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SEQUENCE ENTROPY PAIRS AND
COMPLEXITY PAIRS FOR A MEASURE

by Wen HUANG, Alejandro MAASS(*) and Xiangdong YE (**)

1. Introduction.

Ergodic theory and topological dynamics exhibit a remarkable par-
allelism. Classical examples are the concepts of ergodicity, weak mixing
and mixing in ergodic theory which can be considered as the analogues of
transitivity, topological weak mixing and topological mixing in topological
dynamics; or topological entropy and measure theoretical entropy which
are related through the variational principle. This parallelism has allowed
to tackle purely topological problems using measure-theoretical arguments,
and in some cases it has become the only way to do it. In other cases it is
the topological concept which has induced the measure-theoretical result.

The present work follows the research line developed since the intro-
duction in topological dynamics of the concept of u.p.e. systems in [B1]
which is an analogue of measure-theoretical K-systems in ergodic theory.
In particular u.p.e. systems are disjoint from all minimal zero topological
entropy systems [B2]. This last work is the starting point to the theory of
topological entropy pairs which allowed to localize topological entropy and
in [BL] served to construct the maximal zero topological entropy factor of
a system, which corresponds to a parallel notion for the Pinsker factor.

(*) The second author is supported by Fondecyt 1010447 and Programa Iniciativa
Cientifica Milenio P01-005.

(**) The third author is supported by one hundred talent plan and 973 plan.
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Later on, Glasner and Weiss [GW] have shown that if a topological
dynamical system admits a K-measure with full support then it is u.p.e. In
[B-R] the authors were able to define entropy pairs for a measure in topolog-
ical dynamics and have shown that the set of entropy pairs for an invariant
measure is contained in the set of topological entropy pairs, generalizing
the result in [GW]. Also entropy pairs for a measure allowed to construct
the maximal topological factor of zero measure theoretical entropy. It is
a measure-theoretical factor of the Pinsker factor and it is a topological
extension of the maximal zero topological entropy factor. In [BGH] it is
shown the converse result of [B-R] stating a deep refinement of the clas-
sical variational principle. Characterizing the set of entropy pairs for an
invariant measure as the support of some measure, Glasner [G1] has shown
that the product of two u.p.e. systems is u.p.e. The same characterization
has been fundamental to prove that Li-Yorke chaos is implied by positive
topological entropy in [BGKM]. Recently in [HY] concepts of topological
and measure theoretical entropy pairs were generalized to entropy tuples.

Following the idea of entropy pairs in order to consider systems with
zero topological entropy one can also define complexity pairs [BHM] and
sequence entropy pairs [H-Y]. It turns out that a system is topologically
weakly mixing if and only if each pair (not in the diagonal) is a sequence
entropy pair and for each system there is a maximal null factor (sequence
entropy is zero for each sequence). In ergodic theory the topological
concepts of maximal null factor and maximal equicontinuous factor are
related with the Kronecker factor. In this paper we explore topological
factors in between the Kronecker and the maximal equicontinuous factor
and maximal null factor. In this purpose we introduce sequence entropy
tuples for a measure and we show that the set of sequence entropy tuples
for a measure is contained in the set of topological sequence entropy tuples.
The reciprocal is not true. Moreover, we show that for each system there is
a maximal M-null factor, that is, for each invariant measure the sequence
entropy with respect to the measure is zero. We also define M-supe systems
(which can be seen as “dual” to M-null systems) and show that the product
of such systems is of the same type and each M-supe system is disjoint from
any M-null system.

In the last section we introduce two notions of complexity pairs for
a measure and we study their relation with sequence entropy pairs and
topological complexity pairs. We prove that in general the strongest notion
is strictly contained in between sequence entropy pairs and topological
complexity pairs.
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2. Preliminaries.

By a topological dynamical system (t.d.s.) we mean a pair (X,T),
where X is a compact metric space and T : X — X is a homeomorphism
from X to X. The set of T-invariant probability measures defined on Borel
sets of X, B(X), is denoted by M(X,T). In this context measurability will
be always related to B(X). A probability measure p € M(X,T) induces
a measure theoretical dynamical system (m.t.d.s.) (X, B(X), u,T) (or just
(X, 1, T)), that is, T : X — X is measurable and Ty = . In this article
we assume all sigma algebras are complete.

Let A= {0 <t; <tz <---} C N be an increasing sequence of natural
numbers and U be a finite cover of X. The topological sequence entropy of
U with respect to (X,T') along A is defined by

n—:oc

A T 1 Y,
ik (T, 1) = lim sup — log \' <\=/1 T0U),

where N (\/[_, T~"U) is the minimal cardinality among all cardinalities
of sub-covers of \/|_, T~"U{. The topological sequence entropy of (X,T)
along A is

h.A

top

(T) = sup i, (T, U),

where supremum is taken over all finite open covers of X (that is, made of
open sets). If A = N we recover standard topological entropy. In this case
we omit the superscript N.

Analogously, given p € M(X,T) and « a finite measurable partition
of X we define the sequence entropy of o with respect to (X, u,T) along
A by

. 1
Bl (Too) =limsup =} p(A)log u(A).
AE\/Z;I T tha
The sequence entropy of (X, T, 1) along A is
A _ A
R (T) = sup hAT, @),

where supremun is taken over all finite measurable partitions. As in the
topological case, when A = N we recover entropy of T" with respect to pu.
In this case we omit the superscript N. For the classical theory of measure-
theoretical entropy see [P] and classical theory of topological entropy can
be found in [DGS]. For sequence entropy see [Ku].
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Let (X,T) be a t.d.s. and p € M(X,T). On the complex Hilbert
space H = L?(X,B(X), 1) we define the unitary operator Ur : H — H by
Ur(f) = foT. We recall the spectral mixing theorem of Koopman-Von
Neumann (see [Be]).

PROPOSITION 2.1. —  The Hilbert space H can be decomposed as
H=Hyg ® H,,,, where

Hy =Span{f € H:3\e C, Ur(f) = M,
Hym={f € H:3S CN.d(S) =0,Yg € H, _lim__(U}f.g) =0},

where d(S) is the density of S and (-,-) is the inner product of H.

It is known (see [Hul) that there exists a T-invariant o-algebra D, C
B(X) such that L?(X,D,,pu) = Hg. In fact, D, = {A C X : 14 € Hg}
and (X, D,, u, T) is the Kronecker factor of (X, u, T') [Kr]. For any A € D,
we have h;f(T, {A, A°}) = 0 for any increasing sequence of natural numbers
A (see [Ku]). We also recall that (X, u,T) is weakly mixing if and only if
Hp is one-dimensional if and only if D,, is trivial. If Hx = H, we then say
that (X, u, T) has discrete spectrum.

If (X,T)is a t.d.s. and p € M(X,T), then for any finite measurable
partition o of X, it holds limy, o0 hu(T", o) = H,(a|P,), where P, is the
Pinsker g-algebra of (X, i, T). Theorem 2.3 below states the same kind of
property for D,,.

LemMMA 2.2. — Let (X,T) be a td.s. and u € M(X,T). For
any finite measurable partition « of X and any increasing sequence of
natural numbers A, hf(T,a) < H,(a|D,). Moreover, for any sequence
{n; : j e N} CN,

Ty

lim sup Ly u(\/ T‘tla> < H,(a|D,).

n;
j—oeo 1 i=1

Proof. — Since (X, B(X)) is separable there exists a countable set of
finite D,,-measurable partitions {3 : & € N} such that limy_, H,(c|fk) =
H,(a|D,). Thus foraﬁxedkENand.Az{OStl <ty <.} CN

h (T, a)-—hmsup H (\/T tza)

n—oo

hmsup (\/ “(aV By ) — lim_ 1H (\/T t’ﬁk)

n—o0
=1 i=1
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= SO TDRAVERD)
_hrrlrlsup (H#(

< limsu ( H (T ba|T™% )
n—»oop Z u | ﬂk)

= H,(a|Bk)
where in the first inequality we use that h;j‘(T, Bk) = 0 for B € D,. Since
k is arbitrary we get h7N(T, o) < Hy(a|D,). The second statement of the
lemma follows by what we have proved. o

i=1

Now we prove,

THEOREM 2.3. — Let (X,T) be a t.d.s. and p € M(X,T). Given
a finite measurable partition o of X there exists an increasing sequence of
natural numbers A = {0 < t; < t2 < ...} such that h;j‘(T, a) = H,(a|D,).

Proof. — Let us remark that for any A € B(X), 14—E(14|D,) € Hum.-
Therefore, there exists S C N with d(S) = 0 such that

limeSC<U¥(1A - ]E(lA!'DH)), 1B> =0

n—oo,n

for all B € B(X).

Claim. — For any finite measurable partition 8 of X and € > 0,
there exist S C N with d(S) = 0 and M € N (depending on 3 and €) such
that when m > M, m € S¢, one has H,(T""«a|B) > H,(a|D,,) — €. O

Proof of the claim. — Put o = {A1, As, ..., Ax} and § = {B1, By, ...,
B;}. By previous remark, there exists S C N, d(S) = 0, such that for all
1<i<k 1<y«
lim__ (Uf(La, ~ E(14[D,0), 15,) =0

n—oo,ne€
Hence
hmmf  H(T7alp)
n—oo, ne
L. _ M(T_nAiﬁBj)
- —(T~™A, N B; (_-———
nlgél,lﬁefsaij w(T™" A0 Bj)log 1(B;) )

(UFE(14,|Dy), 18, >>
1(Bj) '

n—oc, nes

— liminf CZ—(U}L]E(lAljD,,),IBJ)log<
2,J
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. (UPE(14,1D,),15,)
Let ai; = —(UrE(14,|Dy), 1 >10g<—T—:—(§;“—BL) and pgp, () = p(-N

B;)/u(Bj). From concavity of —xlogz we deduce that

ay > [ UL, D) log(UFE(L, D))

B,

We conclude that

Za” Z / UPE(La, D) log(UFE(La, | D))yt = H,,(a|D,.)

and
hmlnf  H(T7"alB) > Hu(aDy).

n—o0, ne
This finishes the proof of the claim.

Now we can define an increasing sequence of natural numbers A =
{0 < t1 <t2 < ---} such that

n—1
_ _ 1
Hu (T tﬂal \/ T t’a) 2 H#(CY‘DM) - 2—n
i=1

As Hy (Vi T™"a) = Hu (V5 T7"a) + Hy(T o] VI T ha),
therefore

h (T, o) = limsup — ZH( _tk‘a’k\:/lT_tza>

> limsup — Z( (D) Qlk) = H,(a|D,). O

n—o0

In fact Lemma 2.2 and Theorem 2.3 can be stated for any m.t.d.s. in
the general sense and thus Theorem 2.3 generalizes Theorem 3 of [Hul].
Moreover, the following corollary follows directly from Lemma 2.2 and
Theorem 2.3.

COROLLARY 2.4. — Let (X,T) beat.d.s. and u € M(X,T). Then,
A € D, if and only if h;f‘(T, {4, A°}) = 0 for any increasing sequence of
natural numbers A. Particularly, (X, u,T) has discrete spectrum if and
only if h;‘ (T, {A, A°}) = 0 for any increasing sequence of natural numbers
A and A € B(X).

ANNALES DE L'INSTITUT FOURIER
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3. Sequence entropy n-tuple.

Let us begin with some additional notations. Given a t.d.s. (X,T)
and an integer n > 2, the n-th product system is the t.d.s. (X("),T("))
where X (") is the cartesian product of X with itself n times and T(™
represents the simultaneous action of T in each coordinate of X (). The
product o-algebra of X (™ is denoted by B and its diagonal by A, (X) =
{(z,...,0) € X" :z € X}.

Let p € M(X, T) Define the measure A,(u) on B by letting
YTz, A) = [ TTi1 E(14,|Dy)dp, where Dy, is the T-invariant o-
algebra deﬁned in Sectlon 2

Let (z;), € X(™ . A finite cover of X, U = {Uy,Usy,...,Us}, is said
to be an admissible cover with respect to (z;);_, if for each 1 < j < k
there exists 1 < i; < n such that z;, is not contained in the closure of U,.
Analogously we define admissible partitions with respect to (x;)™ ;.

DEFINITION 3.1. — Let (X,T) be a t.d.s. and p € M(X,T). An
n-tuple (z;);_, € X, n > 2, is called

(1) a sequence entropy n-tuple if for some 1 < 4,j < n, x; # zj,
and for any admissible open cover U with respect to (z;);, there exists an
increasing sequence of natural numbers A such that his (T, U) > 0;

(2) a sequence entropy n-tuple for p if for some 1 < i,j < n, z; # z;,
and for any admissible Borel partition o with respect to (z;);_, there exists
an increasing sequence of natural numbers A such that hf}(T, a) > 0.

We denote by SE, (X, T) the set of sequence entropy n-tuples and by
SEH(X,T) the set of sequence entropy n-tuples for u. Sequence entropy
2-tuples are called sequence entropy pairs. The notion of sequence entropy
pair was introduced in [H-Y] to study weak mixing property of t.d.s.

The following proposition states the basic properties of sequence
entropy tuples. The proof is similar to the proof of the corresponding result
in [B2].

PROPOSITION 3.2. — Let (X,T) be a t.d.s.

(a) If U = {Uy,...,U,} is an open cover of X with his,(T,U) > 0
for some increasing sequence of natural numbers A, then for all 1 < i < n
there exists x; € U such that (x;)_; is a sequence entropy n-tuple.

(b) SE,(X,T)UA,(X) is a closed T™-invariant subset of X (™

TOME 54 (2004), FASCICULE 4
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(c) Let : (Y,8) — (X, T) be a factor map of t.d.s.

(1) If (z;)?, € SER(X,T), then for all 1 < i < n there exists
y; €Y such that 7n(y;) = x; and (y;)], € SE (Y, S).

(2) If (y:)i=1 ESER(Y, S) and (m(y:))i= €0n (X)), then (m(ys))i, €
SE.(X,T).
(d) Suppose W is a closed T-invariant subset of (X,T'). If (z;)_, is

a sequence entropy n-tuple of (W, T'|w ), then it is also a sequence entropy
n-tuple of (X, T).

Now we begin the study of the structure of SE#(X,T).

LEmMMA 3.3. — Let (X,T) be a tds. and p € M(X,T). If
U = {Uy,U,,...,U,} is a measurable cover of X with n > 2, then
A ()(ITiy UF) > 0 if and only if for any measurable finite partition
finer than U as a cover, there exists an increasing sequence A C N such
that k7' (T, ) > 0.

Proof.

(i) Assume that for any measurable finite partition « finer than U as
a cover, there exists an increasing sequence A C N such that hf(T, a) >0
and A (1) (T2, US) = 0.
Let C; = {x € X : E(1y<|D,) > 0} € Dy, for 1 < i < n. Therefore
r(USN\ Cy) fc“ (lye|Dy)du = 0. Put D; = C,U(U7\ C,), then D; € D,
and Df C U;.

For any s = (s(1),5(2),...,s(n)) € {0,1}" let Dy = (", Di(s()),
where D; (0) = D; and D;(1) = D5. Set D} = (N, D) N (U; \ UL} Us)

for 1 < j7 < n. Consider the measurable partition
a:{Ds:se {0, 13"\ {( 0,0,..., 0)}yu{D}, D2,..., Dy}
For any s € {0,1}" with s # (0,0,...,0) one has s(i) = 1 for some

1<i<n then Dy C Df CU;. It is stralghtforward that for 1 < j < n,
DJ C U;. Thus « is finer than I/ and there exists by hypothesis a sequence
A C N such that h;‘(T, a) > 0.

On the other hand, since A, (p)([T/—, UF) = 0, we get p(;—y D)) =
w(Niey C;) = 0. Thus one has D}, D3,...,Dy € D,. It is also clear
that Dy, € D, for s € {0,1}"\ {(0,0,...,0)} since Dy, Do,...,D, €
D,. Therefore each element of « is D,-measurable and, by Lemma 2.2,
h;j‘(T, a) < H,(a|D,) =0, which is a contradiction.

ANNALES DE L’ INSTITUT FOURIER
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(ii) Assume A, (p)([T,-, Uf) > 0. Without loss of generality we may
assume that any finite measurable partition o which is finer than U as a
cover is of the type a = {41, Az,..., Ay} with A, C U;, for 1 <@ < n. Let
o be one of such partitions. We observe that

/HElAc|D /HIE Lye|Dy)dpe = An )(ﬁU;)>o.

Therefore, A; ¢ D,, for some 1 < j < n. We conclude by Theorem 2.3 that
there exists a sequence A C N such that hA(T,a) = H,(a|D,) > 0. This
finishes the proof. a

Remark. — For a measurable partition @ = {41, As,..., A} of X
with n > 2. By Lemma 3.3, it is easy to see that A, (u)([T-, A%) > 0if and
only if there exists an increasing sequence A4 C N such that h;j‘(T, a) > 0.
In particular, for @ = {4, A°}, A2(u)(A x A®) > 0 if and only if there exists
an increasing sequence A C N such that hﬁ‘(T, a) > 0.

THEOREM 3.4. — Let (X,T) be a t.d.s. and p € M(X,T). Then
for any n > 2,
SER(X,T) = supp(An () \ An(X).

Proof.

(i) Let (z)i, € SEL(X,T). To show (x:)i=; € supp(An(p)) \ An(X)
we only need to prove that for any neighborhood []i—, U; of (z;)/-;,

M) (T3, Us) > 0.

Set U = {Uf,Us, ..., U:}. Without loss of generality we may assume
that I/ is a measurable cover of X. It is clear that any measurable partition
o finer than U as a cover is an admissible partition with respect to
(z;)™_,. Therefore, there exists an increasing sequence A C N such that
h7{(T,a) > 0. By Lemma 3.3, A, (u)([T}, Us) > 0.

(i) Let (z;); € supp(An(p)) \ An(X). We will show that for any
admissible partition o = {41, As, ..., Ax} with respect to (z,)j., there
exists an increasing sequence A C N such that h;‘(T, a) > 0.

Since « is an admissible partition with respect to (z;)7; there
exist closed neighborhoods U; of z;, 1 < 4 < n, such that for each
j € {1,2,..,k} we find i; € {1,2,..,n} with A; C U7. That is, a is
finer than U = {U¢,US,...,US} as a cover. Since A, (p)([Tj=, Us) > 0
by Lemma 3.3, there exists an increasing sequence A C N such that
h:f(T, a) > 0. O

TOME 54 (2004), FASCICULE 4
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THEOREM 3.5. — Let (X,T) be a t.ds. and p € M(X,T).
Let U = {Uy,Us,...,U,} be a measurable cover of X with n > 2. If
A () (ITi2; US) > 0, then there exists an increasing sequence of natural
numbers A= {0 <t; <ty < ---} such that

1
i £ ht li - f H >0,
O Bl 2l ey )

(ii) htop(T Uy >0.

Thus, using Lemma 3.3 we have that \,(u)([[7_,Uf) > 0 if
and only Iif there exists an increasing sequence of natural numbers
A={0<t; <ty <--} such that infgyy h}(T, 8) > 0 if and only if there
exists an increasing sequence of natural numbers A = {0 < t; <t < ---}
such that limsup,, . 1 infﬁt\/:»:1 7ty Hu(8) > 0.

Proof. — Since A, (u)([T2, Uf) = [y [1iz E(ly:[Dy)dp > 0, there
is M € N such that p(D),) > 0, where
2
A c
Dy, = {:1: €X: 115111<nnIE(1U D) (z) > ]\I}

For any s = (s(1),s(2),...,s(n)) € {0,1}" set A, = (-, U.(s(2)),
where U;(0) = U, and U;(1) = UF, and put a = {4, : s € {0,1}"}.

Let (7,),en € D, be an increasing sequence of finite o-algebras
with \/jilvj = D,. By the martingale theorem, lim, . E(1y:|y,) =
E(lye|Dy), j € {1,2,...,n}, in the sense of L*(p, B(X), u). Hence there
exists v = v, for some j € N such that:

1
(1) w(Dar)> wD M) , where Dy = {zeX: mln E(lyc|v)(z )>M};
p(Dy) n
(2) Hu(aly) < Hy(a|D,,) + —H/[M— log(m).
The following property holds. a
Claim. — H,(a|fV~y) < H,(aly) — (DM) log (%) for any finite

measurable partition 3 which is finer than U as a cover.

Proof of the claim. — Without loss of generality let 3={B1, Ba,...,
By} with B; CU;, 1 <i < n. Let ¢(z) = —zlogz for x > 0 and ¢(0) =

Then
Hy(alBvy)= Y / > E(isly) (%ﬂ)du,

s€{0,1}" 2,5(i)=0

ANNALES DE L’INSTITUT FOURIER
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where we have used that for any s € {0,1}" and 1 < i < n, if s(i) = 1 then
AN B; = 0. Thus

H,(a|B V)
E(1g,[v) E(1a,nB,|7)
se%}”‘/x kszk; 0 1Bk|7) ( Z ‘  2ksth=0t(1B.7) E(ls,]7) >du
— E(1a,|v)
s€§}"/ kS;) 0 ]-Bkh/) (Zk,s(k):OE(lBk‘7)>du

3 /¢ (1a, |7 dp — /E(1A3|7)10g<2k (k)zolE(le))d”

se{0,1}"™

1
=Hualy) - > / (La,lv) log dp.
2 ks(k)=0 B (1Bk|7)>

s€{0,1}"

We observe that if s(i) = 1 for some 1 < i < n then 37, ;o E(lp,[7) <
E(1p¢|v). Therefore,

1
sG%}”/ 1A h/ log st (k)= O]E(lBkh/))d‘u
2= Z/ E(14, |V)) log(m)du
1
- ‘:; /. E(1L75|7)10g(m)du
1 & 1
TME/DM g () 2

M Dy log(Z?zl E(lelFY))d‘u
_ #Dw) (")

WV

WV

Mo
Hence H,(a|3V v) < Hyulaly) — “20) Jog(-22). This ends the proof of
the claim.

Put € = ”(DM) log(n 1) > 0. By Theorem 2.3, there exists an
increasing sequence of natural numbers A = {0 < t; < ty < ---} such
that hf}(T, a) = H,(a|D,).

Let n € Nand 8 = V., T “U. Since T"f is finer than U for
i € {1,...,n}, one has

TOME 54 (2004), FASCICULE 4
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=
Il <
3
\5«*
N———

3H'
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<

T hal \/T b ) —H#(\n/ T "a|gV \n/T_tw>
i=1 i=1
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<
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=

T‘“oz) - HH(\n/ T "v) —n(H.(a|D,) - %)

-
[
A
o
Il
—

As hﬁ‘(T, a) = H,(a|D,) and h;:‘ T,v) < H,(v|D,) = 0, we have

1
lim sup — inf H
n—>oopn B>Vn Tty H(/@)
t, _ " —t, . _ E
> lmsup o [ (\/ T"0) (MT 7) = n(Hyu(alD,) 2)]
€
= —h(7,T) + Bt (@, T) = Hy(alD,) + 5 = 5 >0
Clearly,
1
. A L
Jnf h(T,f) > limsup — oy me_WH,L(ﬁ) > 0.

Now we show (ii). For each n € N, there exists a finite measurable
partition 3, = \/_, T U such that logN(\/_, T~%U) > H,(Bn)-
Therefore

hf},p(T U) = limsup — log/\/’(\/ T tlu)
e =1
> lim sup ﬁHu(ﬁn) > 0 (by (i)). -

Now we can state a relation between sequence entropy tuples for a
measure and sequence entropy tuples.

COROLLARY 3.6. — Let (X, T) be a t.d.s. and y € M(X,T). Then
for eachn > 2, SE¥(X,T) C SE,(X,T).

Proof. — Let (z;);_, € SE#(X,T) and U be any finite open cover of
X admissible with respect to (z;);_,. It is easy to see that any measurable

ANNALES DE L’INSTITUT FOURIER



SEQUENCE AND COMPLEXITY PAIRS 1017

finite partition « finer than U as a cover, is an admissible partition with
respect to (z;);_,. By Definition 3.1, there exists an increasing sequence
A C N such that hﬁ‘(T, a) > 0. By Lemma 3.3 and Theorem 3.5, there
exists an increasing sequence A C N such that hg‘})p(T,L{) > 0. Hence

(z;)i, € SE,(X,T). This finishes the proof of the theorem. O

The following property states the way sequence entropy tuples for a
measure pass through factors.

THEOREM 3.7. — Let n : (X,T) — (Y,S) be a factor map of
t.ds., p € M(X,T) and v = 7(u).

(1) For every (x;)}, € SE¥(X,T) let w(z;) = y;, 1t € {1,2,...,n}. If
(i)iz1 & On(Y), then (yi)i, € SEL(Y,S).

(2) For every (y;)i~, € SEX(Y,S), there exists (z;)], € SEX(X,T)
with m(z;) =y;, 1 € {1,2,...,n}.

Proof.
(1) It is direct from the definition, so we omit the proof.
(2) Let Z = 7~1(D,). We then have Z = 7= 1(B(Y)) N D,.

Let (y;), € SEX(Y,S). Take any closed neighborhood V; of y;,
i€ {1,2,...,n}, with (), V; = 0, then \,(v)(V1 x Vo x --- x V) > 0
by Theorem 3.4. Let U; = 7= 1(V;),i € {1,2,...,n}. We have the following
property.

Claim. — A, (u)(Uy x Ua x --- x Uy,) > 0.

Proof of the claim. — Assume A, (p)(Uy x Uy x -+ x Up,) = 0. Let
U= {Ug,Us,..., Ut} Since (N, U; = 0, U is a measurable cover of X.
By Lemma 3.3, there exists a measurable partition o = {41, Aa,..., Ay}
of X with A; C U, such that hf}(T, a) = 0 for any increasing sequence of

natural numbers A. By Theorem 2.3, A; € D, for i € {1,2,...,n}.

It is well known that f € L?(X,D,,u) if and only if cl({T*f:k €
Z}) is a compact subset of L%(X,B(X),u). Let f € L?*(X,D,,p), then
cl({T*f:k € Z}) is a compact subset of L?(X,B(X), ). Since for any g €
L2(X, B(X). ) one has [E(glr (B )l acx,sx0m < 9llczc.s00,
A({T*E(f|r~Y(B(Y))) : k € Z} is also a compact subset of L?(X, B(X), j1).
Thus E(f|7"1(B(Y))) € L3(X,D,, p), i-e. E(f|n~Y(B(Y))) € L*(X, Z, p).
In particular, B; = {z € X : E(14,|7 *(B(Y))) > 0} € Z, Moreover there
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exists C; € D, such that B; = 7~ *(C;), i € {1,2,...,n}.

Since E(la,|7 ' (B(Y))) < E(lyelr~"(B(Y))) = 1lye, one has
B; C Uf and C; C V£ Observe that Y . E(la, |~ (B(Y))) = 1,
then U, B; = X and U;_,C; = Y. Take D; = Cy, D, = C; \
Ui;i C,, | € {2,3,...,n}. We have that D; € D,, ¢ € {1,2,...,n},
and Q = {D1,Ds,...,D,} is a measurable partition of ¥ finer than
{VE, Vs, ..., V). By Theorem 2.3 and Lemma 3.3, A, (v)(V1 x Vo x -+ - x
V) = 0, which contradicts the fact A, (v)(V1 x Vo x --- x V,,) > 0. This
finishes the proof of the claim.

Now, from the claim, supp(A,(u}) N (U; x Uy X <+ x U,) # 0.
As V; is any closed neighborhood of y;, i € {1,2,...,n}, one deduces
supp( A ()N (77 (y1) x = H(y2) x - - - x 7~ (yn)) # 0, that is, there exists
(x))P, € SEX(X,T) with w(x;) =y, 1 € {1,2,...,n}. 0

4. M-supe and maximal M-null factor.

Applying the results obtained in the previous sections we now in-
troduce the notions of M-supe and M-null systems. We remark that the
smallest closed and invariant equivalence relation containing entropy pairs
for a measure [B-R] define the maximal zero measure-theoretical entropy
topological factor of a system. Here, using sequence entropy pairs for a mea-
sure we obtain the maximal M-null factor, one possible topological version
of the Kronecker factor. But since there is no variational principle for the
sequence entropy, the maximal M-null factor is not necessarily the maximal
equicontinuous factor, even the maximal null factor.

Set

SEM(X,T)= |J SELNX,T)\Au(X).
nEM(X,T)
By Corollary 3.6 we know that SEM (X, T) ¢ SE,(X,T). Any topolog-
ically weakly mixing t.d.s. (X,T) with a unique measure p € M(X,T)
supported on a fixed point is an example for SEM(X,T) = () and
SE,(X,T) = X"\ A,(X) for any n > 2 (see [H-Y]). Moreover, we have
the following result.

THEOREM 4.1. — Let (X,T) be a t.d.s. and n > 2. There is
v € M(X,T) such that SE%(X,T) = SEM(X,T). Hence, SEM(X,T) =
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XM\ A, (X) if and only if there is v € M(X,T) such that SE*(X,T) =
XM\ AL (X).
Proof. — Let (7,27, ...,27))meN be a dense sequence of points

in SEM(X,T) with (27, 20,...,2™) € SEA~(X,T) for some fi, €
M(X,T).

Let v = > °_, 2—1,;pm. Since for any finite measurable partition
o of X, any increasing sequence of positive integers 4 and m ¢ N,
h (T, ) 2 g=hit (T,a), then SEE=(X,T) C SE%(X,T). In particular,
(z, a8, ...,2") € SEX(X,T). We conclude,

SEXX,T) > {(z7, 2, ...,2™) :m > 1} \ A (X) = SEM(X, T).

That is, SE%(X,T) = SEM(X,T). O

Remark 4.2. — As mentioned before any topologically weakly mix-
ing system (X,7T) with a unique invariant measure p supported on a
fixed point is an example for which SE;(X,T) = X® \ Ay(X) and
SEL(X,T) = 0. This shows that we cannot always find an invariant mea-
sure verifying SEY(X,T) = SE2(X,T). An important reason is that there
is no variational principle for sequence entropy [G]. According to [G] there
is even a strictly ergodic system for which SEY (X, T) # SEo(X,T).

We say (X,T) is M-supe if there is 4 € M(X,T) such that
SEY(X,T) = X@\ Ay(X). Thus (X,T) is M-supe if and only if there
is p € M(X,T) such that for any topologically non-trivial measurable par-
tition @ made by two elements there is an increasing sequence of natural
numbers A such that h;‘}(T,a) > (0. We observe that by a topologically
non-trivial partition we mean a partition such that none of the atoms is
dense in X.

It is clear that M-supe implies supe, that is, SE2(X,T) = X\
Ay(X), and hence topologically weak mixing according to [H-Y] and Corol-
lary 3.6. Moreover, for an M-supe system, supp(p) = X where p is a mea-
sure such that SE4(X,T) = X3 \ Ay(X). Saleski showed that (X, u,T)
is measure-theoretical weakly mixing if and only if sup 4 h;j‘(T, a) = H,(a)
for each non-trivial finite measurable partition a [S] (see also [Hu]). Call
a system (X, u,T) seqg-K if for each non-trivial finite measurable parti-
tion « there is an increasing sequence of natural numbers A such that
hﬁ‘(T, a) > 0. Remark that (X, p, T) is measure-theoretical weakly mixing
if and only if D, is trivial. Thus, by Corollary 2.4, seq-K implies measure-
theoretical weak mixing.
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On the other hand, by Theorem 2.3 and [S], if (X, ¢, T) is measure-
theoretical weakly mixing then (X, u,T) is seq-K. So (X, 1, T) is measure-
theoretical weakly mixing if and only if it is seq-K and a seq-K system is
M-supe with SE5(X,T) = X2\ Ay(X). We mention that M-supe does
not imply seq-K since there is a u.p.e. system (see [B2] for a definition)
without any ergodic invariant measure with full support [HY].

THEOREM 4.3. — Let (X,T) be a t.d.s. and p € M(X,T). If there
is an increasing sequence of natural numbers A and a non-trivial finite
measurable partition o such that h;f(T, a) > 0, then SEY (X, T) # 0. Thus
SES(X,T) =0 if and only if (X, u,T) has discrete spectrum.

Proof. — Assume there is an increasing sequence of natural numbers
A and a non-trivial finite measurable partition « such that h;j‘(T ,a) > 0.
By Lemma 2.2, H,(a|D,) > hf}(T, a) > 0. Thus, there is A € a with A &
D,. Hence H,({A, A°}|D,) > 0. Then we may assume o = {A, A°} and
hﬁ(T, a) > 0. By the remark after Lemma 3.3, Ao(u)(Ax A°) > 0. It follows
that Ao(1)(X P\ Ag(X)) > 0, and thus supp(Az(p)) N (X P\ Ax(X)) # 0,
ie. SEX(X,T) # 0.

By Kushnirenko [Ku], (X, u,T) has discrete spectrum if and only if
for each increasing sequence of natural numbers 4 and each non-trivial
finite measurable partition «, hf}(T, a) = 0. Thus the second statement of
the theorem follows from this fact and the first property. a

In [P], Parry showed that the Pinsker o-algebra of the product of two
measure-theoretical dynamical systems is the product of the coordinate
Pinsker o-algebras. This property also holds for D,. The proof is a
consequence of a previous result of Furstenberg (see Theorem 9.20 [G2]).

LEMMA 4.4. — Let (X,T) and (Y,S) be t.d.s. and p € M(X,T),
veM(,S). Then D,x, =D, xD,.

From this lemma we obtain the following theorem. It is analogous to
Theorem 3 in [G1].

THEOREM 4.5. — Let (X,T) and (Y,S) be t.ds. If (X,T) and
(Y, S) are M-supe, so does (X x Y, T x S).

Proof. — Since (X, T) and (Y, S) are M-supe, there exist ue M(X,T')
and v € M(Y, S) such that supp(Az(p)) = X@ and supp(\a(v)) = Y@.
By Lemma 4.4, we have D, = D, x D,. Therefore, for any U; x V; €
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B(X) x B(Y),ie€{1,2},

AZW”)(EIUM”)% (ﬁU>)\2 (Hv)

=1

If U; and V; are nonempty open sets, i € {1,2}, then

(HU)>0 Do(v (Hv)>o and /\z(uxv(HU x Vi) >0.

Therefore, supp(Aa(p x v)) = (X x Y)( ). That is, (X xY, T x S) is
M-supe. O

A t.d.s. is M-null if for each p € M(X,T) and each increasing
sequence of natural numbers A, h;j‘(T ) = 0. It is easy to see that (X,T) is
M-null if and only if SE}(X,T) = . It turns out that each t.d.s. has a
maximal M-null factor.

THEOREM 4.6. — FEach t.d.s. has a maximal M-null factor.

Proof. — Let (X,T) beat.d.s. and R be the smallest closed invariant
equivalence relation containing SEY (X, T). Then R induces a factor (Y, S)
of (X,T). Let : (X,T) — (Y, 5) be such factor map. We now show that
(Y, S) is the maximal M-null factor of (X, T).

First SEM(Y,S) = 0. In fact, if SE}(Y,S) # 0, then there is
v € M(Y,S) such that SE¥(Y,S) # 0. Let (y1,y2) € SE5(Y,S). By
Theorem 3.7, there are u € M(X,T) and (z1,z2) € SE5(X,T) with
ap = v and w(z1,22) = (y1,92). Since (z1,22) € SEM(X,T) we get
y1 = 7(z1) = w(x2) = y2, which is a contradiction.

Let us prove (Y,S) is maximal. Assume that (Z,W) is an M-null
factor of (X, T) which is induced by a closed invariant equivalence relation
R’ on X. It is clear, by Theorem 3.7, that SEM(X,T) C R'. Thus R C R/
and (Z,W) is a factor of (Y, 5). O

Recall that E(X,T), SE(X,T) and Com(X,T) are the sets of en-
tropy pairs [B2], sequence entropy pairs [H-Y] and complexity pairs [BHM]
respectively. It is easy to see that E(X,T) ¢ SEM(X,T) C SE(X,T) C
Com(X,T) and that they induce the maximal zero entropy factor, the max-
imal M-null factor, the maximal null factor and the maximal equicontinuous
factor.

In [G, Proposition 6.2], Goodman presents an example of a strictly
ergodic t.d.s. (X,T) such that SE(X,T) = 0 and Com(X,T) # 0. It is
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an open question (see [H-Y]) if there is a t.d.s with SE(X,T) = @ and
Com(X,T) = X@ \ Ay(X), that is, 2-scattering (see [BHM]).

Example 4.7. — There exists a t.d.s. (X,T) such that E(X,T) =0
and SEM (X, T) = X®) \ Ay(X), that is, it is M-supe.

Proof. — The Chacon’s system can be defined as a subshift X of the
fullshift on two symbols {0, 1}%. First define the sequence of finite words,

Ap = 0,A; = 0010, ..., Api1 = AnA,lA,,

for n € N. Then X contains all the two-sided sequences of 0’s and 1’s
such that any finite sub-word of them is a sub-word of one A,, for some
n € N. It is known that the Chacon’s system is strictly ergodic and weakly
mixing with respect to the unique measure and it has zero entropy. Thus
E(X,T)=0and SEM(X,T) = X? \ Ay(X). O

Disjointness of two t.d.s. is defined in [F]. Following ideas in [B2] which
essentially needs the properties of sequence entropy pairs for a measure
stated in Theorems 3.4 and 3.7 it is easy to prove the following theorem.

THEOREM 4.8. —  FEach M-supe system is disjoint from any minimal
M-null system.

5. Complexity pairs for a measure.

In this section we introduce two notions of complexity pair for a
measure and study their dynamical properties. We remark that we only
emphasize the fact that this is an analogue notion of complexity pair in the
measure-theoretical context, not the complexity of the system (see [Fe] for
a global approach).

DEFINITION 5.1. — Let (X,T) be a t.d.s. and p € M(X,T).

(1) We say that (x1,x5) € X is a complexity pair if z1 # 2 and if
whenever Uy, Us, are closed mutually disjoint neighborhoods of the points
1 and x5, one has

nlln;ON(rL\_/l T‘z{UlﬁUg}) = 0
=0

(see [BHM]).
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(2) We say that (z1,z2) € X@ is a weak y-complexity pair if z; # x2
and for every Borel partition o = {A;,As} of X with x; € int(4;),
ie{l,2},

nan;C H, (7:\:_/: T_ioz) = o0.

(3) We say that (z1,x2) € X® is a strong u-complexity pair if
21 # o and if whenever Uy, Us, are closed mutually disjoint neighborhoods
of the points x1 and x5, one has

lim inf H,(8) = .
n— 00 Btvj;—ol Tfl{Uf,UQE} H

Denote by Com(X, T) the set of all complexity pairs, by Com:(X ,T)
the set of all weak p-complexity pairs and by Com,, (X, T) the set of all
strong p-complexity pairs. It is clear that Com,, (X,T) C Com:(X ,T).

THEOREM 5.2. — Let (X,T) be a t.d.s. and € M(X,T). Then

SEY(X,T) C Com,, (X,T) € Com(X,T).

Proof.

(i) Let (z1,72) € Com,(X,T) and let Uy,Us be closed mutu-
ally disjoint neighborhoods of points z; and zs respectively. Consider
U ={Ug,Us}.

Observe that

n—1
tog ' vV TU) > iy,
= — V=0

and

lim inf H,(B) = oc.
eI VA a7

We conclude lim, oo N(VI—y T~'U) = cc. Hence (z1,22) € Com(X,T)
and Com,, (X, T) C Com(X,T).

(ii) Let (z1,72) € SEY(X,T). Let Uy,Us be closed mutually dis-
joint neighborhoods of points z; and x; respectively. Consider the open
cover U = {U§,US}. Since (z1,22) € supp(Aa(p)) then Aa(p)(Ur x Uz) > 0.
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By Theorem 3.5 there exists an increasing sequence of natural num-
bers A such that limsup,,_, . % infﬁtv:;lT_tlu H,(8) > 0. This implies

hmnﬁooinfﬂt\/;lT—%uHu(ﬁ) = oo. Hence (z1,72) € Com,, (X,T). O

In the following we will discuss the relation between Com, (X, T)
and Com,, (X, T). We will show that there exists a t.d.s (X, T’) such that
Com} (X,T) = X®\ Ay(X) and Com,, (X,T) = Com(X,T) = 0.

Let (X,T) be a t.ds. and p € M(X,T). Recall that (X, u,T) is
totally ergodic if (X, u, T*) is ergodic for each k € N.

THEOREM 5.3. — Let (X,T) be a t.d.s. and u € M(X,T). Assume
(X,u,T) is totally ergodic with supp(u) = X. Then Com:(X, T) =
X\ Ay(X).

Proof. — Let (z1,23) € X@® \ Ay(X). Let a = {A;,As} be a
partition of X with z; € int(A4;),22 € int(Az). We will show that
limy, oo H, (Vg T ) = oo

Claim. — For each ¢ > 0 there exists M € N such that for any
k> M and s € {1,2}", w(NZ) T2 Ay < e

1=

Proof of the claim. — Assume there exists € > 0 such that for any
M € N, there is k > M and sy € {1,2}* with u(V'2) T A, 0) = €
In this case, it is easy to see that there exists s € {1,2}Z such that
Niez T~ Asi)) 2 €.

Since  is ergodic,

(5.3.1) ”(U N T—iA((,]s)(iQ -1,

J€Z€Z
where o : {1,2}% — {1,2}% is the shift map. Observe that for ¢,r € {1, 2}Z
with t # r
(5.3.2) N T A ([T Ariy = 0-

i€Z 1€Z

By (5.3.1) and (5.3.2), s is a periodic point of the fullshift ({1, Q}Z, o).
Let k& be the period of s. Since p(A;) > 0, u(Az) > 0, one de-
duces 0 < pu((N;ez T " A(orsyiy) < 1 for every j € Z. Finally, the fact
T*"(Niez T " As(i)) = Mz T As() for n € Z contradicts the ergodicity
of (X, u, T*). This concludes the proof of claim. 0
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For any n € N, by using the claim, there exists M, € N such
that for any k > M, and s € {1,2}%, u(ﬂfz_ol T Asy) < 2. Let
ts = ,u,(ﬂfz_ol T_iAs(i)). Thus

k—1
Hu(\/ T“ia) = Z —tslogts > logn Z ts = logn.
1=0 s€{1,2}* s€{1,2}*
This implies limy, _,oH, (V) T *a)=0cc and hence (zy, zs)€ Com} (X, T).
O

Remark 5.4. — Shannon-McMillan-Breiman Theorem states that if
T is an ergodic measure-preserving transformation of the probability space
(X, B, 1), a is a finite measurable partition of X and A, (z) is the atom of
the partition VZ:OI T *a to which z belongs, then

1
lim ——log u(An(z)) = by (T )

p-a.e. and in L'(X, B, ). Hence, if h, (T, ) > 0 one can say that u(A,(x))
goes to zero with exponential rate e ~"+(T:®) The claim we just proved adds
information on u(A,(x)) when h,(T, ) = 0 under the assumption of total
ergodicity.

Example 5.5. — Let K be the unit circle in the complex plane and
a0 € R\Q. Set X = K, T = Ry : K — K with T(z) = z - e?rie
and let u be the Haar measure on K. Then (X, u,T) is totally ergodic
with supp(p) = X. By Theorem 5.3, Com; (X, T) = X® \ Ay(X). Since
(X, T) is equicontinuous, Com(X,T) = ¢ [BHM]. Moreover, by Theorem
5.2, Com,, (X, T) = 0.

THEOREM 5.6. — Let (X,T) be a t.d.s. and let p be an ergodic
measure of (X,T) with full support. If x, is a fixed point for T, then for
zy € X, 29 # x1, one has (v1,72) € Com, (X, T).

Proof. — Take closed neighborhoods U;, Uz, of 1 and x5 respec-
tively with Uy NUs = 0. Put V; = Uf, i € {1,2} and U = {V;, Va}. First it
holds,

Claim. — For any € > 0 there exists N € N such that

n—1
u(ﬂ T‘Ws(i)) <e
i=0
for any n > N and s € {1,2}".

TOME 54 (2004), FASCICULE 4



1026 Wen HUANG, Alejandro MAASS & Xiangdong YE

Proof of claim. — 1If the claim is not true, there exist ¢ > 0 and
s € {1,2)” such that u((,cp T~ Vags)) > €.

Define Q = {t € {1, Q}Z tu(Mien T~ Vi) = €} It is easy to see that
1 is a closed subset of {1, Q}Z and it is invariant under the shift map o.

Take r € Q with 7 a minimal point of the fullshift ({1, Q}Z, o). Since
t(Mien T~ Vi) = €, there exists a generic point y € (N;cz, TV, of
p. Clearly, r # (...,2,2,2,2,...) (or T"y € V, for any n € Z which is
impossible}. Observe that r is a minimal point and {i € Z : r(¢) = 1} is
a syndetic set. Hence N(y,V1) = {i € N : T% € V;} is a syndetic set.
Since y is a transitive point and x; is a fixed point, N(y,U) is a thick set,
which contradicts the fact that N(y, V}) is a syndetic set. This proves the
claim.

Now, by using the claim, for any ¢ > 0, there exist N € N such
that u(ﬂ?z_ol T "Vy4) < € for any n > N and s € {1,2}". Hence
for any 8 > V') T~ and C € 3 one has pu(C) < e. Therefore

H.(3) > log(1) and lim,_. infﬁt\/:ol pyy Hu(B) = 00, We conclude

(.’L‘1,$Q) € Com;(X,T) a

In the following, we will construct a t.d.s. (X,pu,T) such that
SEY(X,T) =0 and Com, (X,T) # 0.

DEFINITION 5.7. — A t.d.s. (X,T) is doubly minimal if for all
z,y € X,y € {T "z}, ez, {(T72,17y)}, oy is dense in X x X.

The following result is Theorem 5 in [W].

LEMMA 5.8. —  Any ergodic system (Y,C, v, S) with zero measure-
theoretical entropy has a uniquely ergodic topological model (X, T) that is
doubly minimal.

Example 5.9. — There are a t.d.s. (Z, R) and an ergodic measure
0 € M(Z, R), such that SES(Z, R) = () and Com, (Z, R) # 0.

Proof. — Let (Y,C,v,S) be an ergodic system with discrete spec-
trum and assume v is non-atomic. By Lemma 5.8, there is a uniquely
ergodic doubly minimal system (X,7T") which is a topological model of
(Y,C,v,S). Set p the unique ergodic measure of (X, T).

Put Ay = {(z, T*z): x€ X}, k€Z. Since p is non-atomic, p x (Ag) =0
for any k€Z. Thus p x p(Upez Ak) = 0. Let p x p = [, podm(w) be
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the ergodic decomposition of p x p. For any we, we have SE5F“ (X x X,
T xT) = (. Indeed, if ((x1,z2), (y1,y2))ESEL“ (X x X, TxT) and 7; : X X
X — X is the i-th projection map, since (X, T) is uniquely ergodic, then
mi(fw) = p, @ = 1,2. Now, by Theorem 3.7, one has (z1,y1)€SEY (X, T) or
(z2,y2)ESEL (X, T) which contradicts the assumption SES (X, T) = 0.

Take w € Q such that SES“(X x X, T xT) = 0 and p,(X x X\
Ukez Ak) = 1, and consider (z,y) € X x X \ Uyez Ar a generic point
of p,. Since (X,T) is doubly minimal, ci({J,,cz (T x T)"(z,y)) = X x X.
Hence, supp(p,) = X x X.

Now, by collapsing the diagonal Az(X) of X x X into one point, we
get a new space Z = X x X/Ay(X). Let m: X x X — Z be the natural
projection. Let §# = mwu,, and R be the map on Z induced by T. For the
m.t.ds. (Z,0,R), SES(Z,R) = n x m(SE{*(X x X,T x T)) = 0. Clearly,
(Z, R) has a fixed point 21 = 7(Az(X)), 6 is ergodic and supp(§) = Z. By
Theorem 5.6, we conclude Com, (Z, R) # 0. The m.t.d.s. (Z,6, R) is the
system we are looking for. O
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