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HOMOMORPHIC EXTENSIONS OF
JOHNSON HOMOMORPHISMS VIA FOX CALCULUS

by Bernard PERRON

0. Introduction: review of Johnson’s and
Morita’s results.

0.1. — In a remarkable series of papers, Johnson [J1], [J2], [J3],
then Morita [Mol], [Mo2], [Mo3], [Mo4], proved a lot of results enlightening
the structure of the mapping class group M, ; of a surface Sy, and some
of its subgroups. The purpose of this paper is to reprove some of their
results in a simpler and unified way. The emphasis will be made on the
construction by Morita [Mo3], [Mo4] of extensions to the whole mapping
class group of the first two Johnson’s homomorphisms 7o, 73. Morita’s
methods are sophisticated and use deep tools, such as Malcev completion of
nilpotent groups, Sullivan’s minimal models, Levi-Chevalley decomposition
theorem, etc.

0.2. — The main tool in our approach is a new way to define the
Johnson-Morita homomorphisms. In fact, for each integer k € N*, using
Fox differential calculus, we define a map Ay: My — @*"2H (where
H = Hi(S4,1;Z)). The map Ay, when restricted to an appropriate subgroup
of My 1, becomes a homomorphism closely related to the Johnson-Morita
homomorphism 744 1.

This natural extension (as map) of the second (resp third) Johnson-
Morita homomorphism 75 (resp 73) allows us to construct in an elementary
way, a homomorphic extension of 75 (resp 73) to the whole mapping class

Keywords : Mapping class group of a surface — Johnson-Morita homeomorphisms — Fox
differential calculus.
Math. classification : 57M05.



1074 Bernard PERRON

group M, 1. We thus recover the main result of [Mo3] (resp. Theorem 2.2
of [Mo4], which has been stated without proof).

The relevance of Fox differential calculus is not a surprise, and was
known of Johnson and Morita (see for example [Mo5]) but never exploited.
Of course, most of the beautiful results of Morita (concerning cohomology
of the mapping class group) are out of the scope of our methods.

0.3. — First we make a brief review of Johnson’s and Morita’s
results. Let S, 1 denote a compact, connected, oriented surface of genus g
with one boundary component. Let I' (resp. H) denote the fundamental
group (resp. the first homology group with integer coefficients) of Sg 1,
based at a point * of 05, ;.

Let Mg 1 denote the mapping class group of S i, that is, the group
of isotopy classes of homeomorphisms of S, inducing identity on the
boundary, the isotopy being fixed on the boundary.

0.4. — The homology group H = H;(54,1;Z) is equipped with the
bilinear form, denoted (.), given by algebraic intersection number in Sy ;.
This bilinear form is antisymmetric and nondegenerate.

The mapping By: M, — GL(H) which assigns to a (class of)
homeomorphism f the isomorphism induced on H has, in fact, its image in
the symplectic group Sp(H, (.)).

By fixing a symplectic basis this group is identified to Sp(2g,Z). A
classical result (see [KMS], Theorem N13, Section 3.7) says that the map
By: Mgy1 — Sp(2g,Z)

is surjective.

0.5. —  Let {I'x} denote the lower central series of T', defined
by I't =T, I'y = [['xk—1,T], where [,] denotes the normal subgroup of T
generated by the commutators [a, b] = aba™'b~! wherea € T'y—1 and b € T,

Let Ny = I'1/T'x be the k-th nilpotent quotient of I'. Set Ly =
I't/Tk11, so that we have a central extension

1— Ly —> Ngyg — N — 1.

The natural action of My ; on I' = I'y induces an action on each N, so
there is a representation py, : My 1 — Aut(Ny), where Aut(Ny) denotes the
group of automorphisms of Ny.

ANNALES DE L’'INSTITUT FOURIER



JOHNSON HOMOMORPHISMS VIA FOX CALCULUS 1075

This defines a filtration {M(k)} of Mg by setting M(k) = Ker(px)-
In particular, M(2) is the normal subgroup of M, consisting of
homeomorphisms of Sy ; inducing identity on the homology group H.
This subgroup M(2), usually called the Torelli group of S, 1, will be also
denoted by T ;.

0.6. — Using the centrality of the above extension, one can define
as follows, for each k > 2 a homomorphism

T : M(k) — Hom(H, L) ~ L @ H* ~ L1, @ H.

Let fi denote the automorphism of Ny induced by f. Since f € M(k),
fr =id. For each © € Nyy1, fry1(z)z™! € Li. Let ¢: Npyy — Ly, denote
the map defined by ¢(x) = frr1(x) 27 1. Using the centrality of Ly, it is
easy to see that ¢ is a homomorphism. Since L is abelian, ¢ induces a
homomorphism @: H — L.

Then define 7 : M(k) — Hom(H, Ly) ~ L @ H* by 7(f) = .
It is easy to see that 74 is a homomorphism, called the k-th Johnson
homomorphism.

The case k = 2 is easy to handle. The group L is identified with A2H,
the second exterior power of H, by sending [z, y] € L2 onto [z] A [y] € A’H,
where z,y € T’ and [], [y] are the corresponding classes in H. So 72 sends
M(2) =1, into (\*H) @ H.

0.7. — Johnson [J1] identified the image of 75. Before stating his
results, consider the oriented circles in Sq1, i, ¥i, ¥i, fi, ¢ = 1,2---g,
equipped with paths joining them to the base point * € 95, 1, defined by
Figure 0.1 below:

0541

Figure 0.1
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1076 Bernard PERRON

The oriented circles and the elements of the fundamental group
I' = m1(Sg,1,*) they represent will be denoted by the same letter z;, y;, etc.
Clearly the set {z;,y;; i =1,..., ¢} is a basis of the free group TI".

Let a; (resp. b;) denote the homology class of x; (resp. v;). Then
{a;,b;; i =1,...,g} is a symplectic basis of H since a; - a; = b; - b; =0
and a; - bj = —b; - a; = 6; ; (the Kronecker symbol).

For a simple closed curve ¢ in S, 1, let D(c) denote the Dehn twist
along ¢ (see [B], §4.3 for the definition).

Then we can state some of Johnson’s and Morita’s results.

THEOREM 0.1 (see [J1], Theorem 1). — For g > 2:

(i) The image of 5 is A°H C (A2H) ® H, where A3H is identified as a
Z-submodule of (\*H) @ H by sendinga AbAcon (aAb)®@c+ (bAc)®
a+(cha)®b).

(ii) 72: M(2) = I, 1 — A3H respects the actions of My 1 on M(2) (by
conjugation) and on A3H (by p-aAbAc = Bo(p)(a)ABo(p)(b) A Bo(p)(c)).

(it)) 72(D(f1)) = m2(D(f2)) = 0 and 72(D(y2)D(ys)"") = a1 A by A by
(where f1, fa, y2, yb are the closed curves indicated in Figure 0.1).

THEOREM 0.2 (see [J3], Theorem 5). — M (3) = Ker 73 is the normal
subgroup of M, 1, normally generated by the Dehn twists D(f1), D(f2).

THEOREM 0.3 (see [Mo3], Theorem 4.8). — The Johnson’s homomor-
phism 15: 141 — A3H extends to a homomorphism
Ta:Mg 1 — (%/\3H) X Sp(2g,Z)

making the following diagram commutative:

B
1 —TIg, Mg ’ Sp(29,Z) — 1

L
N3H { 75 J id
|

1 — 3 AH —— ($A%H) % Sp(29,Z) —— Sp(29,Z) — 1.

Here (1A3H) % Sp(2¢,Z) denotes the semi-direct product of (3A*H) by
Sp(29,Z), the action of Sp(2g,Z) on (3 A\*H) being given by

po-aNbAc=po(a)Apo(b) Awolc).
Moreover the image of To is of finite index (in fact a power of 2) in
(%A‘O’H) x Sp(Zg,7Z).

ANNALES DE L’INSTITUT FOURIER



JOHNSON HOMOMORPHISMS VIA FOX CALCULUS 1077

The proof of Morita is long and sophisticated: he uses tools such as
Malcev completion of nilpotent groups, Sullivan’s minimal models, Levi-
Chevalley decomposition theorem, etc.

0.8. Remark. —  The homomorphism 75:Mg1 — (3A%H) x
Sp(2g,Z) is equivalently given by a map ¢: My, — %/\3H satisfying
e(f9) = o(f) + Bo(f) - ¢(9)

where By(f) € Sp(2g,Z) and (.) is the action of Sp(2g, Z) on (3 A3H). Such
a map will be called a crossed homomorphism. The map 75 is then defined
by 72(f) = (¢(f), Bo(f)). Such a map ¢ defines a 1-cocycle belonging
to C*(3A%H,Sp(2g,Z)).

0.9. Remark. —  Our extension of 7o is slightly different from
Morita’s extension, but the two corresponding 1-cocycles define the same
element of Hl(%/\?’H, Sp(29,Z)).

0.10. — In [Mol], §1, Morita identified, up to finite index, the image
of the third Johnson’s homomorphism 73 : M(3) — L3 ® H. First, it is not
too difficult to identify £3 with (A2H) ® H/A%H. So 73 maps M(3) into
(NH)® H® H/(A*H) ® H.

Let T' denote the subgroup of (A2H) ® H ® H generated by elements

aANb®aAb and aAbeocAd=aNbdbRcAd+cAdRaAb,

for any a, b, ¢, d in H (here when we write a Ab® cAd € (AH)® H® H,
¢ A d is understood to be equal to c® d — d ® ¢).

Let T be the image of T' under the projection
p:(NHYO H® H — (ANH)Q H® H/(A*H) ® H.

TueoreM 0.4 (Morita [Mol], Proposition 1.2). — The image of 3 is
contained in T and is of finite index in T.

The next theorem of Morita has been announced in [Mo4] but the
proof has not yet appeared.

TureoreM 0.5 (Extension of 73, [Mo4]). — Johnson’s homomorphism
73: M(3) — T extends to a homomorphism

Fa: Mg1 — (T x (3A°H)) » Sp(29,Z),

TOME 54 (2004), FASCICULE 4



1078 Bernard PERRON

where T' X ($A%H) is a central extension of (1A3H) by T. The semi-direct
product x Is defined by the natural action of Sp(2g,Z) on T x (LA3H).
Moreover the image of 73 is of finite index in (T x (3A*H)) x Sp(2¢,Z).

0.11. — In Chapter 7, we will construct a homomorphism
oo Ay: M(3) — T, such that A, =pocooAy=—1273, where p:T — T
is the canonical projection. The extension of 73 (or equivalently of Az)
we construct here is a little bit different from Morita’s one. Precisely we
construct two different extensions, each having its own advantage.

The first one, given in Proposition 7.4, is obtained as an easy
exercice of group theory. The image of this extension is in a group
(T o N°H) x Sp(2g,Z), but the image is not clearly understood.

The second extension, given in Propositions 7.5 and 7.5 bis, is slightly
more difficult to define, but its image is of finite index in an explicitly
defined group ;T oz (3@H x Sp(2g,Z)).

Acknowledgments. — The author would like to thank the referee for
his very careful reading. His numerous suggestions greatly improve the
present paper.

1. An algebraic lemma.

1.1. — Let (H,w) be a symplectic space of dimension 2g and
{a,,b;; © = 1,...,g} a symplectic basis, e.g., w(a,,a;) = w(b,,b,) = 0,
w(ag, bj) = —w(b,,a,) = d;,, (the Kronecker symbol). We will usually write
x -y for w(z,y). Let Sp(H, w) be the space of symplectic isomorphisms of H,
identified with Sp(2g, Z), using the symplectic basis {a,,b;; i =1,...,g}.
Let ¢; (i = 1,...,2g) denote a; (resp. b;) for 1 < i < g (resp. g+1 < i < 2g).

1.2. — Let My,(Z) denote the additive group of 2¢g x 2¢ matrices
with integer coeflicients. Using the basis ¢ = {¢;; i = 1,...,2g} above and
the intersection form w, we have well-known isomorphisms

R id ®d;!
(%) Mag(Z) 2 Hom(H, H) ~ H® H* ——— H® H,
where d,, : H — H™* is defined by d,,(y)(z) =z - y.
Remark. — Note the following explicit computation of the above

isomorphisms:

ANNALES DE L’INSTITUT FOURIER



JOHNSON HOMOMORPHISMS VIA FOX CALCULUS 1079

a) (M) = @c(aij) = Z?7g:1aij ¢; ® cj, where (c}) is the dual
basis of c.
b) id ®d;!: Hom(H, H) — H ® H is given by the following formula:

id® d;l(é) = i(S(&l) ® b; — 5(1)2) & a;.

i=1

1.3. —  The symplectic group Sp(2g,Z) acts on the left by
conjugation on Myy(Z) andon H @ H by B (z ® y) = B(z) ® B(y). The
isomorphism (idy ®d, 1) o . respects these actions: to see it, it is enough
to show that d,(B(y)) = d,y o B~!, which is obvious since Sp(2g,Z)
preserves w.

Now let A be a free abelian group on which Sp(2g,Z) acts linearly.
Then Sp(2g,Z) acts on Myg(A) = A® May(Z) by

B-M=BxBMxB!,
where B € Sp(2g,Z), M € May(A) and BM = B(a;;) = (B - a;y).

Lemma 1.1. — The tensor product by A of the sequence (*) above
produces an isomorphism of abelian groups

i Mag(A) — AQH® H

which respects the action of Sp(2g,Z) on Magz(A) described above and the
obvious actionon A® H® H given by B- (a®z®y) = B-a® B(z)® B(y).

Remark. — The isomorphism ¢ can be explicited as follows: let ¢;,
be the 2¢g x 2¢g matrix, the entries of which are zero, except the one at the
place (i,7), which is equal to 1. Then ¢(ae;;) = a ® €;; (a € A), where
€i, is the element of H ® H defined in the following way. Consider the
matrix My with entries in H ® H, the j-th column of which is, for 1 < j <g¢g

(resp. g < j < 2g):

ay ai
a a
bf ®b;  (resp. bf ® (—aj—g))
by by

Then ¢;; is the (4, j) entry of Mp.

TOME 54 (2004), FASCICULE 4



1080 Bernard PERRON

2. Review of Fox differential calculus (see [F], or [B]).

2.1. — Let I" denote the free group generated by z1, . .., z,. Let Z[T]
denote the group ring of I, that is the set of finite linear combinations
>, nigi (ni € Z, g; € T'). The set Z[I'| has an obvious structure of non
commutative ring. Let € : Z[I'] — Z denote the evaluation map defined by

6(;nigi) = Z;n

2.2. — We define the partial derivatives 9/0z; : Z[I'] — Z[I'] by

Oz _ o Ou+wv) Ou  Ov O(uw) Ju v
5 0 T an Ton tan on W TUas

As an immediate consequence we have

Ou~! _, 0u
= —U .
0z, 0z,
2.3. — The fundamental formula of Fox differential calculus is

(see [F], or [B], Prop. 3.4):

-I-ZaZZ zi —1) for a € Z[I.

2.4. — Let w(x) be a word in the letters 2!, ... 2F!, each z; being

a word in the variables zil, ..., zX1 Then we have the following formula

(derivation of a composition, see [B], Prop. 3.3):
Aw( ml i 9 (a2) Oz,
1 8 8Zj

2.5. — We have the obvious definition of derivations of higher order,
by setting

82
5o = 5 (5o )

The fundamental formula of 2.3 can be generalized as follows
(see [F],§3). For any « € Z|I'] and k € N:

ANNALES DE L’INSTITUT FOURIER
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e Y T 1) (- )
Sire61€41,m} 0z, Oz,

ak-Ha
+ Z ——T(zl;k+l - 1) T (Z51 - 1)

6k+1,6;€,..,,61€{1,...,n} BZ(SIH"I. o 81
where 0%a/dz5, - - - 025, (1) = £(0Fa/Dz5, - - - Ozs, ).

2.6. Magnus representation. — Let F(ws,...,w,) denote the ring
of formal series in the non-commutative variables wy,...,wy,. Then, using
formula of 2.5, we have a representation Z[I'] — F(wy,ws, - wy,) given by

a € ZN — e(a +26z
01

ot Y a1, ws, +
. e —_— w ... PECERY
" (925k' -~ 8261 Sk Wok 1 o1

It is well known that this representation is the same as Magnus repre-
sentation defined by sending z; € ' on 1+ w, € F(w) and z; ' onto
(1+w) ' =1-w;+w? -+ (=1)*wF + ... This representation is known
to be injective [M].

DEFINITION 2.1. — In formula of 2.6, the term

ak
Z ———g——(l)wgk"'w(sl

Ozs,.- -0z
B1vo Bre{l, . n} OO o

will be called the homogeneous part of degree k of o and
0 a
a)+2"'+ Z m(l)&)gk"-wlsl
51 S1,e Ok {1} Ok %

the k-th jet of a.

2.7. — Let I C Z|I'] denote the augmentation ideal of Z[I'], e.g.,
I = Ker(e:Z[l] — Z) and I* its k-th power. Then for any k € N, I* is
generated as an ideal by {(zj, —1)--- (25, — 1) j1,-..jJx € {1,...,n}}.

TOME 54 (2004), FASCICULE 4



1082 Bernard PERRON

2.8. Remark. — Under the Magnus representation Z[I'] —
F(wy,...,w,), the ideal I* is sent into the ideal generated by Wy, Wy
for j1,...Jk € {1,...,n}.

k

2.9. — Set I}, = I*/I*+1 Tt is an abelian group isomorphic to the free
abelian group generated by {(z;, —1)--- (2, — 1) j1,...,Jx € {1,...,n}}.
We can also identify Ij, with the tensor product ®*H, where H is the abe-
lianization of I', by sending (z;,—1) - (2;,— 1) on ¢;, ® - - - @ ¢, , where ¢;,
is the image of z;, € I in H.

2.10. — Under the Magnus representation, I) can also be identified
with the additive subgroup of F (w1, - - -, w,) generated by the homogeneous
monomials wj, - - - wj, of degree k, for ji,...,jx € {1,...,n}.

2.11. — The following proposition establishes a link between the
lower central series {T'y} of " (see 0.5) and the filtration

oIt crf e cIczr.

ProposiTiON 2.2 (see [F], 4.5). — For « € T the following propositions
are equivalent:

1) a €Ty,
2 a~—1¢elk,

3) &'a/dz,,- -+ 0z, (1) = 0 for any i such that 1 < ¢ < k and any
i-uplets (Ji, ... ,J1), J1s---50. € {1,...,n}.

3. The Fox matrix of a homeomorphism f € M, ;.

3.1. — We now return to the mapping class group Mg of a
surface Sy 1 of genus g. Let I' = 71(Sg,1, ). It is a free group, equipped
with a “symplectic” basis {x;, y;; ¢ =1,..., g} defined in 0.7. Let {a,,b; ;
i=1,...,9} be the corresponding symplectic basis of H = H1(Sg,1;Z).

3.2. — The same letter f will denote either an element of Mg or
the induced isomorphism of I'. For i =1, ..., 2g, set

T, if1<i<y, a; if1<i<y,
Z; = C; =

yi—g if g <i < 2g, b_g ifg<i<2g.

ANNALES DE L’INSTITUT FOURIER
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Let ():Z[['] — Z[I'] denote the anti-isomorphism doinigi = Do NG !
where n, € Z and g € T.

DEFINITION 3.1. — The Fox matrix of f € M, 1 is the 2g x 2g matrix
with coefficients in Z[T"] defined by

Bf(zl)/c’?zl . 8f(229)/821
B(f) = 8f(z1:)/822 8f(22£:,)/8z2
Of(z1)/0%z29 ... Of(229)/0224

The reason we apply the anti isomorphism () is given by the following
lemma:

LemMA 3.2. — For f,g € My, we have B(f o g) = B(f) x /B(g)
where x is the usual multiplication of matrices and fB(g) is defined by

B(g9) = N(aij) = (f(aij)) (ai; € Z[T)).
As a consequence, B(f) belongs to GLyg (Z[I']), the group of invertible
matrices with coefficients in Z[I'].

Proof. — This follows easily from 2.4. O

3.3. — As in 2.6, we associate to each o € Z[I'] a formal series in
F(ui,...ug,v1,...0y), where u; (resp. v;) corresponds to x; —1 (resp. y;—1).
Doing this for all entries of the Fox matrix B(f), we associate to f the
formal series of matrices

Bo(f) +---+Br(f) +---,

where Bi(f) is a 2g x 2¢ matrix with entries in I, the abelian group
generated by {wj w,, ,---w,; 1 < j, < 29} where {w; } are non-
commutative variables defined by w; = u; if 1 < i < g and w; = vi—y
if g < i < 2g: they correspond to either z, — 1 or y; — 1 (see 3.2 and 2.6).

3.4. — By 2.6 the element ag?) of Bi(f) is given by

oF of(z;
a’z(;'c) = Z ( J;(z?))(l)wakwn

Oz - Oz;
1<jn,...,j1<2g T e

Hence By (f) belongs to Mag(Ix), the additive group of 2g x 2g matrices
with coefficients in Ij.

TOME 54 (2004), FASCICULE 4



1084 Bernard PERRON

Recall that we have identified I}, with the tensor product ®*H in 2.7
by sending (z;,—1) - - (z;,— 1) (or equivalently w,,---w,; ) on¢;, ®---®c¢;,,
where ¢;j, is defined in 3.2. Finally Bi(f) appears as an element
of May(®@FH). The following is well-known:

LemMMA 3.3. — Bo(f) is the matrix of the isomorphism induced on H
by f, in the symplectic basis {a;,b;; i =1,...,g}.

3.5. — Define thefiltration --- ¢ M'(k) Cc M'(k—1) C --- C My1 by

M (1) = Mg,
M'(2) ={f € Mg1; Bo(f) =1}
M (k+2)={f € Mg1; Bo(f)=1I,Bi(f) =+ =Bi(f) =0} (k>0).

LEMMA 3.4. — The filtration {M’'(k); k > 1} coincides with Johnson’s
filtration defined in 0.5.

Proof. — This follows immediately from Proposition 2.2. |

3.6. — For a € Z[[', let a¥) € I} ~ ®*H denote its homogeneous
part of degree k (Definition 2.1).

LeEMMA 3.5. — For f € My 1 and o € I*, we have

k
(F(@)™ = Bo(f) - a®,
where ¢’ is the obvious action of Sp(2g,Z) on I.
Proof. — It is sufficient to prove the lemma for
a = (Zj1_ 1)"'(zjk_ 1) ~Cp® 0BGy
Then by 2.5:
fla) = (F(z,) = 1) - (f(z5) = 1)

() = (32 20 1), - ) (30 A2 (), - 1)

*(ZH e e e (TH20)

71 Tk

ANNALES DE L’'INSTITUT FOURIER



JOHNSON HOMOMORPHISMS VIA FOX CALCULUS 1085
(under the identification I, ~ ®*H). Remark that 0f(z;,)/0z;, (1) is the
(41,71) entry of Bo(f). Then 3=, 0f(z;,)/02.(1)cs, is equal to Bo(f)(ci,)-
Lemma 3.5 follows.

O
DEerinITION 3.6. — Let 9 denote the bilinear map

Y: Mog(H) x H — I, ~ @2 H

defined by ¢(M ,c;) = Mc, = ¥, hij ® ¢;, where ¢; is defined in 3.2 and hy,
is the (i,7) entry of M.

LemMA 3.7. — We have a commutative diagram
¥
Moy (H)@ H —— ®?H

w®idl l id
4 3 —Caa 2
®*H=@°H®H —— ®°“H
where ¢ is the map given in the fundamental algebraic Lemma 1.1 and Csy

is the contraction defined by C34(z ® y® z @ u) = (z - u)x @ y (where (-) is
the intersection pairing).

Proof. — Consider the following diagram

MZg(H) & H

®?H
id ®<pc®idJ' (1) H

1

C.
He(HH)®H ——— @2H
id ®d; ®id J (2) H

._04
HR(HH) ©@H —— ®°H

where the vertical sequence is the sequence (*) of 1.2 tensored by H on the
right and the left, and C%, is defined by

Ci(z@yRz"®u)=2"(u)r®y.

By definition of d,, (in 1.2), diagram (2) commutes. So, to prove Lemma 3.7,
it is sufficient to prove that diagram (1) commutes. By bilinearity, it is
sufficient to prove commutativity for k ® e;; ® cx. By the remark in 1.2:

id®p. ®@id(h®e; @ck) =h®c; ® ¢ ® ck.
Applying C%, we get §;,h ® c;, which is precisely ¥(h ® e;; ® cx).
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COROLLARY 3.8. — Let ¥ denote the bilinear map

Wi Moy (H) ® Mag(H) — Mag(®°H)

defined by U(M,A) =M A = M(q,;) = (Ma,;), where Ma;; has been defined
in Definition 3.6. Then we have a commutative diagram

Moy (H) ® Moy (H) v Moy (92 H)

w®¢>l l 14
(H® (92H)) @ (H® (@°H)) = 8°H — 2 (9°H) © (22H)

where @ is the isomorphism given in Lemma 1.1 and Cs4 is the contraction

Cag(r1 @22 @ x6) = (T3 74)T1 @ T2 @ L5 @ Tg.

LEMMA 3.9. — Let J:MQQ(H) ® Moy (H) — Moy(®?H) denote the
bilinear map defined by the usual multiplication of matrices. Then we have
a commutative diagram:

Moy (H) @ Moy (H) Moy (9°H)

w®¢l lw

—T7230C35

(@*H) ® (2°H) ——-— (®?°H) ® (92H)

where Cj35 is the contraction Css(21 ® -+ Qxe) = (23 T5)T1 @ T2 ® T4 Q Te
and To3 is the permutation Ta3(z1 @ T2 ® T3 ® T4) = T3 Q@ T3 ® Lo @ Ty.

¥

Proof. — Consider the following diagram

Y
M29(H) ®M29(H) M2g(®2H)
PP l (1) J/ Pe
+7230C5,

He(HH)HR(H®H) —— @*H® (H® H*)
id®id @d;! l id®id @dS ! (2) id®idl id ®dz?

—T7230C35

HRHH) H®(HRH) ——— R?H®(H®H)
where the vertical lines come from 1.2 and C%; is defined by
Cis(T1 @22 ® TR xy @5 Qxy) = 25(T5)T1 ® Ta @ T4 @ T

Diagram (1) commutes by definition of the composition. Diagram (2)
commutes by definition of d,,,. |
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ProposiTION 3.10. — Let a € I C Z[T'], and f € My 1. Then, with
the notations of 3.6, we have

(F(@)® = —p(Bi(f).a0) + Bo(f) - 0 € L.

(See 3.6 for the definition of a1, a(?)).
Proof. — By Lemma 3.5, it is sufficient to prove Proposition 3.10

for = z; — 1. Consider (5 — 1) = f(z,) — 1 = 22, 8f(z,)/0z (2 — 1)
(by Fox formula 2.3). Then

=1 =1
2g 29

=) (&~ 1)s<ai;(f)) +3 (5 -1 + 18
i=1 * i=1

where bgl») is the (i, 7) entry of By(f) (see 3.4).

So the term of order 2 in f(zj) —1is 3279, (b ))(1)( 1). But it
is easy to see that (3)(V = —pM)| for any ,8 € Z[TI']. By definition, the

term —Zf-‘?lbﬁj (z; — 1) is exactly w(Bl( ), 25 — 1). O

rl

4. The maps A; and their relations to Johnson
homomorphisms.

4.1. — For f € M, 1, set

A(f) = Br(f) x Bo(f) ™" € Mag(Iy),

where By (f) has been defined in 3.3 (the product makes sense, since Iy
is a Z-module). By the fundamental algebraic Lemma 1.1, this defines
maps, still denoted Ay:

Ap Mgy — Moy(I) 2y @ H® H ~ (@"H)® H® H.

The next three lemmas and corollary present properties of the first
two maps A; and As.
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LEmMA 4.1. — For any f,g € M 1 we have the following fundamental
formulas:

(i) A1(fg) = AL(f) + Bo(f) x BotDA; (g) x Bo(f) ™! € Mag(H), where
the symbol PoA has been defined in 1.2, for By € Sp(2g,7Z).

(ii) A1(fg) = A1(f) + Bo(f).A1(9) € ®3H, where (.) is the obvious
action of Sp(2g, Z) on ®*H.

(iii) The restriction of A; to I, 1 = M(2) is a homomorphism into @*H
satisfying A1 (fof™') = Bo(f) - A1(p) for any f € Mgy 1 and ¢ € I, 1.

Proof. — By Lemma 3.2, we have

B(fg) = B(f) x 'B(g) = (Bo(f) + B1(f) + I*)/(Bo(g) + Bi(g) + I*).

By definition /By(g) = Bo(g). By Lemma 3.5, the term of degree 1
of /By (g) is Bo(f)B;(g). On the other hand, fBy(g) € May(I*). It follows
that By (fg) = Bo(f) x BB (g) + B1(f) x Bo(g). Point (i) follows.

Point (ii) is equivalent to (i), using the fundamental algebraic
Lemma 1.1. Point (iii) is a direct consequence of (ii). |

Remark. — In the terminology of Morita, A;: M, — ®%H is a
crossed homomorphism, by formula (ii) (the action of M, ; on ®*H is the
obvious one, going through Sp(2g,7Z)).

LEMmMA 4.2. — For f,g € Mg 1 we have

Aa(fg) = Aa(f) + Bo(f) - A2(g) + F(A1(f),Bo(f) - A1(g)) € ®"H,

where Bo(f) - () is the usual action of Sp(29,Z) on ®3H and F is the
bilinear map (®°H) ® (®3H) — ®*H defined by F = C34 — 193035, where
Cs4 and 193 o Cs5 have been defined in Lemmas 3.7 and 3.9, respectively.

Proof. — By Lemma 3.2 we have
B(fg) = (Bo(f) + Bi(f) + Ba(f) + I?) x /(Bo(g) + Bi(g) + Ba(g) + I°).

The term of degree 2 in B(fg) is given by

Bs(fg) = Bo(f) x (‘Ba(g))?
+ By(f) x Bolg) + B1(f) x ("Bi(9))" + Bo(f) x (‘B1(g))?,

where ( )(®) denote the term of degree 1.
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By Lemma 3.5, (YB;(g))®) = P(/)B;(g) and by Proposition 3.10,
(/B1(9))® = —¥(B1(f), Bi(9)) = ~P*)B1(g). Then we get

A2(fg) = B2(fg) x Bo(g) ™" x Bo(f)™"
= A3(f) + Bo(f) - AZ()+A1(f)XBO( ) 1(9)
— Bo(f) x U(B1(f), Bi(g)) x Bo(g)™" x Bo(f)™*

We claim that the last term above is equal to W(A1(f), Bo(f)- A1(9))-
This follows from the three formulas below where By is an integer matrix
and A1, By € Myg(H):

(i) By x ¥(Bq, A1) = ¥(By, By x A1),
(i) W(B1,A4;) x Bo = ¥(By, A; x By),
(i) W(By,Bo Ar) = W(B; x By, Ay),
where B0 A; has been defined by #(a,;) = (Bo(as;)).

The first two points are obvious from the definition of ¥ and ¥
(Definition 3.6 and Corollary 3.8). For the third one, we have for By = (b,(c%))
and B; = (bl(.;)):

¥ (B1, Bo(cy)) (Bl,Zb,w )
- Zb,(c Vp(Brer) = 3 00 (S0 @ i)
k %
= Z(Z%?@?) ® ¢ = ¢(B1 x Bo, ¢;).

This completes the proof of Lemma 4.2, using Corollary 3.8 and Lemma 3.9.
]

COROLLARY 4.3. — The map Aj restricted to M(3) is a homomor-
phism into ®*H , satisfying As(¢fe~1) = Bo(y) - A2(f), for any f in M(3)
and @ in Mg 1. O

4.2. — We have reviewed in 0.6 the definition of the k-th Johnson
homomorphism:

T M(k) — Hom(H, L) ~ L, @ H*
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4.3. — Remark that £, imbeds in Iy ~ ®@*H (the embedding is
induced by the map I'y — I* which sends a € Ty to @ — 1 € I*, by
Proposition 2.2). So 7 appears as a homomorphism

d-1

e M(k) — (%H) @ H* 2%, (@b H) @ H.

4.4. — The relation beetween Ay and 7y is given by

ProposiTion 4.4. — For any k > 2,
(Ak—1 | M(K)) = (-D)* 1 (P ®id) o 7: M(k) — " H,

where P: ®*~1 H — ®F1H is the reversing isomorphism, defined by
Plui ® - ®up—1) = up-1 ® - - @ uy.

Proof. — Let f € M(k). Using (2.3) we can write

of(
f(zj)zjl— +Z ](';z? - )—(f(zj)zj_l—l)(z]—l).
4.5. — Since f(z,)z; ' —1 € I* it follows that
Fla)zt = ( i — 1)+ Z 82;] —~ 1)) € [t

and 0f(z;)/0z, — e(0f(z,)/0z,) € I*~1. Using notation of 3.6, it is then
easy to see that

(e aposp((BED) ),

where P: @' H — ®F1H is defined by Plu; ® -+ ® up_1) =
Ug—1 Q- -+ ® u. We thus obtain

But (0f(z,)/02;)*~V is by definition (Bx—1(f))s; = (Ak—1(f))s,;, the (i, 7)
entry of the matrix Ag—1(f)-
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By definition, 7.(f) € I ® H* (D L, ® H*) is given by

(-1)F! Z P(Ak—l(f))i’jci@)C;

i,5=1

(-1)* Y (P®id) - Ay_1(f) € (®*'H)® H @ H*.

Applying the isomorphism id ®d_! of 1.2, we get the result. a

4.6. Remarks. — 1) Note that Ag, for k > 2, is defined on the
whole mapping class group M, ., compared with 7, which is defined
only on M(k). This will be a great avantage, used in chapters 5 and 7.
But Ay: M, — ®*2H is no longer a homomorphism.

2} Johnson [J1], Theorem 1, proved that the image of 75 is contained

in A3H C ®3H, the image of the injective homomorphism A3H — ®3H
defined by

T1 Nx2 ANX3 — z £(0)T5(1) ® To2) ® To(s),
€G3

where G5 is the group of permutations of the set {1,2,3}, and &(o) the
signature of the permutation o.

Let ;4: Mg — A3H denote the composition of A; by the canonical
homomorphism 7:®3H — A3H. It is obvious that the restriction of 7
to A3H is 6id x3sg. We then have from Proposition 4.4 and [J1], Theorem 1:

CoROLLARY 4.5. — (i) A1) p(2) = Zg,1 — A*H has its image in N3H.

(i) The composition A = moA|z,, — ASH " A3H is equal to —61,.

(ifi) A1(Z,1) = AH and A;(Z,.1) = 6A3H C AH.

In fact, the third Johnson homomorphism 73 did not appear in the
litterature in the form given by 4.3, but only through its composition with
the canonical map (9?H)® H® H — (A\’H)® H)® H/(A*H @ H), where
the inclusion A*H C (A?H) ® H is given by

zAyhzr— (2 ANy Q@2+ YAz)Qx+ (2 AN2)QyY

(see [Mol], [Mo2] and Chapter 6 for more details).
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5. Extension of the second Johnson homomorphism.

Recall that, in Chapter 4, for any integer k > 1, we have defined maps
Ak : Mg’l R— ®k+2H.

PROPOSITION 5.1 (Extension of A; = —67).

(i) The crossed homomorphism Z;:Mg’l AL @PH T ARH (by
Lemma 4.1) has its image contained in 3A3H C A3H (we have seen in
Corollary 4.5 that A, sends M(2) onto 6A3H). This defines a (true)
homomorphism A; x By (the action of Sp(2g,Z) on 3A3H is defined
by g- (x Ay A z) = g(z) Ag(y) A g(z)), making the following diagram
commutative:

1— 7y, Mg Sp(29,Z) — 1
5l
6A°H Ay X Bo=A10 id

l

1— 3AH — (3A°H) xSp(29,Z) — Sp(29,Z) — 1.

Here (3 /\3H)N><1 Sp(2g,Z) denotes the semi-direct product and A1 x By is
defined by (A1 » Bo)(f) = (A1(f), Bo(f))-

(it) Moreover the image of ;11 X By, also denoted ;hvo, is of finite index
in (3A3H) % Sp(2g,7Z).

Proof. — We know (see [H]) that the set of Dehn twists D(y;),
D(y2), D(z;) 1 < i < g (defined by Figure 0.1) and D(Cy),...,D(Cy_1)
(defined by Figure 5.1, below) is a system of generators for M, ;. Recall
that the model for Dehn twist is the homeomorphism of S' x [—1,+1]
defined by D(e%,t) = (e*@*+7(141) t) To define the Dehn twist D(c) along
a simple closed curve c of Sy 1, choose an orientation preserving embedding
¢: S x [~1,41] — Sg,1 such that p(S! x {0}) = c. On the image of ¢ we
set D(c) = ¢ o Do p~! and D(c) = identity outside.

Using Lemma 4.1, (ii), to prove that the image of A is contained
in33H,itis enough to show it on a system of generators.

5.1. —  Consider first D(z;); we have the following action on T*:
D(z;)(yi) = ysx; and D(z;)(2;) = z; for z; # y;. It is easy to see, using
notations of 1.2 that

B(D(z;)) = Izg + yia; ®b; and  B(D(y;)) = Izg — yiz; 'b; @ a].

ANNALES DE L’INSTITUT FOURIER



JOHNSON HOMOMORPHISMS VIA FOX CALCULUS 1093

It follows immediately that E(D(zl)) = ;lvl(D(yl)) =0foralli=1,...,9.

Figure 5.1

5.2. — We have the following formulas:
C: = xi+1y;1~11xi_—|—llyi €T, D(Ci)(z) = ziy; ' Tit1yis12iy
D(Cy)(y:) = Cig:C D(Ci)(xi+1) = Ciwir
(the other generators of T' being fixed by D(C;)). Straightforward compu-
tations show that

i i+1 itg
0 0 0 0] i
A1 (D(Cz)) = b¢+1 —bi 0 0 i+1
a; —b; bit1 biv1 0 i+g
—a; +b;— a1 @ip1 —biyr —b; 0/ g1

So A; (D(C;)) = 3(a;+air1) Abi Abiy1 € 3A3H. This proves the first
part of point (i) of Proposition 5.1.

5.3. — Recall some well-known facts about semi-direct products of
groups. Let G be a group acting on a group A. We define the semi-direct
product A x G as the cartesian product A x G with the following law:

(a,9)(d’.g") = (a+g-a',99).
We then obtain a split exact sequence:

1 -A—AxG—G—1.

Now let B be a group with a homomorphism B — G and a crossed
homomorphism ¢: B — A (e.g., p(zy) = ¢o(z) + M) - ¢(y)). Then the
map ¢ X A:B — A x G defined by ¢ x A(z) = (o(z), Mz)) is a true
homomorphism. We apply this construction to B = M1, G = Sp(2g,Z),
A=3A3H, p= A, and A = By.

Point (ii) follows immediately from the fact that in the diagram of
Proposition 5.1, the image of A; is of finite index in 3A3H. O
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5.4. Remark. — Proposition 5.1 defines an extension Z;O of
Johnson’s homomorphism A4; = —67: I, — 6 A3H to all of Mgy We
thus recover Morita’s result [Mo3], Theorem 4.8, in a very simple way.

5.5. Remark. — Our extension :4\1/0 :Mg1 — (3A3H)x Sp(29,7)
is not exactly the same as Morita’s one, which is denoted 75. In fact
Morita [Mo3], Theorem 6.1, proved that two crossed homomorphisms
from M, ; into % A3H , extending Johnson homomorphism Ty :Lgq — N3H
define the same homology class in H'(M,1;5 A®H), the action of Mg,
on 3 A®H being defined through Sp(2g,Z). Using computations in 5.1, 5.2,
5.3 and Proposition 4.7 of [Mo3], it is not difficult to see that the two
crossed homomorphisms 74 and :4V1 corresponding to the two extension’s 7o
(of Morita) and Apq (ours) are related, for any f € M, 1, by the formula

)+ %xm = Bo(f) - a—a,

where o = (3°9_, a, +b;) A (329_, a, Ab;), and so are cohomologous.

6. New definition of the third Johnson
homomorphism 73.

6.1. — First recall a fundamental result of Johnson.

THEOREM 6.1 (see [J3], Theorem 5). — The kernel of 2: T, 1 — A3H,
which is by definition M(3)(also denoted Ty 1) is normally generated by
the Dehn twists D( f1),D(f2), where f, are the simple closed curves defined
by Figure 0.1.

This should be compared with the following result due to J. Powell.

PROPOSITION (see [Po]). — The Torelli group M(2) =1, is normally
generated by D(f1),D(f2) and D(y2)D(yb)™t, where yo, yb are curves
defined by Figure 0.1.

6.1. — Consider the map
Ay Mgy — Moy(I)~L®H®H~(NH)® H® H,

defined by Aa(f) = Ba(f) x Bo(f)™! (see 4.1). Let A} denote the
composition

My1 25 (® 2H)®H®H———>(/\2H)®H®H

where 7 is the canonical projection.
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6.2. — In the sequel, we will consider the following elements of
NH®NH C A\?°®(H® H) (where A2H is the subgroup of @2 H generated
byaAb=a®b—b®a):

(uAv)? = (uAv)@ uAY)=(uAV)®@ (U®v—v®u),
uAveowAt=(uAv)® (wAt)+(wAt)® (uAv),
sy =ai Aby <> as Aby—ai Aag < by Aby + a1 Aby < by Aas.

Let T' denote the subgroup of A2H ® AZH generated by (u A v)? and
uAv « wAt, for any u,v,w,t in H.

LeMMA 6.2. — One has:
(i) A3(D(f1)) = 3(ar Abr)?,
(ii) A5(D(f2)) =3(a1 Ab1 +ag Aba)? — 51,
Note that AL(D(f:)), i = 1,2, belongs to T C A2H ® A?H.
Proof. — Recall (see 0.7) that z;, y;, fi, 2 =1,...,g, are the oriented
circles equipped with paths given by Figure 0.1. The same letters will also

denote the elements of m1(Sy1,%) they represent. Let [a,b] denote the
commutator ab a=1 b1

6.3. — Then we have f; = [y1,21] € T,

D(fi)(@1) = [yr, za]za [y, 1) 7,
D(f1)(n) = [917581]211[?!1,%1]_1,
D(fi)(@i) ==z (i =2),
D(fi)(wi) =y (i>2).

(Here we have made the convention that composition of paths is written
from left to right.) Easy computation shows that the Fox matrix of D(f1) is

Fi Fi
B(D(H)) = (in F;Q)
with
Fia=a(l—y)ey A — oy + A0
Firo=o(1—y)aiyr A0 -y D
Fpp=yi(1—ay Yy il — 2y
Fop =y -2y Yy A -y D+
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It is easy to see that A;(D(f1)) = ;lvl(D(fl)) =0 and

ay

[ —biar + (a1by — b1a1) —b
A2(D(f1)) = < 2 aiby + (a1by — bray)

From the fundamental algebraic Lemma 1.1, we easily deduce that
Alz (D(fl)) =3a; A by ® (a1b1 — bray) = 3(a1 A b1)2.

6.4. — By the same type of computation, we have for D(f2):
f2 = [y2, z2][y1, 1] € T and

_1 .
D(f2)(u) = {f2“f2 for =1, 41,72,02
u foru:xiayi» 7’23
Then

Y0 0 o0
0 ) 0

B(D(fg)) = 0 f% fz—l 0 + (71,727737’74)3
0 0 0 f!

where v;, i = 1, 2, 3, 4 are 4-columns defined by v, = v fo(1 — zi_l) fz_l,
where z; = x; for i = 1,2, 2z, = y,_o for i = 3,4 and ~ is the column

Ofa/0x z1(1 - y1)ay 'y [z2, 12
Y= O fa/0x zo(1 — yo)zy tyy !

0f2/0y y1(1 =27y 22, 3]

0f2/0ys y2(1 — 25 )yg !

From this we can conclude that A;(D(f2)) = Z(D(fg)) =0 and

A2(D(f2)) = (a1b1 —bia; + azby — bgag).[4

—b1a1 —blaz —b% —b1b2

—b2a1 —b2a2 —b2b1 —b%
+ a? araz  arb;  aibs

asay a% a2b1 a2b2

By the remark following Lemma 1.1 and the formula (a A b+ ¢ A d)? =
(@nb)?+ (cAd)? +aAbe cAd, we get point (ii). O
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6.5. — Let Tj denote the subgroup of T generated by elements
of the form uAv & wAt+uAw < tAv+uAt < vAw Then
Morita [Mo2] shows that To = TN (AH ® H) C (A2H @ H) @ H (where
A®H is identified with a subgroup of A2H ® H by the identification
aANbAc— anNb®c+ (bAc)®a+ (cAa)®b). Then the quotient
T = T/Ty is identified with the image of T in (A2H ® H)® H/(A3H) @ H.
Remark that s; defined above belongs to Tp.

LemMa 6.3. — (i) A} defines a homomorphism

Ay Ty =M@B) —TC(NH)QH®H,

respecting the action of M, 1 on M(3) (by conjugation) and on T (through
the action of Sp(2g,Z)).

(ii) Composing with the projection p: T — T, we get a homomorphism
poAy:T,, —3TCT.

Moreover the image of p o A}, is of finite index in 3T and po A = —373, T3
being the third Johnson’s homomorphism (see [Mol], §1).

Proof. — (i) Follows from Theorem 6.1, Corollary 4.3 and Lemma 6.2.
(i) Follows from Proposition 1.1 and 1.2 of [Mol] and from Lemma6.2,

since s1 € Tg. O
6.6. — We can explain the presence of the factor 3 in the formula
po AL = —373, which does not appear in Proposition 4.4, in the following

way. Morita in [Mol, §1] or [Mo2, §2] identified £3 with A\2H ® H/A3H
through the map A:{[z,y],2] — (z Ay) ® z. Then 73 can be seen as a
homomorphism from M(3) into (A°H @ H) ® H/(A*H) ® H.

In 4.3 we have defined an embedding i: L3 — Is ~ ®3H which can
be explicitly described by

pllz,yl,zl = (z®y-yr)®2-20 (z®@yYy —y ).

Let j denote the composition o A™': (A2H ® H)/ A3 H — ®3H. We have
said in 6.5 that the image of T'in (A2H® H)® H/ AH ® H can be identified
with T = T'/Tp. Then Morita [Mol], Proposition 1.1, shows that the image
of 73 is contained in T. On the other hand, it is not difficult to see that the
map

mo(j®id): (\H @ H)® H/ N°H ® H
— (®*H)® H - (NPH® H)® H/A°H® H
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(where 7 is the canonical projection), restricted to T is 3idy . This explains
the factor 3 in Lemma 6.3.

6.7. Remark. — We will exploit in [Pe] the fact that there exists
a homomorphism A} above —373, with values in T (“above” meaning
that —373 factors through T') to simplify Morita’s formula for the Casson’s
invariant.

7. Extensions of the third Johnson homomorphism 73.

7.1. — We define a homomorphism
o (NHYQH®H — (PH)QHQH

by the formula o(aAb® (c®d))) = aAb — cAd where « has been defined
in 6.2 (recall that ¢ A d as element of H ® H is understood to be equal to
c®d—d®ec).

By definition of 7 (see 6.2), o sends (A’H)® H ® H onto
T C (A°H)® H ® H. Moreover o|p:T — T is 4id since

aAbeoeNd=(aNb)® (cd—dc)+ (chd) ® (ab— ba).

7.2. — Now we define a map A, : My, — T as the composition
—~ T®id —
Ay Mgy 25 @'H 5 (NWH)@ HRH -5 T -2 T.
LEMMA 7.1. — The map As: M, 1 — T defined above is such that:

(i) itsrestriction to M(3) = Ty 1 is —1273 (where 73 is the third Johnson
homomorphism);

(ii) for f,g € ngl,
Az(fg) = A2(f) + Bo(f) - Az(g) + F(AL(f),Bo(f) - Ar(9)),

where I is defined as the composition

——— —~— 7®id o —
(NH)® (AMBH) -5 @*H — (NH) e Ho H -5 T -5 T.

Proof. — (i) Follows from Lemma 6.3 and 7.1. Part (ii) Follows from
Lemma 4.2 and the definition of Az (see 7.2). O

7.3. — Recall some general facts about abelian extensions of groups.
Let A be an abelian group on which G acts as a group of isomorphisms.
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Let F be a normalized 2-cocycle of G with values in A, that is a map
F:G x G — A such that for any triple (go, g1, 92) € G* we have

90F (91, 92) — F(gog1, 92) + F(go: 9192) — F(go,91) =0
and F(g,1) = F(l,9) = 0 for any g € G (see [Br], Chap.IV, 3). This
defines an extension A o G of G by A as follows: A o G is the cartesian
product with multiplication

(a,9)(a’,¢') = (a+g-d +F(9,9'),99).
Moreover, if M is any group, 7: M — G a homomorphism and «: M — A a
crossed homomorphism (meaning a(zy) = a(z)+7(z)a(y)+F(r(z), 7(y))),
then the map

aopT:M— Aoy G, aoxrt(z)=(az),7(2))

is actually a homomorphism.

7.4. — As a particular case, if G acts trivially on A, any bilinear
map F:G x G — A will be a normalized 2-cocycle and, as such, defines
an extension of G by A, which is in this case central. We apply this last
construction in the following case: A =T, G = A3H C ®°H,

F=F=pooo(r®id)oF:
NH @ NH — @'H o (WH) @ Ho H - T - T,
M=TI, = M2); T = A1: Ty — A3H and a = ;{VQ:IM — T (with
A3H acting trivially on T'). Then we get:
ProprosiTion 7.2 (Extension of Zl; = —1273 to Zy1).
(i) We have a homomorphism
Ay ox ATy, — T ox (ASH)

making the following diagram commutative:

A P
1— Ty, T,1 s A3H— 1
Ao=—1275 |
12T XzoﬁAl id
!

1—T ——%TOF(/@) —_— /fo—»l,
where the extension in the row below is central.

ii) The image of :4; o~ A; is of finite index. Let ;1\2_1 denote the
F

homomorphism ;{; ox A
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Proof. — (i) is obvious by 7.4, ASH acting trivially on T.

(ii) is obvious too, since the image of A, : 741 — 12T is of finite index
(by Lemma 6.3, (ii)). O

7.5. Remark. — T o (//\E,f{) supports an action of Sp(2g, Z) defined
by fo-(z,y) = (fo -z, fo-y). To see this, it is sufficient to prove that the
2-cocycle F = po oo (n®id)o F: (@)@ (/Téfl) — T preserves the
actions of Sp(2g, Z). But this is obvious since contractions and permutation
respect these actions (recall that F' = C34 — 723 0 Cs5).

7.6. First extension of Ay:M(3) — T to Mgy. —  Remark
that we have defined the extension T ox (/Gfi ) using the bilinear map
F: (/f\gﬁ) ® (/@) — T. This map F is in fact defined on (®*H) ® (®3H).
So, doing the same as in 7.4, we can define an extension T ox (®3H) of ®3H
by T (the action of ®3H on T being trivial). The maps/g/; Mgy — T
and A, : Mg, — ®3H define a map, which we call Ay from Mg
into T ox (®3H) by setting

Ao (f) = (Aa(f), AL()))-

OnT ox (®3H) we have an action of Sp(2g,Z) (see remark 7.5) defined by
wo - (t,x) = (¢o - t, 0 - ), where o € Sp(2g,Z),t € T and = € ®3H.

The next lemma is obvious.

LEmMA 7.3. — The map 1/4\2:ng,1 - T o (®°H) is a crossed
homomorphism, that is

A1 (f9) = Az (f) * Bo(f) - Az (g),

where x is the group operation in T o (®°H) defined in 7.3. O

By 5.3, this defines a homomorphism 51/0 Mg — (T ox ®3H) x
Sp(2¢,7Z) by the formula

Az1o(f) = (A21(f), Bo(f)) = (A2(f), Ar(£), Bo(f))-

Here (x) denotes the semi-direct product of (T oz H) by Sp(2g,Z), the
action of Sp(2¢,7Z) on T ox ®3H being defined as in 7.5. We thus have
proved:
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PROPOSITION 7.4 (First extension of Ay : M(3) — T to Mg ). — We
have a commutative diagram of homomorphisms between exact sequences:

0 Ty Mgy Sp(29,Z) — 0
Azo All
T OF //\?./H 22\1/0 id
n

0 — T oy ®H — (T o5 ®*H) » Sp(29,Z) — Sp(29,Z) — 0.

Together with Proposition 7.2, this gives the desired extension.

7.7. Remark. — The above extension 12\1/0 has the advantage of
being simply defined but we do not control its image.

7.8 Remark. — In Proposition 7.4 above, one may wonder why we
do not define an extension of Ay:T,, — T into (T o A3H) x Sp(H) since
we have a map A1 M1 — A3H. The reason is that the 2-cocycle F we
use is defined on ®3H and not on its quotient A3H. There is no obvious
way to define a 2-cocycle on the A3H level with the right properties. The
first idea coming to mind would be to embed A3H into ®3H as A3H, but
this would not produce the right formula which has to be

As(fg) = As(f) + Bo(f) - A2(g) + F(A1(f), Bo(f) - Ai(g)).

(This formula is true when we remplace A1(f) by A1(f))-

7.9. — The object of this section is to prove the following two propo-
sitions:

PROPOSITION 7.5 (Second extension of Ay : M(3) — 12T). — There
exists an extension T 0% (6A2H) of 6 \3H by T and a homomorphism
A, oF AT g1 +— T 0% (6/\3H) extending Ay = —1275: M(3) — 12T,
Whose image is of ﬁmte index. More precisely we have a commutative
diagram of exact sequences:

Ay

1 — 741 Ty 6AH — 1
| &
(I) 12T A20 A1 id
1 —T —— Tox(6MH) — 6RH— L
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ProPOSITION 7.5 bis. — To simplify the notations, put
T = (3A%H) % Sp(2¢,7Z).

There exists an extension (3T) oz (T) of T by ;T and a homomorphism

bio: Mg — (3T) o (T)

extending Z;, whose image is of finite index and making the following
diagrams commutative:

B
1 — T, Mgy ——— Sp(29,Z) — 1
l x‘l)o’vgl
F , .
(11) T o (6 /\3H) Az10 id

1— (3T) oz BAH) —— 1T oz (Y) — Sp(2¢,Z) — 1,
the map i being induced by the inclusion 3A3H — 7.

A1 X By

1 — Ty, ——— Mg T—1

il
(1) 12T Ao id
l

T—1,

the notation — 0 meaning that the image is of finite index.

7.10. Remark. — The extension ;{; ox 1?1 Ly — T ox 6 A3H is

the one of Proposition 7.4 using the identification A3H " 6 ASH.

7.11. — Inorder to define the extension 1T o5 ((3 NH)xSp(2g,7Z)),
we first define the action of (3A3H) xSp(2g,Z) on %T: this is simply defined
by (z,9) -t =g-t, where z € 3A%H, g € Sp(2g,Z) and t € 1T

To define the 2-cocycle G on (3A3H) x Sp(2g, Z) with values in iT
we need some lemmas. Recall first that we have a commutative diagram

AN B
Mg AN (23H) x Sp(2g,Z)

A~1><Bol /ﬁxud

(A3H) x Sp(2g,Z).
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Lemma 7.6. — The map
X id|1m(A1>qBo):Im(A1 X Bo) — (3/\3H) X Sp(2g,Z)
is injective, and its image Is of finite index.

Proof follows from Corollary 4.5 and Proposition 5.1.

We begin to define the cocycle G on Im(;lz X By) C (3A3H)xSp(2g,Z)
and then try to extend it on the whole group (3A3H) x Sp(2g, Z).

7.12. —  Let (& fo),(n,90) € Im(;lvl x Bp). Then there exist

f19 € Mg, such that (€, fo) = (A1 x Bo)(f) and (1, 90) = (A1 x Bo)(g).
Then we set

G((& fo), (n, 90)) = F(AL(f), Bo(f) - Ai(9)) € T,
where Ay (f), A1(g) € ®3H and F is defined in 7.4.

LEMMA 7.7. — @ is a well-defined 2-cocyle on Tm(A; x By) with values
in T (recall that the action on T is defined by (€,fy) -t = fo - t, where

(faf()) € (3/\3H) ~ Sp(2gaZ))'

Proof. — G is well defined by Lemma 7.6. It is a 2-cocycle since Fis.
a

LemME 7.8. — Let (€, fo) be any element of (3A3H) x Sp(2g,7Z). Then
there exists ¢ € M(2) =1, 1 and f € Mg 1 such that:

(i) Awo(f) = A1 % Bo(f) = (a,fo) € (3AH) x Sp(29,Z) for some
a € 3A3H,

(ii) Aro(p) = (26 — 20.1) € (6AH) % Sp(2g,2),
(iii) setting %(,B,go) = (%/3, go) € (3AH) x Sp(2g,Z) for any (3,g0) €
(6 AH) x Sp(H), we then have
(5400(2) x Aw(f) = (€. o),
where x is the law in (3A3H) x Sp(2g,7).
Proof. — (i) Follows from the surjectivity of By. Obviously
2¢ —2a € 6 A®H. Then (ii) follows from the surjectivity of A, :Z, 1 — 6 A3H

(see Corollary 4.5). Point (iii) follows from the definition of multiplication
in (3A3H) x Sp(2g,7Z). O
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7.13. — Now we can extend G defined in Lemma 7.7 to the
group (3A3H) x Sp(2g,Z). Consider first two_elements (&, fo), (1, go) of
(3A3H) x Sp(2g,Z) such that (9,90) € Im A; x Bo; thus there exists
g € My1 such that A; x Bo(g) = (A1(g), Bol(g)) = (1,90)- On the other
hand let (@, f) € Zy1 x Mg 1 be a pair given by Lemma 7.8, corresponding
to (&, fo). Then we set, with the notation of Lemma 7.8, (iii),

G((& fo), (m.90)) = G(§ Aro()  Aro(f), Aro(9)
= LF(A1(9), Bo(f) - A1(9) + F(A1(f), Bo(f) - Ar(g)) € AT.

LemmMa 7.9. — (i) G defined above does not depend on the choice
of (p,f) and g.
(i) G extends G.

The proof is easy using Lemma 4.1, (ii), Corollary 4.5 and Lemma, 7.8.

Point (i) is obvious since if (¢, fo) = Ajo(f), then we can take in
Lemma 7.8, ¢ = id € Z, ; and use the definition of G given in 7.12. O

7.14. — Now we can extend G to a 2-cocycle on (3AH) x Sp(2g,7Z).

For any pairs (£, fo), (1,90) € (3A3H) x Sp(2g,Z), choose pairs (i, f),
(¥, g) given by Lemma 7.8 and set, with the notation of Lemma 7.8:

G((&. fo): (1.90)) = G((&. fo), (% Aro(¥)) x A1o(g))
= LG((€, fo), Aro(®)) + G((€, fo), A1(g))

= L[1F(Ai(9), Bo(f) - M) + F(AL(f), Bo(f) - Av(9))]

+ 3 F(AL(9), Bo(f) - Ai(9)) + F(Ai(f), Bo(f) - Aa(g)).

LemMA 7.10. — G is a well-defined 2-cocycle on (3A3H) % Sp(2g,7)
with values in %T, extending G.

Proof. — Well-definedness and the fact that it is a 2-cocycle is just
a matter of computation, using the bilinearity of F and the fact that F
preserves the action of Sp(2g, Z) (see Remark 7.5).

7.15. — The 2-cocycle G on (3A3H) x Sp(2g, Z) with values in 3 T
in 7.14, produces, by 7.3, an extension of (3 A3H) xSp(2g, Z) by %T, denoted
iToa (3A3H) x Sp(2g, Z) verifying all the properties of Proposition 7.5 bis.
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The fact that _the image of 1@:0 is of finite index comes from the fact that
Az:Tgy — 5T and Ay x By: M1 — (3A3H) x Sp(2g, Z) have images of
finite index.

(B]
(Br]

(]
(F]

Index of the main symbols

In front of each symbol appears the section in which it first appears.

Bo:Mg1—8p(29,Z) ..o 0.4
) L 2.7
A Mgy — Moy (H) > (*H)Q HQH ................. 3.6
M(k) = M (k) =Ker(Ag_2) oo 3.5
NH € @3H T AH ..o 46
Ay =mo Ayt Mgy 25 @3H s ASH ... 4.6
A= Ay x By: Mg +— (3A3H) x Sp(2¢9,Z) .... Proposition 5.1
T®id
Ay Mgy 25 (PH)@HOH —— (NH)@HQH ........ 6.1
—~ Al _
Ay:Myy —> (NNH)QHRH -T2 T ... 7.1,7.2
F:(@H)® (®H) — @*H ........................ Lemma 4.2
~ ®id o _
F:(®%H) ® (93H)-5 @ H —— (\2H) ® H @ H- 2T 25T
........ Lemma 7.1
Ag = (Agoz A1) Mgy — Tox (®%H) ........ Proposition 7.2

Ag1o = (A2 o A1, Bo): Mgy — (T oz ®@H) » Sp(29,Z)
........... Proof of Lemma 7.3

Abyo = (A2, A1, Bo) : Myt — (1/4T) o ((3A°H) x Sp(2g, Z))
............ Proposition 7.5 bis.
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