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THE HUA SYSTEM ON IRREDUCIBLE HERMITIAN
SYMMETRIC SPACES OF NONTUBE TYPE

by Dariusz BURACZEWSKI*

1. Introduction.

Let G/K be an irreducible Hermitian symmetric space of noncompact
type and let {E;} be an orthonormal basis of p*. The Hua system, as
defined in [JK], is

(1.1) M(F) = E,E;F ® [E;, Ef).
Jik
After a number of partial results, the earliest going back to Hua, the

fundamental theorem concerning the Hua system, proved by K. Johnson
and A. Korényi is:

THEOREM 1.1 (K. Johnson, A. Koranyi, 1980). — A function F on a
Hermitian symmetric space of tube type satisfies H(F') = 0 if and only if

it is the Poisson-Szegd integral of a hyperfunction on the Shilov boundary
of G/K.

* The author was partly supported by KBN grant 5P03A02821, Foundation for Polish
Sciences, Subsidy 3/99, and by the European Commission IHP Network 2002-2006
Harmonic Analysis and Related Problems (Contract Number: HPRN-CT-2001-00273
- HARP).
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82 DARIUSZ BURACZEWSKI

Soon after the result of K. Johnson and A. Kordnyi appeared,
N. Berline and M. Vergne [BV] proved that (1.1) does not annihilate
the Poisson-Szeg6 kernel on type two Hermitian symmetric spaces and
described a third order system that characterizes Poisson-Szego integrals
for those spaces, and they raised the question about the nature of the
common solutions of the Hua system for the type two Hermitian symmetric
spaces, a question that has remained opened for twenty years.

The aim of this paper is to prove that the solutions of the Hua system
on type two Hermitian symmetric spaces are the pluriharmonic functions
(see Section 4):

THEOREM 1.2.— Let F be a real valued function on a non-tube
irreducible Hermitian symmetric space. Then H(F) = 0 if and only if F' is
pluriharmonic.

The system (1.1) annihilates holomorphic and antiholomorphic func-
tions. The origin of (1.1) goes back to L. H. Hua [Hua], who in 1958 wrote
a system that annihilates the Poisson-Szeg6 kernel on some classical do-
mains. His formula was not exactly the one above, but for classical tube
domains the zeros of both systems are the same. Then A. Koréanyi, E. Stein
and J. Wolf obtained the formula for general tube domains and in an un-
published paper showed that the Poisson-Szeg6 kernel is harmonic with
respect to the system (see e.g. [JK]). The first results showing that differ-
ential equations actually characterize the class of Poisson-Szegé integrals
were obtained in special cases [KM], [J1], [J2]. Finally in 1980 K. Johnson
and A. Koranyi proved Theorem 1.1.

For a particular case of functions having L? boundary values, the
above theorem was proved in [BBDHPT]. The methods of [ BBDHPT]| make
the utmost use of the strong growth restrictions and are not applicable here.

To treat zeros of H in full generality we combine two essential ingredi-
ents: the method of M. Lassalle [L] and the approach to pluriharmonic func-
tions on symmetric Siegel domains developed in [DHMP], [BDH]. While the
first one is based on the semi-simple group G, for the second one the use
of the solvable Lie group S acting simply transitively on the correspond-
ing Siegel domain seems indispensable. The reason is that the G-invariant
operators don’t see pluriharmonicity while the S invariant do?). The inter-

M Bounded pluriharmonic functions are Poisson integrals i.e., they are annihilated
by all the G-invariant operators, but there are many G-harmonic functions that are not
pluriharmonic.
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play between S-picture and G-picture is crucial for our story: the analysis
is done on the group S and the special structure of S being the Iwasawa
group is essential. That is why we describe so thoroughly both pictures:
G/K and S and we pass from one to the other (Sections 2-3).

M. Lassalle [L] reproved Theorem 1.1 introducing new methods and,
at the same time, cutting down the number of equations. We adopt his
method to reduce the problem to bounded functions. Namely, we prove
that a Hua harmonic function is G-harmonic (Section 5)(). To do so we
use only a part of the system, the “strongly diagonal operators” (see Section
4). These r equations (r being the rank) correspond to the system Hj, of
M. Lassalle. Next we use Harish-Chandra theorem [HC] in order to expand
f in terms of its projections on spaces of K-finite functions fs. Each of
these functions is Hua harmonic, hence G-harmonic. A K-finite and G-
harmonic function can be written as a Poisson integral of a continuous
bounded function defined on the maximal Furstenberg boundary, therefore
all functions f5 are bounded.

After restricting to bounded functions we transfer our problem to
Siegel domains. For this we pass to realization of G/K as a Siegel domain
¢D in C™, which is described in Section 3.3 following the Koranyi-Wolf
theory [KW]. However, for our purposes, we have to transform it further
on in order to write strongly diagonal operators on the solvable Lie group
S, the one that acts simply transitively on °D (Section 6). This gives an
extra advantage: the whole system may be replaced by strongly diagonal
operators. In fact, we prove (see Section 4):

THEOREM 1.3. — Let F be a bounded real valued function on a non-
tube Hermitian irreducible symmetric space. If F' is annihilated by the
Laplace-Beltrami operator and the strongly diagonal Hua operators then
F is pluriharmonic.

Hence only r + 1 operators are needed which is considerably less than
in either Johnson-Koranyi’s or Lassalle’s proof.

The rest of the proof uses S (Section 6). First we show that a bounded
function annihilated by the strongly diagonal Hua operators is a Poisson-
Szego integral (see [BBDHPT], [DHP]). Then, we notice that the Laplace-

(2) The fact that for type two domains Hua harmonicity implies G-harmonicity was
mentioned without proof in [JK].
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84 DARIUSZ BURACZEWSKI

Beltrami operator At for the corresponding tube domain Tg, is a linear
combination of the above r + 1 operators. Combining these two facts with
Theorem 1.1 applied to T we obtain some more equations (see Section 6).

Now the strategy is to single out operators whose common zeros have
to be pluriharmonic. These operators, however, cannot be obtained directly
as linear combinations of the ones studied so far. The method we apply is
the induction on the rank of the domain. The crucial observation is that S
is a semi-direct product

S=5"1g,.,

where S™! is the group acting simply transitively on the Siegel domain
of rank r — 1 and S, the group acting simply transitively on the Siegel
half plane D, (biholomorphic to the complex ball). Since a part of the
equations that we have at our disposal are on S,., we restrict the function
F to S, and apply some Fourier analysis methods on the Heisenberg group
(Section 7). The induction produces equations to which we can apply the
results of [BDH] and conclude that F is pluriharmonic. Since this method
requires that we deal with bounded functions not L?, the analytic part here
is somewhat more delicate than in [BBDHPT).

The author would like to express his deep gratitude to Ewa Damek for
her numerous ideas, suggestions and corrections incorporated in the paper.
Indeed, some parts of this paper are in fact a joint work. Also the author
wishes to thank Aline Bonami, Jacques Faraut and Andrzej Hulanicki for
their valuable comments.

2. Preliminaries on Hermitian symmetric spaces.

Let G/K be an irreducible Hermitian symmetric space of noncompact
type and G the connected component of its isometry group. G is a centerless
semisimple Lie group, and K is its maximal compact subgroup. We need
some standard notation concerning semisimple Lie groups and algebras.
For more details we refer to [H1], [Kn] or [K].

ANNALES DE L’INSTITUT FOURIER
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2.1. Root space decomposition.

Let g and €& be the Lie algebras of respectively G and K, and let
0 : g — g be the Cartan involution on g which is identity on €. If p is the -1
eigenspace of 9, we get the Cartan decomposition g = €@ p, where [¢,p] = p
and [p,p] = €. Let g€ (¢C, pC resp.) denote the complexification of g (&,
p resp.). We extend 0 to be a complex linear involution on gC. GC is the
adjoint group of gC with KC the analytic subgroup corresponding to tC.

u = €@ ip is a compact real form of gc. Denote by 7 the conjugation
operator on gc with respect to u. If B is the Killing form on gc, then
the bilinear form defined by B.(X,Y) = —B(X,7Y) is positive definite.
o = 76 = 07 is the conjugation of g€ with respect to g. (Usually we shall
write E instead of oF.)

Choose a Cartan subalgebra § in . Then hC is a Cartan subalgebra
of g€. Define A to be the system of roots of g€ with respect to h€. Any
root space g° is contained either in ¥€ or in pC. In the first case a is called
compact (@ € C) and in the second case noncompact (a € Q). Clearly A is
a disjoint union of C and Q. For a fixed a € A there are FIO, € b, Ea € g%,
E‘_a € g~ @ such that

o(H) = B(H,H,), for every H € hC,

[EaaE—a] = FIaa
TEa = _E—a,
(2.1) B(Eq, E_g) =1,

([H1], page 220). In particular, H,, E, and E_, span a subalgebra of gC,
isomorphic to (2, C).

We define a Hermitian product on (hC)* by
(22) (e, B) = B(Ha, Hp) = o(Hp) = B(Ha),

for a, 8 € (hc)*.
Let

(2.3) Co = — =

TOME 54 (2004), FASCICULE 1



86 DARIUSZ BURACZEWSKI

Co is well defined because a(I—NIa) = B(ﬁa,ﬁa) > 0. Clearly ¢, = ¢c_q.
Using ¢, ’s we introduce a second normalization:

(2.4)

By (2.1) these vectors satisfy the following relations:

[EavE—a] = Ha’
TEs = —E_q,
(2.5) B(Ea,E_o) = a(;;a) - (a,2a>’
a(Ha) =2.

If ¢ is the center of £, then there exists an element Z € ¢ such that
(adZ)? = —1 on p€ ([Kn], Theorem 7.117). Let p* be the (i)-eigenspace of
adZ and p~ be the (—i)—eigenspace of adZ. Then p* and p~ are Abelian
Lie subalgebras invariant under the action of ¢, and [p*,p~] c €€ ([H1],
page 313). Moreover, there is an ordering of A decomposing @ so that

Q=Q*UQ", and

pt= > 9= ) CE,

et ac@t
(2.6) “
S0 SF R .
acQ™t a€Qt

Indeed, we can select an ordering on A as follows: for two roots «, 8 we say
that « is bigger than 3 if and only if —i(a — 8)(Z) > 0. Q7 is referred as
the set of positive noncompact roots, while @~ is called the set of negative
noncompact roots.

For a € Q1 let

Xa = Ea + E—a»

@7 Yy = i(Eq — E_g).

Then the set {X4, Yo }aecq+ spans p.

The restriction of adZ to p gives the complex structure on p, which
will be denote by 7. Thus we have

ANNALES DE L’INSTITUT FOURIER
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TIXa = Yaa
JYa = _Xou
(2‘8) E, = %(Xa - iYa)7
1
E—a = -2- (Xa + ZYa)

Similarly to (2.7), for every positive compact root a, take X,,Y, € ¢
to be
Xo=FEq4 — E—a,

29) Yo = i(Ey + E_q)-

2.2. Some algebraic preliminaries.

In this subsection we are going to introduce some further algebraic
properties of g€, which will be needed later.

First our goal is to describe the restricted root system for G/K. Two
roots a, B € A are called strongly orthogonal if neither oo+ 3 nor o — 3 are
roots. One can easily check that strong orthogonality implies orthogonality
with respect to the form (2.2). Let

(210) I'= {717' .. ,’Y’I‘} - Q+

(r = rank G/K) be a maximal set of strongly orthogonal positive noncom-
pact roots. Then

(2.11) a=) RX,,

vyer

is a maximal Abelian subalgebra of p. (For a construction of " we refer to
[H1] pages 385-387.)

Take h~ to be the real span of the elements ¢H.,, and h* to be the
orthogonal complement of ™ in § via the Killing form B:

b~ =) RiH,,
(2.12) ~er

hb=b"@pbh*.

TOME 54 (2004), FASCICULE 1
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Let o, 8 € A. Denote o ~ § if and only if a|y- = B|y-. Define:

Co={a€eC:a~0}

1 ,
Ci={a€C':a~—§'y,-} fori=1,...,r,
1 .
(2.13) Ci; = {aeC:aNE('yj—'y,-)} forlgi<j<r,
1
Qi:{aeQ:aNE%} fori=1,...,r,

1
Qif:{aeQiaNg(%ﬂL%’)} for1<i<j<r.

Then the map a — v; + « is a bijection of C; onto Q; and C;; onto Q;;.
It is also known that At is the disjoint union of the sets Cop, C;, Cyj, T,
Qi, Qij, and Q7 is the disjoint union of the sets T, Q;, Qi; ([H3], pages
457-460).

We shall call G/ K a tube type space if all sets ); are empty. Otherwise
G/K is a nontube type space.

We introduce numbers M, g, which will be helpful in next sections in
computing some brackets relations. For a, § € A define M, g by

[Ea, Eﬁ] = MuygFEats ifa+pBeA,

(2.14) Mag = 0 ifat+fdn,

(some properties of these numbers are decribed in [H1], pages 146-152).
We may assume ([H1], Theorem V.5.5) that

(2.15) Mypg=—-M_q _p.

ProposITION 2.1.— Fix k between 1 and r.
a) If o =, €T then a(H,,) = 20;%.

b) If a € Qk or a € Qjk, and 8 = o — 7, then a(H,,) = 1 and
(a, @) = (B,8) = (V& W)

c) For the rest of positive roots a: a(H,,) = 0.

Proof. — a) and c) are obvious. We prove b) for a € Q;x. The second
case is similar.
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Notice that by (2.2) and (2.4)

(o, )
(Yi» Vk)

(2.16) a(H’Yk) = Yk(Ha),

therefore it is enough to compute (H,,) and vx(H). For this purpose
we shall look at corresponding roots series. The g-series containing « is
{a— ", a}, because a — 2y, ~ 1'_2&, which by the above remark implies
that a — 2, is not a root. If a — -y, is a root, then a + v cannot belong
to A ([H3], Lemma V.4.4), as well. Hence a(H,, ) = 1, which is immediate
consequence of Theorem V.5.3 in [H3]. Similarly we get vx(Ha) = 1.

Therefore (@, &) = (yk, V&) O
COROLLARY 2.2. — Ifa € Qp or @ € Qjx, § = a — i then

M, g ==l

Proof. — We have just proved that ¢, = cg and then the corollary
follows from Lemma 5.V.2 in [H1]. O

3. Irreducible symmetric Siegel domains.

In this chapter we introduce symmetric Siegel domains and following
A. Kordnyi and J. Wolf [KW], we describe realization of a Hermitian
symmetric space as a Siegel domain.

3.1. Preliminaries on irreducible symmetric cones.

Let €2 be an irreducible symmetric cone in an Euclidean space. Our
aim is to describe a solvable group Sp acting simply transitively on £2. We
are going to use heavily the language of Jordan algebras so we recall briefly
some basic facts which will be needed later. The reader is referred to the
book of J. Faraut and A. Koranyi [FK] for more details.

A finite dimensional algebra V with a scalar product {-,-) is an
Euclidean Jordan algebra, if for all elements z,y and z in V:
Ty =y,
z(z’y) = 2%(zy),
(zy,2) = (y, z2)-

TOME 54 (2004), FASCICULE 1



90 DARIUSZ BURACZEWSKI

We denote by L(x) the self-adjoint endomorphism of V given by the
multiplication by z, i.e. L(z)y = zy. For an irreducible symmetric cone Q
contained in a linear space V of the same dimension, the space V can be
made a simple real Euclidean Jordan algebra with unit element e, so that

Q=int{z?: zeV}.

Let Go be the connected component of the group of all transformations in
GL(V) which leave ) invariant, and let gy be its Lie algebra. Then g is a
subspace of the space of endomorphisms of V' which contains all L(z) for
all z € V, as well as all xoy for z,y € V, where

(3.1) zoy = L(zy) + [L(z), L(y)]

(see [FK] for these properties).

We fix a Jordan frame {ci,...,c.} in V, that is, a complete system
of orthogonal primitive idempotents:

2 _
C'i —Ci,

CiCj =0 lf’Lr,éj,

ci+...+¢c.=e

and none of the ¢y, ..., ¢, is a sum of two non-zero idempotents. Let us recall
that the length r is independent of the choice of the Jordan frame. It is
called the rank of V. To have an example in mind, one may think of the
space V of the symmetric r X r matrices endowed with the symmetrized
product of matrices %(xy + yz). Then the corresponding cone is the set
of symmetric positive definite r x r matrices, the set of diagonal matrices
with all entries equal to 0 except for one equal to 1 being a Jordan frame.

The Peirce decomposition of V related to the Jordan frame {cy, ..., ¢}
([FK], Theorem IV.2.1) may be written as

(3.2) v= @ V.

1<igisr

It is given by the common diagonalization of the self-adjoint endomorphism
L(c;) with respect to their only eigenvalues 0, %, 1. In particular V;; = Rc;
is the eigenspace of L(c;) related to 1, and, for ¢ < j, V;; is the intersection
of the eigenspaces of L(c;) and L(c;) related to 3. All Vj;, for i < j, have

the same dimension d.
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For each ¢ < j, we fix once for all an orthonormal basis of V;;,
which we note {ef‘j}, with 1 < a < d. To simplify the notation, we write
eg = ¢; (a taking only the value 1). Then the system {ef;}, for i < j and
1 < a < dim Vj;, is an orthonormal basis of V.

Let us denote by ap the Abelian subalgebra of gy consisting of
elements H = L(a), where

T
a= Zajcj € @Vu
j=1 i

We set A; the linear form on ag given by A;(H) = a;. It is clear that
the Peirce decomposition gives also a simultaneous diagonalization of all
H € ap, namely

A,(H) + AJ(H).’L‘

(3.3) Hz = L(a)z = 5 )

S ‘/ij .
Let Ap = expag. Then A is an Abelian group, and this is the Abelian
group in the Iwasawa decomposition of Go. We now describe the nilpotent
part Np. Its Lie algebra nyg is the space of elements X € gy such that, for
all ¢ < 7,

Xvic @ Vu

k>l
(k,0)>(.5)

where the pairs are ordered lexicographically.

The choice of the Jordan frame determines a solvable Lie group
So = NpA, being the semidirect product of Ny and A. Then the group
So acts simply transitively on . This may be found in [FK] Chapter VI,
as well as the precise description of ny which will be needed later. One has

(3.4) Ny = @ nij,
i<j<r
where

(35) N = {ZDGi VA ‘/U}

This decomposition corresponds to a diagonalization of the adjoint action
of ap since

Ai(H) — Mi(H)

(3.6) [H,X] = .

X, X €ny;.

TOME 54 (2004), FASCICULE 1
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Finally, let VC = V + iV be the complexification of V. We extend the
action of G to VC in the obvious way.

3.2. Irreducible symmetric Siegel domains.

Suppose that we are given a complex vector space Z and a Hermitian
symmetric bilinear mapping

®: ZxZ—VE,

We assume that _
(¢, Q) e, (€2,
and ®(¢,¢) =0 implies ¢ = 0.

The Siegel domain associated with these data is defined as
(3.7) D={((,2)e ZxVC: Sz-(¢,¢) e Q}®.

It is called of tube type, if Z is reduced to {0}. Otherwise, it is called of
type II.

There is a representation o : Sy 3 s — o(s) € GL(Z) such that
(3.8) s®(¢, w) = ®(a(s)¢, o (s)w),

and such that all automorphisms o(s), for s € Ay, admit a joint diagonal-
ization (see [KW]). To reduce notations, we shall as well denote by o the
corresponding representation of the algebra so. For X € s¢, (3.8) implies
that

(3.9) X®(¢,w) = ®(c(X)¢,w) + ®(¢,0(X)w).

As an easy consequence, one can prove that the only possible eigenvalues
for o(H), with H € ag are A\;(H)/2, for j =1,...,r. So we may write

(3.10) z2=@Pz
J=1

(3) We denote a Siegel domain by ¢D to be consistent with A. Koranyi and J. Wolf
notation needed in the next subsections.
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with the property that

(3.11) o(H)¢ = "L2¢, (€2

Moreover, all the spaces Z; have the same dimension. A proof of these
two facts may be found in [DHMP]. We call x the dimension of Z; for
j = 1,...,r. Let us remark, using (3.9) and (3.11), that for {,w € Z;,
we have L(c;)®((,w) = ®({,w). Therefore, ®({,w) = Q;(¢,w)c;, for
¢,w € Z;. Moreover, (c;,®((,¢)) > 0 for { € Z; and so the Hermitian
form Q; is positive definite on Z;.

The representation o allows to consider Sy as a group of holomorphic
automorphisms of “D. More generally, the elements ( € Z, x € V and
s € Sy act on D in the following way:

(- (w,2) = (¢ +w, 2+ 2®(w, () +i®(¢, ),
(3.12) z - (w,2) =(w,z+z),

s- (w, z) = (0(s)w, s2).

We call N(®) the group corresponding to the first two actions, that is
N(®) = Z x V with the product

(3.13) € 2)(¢,2") = ((+ sz + 2" +239(¢, ().
All three actions generate a solvable Lie group
(3.14) S = N(®)So = N(®)NoAg = N Ay,

which identifies with a group of holomorphic automorphisms acting simply
transitively on °D. The group N(®), that is two-step nilpotent, is a normal
subgroup of S. The Lie algebra s of S admits the decomposition

319) s=n@os=( D 2z)o( B W)o( B mw)ow
1<jgr 1<i<isr 1<i<j<r

Moreover, by (3.3), (3.6) and (3.11), one knows the adjoint action of
elements H € ag:

[H,X]——-)igg—)X, for X € 2Z;,
(3.16) [mﬂ:M@%M@X,MXE%,
[H,X] = Ai(H) ; A(H) X, for X €ny.

TOME 54 (2004), FASCICULE 1
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Since S acts simply transitively on the domain °D, we may identify S
and °D. More precisely, we define

(3.17) 0:5S5s5—06(s)=s-e€ °D,

where e is the point (0,ie) in °D. The Lie algebra s is then identified with
the tangent space of °D at e using the differential df.. We identify e with
the unit element of S. We then transport both the Bergman metric g and
the complex structure J from °D to S, where they become left-invariant
tensor fields on S. We still write J for the complex structure on S.

3.3. Realization of Hermitian symmetric space

as a Siegel domain.

The goal of this subsection is to describe connections between Her-
mitian symmetric spaces and Siegel domains. For a space G/K, which is
supposed to be in the Harish-Chandra realization, we find a biholomor-
phically equivalent domain, equipped with the structure of Siegel domains.
We follow closely [KW] and [K], but at the end we shall need a little more,
namely we are interesting in full description of a basis of s in terms of the
Lie algebra gC.

First we recall the Harish-Chandra realization. Let us denote the
analytic subgroups of GC corresponding to subalgebras p*, p~ by Pt and
P, respectively. They are Abelian. The exponential map from p* to P is
biholomorphic and P* is biholomorphically equivalent with C™ for some n.

The mapping (p1, k, p2) — p1kps is a diffeomorphism of P+ x KCx P~
onto an open submanifold of GC containing G. For g € G let p4(g) denote
the unique element in p* such that g € exp (p4(¢))KCP~. One can show
that p(g) = p+(gk) and p, is a diffeomorphism of G/K onto a domain
D C pt = C™. G acts biholomorphically on D by g - p+(9) = p+(g9). Let
o = py(e), then D is the G-orbit of 0 and the group K is the stabilizer
of the point o. This is the Harish—Chandra embedding and in fact realizes
G/K as a bounded symmetric domain (we refer for more details to [H1] or
(Kn]).

From now on we shall assume that D is the above realization. Put
Xr =Y er Xy, Er = 3 cr E; and define an element of GC called the
Cayley transform:

(3.18) ¢ = exp %iX]",
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Let
°G = Ad(c)G,
‘K = Ad(c)K,
‘g = Ad(c)g,
°t = Ad(c)t.

For g € G, cexp(p+(g9)) € PYK°P~ and so the mapping p.(g) —
pi(cexppy(g)) defines a biholomorphism of D onto a domain D C p*
([KW]). Clearly, °D is the orbit of the point ¢ - 0 = ¢E., under the action
of the group °G, and °K is the isotropy group of iE,,.

A simple computation proves the following lemma
LemmMa 3.1 [[K], Lemma IV.1.1]. — Let v € I'. Then

Ad(C) : X"/ = X’Y?
Ad(c) - Yy, =H,,
Ad(c) - Hy = -Y,.

Furthermore Ad(c) acts trivially on h*.

It can be shown that ¢® = I and Ad(c*) preserves £ and p. We
decompose both Lie algebras:

—  pr, p2 is the (+1)-eigenspace of Ad(c?) in p,
— Br, q2 is the (+1)-eigenspace of Ad(c?) in &,
- gr =%t Dpr.

If gr = g, then the space G/K is of tube type, otherwise it is of nontube
type. In the obvious way we introduce Lie algebras pg, pF, etc., and
analytic subgroups of GC: G, K, etc. We denote by p?, pi*, p# subspaces
corresponding to restricted roots v;, 1’—“?—’“, 121 Similarly define subspaces
of ¥C: ¥%, % mC which are restricted root spaces of 25" 2% and 0,
respectively. Notice that

vt = (D)o (_E]%p"’“),
C=mCop )Cao (@Ej’“).

J#k
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Furthermore, '
p7 =Pr?,
a7 = Pel.
n = ‘gnyp’,
wk = egnp’* for j <k,

Next we introduce

nK' = °gned  for j >k,
n? =°gn(p? @E%).

Moreover, let

(3.19) nt = (@nj) ® (@njk),

i<k
A
n-2|- = n2 ,
J
N
i>k

One can easily see that n; = ‘gnN p}L and is a real form of p}’. Similarly
ng is a real form of g7 @ p4. One can prove that Ad(c?) preserves ér and
pr. We define

I, qr is the (+1)-eigenspace of Ad(c) in fr.

Take & = [ @ iqr, then & = °gN €S (K], Lemma IV.2.6). By K3 and L
we denote corresponding Lie groups.

Now we are ready to describe the domain ¢D. The image of the point
1Er under the action of K7 is a self dual cone in in?, with the group L as
a stabilizer of ¢Er ([K], Theorem IV.2.10). We shall denote this cone by €.
Define a function ® : p5 x p5 — pt by

B(X,Y) = %adX(adY)*Er,

where (adY)* is the adjoint operator of adY” with respect to B;. It can
be shown ([KW], Lemma 6.4) that ® satisfies all asumptions listed in the
previous subsection and

(3.20)

‘D= °G-iEr={X+iY+Z: X,Yenk Zep], Y-9(2Z,2) €Q}.
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([KW], Theorem 6.8). Therefore D is a Siegel domain of type I or II.

Now we want to recognize the group S in this picture. The mapping
iqr — n} given by
iqT 53X — [X,E[‘]

is a bijection ([KV], Lemma 2.5). Let L be the inverse map, then we define
multiplication in n} by

XY = adL(X)adL(Y)Er.

One can easily prove that the above definition coincides with the one given
in [FK], page 49, and multiplication so defined gives the structure of Jordan

algebra in n7..

Take ¢; = E.,, then L(c;) = 3 H,, and the set {c1,...,c} is a Jordan
frame. The Peirce decomposition (3.2) with respect to this frame is given
by the decomposition (3.19) of nf: with V; = n/ and Vjx = n7*. Then ao
is spanned by vectors H.,,, and the Gauss decomposition (3.4) of ng = ng
coincides with (3.19) for n;; = n}% Therefore, the solvable part of Iwasawa
decomposition of °g with respect to ag is

s=n ®nf ®ng @ ag,

and this is exactly the same decomposition as (3.15). The group S corre-
sponding to s acts simply transitively on the domain °D.

3.4. An orthonormal basis for a Siegel domain of type II.

Now we describe an orthonormal basis of s for the nontube case
corresponding to the decomposition (3.15). This will be the same basis
as in [DHMP], [DHP}, [BBDHPT]. We begin with finding a basis of n%/.
Take o € Q;; and put

(3.21) &=+ -

then by [L] (page 141) & € Q,;. The classification theorem for Hermitian
symmetric spaces says that in the nontube case the dimension of each space
Qij is even. Since o # %3 if and only if & # X522, it follows that o # G
By @Q,; we shall denote the subset of Q;; such that from each pair of roots
a and & exactly one is contained in Gij.
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Define

(3.22) B=a—vy=7—a,
eza_’Yj:’yi—'da

Then 8 and 6 are positive compact roots. Applying Lemma V.5.1 in [H1]
and Corollary 2.2 we obtain:

(3.23)
€=My p=Mp o=Moy =-Mpa=—Ma—r =My g,
0=Myp=Mpo=M oy =—Myga=-Ms_y,=—M_, s,
p=M_y;p=Mpa=Ms—y; =-Mp_a=-May =—My,gp
o=M_0=Mos =Mz, =—M_g_5=—-M_g, =—M, o,

for some ¢,0,p,6 € {—1,1}. We have a + & —; —y; = 0, thus it follows
from Lemma V.5.3 [H1] that ep = do, which implies

(3.24) ed = (6op™1)6 = 6%0p™ ! = ap.

From (3.18) and (3.23) we obtain

1 1
Ad(cHYE, = EE,, - EEPE—a - %i(eEB + 6Ey),

1 1 1
Ad(cYHYE; = 5Ba— 5epE-o+ 5i(0E- + pE_p),

therefore Ad(c™1)(E, —epEs) and Ad(c™!)-i(E, +epEj3) are elements of
g, hence A, = E, — epEg, Bo = i(Eq + epEs) belong to n¥. Calculating
dimensions we see that the vectors having the above form are a basis of
n®. To write a basis of n;; we shall use the formula (3.5) and compute
Co =2A,0c; and D, = 2B,0Oc; (see (3.1)). Take

X = 3 (~6(Ey + B_y) ~ e(Es + E_g),

then [X, Er] = A,, therefore L(A,) = X, and

Co= 2([L(Aa)aL(ci)] + L(Aaci))

= [X,Hy] + X

1 1
=3 (0Eg —0E_g —eEg+¢eE_g)) + 3 (—0(Eg + E_g) — e(Eg + E_p))
=—0E_g —cEg.
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Similarly we can compute:
Da = i((SE_g - 8Eg).

Our last step it to write a basis of nj. By [KW], Lemma 6.5, the map
¥ = I+ Ad(c?)7 is a real linear isomorphism of p3 onto nj . The dimension
argument proves that vectors of the form

Y(Ea), ¥(iEq)

for a € Q;, form a basis of nj.
The vectors

1 1

1 1 i 1
~H, $,{ —=(—0FE_¢g—€Eg)¢,{ —=(0E_g —cEg) ¢ ,s —=¢(iEy
N ERRORN N ER R e
form an orthonormal basis of s with respect to the Hermitian product B;.

We denote the corresponding left-invariant vector fields on S respectively
by:
Xi7 Xéa Xi, Xaa H; Yl Y2 yaa

It ta

and we introduce in p* coordinates corresponding to the basis X;, X1, X2, X,:
(3.25

)
w=Y wiX;le)+) . Y (WiXi(e)twiXZ(e)+Y D wath™ (Xale))-
7 %, aea‘j i a€Q;

Given a function f on °D let

f(s) = f(s-(c-0)),

then for a left-invariant vector field W on S we have

Wf(s) = %f(sexptW - (c-0))|t=0
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and so
if(e) =y, f(c- o),
X’“f(e) = Oyx f(c-0),
(3.26) (e) = Oy, f(c-0),
;1 f(e) = 8y, f(c o),
2 F(e) =8y f(c- o),
o f(€) = du. f(c- o),

where w = u + iv. Therefore the complex structure J on s, transported
from °D is:

J(XJ) = H],
J(H;) = -Xj,
J(X85) =Yz,
3.27
( ) J(Y:) = '_sz
j(Xa) = you
J(ya) = _Xou
Finally,
Z; = X; —1iHj,
(3.28) zZk = Xk vk,
Za = Xa - iya

are holomorphic vector fields.

Let Z be one of the vectors fields Zj,Zg,Za, w the corresponding
coordinate w;, wk or w, and let Az be the unique left-invariant differential

operator with the property
(3:29) Az f(e) = 8udzf(c- o).

Az is real, second order, elliptic degenerate and annihilates holomorphic
(consequently pluriharmonic) functions and any left-invariant operator
with the above properties is a linear combination of such. Therefore Az’s
are building blocks for admissible operators. Az can be explicitly computed
on the whole group S:

(3.30) Ay =77 -VzZ=X*+(IX)?-VxX-VsxIX.
where V denotes the Riemannian connection on S (see [DHP], [DHMP]).
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4. The Hua system of second order operators
and the Main Theorem.

Let {E;} be any orthonormal basis of p* and {E7}} be a dual basis of
p~ with respect to the Killing form B of g€ (for example {Ea}aeQ+ and
{E_a}acq+ are such bases). Then the Hua system is

(4.1) H =Y E;E} @ Ex, Ejl.
j?k

The above definition was given by K. Johnson and A. Koranyi in [JK]. It
is clearly an element of UC @ tC, where UCT is the complexification of the
enveloping algebra of g. One can easily check that H does not depend on
the chosen basis. For this reason we shall write always the operator H in
terms of the base vectors {Ea}a€Q+. We say that a function f defined on
D is Hua-harmonic, if the corresponding function f on G (f(g) = f(g- 0))
is annihilated by the Hua system. Analogously f is annihilated by a left-
invariant operator U on G if U fz 0.

Now we are ready to formulate the main result of this paper:

THE MAIN THEOREM. — Let D = G/K be an irreducible Hermitian
symmetric domain of nontube type and let f be a real function on D. Then
f is Hua—harmonic if and only if f is pluriharmonic.

Let us recall that f defined on D C C™ is pluriharmonic if it
is the real part of a holomorphic function. Pluriharmonicity is equiva-
lent to being annihilated by all operators 0z;0Zx (1 < j,k < n). Since
E}E;f(e) = 02;0Z; f(0) (see [JK], formula 3.18), the Hua system annihi-
lates pluriharmonic functions. For this reason we have only to prove that
any Hua-harmonic function is pluriharmonic.

In fact we shall not use the whole Hua system, but only a part of it.
More precisely for any basis {vg} of tC define elements U,, of UC by

(4.2) Uy =Y [vk, BalEL
aeQt

Then we have a simple proposition

ProposiTioN 4.1 ([JK], [L]).— Let f be a function on G. Then
‘Hf = 0 if and only if for every k: U, f =0.
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By [JK] and [L] the Laplace-Beltrami operator is a linear combination
of operators U,,. Next we define second order differential operators Uy,
which will be called strongly diagonal Hua operators:

(4.3) Up= Y [Hy,, EJE}.
aeQt

Observe, that in view of Proposition 2.1:

U= o(H,)EE}
aeQt
(a1a> ]
=> 5 o(Hy, ) EaE o
aeQt

_ (o, )
= QEZQ; E— a(H, )E.E_q

=2E,E_,+ Y EaE_a+) Y EuE o

a€Qk J a€Quk

(4.4)

To prove pluriharmonicity of any Hua-harmonic function, we shall use only
the Laplace - Beltrami operator and strongly diagonal Hua operators.

Now we explain the strategy of the proof. Using classical results [HC]
we may expand f in terms of its projections on the spaces of K-finite
vectors of type 7:

F=Y xr*x f,

‘Il'Eg

where K is the set of equivalence classes of irreducible unitary representa-
tions of K and x, is the character of m. Now fr = xr *x f are K-finite
functions and are clearly Hua~harmonic. In the next section we prove (The-
orem 5.1) that every Hua-harmonic function is G-harmonic (i.e. annihilated
by all G invariant operators on G/K without constant term), therefore fi
are G-harmonic. Each K—finite, G-harmonic function is Poisson integral of
a continuous bounded function defined on the maximal Furstenberg bound-
ary ([H3], Theorem V.6.1), therefore each f. is bounded, and it is enough
to prove the Main Theorem for bounded functions.

Having the boundedness assumption (which is invariant on biholo-
morphic mappings), we transfer our problem to the group S acting simply
transitively on the Siegel domain °D, and using techniques of [BDH], we
obtain the result. The details are contained in Sections 6 and 7.
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5. G-harmonic functions.

The aim of this section is to prove the following theorem

THEOREM 5.1.— If f is a Hua-harmonic function, then f is G-
harmonic.

The above theorem was proved in the tube case by [JK] and [L].
Furthermore the authors of the first cited paper remarked that this result
holds also for nontube domains, but they didn’t give a proof. Qur proof
follows closely the argument of [L] and finally we get a system of equations
that differs only by constants from the one considered by Lassalle. The
main step is to prove the following theorem

THEOREM 5.2. — If ® is K-biinvariant, Hua-harmonic function on G,
then ® is constant.

Using this result we can easily prove Theorem 5.1:

Proof of Theorem 5.1.— As we noticed in the previous section,
among the Hua operators there is the Laplace-Beltrami operator. Hence f
is an analytic function. Take dk to be unimodular normalized Haar measure
on K. For fixed g € G define a function on G:

B(h) = /K F(gkhK)dk.

Then @ is K-biinvariant and Hua-harmonic, therefore by Theorem 5.2 ®
is constant. Hence

f(9K) = / F(gK)dk = / F(gkK)dk = B(e) = B(h) = / F(gkhK)dk

and using the Godement theorem ([H2], page 403) we deduce that f is
G-harmonic. O

We are interested in studying how the Laplace - Beltrami operator
and strongly diagonal Hua operators act on a K-biinvariant function f,
defined on G. From K AK decomposition of G follows that f depends only
on A. Hence its enough to compute radial parts of Uy, which we shall
denote by A(Uy) € U(aC). For this we determine A(EqE_4) for all positive
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noncompact roots «, considering three cases when a belongs to I', Q; or
Qij. Arguing as in [L] we obtain:

ProposiTiON 5.3. — The radial parts of operators E,E_,, are:

o fory, €l

1
A(E, E_,,) = Z(X“sz + 2 coth 2t X, ),

e fora € Qij

A(E E_o + E&E_a)
1
= 2 (coth(t; + t.’i)(X"(i + ‘X’Yj) + coth(t; — tj)(X"/; - X’Yj))’

o fora € Q;
A(ELE_,) = % cotht; X.,,.

Using the above result we may compute radial parts of strongly
diagonal Hua operators:

2A(Uk) = X2, + 2coth 2, X, + Bcothtr X,

A
+5 D (coth(t; + tr)(Xy, + Xy, ) + coth(t; — tr)(Xy; — Xy, ),
itk

where

B=#{a: a €}
A=#{a: a€ Qjj for some j # k},
08 and A are independent on j and k.

Take f to be any K-biinvariant analytic function on G. Every element
g of G can be written (using K AK decomposition) as

gzkl(exp thX—yj)kg, ki,kp € K, t; €R.
Jj=1

Therefore f depends only on ¢; and we can think of it as a function defined
on R". Furthermore f is W-invariant, where W denotes the classical Weyl
group. W acts on a by signed permutations, so

flt,...,t) = f(ita(l), RN :i:ta(,.))
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for any permutation o of r elements. Therefore we can write a new version
of Theorem 5.2 as follows:

THEOREM 5.4.— Let A and 3 be strictly positive real numbers and
let f be an analytic function on R", invariant under signed permutations,
being a solution of differential equations

(8t2k + 2 coth 2t;0¢, + [ cothtyO:,

A
+§ Z(coth(tj + tk)(c')tj + 8tk) + COth(tj - tk)(at] - Bf,k))>f = 0,
i#k

for k=1,...,l. Then fis constant.

The theorem for similar system of equations was proved by M. Lassalle
([L], p. 150, Theorem 5). However, the same proof works in our case,
therefore we omit it and refer the reader to [L].

6. Hua operators on Siegel domains.

Given a function f on D we define

l

flg) = f(g-o) — a function on G,
fz) = flctx) — a function on D,
°f(g) = °f(g-(c-0)) - afunction on °G.

To prove that f is pluriharmonic it is enough to show pluriharmonicity
of ¢f, because c is biholomorphic.

One can easily check that ©f(Ad(c)g) = f(g) which implies that for

any X € U(G): N B
Xf(g) = (Ad(c)X) °f(Ad(c)g)

where Ad(c)X € U(°G). Therefore the function °f is annihilated by the left
invariant operators Ad(c)Ug. Our aim is now to compute these operators on
the domain °D and on the group S. As a result we shall get Hua operators
on Siegel domain written in terms of admissible operators Az’s, Z being
as in (3.28).

TuEOREM 6.1. — Let f be a Hua-harmonic function on D, then the
corresponding function °f on D is annihilated by the Laplace-Beltrami
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operator A on °D and Hx (1 <k<r):

(6.1) Hy = 2Azk + Z Az, +Z Z (AZ; +Azg),

a€Qk J aeakj

which we shall call strongly diagonal Hua operators as well. The Laplace-
Beltrami operator is given by

62 A= ZAZI—FZZAZ +Z > (Az+Az).

i a€Q; gk aer]

Proof. — The idea of the proof is following. First we compute Ui’s
at the point o, denoting the result by Vj:

U f(e) = Vif o).
Next using the Cayley transform we find operators °Vj such that
Vi °f(c-0) =Vif(o),
and finally we extend them S-invariant on the domain °D and the group S.
First observe that by [JK] (3.18)
EoEof(€) = 0.8, f(0),

where {z,} are coordinates in pt with respect to the basis {Eq}acq+-
Therefore

Ue(©) = Vif(0) = (2005, + ¥ 0,05, + 30 Y 0., ) 10
a€Qk j a€Quk

Now we have to compute the differential of c. We shall use the formula
given in [S], Lemma II.5.3, which says that the Jacobian of the mapping
z+— ¢+ z at the point o is given by

Jac(o > c-0) = Ad ck|y+,

where ck denotes the component K C of ¢ in the decomposition P+ K Cp-.
By [KW], Lemma 3.5:

2
CKx = exp ( Z log cosh( —z ) H exp (—log—\g—j -H%.).

1<igr 1<igr
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Hence the vectors E,, are eigenvectors of Ad(ck):

2E,, forael,
Adck(E,) = 2E,, for a€ Qyj,
V2E,, forac Q;.

Therefore,

Vef(0) = (2azkazk P Y 00t Y 3zaaza)f(0)

a€Qk J a€Qjk

= (sazkagk +2 ) 0.0, +4), ) azaé‘za) °f(c- o)
a€Qk Jj a€Qjk

= Vi °f(c- o).

Let us observe that for a € Q;5 and & =v; +v; — a:

(02405, +0:50z5) f(c-0) = (Bga +6§a +6§& +8§&) °f(c-o)

a

1 21 .
= ) (ama - 5/’8:1:& + 9 (aya - Epayd)

1 1
+ 92 (a:ca + Epaz&)2 + D) (aya + Epay&)2) cf(c ’ O)
= (aw;am}x + awﬁat_vi)cf(c -0)
for €, p defined by (3.23) and w as in (3.25). Then applying (3.26) and
the definition of building blocks we obtain the S-invariant extension of
the above operator which is Azi + Azz. In the same way we get the

corresponding operators for 8z;0%; and 9z,0%,, (for a € Q;): Az, 2Lz,.
Therefore

0=8Az +4 > Az, +4) Y (Azi+Az) °f(s) = 4Hk °f(5)-

a€Qk J ae@,c]

Observe that using the same method we can transfer the Laplace-Beltrami

operator:
S BFa
aeQt

and we get formula (6.2). O
Note that to obtain the main result it is enough to prove the following:
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THEOREM 6.2. — Let f be a real, bounded function on S, annihilated

by the operators:
AHy, ... H,

Then f is pluriharmonic.

Now we are going to change slightly the notation for the one used in
[BDH] and [BBDHPT). Take all vector fields

Xé,.Xg, fOI‘a E—ij,
and denote them
X%, 1<B<d
Corresponding vectors
Yy, Y?
denote by
YA

i3
using the same ordering. Analogously we change

Ko, Vo

for
B8 )8
Xj,yj.

Hence we get the left-invariant vector fields:

w8 vB . vB VB
X, X5, &0 H; Y2, V2.

R Jr Tigo

Finally, for the buildings blocks we adopt the notation

‘C?:Az;a’
Ai ———AZ“

Then formulas (6.1) and (6.2) can be written as:

Hi=Le+20c+ > AG+ > AL,

1<i<k k<igr
B B
Ay Yan Y s
i i 1<i<jsr
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for L =34 £f . Furthermore by [DHMP], Theorem 1.23:

Aj=X;+H? - Hj,
(6.3) L= (X7 + (¥)? - Hj,
A% = (X3)? + (Y5)? — Hj.

From [DHMP] and [BDH] it follows that pluriharmonicity is equiv-
alent to being annihilated by each building block £f , Afj, A; separately,
and that is just what we are going to prove about f:

THEOREM 6.3. — Let f be a real, bounded function on S, annihilated
by A and by H;, for j =1,...,r. Then

Aif =0, Lif=0, Alf=0,
for all i, j, 8.

A simple calculation shows that as a linear combination of A and
'H;’s we may obtain the Laplace-Beltrami operator Ar for the tube domain
Ta = V + i€, which is identified with the subgroup V' Sy of the group S.

Indeed,
Ar= Y Hi—-A= Y A+ > Al

1gg<r 1<ggr 1<i<y<r

Given ¢ € Z, the function f¢(zya) = f((¢,z)ya) becomes a function on the
tube domain T and all the operators that are linear combinations of the
blocks Afj, A; have perfect sense as operators there. In particular using A,
At and Poisson integrals both on °D and on T we are able to prove that
for fixed ¢, f¢ is the Poisson-Szeg6 integral on T and so using Theorem

1.1 we obtain

TuEOREM 6.4 ((BBDHPT], Theorem 3.1).— Let f be a bounded
function on S annihilated by A and by H;, for j =1,...,r. Then

T, _ .
Hif=0 forj=1,...,r

and

Lif =) Lif=0 forj=1,...,m
A
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where ’H]T =20+ 4o j 3 8 A'(,z ; are strongly diagonal Hua operators for
V So.

Proof of Theorem 6.3. — To prove the theorem we are going to use
induction on the rank of the cone. Assuming r > 1, we show how to reduce
the problem to the rank r — 1.

First let us decompose the domain °D. Take Q7! to be the rank r —1
cone determined by the frame c;, ..., c,_;. The underlying space V"1 for

Q71 is the subspace
V’r—l - @ V;]

1igi<r

Next let us define

Then it is easily seen that Z"~! x Z7~! is mapped by @ into (V"~1)C,
Moreover, ®(¢,¢) belongs to 27! when ¢ € Z"~1. So we may define the
corresponding Siegel domain D"! as

Dt ={((2) €2 x (VTTHE: Sz -9((,) e}

Now let

(6.4) =20 |PVi-| © |Prir | ©Vir-
i<r i<r
Looking at the corresponding brackets relations one can prove that b,

is isomorphic to the Lie algebra of the Heisenberg group H™ with m =
X + (r — 1)d. Therefore

(6.5) exph, =C™ xR=H"

(Vir is the center of the group).
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Put A, = expRH, and S, = exph, - A, then S, is a solvable group
acting simple transitively on the classical Siegel half plane D, which is
biholomorphic equivalent to the complex ball in C™*! (see also the next
section). We can identify S, with D,.

On the level of the Lie algebra we have the decomposition

(6.6) s=5""®s,,
where
(6.7)
= (Dz)e( D w)o( B w)e( P )
i<r 1igg<r 1i<j<r 1g<r
5T=Zr®(@V;’r>®(®njr>®vr'r$a0r'
1<i<r 1<<r

s"~1 is a subalgebra of s and s, is an ideal. Therefore we can decompose

the group as a semidirect product of a subgroup S™~! and normal subgroup
Sy

(6.8) S=8"18,.

S~ acts simply transitively on the Siegel domain D"~! of the rank r — 1.

The complex structure on s, (transferred from D,) is the restriction
of the one on s. Hence

J(Xr) = H,,
J(H,) = - X,
69) T(X5) =3,
TR = ~X3,
J(X7) =7,
TR = -x2.

Furthermore the basis

X% Y% XE YE X, H,

ar Jr’

of s, is orthonormal with respect to the Riemannian form g, on S,. We
can compute the Riemannian connection V on s,.:
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LEMMA 6.5. — The Riemannian connection V is given by
%HTHT = 0,
~ 1
Vxe X3 = EHT’
Vx. X, = H,

1
Vra¥e = i,

1
ngxf = §Hr,

1
Vygyg = §Hr

Defining operators A,., £2 and Z;",. as in (3.30) and (6.3), with V in
place of V, using formula (3.30) and Lemma 6.5, we get:
A.=X2+H?-H,
(6.10) LY = (X2 + (V) - H,
Af = (X3 + (Y)* — H,.

Since the above operators act from the right, they have perfect sense both
on S, and S, by (6.3) we may write:

Ar(f)(sr) = (Arf)(s'sr),
(6.11) £2(fo)(s0) = (L2£)(s'sr),

Ajr(fo)(sr) = (Djrf)(s'sy).
where s' € 5771, s, € Sy and fy (sr) = f(5'sv).

In the next section we are going to restrict operators £, and H;fr to
left cosets of S, and to prove that left-hand sides of (6.11) are zero. But in
view of (6.11) this means that f is annihilated by the strongly diagonal Hua.
operators and the Laplace-Beltrami operator corresponding to the domain
D71, which completes the proof of theorem (6.3). O

7. Bounded pluriharmonic functions on the Siegel
upper half plane.

Now we are going to prove the last step of the Main Theorem. The
idea of our proof is very similar to the proof of Theorem 6.7 in [BDH]. But
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we shall use somewhat different operators, and for this reason we have to
strengthen some of the lemmas. For completeness we give the whole proof.
We should mention, that notation used in this section is independent on
the notation contained in the rest part of the paper.

We shall consider the classical Siegel domain D defined by
n 1 2
D=<(2,2n41) EC*" X C: Szpy1 > lel .

It is well-known, that D is biholomorphically equivalent to the unit ball in
C™*!. Let G denote the group of holomorphic isometries of D. Take the
Iwasawa decomposition of G:

G = H"AU(C™).

Then the elements (¢, u) € H™ (Heisenberg group), a € A = R* (dilatations
group) and p € U(C™) (the group of unitary mappings of C™) act on D in
the following way:

(€w) (2, 2n41) = ((+ 2,0+ 2540 + %3(2,0 +i[¢?),
ba - (2, 2n11) = (Vaz,azn11),
P (2,2n41) = (p(2), 2n+1)-

The semidirect product of H™ and A acts simply transitively on D.
Therefore we can identify the group S = H"A with the domain D:

§3s=((u,a)~(Cu,a) (0,i) €D.

Let us denote by &j, Y;, T left-invariant fields on H"™, which in e (the
identity element of H™) agree respectively with 0, , 9,,, Ou ({; = T; +1y;).
Then the operators X;, Y;, T, H given by

X; = \/aX;
373' = aY;,
T= aT,
H = a0,

are left-invariant on the group S, and form a basis of the Lie algebra s of S.
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For fixed k (1 < k < m), we are going to consider the following
operators:

D= Z(xﬁ ))—kH,

1<5<k
7y L= Y ((@?+0)?) - (m-kH+2T+ B - B),
k+1<j<n
Lp= 3 (%) +05)%).

D and L are admissible operators (compare (6.3)), Lp is called a sublapla-
cian on the Heisenberg group. All the operators are related by the following
equation:

(7.2) D+ L =aLp + 2a%(8 + 82) — and,.
Notice that if

{ .]—1 Sk} ={XXYE:a=1,...,x}
and

{(X,Y;: j=k+1,...,n} ={X3,Y2: j=1,...,r—1, a=1,...,d},

gr tar

where X%, V¥, X7, Y7 are left invariant vector fields on S and S, defined

in Section 6, then L., HT restricted to S, are D and L, respectively.

The goal of this section is to prove the following theorem:

THEOREM 7.1. — Let F be a real bounded function on D annihilated
by D and L. Then F is a pluriharmonic function, which implies that for
every j, (X} +Y? — H)F =0 and (T? + H? — H)F = 0.

In terms of the previous section this theorem says that F' is annihi-
lated by all building blocks: A, and L.

Being D + L harmonic, F' can be written as Poisson integral of its
boundary value f € L*°(H"):

F((C,u)a) = f *Hn» Pa((a 'LL) = Fa((yu)
(see [DH], [R]).
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ProprosiTiON 7.2. — Let F' be any bounded function on D annihilated
by D and L, and let f € L°°(H") be its boundary value. Then f satisfies
the following equation:

(7:3) (L +n*05) f(Cu) =

Proof. — This proposition is a straightforward consequence of the
fact, that the family of functions F, tends in the distribution sense to the
function f, when a goes to 0. The convergence is sufficient to “transfer”
differential operators Lp and 9, to f. However our assumptions give us
more, namely limits

lim o' F,

a—0
exist in the distribution sense as well, for all nonnegative integer numbers
m. To prove this put

D= > ((%)*+ ).

1<k

Then using (7.1) and an observation that 8, and D commute we have

O™ Fo(C,u) = kimﬁmpa(g,u),

which implies

(74  ImOPFGu) = lim D R(Gw = 5 DG u).

Now we are able to deal with the operator L. Let

L= Y ((%)*+)

k+1<jsn

then by (7.1)

0= lim (L +2a(0% +82) ~ (n — k)3a) Fa((, u) = (¢ w).
Hence
(7.5) LG = 25 B w).
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Notice that the operators L and D commute, so

—2 —n—k— n—k— n—k\%—2

Therefore we easily check that

2
(7.6) L3f(¢w) = T +DPI¢w) = 5 D' fCw).

Finally applying again (7.1), differentiating it with respect to a and using
formulas (7.4), (7.5) and (7.6) we conclude that

0 = lim 9, (L +2a(2 + 82) — (n — k)8,) Fu((, u)
(aL+2w?+¥)+muaa?+&) (n—k)02) Fu(¢,u)

2 n—k—=

l
( D+282+£§5—7 )f(C,)

2 (5 4 228V s

= n ( 202+L2)f(C7u)7

|

which complete the proof. O

Now the strategy is to reduce the problem to functions F whose
boundary value are easier to handle, due to special properties of their
Fourier transforms. First, we may clearly assume that

(7.7) f=p*f,

for fe L>*(H"™), p € S(H™). Indeed, F, may be approximated by functions
on * F, and on the level of boundary values this means (7.7). Furthermore,
we prove the following

ProposITION 7.3.— Let F be as in Theorem 7.1 and let f = p f
(f € L°(H"), p € S(H")) be its boundary value. Denote by F(¢,N) the
distributional partial Fourier transform of f along R. Then there exists a
sequence of functions 7, € C°(R\ {0}) such that for f, and F,, defined by

fn(C, u) = M *R f((a u)v
Fo (¢ u,a) = (fa) *1n Pa(C ) = 0 *r F(( u, 0),
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the following conditions hold:
e F, is annihilated by L and D;

o suppfn(-,) CC* x {A € R: g, < |\ < M,} and the constants ¢,
and M,, are dependent only on 7,;

e the sequence F,, tends to F + ¢, where c is a constant.

It is clear that for any sequence of functions 7, such that 7, €
C*(R\ {0}) the first two conditions are true. The main difficulties is to
build a sequence that ensures the last condition.

Let ¢ be a Schwartz function on R such that

b

~ 1 for|A <1
2,

(7.8) PN =10 for |AI i

and $(A) = §(-1).

For a given sequence {kj}n=1,2,. of natural numbers tending to

infinity, let
1 U

Given a bounded function g on R, there is {k,}n=1,2,..., kn — 00 such that

lim (g,vn) exists.

n—-+00

But by {BDH] (Lemma 4.4) even more is true. We can choose a sequence
{kn}n=1,2,... such that

(7.9) lim (f¢,vn) exists for all ¢ € C™.

n-—-+400

Now using (7.3) we prove that the above limit does not depend on ¢.
LemMA 7.4. — The function

C">3(— H()= lim (f¢,¥n)

li
n—-+00
is constant.
Proof.— Consider the function H on H™ defined by
H(¢w) = H(Q)-
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Then H € L°(H") and it is a boundary value of a smooth function
H, € L*°(S), given by

H,(¢,u) = H #gga Pa(C,0).
Observe that for every u € R,
Lim g fe(u) = Hm (Yn, fo)-
Indeed,

Ll (6, £0) = b 1w fe(W)
[ (e () () o

U
< nlﬂzo/ oo (v 3 )|

Hence by the Lebesque dominated convergence theorem

= lim
n—+00

Ha(Cu) = ( lim ¥ # f-(~)) vitn Pa(C, )
= lm (¢n *g f *@g~ Po((,u))

n—-+4o00

= nBI-I{loo '¢n *R Fa(Cv u)'

pointwise hence also in the distributional sense on S. Each of functions
¥n *R Fo(C,u) is annihilated by L and D, so H, is as well. Therefore by
Proposition 7.2
(L% +n*03)H (¢, u) =0,
but H is independent on u, thus
AZH(¢,u) = A2H(C) =0,
where AZ is the Laplacian on C* = R?".
Taking the Fourier transform of both sides we obtain

INCH(N) =
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which means
suppH C {0}.

Boundedness of H forces it to be constant. O

Proof of Proposition 7.3. — Let ¢ be a function defined by (7.8). We
select the sequence {k,} such that the condition (7.9) was satisfied. Take
7n, to be

(&) = knd (k) — quﬁ(%)

It is easy to check that this is the required sequence of functions. O
Thus we may assume that for a positive £, M:
suppf(C,A) CC™ x {A: e < |A| < M}.
Let ¢1, ¢2 € S(R) be defined as follows:
1 for A € (e, M),

$1(A)={0 for A ¢ (5,2M),
$2(A) = 51(-)‘)-

We may decompose functions f and F' into the sum of two functions

f=fi+fa
F= Fl + F27
where
fiC,u) = ¢i *r fc(u),
‘FZ(Cv u, (l) = fi *Hn Pa(Ca u’)v

and we see that N R
filj+ = f |r+,

f2lr- = f Ir--
Furthermore

~

fa(=2) = AV,
which imply
= Fl.

So to prove Theorem 7.1 it remains to show
TuEOREM 7.5. — F7i is holomorphic.

TOME 54 (2004), FASCICULE 1



120 DARIUSZ BURACZEWSKI

To prove this theorem we shall need some elementary theory of
unitary representations of the Heisenberg group for which we refer to [T].

Let U* be the Schrodinger representation of H", ([T], 1.2.1). In the
underlying Hilbert space H, = L?(R") we consider the basis consisting of
properly scaled Hermite functions £2 (1.4.18 and Section 2.1 of [T]). Let

(7.10) Bn,5(Cw) = (U wybar €3)-
Then
(7.11) ¢ 5(C,w) = (2m)" 224D 5(+/[NI0),

where ®, g are the special Hermite functions, ([T],1.4.19). ®, 3 functions
belong to the Schwartz class on C™ and are eigenfunctions of the sublapla-
cian Lpg:

(7.12) L) 5(¢,u) = —(2lal +n)|\¢3 5(Cw).
Let
(7.13) er(Cu) =Y 8 alliu)

|a|=k

and for ¢ € C°(R\{0}):
(7.14) v = [ edcuo)an
Then 9% € S(C™ x R) and by (7.12)

(7.15) Lk = —(2k + n)yk, |

where ¢'(\) = [A|lo(N).

We shall need more information about ®4,. Let Ly be the k-th
Laguerre polynomial, i.e.,

- 1 _
Li(t)e™ = E@f (e ttk).
Given a multiindex a = (a1, ..., &) and ¢ € C™ let

(7.16) La(¢) = La, (%IC#) v La, (%m?) .
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Then
(7.17) Pa,a(¢) = (2m) " La(Q)e™ 11,
(see [T] 1.4.20).

LEMMA 7.6.— For every k # 0 and ¢ € C*(R \ {0}):

/Hn F1(n, )k (n, t)dndt =

Proof.— Let ¢ € C=(R\ {0}) and ¢(\) = A=2¢()). Applying (7.15)
and Proposition 7.2 we get

0= / (L% + n202) f 1, )0, Oy
Hr

- /H 10,6 (T + 20RO, Ddndt
= (@k+nf=n) [ (o 00050 Dnae
= 4k(k +n) /H i, t)¥E (n, t)dndt
and the lemma follows. O
Furthermore, f; translated by any element (¢,u) € H™ on the left

is the boundary value of F; translated on the left by (¢, u). Therefore,
repeating the above argument we obtain:

@18 fome 5(G0 = [ A0, Ddnde = 0
for k # 0 and ¢ € C(R\ {0}).
Let us define

(719) g((7 ’U,) = ¢1 *R Pa(Cv u)

eﬁ are joint eigenfunctions of Ly and T', and we can expand g in terms of

its spectral projections:
ot 00

(1200 g =Y [ g G ularax
k=0v "
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(see Theorem 2.1.1 [T]), where the above series converges in L2(H") norm.
We are going to prove that

PRrOPOSITION 7.7.— The series
oo oo
(7.21) > / g *Hn €x (G, w)A[d
k=0"Y —®

converges in L' (H").

Proof.— To prove this proposition we will use the following property
of the Laguerre functions ([BDH]):

For every 1,p € N there exist ¢ = ¢(l,p) and M = M(l,p) such that
{o o}
(7.22) / (14 t)10P Li(t)|2etdt < ck™M.
0
To estimate L!(H") norm of
o o}
[ orme G ularar

let us notice first that

g *Hn» el)c‘(CV U') = ¢1 *R P, *Hn CQ(C,U)
= P, *gn (61 #R €3)(C,w)
= $1(A\) Pa *mn €5(C, ).

By (7.12) we get
o0
II/ g *Hn € ($,w)| A dA| L1 )
—00
= || / (Pa *pm €2)(C, w)d1 (VAN 11 (iamy
—0o0
1 * N_X ™ N
= P, xpn (LNeN)(C,0) b1 AN dA|| L1 e
gl [ (Peme )G 0h NN dN e
1 /°° N A 2 -N
= — L P, sgn e2)(C, w1 (A dA ||y
gy || (P GBI
< 7oy I Pall 2 amy / " B MRC WAV
= aflL1(H» N 1(Hn»)-
(2k + n)N L (Hm) - 1 k Li(Hr)
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For the last inequality we estimated |LYP,| by P, pointwise due to
Harnack’s principle. To obtain the thesis it is enough to show that

9l @my < eNE™
for some m, independent on N, where
v (X) = gL,

According to (7.11) and (7.13) we can write

FGu =Y @ent /R M0 () o (VAC)dA.

|la|=k

Hence the Schwartz inequality, (7.17) and (7.22) yield

[ s (o < [ atioh, 6 P duic
iy (/ / 197 (1 (M) ®aa(VAQ)*dCdX

|a|=k
+ [ [ eea(VAOPdCN)
<en Y (10(@aa(VAO)E + ®a,a(VAQ)2) dedA < enk™

lal=k Cr x[e,M]
Now taking N large enough we obtain (7.21). 0O

LEMMA 7.8. — For every a € R*, the function H" 5 ({,u) — P,(¢,u)
is radial.

Proof. — For p € U(C™) define

P(¢,u) = P(p¢, ),

and
Py(¢u) = a7 P(da-1(C), w).
Then
P(¢,u) = Pa(pC, ).
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We claim that ﬁa is annihilated by the operator L + D. For this we apply
the fact that Lg and 0, commute with the action of U(n) on H™:

(aLp + a?82)Py(C,u) = (aLp + a®92) Pa(pC, w)
= (ané)a - 2(1263)Pa(pC7 u’)
= (an@a — 201263)}3a(<7u)‘

Moreover, f’a is an approximate identity. These two properties uniquely
define the Poisson kernel ([DH], Corollary 3.13). Hence

P.(¢u) = Po(¢, ). O

Since e} are radial as well, we get

COROLLARY 7.9.— For every A # 0, k € N:

ex * Pa((,u) = Pax e ((,u).

Now we are ready to expand Fj. Using (7.20), Proposition 7.7 and
the above corollary we have:

Fi(C,u,a) = f1 xn (61 #R Pa)(,w)

= f1 *gn ((2”)_"_1 Z/ ¢1 *R Pa *pn €2|)\|"d)\> (¢,u)
k=0"R
= @S [ i (Pavae 15w ) (G u)AT
k=0’R
— )Y / f1 4110 € e PalCy w1 (VAN
k=0 R

= 2m) 7Y fux gk x Pa(Cou),

k=0

where R
n(A) = d1(AN)A™.
Hence by (7.18)

Fl(C7u7 a’) = (27r)_n-1f1 *Hn Po *Hn ¢2(Ca u)
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On the other hand, by [DHMP] (Lemma 2.37),
Up,& = e .
Therefore,
PG = [ 2ot ([ (007 )OI ot
= [ ([, P00, G ) B0l
-,

- /R 72292 (¢, u)BL (V) AI"dA.

(U2 & UAL) r(VIAaA

=

So it suffices to prove that the function

G(C,u,a) = e 0(¢, )
is holomorphic. We have
G(C,u,a) = (27r)—n/2e—)\aei)\ e~ 1MCI® — (27r)—n/26i)\(z+ia+iilcl2) — oirz

which proves Theorem 7.5.

8. Appendix.

In [DHP] and [BBDHPT] the authors introduced a geometric defini-
tion of the Hua system. The definition was written in terms of the curvature
tensor R of the domain, which allows to generalize Hua operators to any
Kéhlerian manifold. On Hermitian symmetric spaces both definitions are
equivalent, which is an consequence of Theorem 4.2, page 180 in [H1]. Ex-
plicitly, this theorem says that for X,Y € p, at the base point o,

R(X,Y) = —ad[X, Y]|,.

Therefore, one can apply the adjoint representation of € on p to the Hua
system H, to express it using the curvature tensor. Finally, if we use non-
degeneracy of the adjoint representation and the invariance of the system
under the group of biholomorphic transformations of the domain, we get
the formula from previous papers.
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