < Vy < V almost
everywhere. Thus, for z =1/2 and 1 < p < 2(¢ + ¢), we obtain

BA/2) < C@fllpllglly -

We conclude by a density argument that Va/>H~1/2 is bounded on LP(R™)
for 1 < p < 2(q + ¢) with a bound that is uniform with respect to N. By
monotone convergence, this yields the LP(R") boundedness of V1/2[~1/2
in the same range.

To finish the proof, fix 1 < p < 2(¢+¢). Let u € C§°(R™). The only thing
to establish is || Vu||,+ ||V 2ul|, < C(p)|H'?ul|,. Sinceu € V, f = H/?u
is well-defined. We assume that f € LP(R"™), otherwise there is nothing to
prove. Then, by Calderén-Zygmund theory and the above,

[Vully + [V 2ull, < C)I(=2)2H2f||, + [VV2H2 1,
<)l
and the proof is finished. O
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Remark 6.3. — This interpolation argument also gives us a proof of the
LP boundedness of VH~! and V/2H~1/2 for 1 < p < 2 for all non zero
Ve L (R").

loc

7. Reverse Riesz transforms

This section is concerned with the proof of Theorem 1.2, item 2. We first
want to show that there exists C > 0 depending only on the A, constant
of V such that for all & > 0 and f € C§°(R") then

) e eR S HI@] > ) < $ [ 19714V

First, it is not too hard to show that if e <V < N for some N > ¢ > 0 then
this inequality holds with C' depending on €, N (in fact, the next argument
gives this also). Let C7 be the best constant in this inequality with V
replaced by V. y = min(V + ¢, N). We want to show that C; is bounded
independently of € and N. Assume it is the case, then for e, N > 0, all
a>0and f € CPR")

C
o € RS (- + Vo) 21(@)) > ol < S [ (9s14 V221

C
<2 [1vn+ v ey,

Now, it is easy to show that (—A+V. y)'/2 f converges in L? to (H+¢)'/2f
hence up to extraction of a subsequence, the above inequality passes to the
limit as N — +oo. Then, as f € C°(R™) € V = D(HY?), (H + ¢)V/%f
converges to H'/2f in L? (R™) by functional calculus as € tends to 0 and
we obtain (7.1) with C = C4.

Remark that if V € Ay, then for all N > e > 0, V. y is also in A
with constants that are uniform with respect to € and N. So as long as
we only use the A, information, we are safe. Therefore, we assume that
e <V < N but we do not use this information quantitatively.

We also define C), as the best constant C' such that for 1 < p < 2 and
f e Cgo(RY)

12 £l < Co(IV fllp + V2 £l)-

By extension, we can take f to be in the closure of C§°(R™) for the norm
defined by the right hand side. Since V' is bounded below and above, this
is the usual Sobolev space W1P(R™).
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We know that C; = 1. We shall prove that for some numbers C, M under
control, we have

(7.2) Cy <CC3+M=C+ M.

This will require the use of a specific Calderén-Zygmund decomposition on
f adapted to level sets of |V f| 4+ V/2|f].
The Marcinkiewicz interpolation theorem would give us

2_9q
(7.3) o en
provided it applies. But it is not known whether the spaces defined by
the seminorms ||V £, + [|[VY/2f|l4, 1 < ¢ < 2, interpolate by the real
method®) . If we use the assumption ¢ < V < N, then we may interpolate
but the constants would depend on ¢, N. Instead, we prove (7.3) by adapt-

ing Marcinkiewicz theorem argument using again our Calderén-Zygmund
decomposition.

LEMMA 7.1. — Letn>1,1<p<2, Ve Ay and f € C§(R"), hence
V£l + IVY2f|l, < co. Let a > 0. Then, one can find a collection of
cubes (Q;), functions g and b; such that

(7.4) f=9+Zbi

and the following properties hold:

(7.5)  [IVglla + [V2glla < Ca'=P2(|V fll, + V2 £]1,)P/2,
(7.6) supp b; € Q; and / |Vb|P + R; P1b;|P < Ca?|Qil,
Qi
(7.7) S olQil < Ca_p/ IV FIP + VY2 P,
i R
(7.8) > 1g, <N,

where N depends only on dimension and C on dimension, p and the A,
constant of V. Here, R; denotes the sidelength of @); and gradients are
taken in the sense of distributions in R™.

We remark that the decomposition is on f while the control is on |V f|P +
V2 fP.

(3) Added in proof: this has been shown recently by N. Badr: Real interpolation of
Sobolev spaces associated to a weight, preprint 2007, Orsay.
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Proof. — Let Q be the open set {x € R™; M(|Vf[P +|VY/2f|P)(x) > aP}
where M is the uncentered maximal operator over cubes of R™. If € is
empty, then set ¢ = f and b; = 0. Otherwise, the maximal theorem gives
us

2 < Ca / VAP VY fp
Rn

Let (Q;) be a Whitney decomposition of © by dyadic cubes:  is the
disjoint union of the @);’s, the cubes 2@Q); are contained in 2 and have the
bounded overlap property, but the cubes 4Q); intersect F' = R™\ 0.4 As
usual, A\@ is the cube co-centered with @) with sidelength A times that of
Q. Hence (7.7) and (7.8) are satisfied by the cubes 2Q;. We remark that
since V € Ay, we have VP/2 € A, when 1 < p < 2 (see Section 11). Hence
we have by Lemma 2.1

/ VP + [VI2FP > Cmin(avag, VP/2, R7) / e
R 2Q;

i

We declare Q); of type 1 if avaq, ve/2 > R;? and of type 2 if avyg, Vr/2 <
RP.

Let us now define the functions b;. Let (X;) be a partition of unity on
Q) associated to the covering (Q;) so that for each i, &; is a C'! function
supported in 2Q; with || X;||cc + Ri||VAilleo < ¢(n). Set

b — [, if Q; is of type 1,
’ (f —avag, )X, if Q; is of type 2.

If @; is of type 2, then it is a direct consequence of the LP-Poincaré
inequality that

/ Vhil? + RyPbl < © / VP

As f4Q; [V fIP < a?|4Q;| we get the desired inequality in (7.6).
If Q; is of type 1,

/ prlbi\K/ R;”|f|f’<c/ VAP V2.
2Q; 2Q; 2Q;

As the same integral but on 4Q; is controlled by of|4Q;| we get
szi R;P|b;|P < Ca?|Q;|. Since Vb; = X,V f + fVX; we obtain the same
bound for f2Qi |Vb;|P.

Set g = f—>_ b; where the sum is over both types of cubes and is locally
finite by (7.8). It is clear that g = fon F = R"\Qand g = Y2 (avaq, f) X;

(4)In fact, the factor 2 should be some ¢ = ¢(n) > 1 explicitely given in [35, Chapter 6].
‘We use this convention to avoid too many irrelevant constants.
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on Q, where "7 means that we are summing over cubes of type j. Let us
prove (7.4).

First, by the differentiation theorem, V'/2|f| < o almost everywhere on
F. Next, since V € Ay and p < 2 implies V?/2 € Byyp (see Section 11)
and avag, V < C(avag, VP/2)2/P. Hence

Vigl? < 2/ V]avao, f|?
/QI\ 37 [ Vievia. f

2/p
< CZ ? ((aV2Qi Vp/2)| avaq; f|p) |Qz‘

Now, by construction of the type 2 cubes and the LP version of Fefferman-
Phong inequality,

(aVQQz‘ VP/Q)‘ avaQ; f|p < CaVQQz‘(

+ V2 fIP) < Ca?.

Hence,

/ Vgl < €Y% 02 |Qi] < Ca? P / VAP VP
Q Rn

Combining the estimates on F' and €2, we obtain the desired bound for
Jzn Vgl>. We finish the proof by estimating ||V and ||Vgl|,. First, it
is easy to see that the inequality [|b;]|} < Ca?RY|Q;| together with the fact
that Whitney cubes have sidelength comparable to their distance to the
boundary, imply that 3 b; converges in the sense of distributions in R"
(not just in 2, which is a trivial fact!), hence Vg = Vf —>" Vb;. It follows
from the LP estimates on Vb; and the bounded overlap property that

therefore the same estimate holds for ||Vgl|,. Next, a computation of the
sum Y Vb; leads us to

, SVl + V2 f1p),

Vf =+ Z aVQQl VXl

By definition of F' and the differentiation theorem, |Vg| is bounded by
a almost everywhere on F. It remains to control ||ha|eo where hy =
S 2 (avaq, f) VXi. Set hy = 3" 1 (avag, f) VA;. By already seen arguments
for type 1 cubes, |avag, f| < CaR;. Hence, |hi| < CY 1 159,00 < CNa
and it suffices to show that h = hy + ho is bounded by Ca. To see this,
observe that ), X;(xz) =1 on Q and 0 on F. Since it is a locally finite sum
we have ). VX;(x) = 0 for z € Q. Fix « € Q. Let Q; be the Whitney cube
containing x and let I, be the set of indices ¢ such that x € 2Q);. We know
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that §I, < N. Also for i € I, we have that C™'R; < R; < CR; (see [35]).
Therefore, we may write

()] = | Y (avaq, | —avag, [)VXi(z)| < C Y |avag, f — avaq, fIR; .

iel, iel,
But 2Q); and 2@Q); are contained in C'Q); for some C' > 4 independent of j.
Hence, the Poincaré inequality and the definition of @; yields

|av2Q f —avaQ, f| CR; (aVCQ] |Vf|p)1/p < CR To'N

We have finished the proof. O

Proof of item 3 in Theorem 1.2. — First, we prove (7.2). Let f €
Cg°(R™). We use the following resolution of H'/?:

H1/2f=c/ He VHy g
0

where ¢ = 27~ 1/2 is forgotten from now on. It suffices to obtain the result
for the truncated integrals ng ... with bounds independent of ¢, R, and then
to let € | 0 and R T oo. For the truncated integrals, all the calculations are
justified. We thus consider that H'/2 is one of the truncated integrals but
we still write the limits as 0 and +o00 to simplify the exposition.

Apply the Calderén-Zygmund decomposition of Lemma 7.1 with p = 1
to f at height o and write f =g+ >, b;.

Concerning g, we have

{eernimegors> 5 < & [1m e
< §/|V9\2+Vlg\2

C
<& [rvs+wren

where we used (7.5).

The argument to estimate H'/2b; will use the Gaussian upper bounds of
the kernels of e~ * which are valid for all potentials V > 0. Let r; = ok
if 28 < R; < 281 (R, is the sidelength of Q;) and set T; = for"’ He VH gt
and U; = f:o He t"H dt. Tt is enough to estimate

= |{z e R™; |ZTb )| > a/3}

and

= |{z e R™; \ZUb ) > a/3}.
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s &
3

First,

)

A< U 4Q] + H»’C € R™\ U;4Q;;

ZTibi(x)

and by (7.7), | U; 4Q;| < € [|V |+ |[VV2f].
For the other term, we have

Z:Tibi(x) > ‘;H < O(:;/’Zh

with h; = 140,)|Tib;|. To estimate the L? norm, we dualize against u €
L2(R™) with ||lul|z = 1:

2

Hx € R™"\UidQ;;

/|u|2i:hi :ZiAij

i =2
where
Aij :/ Tib||ul, C;(Q;) =2"7'Q; \ 27Q;.
C;(Qq)

Using the well-known Gaussian upper bounds for the kernels of tHe *H

t >0, and r; ~ R;, we obtain

cad 2
i

» c
1He™ billr2cy @ < 7z = Mbilh

where v = 5. By (7.6), [[bill1 < caR;|Q;|, hence, by Minkowski integral
inequality, for some appropriate positive constants C, ¢,

T )
1 T3billL2(c;(@q)) </O [He™" bl L2 (0, (o) dt
< C’ae_cy\Qi\l/Q.

Now remark that for any y € @; and any j > 2,

1/2 1/2
(/‘ WF> <(/“ hﬁ) < (MG QuN) V2 (M (Jul?) () .
Ci(Qq) 291 Q;

Applying Holder inequality, one obtains
Aij < Cazd e Qi (M (Ju)(w)) .
Averaging over Q; yields
Ayj < Ca2ni/2e=e¥ / (M(Juf?)(9))""* dy.

i
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Summing over j > 2 and i, we have

J 1S < ca [ 310 w0 0)

Using finite overlap (7.8) of the cubes @; and Kolmogorov’s inequality, one

obtains
/ jul 3 he < C'Na| Uy Q|2 ul? V2
Hence
« C
R™\ U;4Q;; T;b; -t <CluQil € = V2
{remvies| S| > S <clual< G [iwaeves

by (7.8) and (7.7).

It remains to handling the term B. Using functional calculus for H one
can compute U; as 7“7177[1( 2H) with 9 the holomorphic function on the
sector |arg z | < § given by

It is easy to show that [¢(z)| < C|z|'/2e*| uniformly on subsectors
larg 2| < p < 3

Let ¢ = 2 1f n =1and ¢ = 1* = =5 for n > 2. By Poincaré-Sobolev
inequality, b; € L? and

lbill < cRy " |Vbi]ly < CaRy T

1/2
S <Z |5k2>
. kez,

Indeed, by duality, this is equivalent to the Littlewood-Paley inequality

1/2
(zw 5I2> < 1Blly-

kEZ

We invoke the estimate

> (4P H) By

kEZ

(7.9)

q

q

For ¢ = 2, this is a simple estimate using Borel functional calculus on L?
since H is self-adjoint. For ¢ # 2, this is a consequence of the Gaussian
estimates for the kernels of e7*# ¢ > 0 (this was first proved in [2] using
the vector-valued version of the work in [11]. See [1] for a more general
argument in this spirit or [26] for an abstract proof relying on functional
calculus).
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To apply (7.9), observe that the definitions of ; and U; yield
> Uibi =Y p(4FH)By
i keZ
with
b;
Br = Z o

i,ri :2k

Using the bounded overlap property (7.8), one has that

1/2(|4

by

() | <o /sl
q

kEZ

Using R; ~ 1y,
/ZM<CO/JZ|Q|
i 1"3 h i N

Hence, by (7.7)
o C
R™; | > Uib; <Y Qi< = it
HJ;E ; i Uibi(z)| > 3}‘ C : |Q:] a/|Vf|+|V fl

We turn to the proof of (7.3). Fix 1 < p < 2 and f € C5°(R™). Choose
0 < 6§ <1sothat 1 < pd. Let @ > 0 and apply the Calderén-Zygmund
decomposition of Lemma 7.1 to f with exponent pd and threshold o. We
may do this since ||V f|,s + [|[VY/2f|lps < oo. Of course we do not want
to use its value in a quantitative way. We obtain that f = g, + b, with
bo =, bi.

Write

25y =2 [ e € R 0)] > 20} da
< pQP/ o?Y{z € R™; |HY2g,(2)| > a}| da
0

o0
+p2p/ 0P {z € R™ | HY2b, (2)] > a}| da
0
<I4IT
with

0o o 2 V1/2 o 2
I = Cp2p/ O[p—l ||Vg H2 +! g HQ do = Ig +Iv
O a

and

) 1/2
II:Cpr/ ar-1 [ Vball + [V "7baly da = I1, + I1,,
0 «Q ’
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where I, and I, denote the gradient term in I and I respectively. To
estimate these integrals, we need to come back to the construction of g,
and b,.

Set Tf = (|V f|P° +|V1/2 f|P9)1/P3 Write F,, as the complement of 2, =
{M(Tf?°) > a?®}. Then recall that Vg, = 1g, (Vf) + 1o h where |h| <
Ca and |Vf| < o on F,. Thus I, splits into Iy + Iz according to this
decomposition. The treatment of I, is done using the definition of F,,
Fubini’s theorem and p < 2 as follows:

Cp2 / P,

VI = VAP [V < |[VFP (TF7%) 5 < |V (M(Tfp‘s))%

where we used

almost everywhere. For I o, we use the bound of i to obtain
g2 < Cp2P /°° a? Q| da
0
— o [ ()t
<c [Ivip vy
by the strong type (% 3 5) of the maximal operator.
Next, we turn to the term I1,. We have Vb, = 1q_ (Vf) —1q_h so that

IT, < (II;1 + I42) and Iy is already controlled. For 11,1 we have by using
Holder’s inequality and the strong type (%, %) of the maximal operator

1, — Cﬁ / VF| (MT )T

C 2 l/p % p/ l/p/
() (o
<C / P+ V2 fPP

It remains to look at I, and II,. Recall that g, = f on F, and g, = h, on
Q4. and we have proved [ V|hs|? < Ca?|Q,|. Hence, I, splits as I, + Lo.
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First,
C’p2 p=2
/ VIZE2 (M(T )
2
< SL/\Vl/2f|p~
- D

with the similar argument as for I,;. Next,
I < Cp2P /000 P71, | da
_ C2p/ (M(Tf7%))°
<c [Ivip v,

Now, by = f — ga = f — ho on Q4 and b, = 0 on F,. Hence, I], <
IIU]_ +Iv2 and

Cp2 p=1
I, = L/lvl/zfl M(T f7)) 7

C 2P 1/p p—1 o 1/17/
<52 (o) (f )
<c [Ivip v,

This concludes the proof of item 3 of Theorem 1.2. |

8. Estimates for weak solutions

In this section, ) denotes a cube, R its radius, and u a weak solution of
—Au+Vu = 0in a neighborhood of 2Q. Recall that under the assumption
V > 0, we have the mean value inequality
(8.1) Sgp lul < C(ryn, 1) (avug |u|r)1/r
for any 0 < r < oo and 1 < p < 2. And we have also shown a mean value
inequality against arbitrary A., weights.

We state some further estimates that are interesting in their own right
assuming V' € A,.. By splitting real and imaginary parts, we may suppose u
real-valued. All constants are independent of (Q and u but they may depend
on V through the constants in the A, condition or the B, condition when
assumed.
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LEMMA 8.1. — Forall 1 < p < p/ <2 and k > 0, there is a constant C

such that

av |u|2<#(av/ ul?)
RS (T¥ RZavg V)RV QL)

and

¢
(1+ R?avg V)k

LEMMA 8.2. — For all 1 < < 2 and k > 0, there is a constant C' such
that

av,Q(|Vul* + Vul*) < (avwQ(IVul® + Vul?)).

C

0T Ravg vy (Bne(VIul).

(Ravg V)? avg |ul* <

LEMMA 8.3. — For all 1 < u < 2, k > 0 and sup(n,2) < p < oo, there
is a constant C such that

I S
(1 —+ R2 avg V)k

LEMMA 8.4. — Assume V € B, and set ¢ = inf(q*,2q). For all 1 < p <
2 and k > 0 there is a constant C such that

)2/1).

(Ravg V)* aveul® < (av,q [Vul?

1/d C 1/2
(aVQ \Vu\q) 1 S W (aVMQ(|V'U/|2 + V\u|2)) .

LEMMA 8.5. — Assume V € B,. For all 1 < ;1 < 2, if n/2 < ¢ < n then
there is a constant C such that

(avg \Vu|q*)1/q < O (avug | Vul )1/2

and if ¢ > n then there is a constant C' such that

sup |Vu| < C (av,q |Vul?) vz,
Q

LEMMA 8.6. — Assume V € B,. For all 1 < p < 2 and k > 0, if
n/2 < ¢ < n then there is a constant C' such that

q* 1/q" ¢
(ave Vul" )™ < g Fravg vy (S0 1ul):

and if ¢ > n then there is a constant C' such that

¢ (sup|u\).
R(1+ R? avg V)k 1Q

sup |Vu| <
Q

LEMMA 8.7. — Assume V € B, with ¢ > 1 and q > n/2. For all 1 <
1 < 2 and k > 0 there is a constant C' such that
C

- 2
AT Bavgv)r (e Vul):

(Ravg V)? avg |ul* <
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LEMMA 8.8. — In Lemma 8.5, the constant C' can be replaced by C(1+
R%avg V)~F for any k > 0.

Let us postpone the proofs and make some remarks concerning these
inequalities.

Remark 8.9. —

1l

Lemma 8.5 is a weak reverse Holder inequality for the gradient of
weak solutions. It improves over Lemma 8.4 in the fact that the
right hand side does not have terms involving V|u|?> but this is
under the assumption ¢ > n/2. Using self-improvement of weak
reverse Holder inequalities (see [22, Theorem 2]), we may replace
the exponent 2 in the right hand sides by any 0 < p < 2.

We do not know if Lemma 8.5 holds for ¢ < n/2.

In Lemma 8.4, note that § = ¢* < 2¢ when ¢ < n/2 and it would
be natural the estimate holds for the larger exponent 2gq.

Lemma 8.7 is a Poincaré type inequality for weak solutions. As

)1/2, we see that it is a con-

supg, |u| can be compared to (avg |ul?
verse to the Caccioppoli inequality in the regime R?avgV > 1.
Except for Lemma 8.1 and 8.6 which are closely related to Lemma

4.6 and Remark 4.9 in [31], these lemmata appear to be new.

Proof of Lemma 8.1. — There is nothing to prove if R?avgV < 1
and we assume R?avg V > 1. The well-known Caccioppoli type argument
yields for 1 < p < p/ <2

(8.2)

/ [Vul?> + V]ul* < RC / uf”
2 !
nQ HQ

The improved Fefferman-Phong inequality of Lemma 2.1 and the fact that
the averages of V on p@ with 1 < p < 2 are all uniformly comparable tell
us for some 3 > 0,

1 / 2 ¢ 2 2
— lul® < 7/ Vul® + Viul.
R? /.0 | (R2avq V)P J .0 [Vl |

The desired estimates follow readily by iterating these two inequalities. [
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Proof of Lemma 8.2. — Using Lemma 8.1 with k > 1 and 1 < ¢/ < p
and then Lemma 5.2, we have,
CavgV av,q |ul?
(1+ R?avg V)k—1
CavyqV sup,q |ul?
(1+ R?avg V)k—1
Cavuo(V]ul)
S (1+ R2avg V)k—1'

(Ravg V)?avg |ul? <

~

O

Proof of Lemma 8.3. — Of course, if av,q |Vul? = oo there is nothing
to prove. Assume, therefore, that av,q |VulP < co. Let 1 < v < p and n
be a smooth non-negative function, bounded by 1, equal to 1 on v@Q with
support on @ and whose gradient is bounded by C/R and Laplacian by
C/R%. Integrating the equation —Au + Vu = 0 against un?, we find

C 1/2 1/2
Jiwukae vk =2 [ vu-vnum < G [ rou) ( fluprt)
m

hence
X g C(R2 avo V)1/2|,U/Q|1/2 Y1/2 Z1/2

where we have set X = (R?avq V) [VIu*n?, Y = (avug \Vu|p)2/p and
Z =avqV [ |ul*n?. By Morrey’s embedding theorem, v is Holder contin-
uous with exponent & =1 —n/p and for all z,y € u@Q,

[u(z) — u(y)| < C(|x}—%y|> R (av,o |Vu|p)l/p = C(W) RY'2,
We pick y € @ such that |u(y)| = infg |u|. Then
Z =avq V/ lul?*n?

<2Aavo V)it luf? [ 77+ 2avo V) [ fulz) -~ ulw)Prf (o) de

2 2 2 |z -y 2 2
<2(avg(VIul?) [ n* + Clavg V)R?Y 7 n?(z) dz
< Clavg(V[u?)|Q| + Clavg V)R?Y [uQ)|
< C/Vlu\2n2 +C(avo V)R?Y Q)

where, in the penultimate inequality, we used the support condition on 7
and 0 < n < 1, and in the last, n = 1 on Q. Using the previous inequalities,
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we obtain
X < CluQ|2 Y12 (CX + C(R? avg V) nQy) ?
which, by 2ab < e 'a? 4 ¢b? for all a,b > 0 and € > 0, implies
X <C(1+ R?avg V)2 |uQ|Y.

Next, let 1 < v/ < v. Using n = 1 on vQ, Lemma 5.2 and Lemma 8.1,

/WW%>/t%F
vQ

> Cav,/QV/ |u\2
v'Q
> Clavo V)(1 + R avo V)k/ lul2,
Q

hence
X > C(Ravg V)*(1 + R*avg V)" / |ul|?.
Q

The upper and lower bounds for X yield the lemma. O

Proof of Lemma 8.4. — First note that if ¢ < HZ—]:Q then ¢ < 2 and the

conclusion (useless for us) follows by a mere Holder inequality. Henceforth,
f—fQ. Also, by Lemma 8.1, it suffices to obtain the estimate
with k = 0. Let us assume p = 2 for simplicity of the argument. Let v be
the harmonic function on 2Q with v = u on 9(2Q) and set w = u — v on

2Q. Since w = 0 on 9(2Q), we have

we assume q >

(avag [Vw[?) "% < (avaq |Vul?) 2.

By elliptic estimates for harmonic functions, we have for all 2 < p < oo,

and in particular for p = g,

(avg [VulP) 7P < Clavag [Vol2)? < 2C(avag [Vul?) 2.

Let 1 < p < 2 and n be a smooth non-negative function, bounded by
1, equal to 1 on @ with support contained in pu@ and whose gradient is
bounded by C/R and Laplacian by C/R2. As Aw = Au = Vu on 2Q, we
have

A(wn) = Vun+2Vw - Vn+ wAn  on R™.
Hence, if n > 2 by Green’s representation for the Laplace equation

V(wn)(x) = / VI (z —y) [(Vun)(y) + 2Vw(y) - Vi(y) + w(y)An(y)] dy

n

=1+I1+1II
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where T is the fundamental solution of A so that |[VI'(x)| < C|z|!~". Since
q < ¢*, we have
) 1/q q* ) 1/q"

(avg [Vw|? < (avg [Vw

so that it suffices to bound the latter integral. Using support conditions on
7, we obtain the pointwise bounds for x € @Q,

IT < Cavyg |[Vw| < Cavag |Vw|2)1/2 < C(avag \Vu|2)1/2

and

C
I1T < T V20 lw| < C(avaq |Vw|2)1/2 < C(avag |Vu|2)1/2

where we used Poincaré inequality for w on 2Q) as w = 0 on the boundary.
By the LY — L% boundedness of the Riesz potential

A\ Ve 1/q 1/q
</ 11 ) < C(/ |Vu77|q> < C(/ |V|q> sup |ul.
" R™ nQ nQ

Normalizing by taking averages and using the B, condition on V yields

(8.3) (avg I‘I*)l/q* < CR av,q V sup|ul.
nQ

Now, if u < p’ < 2, subharmonicity of |u|? and Lemma 5.2 yield
Rav,gVsup|ul < CRavyqV (avuo |u\2)1/2
neQ

which by Lemma 8.2 is bounded by C(aVQQ(V\uP))l/z. Gathering the
estimates obtained for Vv and Vw, the lemma is proved when n > 2.
When n = 1, we have

(wn)'(z) = — / Vg + 20 + wr”

and we obtain readily for x € Q,
W' (z)] < CR(av,g V) sup [ul + C(av,g [w'|2) /.
rQ
The rest of the proof is as before. O

Proof of Lemma 8.5. — Assume n/2 < g < n. The previous lemma
shows that av,q |[Vul? < oo for all 1 < p/ < p. As § = 2¢ > n, Lemma
8.3 applies and using it with k£ = 0 instead of Lemma 8.2 in the previous
argument, we obtain,

(avg |Vw|q*)1/q* < C(av,g |Vul*?) 12
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As the similar estimate holds for v in place of w, we obtain
(avg |Vu\‘f)1/q < Cavug |Vu|2q)1/2q.

Note that this inequality holds not just for @ but for all cubes Q' with 2Q’
contained in the open set where u is a weak solution. As ¢* > 2gq, this set
of inequalities self-improves with 2¢ replaced by any 0 < p < 2¢ (see [22])
and, in particular,
(ave |Vu|q*)1/q < C(avug |Vu\2)1/2.
If ¢ > nand n > 2, then we may as well consider ¢ > n. Then (8.3) becomes
supI < CR av,q V sup |u|
Q nQ

so that the pointwise bound for Vu follows by Lemma 8.3. If n = 1,
we already obtained a pointwise bound for Vu and again Lemma 8.3

applies. O
Proof of Lemma 8.6. — It suffices to incorporate the Caccioppoli in-
equality (8.2) in the inequalities of Lemma 8.6. O
Proof of Lemma 8.7.— It suffices to combine Lemma 8.3 and
Lemma 8.5. ]
Proof of Lemma 8.8. — It suffices to see the case R?avg V > 1. Then,
combine Lemma 8.6, the mean value inequality (8.1) with » = 2 and
Lemma 8.7. U

9. Riesz transforms

This section is concerned with the proof of Theorem 1.2, item 3. We
present an argument inspired by [32] which also gives us a second proof of
part of item 1(%).

9.1. A reduction

We know that it suffices to establish the boundedness of VH~1/2 and
of VI/2H=1/2 on LP for the appropriate ranges of p. As already observed,
the case 1 < p < 2 is already taken care of with no assumption on V. We
henceforth assume p > 2 and V € A..

(5)In this section, LP denotes either LP (R™,C) or LP(R™,C™).

TOME 57 (2007), FASCICULE 6



2008 Pascal AUSCHER & Besma BEN ALI

By duality, we know that H~'/2 div and H~'/2V1/2 are bounded on L”.
Thus, if VH~'/? is also bounded on L”, we obtain that VH~!div and
VH~'V1/2 are bounded on L?.

Reciprocally, if VH ! div and VH1V!/2 are bounded on L?, then their
adjoints are bounded on L? . Thus, if F € C§°(R™, C™),

|H=Y2div F||, = |HY?*H ™ div F||,/
< C(IVH div Fllpy + [VV2H ™ div Fl|y) < C[|F|ly

where the first inequality follows from item 2 of Theorem 1.2. Hence, by
duality, VH /2 is bounded on L”.
The same treatment can be done on V/2H~1/2. We have obtained

LEMMA 9.1. — IfV € Ay and p > 2, the L boundedness of VH /2
is equivalent to that of VH ' div and VH~'V'/2 and the L” boundedness
of VI/2H=1/2 ig equivalent to that of VY/2H V12 and V/2H 1 div.

It suffices therefore to establish part of Corollary 1.5 namely,

PROPOSITION 9.2. — Assume that V € B, for some g > 1. Then for
2 <p<2(g+e), for some e > 0 depending only on V, f € C§°(R",C) and
F € C§°(R™,C™),
IVY2ETVY2f|l, < Gyl fllps VY2H div Fll, < CpllF |l

PROPOSITION 9.3. — Assume that V € B, for some g > 1. Then for
2 < p < ¢* + ¢ for some € > 0 depending only on V, f € C§°(R",C) and
F e C§°(R™,C™),
||VH71V1/2f||p < Collfllp [\ div Fl|, < Cp|[Fllp-

The interest of such a reduction is that this allows us to use properties
of weak solutions of H.

Note that Proposition 9.3 is void if ¢ < anQ as ¢ < 2. Note also that
q* < 2q exactly when ¢ < n/2. In this case, this statement yields a smaller

range than the interpolation method in Section 6.

Proof of Proposition 9.2. — Fix a cube @ and and let f € C§°(R™)
supported away from 4Q. Then v = H~'V'/2f is well defined on R" with
VY 2u||o + ||Vullz < || f|l2 by construction of H and

/VUQD+VU‘VQD:/ Vl/zfga

for all ¢ € L? with |[V1/2p|ls + V|2 < oo. In particular, the support
condition on f implies that u is a weak solution of —Au + Vu = 0 in 4Q,
hence |u|? is subharmonic on 4Q. Let r such that V € B, and note that
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V1/2 € By, (see section 11). By Lemma 5.3 with w = V'/2 f = |u|? and
s =1/2, we have

(aVQ(V1/2|u|)2r) <C av,LQ(Vl/Q\uD.

Thus, (5.1) holds with T = V/2H V2 ¢o = 2r, py = 2 and S = 0. By
Theorem 5.1, VY/2H~1V1/2 is bounded on L? for 2 < p < 2r.
The argument is the same for V*/2H~! div. This finishes the proof. [

7%27 that is ¢* > 2. other-
wise there is nothing to prove. We consider first the operator VH~1V1/2,

Assume ¢ < n/2. Fix a cube @ and and let f € C§°(R™) supported
away from 4Q. Let u = H~'V/2f. As before, the support condition on f
implies that u is a weak solution of —Au+Vwu = 0 in 4Q. Thanks to Lemma
8.4, (5.1) holds with T = VH VY2 gy = ¢* and S = VI/2H- V2 As
S is bounded on L? by Proposition 9.2 and 2 < ¢* < 2¢, Theorem 5.1
implies that VH~'V1/2 is bounded on L? for 2 < p < ¢*. Finally, by the
self-improvement of reverse Holder estimates we can replace g by a slightly
larger value and, therefore, LP boundedness for p < ¢* + ¢ holds.

Assume next that n/2 < ¢ < n. In this case, ¢* > 2¢. Again, we may

1/2r

Proof of Proposition 9.3. — We assume q >

as well assume ¢ > n/2. Then, Lemma 8.5 yields, this time, (5.1) with
T = VH W2 ¢y = ¢* and S = 0. Hence, Theorem 5.1 implies that
VH-'V1/2 is bounded on LP for 2 < p < ¢*. Again, by self-improvement
of the B, condition, it holds for p < ¢* +¢.

Finally, if ¢ > n, then, Lemma 8.5 yields (5.1) for any 2 < ¢g < oo with
T = VH VY2 and S = 0. Hence, Theorem 5.1 implies that VH~1V1/2
is bounded on L? for 2 < p < oo.

The argument is the same for VH ~! div and this finishes the proof. [

10. LP Domains of H and H/?

Proof of Corollary 1.3. — It is known that —A +V defined on C§°(R™)
is essentially m-accretive on LP(R™) if V € Li (R™). The domain of its
extension is {u € LP(R™); —Au + Vu € LP(R™)} with norm |ul, + || —
Au+ Vul,. By (1.1) this norm is equivalent to [Jul|, + ||Aul, + [|[Vul|, on
C5°(R™) when V' € B,,. The result follows. O

Proof of Corollary 1.4.— Let EP(R") = D,(V) N Dy(V¥/?)
= WHP(R™) N LP(R™, VP/?). Let us begin with the following lemma. O

LEMMA 10.1. — If 1 < p < oo and VP/2 € L}, _(R™), then C§°(R™) is
dense in EP(R™).
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Indeed, for p = 2 this is a well-known fact as C3°(R") is a core of the
form domain of —A + V. The proof of this fact (see, for instance, [10, pp.
157-158]) adapts to any p with 1 < p < oc.

We also remark that under the assumption V € L} ., —A + V has a
bounded holomorphic functional calculus on LP(R™) for 1 < p < co ([13]),
and in particular, ||(—A +V + 1)Y2ul|, ~ [|(=A + V) 2u||, + |Ju]|, for all
u € C§°(R™). Thus, it suffices to find the domain of (—A 4+ V 4 1)1/2.

Now, assume V € A and 1 <p <2orV € By, and 2 < p < co. We
have shown that |[(=A + V)2, ~ |Vull, + ||V, for u € C§°(R™).
Thus, using this and the lemma, (—A +V +1)'/2 has a bounded extension
from EP(R™) to LP(R™) and this extension is invertible. This proves the
result.

Remark 10.2. — Tt is not hard to show that the LP-domain (1 < p < c0)
of (—A + V)2 coincides with the domain of the square root of (minus)
the infinitesimal generator of the semigroup (e=*);~( seen as an analytic
and Cy-semigroup on LP.

11. Some facts about A, weights

That V € A, implies V° € By, for 0 < s < 1 was first observed
implicitely in [37]. See also [23]. We give a direct proof for convenience.

PrOPOSITION 11.1. — Let V be a nonnegative measurable function.
Then the followings are equivalent:
(1) VeAs.

(2) Forall s € (0,1), V* € By,.
(3) There exists s € (0,1), V* € Byys.

Proof. — If V* € By, for some s € (0,1), then by the self-improvement
property of the B, class, V* € B,/ for some € > 0. Hence, V' € By,
which implies V' € Ay,. Thus, (2) implies (3) implies (1).

Assume V € Ay and s € (0,1). Since A weights satisfy a reverse
Holder inequality, there is 7 > 1 such that V' € B,.. Hence, for A > 1 and
any cube @, the set Eg = {z € Q; V*(z) > Aavg V*} satisfies

Jea V' c ('EQI>1/T/ :
Jov ~ Vel

Since |Eg| < A7'|Q| by Tchebytchev’s inequality, we obtain || EQV <
CA=YV™ [,V
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Choose A such that CA~Y/"" < 1/2. We have

1
[v=[ vi[ ve<@agvyreeg [v
Q Q\Eo Eq 2 Jq

which yields

1

[2

3

4
5
6
[7
8
[9
(10
[11
[12
(13
14
15
16

[17

avg V < 2(Aavg Vs)l/s.
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