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ON CONTACT P-SPHERES

by Mathias ZESSIN

1. Introduction and generalities.

Contact circles and contact p-spheres are families of contact forms
parametrized by the circle and the p-sphere respectively and have been
introduced by H. Geiges and J. Gonzalo in 1995 (see [4]). These authors
give a fundamental existence theorem for contact circles and closely study
a special class of contact circles with additional geometrical properties (see
also [5]). Their work is about 3-dimensional manifolds.

In the first part of this paper we are interested in invariant contact
circles and contact p-spheres on principal S'-bundles. In this specific
situation we adapt some methods developed by R. Lutz which have been
used to construct the first examples of contact forms on the 5-dimensional
torus (see [9]). They will be particularly helpful for the construction of new
classes of examples. In this work, we will see examples of invariant contact
circles and contact spheres on 3-dimensional principal S'-bundles. In the
second part, we examine the general situation in higher dimensions and
give examples of contact p-spheres there.

In paragraph 2 we start with some examples. In dimension 3, the
most natural ones are found on S*. In paragraph 3, we develop tools to
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1168 Mathias ZESSIN

study invariant contact circles and contact spheres. In paragraphs 4 and
5 we state the main theorems of this first part. They solve the existence
problem of invariant contact circles and contact spheres on principal S'-
bundles over closed, connected and orientable surfaces. In paragraph 6 we
construct examples on all such principal S!-bundles where contact circles
might exist according to the theorems of paragraphs 4 and 5. In paragraph
7 we consider higher dimensions and prove that on manifolds of dimension
4n + 1, contact circles and contact p-spheres do not exist. In paragraph 8
we study round contact p-spheres, that is, contact p-spheres whose Reeb
vector fields are stable under linear combinations within the contact p-
sphere, and in paragraph 9 we give examples of contact p-spheres on the
spheres of dimension 4n — 1. In paragraph 10 we make a connection to
Sasakian geometry, which gives more examples of contact spheres.

Let us now give some definitions and preliminary results.

Let M be a (2n + 1)-dimensional manifold. A contact form on M is
a 1-form w such that w A (dw)™ is a volume form on M. The Reeb vector
field R associated to w is defined by w(R) = 1 and Ridw = 0.

DerFINITION 1. — The set of normalized linear combinations of p + 1
contact forms wy,...,wpy1

p+1 p+1

{ ;AM | ;Ale }

is called a contact p-sphere, if every element of this family is a contact
form. It will be denoted by SP{w1, ... ,wpt1}-

Note that Geiges and Gonzalo call contact circle a pair (w;, ws) of
contact forms whose normalized linear combinations are still contact forms
and contact sphere a triple (wi, wa, w3) of such forms. Here, however,
contact p-sphere will denote the whole family generated by these forms.

In this paper, a contact 1-sphere will be called a contact circle, and
a contact 2-sphere might simply be called contact sphere. Note that each
contact sphere contains contact circles and that in general each contact
m-sphere contains contact n-spheres for n < m.

Following Geiges and Gonzalo, a contact circle or a contact p-sphere
will be called taut, if all its elements generate the same volume form, that
is, if for any element w = A1 wy + Ao wo of, say, a contact circle in dimension
3, the form w A dw does not depend on its coefficients A; and As.
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ON CONTACT P-SPHERES 1169

2. Examples on S and on T°.

We use a quaternionic representation of S* to get the following natural
example of a contact sphere:

In the space of quaternions Hl, the forms

a = <q,dg> = qdg2—q2dq +qadgs — g3 dgs
B = <gqj,dg> = qdg—q3dq +q2dqs —qsdgo
v = <qgk,d¢g> = qzdqgs—qadgs+ q1dgs — qsdq

induce three contact forms a, 3 and v on the unit sphere S*, which are
independent and complementary in the sense that their Reeb vector fields
give an orthonormal basis of the tangent space TpS3 at every point p € S*
with respect to the induced Euclidean metric.

Any form

3
G=Ma+XA B+ X3 with Y AF=1

=1

satisfies
OANdoA (rdgr + q2dge + q3dgs + qadgs) = dg1 A dga A dgs A dyy,

which is non-zero everywhere. Hence the induced form w = Ay a+As B+A37y
is a contact form and w A dw = o A da.. This gives a taut contact sphere. It
is also round in a sense defined in paragraph 8.

We also observe that the forms «, 8 and v are invariant with respect
to the vector field X induced by

0 0 0 0

— R + - -
q1 04 q2 o g3 ) q4 8%,

which is the Reeb vector field of the contact form & induced by < iq, dg >
on S%. The orbits of X are the fibres of a principal Hopf fibration of S
over S? with fibre S! and connection form &. In this case, S%{a, 3,7} is an
invariant contact sphere on this S'-bundle.

S* cH
“(q):q”l N
S2
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1170 Mathias ZESSIN
Another quite natural example of contact circles can be found on T?,

with pseudo-coordinates (01, 02, 63). On this torus, consider the forms

w1 cos (n6y)dfs + sin (n 0)dos
we = —sin(n6;)dby + cos(nb)dbs,

for some non-zero integer n. Setting w = A\ wy + Agwa, with A2 + A3 =1,
we get

wAdw = —nd@l A\ d02 A d93

Thus for any n, w; and wy generate a taut contact circle. We can observe
that wy; and w9 and thus all elements of the contact circle are invariant with
respect to the vector fields 8%2 and aie?,' So these contact circles are even

invariant with respect to the corresponding TZ-action.

3. Singular sets and knotted fibrations.

In this paragraph we develop tools to study invariant contact circles
and contact p-spheres on principal S*-bundles over connected closed man-
ifolds. We first examine singular sets associated to invariant contact forms
in this context and then consider these sets as knots of knotted fibrations.
This approach allows great insight into the topology of invariant contact
circles and contact p-spheres.

Consider a (2n + 1)-dimensional manifold M, which is a principal
S'-bundle over a (2n)-dimensional manifold B with connection form c.
Assume that B is a compact, connected, orientable manifold without
boundary. Then for each invariant form w on M, there is a form 7 and
a function ¢ on the base space B, such that

w="1"(n) +7"(p)a,

where 7 is the bundle map.
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ON CONTACT P-SPHERES 1171

We have the following technical lemma:

LEMMA 1. — Let SP{ws,...,wpt1} be an invariant contact p-sphere
on M and assume that for each i,

wi =7 (n;) + 7 (i)

for some forms and functions n; and p; on B. Then for any coefficients
(A1, oy Apg1) with ijll A\? =1, the expressions

p+1 p+1

(1) D Nigiand Y\ dyp;
=1 =1

do not vanish simultaneously at any point of B.

Proof. — This is an immediate consequence of the contact property
of linear combinations of the forms wy, ... wp11. Indeed, for w = Zfill i Wi,

we have

p+1 p+1 p+1 p+1 p+1

Adw)™ = QO NmiAd_ Xiws )ANQ Admit ) Nidpina+) i da)”,
i=1 =1 i=1 i=1 i=1

This term equals
p+1 p+1

O xima) A Xidm)™,
i=1 i=1

at points where the expressions (1) vanish simultaneously. But a (2n + 1)-
form on By, is zero. This contradicts the assumption that SP{w1,...,wpt1}
is a contact p-sphere and proves the lemma. O

Let us now define on the base manifold the singular set associated to
a given invariant contact form on M, following R. Lutz (see [8]).

DEFINITION 2. — Let w = 7n*(n) + 7*(¢) a be an invariant contact
form on an S'-bundle M over a manifold B. The singular set associated to
w is the set ¥, = ¢~ 1(0) on B.

We now prove some fundamental properties of the singular sets of
invariant contact circles and contact p-spheres on a principal S'-bundle M
over a closed connected manifold B.

TOME 55 (2005), FASCICULE 4



1172 Mathias ZESSIN

ProrosiTiON 1. —
i) The singular sets are submanifolds of B.

ii) If M admits an invariant contact circle, then each point of B lies on
the singular set of some element of this contact circle.

iii) The singular sets of two forms of the same contact circle or contact
p-sphere are isotopic.

iv) The singular set of an element of an invariant contact circle or contact
p-sphere is non-empty.

v) The singular sets of two different and non-opposite elements of an
invariant contact circle or contact p-sphere intersect transversally.

Proof. — According to R. Lutz ([8]) (or to Lemma 1 in the particular
case of p = 0), dy does not vanish on ¢~1(0), if w = 7*(n) + 7*(¢) « is
an invariant contact form on M. Thus the corresponding singular set is a
submanifold of B.

Let wy and wo generate an invariant contact circle on M. Writing, for
i=1,2,
wi =" (1) + 7 (i) e,

an arbitrary element of the contact circle will be

w = sin (§) w1 + cos (6) wa
=7*(sin () m + cos (0) n2) + 7™ ((sin (0) p1 + cos (0) p2)) a
=m"(n) +7"(p)a.

Thus, for any values ¢1(p) and p2(p), there is some 6 € [0,27] such that
¢(p) = 0.

This argument shows also that in any contact circle there are elements
whose singular sets are not empty. On the other hand, according to
[6] (see also [10]), the contact structures associated to elements of one-
parameter-families of contact forms are isomorphic. Obviously, contact
circles are special one-parameter-families, so the corresponding structures
are isomorphic. The isomorphisms are equivariant, as explained in [8], so
the singular sets of elements of a contact circle are isotopic. Thus any
element of a contact circle has a non-empty singular set.

In contact p-spheres, p being an arbitrary dimension, any two different
and non-opposite elements generate a contact circle, so their singular sets
are non-empty and isotopic, too.
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ON CONTACT P-SPHERES 1173

Finally, at a point where the singular sets of two different and non-
opposite elements wy; = 7 (1) + 7*(¢1) @ and wy = 7*(n2) + 7 (p2) a of
an invariant contact circle intersect, we have ¢1 = 9 = 0, so by Lemma
1, the forms dy; and dys are linearly independent, hence the intersection
of ¥, and ¥, is transversal. |

One way to study singular sets and thus invariant contact p-spheres
is to consider their associated knotted fibrations. This viewpoint is due to
R. Lutz and generalizes J. Milnor’s open book constructions in the context
of invariant contact forms. It means the following (see [9]):

DEeFINITION 3. — (B, ¢, N) is a knotted fibration along N over skt
if
1. B is a connected, orientable, compact manifold
N is either empty or a closed codimension-k-submanifold in B

¢ : B\ N — S*! is a locally trivial fibration

N

If N is non-empty, there exists an open neighborhood W of N and a
diffeomorphism h : N x D¥ — W, where DF is the unit disk of R¥,
such that h(z,0) = z on N x {0} and such that the following diagram

commutes: L

N x (DF\{0}) " wW\N

proi. | o]
DR\ {0} LT, gkl

N will be called the knot and ¢~!(p) will be called a fibre of the
knotted fibration, for any point p € sk-1,

As an example in dimension 3, we can consider singular sets associated
. . . 1 .
to invariant contact p-spheres on principal S*-bundles over surfaces in
different ways:

e Given one contact form w = 7*(n) + 7*(¢)a, the singular set
Y, = ¢ 1(0) is a curve on the base space and defines a knotted
fibration over S with knot ¥, and two fibres determined by the sign
of the function ¢. These fibres are well defined (see [8]).

e For a contact circle generated by two invariant contact forms wy and
wy, the intersection X of the associated singular sets ¥, and X, is

TOME 55 (2005), FASCICULE 4



1174 Mathias ZESSIN
finite. ¥ is the knot of a knotted fibration of B over S', whose fibres
are curves starting and ending at points of 3.

e In the case of an invariant contact sphere with generating forms wy, ws
and wg, there is no common singular set, which is due to Lemma 1,
but we can consider an associated knotted fibration of M over S? with
empty knot and fibres which are finite subsets of B.

These are special cases of the following fibration theorem which gives
this decomposition in full generality:

THEOREM 1. — Fibration theorem

Let M be a (2n+1)-dimensional principal S'-bundle over a closed con-
nected base manifold By, with connection form o and let SP{w1,...,wpt1}
be an invariant contact p-sphere on M. Write w; as w; = 7*(n;) + 7 (p;) a,
for i=1,...,p+1, and let & = ﬂf;rll ©:1(0) be the intersection of the singu-

lar sets of the generating forms. Then for r = \/Zf;l 02,

©1 Pp+1
B, (—,..., /)%
(B, (£, 225y

defines a knotted fibration over S”.

Proof. — According to [9], it is enough to show that the map

o= (2. By g\ s

r

is of rank p everywhere and that at any point of 3, we have

ngl/\.../\ngp+17£0.

The first condition is a consequence of Lemma 1. Indeed, we show
that if @ is not of rank p, then there are coefficients (Aq, ..., Ap41) with
SPHEA2 = 1, such that

p+1 p+1
Z )\igoi =0 and Z)\z d@i = 0,
i=1 i=1

at some points of B\ ¥, which is excluded by Lemma 1.
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ON CONTACT P-SPHERES 1175

On a point & € B\ X, at least one of the functions ¢; does not vanish.
Assume that ¢p41 is non-zero. Then the rank of ® is given by the rank of
©
the system (d(2*),...,d(=2)).
Assume now that there is some point € B\ ¥ and p real numbers
Iy ,up, such that >7 | p;d(£) = 0. Differentiating this and using

dr =+ (Zerll widp;), we get

p+1

p p
- %(;uid% g P20 ar =" Nidg,

i=1

where we set \; = £ — ( ?:1 Bigiyei fori = 1,...,p and A\pyq =
—(0ho, B )L ps1. With the same coefficients, we have now
= L0 N aN P N i P
i 2 J ¥ v 2
T ST SR SIS SN
i=1 =1 j=1 i—1
P 1L; i p+1
_ i Pi, 2 2
= e Gl >4
i=1 Jj=1
=0.

The second condition is another consequence of Lemma 1. As on X
the functions ¢; vanish, any expression Zf;l i dg; is non-zero by Lemma
1. Thus the forms {dy;, i = 1...p + 1} are linearly independent on X,
hence dp1 A ... Adppy1 # 0 on X. This completes the proof. O

CoRrROLLARY 1. — Let S} {w1, wa} be an invariant contact circle on an
S'-bundle M over a closed connected surface B with common singular set
Y. Then B\ ¥ fibres over S*.

This corollary is a useful tool in certain situations. It gives us some
additional information about the singular sets associated to invariant
contact circles on principal S'-bundles over surfaces, for example the
following properties.

ProprosiTION 2. —

a) The singular set ¥, of an element w of a contact circle generated by
w1 and wy on a principal S'-bundle over S? is a topological circle and
the singular sets of two different and non-opposite elements intersect
in two points.

TOME 55 (2005), FASCICULE 4



1176 Mathias ZESSIN

b) The singular set ¥, of an element w of a contact circle generated by
wy and wy on a principal S*-bundle over T? is the union of an even
number of topological circles and the singular sets of two different
and non-opposite elements do not intersect.

Proof.— In the case B = S?, it is enough to show that X, is a
topological circle. As it is a non-empty submanifold of S, it is a union
of topological circles. To see why 3, can not have several connected
components, we first observe that the common singular set ¥ = X, N3,
is the union of two points, as S* \ ¥ fibres over S', and that the fibres are
non-closed curves starting and ending at different components of X. As the
fibration map is ® = (£+, £2), where r = /] + @3, X, \ ¥ is the union

of two fibres which are given by ®~1(0,1) and ®~1(0, —1) and which meet
on ¥. Thus ¥, is a topological circle.

In the case B = T2, the common singular set X is empty, as T? \ X
fibres over S'. So the singular sets of linearly independent elements of an
invariant contact circle over T? do not intersect. As before, the singular set
of an element w is non-empty and the number of its components is even,
because the sign of the corresponding function ¢ is different in adjacent
regions of T2 \ ¥, and because the components of ¥, do not bound disks,
as there is an isotopy which carries any such component into itself, filling
the whole torus on the way. O

4. Invariant contact circles in dimension 3.

We are now looking for principal S'-bundles over orientable, con-
nected closed surfaces which admit invariant contact circles. It is in fact
the base manifold that carries all the information with respect to this ques-
tion. We have the following theorem:

THEOREM 2. — Let M be a principal circle-bundle over an orientable,
connected closed surface B. There exists an invariant contact circle on M
if and only if the base space B is either the 2-sphere or the 2-torus.

Proof (necessary part).— Here we prove that only principal St-
bundles over S? or T? might carry an invariant contact circle. The converse
will be proved in a constructive way in paragraph 6.

ANNALES DE IINSTITUT FOURIER
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Let w1 and wo generate an invariant contact circle on M. The singular
sets X, and X, are unions of topological circles on B. By Corollary 1,
the complement of their intersection ¥ fibres over S*.

If ¥ is empty, B is an orientable, connected closed surface which fibres
over S!, thus the torus T2.

If ¥ is non-empty, it is a finite union of points, as we have seen in
paragraph 3. According to the Fibration theorem 1, each component of X
has a neighborhood which is diffeomorphic to a disk and each radius of this
disk corresponds to a different fibre of the associated knotted fibration over
S'. As each fibre starts and ends at two different components of 3, & has
at least two components. B\ X is a locally trivial fibration over S, so for
reasons of continuity all fibres starting at a given component of ¥ end at
the same component of 3. With these restrictions the fibred surface can
only be a twice punctured sphere, that is, B = S°. O

5. Invariant contact spheres in dimension 3.

For invariant contact spheres on principal circle-bundles over ori-
entable, connected closed surfaces, the possibilities are even more restricted,
as any contact sphere contains contact circles. In fact, contact spheres
do not exist on principal circle-bundles over 2-tori, only on those over 2-
spheres. We have the following theorem, analogous to the one in section 4:

THEOREM 3. — Let M be a principal circle-bundle over a connected,
orientable closed surface B. There exists an invariant contact sphere on M
if and only if the base space B is the 2-sphere.

Here again, we will only prove that the condition is necessary, whereas
the constructions in paragraph 6 will prove that it is also sufficient.

Proof of theorem 3 (necessary part). — By Theorem 2 it is clear that
the base space can only be S? or T2. Let us see why it can not be the torus.

Assume that wq, we and w3 generate an invariant contact sphere on
a principal circle bundle M over T?, with w; = *(1;) + 7*(¢;) o, for
i =1,2,3. We show that there exist two forms in the contact sphere whose
singular sets intersect, which contradicts Proposition 2.

TOME 55 (2005), FASCICULE 4



1178 Mathias ZESSIN

Remember that the singular set of any element of the contact sphere
is a non-empty union of topological circles on B, as we have seen in
paragraph 3.

Let I' be one connected component of ¥, . By Proposition 2, the
singular sets of two elements of the contact sphere do not intersect, so
the function ¢ associated to an arbitrary element of the contact sphere is
everywhere non-zero on I', except for ¢; and —¢;. Let w be an element of
S2{w1, wa, w3} other than wy and —w; and let

3 3
(2) w= Z)‘i @i, Where Z)\ZQ =1land A\ ¢ {—1,1},

i=1 i=1

be the associated function on the base space. We can assume that ¢ is
positive on I'. Then there is a path on the unit sphere of triples (A1, A2, A3)
relating the coefficients of ¢ in expression (2) to those of —¢ which does
not take the values (1,0,0) or (—1,0,0), the coefficients of +¢;. This path
corresponds to a path in S2{w;, ws, w3} connecting w and —w and avoiding
wp and —w;. Thus we continuously transform ¢, which is positive on I, into
—, which is negative on I'. Then there is an intermediate function ¢, which
corresponds to some element © of S?{wy, wa, w3} and which has zeros on
T'. Thus I and X intersect. ]

6. Construction of examples.

In the preceding paragraphs we proved necessary conditions for the
existence of invariant contact circles and contact spheres on principal S'-
bundles over surfaces. We will now see that they are also sufficient. On any
manifold mentioned in Theorems 2 and 3, that is, on principal S*-bundles
over S? or T?, examples can be constructed.

Consider a principal circle-bundle M over S* with bundle map 7 and
connection form a and three functions @i, ¢ and @3 on S? such that
> 9?2 =1 everywhere. We define the following 1-forms on M:

wi = T (padps —p3dp2) + 7 (p1) ka
wy = 7 (p3dpr — p1dps) + T () ko
wz = T (p1dps — padpr) + T (03) ka,

where k is a real number.
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LEmMA 2. — Consider the form w = A\ w1 + Ay wa + A3 w3 for some
A1, A2, A3 such that > A7 = 1. Then we have the formula:

3
wAdw = ]“T*((Z Ai pi) (A1 dpa Adps + Ao dipz N dpr + Az dpr Adip2)) A
1=1
3
HETH (@M () Aa+ B 7 ()] Mg Ada
i=1

where § is the Euclidean volume form on S? and ® = (1, @2, @3) : S* — S%.

Proof.— This is an easy, though lengthy calculation using the iden-
tities D-A2 =1, Y. p? = 1 and ®*(Q) = p3dp1 A dpa + prdps A dps +
padps A dp1 and the fact that da is an horizontal form. The only form
involved which is not a pullback from S? is a. O

This lemma gives us the possibility to construct contact spheres on
principal S*-bundles over S?. Indeed, up to an adjustment of the connection
form «, the forms (wq, wa, ws) given above generate a contact sphere for
the right choice of k and of the functions (¢1, @2, ©3).

Consider a function triple (¢1, @2, ¢3) such that Z?:1 0? =1 and
which defines a knotted fibration of S? over S?, i.e. the corresponding
common singular set ﬂle ©;1(0) is empty and ® = (p1, 2, 3) is of
rank two everywhere. As the structural group of the fibration is abelian,
the form da is horizontal, thus there is a 2-form v on the base space B,
such that da = 7*(v). Since ®*(Q) is a volume form on S?, there is a
function f such that v = f ®*(Q2) and some functions C1, Cs, Cs, such that
dQOQ A ngg = Cl (I)*(Q), d§03 A ngl = CQ (D*(Q) and d(pl A dQOQ = Cg (I)*(Q)
The right hand expression in Lemma 2 now becomes

3)
3 3
k(r* ((1+k f (Z Xi i)+ (Z Ai 0i) (A1 C1+ A2 C2 + A3 C3)) % (Q)) Av).

=1 =1

To make this form a volume form, we observe that the function
(Z?:l Ai 0i)( A1 C1 + A2 Co + A3C3) is bounded on S? and that it is
thus sufficient to choose k large enough and of the right sign, if f is
a non-vanishing function of constant sign. Next, we notice that adding
Js2 727 @

[z 2" (@) — f to f makes f a constant function.
S2

the function h =

TOME 55 (2005), FASCICULE 4



1180 Mathias ZESSIN

This is possible, for the following reason: the form n = h®*(Q) satisfies
fS2 n =0, so 7*(n) is an exact form on M and there is a 1-form £ such
that dé = 7*(n). The fibration of M over S? is characterized by the value
of sz v, where 7*(v) is the differential of the connection form, so a + £ is
another connection form of the same fibration. Thus replacing o by a + &
changes f into a constant function, without modifying the fibration.

Now assume f to be constant. If f is not identically zero, choosing k
large enough and of the same sign as f makes the expression (3) a volume
form. If f = 0, then the manifold M is equivariantly diffeomorphic to
S? x S! and there are known examples of invariant contact spheres on
such manifolds (see [5], p.274). This gives us examples of invariant contact
spheres on all principal S'-bundles over S°.

Let us now construct examples of invariant contact circles on principal
S'-bundles over T?. In this case we consider the following 1-forms on M:

w; = 7 (cosbrdbz)+ 7 (sinbh) ka
we = 7*(—sin6 dby) + 7*(cosby) ka,

0, and 0, being pseudo-coordinates on T?, o a connection form for the
fibration of M over T? and k a real number. Setting w = Aj w1 + Ag wo, we
get the formula

(4)  wAdw=—kdf Adby A+ E*(\ sinfy + Ay cosbp)’a A da.

Similarly to the previously discussed case, there is a function f such that
da = fdfy Adbs, and we can assume that f is constant, up to a modification
of a by addition of a 1-form whose differential comes from a basic 2-form
integrating to zero over the torus. Thus, (4) becomes

(5) wAdw = k(k f (M sinf 4+ Ay cos0;)? —2)db; A dbs A a.

It is now obvious that it is enough to choose k non-zero and such that k- f
is not positive to make w A dw a volume form, for any coefficients (A1, Az2).

It may be interesting to see that a contact circle obtained by this
construction is taut only if f is identically zero, that is, for M = T®.

The above construction leads to the following proposition, which gives
examples of invariant contact circles and contact spheres on all manifolds
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ON CONTACT P-SPHERES 1181

mentioned in Theorems 2 and 3. Thus it finishes the proves of these two
theorems.

PROPOSITION 3. — Let M be a circle-bundle over S* with connection
form o and @1, o and @3 three functions on S® such that Sp? =1
everywhere and which define a knotted fibration of S* over S%. Then there
exist a real number k and a 1-form £ on M, such that the 1-forms

wi = 7w (p2dps — @3dps) + 7 (p1) k(a+§)
wy = 7 (p3dpr —p1des) + 7 (p2) k(a +§)
wz = T (p1dps — padpr) + T (03) k(a+§)

generate an invariant contact sphere on M.

Similarly, if M is a circle-bundle over T? with connection form & and
pseudo-coordinates 601, 62 on T2, then there exist a real number k and a
1-form & on M, such that the 1-forms

w1
w2

generate an invariant contact circle on M.

m*(cos 01 dbs) + m*(sinb:) k (& + ~)~
7*(—sin 01 dfy) + 7*(cos 1) k (& + &)

7. Non-existence of contact p-spheres in dimension 4n + 1.

We now consider the situation in higher dimensions. It quickly be-
comes obvious that in dimension 5 it is not easy to construct contact cir-
cles, although there are, of course, 5-manifolds admitting contact forms. In
fact, we prove the following:

TueorREM 4. — On 5-dimensional manifolds, and more generally
on (4n + 1)-dimensional manifolds, contact circles and a fortiori contact
p-spheres do not exist for p > 1.

Proof. — Let (w1, w2) be a pair of contact forms on a 5-dimensional
manifold M. It generates a contact circle if w = A\j wy + A2 wo is a contact
form for any (A1, A2) with A7 + A3 = 1, that is, if

2
WA (dw)? = > N A (Wi A dwj A duwy)
4,7, k=1

is everywhere non-zero.
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Now fix a point x € M and five linearly independent tangent vectors
(’1}1,..., ’U5) S %(M)

and consider the function

R? — R
2
()\1, )\2) — Z Y )\j Ak (wi A dwj A\ dwk)w<’l)1,..., ’1)5),

i\j,k=1

which is a homogeneous polynomial function of degree 3. It has zeros on
the unit circle of R? (if it is positive at some point of the circle, it is
negative at its antipode), so S}{w;, wa} cannot be a contact circle, as for
the corresponding coefficients (A1, A2), w A (dw)? is not a volume form.

In general, pairs of contact forms in dimension 4n + 1 give us
polynomial functions of degree 2n + 1, which is odd, so they necessarily
vanish on the unit circle of R2. Thus, contact circles do not exist in these
dimensions.

On the other hand, in dimension 4n — 1, these polynomial functions
are of degree 2n, which is even, so there is no restriction to the existence
of contact circles in these dimensions. O

8. Round contact p-spheres.

Let us now consider contact p-spheres with a special regularity
property. H. Geiges and J. Gonzalo call a contact p-sphere taut if all
elements yield the same volume form. We introduce a more geometrical
property which is equivalent to tautness in dimension 3, as we shall see.

8.1. Definition and examples.

DerINITION 4. — Let {wi,...,wpt1} generate a contact p-sphere
and let Ry,...,Rpy1 be the corresponding Reeb vector fields. Then
SP{wn,...,wpy1} Is called a round contact p-sphere if any form Ef;l i w;
with P41 A2 = 1 admits 3P4 \iR; as its Reeb vector field.

So the Reeb vector field of a linear combination of elements of a round
contact p-sphere is the corresponding linear combination of the Reeb vector
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fields of these elements. This is a strong restriction and quite useful for
computations.

We have the following characterization of round contact p-spheres:

LemMA 3. — Let {wn, ..., wpt1} generate a contact p-sphere on some
manifold M and let Ry, ..., R,1 be the corresponding Reeb vector fields.
Then SP{wi, ... ,wpt1} Is round if and only if the following conditions are
satisfied:

j) wi(Rj) —l—wj(Ri) =0, fori,j € {1,...7p—|—1}, i1#£ ]
11) Rl'de]' +Rj_,dw¢ = O, fOI' Z,] € {17,p+ 1}

Proof. — Consider a contact form w = Zf;l \; w; with normalized
coefficients. R = Zf:ll Ai R; is the corresponding Reeb vector field if and
only if

a) (X7 Niw) (7 ARy =1

b) (75 A Ri)o(12) A dwi) = 0.

Condition a) means that »>,_; \Aj(wi(R;) + w;(R;) = 0. If
SP{wr,...,wpy1} is a round contact p-sphere, this equality is true for any
normalized (p+ 1)-tuple of coefficients (A1, ..., Ap+1). Considering the left-
hand side as a homogeneous polynomial on S”; we conclude that all coef-
ficients must be zero, that is, condition 4) is satisfied. The converse is of
course true.

The equivalence of conditions b) and i) is proved in the same way. O

Remark. — This lemma shows that a contact p-sphere is round if
and only if every contact circle it contains is round. The same is true for
tautness. So to show that a contact p-sphere is round or taut, it is enough
to examine contact circles for this property.

Examples. —

1. We have mentioned an example of a round contact 2-sphere on S?
in paragraph 2. Indeed, consider S as the unit sphere of the group
of quaternions H and the contact sphere generated by wi, ws and ws
induced on S* by

w1 = < 1iq,dq >
wa = <jg,dg>
w3 = < kg, dqg>.
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The corresponding Reeb vector fields are

Rl = ’Lq
Ry = Jjq
R3 = k’q.

Using Lemma 3, we can check that this contact sphere is indeed round:

In this example, the Reeb vector fields of wy, we and wg are also their
dual vector fields, so w;(R;) = d;;. So condition 7) is satisfied.

On the other hand, as dwy = —dgAidq and dws = —dg A jdq, we have
Rooduiy =qjidg+ddijq
Ry,dis =qijdg+dgjiq
=—(qjidg+dqijaq).

So Roidwy + Ryadwy = 0 and the remaining relations of condition
i1) are obtained in the same way.

2. There is also an example of a round contact circle on T®. Indeed, the

forms
cos 01 dfy + sin 6y dbs

w1
wy = —sinfy dbfy + cos by dbs

generate a contact circle and their Reeb vector fields are respectively
{R1 = 005913%2+Sin913%3

Ry = —sinf, 8%2 + cos b 8%3'

Once again, we have w;(R;) = d;;, for i, j = 1,2. So condition ) of
Lemma 3 is satisfied. Moreover, we have

dwy = —sinf;df; A dBy + cosbq db; A dbs
dwy = —cosfydf; Adby — sinfy db; A dbs,
$0 Ry .dwy = dfy = —Roodw; and condition 47) is also satisfied.

8.2. Round < taut in dimension 3.

We now prove that in dimension 3, roundness is indeed equivalent to
tautness. This gives us the possibility to have different viewpoints on the
same property. Let us first prove the following lemmas:
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LEMMA 4. — The Reeb vector fields of two generating elements of a
contact circle are everywhere linearly independent.

Proof.— Let w; and ws generate a contact circle and let R; and
Rs be the corresponding Reeb vector fields. Assume that in some point p,
(R1)p and (Ra2), are parallel. Then dw(R1), = 0 and dws(R1), = 0, so
dw(R1), = 0, for any linear combination w of w; and wy. Thus the Reeb
vector fields of all elements of the contact circle are parallel to R;. Now,
the Reeb vector field of —w;, which is an element of the contact circle, is
— Ry, and as the Reeb vector field depends continuously on the coefficients,
there must be some form in the contact circle with a Reeb vector field of
length zero. This is of course impossible. O

THEOREM 5. — On a 3-dimensional manifold M, a contact circle (resp.
a contact sphere) is taut if and only if it is round.

Proof.— Let us first see that taut contact circles are round. Let
SHwi, wa} be a taut contact circle, that is, satisfying
(6) w1 N dwi = wa A dwo
w1 N dws = —wso A dwq

and let R; and Ry be the corresponding Reeb vector fields. Applying the
first equation of (6) to the couple of vectors (R;, Rz), we get

Ri.dws + Roadwy =0,

which is the second condition of roundness of Lemma 3. Applying the
second equation of (6) to the couple (R;, Rz) and using the previous
relation, we get

(RlJ dw2)(wl(R2) + LOQ(Rl)) =0,

which gives us the first condition of roundness of Lemma 3, if we are sure
that Rj.dws never vanishes. But this is granted by Lemma 6. So taut
contact circles are round.

It is now immediate that taut contact spheres are round, because
the roundness conditions of Lemma 3 carry on pairs of generating contact
forms. So if two generating forms of a contact sphere satisfy the tautness
condition (6), then they also satisfy the roundness condition, as we have
just seen.
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Let us now see that round contact spheres are taut. Let (w1, wa, w3)
generate a round contact sphere and consider an element w = E?Zl i Wi
By assumption, the corresponding Reeb vector field is R = Z?Zl i R,
where R; is the Reeb vector field of the form w;. Thus non-trivial linear
combinations of Ri, Ry and R3 never vanish, so R;, Ry and R3 are
everywhere linearly independent vector fields, hence a coordinate system
on M. To prove that S?{w;, wa, w3} is taut, it is enough to show that
w A dw(R1, R, R3) is independent of the coeflicients (A1, A2, A3). An
evaluation of the relation Ro.dwi; + Riodws = 0 on the vector field Rs
yields

dwl(RQ, R3) = dUJQ(Rg, Rl),

and by an analogous evaluation we get

dwl(RQ, R3) = dwg(Rl, Rg)

So we have

wAdw(Ry, Ra, R3) = (M w1+ Aaws + Azws)
A (A1 dwy + Ao dws + A3 dws)(R1, R, R3)
= Mdwi(Rz2, R3) + N3dws2(R3, R1) + Ajdws(R1, Ra)
= dwi(R2, Rs3),

where the second step is due to the preceding relations and Lemma 3. This
expression does not depend on the coefficients (A1, Az, Az).

It remains to show that round contact circles are taut in dimension
3. So let wy and wy generate a round contact circle and let R; and Rs
be the corresponding Reeb vector fields. By Lemma 4, Ry and R, are
everywhere linearly independent, so we can find a third vector field X
to make (R, Ra, X) a basis of the tangent bundle. An evaluation of the
relation Rq.dws + Roadwy =0 on X gives us

dwl(Rg, X) = dwg(X, Rl)

Now an analogous calculation as in the case of contact spheres shows that
the contact circle is taut. O
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8.3. Round vs taut in higher dimensions.

In dimensions higher than 3, roundness and tautness are not equiva-
lent. In fact, from dimension 7 on, there is an essential difference between
the two notions, due to the powers of the differentials which appear in the
definition of tautness and not in the definition of roundness. To illustrate
this difference, let us consider the situation in dimension 7.

A contact circle S}H{w;, wy} defined on a 7-dimensional manifold is
taut if the following four equalities are satisfied:

w1 A (dw1)3 ] A (d(.«.)g)g =
3wo A dwsy A (dw1)2 + 3wy Adwy A (dw2)2 — 2w A (dw1)3 =
w1 A (dWQ)3 + 3(.4)2 A dw1 AN (dw2)2
wa A (dw1)3 + 3(.4]1 A dWQ AN (dw1)2

(7)

Il
S oo o

On the other hand, if S}{ws, we} is taut and round, we have the
following equalities, which are necessary, but not sufficient:

(8) (dw1)3 —3dwi A (dw2)2 = 0
(dw2)3 — 3dwa A (dw1)2 = 0.
This can be seen as follows: Let wg = cosOw; + sinfws be an element

of SH{wy, wa} and note Q = wy A (dwy)®. As SH{w, wa} is taut, we have
wy A (dwg)® = Q, and thus (dwy)® = Ry, where Ry is the Reeb vector
field of wy. This relation leads to the conditions (8).

The systems (7) et (8) are not of the same nature, as the equations
of the first one are of degree 7 and those of the second one are of degree
6. So in general, a contact circle which satisfies (7) will not satisfy (8). In
dimension 3, the corresponding equations of (8) are trivial, this is why we
have equivalence of tautness and roundness in dimension 3.

The following counter-examples prove that in dimension 7 there is no
implication between tautness and roundness:

1. The contact circle on R” generated by the forms

wy = x1dxo+ x3dry + v5dre + day
Wy = 7(1754’176) dIg — Xy dI4+ (1‘1 +l‘3)dl‘6+l‘1 dl‘7 7d172

is round and not taut.
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2. The contact circle on R” generated by the forms

w1 = x1dxe+ x3dry + x5dTe + dTy
wo = x5dxy — x3dTg6+ (331 + .’L‘3) dry — dzo

is taut and not round.

9. Examples of contact p-spheres in higher dimensions.

We have seen that contact circles do not exist on manifolds of
dimension 4n + 1. In the other odd dimensions, however, many interesting
examples of contact p-spheres can be found. A first family of manifolds
where contact p-spheres are likely to be found easily are the spheres of
dimension 4n — 1.

On the spheres, we have a natural upper bound of the size of contact
p-spheres, given by Adams’ formula. According to Adams, there do not
exist more than p(n) continuous unitary vector fields on S”!, which are
everywhere linearly independent, where

p(n) =2°+8d — 1, with n = odd - 274, ¢ < 3.

This means of course that there can not be more than p(n) everywhere

linearly independent contact forms neither. So on $*"~*

can only exist for p < (p(4n) — 1).

, contact p-spheres

On the other hand, there are works of B. Eckmann, relying on ideas
of A. Hurwitz and J. Radon, leading to the following theorem:

THEOREM 6. — On S* ™!, there exists a contact (p(4n) — 1)-sphere,
forn > 1.

Proof. — According to B. Eckmann (see [7]), there exist, for each in-
teger n, p(4n) antisymmetric matrices Ay, ..., Ayn) of O(4n,R), such that
the vectors (A12)s, ..., (Apn)T)s are linearly independent everywhere on
the unit sphere of R*", that is, Eckmann gives a realization of the maximum
number of such vector fields given by Adam’s formula. The same matrices
can also be used to construct a contact (p(4n) — 1)-sphere on S, as we
will see now.

ANNALES DE IINSTITUT FOURIER



ON CONTACT P-SPHERES 1189

The matrices Ay, ..., Ay4y) satisfy the relations

(9) {AZAJ + AJAZ = 0, 7 75 ]

A2 =-Id,i=1,...,p(4n),
that is, they generate a Clifford algebra.
Now define p(4n) 1-forms on R*" by

4n

(@) =< Ay, dx >= Z ai,sxsd:cr,

r,s=1

where 4; = (al,)rs=1...4n-

S4n—1

These forms induce some forms w; on , which are contact forms:

as each matrix A; is orthogonal and antisymmetric, there is an orthogonal
basis of R*" in which A; becomes

0 -1
1 0

In this basis, we have

2n
< Ajr,dr >= Z(xziqum — x2dToi—1),
i=1
which induces a contact form on S**71.

Moreover, and quite surprisingly, these p(4n) contact forms generate
a (p(4n) — 1)-contact sphere on S*"~!. Each matrix

p(4n) p(4n)

D AiAi with Y N =1
i=1 =1

is indeed antisymmetric and it is orthogonal as well, as

p(4n) p(4n) p(4n)
FOY S NADD D NAi) == D0 ATAT =D NN (A + A A)
=1 i=1 i=1 1<j
= Id.
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p(4n)
i=1

1=

So the corresponding 1-form < > AiA;x, dx > induces a contact

form, as we have already seen. O

This theorem gives us examples of contact p-spheres on S~ with
p > 2 for any n > 1. According to Adams’ formula, we have p(4n) =
2¢ 4+ 8d — 1, where 4n = odd - 20+4d, ¢ < 3. In our situation, we have ¢ > 2
or d > 1 and in both cases p(4n) > 3, which means that on 84"_1, there is
a contact p-sphere generated by at least 3 contact forms.

It may be interesting to see that these examples are round and taut.

Indeed, if we consider a contact circle S}{ws, we} which is contained
in one of these examples on some sphere S* !, the Reeb vector field of a
form w; induced by (&), =< A;z,dx > on st—t g (R;)z = (A; ). Then
we have

(:Jl(Rg) = <A .Z‘,AQLB > = < —-Ay Ay z,x> = 0
(:JQ(Rl) = < A, .’L‘,Al.’lﬁ > = < —A1 A, z,x> = 0
(RQJd(:}l)a; = t.TAl Ag dr = —t$ A2 Al dzx = _<R1Jd(:)2)z,

so SHwi, wa} is round.

Now consider an element of the contact circle
W =AWy + Awy with )\%"‘)\% =1.

w is induced by (@), =< (A1 A1 + A2 Ag)x, dx >. There is an orthogonal,
thus volume preserving coordinate change which transforms the matrix
A1 A1 + A2 As into the matrix (10). Thus w defines the same volume form
as w1 and S}H{wy, wa} is taut.

10. Contact spheres and Sasakian 3-structures.

Another way to find examples of contact spheres on higher dimen-
sional manifolds is to consider Sasakian geometry, and more precisely
Sasakian 3-structures. As a Sasakian 3-structure is defined by three contact
forms with special properties, we can ask if all non-trivial linear combina-
tions of these forms are still contact forms, that is, if they define a contact
sphere. In that case, we can study the regularity properties of such a con-
tact sphere. Proposition 4, which has been suggested to me by the referee,
answers these questions. Let us first recall the definition of a Sasakian 3-
structure (see [2]).
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Let (M, g) be a Riemannian manifold which carries a contact form w
and let R be the Reeb vector field associated to w. We define the tensor
field ¢ of type (1,1) by

9(X6(¥)) = 5 dulX, )
w is a metric contact form if it satisfies
9(p(X), 0(Y)) = 9(X,Y) —w(X)w(Y),
or equivalently

p? = —-T4+w®R
w(l) = g¢g(R,Y), for any Y.

(¢, R, w) defines a Sasakian structure if it satisfies
[o, 0] +dw® R =0,
where [, ] is the Nijenhuis bracket, defined by

[T,T)(X,Y)=T?[X,Y]+ [TX,TY] - T[TX,Y] - T[X,TY].

Three given Sasakian structures wi, wo et wg on M define a Sasakian
3-structure if for even permutations (i, 7, k) of (1,2,3) the following proper-
ties are satisfied:

Yk = Yip;—wi QR = —pjpitw QR;
(11) Ry = ¢i(R)) = —p;i(R)
W = W;oQ; = —Wj;oQg,

where R; is the Reeb vector field associated to w;.

ProposiTiON 4. — If a manifold M of dimension 4n — 1 admits a
Sasakian 3-structures given by three forms w1, wo and ws, then these forms
generate a contact sphere which is both round and taut.

Proof.— Let Ry, Ry and R3 be the Reeb vector fields associated to
wi, w and w. We define the tensor fields ¢; by (X, p;(Y)) = 1 dw;(X,Y).
Then for i = 1,2,3, (¢i, Ri, w;) defines a Sasakian structure and wi, woy
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and w3 define a Sasakian 3-structure. Therefore we have:

9(X,0i(Y)) = 3 dwi(X,Y)
9(pi(X), pi(Y)) = g(X,Y) —wi(X)wi(Y)
p] = —I+w®R
wi(Y) = ¢g(R;,Y), for any Y
[0i, pi] +dw; @ Ry = 0,

fori =1, 2, 3 and (11) is satisfied for even permutations (4, j, k) of (1,2,3).

As wi(pi(X)) = g(Ri, 9i(X)) = dwi(R;, X) = 0, we know that the
image of ; is in Ker(w;), for any i. Furthermore, as for any X,Y € Ker(w;)
we have ¢?(X) = —X and g(¢i(X),9i(Y)) = g(X,Y), ¢ defines an
isometry of Ker(w;) with g(X, ¢;(X)) = 0. For even permutations (i, j, k)
of (1,2,3) we also have w;(¢;(X)) = —wi(X), so ¢ preserves the intersection
> of the kernels of wy, wy and ws.

The Reeb vector fields Ry, Ry and R3 are everywhere linearly inde-
pendant. Indeed, for even permutations (¢, j, k) of (1,2,3), we have:

(12) wi(R;) = wj(er(Ry)) = g(Ry, or(Ry)) = 5 dwi(R;, R;) =0,

so Ri,Ry and Rs are orthogonal, as w;(R;) = g¢g(R;,R;). None of
these vectors is in ¥ and the dimension of ¥ is 4n — 4. Thus, for a
given point p € M, there is a basis of T,M which can be written as
(R1, Ro, R3, X4,...,X4n—1), where the X; are elements of X. It is pos-
sible to choose them in such a way that for ¥ = 4m we have X4, =
e1(Xk), X2 = p2(Xy) and Xiys = @3(Xp).

We set w = Z?:l A wy, with Z?:l A? = 1. Then we have
wA (dw)*™ YRy, Ry, R3, X4,y ..., Xan_1) = 22772 (2n — 2)\.

This is due to the equations

wi(Y;) =0;;, forR;, =Y, and X; =Y]
dw;(Rj,R;) =1, if (4,4, k) is an even permutation of (1,2, 3)
dw;(R;, X1) =0
dw;(X;, Xy) =0, if X # @i X
dw; (X, 0 Xj) = =2

Thus, wy, ws and w3 generate a taut contact sphere.
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Furthermore, we have (12) and for any vector field X
R dw;(X) = 2wi(X) = —Rjdw;(X).
So by Lemma 3, the contact sphere generated by wy, we and wg is round. O

This proposition yields new classes of examples of round and taut
contact spheres in dimension higher than 3. According to Boyer, Galicki
and Mann (see [3]), the homogeneous manifolds which carry Sasakian 3-
structures are the following;:

Sp(n +1) ~ gin+3 Sp(n +1)

~ An—+3

Sp(n) S xzs L
SU(m) SO(k)

S(U(m—2)xU(1))" SO(k—4) x Sp(1)’

G2 F, Eq E; Fg

Sp(1)”  Sp(38)’ SU(6) Spin(12)’ E;’

for m > 3 and k > 7. The named authors also prove the existence of
infinitely many compact, simply connected and strongly inhomogeneous
manifolds of dimension 7 which carry Sasakian 3-structures and which are
homotopically distinct.
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