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SCHWARZ-TYPE LEMMAS FOR SOLUTIONS OF
0-INEQUALITIES AND COMPLETE HYPERBOLICITY
OF ALMOST COMPLEX MANIFOLDS

by Sergey IVASHKOVICH and Jean-Pierre ROSAY ()

0. Introduction.

In this paper an almost complex manifold (X, J) means a smooth
(C*°) manifold X with an almost complex structure J of smoothness at least
C'. When more smoothness is required by our proofs, it will be specified
in each statement. Through any point in any tangent direction, there are
local J-complex discs in X (Theorem III in the pioneering paper [N-W], or
see Appendix 1). So, one can define the Kobayashi-Royden pseudo-norm
||k, of tangent vectors and then the Kobayashi pseudo-distance k;(-,-) on
(X,J), see § 1. If k;(-,-) is a distance (separation property), the manifold
is said to be hyperbolic.

For a compact X k; is a distance iff X does not contain a J-complex
line, i.e., an image of a non-constant J-holomorphic map v : C — X (see
[K-O], [De-1]) - this is just a Brody reparametrization lemma. The proof
originally given by Brody does not use the integrability of the structure. If,
for example, X is a product of two Riemann surfaces (S1, J1) and (Sa, J2)
each of genus at least two then (X,J) is hyperbolic for any J close to
J1 @ Jo.
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QUESTION 1. — Is (X, J) hyperbolic for any J tamed by a standard
symplectic form on X = 57 x So7

If X = CP! x CP!,CP?,T?" equipped with structures tamed by
standard symplectic forms then such X always contains a J-complex line
(see [Gr] and [Bal]) and therefore is never hyperbolic.

0.1. Hyperbolic distance
to a strictly pseudoconvex hypersurface.

In addition to the example of compact complex manifolds without
complex lines there is the simple example of bounded domains in C" that
are also hyperbolic. The Gromov-Schwarz lemma extends this remark to
relatively compact domains in symplectic manifolds with exact symplectic
forms (the almost complex structure should be tamed by this symplectic
form), see [K-O]. The main question that will be studied in this paper is: for
which domains D C (X, J) is the almost complex manifold (D, J) complete
hyperbolic (i.e. complete for the Kobayashi distance in D)?

First results were obtained in [D-I]. An important work was done
by Gaussier and Sukhov [G-S], who in particular were the first to prove
that in any dimension, points always have a basis of hyperbolic complete
neighborhoods, for almost complex structures that are smooth enough. See
more about their work in Remark 1 below.

Let us state the problem more precisely. Let D be a domain in an
almost complex manifold (X, J). We do not assume that D is relatively
compact nor that D is hyperbolic. A point p € 0D is said to be at finite
distance from g € D if there is a sequence of points g; € D converging to p
and whose Kobayashi distances to ¢ stay bounded. Distances here are taken
in Kobayashi pseudo-metric of (D, J). Otherwise we say that the distance
is infinite.

Our first result is the following one (the definition of strict pseudo-
convexity is recalled in 2.b):

THEOREM 1. — Let D be a domain in an almost complex manifold
(X,J), J of class Ct. Let p € 8D. If the boundary of D is strictly J-
pseudoconvex at p, the point p is at infinite Kobayashi distance from the
points in D.
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COMPLETE HYPERBOLICITY 2389

The Brody reparametrization lemma immediately gives the following:

COROLLARY 1. — Let D be a relatively compact strictly pseudocon-
vex domain of class C? in an almost complex manifold (X, J) and assume
that J is of class C*. Then either (D, J) is complete hyperbolic or D con-
tains a J-complex line.

There is one important case where the absence of J-complex lines
in a strictly pseudoconvex D is completely obvious. This is the case when
D possesses a global defining strictly plurisubharmonic function i.e. there
exists a C2-function p in a neighborhood V' of D such that dd%p(Y, JY) > 0,
Y € TD\ {0} and D = {z € V : p(z) < 0}. Therefore we obtain

COROLLARY 2. — Let D and (X, J) be as in Corollary 1 and sup-
pose additionally that D possesses a global defining strictly plurisubhar-
monic function. Then (D, J) is complete hyperbolic.

Corollary 2 implies the existence of bases of complete hyperbolic
neighborhoods of any point on (X, J) provided J € C!. Indeed, the problem
is local and therefore we can suppose that X = R?" and J(0) = J,;. Then
|- |? is strongly J-plurisubharmonic near 0. When the real dimension of X
is 4 the existence of a basis of hyperbolically complete neighborhoods was
proved in [D-I].

It is worth to point out that strictly pseudoconvex domains in almost
complex manifolds are far different from those in complex ones, even if the
almost complex structure is tamed by some symplectic form. For example,
in [McD] a symplectic 4-manifold (X,w) together with a relatively compact
smoothly bounded domain D C X is constructed such that 9D is of contact
type (and therefore is strictly pseudoconvex with respect to an appropriate
w-tamed J) but at the same time dD is disconnected. In fact it has two
connected components. It is not clear however, whether this D contains
J-complex lines or not.

It seems to be a proper place to mention a well known problem, which
is open even in C2:

QUESTION 2. — Let D be a smooth pseudoconvex domain in an
almost complex manifold (X,J), e.g. D = {z : p(z) < 0} for some (not
necessarily strictly) plurisubharmonic function p. Is D locally complete
hyperbolic?

TOME 54 (2004), FASCICULE 7
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The reason why we mention this problem here is that by local
diffeomorphism D can be put into a nice form (say upper half-space) and
then one can try to improve and apply the methods of §§ 1,2 of this paper.

0.2. Distance to a J-complex hypersurface.

We have already mentioned compact complex manifolds and bounded
domains in symplectic manifolds with exact symplectic form. Another
example of hyperbolic manifold is the manifold X = CP? \ Ule l;, where
{l1,...,15} are J-complex lines in general position. The structure J should
be tamed by the Fubini-Studi form, see [Du].

Therefore we now turn our attention to the hyperbolic distance to
complex submanifolds. Let M be a closed submanifold of a domain D,
of real codimension 1 or 2 (the case of higher codimension is trivial, see
Remark at the end of § 5). For a point p € M, we wish to investigate
whether there exist points ¢ € D\ M at finite Kobayashi distance from p,
in D\ M. For codimension 2 our result is the following one:

THEOREM 2. — Let D be a be a hyperbolic domain in an almost
complex manifold (X,J), J € C%. Let M be a closed submanifold of D of
real codimension 2 and of class C3.

(2.A) If M is a J-complex hypersurface, then for every p € M and
g € D\ M the Kobayashi distance from q to p is infinite.

(2.B) Conversely, if p € M and if the tangent space to M at p is not J-
complex, then for any neighborhood D1 of p in D, there existsp’ € DN M
that is at finite distance from points in D\ M.

It is shown in section § 5 that at least if J is of class C%®, instead
of merely C2?, one can take p’ = p. This is an immediate consequence of
Theorem 3.

Theorems 1 and 2 imply the following

COROLLARY 3. — Let J be a C? almost complex structure in the
neighborhood of the origin in R?"™. Suppose that there exists a J-complex
C® hypersurface M > 0. Then there exists a fundamental system of
neighborhoods {U;} of the origin such that (U;,J) and (U; \ M,J) are
complete hyperbolic in the sense of Kobayashi.
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In real dimension 4 this statement was proved in [D-I]. Let us explain
our interest for higher dimensions.

QUESTION 3. — Let C C CP? be a J-complex curve (not smooth)
in general position of sufficiently high degree, J tamed by the Fubini-Studi
form. Is it true that (CP? \ C, J) is hyperbolic?

This question has likely a positive answer and therefore the following
problem arises in its turn:

QUESTION 4. — Let J be an almost complex structure in the
neighborhood of the origin in R* and C a J-complex curve (may be
singular) passing through zero. Prove that for a complete hyperbolic
neighborhood of zero V the open set (V' \ C, J) is also complete hyperbolic.

A proof could possibly go along the following lines. Let F(z,2z) = 0
be the equation of C, z = (21, 22). Consider in R® with coordinates z1, 2, w
the hypersurface M = {w — F(z,z) = 0}. If one could extend J from R* to
R® making M complex then our C will be an intersection of two smooth
complex hypersurfaces and we are done due to our Theorem 2.

Of course the existence of J-complex hypersurfaces is totally excep-
tional unless the real dimension of X is 4. However, Donaldson in [Do]
proved that every compact symplectic manifold admits symplectic hyper-
surfaces in homology classes of sufficiently high degree, therefore giving us
almost complex structures with complex hypersurfaces on such manifolds.

0.3. Distance to a Levi flat hypersurface.

The consideration of J-complex hypersurfaces comes naturally in the
discussion of real hypersurfaces.

Now we turn to the case when M is a real hypersurface. Let us recall
construction of McDuff in more details. In her example X = T*Y - the total
space of the cotangent bundle of a Riemann surface Y of genus > 2 equipped
with the standard symplectic form. The domain D in question is defined as
D ={z:t; < p(x) < ta} where p: T*Y'\ {0} — R is some smooth function
which is strictly pseudoconcave in Dy := {z : t1 < p(z) < to} and is strictly
pseudoconvex in Dy := {z : ty < p(z) < t2} for some t; < ty < tp. And
ddSp = 0 on Ty, where Iy, = {z : p(z) = t;},4 = 1,2,3. Therefore we
obtain a domain, say D; with disconnected boundary I'y, U T, such that
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one component is strictly pseudoconvex and another is Levi flat. Moreover,
this D; doesn’t contain J-complex lines.

If M is Levi flat, i.e. foliated by J-complex hypersurfaces, then D\ M
is locally hyperbolically complete as follows immediately from Theorem 2.
Therefore the only obstruction for D; in the example above to be not
(complete) hyperbolic is the eventual presence of a (so called limiting) J-
complex line in Ty, .

Therefore the following question close to Question 1 seems to be of
an interest:

QUESTION 5. — Let I' € T*Y be a S!-bundle over a Riemann
surface Y of genus > 2. Suppose that ' is Levi-flat for some w-tamed
J. Can such T' contain a J-complex line?

Probably not and if so we would get an example of a complete
hyperbolic manifold with disconned boundary.

In the integrable case if the Kobayashi distance to a real hypersurface
M is infinite then M is forced to be Levi-flat. This statement is no longer
true in case of non integrable J. In § 6 we construct the following:

Example. — There exists a real analytic almost complex structure J
on R such that M = R5 x {0} is not Levi flat but the Kobayashi pseudo-
distance relative to (R® \ M, J) of any point in R® \ M to M is infinite.

Let a real hypersurface M C D be defined by p = 0 (as usual Vp # 0
on M). A tangent vector Y to M, at some point p, is said to be complex
tangent if J(p)Y is also tangent to M, at p. Recall that M is foliated by
J-complex hypersurfaces (i.e. M has a Levi foliation) if and only if for
every p € M and every Y and T, both complex tangent vectors to M at p,
dd5p(Y,T) = 0 (definitions will be recalled later).

THEOREM 3. — Let D be a domain in an almost complex manifold
(X, J). Assume that the closed real hypersurface M C D is of class C?, and
J is of class C*>* (for some 0 < a < 1). If there exists a complex tangent
vector Y to M at a point p, such that dd5p(Y, JY') > 0, then that point p
is at finite distance, in D\ M from points in the region defined by p > 0.

If dd5p(Y, JY) < 0, simply replace p by —p.

Theorem 3 implies that if a relatively compact smoothly bounded
domain D in almost complex manifold is complete hyperbolic then D should

ANNALES DE L’INSTITUT FOURIER
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be pseudoconvex (pseudoconvexity being defined by the Levi form).

For non integrable almost complex structures the condition
dd5p(Y,JY) = 0 for all complex tangent vectors Y does not imply the
(Frobenius) condition dd§p(Y,T) = 0 for all complex tangent vectors Y, T.
It is illustrated by the above example. But there is a case when the above
conditions are equivalent. This is the case of dimension 4. We therefore
have the following

COROLLARY 4. — Let D be a Kobayashi hyperbolic with respect to
J domain in X. If X has dimension 4, if the hypersurface M C D is of
class C? and J is of class C>®, then the following are equivalent:

(1) For every point p € M the Kobayashi distance, in D\ M, from p
to any point in D\ M is infinite.

(2) M is Levi flat.

The example in R® mentioned above has the interesting feature that,
although M = R5 x {0} is not Levi flat, through any point in any complex
tangential direction, there is a J-complex curve lying entirely in M. It
would be interesting to know this in general.

QUESTION 6. — Let M = {p = 0} be a real hypersurface in (X, J)
such that dd5p(Y,JY) = 0 for all complex tangent vectors Y. Show that
for any p € M and any Y € T;M there exists a J-complex disc passing
through p, entirely lying in M and tangent to Y at p. Does this condition
imply complete hyperbolicity of the complement to M7

Remarks. — 1. Corollary 2 was first proved by Gaussier and Sukhov
([G-9]) in dimension 4, for almost complex structures that are smooth
enough (with partial results for arbitrary dimensions). Although our path is
substantially different, their paper has been an inspiration. After our proof
of Corollary 1 was written (several months later), Gaussier and Sukhov
were able to improve their technique in order to get a proof of Corollary 2
for arbitrary dimension (still for structures that are smooth enough), along
the lines of their original attempt.

2. Our Theorem 3 is essentially given by Proposition 6 in the paper
[B-M], by Barraud and Mazzilli. But we did not see in [B-M] neither a
proof nor an adequate reference for the existence of J-holomorphic discs
with appropriate jets (it is the essential point, and a proof is needed even
it follows a path known since [N-W]).

TOME 54 (2004), FASCICULE 7
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3. We give complete proofs including for some well known basic results
and the natural extensions of these results that we needed. We aimed for
proofs much simpler than the proofs usually given or sketched. We were
careful about the needed smoothness assumptions. So we hope that this
paper can also be used by non-specialists as an easy introduction to the
now basic theory of pseudo-holomorphic discs.

4. Even from the strict point of view of complex analysis, there is
an advantage in taking the point of view of almost complex manifolds.
This is clearly illustrated by the proof of the upper semi-continuity of
the Kobayashi- Royden pseudo-norm. This upper semi-continuity was first
proved by Royden [R]. The proof uses only standard tools such as: the
existence of Stein neighborhoods for embedded discs (now covered by Siu’s
Theorem), Grauert’s characterization of Stein manifolds in terms of strictly
plurtisubharmonic exhaustion functions, the embedding of Stein manifold
in CV, and elementary results on holomorphic vector bundles on the unit
disc. But it cannot be considered to be an elementary proof, unlike the proof
that one gives in the more general setting of almost complex manifolds (see
the Appendix): it is simply basic elliptic theory.

5. Since the beginning of the theory ([N-W]), one has considered non-
smooth almost complex structures. In real dimension 2, it has been im-
portant to prove that such structures are merely complex structures. (One
even considers bounded but non-continuous data, see [C-G] Chapter 1). In
real dimension 4, there has been a recent interesting example where non-
smooth almost complex structures arise. In [Du], J. Duval had to blow up
a point, say the origin. A preliminary work has to be done in order to make
the standard complex lines through the origin to be J-holomorphic. It leads
to a change of variables that is not smooth.

The structure of the paper is the following:

In § 1, we clarify some notations and recall basic facts from almost
complex geometry. It also contains some preliminaries, such as the existence
and basic properties of plurisubharmonic functions on almost complex
manifolds (including a quick proof of well known basic results that also
follow from standard elliptic theory).

In § 2, we prove Theorem 1. The proof uses localization with the
help of plurisubharmonic functions and then an appropriate Schwarz-type
Lemma 2.3.

In § 3 we give an estimate of a Calderon-Zygmund integral and prove
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another Schwarz-type Lemma 3.2. In § 4 Lemma 3.2 is applied, and we
prove Theorem 2.

Theorem 3 is proved in § 5.The example mentioned above is given in
§ 6. An appendix gathers some proofs and additional facts.

1. Some notations, definitions, and basic facts.

[McD-S] is a well known reference for almost complex manifolds. An
almost complex manifold (X, J) is a manifold X of even real dimension
2n, with at each point p an endomorphism J = J(p) of the tangent space
satisfying J? = —1. In this section, and in the next one we shall assume
that J is of class C!.

As usual C% is used to denote spaces of maps whose derivatives of
order < k are Holder continuous of order o, k € N, 0 < a < 1. Ckw
regularity of J (i.e. of the map p +— J(p)) is preserved by C**1:% change of
variables.

1.a. J-holomorphic discs
and the Kobayashi-Royden pseudo-norm.

We shall study maps u from an open set of C (always equipped
with the standard complex structure - so we will avoid the more complete
notation dy,, s) into (X, J). We set

Bru(Y) = 3 du(Y) + J(u)du(iY )],

for any vector Y tangent to C (at a point where u is defined). The map
u € C®°N L2 is J-holomorphic if 3 ;u = 0 a.e. If J € C* this implies that
u € C**ha k> 0. In particular C'-regularity of J implies C1“-regularity
of u, for any « € (0, 1). We shall see later that more is true: u belongs then
to some sub-Lipschitzian class C*¢ with ¢(r) = rln % It will enable us to
work under C!-regularity of the structure.

Dgr will denote the disc of radius R in C centered at 0, and D =
D; will be the open unit disc. Under our regularity assumption on J
through each point p € X in every direction ¥ € T, X there exists a
J-complex curve, see § 1l.e. More precisely, there exists a J-holomorphic

TOME 54 (2004), FASCICULE 7
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u : Dp — X (for some R > 0) such that u(0) = p and du(0)(Z) =Y.
The Kobayashi-Royden pseudo-norm of the vector Y € T, X on the almost
complex manifold X is defined as ||Y||x = inf{% | Ju : D — X, J-
holomorphic, u(0) = p, du(O)(%) = Y'}. Another way to say the same is
IIY|lx = inf {3 : 3u: D — X, J—holomorphic, u(0) = p,du(0)(Z) = tY}.

If TX is equipped with some norm || -|| then ||Y]|x = inf{”—d%}%}i—)“ ’

u:D — X, J— holomorphic, u(0) = p and du(O)(%) is parallel to Y}.

The length L of a path v : [0, 1] — X is then defined by
L= fol I7(®)||x dt, where the integral is understood as the upper integral,
i.e. the infimum of the integrals of the positive measurable majorants.

In case the almost complex structure J is of class C! it is not clear
that the function ¢ — ||¥(t)||x is integrable or even measurable. But, at
least if J is of class C!*®, the Kobayashi-Royden pseudo-norm is an upper
semi continuous function on TX (see Appendix 2 and [I-P-R]), and the
integral makes sense in the ordinary sense and is finite.

The pseudo-distance between two points is of course the infimum of
the lengths of the paths joining these two points. Abusively we may say
distance instead of pseudo-distance.

1.b. Complete hyperbolicity.

We now state an elementary Lemma that will be used to prove
completeness for the Kobayashi metric. It will be applied with §(¢t) = Ct
or Ctlog 1 near 0 (C is a constant). Think of x in the Lemma as a complex
coordinate function.

LEMMA 1.1. — Let D be a domain in an almost complex manifold
(X,J). Let p € dD. Let x be either:
(a) aC! map from D into R? with x(p) =0 and x # 0 on D, or

(b) aC'! map from a neighborhood U of p into R?, such that x(p) = 0
and x #0 on UN D\ {p}.

Let 6 be a positive function defined on (0 ,+o00) satisfying fol f(% =
+00. Assume that for every J-holomorphic map u from D into D, such that
u(0) is close to p

(1.1) IV (x 0 u)(0)] < 8(I(x o w)(0)]).
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Then, p is at infinite Kobayashi distance from the points in D.

Proof. — We write first the proof for case (a). In the proof, the
Kobayashi pseudo-norms are denoted by |- |k, and | - | denotes Euclidean
norm in R2.

Let v be a C! path in D from a point gq (fixed) to a point p; (to be
thought of as close to p). So v : [0, 1] — D, v(0) = qo, (1) = p1- The
Kobayashi length of y is L = [ [4(t)|x dt. For t € [0, 1], by definition of
the Kobayashi metric, there exists a J-holomorphic map wu; : D — X with
ut(0) = ~(¢), and

aut 1

%( )= WV@)-

From this we get:

19} O Ut But .
2 ) (0) = dy (5200)) = = (H0) = g
Zcom(0).

From (1.1) it follows that

Finally, we get

1 i)l g
S Z il
L> 2/| 5(s)’

x(p1)|

which is arbitrarily large if p; is close enough to p (so |x(p1)| ~ 0).

The proof of (b) follows from the above. Shrinking U if needed, we
can assume that x is defined on UN D and x # 0 on UN D \ {p}. We
wish to estimate the length of a path from a point g9 in D to a point p;
as in the proof of (a). If this path is entirely in U, the proof of (a) applies.
Otherwise, let to the largest element in [0, 1] such that y(¢o) ¢ U (assuming
U open). Then simply apply the above estimates to the path from 7(to) to
p1 obtained by restricting «y to [to, 1]. It is important to note that the non
vanishing of x on U N D \ {p}, and not only on U N D, insures that there
exists € > 0 such that |x| > € on the boundary of U (in D), and therefore
Ix(7(t0))| = € (¢ not depending on 7). O

Remark 1. — The Lemma covers the case of maps x with values in
R, such that x|pru\{py <0, and x(p) = 0.

TOME 54 (2004), FASCICULE 7
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Remark 2. — In a hyperbolic manifold, complete hyperbolicity of a
domain is a purely local question. We have more:

An open subset X in an almost complex manifold (X, J) is called
locally complete hyperbolic if for every y € X there exists a neighborhood
Vy 3 y such that V;, N X, is complete hyperbolic.

Recall that an open subset Xy of an almost complex manifold X is
called hyperbolically imbedded into X if for any two sequences {z,}, {yn}
in Xy converging to x € X and y € X, x # y, respectively, one has that
lim sup,,_, oo kx,,7(Zn, yn) > 0. Here kx, ; denotes the Kobayashi pseudo-
distance on the manifold (Xg, J).

It is worth observing that if Xy is a relatively compact domain in
X, hyperbolically embedded into (X,J) and if Xy is locally complete
hyperbolic then (X, J) is complete hyperbolic, see [Ki].

The result is rather immediate (if v maps the unit disc into Xo,
restrict to a smaller disc and rescale), but it is very useful. It reduces
the problem of completeness to a purely local problem (in hyperbolic
manifolds). We will use it repeatedly without further explanations when
switching to local problems.

1.c. Plurisubharmonic functions.

If A is a function or vector valued map defined on (X, J), d5A is the
1-form (vector valued) defined by

dSA(Y) = —dA(JY)

for every tangent vector Y. Notice that now the almost complex structure
is on the source space X. Then dd§ A\ is defined by usual differentiation. As
usual, A will denote the Laplacian, (A = '62722 + -5‘91%). The notation d° is
relative to the standard complex structure on C, so for a function h defined
on an open set of C: d°h = —%;ldz + %dy.

The following formula (1.2), that one finds also in [De-2] and [Ha,
is an immediate consequence of the chain rule (with some care needed in
case of low regularity). The interesting case of smooth structures but rough
functions is studied by Nefton Pali ([P]).

LEMMA 1.2. — Let J be a C! almost complex structure defined on
an open set 2 C R?". Let ) be a C? function defined on Q. If u : D — (Q, J)
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is a J-holomorphic map, then:

Ou Ou
1. = c - -
12 AGow = 5N (2, )] (24))-
Comments. — Since J is only of class C!, u need not be C? (only

CYP for all B < 1), so the left hand side in the equation above has to be
understood in the distributional sense. But the right hand side is different.
Since ddS involves only one derivative of J, the right hand side makes sense
pointwise (as suggested by our insertion of z’s in the right hand side). The
statement says that A(X o w) is in fact (the distribution defined by) a
continuous function, although A o u need not be C?.

Although u is not C?, the Lemma should not be so surprising. Consider
the case of a genuine holomorphic change of variable 1), one has the formula
A(hot) = Ahot) |Veh|2, in which the second derivative of 4 plays no role.

Proof. — Since we deal with low regularity, we start with the follow-
ing simple preliminary remark.

Let U be an open set in RX and ¢ be a C! map from U into RY.
Let w be a C! form of class C! defined on an open set of RY containing
©(U). Then d(p*w) = ¢*(dw). Note that ¢p*w and ¢*(dw) are well defined
(the case of Lipschitzian data would be more subtle!), and have continous
coefficients, but possibly not C! coefficients and so d(¢*w) may have to be
taken in the sense of currents. For smooth ¢ and w it is plainly chain rule,
and for ¢ and w as above it follows by approximation.

Now, we prove the Lemma. We know that w is of class C!. By the very
definition of J-holomorphicity, du commutes with the action of the almost
complex structures, so

d°(Aou) =u* dgA.
Indeed, for any tangent vector Y to the unit disc,
d°Aou)(Y)=—=d(Aow)(iY) = —dA o du(iY) = —dA(J(du(Y))
= d5A(du(Y)) = udGA(Y).

By the preliminary remark (chain rule) applied with ¢ = w and

w=dSA:
dd®(Aou) = d(u*d5)) = u*ddA.

Finally,
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the J-holomorphicity of  being again used for the last equality.
The Lemma is thus established.

COROLLARY 1.1. — Let J be aC! almost complex structure defined
on an open set Q C C™. Let A be a C? real valued function defined on .
The following are equivalent:

(1) For every tangent vector Y to §2, dd°A(Y,JY) > 0.

(2) For every J-holomorphic map u : D — 2, X o u is subharmonic.

Let us repeat that since dd$ involves only one derivative of J, dd5A
makes clear sense. (1) = (2) is an immediate consequence of the Lemma.
(2) = (1) is also an immediate consequence, taking into account that for
every tangent vector Y, at a point g € €2, there exists a J-holomorphic map
1 : D — Q such that 4(0) = q and %(0) =tY, for some t > 0.

If the equivalent conditions of the Corollary are satisfied by a function
A, that function is said to be J-plurisubharmonic. Of course (2) makes
sense also for upper-semicontinuous A giving us the general notion of a
plurisubharmonic function. As usual, a function is said to be strictly J-
plurisubharmonic if locally any small C? perturbation of that function is
still J-plurisubharmonic.

There are two important examples of plurisubharmonic functions:

LEMMA 1.3. — Let (X, J) be an almost complex manifold equipped
with an arbitrary smooth Riemannian metric with J of class C'. Then for
any p € X, the function ¢ — (dist(g, p))2 is strictly plurisubharmonic
near p.

Proof. — 1If J is of class C1® the J-holomorphic discs are C>® and
the result is trivial. If J is only of class C, it follows from (1.2) and from
the comments after Lemma 1.2.

The simple fact to be used is the following one: If p is a continuous
function defined near 0 in R? such that Ay (in the sense of distributions)
is a continuous function, and such that for some C > 0 u(z,y) >
©(0) + C(z% + y?) (near 0), then Ap(0) > 0.

The next example less trivial is due to Chirka (not published).

LEMMA 1.4. — Let J be an almost complex structure of class C!
in the neighborhood of the origin in R?™ ~ C™. Suppose that J(0) = Jg.
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Then there exist a neighborhood V' 3 0 and a constant A > 0 such that
log|Z| + A|Z| is J-plurisubharmonic in V.

Consequently, for any point p in a complex manifold (X, J), with
J of class C!, there exists a plurisubharmonic function A defined near p,
continuous and finite except at p such that A(p) = —oo. Indeed we can take
local coordinates in which the almost complex structure coincides with the
standard one at p.

Proof. — Using dilations the Lemma reduces to the following.

For Z € R?™ (= C") set u(Z) = |Z| + log|Z|. We consider a
continuously differentiable almost complex structure J defined on the unit
ball B in R?". We wish to prove that there exists ¢ > 0 such that if
J(0) = Jst and ||J — Jst|ler < €, then for Z € B, Z # 0, and every tangent
vector Y at Z:

[dd5u(Z2))(Y,JY) > 0.

As previously dd° will be used for dd5 ,. An elementary computation
gives the following result:

(1.4) ddu(Y, JuY) > IIIYII2

|Z
for some positive A easy to determine. Wlth complex notations: it is
equivalent to showing Y 52 5o 05r 3Zk Wy, = 4|Z| |W12.

Note that, using invariance under rotations, it is enough to check the
inequality at points Z of the type Z = (2,0,---,0). The computations
simplify and one immediately gets a better non—isotropic estimate:

dd°u(Y, Js:Y) > IHYII2 E =Y,

|
with Y = (Y1,Y”) € R? x R¥n—1),
Chirka’s Lemma follows from a simple perturbation argument in

which we shall use that the first order (resp. second order) derivative of
u at Z are of the order of magnitude of ﬁ (resp. ﬁf) We have:

ddSu(Y, JY) = [d(dS—d°)u(Y, JY)]+[dd°u(Y, (J—Jot) V)] +[dd°u(Y, Jo:Y)].

We now look at each of the terms on the right hand side. For the
last one dd‘u(Y,JsY), we have the estimate (1.4). For the second one:
I(J(Z) — Js)Y || < €| Z] ||Y]l- So, using the estimates on the derivatives of
u, if € is small enough: |dd°u (Y, (J — J&)Y)| < 4%2{”)/”2-
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We finally look at the first term. Using R?" coordinates (¢1, ..., ton)
for Z € B, write

d(df,—dC):( J”“(?t i Y B )dtl/\dt

Since J(0) — Js¢ = 0 and ||J — Jst|lcr < ¢, for some universal constant K we
get |a;’;c" < Ke|Z| and |ﬂ;’m| < Ke. Using the estimates on the derivatives
of u, we again get that if € is small enough |d(d'j —dWu(Y, JY)| < g7 Y]2.
Then one has:

4|z

dd5u(Y,JY) > |]Y||2

22|

1.d. Regularity of J-complex discs.

We want to make a few remarks about the regularity of J-holomorphic
discs since the proofs in the literature are not always pleasant. We shall
always assume u (as below) and J to be of class C! at least, in which case
Formula (1.2) allows truly immediate proofs.

But it should be reminded that: First of all if J is merely continuous
then J-holomorphic maps u : D — X (a priori they are C° N L1?) are
in L'P for any p and therefore in C® for any 0 < a < 1 due to Sobolev
embedding, see [IS-2] Lemma 2.4.1. Then if J is of class C?, u is of class
CH* (Theorem III in [N-W] and [Si]).

Remark 1. — The proof of Lemma 1.2 used only the following:

A is a C? function,
(H) the almost complex structure J is of class C!,
v is a C! J-holomorphic map.

It may be worth pointing out that (using the simplest possible results
on the regularity of the standard Laplacian A) the following is an immediate
consequence of the validity of formula (1.2) under the above hypotheses
(H) :

If an almost complex structure J on (some open set of) R?" is of class
Ck® with k > 1 and 0 < a < 1, then any C' J-holomorphic map
u: D — (R*,J) is Ck+*1* regular. If J is only C!, u is of class C'*#
for all B < 1. More is true (see Remark 3) and will be needed later.
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Here, we sketch the argument:

1) Assume that J is of class Ct. Let A be any smooth function defined
on R?",

By (1.2), A(Aow) is alocally bounded function. It immediately follows
that A o u is of class C1'P for all 0 < 8 < 1. Taking A to be the coordinate
functions, one sees that u itself is of class C18.

2) Assume now that J is of class CF® (k> 1, 0 < a < 1). By 1) we
already know that u is of class C1'*. Then, by repeating the argument, one
sees that if u is of class C™® with 1 < r < k, then u is of class crtle,

Indeed, if A is any smooth function on R?", (1.2) shows that A(Aowu)
is of class C"~1®. So by regularity of the Laplacian A o u is C"+1:®.

Remark 2. — The other result of basic elliptic theory that is used
several times is that if on a bounded open set  in R?", an almost complex
structure J is close enough (depending on 3 below, 0 < 3 < 1) to Jy; in C?
norm (resp. close enough in C** norm, with & > 1), then the J-holomorphic
maps u from D into  have uniform C1# (resp. C**1*) bounds on smaller
discs. It is at the root of local hyperbolicity, see Lemma 1.5. We shall
restrict our discussion to almost complex structures which are at least of
class C! (see [Si], for lower regularity).

We wish to mention that formula (1.2) can also be used for proving the
above result. One first needs an initial regularity result giving LP bounds
for Vu, to be used with p > 4. Then, proceeding as above, a first application
of (1.2) gives L" bounds for Au with r = 2 > 2, therefore Holder (1 — 2)
estimates for Vu, i.e. C41=% bounds for u After that, (1.2) gives Ch+a
bounds if J is of class C¥® and if C* bounds are already known for .

It happens that LP bounds for Vu, for arbitrary 1 < p < oo, are
extremely easy to get. Provided that € is small enough depending on p (for
p =2, € < 1), they follow from the simple differential inequality:

o)< {2
ozl = 1ozl

The argument is well known. Let x € C§5°(D), satisfying 0 < x < 1. We

h’gve 5 5
Ixu | Oxu  9x xu'
S < el + el < 5 - Gl + gl < B v,
with K = Sup |Vx/|. Since —X— = % * @XZ—, the theory of singular integral
gives || 2%, < C || BuHL” So, one has

|| ||Lv 60p|| a_ “lle + (1+ K] Ju -
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If € is chosen small enough so that eC, < 1, we get:

Oxu (1+eK
——ller € —5— b.
15 e < el
Then,
Oxu 1+eK
—— e € Cp——F— p.
15 < ool
Finally,
(1+e¢K
» < (1 —_ ».
IVl < (+Cp) S s

We will need the following that is easily obtained from Remark 2
above.

LEMMA 1.5. — Let Q be an open subset of (R?",J), J of class C'.
Let K be a compact subset of 2. There exists 6 > 0, such that: for every
r € [0,1) there exists C > 0 such that if u : D — Q is a J-holomorphic disc
with u(D) C K, then
(1.5) [Vu(2)] < C sup [u(t) — u(0)],

[t]<1

if supjyj<q [u(t) — u(0)] < d and [2] < 7.

Proof. — Depending on u(0), one can make a linear change of
variables such that in the new coordinates J(u(0)) = Jg. One can choose
the linear maps for changing variables so that their norms and the norm of
their inverses are uniformly bounded for u(0) € K.

After such a change of variables, set M = Sup |u{z) — u(0)| (z € C,
|z| < 1). Set upr(z) = ﬂz—)ﬂ;ﬂgl. Then ups is a Jyr-holomorphic map from
D into the unit ball in R?"™, for the almost complex structure Js that is the
push-forward of J under the map Z — 37(Z —u(0)). If M is small enough,
Ju is close to Jg; in the C! sense and Remark 2 applies. So, for |z| < r one
gets |Vups(2)] < C for some absolute constant C, hence |Vu(z)| < CM,
as desired.

Remark 3. — Let C1® (see § 3 for an explication of the notation)
be the class of continuously differentiable functions or maps that locally
satisfy the following sub-Lipschitzian condition

[Vf(2) = Vf(z)| <ClZ — 2| log—l—

|2 — 2|’
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for some constant C. So, the gradients of functions in C*¢ are better than
Holder, but not quite Lipschitzian.

LEMMA 1.6. — Any J-holomorphic disc (that in our proof we
assume to be C!) is in the class C1¢ if J is C1.

Uniform bounds are obtained as in Remark 2. Lemma 1.6 follows
immediately from the observations in Remark 1 and from the elementary
Lemma;:

LEMMA 1.7. — Let g be a function defined on some open set in
R2 ~ C. If Ag (in the sense of distributions) is a bounded function, then
g €Ch®.

Proof. — Assume that g is defined near 0. Let x be a smooth cut
off function such that y = 1 near 0. We have gx = A(gx) * 5 log|z|. So,

near 0O: 9 1 9 )
9 _ = 99 _ =
5 = Agyx) * - and 5% Algx) * =

We concentrate on %‘ZZ, the case of %.-‘zl being similar.

Write A(gx) as the sum of a bounded function v with compact
support and of a distribution T with support away from 0. Then, T * wiz is
C*™ near 0. So we only need to show an estimate of the type:

1 1 1
1 g t0) (0 L) )] < Ol tog
’(v*wz)(Z0+ ) Ur Tz (20) [t og [t]

Checking that estimate is immediate. Write
1 1
(v * E)(ZO +t) — (v * ;;)(zo)

_ L1 fvzo=Q L [u0=0)
= = [ 2 daayo) - 1 [ FE deaytc)

Then, simply use the estimates:
1 1
goand [ o),
/|¢|<2|t| I<] icj<2)e 1€+t

11 .
crt ¢l S? — = O(|t|log|t).
/ic|>2|t1 C+t (l < 21t c>ape IC12 (|t log [t])

and
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1l.e. Jets of J-holomorphic discs.

The case of 1-jets (k = 1)is simply the case of discs with prescribed
tangent. In the proof of Theorem 3, we shall also need the case of 2-jets,
with dependence on parameters. But we state the general case of jets of
arbitrary order.

PROPOSITION 1.1. — Letk € N,k > 1,and 0 < a < 1. Let J be
a C*~1> almost complex structure defined near 0 in R?". For any p € R?"
close enough to 0, and every V = (v1,...,v;) € (R*)* small enough,
there exists a C** J-holomorphic map u,y from D into R*" such that
up. v (0) = p, and al—g;:—,l(O) = vy, for any 1 <1 < k. If the structure J is of
class C*, then u,y can be chosen with C' dependence (in C**) on the
parameters (p, V) in R?™ x (R?")k.

Here we will give the proof assuming C*® regularity of J. It is a
rather simple consequence of the implicit function theorem. The proof of
the existence of discs under C*~1:* regularity requires a trick found by [N-
W] for one-jets, and the Schauder fixed point Theorem. It is given in the
Appendix. We do not know whether continuous dependence on parameters
can then be achieved (there are possibly related examples indicating that
it is conceivable that it fails).

Before the proof of the Proposition, we start with some preliminaries.

l.e.l. Re-writing of J-holomorphicity.

On R?", we consider an almost complex structure J and the standard
almost complex structure Js; (corresponding to multiplication by ¢ in the
identification of R?" with C"). By definition

8) ou Ou

(1.6) 25Ju(-6—x =5, T W5,

With some abuse of notations (R?" notations on the left hand side and C™
notations on the right hand side)
ou Ou Ou Ou 1 Ou  Ou ou Ou
_— _ — = = - — —_ :_JS _— —_— ],
Oz 8z+82’8y z( 82+8E) t( 8z+8’z')
By multiplication on the left by J(u), (1.6) gives:

2J(U)5JU(5%) = [J(uw) + Jst]% + [J(u) - Jst]g—qu,
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We shall restrict our attention to almost complex structures J such that
at each Z € X, J(Z) + Jy is invertible, which happens in particular if
J(Z) — Jst has operator norm < 1. Then, set:

Qu(u) = [J () + Jo] 7 [T () = Jau)-
The equation for J holomorphicity of u becomes

Ou Ju

1.7 — — =0.
(1.7) 55 T @5 =0

Indeed since 0 u is simply the C — J anti-linear part of du, &yu = 0 if and
only if 5]'&(%) =0.

1.e.2. The Cauchy-Green operator Tog and the operator @ ;.

For a complex valued function g or a map g with values in a complex
vector space, continuous on D, and z € C with |z| < 1, we set:

1 1 [ g(¢)
T, (g By =L [ 9 '
06(0)() = (0% 7)) = 1 [ 2L dady(0
We shall need the classical properties of T (see Appendix 4):
(a) If ge C**(D), ke N,0 < a <1, then Togg € CF+1(D).
(b) Z[Tcc(9)] = g. (on D.)
Let k be an integer > 1. Assume that J is a C*® almost complex
structure defined on R?", such that J(z) + Jy; is invertible for all z € R?".
We define the operator ®; from C*<(D,R?") into itself by:

(18) @5() = (14 To6Qy () 2 )

@ is a continuously differentiable map from C* (D, R?"*) into itself, whose
derivative at the point u € C**(D,R?") is the map:
bu — (1 + TCGQJ(U)2> (0u) + TCGS(&L)%
0z 9z’
where S is the operator defined by differentiation of u — @Qs(u) (as a map
from CH2 into C¥~1* - T re-gaining one derivative), i.e. with obvious
notations:

SEu) = [J(u)+Je) DI (6u) —[J(w)+T5] DI (6u)[J (w)+Tst] ™I (u) — Jst].-

It is for this differentiation that it is not enough that J be of class Ck—1-, If
J = Jg, ®; is the identity mapping. On any fixed ball in C*, @ is a small
(non-linear) perturbation of the identity if J is close to J,; in C*2 topology.
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Finally note that equation (1.7) and (b) show that u is J-holomorphic if
and only if ®;(u) is holomorphic in the ordinary sense.

1.e.3. Proof of Proposition 1.1, assuming C*“ smoothness
of J.

Of course, we can assume that J(0) = J,;. After linear change of
variables (dilations), and cut off of J — Jy, we can assume that J is
defined on R?"?, and as close as we wish to J; in C** topology. For
(g, W) € R™ x (R?)F (W = (w1,..., wy)), define the map hyw on D
by

k
1
haw(2) = 4+ 3 22t
=1

Fix R > 0 so that for any (g, W) in the ball By of radius R in R?" x (R?*)*,
hgw is in the unit ball of C**(D, R?"). If J is close enough to J, ®7' is
defined as a map from the unit ball of C¥*(D,R?") into C**(DD, R?"). For
(g, W) € Bp, set

Ugw = q>_1hq,w,

Since hqw is holomorphic, U, w is J-holomorphic. Finally let ¥ ; the map
that to (¢, W) € Bg associates

k
(Uaw(0), ag‘zw 0),...,2 a[i‘;w (0)) €R>" x (R,
If J = Jg, U is the identity mapping. If J is close to J,; in C** topology,
it is a small continuously differentiable perturbation of the identity, whose
image therefore contains a neighborhood of 0, with a C! inverse. If (g, W) =

U~1(p,V), then u, y = U, w is the desired map. m

Proposition 1.1 can be rephrased in terms of matching jets. In
Proposition 1.1’ we rephrase only the part of proposition 1.1 with C*®
smoothness assumption.

PropPOSITION 1.1’ — Let kK 2 1 and 0 < o < 1. Let J be a
Ck almost complex structure defined in a neighborhood of 0 in R?", If
¢ : D — (R?",J) is a smooth map such that d;p(z) = o(|z|*~'), then
there exists a J-holomorphic map u from a neighborhood of 0 in C into
R?" such that |(u — ¢)(z)| = o(|z[|*).

If we have a family of maps ¢, : D — (R?",J) as above, with C!
dependence on t in some neighborhood of 0 in Rf, then there are J-
holomorphic maps u; defined for t near 0 on a same neighborhood of 0
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in C and with C' dependence on t, with |(u; — ¢)(z)| = o(|z|*) (uniformly
int).

Proof. — Proposition 1.1’ follows immediately from Proposition 1.1,
due to the following observation. Assume that u and v are C¥ maps from
D into (R?",J), where J is an almost complex structure of class CF—1. If

ou ot
- = — ES
T (0) 5 (0), for all 0 <1 < kK,

and 8,0 = o(|2/*™), Byu = of|2*1),
then u and v have same k-jet at 0.
0ju = o(|]z|¥~1) implies that
(19) 0 () = I 22 (2) + o( 214,
Oy Ox

Similarly for v. Assume that for some ¢ < k, we have already shown that
at 0 all the derivatives of u and v of total order < k and order < ¢ in y
coincide (the case k = 0 being given by the hypothesis). We have to show
that for derivatives of total order m + ¢ + 1 < k and of order £+ 1 in y,

m4£+1

D= a—iw we have Du(0) = Dv(0).
Differentiation of (1.9) gives

omtt ou
Dy = *W J(’u/)g; + 0(1),

and similarly for v. By the induction hypothesis, one gets

Du(0) = Dv(0).

1.e.4. Families of discs.

Without looking for more generality, we state the next Proposition
just as we will need it for proving part 2B in Theorem 2.

PROPOSITION 1.2. — Let Q be an open set in R*® ~ C". Let § > 0
and p > 1. Let ¢; be a family of (Js) holomorphic discs ¢; : D, — €,
defined for —6 < t < 4, depending continuously on t. Let n > 0. For any
almost complex structure on ) close enough to Jg; in C® topology on {2,
there exists a family 1, of holomorphic discs ¥ : D — 2, continuous in ¢,
such that for any t € [—§ ,6] and any ¢ € D, [¢:(¢) — ¢:(¢)| < 0.
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Proof. — The operators ®; were introduced and discussed in the
two previous sections. @, is the identity mapping. Given any compact set
Fin Cl'“(ﬁ), if J is close enough to Jg, @;1 can be defined on F and
is close to the identity. It maps Js holomorphic discs to J holomorphic
discs. O

2. Completeness of strictly pseuconvex domains.

2.a. Localization results.

As a preliminary, we shall start with a first localization (Lemma
2.1) that is not needed when dealing with local problems only, for which
Lemma 2.2 can be obtained directly. We shall use localization techniques
that are standard in complex manifolds. See in particular Proposition 2.1
in [Be], but we avoid any explicit use of the Sibony metric.

LEMMA 2.1. — Let D be a domain in an almost complex manifold
(X,J), J of class C'. Let p € 8D. Assume that there exists a neighborhood
U of p in X and a continuous function p on U N D such that

p(p)=0, p<0onUND - {p}
p Is plurisubharmonic on U N D.
Then for every v € [0,1) and for every neighborhood V of p in X, there

exists a neighborhood W of p such that if u : D — D is a J-holomorphic
disc and u(0) € W, then u(z) € V for every z € C such that |z| <.

Note that there is absolutely no global assumption made on D.

Proof. — We first make the function p globally defined on D and
identical to —1 off a relatively compact subset of U by replacing p by
max(kp, —1) for k > 0 large enough.

According to Lemma 1.4, there exists a plurisubharmonic function A
defined near p, in X, such that A is finite and continuous except at p and
A(p) = —oo.

We then replace A by a plurisubharmonic function A* continuous on
D - {p}, bounded off any neighborhood of p, plurisubharmonic on D and
such that A\#(g) — —oo as z — p.

Such a function A# is obtained as follows.
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If p(q) > —3 set A (g) = C(p(q) + 3) + A(a)-
1] < o) < =} st 040 = o (40, O(oa) + 1) + (0
If p(q) < 5 set A#( ) = p()-

If C is taken large enough (C' > 0), the above defines (on D) a global
plurisubharmonic function A# as desired.

WIN

Fix r € [0,1) and the neighborhood U. Let u; : D — D be a sequence
of J-holomorphic discs and ({;) a sequence in C, with |(;| < r. Assume
that u;(0) — p. We have to show that u;({;) — p.

Since u;(0) — p, p o u;(0) — 0. By the mean value property

27
o dl
2. ()| — .
(2.1) | oouseig —o

For every N > 0 there exists € > 0 such that p o u;(z) > —e implies
M owu; < —N. Taking into account that A# is bounded away from p it
follows from (2.1) that

2m
0 40
# (e,
/0 A" owuj(e )271- 0.

From which it follows that A* o u;(¢;) — —oo and so u;({;) — p. O

This first localization is followed now by a more precise localization
that will use Lemma 2.1 as a first step.

DEFINITION. — We say that the boundary of D (as above) is strictly
J-pseudoconvex at p, if there exists a C? strictly J-plurisubharmonic
function p defined near p in X such that Vp # 0 on 8D (near p), and
near p, D is defined by p < 0.

We equip X with an arbitrary smooth Riemannian metric. We still
assume J to be of class C'.

LEMMA 2.2. — If the boundary of D is strictly J-pseudoconvex at
po, for any r € [0,1) there exists 6 > 0 and C > 0 such that for every
J-holomorphic disc u : D — D with dist(u(0),po) < 6 then

(2.2) dist{u( < C+/dist(u{0),dD)

if |z] < r.

Proof. — The proof is basically a repetition of the proof of Lemma
2.1 with the function A replaced below by the functions q — |g — p|?.
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Fix r < r1 < 1. Fix a neighborhood U of pg on which D is defined by
a strictly plurisubharmonic function p, and diffeomorphic to an open set
in R?". On U we will also consider the Riemannian metric obtained by the
identification of Uy with this open set in R?". The distance from p to g will
then be denoted somewhat abusively by |p — ¢l.

There is a neighborhood V' C U of pp, and ¢ > 0 (small enough)
such that for any p € V, ¢ — p,(q) = p(q) — €lg — p|? and the functions
q — |g — p|? are J-plurisubharmonic on V. Also, for appropriate constants
Aand B>0

~Blg —p| < ppla) < ~Alg - pl*.

By Lemma 2.1 (applied with pp, instead of p), if u : D — D be a
J-holomorphic map, and if u{0) is close enough to pg, u(z) € V whenever
|2| < ry. Take p € 8D such that dist (u(0),8D) = dist (u(0),p) (sop € V).
For |21| < r, by subharmonicity of |u(z) — p|? there is a constant C such
that

27 ) do
u() =5 <C [ fulrie®) -G
0 m

By the mean value property:

~ppou®) > [ ppoutrie) e > 4 [ lutric®) - > Alute)-f.
It gives
' (dist:(u(z),u(O))2 < (dist(u(0), p) + dist(p,u(:f:))2 < C dist(u(0),p)
for some other constant C, as desired. 0O

2.b. A Schwarz-type Lemma-I and proof of Theorem 1.

Lemma 2.1 and 2.2 make possible to work locally if we are interested
in the distance of a point p of strict pseudoconvexity in the boundary of a
domain D, to points in D. Take a C?-chart in a neighborhood U of p such
that p=0,UND\ {0} C {Z = (21,..,2n) € C" : ||Z]] < 1,Rez < 0}.
Using dilations we can assume that U contains the closed unit ball in R?"
and that J is as close as desired to Jg; in C'- norm. For any J-discu : D — D
with 4(0) close to p, u(z) € U for |z| < 1. So due to (1.5) and (2.2) we see
that

|Vu(z)| < C+/dist(u(0),0D) < Cy/—Reui(0) iflz| < 1/4.
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We state the next Lemma so that, starting from above, it can be used
without (the obvious) rescaling (done in the proof).

LEMMA 2.3 (Schwarz-type Lemma-1). — Let J be of class C! on the
closure of the unit ball in R*™. Assume that there exists A > 0 such that for
every J-holomorphic disc u: Dy — U™ :={Z = (21, ...,2,) € C" : [Z]| <
1, Rez; < 0} such that u(0) is close enough to 0:

(2.3) [Vu(z)] < Av/—Rewu1(0)

if |2| < 1/4. Then there exists C = C(A) > 0 such that for every J-
holomorphic v : D — U~ with u(0) close enough to 0 one has

(2.4) IV Rew; (0)] < C|Reus (0)].

Proof. — Of course, replacing the function u(z) by the function u(%),
we can assume that u is instead defined on D and that (2.3) holds for |2| < 1.

Formula (1.2) applied to the coordinate function A = z; = Re 2z
gives

. Oou ou
(2.5) AReus(2) = (dd521)ucs) (5 (), T 5= (2)).
Using the estimate (2.3) one gets
(2.6) |ARewu;(2)] < C1|Reui(0)]

if |2| < 1, for a constant C; depending only on J and A. The estimate (2.4)
follows from (2.6) and from the condition Reu; < 0.

So, set f(z) = Re u1(z).

By Af7, we denote the function equal to Af on I, and 0 elsewhere.
With C; as above, set

(2.7 9(2) = J(2) ~ 5= 0 [C]* AF7)(2) ~ C1IFO)]

From (2.6), we get |5 In|¢| * Af 7| < C1]f(0)]- So g < 0 and |g(0)] <
(2C1 + 1)I£(0)]-

The classical Schwarz Lemma for negative harmonic functions gives:
|Vg(0)| < 2|g(0)]. Therefore (2.7) yields;

IV£(0)] < [Vg(0)] + Sup|Af~| < 2g(0)] + C1l£(0)] < (5C1 +2)| F(0)}.
O
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The localization Lemma 2.1 and 2.2, and the above allow us to apply
Lemma 1.1 to the function x = Rez; in order to immediately get our
Theorem 1.

Note that there is still no global hypothesis on D. So D may very
well not be hyperbolic i.e. the Kobayashi-Royden ‘distance’ may be only a
pseudo-distance in the interior. An easy example is obtained by the blow
up of a point. It has been pointed out at the end of 1.c that in an almost
complex manifold, every point has a basis of hyperbolic neighborhoods.
Lemmas 1.3 and 1.5 show that the small balls (with respect to any given
Riemannian metric) are complete hyperbolic, and so are the intersections
of small balls with strictly pseudoconvex domains.

2.c. Proof of Corollary 1.

To get Corollary 1, hyperbolicity of the domain, in case D does not
contain complex lines, is the only point left.

It follows from the Brody reparametrization lemma. If there is a
sequence of points p; € D and unit (with respect to some metric) vector
v; € T,X such that |v;|x tends to 0, then there is a sequence of J-
holomorphic maps u; : D, — D such that du;(£) = v; and R; — oo.
After reparametrization we get a sequence u; : Dg, — D, still J-

2|2

holomorphic and such that sup {|dﬂj(z)-R—Rr :z € Dy, } = |di;(0)] = 1.
J —
A subsequence converges to a non-constant map from C into D, which due

to the strict pseudoconvexity of the boundary of D must be a map from C
into D.

Corollary 1 is proved.

3. Estimate of a Calderon-Zygmund Integral
and Schwarz-type Lemma II.

Fix the following function ¢(r) = rln%,r > 0. We have already
introduced the class C*»%. Let us introduce more generally sub-Lipschitzian
classes C**¢ which are the spaces of functions or maps f € C* that locally
satisfy u%f%:—f)—)(i)[ < C < oo (for some positive C'). We also define the
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Banach space C¥?(DD) as the space of complex valued functions on DD that
satisfy:
f®(2y — fR) (2
fllgu, + sup L) =f )
|z— z|<- d)(lz - Zl)

< oo,

with the left hand side defining the norm ||-||x,4, k& = 0. C%¢ will be denoted
simply by C®.

LEMMA 3.1. — There exists a constant C such that for all complex-
valued functions f € C*(R?), and g € C1'*(R?) such that:

@ Ifllcoy <L lgllrom ST
(2) ”g”CO(ﬁ) < %;
3) 1£(2)] < lg(2)| and g(z) # 0 for all z € D,

one has

(3.1) ./ID z dz dz‘ < C - log |g(10)|

Proof. — We can assume ¢(0) > 0. Set 6 = g(0) and split

) [ LI, 16
./|z|<1 2 g(z) Y /|zl<6/4 2 gz) " y+/5/4<|zg<1 2 g(z) Y

where clearly
/ 5/4<|2|<1

since § = g(0) < 5. In order to estimate | f lol<b/a 3T ﬁdxdyl we shall use
the following cancellatlons (with the first integral in the sense of principal
value):

1
3.2) / — dxdy ———/ —dwd —/ —da:dy 0.
( |2|<6/4 2> |2]<5/a 22 |2|<8/4 %2

Write f(z) = f(0)+ Ri1(z), and g(z) = g(0) + Az + Bz + Q2(z). Due to the
condition of the Lemma that ||f| ¢, |lgll1,¢ < 1 we have (with appropriate
definitions of the norms)

Z

idxdy C- log ,
g(2) 1)

, 1Q2(2)] < |2)°In 1

|A],|B| <1, |Ri(2)] < Izlln 2|

For |z| < £, we have that g(z) = 6(1 + 42552 4 @5—@) with |42HEZ| 4
1 6ln— 2
|2 < i+t <E
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For dealing with %, we shall simply use that if |a| + |b] <
1—4_(11—4_5 =1—a+r with r < C(la]? + |b]), for some universal constant
C. We will apply it with a = 421BZ and b = QZT(Z).

So, we can write that

63 Lo+ rEI)- (EEE) +se),

with [Sy(2)| < C(| 92| + ’%’2) < C’(J%Elnl%l +%ﬁ) Write (3.3) as

f£0) Az + Bz
Fire — fO)—— +T(),

where |T(z)| = {0t g, 5y 4 316(2)(1 _ AsiBEy
(1) From |£(0)|<|g(0] = 8, and |Ri(2)|<|2|In 17, we get that |—J—2f(0)+R1 z

So(z)| < O+ |zl ) (EE + Pl < ok +
]Z|1 _Il_)

2) |Ri(2)(1 — A25B2)| < 3Jz|In L, s0 3[Ry ()(1 - A2422)| < Ll L.

Using cancellation properties of the Calderon-Zygmund operator and
the claim we have proved one gets

‘/ d]_]/ da:dl c Ly L dedy
lzl<d 22 9 |zI<$ 22 |z|<6/4 5|z| | |
1
<Cln-.
35
O

Lemma 3.2 (in which we focus on the behavior near the puncture)
will be a generalization of the standard Schwarz Lemma which gives the
following estimate for a holomorphic map g from the unit disc into the
punctured unit disc:

/0)] < 2l9(0) o | 5 .

LEMMA 3.2 (Schwarz-type Lemma-II). — For A and B > 0 there
exists C' > 0 such that for every map g from the unit disc into the punctured
disc D,/ — {0} satisfying

lollo < 4 and [22] < Blg(a)
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for all z € D, one has

V9(0)] < Clg(0)|log m

_ g
Proof. — Extend ——gﬂé— to C (identified with R?), by setting it to be

equal to 0 outside the unit disc. Set
1 9
w=— x —&,
Tz g

We have |w| < 2B, and on the unit disc,

Bw_—%
oz g

So h = ge¥ is holomorphic. The holomorphic function h never vanishes,
and it takes values in the disc of radius %ezB. So, the Schwarz Lemma for
holomorphic function gives us a bound:

Gy
< =
IVHO)| < 2/A(0)/10g |5 75 .
for some constant C; depending only on B. We have
Vg(0) = e O Vh(0) — h(0)e O Vw(0).

Note that we have a bound for |w(0)|, so h(0) and ¢(0) are comparable
(bounded ratios), and we can use the above estimate for Vh(0). All what
is left is to have a correct estimate of Vw(0) (by a multiple of log I?(lﬁﬂ)'

_%g
The Z derivative of w is simply jﬁ, which has modulus < B. The needed
estimate of %%(O) which is given by the integral (defined as a principal

value):
1 -%
/,Eﬁ7
D2 g

is given by Lemma 3.1, applied to the function g; : z — g(%z) instead of g,
with k < max (1, ||g]lc1.¢), and f = c%%, for an appropriate constant ¢. O

4. Distance to a complex hypersurface.

Proofof (2.A). — Due to hyperbolicity the question can be localized.
Therefore we will suppose that X is a neighborhood of 0 in R?" and that
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M ={Z = (z1,...,2n) € X : z, = 0}, where z; = z; + 1y, are complex
coordinates in R?" 2 C”, unrelated to the almost complex structure J.
Since M is of class C3, in the new coordinates we can keep J of class C2.
Without loss of generality we can assume that J(0) = Js, the standard
complex structure on C". We shall write Z = (21,...,2n) = (Z’;2,) with
Z' = (z1,...,2n—1). Because z,, = 0 is a J-complex hypersurface we already
have the almost complex structure J given along z, = 0 by
'y [ AZ) «
J(Z',0) = ( 0 ﬂ) ,

where a is a (2n — 2) x 2 matrix while 3 is a 2 x 2 matrix. After shrinking
the neighborhood of 0 if needed, consider the C? change of variables given

by
Bz, . 2n) = (Z50) 4 (0:20,0) + 4 (Z50) 5o,

(using obvious identification of R?" and TR?"). In the new coordinate
system we will have

@) szso - (17 0)

2 (0 -1
where Jg; (1 O>'

From now on we will work with coordinates in which (4.1) holds, with

J now of class C!.

Let u : D — (R?",.J) be a J-holomorphic map. Recall the condition
for J-holomorphicity in the form (1.7)

ou Ou
% T QJ(U)a =0
with Q(u) = [J(u) + Jot] }[J(u) — Js], where Z and £ refer to the
standard complex structures on D and C?, i.e. in R?" coordinates

Qu_ (D, ouy o _1(0u_, ou
oz or " "oy )’ 9z 2\9z “Toy)’

Due to (4.1) B o
asz0= (P 0).

The Cauchy-Riemann equation (4.2) for J-holomorphic maps u : D —
(R2", J) gives for the component w,:

Bun Zb Buk
ku1> ..,Un BZ

(4.2)
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with b(u1,...,up—1,0) = 0. For some constant C' we therefore get an
inequality

(4.3) ‘9“"

<Clu H|Z,8uk

On the right-hand side |%&| will be bounded by the C*® regularity of
J-holomorphic maps, the factor |u,| is the important feature.

Since the problem is purely local and since (after the changes of
variables), the almost complex structure J is of class C', we can use
shrinking and rescaling in order to assume that (X, J) = (D", J) with D”
the unit polydisc in C* 22 R?"*, equipped with an almost complex structure
J sufficiently close to the standard structure in C' topology. Then, by
Remark 3 in 1.d, J-holomorphic maps from D into (D™, J) have uniformly
bounded C'¢ norm on Dz

From some (other) constant C' we therefore get:

Bun
¥

< Clug| on D1/27

and
lunllcrom, ,,) < C.

Only now we are going to use the hypothesis that the map u should avoid
the hyperplane M = {z, = 0}, i.e. u, # 0. We apply Lemma 3.2 to the
restriction of % to Dy (i.e. to g(z) = Fun(%)), to get for some (other)
constant C:

IV (0)] < Clu(0)|log m

By Lemma 1.1, if p = (py,...,pn) € D™ and p, # 0, the Kobayashi distance
dpn\p(p, M) from p to M, relative to D™ \ M and J is infinite.

This achieves the proof of (2.A).

Proof of (2.B). — Since M is not J complex at p and is of class C3,
we find a C3 change of coordinates so that: p = 0, J(0) = Jg, M coincides
with R? x C"2 on the ball of radius 6, and that this ball is included in
D;. Note that J stays of class C2. Consider the following family of J
holomorphic discs defined for |¢] < 1, |t| <

a0 = (¢i(5 +<2) +00).
This family has the following properties.
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(a) ¢:(D\Dy) C K for some compact K not intersecting M.
(b) ¢:(D)NM =@ for t > 0;
(¢) do(D)N M = {0};
(d) #:(D) intersects M transversally for ¢ < 0.
Using dilations, replacing J(z) by J(ez), we can assume that J
is as close as we need to Js;. Note that these dilations leave M =
R? x C™? invariant, but that we do not rescale the family (¢;). Applying

Proposition 1.2 we then get a family of J holomorphic discs 1, with the
following properties:

(@) ¥:({|z] = 3}) C K for some compact K not intersecting M.
(b’) (D) N M =@ for t > &, for some & close to 0.

(¢)) s, (D) N M # 0.

Clearly any point p’ = ¢5,({o) € M is at finite distance from points
in the complement of M. Indeed, for t > Jp the distance from wt(%) to
¥:(¢o) in D\ M stays bounded as ¢ — 8o, but ¢;(2) tends to a point in the
complement of M. O

5. Hyperbolic distance to a real hypersurface.

5.a Construction of the family of discs.

From Proposition 1.1’ we will deduce:

PROPOSITION 5.1. — Let J be a C** almost complex structure
defined near 0 in R?". Let M be a C? hypersurface in (R?",.J) defined by
p=0,0€ M, Vp(0) # 0. If there is a complex tangent vector Y € TM(0)
such that dd5p(Y,J(0)Y) > 0 then there is a family of J-holomorphic
embedded discs u; : z — py(z) € R?™ (z € D) that depend continuously on
t € [0,1] such that

ift >0, u(D) C {p > 0}
0 = ug(0) = ug(D) N M.

Proof. — Let ¢ : Dr — (C?",J) be some J- holomorphic disk with
¥(0) = 0 and %(0) = Y. Then 9 € C>“ and after a C>* change of
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coordinates we can assume that ¢ : 2 — (Rez,Im 2,0,...,0) ((2,0,...,0),
when using complex coordinates) is a J-holomorphic disc, Y = (1,0, ...,0),
J(0)Y =(0,1,0,...,0) and J = J, along R?x {0}. Moreover we can choose
coordinates so that the vector (0,0,1,0,...,0) (€ R?") is a normal vector
to M at 0 with Vp(0)[(0,0,1,0,...,0)] = 1. In the new coordinates J is
still of class C%.

Since % is a J-holomorphic disc d°(po 1)) = 9.d5p. By differentiation
dd®(p o ) = 1.ddSp. Therefore the Taylor expansion of p o) at 0 is

po(z) = Reaz? + b|z|> + o(|z|?),

with b > 0. Using complex C™ coordinates in the right-hand side, consider
o(2) = (2,—a2?,0,...,0). It need not be a J-holomorphic map. But since
J = Jg; along Cx {0} and since ¢ is holomorphic for the standard structure,
we have 050 = O(|z|?). By Proposition 1.1’ there exists a germ of J-
holomorphic disc ug such that, still using complex coordinates,

up(2) = (2,—az?,0,...,0) + o(|z|?).
It is immediate to check that
poug(z) = blz|* + o |z[*).
Then one has just to restrict ug to a small disc to be identified with . We
then have 4o(0) = 0 but poug(z) > 0if 2z # 0.

The construction of the discs u; is exactly similar replacing M = {p =
0} by positive level sets of p. O

5.b. Proof of Theorem 3.

After change of variables p = 0, we are in the situation of Proposi-
tion 5.1. Then, the sequence of points u;,,(0) tends to 0, their respective
Kobayashi distance to u1,,(1/2) in the complement of M stay bounded,
but the points u;/,(1/2) stay in a compact subset of the complement of
M. This establishes Theorem 3.

Proof of a stronger version of (2.B). — We now assume that J is of
class C>*, and we wish to show that in (2.B) one can take p = p’. Let M be
a real codimension 2 submanifold of class C? in (R?",J), 0 € M. Assume
that Y € TM(0) but J(0)Y ¢ TM(0). Consider a hypersurface M defined
by p = 0 containing M such that J(0)Y is tangent to M at 0. It is an easy
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exercise to show that by adding a quadratic term to p if needed (therefore
not changing the tangent space) but keeping p = 0 on M we can get

dd5p(Y, J(0)Y) # 0.

Observe that if g and h are functions defined near 0, with h(¢) = O(|¢|?)
and J(0) = Jg; then dd$(g + h)(0) = dd5g(0) + dd°h(0). So it is enough to
take h =0 on M but dd°h(Y, J(0)Y) # 0, (d° = d5_,).

This being done, 0 is at finite distance from points in the complement
of M, for the Kobayashi distance relative to the complement of M, and
thus a fortiori for the Kobayashi distance relative to the complement of M.

Remark. — Any C? submanifold M of codimension > 2 is a sub-
manifold of a submanifold of codimension 2, whose tangent space (at any
chosen point of M) is not J-complex. So, as above, points of M are at
finite distance from points in the complement of M. But a more direct
argument can be given, simply based on the fact that, by simple count of
dimensions, J-holomorphic discs generically miss M, and C? regularity of
M is not needed.

6. An example.

6.a. d5 and Levi foliation.

If M is a real hypersurface defined by p = 0, with Vp # 0, a tangent
vector Y to X at a point p € M is a complex tangent vector to M if and
only if dp(Y) = d5p(Y) = 0.

The question of foliation of M by J-complex hypersurfaces is much
the same as in the complex setting. The question is to know whether when
Y and T are complex tangential vector fields to M, the Lie bracket [Y, T
is also complex tangential i.e. if d5p[Y,T] = 0. By the definition of d,
dd5p(Y, T) = Yd5p(T) — Tdsp(Y) — dsp([Y, T1) = ~d5p([Y, T]). Thus the
Frobenius condition d$p([Y,T]) = 0 is equivalent to dd5p(Y,T) = 0.

Remark. — It is well known that for complex manifolds, if a hyper-
surface is not Levi flat, its complement is never complete hyperbolic.

There is a very simple and fundamental difference between the
complex case and the almost complex case. Consider the two conditions
on a hypersurface
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(1) For every complex tangent vector field Y, [Y, JY] is complex tangent
(i.e. dd°p(Y,JY) = 0).

(2) For every complex tangent vector fields Y and T, [Y,T] is complex
tangent.

For almost complex manifolds of real dimension > 4, (1) does not
imply (2) (example below). But for complex manifolds it does. The easiest
way to see it is by considering the Levi form as a hermitian form on the
complex tangent space, or (just a different writing) by using dd¢ = 2i90.
Here we sketch a direct argument in terms of the Lie brackets. If (1) holds
Y + JT,JY — T] is complex tangent. But [Y + JT,JY —T] = [Y,JY] +
JT,J(JT)] = [Y,T| + [JT,JY]). If J = Jg, [JY,JT] = [Y,T] modulo a
complex tangent vector field, as follows from the vanishing of the Nijenhuis
tensor (for complex manifolds): [Y, T|+ J[JY, T|+J[Y,JT|—[JY,JT] = 0.
Hence [Y, T} is complex tangent.

For almost complex manifolds of real dimension 4, (1) and (2) are

obviously equivalent since if Y # 0, Y and JY generate the complex tangent
space.

6.b.

In an almost complex manifold of real dimension 4, the complement
of a hypersurface is (locally) complete hyperbolic if and only if that
hypersurface is foliated by J-complex curves. We now present the following
example on R, (in which it is to be noticed that we do not need to restrict
to bounded regions). We use coordinates (x1,y1, %2, y2, Z3,%3). On RS we
define the vector fields

0 0 0 0
L, = a—x2+$155;, Ly, = B—yz —y18—%

and we define the almost complex structure J by setting:

8 _ & a\Y_ _.8
o) = (od(&)=-2%)
J(Ll) = L2 (SO J(Lg) = —Ll)
) _ @ a\y_ __8
J(B—w;;) —a—y3 (SO J('@) —_6_m3)
Note that the functions z; = x1 +4y1 and z3 = x3 + iye are J-holomorphic
but that 23 = z3 + iy3 is not. Finally we simply consider the hypersurface
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M = {y3 = 0}. At each point the tangent space to M is generated by 8%1,
%, Ly, Ly and 5%. The complex tangent space (TM NJT M) is therefore
spanned by -3—2—1, 6%1’ Ly, Ls. Since [6%17 L1] = 6%3 is not a complex tangent
vector, M is not foliated by J-complex hypersurfaces. However:

PROPOSITION 6.1. — For any point p € R® \ M the Kobayashi
pseudo-distance from p to M is infinite.

It therefore follows from Theorem 2 that for any complex tangential
vector field Y on M, |Y, JY] € TMNJT M.t can easily be checked directly,
but we won’t need it.

Proof. — We will need

dzs) ~ By, POz 'oys
9 o o

J(—ai—2)=J(L1—x1—?—) 0 0 452
1o} 0
J((?_yg) =J<L2+y18—x3') _8—x2_x10_a:3+y18_y3'

We now write in detail the condition in order that a map u : D — (RS, J)
be J-holomorphic. In D we use coordinate z = z + iy, and we write
u = (X1,Y1, X2, Y2, X3,Y3).

The condition for J-holomorphicity is g—;‘ =J g—;. It gives:

ox, _ _ov;
( ) oy Ox
6.1
v _ 8Xy
8y ~ Oz
0Xy _ _0Y,
( 8y oz
6.2)
oy, _ 0X,
Oy ox
90X _ 0¥z y 8Xa x OYs
oy oz 61 oz Xy oz
(6.3)
s _ 0X3 _ y 9Xe oYy
oy ~ Oz X1 x +Ylax

(6.1) and (6.2) merely say that Z; = X; +14Y; and Z; = X5 + 1Y; are
holomorphic functions of z = = + iy.
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We now compute 2§:Z3:

0 0X3 0Y;3 (0X3 OY3
2—(2Z3) = Z28 703
82( 3) <8x By) (8y+(9x)
0X> Y5 . 0X, oY,
— Y _y 222y Y2
5 ~Yige) ti( vt - xg))
00X, 7))
= (X, *ZYl)—ax -M+iX1)—=— e
0X, oYy 07,
=74 oz iZr 5, Oz =21 Oz
The conclusion of this computation is that %Zg is an antiholomorphic
function of z. Hence Z3 can be written as the sum of two functions

Zs3 = h1 + hy with hy and hg both holomorphic.

- (n 2

Consequently if u is a J-holomorphic map from D into (RS, J), Y3
is a harmonic function of (z,y). If h is a positive harmonic function on D
then we have |Vh(0)| < 2h(0). By applying it to Y3, or —Y3, we see that
if u:D— R%\ M is a J-holomorphic map |VY3(0)| < 2|Y3(0)| (remember
M = {y3 = 0}). Since fol & — +00, Proposition 6.1 follows.

Appendices.

A1l. Proof of Proposition 1.1
under the assumption of C¥~1* regularity of J.

Here we simply indicate how to adapt the proof given in section 1.e,
by using the trick already used in [N-W]. We had to solve the equation
9u 1+ Qs(u)dt = 0. Let B be the closed unit ball in C**(D, R?").

In order to avoid any differentiation of J in the first step, we start by
fixing a function ¢ € B. and we solve instead for u the linear equation:
Ou ou
1), au U _y
(a.1) 5 T @15

with prescribed z-derivatives up to order k at 0. It therefore leads to
introducing, in replacement of ®; the operator ‘Iﬁ‘f:

2% (w) = (1~ TeaQu(e) . Ju,

which is simply a linear operator. If J is close enough to Js; in Ck=12
topology (independently on ¢) one can invert this operator. In order to
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follow the proof of section 1.e we need to be more precise, we should fix
R > 0 such that for any (¢,W) in the closed ball B of radius R in
R2" x (R?™)* h, w is in the open unit ball of C¥* (D, R?"). As in section 1.e,
how (2) = 4+ Yy 2w

Then, exactly as in the proof in section 1l.e, to each (p,V) in a
neighborhood of 0, independent of ¢ € B, we associate (¢, W) € Bg such
that u? , = (®#)~'h, w has the appropriate k-jet at 0. Since the function
@?(uﬁv) is an ordinary holomorphic function, the function u = u/,
satisfies (a.1). Set x(¢) = uy . If we had ¢ = x(p) then equation (a.1)

ou? ou?
would give 1:9”;"/ +Qs(uyv) %PZ’V = 0, so u}, would be J-holomorphic
and would solve the problem. So we simply need to prove that x has a fixed

point in B, provided that (p, V) is close enough to 0.

Note that if J = Jg, Q7 =0, @ﬁé is the identity, (p, V) = (¢, W) and
x(p) = Ug,v = hp,v (of course independent of ¢).

Since Tc gains one derivative we have the following. First, if J is
close enough to Jy; in C¥~1* topology, and (p,V) is close enough to 0,
x(B) C B. Second, x has a strong continuity property: it maps continuously
B equipped with the C*~1® topology into B equipped with the C®¢
topology. At any rate, x defines a continuous map from B equipped with
the C*~1@ into itself. Since B is a convex compact set in C*~1*(D, R?"),
The Schauder Fixed Point Theorem implies that x has a fixed point, as
desired.

A2. Deformation of (big) J-holomorphic discs.

The following Theorem shows the upper semi-continuity of the
Kobayashi Royden pseudo-norm for structures of class C® (a > 0). In
[I-P-R] a simple example is given to show that this upper semi-continuity
fails to be true for structures of class C%. Theorem Al was proved by Krug-
likov [K] at least for structures that are smooth enough. Our proof clarifies
the smoothness assumption and unlike [K] it does not require a careful and
difficult reading of [N-W].

THEOREM Al. — Let (X, J) be an almost complex manifold with
J of Hélder class C* (a > 0). Let u be a J-holomorphic map from a
neighborhood of D into X . There exists a neighborhood V of (u(0), g—Z(O))
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in the tangent bundle TX such that for every (q,Z) € V, there exists a
J-holomorphic map v : D — X with v(0) = q and %(O) =7

Proof. — Let r > 1 be such that u is defined on D,. The map u is
C%>. We can assume that u is an imbedding. Otherwise we add dimensions.
We consider the map z — (z) = (z,u(z)) from D, into R? x X, equipped
with the product almost complex structure J2 x .J. After getting a map ¥
from Dy into R? x X, one simply takes the projection on the X factor.

By simple topological arguments, a neighborhood of u(ID,) can be
identified with an open set in R?" ~ C", and one can find (n — 1) smooth
vector fields Yi,...,Y,_; defined on a neighborhood of u(D,) such that
for every z € D, the vectors g—:(z), Yi(z),..., Yn_1(2) are J(u(z))-linearly
independent.

It allows to define the C>* change of variables

n—1

(21,045 2n) = ul21) + Z zjt1Yj(u(z1)) ,
j=1

defined for |z|; < r and |z;| small if j > 2.

In that change of variables the structure J is transformed into another
almost complex structure still of class C'*, that coincides with the standard
one along Cx{0} C C™, The map u is replaced by the map z — (z,0,...,0).
So Theorem A1 reduces to the following Lemma:

LEMMA Al. — Let J be an almost complex structure on R?* ~ C",
of Hélder class C1, that coincides with the standard complex structure
on C x {0}. Let U be a neighborhood of D x {0}. For any (q,t) € C" x C"
close enough to (0,0), there exists a J-holomorphic map v : D — U such
that v(0) = q and g—;(o) =(1,0,...,0) +¢.

Proof of Lemma Al. — We will work in a neighborhood of D x {0},
on which J ~ Jg and therefore on which as previously the condition for
J-holomorphicity can be written:

ou ou
% + QJ(u)gz— - O,

and we have Q(z,0,---,0) =0.
Assume J of class . Set & = {f : D — C"; f € C*, f(0) = 0,
V£(0) =0}, Fo ={g9:D— Cr;g € C*g(0) =0}, F(z) = (2,0,---,0).
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Define the map &:

@:50———».7:0
oF 0
g 2ELD gup s p2ELD)

Since F is J-holomorphic, ®(0) = 0. We want to show that the derivative
of the map ® at f = 0 is onto. Taking into account that %% = 0 and that

Qs (F) =0, one gets:
a() = 9L+ 45N (5) + ol

where A;(f) is a (2n x 2n) matrlx with entry that are C* in z and R-linear
in f.

Denote the derivative at 0 by D®y. With complex instead of real
notations, we can write:

DBo(f) = 9L + Bu(2)f(2) + Ba(2)F(2),

where now B; and B, are (n X n) matrices with complex coefficients of
class C*.

of

The surjectivity of D®, follows therefore from the following theorem:

THEOREM A2. — If By and B; are (n x n) complex matrices with
coefficients in C*(D), for every g € Fy, there exists f € & such that
o _
%) o B+ Ba2)T(2) = gl2)

We postpone the proof of Theorem A2, and we now finish the proof
of Lemma Al.

We shall apply the following elementary result on maps from a Banach
space E to a Banach space F. Let " be a C! map from Bg(p, R), the ball
of radius R in F with center at a point p, into F. Assume that for some
C > 0, for all ¢ € Bg(p, R) the equation DI'j(z) = y can be solved for all
y € F with ||z||g < C|ly||r. (By the open mapping theorem, the existence
of such a constant C > 0, for R small enough, is guaranteed as soon as
DTy is surjective). Assume moreover that for all ¢ and ¢ € Bg(p, R),
|IDTy — D¢ |lop < 55. Then for every y € F, with |ly — T'(p)|| < £,
there exists z € Bg(p, R) such that I'(z) = y. The proof is standard, by
successive approximations.

For (g,t) in C*xC™, close to (0, 0), as in the statement of the Lemma,
and T = (1,0,---,0) + ¢, set
F#(2) = q+ 2T + y(J(q)T) (z =z +1y).
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Then, F# close to F' in C1* topology with 8;F#(0) = 0. Define

# #

e R L

Since 0;F#(0) = 0, ®# maps & into Fp. It is a small C* perturba-
tion of ® and hence there exists f (close to 0) such that ®#(f) = 0.
Define v(z) = F#(z) + f(z), v has the same first jet at 0 as F#. So
(v(0), 22(0)) = (g; (1,---,0) +t) as desired, and ®#(f) = 0 means that v
is J-holomorphic. To complete the proof of Theorem A1, it only remains
to prove Theorem A2.

% . f

Before starting the proof of Theorem A2, we need 2 Lemmas.

LEMMA A2. — Let A1 and A, be continuous matrices with complex
coefficients defined on D — {0} and bounded (no continuity assumed at 0).
For every continuous map g : D — C" there exists a continuous map
f: D — C™ such that (in the sense of distribution)

o+ M + AT =0

(From the proof: We can add f(0) = 0).

All computations are to be thought in R?*. On most lines however
we keep complex (C™) notations that allow a simpler writing of 0 and of
its solution by mean of the Cauchy Kernel.

Proof of Lemma A2. — Define the operator P:

3} -
P = L+ M)+ AT
on C(D) consider the operator:
1 1 .
g P(g * — — g% —(0)) mapping
Tz nz

C(D) into itself. @ = # K. K a compact operator. Hence the set of g € C(D)
such that g = P(f) for some f is a closed subspace (R subspace not C
subspace) - of finite codimension.

We need to show that it is dense.

Let p be a R?"-valued measure on D such that for for any ¢ €
C>®(R?,R?") such that ¢(0) = 0 (the condition ¢(0) = 0 to make sure
that Py is continuous at 0):

/P<p-du=().
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We want to prove that yu = 0.

By integration by parts [ Py -du = 0 gives P*u = 0 on R? — {0}
where P* is an operator of the type:
. 7]
Py = 3—5 + C1(2)p + Ca(2).
The computation is elementary but needs to be done by separating real
(R™ valued) and imaginary parts of .

Since  has compact support we first show that P*u = 0 on R? \ {0}
implies 1 = 0 on R? \ {0}. Note that P*y = 0 on R? — {0} immediately
shows that pu € L for any p < 2 since p = L * (—c1(2)p + c2(2)E + v),
with v a distribution carried by {0}. And using the same formulas on sees
that p is a given by a continuous function. Then P*u = 0 gives a simple
pointwise inequality in R? — {0}

Ou
By well know uniqueness results it follows that x4 = 0 on R? \ {0}.

Consequently, if x4 annihilates the continuous functions which can be
written as P(f) for f € C*, p must be a 2n-tuple of point masses at 0.
Take f = Za, a € C", one sees that necessarily y = 0. m]

From now on, the notations are the notations in the statement of
Theorem A2 (for By, By and equation (%)).

LeMMA A3. — For every C* map g : D — C™ with g(0) = 0, there
exists a C1** map fo defined near 0 in C such that fo(0) = 0, V fo(0) =0
and solving (*) near 0.

For r small enough, let D, be the disc of radius r. Let Fo(r) be the
space of C® maps g from D into C", with g(0) = 0. To any g € Fy(r)
associate a C* extension g with compact support in Dy, given by a linear
operator and such that

sup [g] < 2sﬂ1)3p lgl-

Now, define P by

() =2 4 Bi)r + BT

Consider the R-linear map © from Fy(r) into itself defined by:
1
: g*x — — b))},
(S} gHP(g* — (za + ))
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with: a and b € C™ are determined by the condition:
gx=0)=beC"

%(ﬁ* le)(O) =q€C™
Due to the choice of b, © indeed maps Fo(r) into itself. It is again a compact
perturbation of the identity. But © is clearly one to one if r is small enough.

Indeed, for r small enough, one has

sup 'Bl(z) (ﬁ*% - (za+b)>1+ ‘Bg(z) (g* wiz —(za+ b))‘ < 1S]Sp lg(2)].

2

Therefore © is onto and so one can take fo = g * 7—3; —(za+b). On D, fo
solves (*), and fo is of class C**®. We have fy = 0 and due to the choice of
a, V fo(0) = 0, as desired.

Proof of Theorem A2. — Extend fy obtained in Lemma A3 , and find
f by setting f = fo+ f1. We need to solve % +B1(2) f1(2) + B2(2) f1(2) =
g1(2) with g; = 0 near 0. It is better to do it on a neighborhood of D
after extending the data to a neighborhood of D. Applying Lemma A2 to
a larger disc, take f;(2) = 22h(z), with h obtained by solving

Oh | By (2)h(z) + j—ng(z)ﬁ(z) _ &)

0z 22
Then f = fo + f1 solves () and satisfies
fz)=o(z]) (2~0).
Since f solves (x), f is of class C1'®, by elementary regularity of 9. 0

A3. Other definition of the Kobayashi distance.

The usual definition of Kobayashi for the Kobayashi distance can also
be given based on the following lemma due to Debalme [De-1]

PROPOSITION Al. — Let J be an almost complex structure of class
CY® in the neighborhood of the origin in R?®. Then for any pair p,q of
points sufficiently close to the origin there exists a J-holomorphic disc
passing through both of them.

Proof. — We use again the notations of the proof of Proposition 1.1.
But we replace the functions hp v in the proof of Proposition 1.1 by the
functions h, , defined as follows.
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Consider the mapping from A to R?"
hpq: 2+ p+22(q—Dp)
where (p,q) € (R¥¥)¥ and denote u, p 4 = ®-'hy, .. We remark that
- hp 4 being holomorphic, eu, p 4 is J-holomorphic.
© Uo,p,g = Pp,q - SO it verifies ug ,4(0) = p and ugp4(3) = g.

Consider the mapping from [0, €] x (RFX ) to (RF*¥)¥

Vi (e,p9) — ("smyq(o)’“&"ﬂ(%»

¥ is C! and from our last remark ¥(0,.,.) = I d(reny2. So by the implicit

function theorem, if € is sufficiently small , there exists U and U ' neighbor-
hoods of zero in (R2")2 such that ¥(e,.,.) : U — U is a diffeomorphism.
Let po and g two points sufficiently near of zero (i.e. (2,4L) € U "). There

exists (p, ) such that cue p¢(0) = po and euepq(3) = go . We have thus
made €u, p 4 a J-holomorphic curve which is going through po and go. O

Both definitions of the Kobayashi distance are equivalent, but we
worked only with the first one and therefore we will not discuss this matter
any further.

A4. Classical Properties of the Cauchy-Green Operator.

For a complex valued function g or a map g with values in a complex
vector space, continuous on D, and z € C, we set:

Too(6)(2) = (9% =) 2) = = [ 2L dway(c)

¢ mJpz—¢

We have used the following classical properties of Tog:

PRrOPOSITION A2. — For g as above:

(a) %[Tcg(g)] is the distribution defined by the function equal to g
on D, and to 0 on the complement of D;

(b) Ifg € C**(D), k € N ,0 < a < 1, then the restriction of Tcgg
to D belongs to C**1%(D).

Proof. — (a) does not need discussion. (b) follows from (a). The
CktLe regularity of Tog(g) off the unit circle results from very basic
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properties of singular integrals (known as Schauder estimates). See e.g. [M]
Chapter II, Theorem 1.6 . The regularity up to the boundary in each of the
regions {|z| < 1} and {|z| > 1} is an instance of the so-called transmission
property in the theory of partial differential equations (Definition 18.2.13
in [H8]). Since it may be harder to find a satisfactory reference for C¥+1«
regularity, we provide a justification.

Extend ¢ to a function g; € C[])“’a(Rz) ([St] Chapter VI). Set h =
g1 % . Then & = g;, and h € Ck+12(R?).

Write h(e’®) = h*(e®) + h~(e®®), where h* is holomorphic on
{|2] < 1}, and C¥+1® on {|z| < 1}; and h~ is holomorphic on {|z| > 1}, and
Ck+1he on {|z| > 1}. Simply take h* and h~ to be the Cauchy transform
of the function e? — h(e®). (Plemelj’s formula, and again Schauder’s
estimates for singular integrals.)

Consider the function A defined by:
h=h—h* on D,
h=hfor|z| >1.

Then h satisfies

?ﬂ _ dTceyg
0z 0z’
on R2.~ There is no jump term on the unit circle. So h— Tocag € C*(R?).
Since h is by construction C**+* smooth on D, so is Togg. ]
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