RE4y,

S %
Zeas™  ANNALES

DE

L INSTITUT FOURIER

Tanya CHRISTIANSEN & M. S. JOSHI

Scattering on stratified media: the microlocal properties of the scattering
matrix and recovering asymptotics of perturbations

Tome 53, n° 2 (2003), p. 565-624.
<http://aif.cedram.org/item?id=AIF_2003__53_2_565_0>

© Association des Annales de I’institut Fourier, 2003, tous droits
réserves.

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique 1’accord avec les conditions
générales d’utilisation (http://aif.cedram.org/legal/). Toute re-
production en tout ou partie cet article sous quelque forme que ce
soit pour tout usage autre que I’utilisation a fin strictement per-
sonnelle du copiste est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention
de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2003__53_2_565_0
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
53, 2 (2003), 565-624

SCATTERING ON STRATIFIED MEDIA:
THE MICROLOCAL PROPERTIES
OF THE SCATTERING MATRIX
AND RECOVERING ASYMPTOTICS
OF PERTURBATIONS

by T. CHRISTIANSEN and M. S. JOSHI

1. Introduction.

In this paper, we study the structure of the scattering matrix on a
perturbed stratified medium. In particular, we show that its main part is a
Fourier integral operator. En route to proving this theorem, we develop an
improved limiting absorption principle for a large class of perturbations,
using techniques from Fourier analysis and microlocal analysis. As an
application of our results, we prove that the asymptotics of a perturbation
can be recovered from the scattering matrix at one energy.

Recall that a stratified medium is a model space in which sound waves
propagate with a variable sound speed that depends on only one coordinate.
Thus, if we write the coordinates on R" as 2z = (x,y) with z € R*~! and
y € R, we take the wave speed to be of the form c¢y(y) and study the wave
equation

(1) —W—COA w =0,
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2
where A = — Z?:l 887. We assume that ¢ is constant for |y| large and
J

that it is piecewise smooth. Set

() c = lim co(y),
3) c- = lim_co(y).

In general, we do not require that c; be equal to c_. However, some of our
results are stronger when they are equal.

A perturbed stratified medium is a medium in which the variable
sound speed, ¢, has the property that ¢ — ¢o is well-behaved at infinity.
The case where the perturbation, ¢ — cg, is rapidly decaying has been
studied in many previous papers. In particular, precise asymptotics for
(A —(A—i0)?)71f, when f € S(R™), were established in [5]. That ¢y and
the scattering matrix at fixed non-zero energy determine an exponentially
decaying perturbation was proved in [20] (co(y) = cx for +y > 0),
[15] (co(y) = c4 for £y > yu), and [33] (for ¢y a Pekeris profile). In
(1], [2] a similar result was proved under more relaxed requirements on
co- In particular, ¢y was required to exponentially approach constants as
+y — oo, whilst still requiring that ¢ — ¢y exponentially decay.

Here we study the case where the perturbation, ¢ — ¢g, has an
asymptotic expansion in homogeneous terms at infinity. Under certain
conditions on ¢ and ¢y made more precise in Section 2, we show that the
scattering matrix for c?A is a Fourier integral operator and describe its
singular set. Moreover, we show that the asymptotics of the perturbation
can be recovered from the scattering matrix at fixed energy. We also
establish the leading term of the asymptotics for the limiting absorption
principle.

Our results use techniques developed by Joshi and Sa Barreto, [21],
(22], [23], [24], [25], to study inverse problems in other settings. These
build on work by Melrose [26], and Melrose-Zworski [27], on the structure
of the scattering matrix on asymptotically Euclidean spaces. As in those
inverse results, the fundamental idea here is to compute the symbol of the
scattering matrix by solving transport equations along geodesics on the
sphere at infinity. These equations express the propagation of growth at
infinity.

The analysis here is, however, considerably more involved as the
unperturbed wave speed, cg, is not smooth on the compactified space
obtained by adding the sphere at infinity, even when cy(y) is a smooth
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SCATTERING ON STRATIFIED MEDIA 567

function of y. This is because ¢y does not have nice asymptotics in |z].
Therefore ¢y is well-behaved on the compactified space only after the space
has been blown-up on the equator at infinity. This manifests itself in our
analysis by requiring the geodesic flow at infinity to be refracted and
reflected by the equator. It was also seen in [5] that it makes the asymptotics
in the limiting absorption principle much more complicated. There is a
certain similarity here with many-body scattering, compare, e.g. [29]. There
the scattering problem is complicated by the presence of a potential that
does not decay in certain directions and thus appears as a spike on the
sphere at infinity. This causes refractions and reflections of the geodesic
flows [29]. Indeed, the case where ¢, = c_ bears much resemblance to the
many-body case. However, when c; # c_, there are effectively different
energy levels in the two hemispheres, and this introduces new complications
which are not present in the many-body setting, and much of this paper is
dedicated to coping with these complications.

In Section 5 we define the scattering matrix, and its “main part.”
When the operator ¢j(D2 + x2) has no eigenvalues as an operator on
L%(R, cy ?dy) for all real &, then the main part of the scattering matrix
is the same as the scattering matrix.

Below we refer to the hypotheses (H1) and (H2). For full details,
see Section 2, but roughly speaking hypothesis (H1) is that ¢y = c_, ¢
and cy are smooth, and |c — cp| < C(1 + |2|)~2. Hypothesis (H2) is that
lc —col <C(1+|2])~%.

Our first main result is

THEOREM 1.1.— Suppose ¢, cy satisfy the general assumptions of
Section 2, and either hypothesis (H1) or (H2). Then, if c; = c_, the main
part of the scattering matrix is a zeroth order Fourier integral operator
associated with broken geodesic flow at time mw. If c. > c4, then the
main part of the scattering matrix is a sum of Fourier integral operators
associated with the mapping

(w’ wn) — (_w? wn)

and the mapping

(@,wn) = (—c—@/cy, —y/1 = [@|?/ck) if \J1-cL/c? <wy
(@, wn) — (—cp@/c—, /1= Alw|?/c2) ifw, < 0.
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Here, when c; = c_, the geodesic flow is broken at the equator
(@,0) C S"~1. This can be compared to the situation for the Laplacian [27],
or a perturbation of the Laplacian to an integral power [6], on a manifold
with asymptotically Euclidean ends, where the scattering matrix is a zeroth
order Fourier integral operator associated to geodesic flow at time 7 on the
the boundary “at infinity.” An additional analogy is to 3-body scattering,
where the three-cluster to three-cluster part of the scattering matrix is a
sum of Fourier integral operators associated to broken geodesic flow at time
7 [29]. Other results on the structure of the scattering matrix in n-body
scattering may be found in [30].

Further results on the structure of the scattering matrix are given in
Proposition 5.2.

Our central inverse result is

THEOREM 1.2. — Suppose ¢ and ¢ satisfy the general assumptions
of Section 2, as well as either hypothesis (H1) or (H2), and n > 3. Then,
if ¢, = c_, the asymptotic expansion at infinity of ¢ — co is uniquely
determined by cy and the transmitted singularities of the main part of the
scattering matrix at fixed non-zero energy. If c; < c_, then the asymptotic
expansion is uniquely determined by cy and the reflected singularities of
the main part of the scattering matrix at fixed non-zero energy.

The reflected singularities are those associated to the mapping
(@, wn) — (—W,wy), and, for ¢ = c_ the transmitted singularities are
those associated to the mapping w — —w. Corollary 8.1 shows that knowl-
edge of ¢y, c_, A and the singularities of the (absolute) scattering matrix
for any fixed non-zero energy determine the asymptotics of c.

Following the approach to studying the scattering matrix introduced
in [27], in Section 7 we construct a parametrix for the Poisson operator.
This is a key part of our proofs, as it facilitates an understanding of the
singularities of the scattering matrix. We work particularly by adapting the
techniques of [22] which are essentially a concretization of the approach
introduced in [27]. However, the different behaviour of the unperturbed
operator c2A in different regions at infinity means that the analysis is
considerably more involved.

To pass from a parametrix to the actual Poisson operator, we need a
good understanding of the behaviour of (A — (X — i0)2¢™2) "' f at infinity,
when f € (2)7*L%(R") and (1 — ¢(y))f € S(R") for some ¢ € CX(R).
In practice, we shall apply this understanding to the error arising from
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SCATTERING ON STRATIFIED MEDIA 569

the parametrix of the Poisson operator. When ¢, = c¢_, we can obtain
the necessary results by modifying some n-body results of [14] and [28].
However, when c; < c_ these results no longer apply, and we develop
new techniques. The essential idea of these techniques is to repeatedly
develop better approximations with improving smoothness properties. Thus
Sections 9 and 10 are devoted to understanding (A — (A — i0)%2¢™2)71,
allowing us to finish the proof of Theorem 1.1. In particular, we prove the
following limiting absorption principle:

THEOREM 1.3. — Let ¢ and ¢y satisfy the hypotheses of Section 2 and
hypothesis (H1) or (H2). For any x € C°(S"~!), and f € (2)~°L?(R"),
such that (1 — ¢(y))f € S(R™) for some ¢ € C°(R), we have

(x(2/12)(A = €2 (A= i0)*) 71 a1 = e M2 =D 2ag(2/|2]) + s

where ag € C*®(S?™1) and u; € (2)¢L*(R"™) for all € > 0.

Here C°(SP~1!) is the space of smooth functions vanishing in a
neighbourhood of the equator and in a neighbourhood of {(@,w,) € S"~!:

wn =4/1—-¢c%/c2)}.

An announcement of some of these results and an outline of part of
the proof can be found in the lecture notes [7].

A note on organization: We need Theorem 1.3 to prove Theorems 1.1
and 1.2. However, since the proof of Theorem 1.3 is rather involved and
uses different techniques from much of the remainder of the paper, we defer
its proof to Section 10. Sections 2 and 3 contain preliminary information,
stating assumptions, fixing notation, and recalling some results of other
papers. In Section 4 we define the Poisson operator, which we use in
Section 5 to define the (absolute) scattering matrix. Also in Section 4
we prove the existence of the Poisson operator and prove Theorem 1.1,
though we use results proved later in the paper. The proof that the Poisson
operator (and thus the scattering matrix) is well defined is deferred to
Section 6. In Section 7 we construct P, an approximation of the Poisson
operator P, proving Proposition 4.2. Theorem 1.2 is proved in Section 8,
using the construction of P and Theorem 1.3. Finally, Sections 9 and 10
contain results about lim,|o(A — ¢~2(\ — i€)?)~!, culminating in the proof
of Theorem 1.3.

We are grateful to Fritz Gesztesy for helpful conversations and
providing useful references and to Jim Ralston for helpful discussions. We
thank the London Mathematical Society for supporting this collaborative
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research through its small grants scheme. We also thank the referee for his
or her careful reading of an earlier version. The resulting helpful comments
have improved the exposition of this paper.

2. Assumptions and notation.

Throughout, z = (z,y) € R"~! x R.

Both sound speeds ¢ and ¢y satisfy 0 < ¢, < ¢,¢0 < ¢y < 00.
Moreover, co(y) is piecewise smooth and there exists a finite yps so that
co(y) = c+ when +y > yp, with ¢ > cy. In addition, all derivatives of
co are bounded except at finitely many values of y. This includes the case
where c¢g is piecewise constant.

We require that, away from the hypersurface {y = 0}, ¢ — ¢y be
smooth outside of a compact set K, and for simplicity we choose ypr so
that K C R ! x [—ya,ym]. Moreover, we make requirements on the
behaviour of ¢ — ¢g at infinity. We have, for y # 0,

N z .
(4)  D(c(2) - co(y)) = DT> (E) 12|79 + O(|z| N1~ laly

N

for any N and any multi-index a, where 7, € C£°(S"~ 1\ {(w, 0)}). Here we
use the notation that Cp°(X) is the space of smooth functions on X that
have all derivatives bounded. We shall take J to be at least 2 everywhere,
although sometimes we shall require it to be larger. Some of our results
hold under less restrictive hypotheses.

Additionally, we shall often use one of the following hypotheses:
(H1) J =2, ¢y = c—, c and ¢ are smooth.
(H2) J > 4.

We warn the reader that the choice of the total space dimension to be
n rather than n+1 is in disagreement with [5] and many other papers on the
subject. We use the notation (w) = (14 |w|?)}/2. Throughout, € shall stand
for a small positive quantity and C for a positive constant, either of which
may change from line to line. For w € R™, b(w,t) ~ > .., |w|'=9b(w/|wl, t)
means

N
D2D? [ bw,t) = S fwl~b;(w/|w], 1) || < Cayprelw)~1I=N 1
=0

for any N and t € K, K a compact set in some manifold.
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3. Spectral theory of c2A.

In order to define the (absolute) scattering matrix for c*A, we will
need some understanding of the generalized eigenfunctions of cZA and c?A,
and in particular of the space that parameterizes them. Further details can
be found in, for example, [3], [13], [32], [34].

The operators cZA and c?A are formally self-adjoint on L?(R™, c; %dz)
and L?(R"™, ¢~ 2dz), respectively, and have unique self-adjoint extensions.

Roughly speaking, the spectral measure of c3A can be given in
terms of two kinds of families of functions. At fixed energy A, the first
is parameterized by S*~!. Here

St = {w = (W,wn) €S 1wy #£0, wy, #4/1— L/}

(Compare [32, Section 2.1]; we are modifying somewhat the notation of
[32].) The generalized eigenfunctions are ®¢(z, A, w), where for tw, > 0,

(5) Bo(2, \w) = €XF/ % (y, X, wn)
and ¢4 satisfies

(6) (D2 + X (1 - wi)ei)ps = N
Moreover, as y — 00,

(7) b4 (y) ~ €N/t L Ry (N wp)e Peny/t
and as y — —o0,

(®) 64 (y) ~ Ty (A, wp)e vV VT 1T FETE

where when 1/c¢2 — 1/c3 + w2/c%2 < 0 we take the square root so that
the right hand side of (8) is exponentially decreasing. The function ¢_ is
similarly determined: as y — —o0,

(9) ¢_ (y) ~ eiAywn/c_ +R_ ()‘, wn)e—i)\wny/c_
and as y — 00,

(10) ¢_(y) NT_()\’wn)e—i/\y\/1/c3_—1/c2_+w%/c"_’_'

Properly normalized, these generalized eigenfunctions appear in the spec-
tral decomposition of c3A.

TOME 53 (2003), FASCICULE 2
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A second type of generalized eigenfunction comes from eigenvalues of
c3(k? + D2) on L*(R, c5 dy), if there are any. If there are any eigenvalues,
let Af(k) < A3(K) < -+ < Af((K) < c}k® denote the eigenvalues of
cA(k? + Dg). There are only finitely many (perhaps no) eigenvalues for
fixed x and the number is nondecreasing in k2. Additionally, if x > 0 and
Aj >0, then LIRSS 0; this can be seen via an integration by parts argument

dk
(see, e.g., [5, Sect. 2.2]).

l > & @ >

0 A2 (k) A2 (k)... )\i(m)(h) nzci k32
Figure 1. The spectrum of c§(x? + DZ), for ¢y < c_, minco < ¢4

Let Ii? be the smallest positive number such that cZ(x? + Dg) has
j eigenvalues for all k > kJ. Let x; be the inverse function of A; (with
the same sign), and let t; = lim,) 0 A2(k) = & (k2)%. The {t;} are called
thresholds of c3A. Let T'(\) be the number of thresholds ¢; less than A2.
For 0<j <T()\),we S, let

®;(z, A w) = e NTEf(y),
where f;(y) € L?(R, c;2dy) satisfies
(k3 + D2)f; = N f;

and note that (c3A — A\?)®; = 0. The functions f;(y) are exponentially
decreasing, as can be seen by noting that for £y > yaz, they are L? solutions
of D} fj = (\/c} — sF(\) ;-

At energy level A2, we can parameterize the generalized eigenfunctions
of c2A by SP~! and T()\) copies of S"~2. The continuous spectrum
of c?A is parameterized by the same space as that of c2A. Therefore,
the (absolute) scattering matrices of c3A and c>A are operators from
L2(SP7Y) @1¢j<r(n) L2(S™2) into itself. In [5] a definition of the scattering
matrix is given in terms of the generalized eigenfunctions. Here, however,
it will be more useful to define the (absolute) scattering matrix using the
Poisson operator, which we shall do in Section 5.

ANNALES DE L'INSTITUT FOURIER



SCATTERING ON STRATIFIED MEDIA 573
4. The Poisson operator.

The Poisson operator is defined as an operator
PO\ : CR(SEY) @l 02 (s772) — (2) /2 LX(R).
(Again, we have C°(S7?~1) because S?~! parameterizes part of the contin-
uous spectrum.)

In order to define the Poisson operator, we introduce the notion of an
“outgoing” function in this setting.

DEFINITION 4.1.— A function u € (2)Y/?*¢L?(R") will be called
outgoing if it has a decomposition u = ug +21T()‘) uj +u with the following
properties:

(% + WC) up € (2)°L*(R™); o € (y)/2+<(2) L} (R™);

u; = u;(2)fi(y), 4; € (x)/2TLAR"Y),

for any € > 0.

ProposiTION 4.1.— If g = (90,91,---,91())) € Ce(Sp1) GBiTz(i‘)

C>(S"~2), then for A € R, X # 0, there is a unique u such that
(PA = 2)u=0

and, at infinity,

T(\)
. z . X
o |2~ (n=D/2giNel g (_> |- 2/2 37 gin (ielg, <_> Fi)+o
] 2 I\ Jal ) 7
where v is outgoing as defined in Definition 4.1 and the f; and k; are as
defined in Section 3.

We will give the proof of the existence of such a v in Section 4.1. We

postpone the proof of the uniqueness to Section 6. This proposition allows
us to define the Poisson operator, P(\).

DEFINITION 4.2.— If ¢ = (90,91,---,97(n)) € C=(Sr1) éBiTz(f)

C>®(S™2), A € R, A # 0, then P(\)g = u, where u is the u of Proposi-
tion 4.1.

TOME 53 (2003), FASCICULE 2
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Definition 5.1, using Proposition 5.1, defines the (absolute) scattering
matrix via the Poisson operator.

4.1. Existence of the Poisson operator.

Here we prove the existence part of Proposition 4.1, using some results
that we prove later in the paper. The first step is the construction of an
“approximation” of the Poisson operator, which is carried out in Section 7.
Other, simpler, proofs of the existence part of Proposition 4.1 are available,
but this one facilitates the proofs of Theorem 1.1 and 1.2.

For w € S"~1, let 6,,(6) be the distribution such that
| 8@ @dvolses = f(w),
6eSn—1

and similarly for 6z(), @ € S"~2.

PROPOSITION 4.2. — Let z € R", A € R\ {0}, w € S{7!, w e S*72.
There is a distribution P(X) = (Po(z,\,w), P1(2,\,@),..., Pr(n(2,A,@))
such that, for j =1,...,T(\),

D2(A — X)) Py(-, A\, w), DE(PA — N2)P;(-,\, @) € (2) " L*(R™),
D (1 = x(y)(A = X)Po(, A, w),
D21 - x(y))(*A = M) Pi(-, \,@) € S(R™),
where x(y) € C°(R) is 1 for |y| < ym + 1 and «, B are any multi-indices.
Moreover, distributionally as |z| — oo,

Py, A,w0) = [2l 0D/ (N0, (o)1) + €N W g (/2] )
+O(|2] /2

where ho(w,0) € D'(SP~! x SP71). If ¢4 = c_, hg is the Schwartz kernel
of a Fourier integral operator associated to broken geodesié flow at time 7.
If c_ > ¢4, then hg is the Schwartz kernel of the sum of Fourier integral
operators associated with the mapping

(@, wn) = (—W,wn)
and the mapping

@, wn) = (—c_W/ey, —/1— 2 |@|2/c) if \/1-c2 /2 <wn
(@, wn) = (—cqy@/e_, (/1 = Ew|?/c?) if wa <O,

ANNALES DE L’INSTITUT FOURIER
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For j > 0, distributionally as |z| — oo,

Pj(z,0,@) = |z|~ "D/ Dl (2 / |x)) e~ VWl (2/ 2], @) ), (v)
+O(|a| =D (y) ).
Here h; € D'(S"~2 x S"~2) is the Schwartz kernel of a Fourier integral
operator associated with the antipodal map on S™~2.
We will prove this proposition in Section 7.
We also use
PROPOSITION 4.3.— If f € (2)73/2*<[2(R™) for every ¢ > 0 and

J > 2, then u = (A — (X —i0)2c=2)~1 f is outgoing in the sense of Defini-
tion 4.1.

This proposition will be proved in Section 9.

Proof of the Existence Part of Proposition 4.1. — Let
Q(z, \,w) = P(z,\,w) — (A — (A —i0)2c™2) YA — \2¢72)P(2, A\, w),

and let Q@ = (Qo,Q1,-..,Qr(n))- For g = (90,91,---,97(n) € C2(SE1)
&, C=(S"72), let

/\
U=/W€SQ_IQ(Z)\WQO Z/%S“ (2, )9, (@).

Then
(A= )u=0

and v has an expansion at infinity as required in Proposition 4.1. Conse-
quently, @ = P()), the Poisson operator. O

5. The scattering matrix and the proof of Theorem 1.1.

We will define the (absolute) scattering matrix via the Poisson
operator. In doing so, we assume that the Poisson operator is uniquely
determined; we will prove this in Section 6.

We shall use the following lemma, which will be proved in Section 9.

TOME 53 (2003), FASCICULE 2



576 T. CHRISTIANSEN & M. S. JOSHI

Lemma 5.1. — If f € (2)"°L?(R"), then fory € K, K C R compact,
lz| > 1,

(A- 0_2()‘ - iO)Q)_lf(z)l lz|>1,yeK
(N

= |z|~("=D/2 N " e Nily, (2/12)) £5(y) + 01
j=1

where b; € C*°(S"~2) and v; € (z)L*(R"~! x K) for any € > 0. Moreover,
for 1 < j < T(X) the u; in the definition of outgoing functions can be taken
to be u; = |z|~("=D/2emimaWlelb;(z/z]) £;(y).

To define the scattering operator, we need

ProposITION 5.1.— Let g = (90,91, ---,97(n)) € C2(SE™1) @T(’\)
C>(S"2). Let § = ]:—I € K, for K a compact set in S?~1. Then, there
exists gy € C°°(S"~1) such that for § € K, as |z| — oo,

P(N)g = |2| D2 [N/ g0 (8) i + e (g5(6)) k] +

where @i € (2)*L*(R" N (K x [1,00))) for any € > 0.

Let y € Ky, K, C R compact, and let 9 = I_;:I Then, there exists
g; € C®(S™?) such that as |x| — oo,

P(N)g = |z|~("=/2

T(\) T(X\)
> e g @) fi() ik, + Y e G @) f5(w) 1k, | + e
Jj=1 Jj=1

where @, € (z)*L?((R™ N ({|z| > 1}) x K,))) for any € > 0.

Proof. — We use the same notation to stand for an operator and its
Schwartz kernel. Since

(11) P()\) = P(\) — (A — (A —i0)%2c72)"1(A = \2c2) P,
the first part of this proposition follows from Propositions 4.2 and 4.3 and
Theorem 1.3. The second part of the proposition follows again from the

identity (11), Propositions 4.2 and 4.3, and Lemma 5.1. a

ANNALES DE L’INSTITUT FOURIER
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This information about the Poisson operator allows us to define the
(absolute) scattering matrix A(\).

DEFINITION 5.1.— The (absolute) scattering matrix A()) is given,
for g € C(SpY) @ ™ C=(872), by AN)g = ¢ € C=(SpY) @V
C>°(S™~2), where for any compact set K C S?~1, (g4)k is as in Proposition
5.1, and, for 1 < j <T()), g; is as in Proposition 5.1.

We remark that this definition differs slightly from the absolute scat-
tering matrix discussed in [5]. However, as the two differ by a straight-
forward normalization, we shall use this definition here both to emphasize
the similarities with the absolute scattering matrix as defined in [26] and
because it is more convenient for the inverse results.

For completeness, in Appendix A we outline a proof that A(\) can
be extended to a bounded operator on L2(SP—1) @7 ™ [2(Sn-2),

For fixed A, A()) is a matrix (A;5(A)), 0 < 4,5 < T(A), with the A;;
operators. We shall call Ago(A) the “main part” of the scattering matrix.
If the operator c3(Dy + x2) has no eigenvalues on L?(R, c5?dy), the main
part of the scattering matrix is the entire scattering matrix.

We can now prove Theorem 1.1, on the structure of the (absolute)
scattering matrix.

Proof of Theorem 1.1.— Again, we use the identity (11). Using the
definition of the scattering matrix and Theorem 1.3, any singularities in the
main part of the scattering matrix must come from Py. Then Proposition
4.2 gives the structure of the singularities of the scattering matrix. O

Finally, we conclude this section with a proposition that describes the
singularities of the other entries in the scattering matrix.

ProposITION 5.2. — Let ¢, ¢ satisfy the general conditions of Section
2 and either hypothesis (H1) or (H2). Let A(X) = (A;;(X)), 0 < 4,5 < T(N).
Then, for j > 0, Aj;()) is a Fourier integral operator associated with the
antipodal mapping on S™~2, and for i not equal to j, A;;(\) is a smoothing
operator.

Proof. — Using the identity (11), Lemma 5.1, and Theorem 1.3, the
singularities of the scattering matrix arise from }53 Then Proposition 4.2
and the definition of the scattering matrix show that the singularities of
the scattering matrix are as claimed. O
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6. Proof of Proposition 4.1: uniqueness.

In proving Proposition 6.1, we shall use some results of Weder
[31], [32] (See also [11]). We recall some of his results below. Let A =
(—i/4)(z - V, + V, - 2). We define the commutator [A — A\2/c?, A] as a
quadratic form (See the proof of Theorem 5.4 of [32]). By [31, Lemma 3.1]
for all A > 0, u > —A%/c%, there is a compact operator K, a compact
interval A containing p, and 4 > 0 such that

(12) iEA[A — N2c72 A|Ep > BEA + K
where Ep = Ep(A — M2¢™2) is the spectral projector for A — A\2¢™2.
The following proposition and its proof, included for the convenience

of the reader, are essentially adapted from [2, Lemma 4.17].

ProposITION 6.1.— If u € (2)¢L*(R") for every € > 0 and (A —
A/c™%) u =0, then u = 0.

Proof.— By the results of [31], [32], there is no nontrivial L? null
space of A — A\2/c?, so it suffices to show that u € L%(R").

For €,6 > 0, let ues = (1 + 6(z)) “u € L2(R"). Let L = A — \?/c?,
and let ® € C°(R) be 1 in a neighbourhood of 0. Note that

L®(L)ues = @(L) (Z 2Zj>zj (1 + 6<z>)_—1 %ueé + €f65(z)u66)
; j

where

(13) fes(2) = 8(1+6(2))~" (—6ﬁ(1— Y1+ 6(z) L + = — ﬁ)
e ? G IR T T )

Then
(14) ([L, A]®(L)ucs, P(L)ues)

= —2iIm (AL®(L)ucs, P(L)ues)

= —2i{Im (A@(L)(Z 222;] (1+6(z))~! 5%“56 +6f66(Z)u65) , @(L)uezs).
J

Since

O(L) : (2) VLA (R™) — (2) TL*(R"),

ANNALES DE L’INSTITUT FOURIER



SCATTERING ON STRATIFIED MEDIA 579

we have

AB(1) S X2 1+l 5‘9—_uea,¢><L>ue5>

; (2) Zj

4, 0
< cCall 3 85,14 6(2) " Lol 19(L ol < Coalsl- |9(L Yol
j J

Here and below Csp is a constant that may change from line to line which
depends on ®, and also on A and ¢, but which is independent of § and e.
Since, using (13), a similar bound holds for (A®(L)efesues, P(L)ucs), we
obtain from (14)

(15) (L, A]®(L)ues, ®(L)tes)| < €Collues | - [|P(L)ues]-
Since (1 — ®(L))u = 0, we have

(16) luesll = 1D(L)ucs — [®(L), (1 + 6(z))~“Jull
<1®(L)uesll + Coll ()~ ?ull.

The bound ||[®(L),(1 + 6(z))~Ju| < Cs||(z)~*/?u| can be seen, for
example, by using the Helffer-Sjostrand representation of ®(L) (e.g. [17]).

However, using (12), the fact that 0 is not an eigenvalue of L, and [9,
Lemma 4.2], we obtain

([L, A]®(L)ues, P(L)tes) = P1(P(L)ttes, P(L)tes)

for some 31 > 0, if the support of ® is chosen sufficiently small. Thus we
have, using (15) and (16), and choosing e sufficiently small,

Bule(Lyuall” < 2 sl -1 2(us]
< D@ (yucsl? + Coll®(Lyucs - 1)~/
Therefore

|@(L)ucs| < Call(2) ™ 2.

Using (16), this shows that for sufficiently small € > 0, ||ues|| is bounded
independent of &, and thus u € L?(R"), and u = 0. O

This allows us to show the uniqueness of “outgoing” solutions.

PROPOSITION 6.2. — Given f € L?(R™), there is at most one outgoing
u € (2)1/2T¢L2(R™) with (A — \?/c?)u = f.

TOME 53 (2003), FASCICULE 2



580 T. CHRISTIANSEN & M. S. JOSHI

Proof.— Suppose there are two such u. Then by considering the
difference we can reduce to the case where f = 0. Then

0= /|z|<R(A — A2/ = — /z| R <3(|92| ua—i—lﬁ)

M) (M)
= 2/ Iuol2 + Z ik (A)u;Tx + iRe Z (M e+ Kj)ugT;
lzl=R € k=1 j=1

T())
+iIm | upep + Z uje; | +ilmef
=1

where eg,e;,é,f € (2)°L*(R") for all ¢ > 0. Using the facts that
[ fi(y)fi(y)dy = 0 if j # k and f; is exponentially decreasing, this implies
that as R — oo

T())

2)\
(17)/ : |2+22m;, ) ?
|z|=R

T(A) ()

< /| o | o+ ollel + 3 b
+O(R™27°).
Since u; € (y)~°(x)'/2+<L2(R™) and ug € (y)'/2+<(2)L%(R"), we have
wol; € (y)~(z)'/2+2¢L1(R"). Therefore, the right hand side of (17),
considered as a function of R for large R, is in RY/2*2¢L}(R}), so that
ug, uj € (z)/4+<L2(R™).

Now suppose we know that ug, u; € (z)PL?(R™) for some 3 > 0.
Then, using (17) again, since uow; € (y)~°(2)P+<L}(R"), and uoeo, uje;,
éf € (2)Pt<L(R"), we obtain ug, uj € (2)#/2+<L?(R") for any e > 0.
By repeating this argument, we obtain that uo, u; € (2)°L%(R"™) for any
8§>0,1<7<T()\. Thus u € (2)°L%(R™) for any § > 0. By the previous
proposmon, u=0. O

Proposition 6.2 gives the uniqueness part of Proposition 4.1.

7. The approximate Poisson operator P.

In this section we prove Proposition 4.2: we construct an approxima-
tion of the Poisson operator. We will use the following lemma.
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LEMMA 7.1.— For f € L?([~ym,ynm]), the boundary value problem
(N [@?/c% + D2)b— Nb = f
with boundary conditions

—idwn/crb(ynm) — b (ym) =
X1/t = [@*/A) Y 2b(—ym) — b (—ym) = az

has a unique solution in L*([—yar, ym), ¢y 2dy) if 1/c2 > |@|%/c%.

Proof.— This boundary value problem can be reduced to the form
—idwn/cyb(yn) — b (ynpr) =0
iX(1/c2 —[@*/3)2b(—ym) — V' (—ym) = 0
g (N@l*/c3 + D2)b— A’b = g.

This has a solution if the null space of the adjoint operator is trivial, and
the solution is unique if the only solution of the homogeneous equation is
the trivial one.

The adjoint operator is the operator
GOPI/S +DF) - A
with domain

(18)  {h € L*([~ym,ym), g °dy) : —idwn/crhlyar) + B (yar) = 0
and iA(1/c2 — |@[%/c2)V2h(~ynm) + K (—ym) = 0}.

Suppose g is a nontrivial element of the null space of the adjoint operator.
Then

yM
0= [ (OBt + D) - X)gaedy
~ym
= —9'(ym)3(ynmr) + g’ (—yn)G(—yn)
(19) +9(yn) (ym) — 9(=ym) (~ym)-
Using the boundary conditions, we find that this is
—2idwn/cilg(yn)? — 20M(1/E — [@* /) g(—ym) .

Thus 0 = g(ym) = ¢'(ym), or g(y) = 0.

A similar calculation shows that the original operator has no nontriv-
ial null space. 0
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In our proof of Proposition 4.2, the existence of an approximation to
the Poisson operator, we shall concentrate on the construction of Py. This
is the most complicated component and also the one of primary interest,
since our inverse results involve the main part of the scattering matrix,
Ago()). The construction owes a great deal to that of [22], and we refer the
reader to it for full details.

We will show how to construct 150(2, A,w) when w, > 0; the case of
wn < 0 is quite similar. The construction involves solving away errors at
infinity. Since the model operator c3A has different behaviour depending
on the region “at infinity” (y > ym, |yl < ym, or y < —yu) the
techniques involved necessarily depend on the region in which z lies. The
proof is additionally divided into two subcases: 1/c% — [@|?/c% > 0, and
1/c? — |[w|?/c% < 0. Roughly speaking, the second subcase corresponds to
total internal reflection and for these values of w, 130(2, A,w) is exponentially
decreasing in y as y — —oo. In this subcase we can handle the entire region
y < yum at once. The first subcase corresponds to angles of incidence in
which some of the wave is transmitted, and for these values of w, ]30 is
oscillatory at infinity in all directions.

Finally, there is a third division, involving the construction of P, near
the points where it is singular at infinity (and where the singularities of the
scattering matrix arise). This we defer to Section 7.1.

In an attempt to make the proof more readable, we outline our

construction of }50(2, Aw), wn >0, wy #1/1—c2/c2:
I. y > yu, the “upper hemisphere”
a) “incident”

b) “reflected,” away from the singular point z/|z| = (=@, wy)

II. 1/¢% — [@]?/cd >0,y < ym

a) y < —ym, the “lower hemisphere,” away from the singular point
(“transmitted”)

b) |yl < ym

L 1/c¢% — [@?/c2 <0, y < yum-
Section 7.1. Construction near singular points.

The numbers correspond to numbering of the paragraphs.
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I. Let w = (W,wy,) with w, > 0. In our construction of the approxi-
mation to the Poisson operator Py, we begin with the function ®¢(z, A,w)
which is defined by (5)-(8). Note that, up to a constant multiple which
depends only on n, A, and ¢4, ®¢ is the Schwartz kernel of the (partial)
Poisson operator, Py .., for c3A when w is in the upper hemisphere of S"~1.
We use this as our starting point, adding or subtracting terms to cancel
the errors that result when we apply c2A — A\? to ®.

When y > yas, we use the techniques of [22] to construct P. Note
that when we apply c?A — A% to ®; we obtain an error which, for y > yay,
is of the form

(20) (C2A - )\2)¢0 = (02 _ Ci)A@o — al(z’ )\’w)ei,\z-w/c+

+az(z, A, w)e“\(“”'w‘y“’")/c+

where a1(z, \,w),az2(z,\,w) € Sp_,fg. Here we say that b € S;,ZQ(R") if
b~ Yy 2l be(F, A w), with be smooth in 2z/[z|, w, and call it a
polyhomogeneous symbol of order —j. We think of a;(z, \,w)e?**“/*+ as
an “incident” error and ay(z, \,w)eM*=@=vwn)/c+ a5 the “reflected” error.

Ia. Note that if b(z, \,w) € S_2 , then for y > yar,

phg’
(21) (A = X2)b(z, A, w)er=w/e+

= ( — 2idcpw - V.b(z, M\, w) + 2 Ab(z, A, w)

2
+(C - c+) b(z Aw) — 2@)\(_60__)_w - V.b(z, )\’w)> girzw/cy
-+

Of the terms in parentheses on the right, the first is of the highest order,

asw-V,be S ~1 The others are in Sphg 2,

Suppose our construction to some point has resulted in an error of
the form

(22) Z 2| ~*d; (ﬁ*w) N9/ 4 o (2, N, w)eNETyen)fex

k>j

similar to that of (20). To remove the term

2| dy (| o w) er=ler

TOME 53 (2003), FASCICULE 2



584 T. CHRISTIANSEN & M. S. JOSHI

from the error, we look for bI*‘jH(Tz— , A, w) with

|
(23) *2i)\C+OJ'VZ (lzl_j+1b1,—j+1 (é’)‘vw>> = |Z|_jd1,—j (Ti_la)" w) .

Using (21), if we then subtract
17 b g (A )l
z

from our current approximation, the error term is again of the form (22),
but the coefficient of €*#“/<+ in the new error will vanish to one order faster
at infinity. We choose b1,_j+1(ﬁ,)\,w) so that it is smooth at z/|z| = w
in order to keep the right coefficient of e*?l/*+ in the distributional
asymptotic expansion. (Here the “I” in the subscript stands for “incident.”
Later we shall see “R” for “reflected” and “I” for “transmitted.”)

To solve (23), introduce the “polar” coordinates (s, 6), centered at w,
in place of z/|z|. That is, let s be the geodesic distance on the sphere from
w to z/|z| and let @ be angular coordinates about w. Then equation (23)
can be solved, just as in [22, Section 2], giving
i

(24) by _jia(s,0,\w) = = / (sins')~2d; (s, 6; w)ds’.
0

2Xcy(sins

We are abusing notation here, using the same notation for by _;41(z/|2|,
A,w) and bly_j+1(s,9~,)\,w), and similarly for d; ;. Note that as long as
z/|z| is in the upper hemisphere we are away from —w so the transport
equation has a smooth solution. Moreover, since ®y(z,A,w) is smooth in
w €SP, s0 is br,—j+1(2/)2], A, w).

We find by _;(2/|z|, A,w) iteratively and then use Borel’s lemma to
asymptotically sum |z|~7b; _;, obtaining a by such that

(02A _ )\2)(@ _ b[(z, Ayw)ei)\zw/c.*,) — eiAz'U/c+e—i)\ywn/c+a2 + O(|zl—oo)
when y > yas. Note that the construction of b; has not changed as.

Ib. We will apply almost the same technique to solve away the error
eATW/cre=Mwn/t gy > ypy, away from z/|z| = (—T,w,). Here we will
use solutions to the transport equation where we choose the initial condition
at y/|z| = 0, and the solutions, in analogy to (24), are of the form

(25) va_jH(s,é,w)

! l:/ (sins’)?~2dp _;(s',0;w)ds’ + Crj_1

- 2Xcy (sins)i =1 | [,
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Here s is the distance on S®! from 6 = z/|2| to the point (@, —w,) and 8 is
the angular coordinate about (W, —wy). The value s = sg, corresponds to
0, =0, and Cgr ; depends only on w and 6 and will be determined below.
We postpone to Section 7.1 discussion of the form of the parametrix near
z/|z| = (—@,wy), the singular point.

ITa. In the lower hemisphere, we use a similar technique if 1/c¢ —
[@|2/c% > 0. Here the error term is of the form

- . —
eu\x w/c+61)\\/1/c§_ || /°+§yaT(z,)\,w),

where ar € S;hzg. Again we have solutions like (24) to the transport
equation, although this time s measures the distance on the sphere from

the point (c_@/cy, /1 — 2 [@|2/c%). We will have an additional term away
from (—c_w/cy,—4/1 = c2|@|?/c%) of the form

ArPIereAVIETEIISVY b /12 M)l

Jj>1

where br _ ;41 is a solution to a transport equation like (23):

bTv_]+1 (37 0’ w)

~ e (sins)i=1 | /g

Again, s is the distance on S"~! from (c_w/cy, /1 — 2 [@|?/c%) and s,

corresponds to the distance at y/|z| = 0.

! [/ (sin s')j—zd_j,T(s',é; w)ds' + CT’j_l} .

The constants (in s) Cr; and Cr; are to be determined. Of course
their values affect subsequent errors and thus subsequent bg,_;, br, ;.

IIb. We will use a different technique to construct the solutions when
ly| < yar- We point out that if ¢ is not smooth, for example, if it is
piecewise constant, we should expect it to be impossible to find a smooth
Poisson operator on R™. We choose our approximations so that By is C1
on R".

The values of Cr,j, and Cr ; are determined by solutions to boundary
value problems that arise in constructing the parametrix when |y| < ya,
as described below.
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When |y| < ya, the errors are of the form
eI N " 2| Ty (|2, v, A w).
Jjz2

We look for an approximate solution of the form

(26) T ele Z ]zl_j <bM,—j (% 'Y /\,U)) + |Z|~IBM,—-]' (% 'Y, Ay“”)) .

Jjz1

The term |2|~'bps,_; is of lower order and is included to improve the
regularity at y = Zyp,. We will suppress the dependence of bys,—j, br —;,
br,—j;, and bps,_; on A and w to simplify notation. Note that

(02A - /\2)(|ZI_jb<|—z|,y)é’\z'w/”)
= (c3(D2 + N2[@|?/c3 )b — A%b) €™ ¥/e+ 2|70 + O(|2| 7).

Therefore, for |y| < y, to solve away an error of the form |z| =/ dps,—;( oY)
we look for bys, _; such that

(D2 + N[w|?/c% )b, —j(x/ |zl y) — Nbar,—j(x/|z|,y) = dur,—j(z/|z], y).
The boundary conditions which bas _; must satisfy come from matching
with the solutions in the top and bottom hemispheres in order to get a
function which is C! “at infinity”. They are
by _j(m/|$|’0)€i>\wnyM/c+ + e~ Pwnym/cy

Crj(/|z])(sinsro) ™ /2iAes = bu,—j(2/|z], ynr)
DDwn /e [br, (/2] 0)ePnsm/os — ¢=Nonuales

Crj(z/|z])(sin sry) ™ /2ixes] = by _;(/ 12l yar)

e~ i 1/02__|5|2/C+’!JMCT],(I/|I.|)(Sin STO)—J'/QMC_ — bM,—j($/|$|» _yM)

N1/~ 1/ @)/ 2e MV TR/
@7 Crj(z/|z|)(sinsg,) ™ /2ixe- = by, _;(z/|zl, —ynm)

where by _j41 is known (it is determined by integrals over portions of
geodesics of (sins)’~2d; _,) and Crj, Cgj are to be determined and are
independent of y, and so can be treated as constants in solving the boundary
value problem. They can be eliminated from this set of equations, resulting
in a boundary value problem of the type considered in Lemma 7.1, which
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guarantees us a unique solution to the problem when 1/c¢* > [@|?/c2.
This then determines br,_; and by _;, since Cr ; and Cg ; are determined
by ba,—j. We remark that if da,—; = 0, then by,—j(z/|z|,y, \w) =
br—j(z/|z|,0, A\, w)p+(y, A\, w); this will be important when studying the
inverse problem.

In order to ensure that our function will be C! at y = yas and at
y = —ypm we will add an additional term I~)M, ; whose total contribution will
be of order |z|7771. Let x € C°(R), x(t) = 1 for |t| < 1 and x(t) = 0 for
[t| > 2. Let

By = Jim (&0n/eby e/ |2]) + e b (2/ 1))

- bM,—j(r/lmlvyM)

. 0 PIAYwn /c 0 —tAywn/c
5 = Jim, (50 (€N 0,5 (a/120) + (N by s/ 12) )

— by, (/2] ym)

. i — @ /2
Buy = tim (eMO/E D by (a121)) = bas.— @/ ol —yn)

1 9 ixy(1/c® —|@|?/c2)/? /
T = yTh—r?M 3_3/ (e * bT7_](z/|z|)) - bM,—j(m/IxL —Ym)-

Note that by our choice of b,, Bu;, Yvj, Br; and vz ; all have leading order
|z|~1. Now, let

(28) bar—j = — (X (ﬁy:Myl)) [Bu; + (v — ym) ;]
+x (W) [Brj + (y + yM)'YLj]) ||

For |y| < yar, this determines the approximate solution of the form (26).

IIL. If 1/c% — |@|%/c2 < 0, then we use a slightly different method for
finding the approximate solution when y < yas. Here, in a manner similar
to that used for |y| < yar above, we solve away the error term by using an
approximation of the form

iAT-w/c d b z B -
Zez,\m /+<bl"_j(m’y)+bL7_j<m’y)!Z! 1>|Z| J

A (N|@?/c% + D2)bp,—; — Nbp,—j = d_j,

where
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d_j is the coefficient of |z| ™ €*2*@/+ in the error term and is exponentially
decreasing in y when y < yar, and bz, _; is square integrable on (—o0, ya].
We need in addition a boundary term at y = yas, and this is provided
by the first two equations of (27). An argument like that of Lemma 7.1
shows that there is a unique solution to this problem, and the solution
is exponentially decreasing as y — —oo. As in the previous case, EL,_ j is
chosen to improve the regularity at y = yu.

Remark 7.1. — Note that this construction is smooth in w € S?71.

Remark 7.2. — We remark that this construction can be carried out,
with some minor modifications, for sound speeds ¢; = c+d, where c—cg has
an asymptotic expansion of the type (4), and d is supported in |y| < yar,
with d ~ 7. |2[77d;(z/|2], y).

7.1. The approximate Poisson operator near its singularities.

For w, > 0, it remains to describe the approximation of the (partial)
Poisson operator near z/|z| = § = (—w,w,) and, if 1 —c2 [@|2/c2 > 0, near
z/|z| = 0 = (—c—w/cy,—1/1 — % [@|?/c2). The approximation in these
regions contributes to the scattering matrix. As these two are quite similar,
we will concentrate on the first, using the techniques of [22, Section 3]. We
refer to [22] for many of the details.

Let w = (ws,...,w,) = (w,w,) € R", and rotate the coordinate
system so that w is the north pole. Denote by I** the class of operators
with Schwartz kernel which can, near the south pole, be written as a
Schwartz function plus a term of the form

00 1 Y ) , 1
o it(Sw' -u—v1+5Z|w|)
(29) -/0 / (_S|w| ) S% a (—S|w| , S, u) dSdu

with a € C2°([0,€) x [0,€) x S*~2). From the results of [22], this class is
asymptotically complete in . Moreover, a stationary phase computation
which can be found in [22] shows that away from the south pole this
is equivalent to the class of operators with Schwartz kernel of the form
e~ *"¥nb, with b a polyhomogeneous symbol in w of order —y + (n — 1)/2.
This allows us to match it up with the part of Py(z,\,w) that we have
constructed to this point. We recall below some additional facts about the
operators I'* from [22].

We recall from [22]
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ProposiTioN 7.1.— If u(w,w) € I7® and f € C®(S"~! x S"~1),
then

¢ilvl / ()8, ) £ (6, ) dfdw

is a smooth symbolic function in |w| of order —1—a and its lead coefficient is
|w|=1=*(K, f). Here K is the pull-back of the Schwartz kernel of a pseudo-
differential operator of order o — v — (n — 2) by the map 6 — —60. The
principal symbol of K determines and is determined by the lead term of
the symbol, a(t,S,u) of u as S — 0 +.

From [22, Propositions 3.1 and 3.2], we have
PROPOSITION 7.2. — Ifu € I}* and V ~ 3~ ., |w| ™ vj(w/|w]), then

(A _ 7'2)u e [rtlatl
and
Vu e [VH2a+2,

From Lemma 3.2 of [22],

LEMMA 7.2.— If u € I;y,(’n—3)/2, Vo~ Zj>2 IwI‘jvj(w/|w|), and
n—1 nil
(A+V —r2ueI™F then (A+V —r2)ue [ITH7
Again from [22]

PROPOSITION 7.3. — If u € I = N,I}®, then u = e~ "Il f(w),
with f a classical symbol of order —a — 1.

We proceed as described in [22, Section 3]. Using the first part of the

construction, we have an approximation of the Poisson operator that blows
up as 6 = z/|z| approaches (—@w,w,) or (—c_W/cy,—y/1—c2[w|2/c%).
Recalling that w, > 0, near § = (—w,w,), we find an approximation
of the “reflected” part of the Poisson operator of the form uR., where
u € I/\—/(ZL_I)/2’(”_3)/2, and Ry : (W,w,) — (@,—wy). We will call the
functions of the type of the previous section e?**¥/¢+e=iAv/c+p the “first
ansatz” and functions of the form uR,, for u € I, /(::_1)/ 2(n=3)/2  the
“second ansatz”.

We outline briefly how the construction works, following [22, Sec-
tion 3]. The “first” approximation of the “reflected” part of Py is
Ry (\ wp)er®@/c+e=tx/cx - This corresponds to an element of

n—1 n-—3
-

Nes R.. Applying c?A — A2, we obtain by Proposition 7.1, an error
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. —nZlygn=3 49

e; with e;R4 € I,\/Cj 2 7", Its symbol blows up to order n — 2 as
S | 0 which corresponds to, in the first setup, blow up to order 0 as s T .

The solution to the first transport equation for the first ansatz is a
symbol which blows up to order —1 as s T 7. We can convert this solution
to a symbol for the second ansatz, with this new symbol blowing up to
order n — 3 as S | 0. This gives us a symbol of u; € I;/:Tl+1’nTaR+. As
the new error term for the first ansatz is e (@@—vwn)/c+d, with dy € S;hz,
we obtain

n—1 n+1
n-ls, ol

(A =N (uo +u1) €I,

This technique can be iterated, and the terms (u;) can then be asymp-

c+

n+1
totically summed. The resulting error is in I "2 and therefore, using
A/C+
Proposition 7.3, it is of the form e~ *l/¢+q, with a € Sp_,f;"'s)ﬂ (and

smooth in w, z). To remove this error modulo a Schwartz function, we use

the fact that if b € Sp—h’g has support in y > yas, then

(02A _ )\2)b|z|—(n—1)/26—iA|z|/c+
2ij)\C+

—(n—1)/2_—iXz|/c —(n—1)/2 —i|z|/cy g—i—2
B blz|~'" e te 7" e Sy

to iteratively solve away the errors as in Proposition 12 of [26].

In the lower hemisphere, a similar argument shows that for § =
z/|z| near (—c_w/cy, —4/1 — ¢ |@|?/c%), the approximation of the Poisson

operator is of the form uR_, where u € I;/(:_—1)/2,(n—3)/2 and R_ :

@,wy) +— (c_W/cy, /1 —c2|@|2/c2). Putting all of this together (and
+

multiplying by an appropriate constant depending on ¢, A, and n), we get
an approximation ]50 to the (partial) Poisson operator with a remainder
term (c?A — A2) P, that is in (z) " L?, and is Schwartz after multiplication
by a function ¢ € Cg°(R) which vanishes for |y| < yar + 1. This completes
the proof of the first part of Proposition 4.2.

7.2. Construction of Pj()\), 1 <j <T()\).

For completeness, we briefly outline how to construct an approxi-
mation Pj(A) to Pj(A), 1 < j < T(XA). The approximation will have the
properties

(A= X)P; € (2)" L2 (R"), (1 - ¢(y)(*A — N*)P; € S(R")
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if p € CX(R), ¢(y) = 1 when |y| < yar+1, and, distributionally as |2| — oo,

x

By (2, \,@) = || -(n-2/2 (ewﬂf'«sw (—) £)

E
re Wil (2.6) £,0) )+ Oel™/2(5) ).

Here @ € S" 2.

For the construction of P;, we begin with ®; = €M@ f,(y), which
is, up to a constant multiple depending on n and &;, the (jth partial)
Poisson operator for c3A. We have

(A= X)B; ~ 3 fal Fe VT (2)al,y, ),
k>2

where d_j is smooth in x/|z|, exponentially decreasing in y, and smooth
in y when |y| > yu.

To solve away the error with k£ = 2, we write

d_z(z/|z],y,@) = d-2.1(2/|z],4,0) + d—2,2(2/|],0) f;(y)

where [d_s1(z/|z],y,@)f;(y)cy 2(y)dy = 0. Since d_s; is orthogonal to
fj, we can find g_» such that

(F(D} + K3) = N)g-a(e/|2l,y,B) = d-2.(z/le],3,7)
and use ¥ N*@|x|=2g_,(z/|z|,y,T) to solve away the
ei"i(’\)z'wlzl_Qd_g,l(x/lzl,y,w)

error, up to a term vanishing one order faster at infinity. We note that
g—2 is exponentially decreasing in y, since d_s ; is, and that this term does

not contribute anything to the scattering matrix, since distributionally it
is O(|z|~(+2)/2),

To solve away the error |z|~2ei%sN=Td_, o (z/|z|, ) f;(y), we use the
techniques of [22] in the z variables only. That is, essentially as in our
construction of Py, we solve transport equations along geodesics on S™2
beginning at z/|z| = @. Near z/|z| = —w, we must use the second ansatz,
as in Section 7.1 or [22]. Our new approximation of P; then has the same

properties as before, but with (new) error of order |z|=3.

The subsequent errors are solved away in exactly the same manner,
resulting in an approximation as claimed. This finishes the proof of Propo-
sition 4.2.
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8. The inverse problem.

In this section we prove our central inverse result, Theorem 1.2. In
proving the results for the inverse problem, we use the techniques of [22],
[23] and much of their language. We recall the arguments from these papers,
noting the adjustments that must be made for the stratified case.

Theorem 1.2 follows from the following theorem, which is somewhat
stronger.

THEOREM 8.1.— Suppose n > 3, ¢; and cy satisfy the general
requirements of Section 2, and either (H1) or (H2), for the same cy. Let
S1(N), S2(A) be the corresponding scattering matrices for some A € R\ {0}.
If, for ¢y = c_, the transmitted part of the main part of S1(\) — Sa(\)
is of order —I, then c1(z) — c2(2) = O(|z|7'71). If for ¢4 < c_ the
reflected part of the main part of S1(\) — Sa(\) is of order —I, then
c1(2) = ea(2) = O(l2|7'71).

Proof. — Let a € SfLS(R") if a(z) ~ Zj>0|z|k"jaj(z/|z|), where
a;j(z/|2]) € Ce (8" \ {(@,0)}).

Suppose that ¢c; —co = W € SC_L’;(R") and that the scattering matrices
associated to c?A and c2A have the same transmitted (if c¢; = c_) or
reflected (if ¢4 # c_) singular parts, to order [ > k. Then we shall show that
actually ¢; — c; € S;%7}(R™), and thus by induction ¢; — ¢ € Sc_lfs_l(R").

cl,s
If c; —cp € S35 (R™), then A2(c —c; ) = Nei ey *(e1+¢2)(ca—cn) =
U, with
Ulysyas ~ DA U542/ 121); Upyeyne ~ D 121770 (2/12D),
izk =k

and U = O(|2|7*), where U_; 1 € C°(ST™1). Let

U_j+(@,wp) ifw, >0

W@ wn) = { U_j—(@,wyp) ifw, <O.

Note then that the first £ — 2 terms in the construction of the Poisson
operator carried out in Section 7 are the same for ¢; and cg, and the
difference comes in the k — 1st term.

Although many of the underlying techniques are the same, we shall
treat the cases ¢, = c— and cy # c_ serially. We begin with the case
¢y = c_, and take w = (W, wy,) with w, > 0. In the construction of the
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approximation of the Poisson operator, the transmitted parts (that is, z/|z|
in the lower hemisphere) of the k — 1st terms differ by

i|z|1 7k

30 —_—
(30) 2Xcy (sins)k—1

S
T_,_(wn,)\)/ W_i(s',0;w)(sins’)*2ds’,

0
almost as in (2.3) of [22]. Here T\ (\,wy,) is the transmission coefficient
determined by equations (6)-(8). We remark that in case ¢y = ¢, T4 =T_.
The transmission coefficient is nonzero for A € R, A # 0, w, # 0,
0 < wy < 1. Therefore, as described in [22, Section 4], we can recover
from the difference of the transmitted parts of the scattering matrices

/W_k(s,e;w)(sins)k—st
0

as long as w = (@, w,) with w, # 0.

If the transmitted parts of the two scattering matrices are the same
to order k — 1, then

(31) Iy =/ W_i(s,0;w)(sin s)*~2ds = 0.
0

Since this is true for all w with w, # 0, we can differentiate with
respect to the starting point twice, use sin?s + cos?s = 1, and find
that Iy_p = [y W_i(s,0;w)(sins)*~*ds = 0 as well (see [23, Section 5]).
Therefore, if k is even, we reduce eventually to the case with k —2 = 0 and
if k is odd, to kK — 2 = 1. When k is even, differentiating one more time
with respect to the starting point shows that W_j is even; for odd k two
more differentiations show that W_j is odd.

When k is even, we obtain

/W_k=0
~

for each closed geodesic v by joining together two half-geodesics. However,
by [16, Theorem 4.7], for n > 3 the z-ray transform on S”~! with domain
restricted to smooth even functions is 1-1. Although W_j may have a jump
discontinuity at w, = 0, it is smooth elsewhere. As in the proof of [16,
Corollary 4.19], by first taking a convolution of W_; with a test function
(and then letting the test function approach the identity), we may assume
that W_j, is smooth and, applying the theorem, it is thus 0.

If k is odd, we consider ff[ W_k, which is even. Since for each geodesic
beginning at z, = 0, sins is a constant multiple of z,/|z|, we obtain
f . f‘znf W_i, = 0 for each geodesic 7, and again W_; = 0.
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When c; # c_, we use the reflected singularities in the inverse
problem. Recalling that W ¢ Sc_l,ks, we can recover from the reflected
singularities, when w, > 0,

(32) Ry (wn, A) (/Oso W_i(s,0;w)(sins)*2ds

+/ W_k(s',H;w)(sins')k_zds').
So

The first integral is along a geodesic originating at w and continuing to
{(¢,0)} C S™1; the second integral is along the reflection of the first
geodesic when it meets ¢, = 0 and the path of integration ends at the
point (=@, wy). The variable s’ is the distance from the point (@, —wy,).

It is, however, more convenient to think of the sum (32) as the single
integral

(33) R (wn, V) / Wiy (5,0;0)(sin s)5~2ds
0

where

(34) Wois(9) = {W_k(a —n) i <0

and s is the distance from w. It is fairly straightforward to see by symmetry
that (32) and (33) are the same.

If we can show that (33) is sufficient for recovering

/ W_k.+(s,0;w)(sin s)*2ds
0

for all w with w, > 0, then the analysis used in the case ¢y = c_ will show
that W_g 4 is O if the reflection coefficients agree to order —k.

It suffices that Ry (wn,A) is O for at most an isolated set of w, with
0 < w, < 1, for we can obtain the integrals for these isolated values
of w, by continuity. We recall from [34, Chapter 3| that for 0 < w, <
\/1—=¢c%/c%, |Ry(wn, )| = 1. Moreover, because co(y) — c+ is compactly
supported for +y > 0, for fixed A € R, Ri(wn,A) can be extended
to a meromorphic function of w, in a neighborhood of 0 < w, < 1,
except near w, = 4/1— c'i /c%, where it is a meromorphic function of
(1 —c%/c2 + c®w?/c2)1/2. Therefore, its zeros are isolated, and we have
shown that it is possible to recover W_x(w) for w, > 0.

A very similar analysis works for the lower hemisphere, proving the
theorem. O
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We remark that this proof shows that if ¢; — ¢z € S k(sm=1), then
the main part of S1(A) — Sy()) is of order —k + 1.

COROLLARY 8.1. — Let ¢, ¢y satisfy the general conditions of Section
2, and either (H1) or (H2), and let n > 3. Then c,, c_, A, and the main
part of the scattering matrix at nonzero fixed energy determine ¢ modulo
terms vanishing faster than the reciprocal of any polynomial at infinity.

Proof. — We need only show that ¢y can be recovered from cy, c_, A,
and knowledge of the scattering matrix at fixed energy. The leading order
singularity of the scattering matrix A()\) determines and is determined by
Ri(A\wpn), T+(\,wn), A and cy, where Ry, Ty are defined by equations
(6-10).

Fix A € R\ {0}. We can think of equation (6) in the slightly more
general form

(35) (Dy = X*(1/cg = 1/c}) = k%) =0,

a Schrédinger operator with potential —A?(1/c¢f — 1/c¢%) which is either
compactly supported (if ¢y = c_) or “steplike” (if ¢y < c-). We can
define the reflection and transmission coefficients Ry (k), T (k), for (35)
as usual, as in (6-10), and Ry (k) = Ri(\,wn), T (k) = T (A, wy,), when
k = Awp/cy. Moreover, Ry, Ty are meromorphic functions of k£ € C if
¢y = c—, and if ¢y < c_, they are meromorphic functions on Z, the
Riemann surface on which k and (k% — A\2/c% + A?/c2)'/2 are single-
valued holomorphic functions. Therefore, knowing Ri (A, wy), T4 (A, wy)

for 0 < wy, < 4/1/c2 — 1/c2 determines R, (k), T4 (k) on the whole plane
(if ¢; = c_) or Z (if ¢4 < c_). This in turn determines the eigenvalues of
D2 —~/\2(1 /c3 —1/c%) and the norming constants. These, together with c4
and R, determine the potential —A%(1/c% —1/c%) (e.g. [8], [12]). O

9. “Outgoing” solutions.

This section and the next one are devoted to some proofs which have
been postponed. These include Proposition 4.3, used in the proof of the
existence of the Poisson operator. The next section culminates in the proof
of Theorem 1.3. These two sections use similar techniques.
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For A € R\ {0}, € > 0, the limit
12?01<2>—1/2—e(c2A - i6)2)_lc2(z)_1/2_6
= lsi?(}<z>_1/2—e(A _ 0_2()\ _ i6)2)_1(z>_1/2_5

= <z>_1/2—6(A - 0—2()\ _ 1:0)2)—1<2>_1/2_€

as an operator on L2(R™) exists in the norm topology [4], [10]. In this
section and the next, we study further properties of (A — (A — i0)2¢2)~1
when it is applied to a function f € (2)~3/2*¢L?(R") or to a function
f € (2)7LAR"), (1-¢(y))f € S(R™) for some ¢ € C(R). In particular,
we are interested in the asymptotics at infinity of the resulting function.

For simplicity of exposition, we shall assume A > 0 throughout this
section. The results for A < 0 can be proved in a similar way.

For the remainder of the paper we shall repeatedly use the fact that
if
u=1lim(A — ¢ 2(A —ie)?) 71 f = (A —c2(A = i0)?) "',

€l0

then
(36)  u=(A—(\—-1i0)2cg?) " (Vu+ f), where V = A2(c™2 — ¢52).
Additionally,
(1) (A-(-i0)2G?) ()
= (2m) = [ (D34 I - (0= 0)%G%) e D)

where §(¢,y) = [ e~ ¢g(x, y)dz is the Fourier transform in the x variables
only. We shall repeatedly use this notation for the Fourier transform in the
x variables only, and V is given by (36).

We make several remarks about the operator (D2+t2—(A—i0)2cy 2-1
as an operator from L2, (R) to HZ (R) for any ¢ > 0. It is smooth for
|t| < Ac4, t away from A/cs. Near t = A/cy, (A2/c3 —t?)V/2(D2+12—(A—
i0)2c5%)~! is a smooth function of (A2/c2 —t?)}/2, and, if c_ > cy, near
t = Mc_ it is a smooth function of (A2/c? — t2)1/2. When ¢ is sufficiently
large, (D2+12—(A—i0)2c; )~ is a smooth function of ¢, bounded on L?(R)
by C(|¢]?— C)~!. These properties follow essentially as for one-dimensional
Schrédinger operators.

We shall use the following lemma in the proof of Proposition 4.3.
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LEMMA 9.1.— If f € (2)7°L?(R"), let
u = lim(A — (A —ie)?c )71 f.

€l0

Then
Vu(§,y) € B2 PR ()T LA(Ry))
for0 < B8 < J—1/2—¢, € >0. Moreover, for any Q = Q1Q2 - --Q, where
Qj =£#J% _51/1%, 1 <l/ja Ky <n,
J J
X(©)QVu(&,y) € H 7Ry~ (0) PLA(Ry))
for0< B <J—1/2—¢,€>0, for any x € C°(R"1).

Proof. — Throughout the proof € > 0 is small, and may change from
line to line.

Since u € (2)1/2+<L2(R"), the decay properties of V ensure that Vu €
HI=12=<=B(Ry™Y; (y)"PLA(R,)). Of course, f(§,y) € H (R (y) =
L*(Ry)).

We have (A — A2/c)u = Vu+ f. Then
(38)  Vulty) =C / €Y (z,y) / e
(D2 + [n|? = B(A — i0)*) " [f(n,-) + Vu(n, ))) (y)dnda.
Note that if 1 € Cg°(R™™1), supp(x) Nsupp(¢)) = 0, then
() x© [ V@) / e (D2 + [nf? — (A — 10)2)~?
() (Vu+ f)(n,)(y)dndz
= x(¢) / e~ — | T2 ATV (2, y) / (D2 + [n|? — c3(A — i0)%) ™!

(n)(Vu+ f)(n,-))(y)dnda.

Since, for large |z|,

(40) DSV (2,y)] < Ca(l+]2)7771°,

we have, using (39) and (40),

(@) DO [e = Viay) [ (D} +Inl? - r - i0))

() (Vu+ f)(n,))(y)dndz
€ HIV2<BRE~Y () P L (R,))

for any multi-index .
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We note that, for any x; € C(R"71), j £k,

@ (8p -5 ) [V
[ =D+l = = 0 BVt fn,)widnds
= [ vy [ (@02l - do- o)

x1(n) (nk a% — aink) Vu+t f(n, -)) (y)dndz

) 0 ad
—iz-€ O
+/e ((xk oz, z; 6:1:k> V(x,y))

/eiz-n((pg + 02 = (A= i0)2) 1 (m)Vu+ f(n,-))(y)dndz.

(nk 0 2 ) xa(mVu(n,y) € HI=3/2~BR, ()P L2(R,))

for 0 < 8 < J —1/2 — ¢, and using (40), we obtain from (38), (41), and
(42), that

(5’“ 58, ~ o, )X“)VA“(“) € HIZVPm PRy~ () P LAR™),
0<B<J—-1/2—¢ €>0.

This argument can then be iterated, proving the lemma. O

The vector fields &; 3—‘2; — &k 8%, j #k, 1< j,k <n span the vector
fields tangent to |£| = const # 0. Therefore, we have the following corollary.

COROLLARY 9.1.— For fixed t € R\ {0}, § € S"2, ﬂ(t?, y) €
Co(S" 2 {y) PLA(Ry)), B<J - L.

LeEmMA 9.2. — Ifw,n € R™, and
| D3 Dya(w, )| < Cap(L+ w]) ™1

for all multi-indices «, 3, then the operator A defined by
(49)n) = [ € mafw,mg(w)u
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is a continuous map
A: (w)"L*(R™) — H(R™)
for any v € R.

Proof.— We can write
(Ag)(n) = / e (1= q(w, ) F~ g(n')dn' dw

with F='g € H=7(R™) the inverse Fourier transform of g on R™. Since
a is a symbol of order 0 in w, this is a pseudodifferential operator acting
on F~!g and the result follows from standard pseudodifferential operator
theory. O

LeEmMA 9.3.— Let a(w,n) be a symbol of order 0 in w = (W, Wm+1) €
R™*! and let h(n) € H~"(R™) be supported in |n|*> < t?, where t is a
nonzero constant. Then

(AR)(w) = / T im s EIE o0 nV()d € (1) TY2L2R™HY)

provided v > 0.
Proof.— Let g € (w)~"~1/2L2(R™+1). Then

(43) (g’ Ah) — (/a(w,n)e—zw-n—zwmﬂTg(u))dwlT:\/m, h(n))
By the previous lemma and the restriction properties of elements of Sobolev
spaces,
= — W N =W 41T 04
/a(w, n)e +1 g(w)dwlTZ\/m €H

if v+ > 0. The pairing (43) is then well-defined for all such g, and
Ah € (w)7T/2[2(R™+1). O

Although the following fact may be well-known, we are unaware of a
reference and so include it for the convenience of the reader.

LEMMA 9.4. — Supposew € R™, f € (w)~'=9L%(R™) for some § > 0,
and p € R\ {0}. Then

0 . . . -
(ém "|"L,U) E%(A‘(M_Z’y)2) lf
8 . -\ 2\ — € m

= <5|E] +zu) (A= (p—1i0)*)"'f € (w)*L*(R™)

for any € > 0.
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Proof. — The proof is an adaptation of [19, Lemma 14.2.1]. We will
assume for simplicity that p > 0. We have
: 1
A — (p—1i0)%) 7! f(w) = lim(27 —m/e““'"—-————,—
(A= = or) /) = I o (- )
where F(f)(n) = [ e~™" 1 f(w')dw'. Clearly, the only issue is the integra-
tion near |n| = p. Using a partition of unity, we can reduce the problem to
considering integrals of the type

F(f)(m)dn

(2w)—m/eiw'"mgﬁ(n)dn

where g;+(n) is supported near |n| = p and £n; > 0 on the support of g;.
On the support of g;4, we write n = (n1,7’) and

1 94+ S+ -1
== Tl VP iya(n) k()

where

m = u? =72
Inl — p

and h(n) = g1+ (n)(Inl + )~ q(n) € H'**(R™). We write

h(n) = h(/1? = [0'12,7") + h(n) — h(\/p? = |72, 7")

=h(v/ 12 =% n) + ha(m).

>0

q(n) =

Clearly,

—6L2 (]Rm)

; 1
e — ha(n)dn € (w)
/ m — v/#? = n'|? +1i0

Let w = (w1, w’). For the other term, we use that

‘ 1
lim(27) / g - h(v/u? = 1'|2,n")dm
710 m =V u? = [n'|2 +iva(n)

= —ih(VE2 — 2,0 )e VIR F ()

with H the Heaviside function. Since

a I 7
() (g + ) [ e Tl
I
=H(_w1)/(lzuv—l'nl+% “2—|77’|2+z‘ﬂ> g giwn/u? =’
w
h(Vu? =120 )dn’
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and the integrand vanishes on the stationary points of the phase, by
integrating by parts and applying Lemma 9.3, we obtain that this is an
element of (w)¢L2(R™) for any € > 0.

A similar analysis works for the remaining g;. O
We recall Proposition 4.3, the main result of this section.
PROPOSITION 4.3.— If f € (2)73/2+¢L?(R") for every ¢ > 0 and

J > 2, then u = (A — (A —1i0)2¢™2)~1 f is outgoing in the sense of Defini-
tion 4.1.

The proof of this proposition includes the proof of Lemma 5.1.

Proofs of Proposition 4.3 and Lemma 5.1. — Throughout the proof,
€ stands for any € > 0 but may change from line to line.

We use (36) and (37). Note that Vu+ f(€,y) € H¥2~<A(Rp;
(y)"PL2(R,) for any 0 < B < 3/2 — . Choose ¥ € C°(R) to be 1 for
€] < A?/c2 and supported in a slightly larger neighborhood. In particular,
choose ¥ so that ¥(k;(A)) =0 for j =1, 2, ..., T(X). We use the fact
that we can write (1 — ¥(£))((D2 + €2 — (A — i6)%c5®)~" as a sum of
an operator bounded on L?(R) and an operator involving projection onto
{f;j}, 1 £ j < T(N\). The part corresponding to an operator bounded on
L%(R) gives, upon integration, an element of L2(R™). Choose ¥; € C° so
that ¥,(k;(\)) =1 and so that ¥; is supported very near «;(A). Then
(2m)~"*! / e (1EN (D) + |7 = (A = i0)%cg ) " Vu + f(&, ) (y)dé

= u;(2) + w;(2).
Here w; € H?(R™),

uj(2) = (Agn-1 — (k5(X) = 0)*) "1 g;) (@) f3(v),
and
9i(x) = (277)_n+1”fj”_1/eiz'g\l'j(|£!)/Vﬂ F(&y)f;(y)dyde
c <J)>_3/2+5(Rn_1).

Then Lemma 9.4 shows that u; has the desired properties.

Suppose for the moment that f € (z)~°°(R™). Then we may write
uj(2) = (Agn-1 = (k5(A) = 0)*)71g;)(2) f; (y) + wi;(2)
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where wi;(z) € (2)°H?*(R™) and, using Corollary 9.1,

F(;)(€) = ¥ (IEDIF I /Vﬂ Fri(NE/IELY)F;(y)dy € C°(R™).

Then the standard results for the resolvent applied to Schwartz functions
then give us that

uj = €N ~=272; (2 /|a]) £5(y) + w2, (2)
where b; € C°(S"~?) and wy; € (2)*H?*(R™). This b; is the b; appearing
in Lemma 5.1.

Now we return to the assumption that f € (z)~3/2+<L?(R") and
consider the integral over the support of (&) (€] < Mc4 + 6).

We may write
(44) (D + 1> = (A = 0)%c5*)"1g) (v)
y,lﬁl)/ e+ (v, 1€)9(y) dy’

[+ (s 1€D), o (¥, I€])]

(v, 1€Dg¥") dy'.

rortnlf) [ e

Here
(D7 +[€° — g °A*)px =0
and, for +y > yur,

o (y, [€]) = eTYVA/ LI

with Im y/A2/c3 — |€|? < 0. These functions are smooth functions of |£| ex-

cept near |¢| = A/cs, where they are smooth functions of (|¢[2 —\2/c3)1/2.

The Wronskian [p4 (v, |€]), o— (¥, |€])] is nonzero except, perhaps, at [{| =
A/cy4, where it behaves like o+ /|€]? — )\Z/cﬁ_ with at least one of a1, ap

nonzero. We suppress the dependence of ¢4 on A for notational simplicity.
Notice that

(45) 5% (D2 + 6P — (A — i0)2¢;2) "1g) ()
_ (0 e+, 1€)9 (') '
B (3y¢"(y’ |§|)> /y’<y lo+ (W', IED), o (', I€])] W
0 o, 1€)g(y") ,
* (a_y“"+(y’ '“) / PR R

ANNALES DE L’INSTITUT FOURIER




SCATTERING ON STRATIFIED MEDIA 603

When |y| < C for some constant C, we have that away from

€] = Mexy,
w(&,y) = V(N (D2 + [E]* = (A= i0)%¢5*) " (Vu+ F)(E ) (y) € LARY ™)

with a norm bounded independent of y, |y| < C. Near || = M ey,
w(é,y) € Lp(Rg‘l) for any p < 2, again with norm bounded independent
of y, ly| < C, so using the mapping properties of the Fourier transform

/e"’”fw(é,y)d€|{|y|<c} € (z) H*(R7™" x [-C, C}y).

Now we consider what happens for y > ypr. When y > yar, using
(44), for |€| < A/cy we have

(46) (D} +[¢l> = (A = i0°cg®) ™ (Vu+ f)(€,))(w)
= hl(f)e_iym + h2(£7y)a

with

_ * 4,0-{-(2/,, |£|) ’7‘ ¢ ’ /
m“”i[wwuy%mwxmmnw'+”“y”y

For €] < Mey, ha(€,y) € L*(RY™Y; LA(R,)). Then taking its inverse
Fourier transform in £ gives an element of L2(R"N{y > ya}), and similarly
if we take a radial derivative.

If we stay away from || = M/cy, hi(€) € H¢(R™"~1). Notice that
1) (o i, ) e/ T
= (5= i PRI R iy ) e e /R,

i
|| |2
that is, it vanishes to first order on the critical points of the phase.
Therefore, if we smoothly cut-off to stay in |£| < A/c4 — 8, we may integrate
by parts and, applying Lemma 9.3 (with m = n— 1), we obtain an element
of (2)¢L%(R™).

It remains to consider the integral near |£| = A/c. Using a partition
of unity, we can work on sets where & > 0 for some 7 or £ < 0 for some 1,
and |£] ~ A/cy. We will consider the case £ > 0 as the other cases follow
similarly, and let U1, € C*(R"™!) be a cut-off function with such support

properties. For || < A/cy, introduce the coordinates t = (/A2/c — |£]?,
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£=(&,... ,5,,:1). We will use £(t, €) or sometimes just & to denote £ as a
function of (¢,£). We must consider

( d +z)\/c+)/ / z(m“/)\z/c —t2—|€]243-€) —zythlz(t f)d{dt
a1z >0

using the notation # = (.’L‘g, ...yTp—1). Here

h12(t7 é) = ‘I’1+(§(t1 é)) El(t 5) hl(f t E))

o0 e+ (v, 1€1(1)
=06 s [ e o D

Vu+t fE,E),y)dy € HS(RZ™).

Then, using the fact that the application of 5%[ +iX/cy produces a function
that vanishes on the stationary points of the phase, we may integrate by
parts and use Lemma 9.3 (with m = n — 1) and a similar result for the
boundary term to obtain an element of (z)¢L?(R"™) for the contribution
of hia. We have already considered the contribution of hs(¢,y) when

€] < Aey.
What now remains is an integral over || > A/c4., with |§ | near A/cy.

First consider the term corresponding to the integral over ¥’ > y in (44).
Since

o)
oo [ etV e
€y

< ———
\/82 = A?/c3

Y([ENp+(y, I€])

o+ €D, - (¥, [€])]

(48) < Cly)~1/2e

for Mcy < s < Aeq + 6, we have
/
v>y>um | Ly ({€eRm=1:M ey <lg]})

for any p < 2. Then taking the inverse Fourier transform in £ and using
the mapping properties of the Fourier transform we obtain an element of
(2) H*(R™).
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For y > yy, the last remaining term to consider is an integral over
€] = A/cq, €| near A/cy, and the term of (44) which involves integrating
over ' < y. Here, we again work on a coordinate patch with & > 0, and

use the coordinates t = {/|€[2 — A2/c%, € = (&, . ..,&n—1). We remark that

\ w1,+<s(t,é>>6%w_<y, €l(0)
o+ (Y, [€](t)) — N
oo, GOy ot O P
SCt_l/2

and

ATRONI0)

040/, I() o
/y’<y @ ) o Emy vt EE )

L2(R?™?)
< Cly)t 12

Therefore, we may as before integrate by parts and use Lemma 9.3 to obtain
that

/|5|>A/ ((i +i)\/c+)ei(“m+if)w_(y’ |§|(t)))

92|

X/ I VA 3(0))
v<y §1(E)[p+ (v, 1€1(1), o (¥, 1€1(1))]

Vu+ FE®,E), y/)dy/dtd£|y>yM

€ ()" ) (@) LARYT LRy )) C ()L (R™ N {y > yar}).

U4 (£t 9)

A similar analysis works for y < —yys, proving the proposition. O

10. Proof of Theorem 1.3.

It remains to prove Theorem 1.3. We divide the proof into two cases,
depending on which of the hypotheses (H1) or (H2) holds. The first is the
simpler case.
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10.1. Proof of Theorem 1.3 in case hypothesis (H1) holds.

In case hypothesis (H1) holds we can use some results from the study
of the n-body problem to prove Theorem 1.3. Our proof uses the notion of
the scattering wave front set, WFsc, introduced by Melrose in [26]. Roughly
speaking, the scattering wave front set provides a microlocal description of
the lack of decay of a function as well as capturing information about its
singularities. We refer the reader to [26, Section 7] for the full definition of
WFgc but give some indications here for the convenience of the reader.

Let A be the operator with Schwartz kernel

Az, ) = (2m) / e (2, )de,

where
ID2Dfar(,€)] < cap(l + [2])7H1el(1 + |gm—181.

We will say A € Ugus(R™) (compare [18] and [26, Section 4]). For a smooth
veS'(R"), 7 € R we say

WFsc(’U) C R+(T) <~
Av € S(R™) for all R > 0, m, [, and for all A € UGeL(R™) with ar(z,€)

z
vanishing to infinite order on the set {l_i E=-7,]2| >R > 0} .
z

For the definition of R* () see [26, Section 8]. (To put this in the setting
of [26] we are assuming a radial compactification of R™.)

The following proposition implies Theorem 1.3 in one case.

ProposiTION 10.1. — Suppose c and ¢y satisfy the hypothesis (H1).
Let x € C(S2~!) and let f € (2)"°L%[R"), (1 — ¢(y))f € S(R™) for
some ¢ € CX(R). Then

X(z/|2)(A = 2 (A = 0)*) 7' f

N
= [¢] "D 2= OW 37 2|0, (2 |2]) + Oe] <D/ )
=0

where a; € C®(Sr~1).

Proof. — As ¢, = c_, we can view this as a perturbation of a simple
n-body problem and use the fact that much is known about asymptotic
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expansions of such resolvents applied to Schwartz functions. First, we note
that

(A=c2(A—i0)}) 7 = (A= N(c2 — ;%) — i 2(A —i0)%) L.
The operator A — A%(cy 2 012) is a particularly simple example of a class
of n-body operators widely studied. The operator A —A\?(¢™2 — ¢ ?), while

not quite an n-body operator since the potential depends on all variables,
is a perturbation that has many of the same properties we desire.

The paper [28], which builds on results of [14], [26], shows that
X(#/IZ)(A = N(ep” = ¢3%) = e * (A= i0)) 7' f

N
— |z|—(n—1)/26—i/\IZl/CO(y) Z |z|_jbj(z/|z|) + @(|Z|—(n—1)/2—N—1)
0

with b; smooth. The proof is such that the results of [28] hold with
co replaced by a sound speed ¢ of the type considered here. Roughly
speaking, this is because [14] requires that the operator A 4+ V; (where for
us Vi = —A%(cg?—c;?) or Vi = —A2(c2—c?) ) satisfy a Mourre estimate
and some regularity and decay properties, both of which are satisfied for
either V;. Vasy remarks already that the results of [28, Section 2], which
are local versions of results of [26], will hold in our case. Then the results
of [28, Section 3] hold for our case, since just as in that paper we can argue
that from the results of [14] and [26] that

WFsc (x(2/12))(A = ¢7*(A = i0)*) 7' f) € R*(Mey),

and the asymptotic expansion follows from [28, Proposition 2.8] and the
remarks made there. O

Before giving the proof in the case ¢y # c_, we give some explanation
as to why the proof of [28] does not apply in this case. The argument of
[28] uses very strongly the fact that, for f € S,

WFsc (x(2/[21)(A = M(cg? = ¢5%) = ci* (A = i0)*) 71 f) € R*(V/cy)
where x € C°(S?1).

This is not, however, true in general when c; # c_. The results of [5,
Theorem 4.1] show that in general for f € S(R™),

(A = (A =1i0)%cg®) 71 f) (2) = e Ver == D 204 (2 |2))
+|Z|—(n+1)/2 (e—i)\lz|/c+al (Z/IZD + e——i/\|z|/c_—iy)\,/1/cﬁ_—-1/c§_ by (Z/|Z|))

+O(|2|~+972)
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when 0 < e < y/|2| < (1 = c%/c2)}/? — € and |z| — co. If by # 0, then the
scattering wave front set is not contained in R*()\/c;). This means that
the scattering wave front set of x(A — (A —40)2/c¢?)71f is in general more
complicated than in the case where ¢y = ¢_ (and unknown, to the best of
our knowledge), and the techniques of [26], [28] cannot be immediately
applied. Similar differences can be seen in the resolvent estimates of
[14, Theorem 1.1] for the n-body problem, and [20, Theorem 3.1], for a
particular stratified medium.

Instead, we will take a different approach.

10.2. Preliminaries for the proof of Theorem 1.3
in case hypothesis (H2) holds.

In order to prove Theorem 1.3 when hypothesis (H2) holds, we will
make heavy use of equations (36) and (37). We use the fact that the more
rapidly g decays at infinity, the more we can say about (A—(A—i0)%c;?) g,
using equation (37). To take advantage of this, roughly speaking, we find
approximations w of u = (A — (A —40)%2¢™2)71f so that (A — A2/3)w =
Vu + e, with the error e decaying faster than Vu does, and w decaying
faster than u. Then u = w — (A — (A — i0)%c; %) ~2(f + ) (compare (36)).
The better rate of decay of e improves our knowledge of u.

In actuality, the proof is somewhat more complicated. We study
the behaviour at infinity of x(2/|z])u, x € C>(SP~!), and we introduce
a “microlocal” cut-off ¥(D,) so that x¥(D.)u has the same leading
behaviour as yu at infinity (Lemma 10.1), but is easier to understand.

If ¥(¢) € C°(R™1), we use the notation

(¥(D:)f)(2) = (2m)' ™" / e = EW(E) f(a',y)da'dE.

Note that [¥(D,),A] =0 and [¥(D;), co(y)] = 0.

Lemma 10.1 shows that, for suitable ¥, x(1 — ¥(D,))u € (z)~/2L?
(R™), so that x¥(D,)u captures the leading behaviour of xu. Lemmas 10.2-
10.7 are preliminaries. Lemma 10.8 constructs a first approximation of
X¥(Dz)u. Then in Proposition 10.2, we use Lemma 10.8 as well as results
from Lemmas 10.2-10.7 to make successive approximations of x¥(D,)u,
showing that it has an asymptotic expansion with smooth coefficient in the
leading order term.
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The next lemma shows us that, for suitable ¥ and x, x¥(Dy)u is the
leading order term of yu.

LEMMA 10.1.— Let x € C®(S?1), ¥ € C°(R™!), and suppose
that if (z/|z|,y/|z|) € suppx and y > 0, then +Az/(c4|z|) & supp(l — ¥),
and if (z/|z|,y/|z|) € suppx and y < 0, then +Az/(c-|z|) & supp(l — V).
IfJ >4, u=(A—-(A—1i0)%c2)"1f, and f € (2)"*°L?(R"), then
d —1/2+€ n
x(2/|2])(1 = ¥(Dxz))u, 5|;|X(z/lzl)(1 - ¥(Dy))u € (2)7/*LA(RY)

for any € > 0.

Proof. — We give the proof for x supported in y > 0, as the proof
for x with support in y < 0 is quite similar. Moreover, for simplicity we
assume that A > 0.

The proof closely resembles that of Proposition 4.3. Let ¥; € Cp°(R)
be such that supp¥q(t) C {|t| > M/c+}, supp(l — ¥1) C {|t| < Mey + 6},
some small § > 0. In particular, supp(l — ¥;) should not include «;(}),
j =1,...,T(\). Then, by the same type of arguments as in the proof of
Proposition 4.3, since the eigenfunctions of D; +cy 2)\2 are exponentially
decreasing in y, we have

x(z/12]) / e E(1— W(€) W1 (€]) (D2 + €F — 5 2(A — i0)2) !
(Vu(&, ) + F(& ) (w)de € (z)7/*TL*R™).
When [¢] < Mcy and y > yar, we use (46):
((D2+|EP - (A=i0)%¢5 %) " VutF(&, ) () = ha(§)e™ V¥ AT hy g, ).

Here we have ”hz(fvy)”L2(Rg“n{|5|<,\/C+}) < Cly)=7+1+¢ 5o that
x(z/1z) /IEI (M) Shaly, O € ()7 LR
<A/e4

Now consider the term corresponding to e~®¥V**~lé*p, (¢). Away from
€] = Mcx, hi(€) € H?~17¢(R"~!). There are no stationary points of the

phase z - & —y4/A2/ct — |¢|2 when z is restricted to the support of x(2/|z|)

and £ to the support of (1 — ¥). Therefore, we may integrate by parts
after smoothly cutting off away from || = A/cy. This gives an element of
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(z)~1/2t€[2(R"). We need only examine the integration near |£| = \/cy
more closely.

If ¢y <c_,near [§| = A/c_, y > yum, we have

(49) h1(€) = a1(€) + (X?/c® — |€]%)%ax(¢)

where a1,as € HI(R"“l), and [ is an integer with [ < J — 1. This comes
from using (44) and the subsequent comments about smoothness. Since
again there are no stationary points of the phase - —/A2/c2 — |¢|? with
z/|z| in the support of x and £ in the support of 1 — ¥, we integrate
by parts. Since, for any ¥3 € C¢°(R), the Fourier transform in z of
U(|€] =N ey)(N2/c2 —[€2)~ /2 is in LP(R*1)NC>(R™!) for any p > 2,
we have that the contribution of the integration of the a; terms over this
region is in (z)~/2+¢L2(R™) for any € > 0.

Near || = A/c4, as in the proof of Proposition 4.3, we divide the
integration into two pieces. When |£] < A/cy, to handle the h; term we

introduce the coordinate t = y/A2/c% — [£]2 as in the proof of Proposition
4.3 and we can integrate by parts, which results in a boundary term plus
an element of (z)~1/2+¢L?(R"). The boundary term, when added to the
corresponding boundary term for the integral over €| > A\/c4, results in an
element of (z)~1/2+¢L2(R™).

Now consider A/cy + 6 > |€] > A/cs. There are two terms from (44)
to consider. We first consider the integral over y’ > y. Note that, as in (48),
for any p < 2:

o+ (v, |£I)/

y'>y>ym

(v, €])
lo4 (¥, €D, o (', [€])]

Vu+ f(&y)dy

Lr({£€R™1:x[ey <[€|<A /et +6})

< Cly)~THite,
By the mapping properties of the Fourier transform, this contributes an
element of <z>_‘]+3/2+€L2(Rn)'

For the one remaining term, we change coordinates as in the proof
of Proposition 4.3, using, in the region with & > § > 0, the coordinates
t = 4/I€1> = X2/ and € = (€3,...,6n_1). (Other regions can be handled

similarly.)

ANNALES DE L’INSTITUT FOURIER



SCATTERING ON STRATIFIED MEDIA 611
We have

x(#/1z) / /t>0<1 S W(E))(1 — U ([E])) U (€)e VN O

t o+ (Y, 1€]) . _—
& 14 y)dy'dtdé.
/ & o Do gn) v T /(& v)dy i

Here we are using £, £; to stand for £(t,€), &, (t,€) for notational simplicity.

There are no stationary points of i(z14/t2 + X2 — |€|2 + Z - £) — yt on the
support of x(z/|z])(1 — ¥(£)) so we may integrate by parts twice. The
first boundary term adds to the boundary term from the integral over
€] < A/cy to give an element of (2)~1/2+<L?(R"), using Lemma 9.3. The
remaining boundary term and the remaining integral both give elements of
<Z>_1/2+€L2(Rn).

A similar argument gives the same result for 8192' x(1 =¥ (Dg))u. O

We use the notation
S;l:_l = {U) = (w’ wn) c Sn_l M iwn > 0}
and will use differential operators of the following type.

DeriNiTION 10.1. — We shall say that a differential operator P is in
Diff! (R™) if P is a differential operator of the form

1 z 0 J
. - X - J . y «
2. 2 ”J<|z|)“f’“’*<|z1)'z‘ (a|z| “*“*) Dene

t |a|+j<d

where b; € C°([0,00)), aya0,+ € CX(SE!) and D2, is a differential
operator of order |a| in the z/|z| variables.

We shall make use of the following lemma. Its proof follows by a
straightforward computation.

Lemwma 10.2.— If P € Diff (R") and b € C>(S"™"), then [, P] €
|2 7' Diff; (R"), [ 55977, PIEDIfE, (R™), [|2]~™b(2/21), P]€|2|~"Diff;~" (R™),
and [A, P] € |z|~2Diff " (R"). Here a—z{/jm stands for a derivative in the
z/|z| variables.

In order to construct the desired approximation, we shall use the

following lemma. In practice, when we apply this lemma, the first term will
be used in solving away the error, and the subsequent terms will be of lower
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order. In particular, in applications h will vanish faster than g at infinity
and so will Xﬂ:(% + %)g

LemMA 10.3. — Suppose (A — \2/c2)g = h, P € Diff.(R"), and
Y+,v € C®(S™1) with the support of x+ contained in ST*. Then

(A = 22/cd) (|2I77F v (z/|2])x (2/|2]) Pg)

. i 8 i)
= (27 - 2)|z| JUX:*:—P9+(2J‘2)|Z| ]vx:tP(alz| )g
+ |27 1UXﬂ:(Pl+lg)+|z| I71Vy(vx) - VoPg
+ 2|7 ux e Ph + A(|2| 7T vyt ) Pg

. ) o B
= (24 = Dle| oxe T2 P+ | 7T Plpag el oxa Ph

with P11, P/, | € Diff:*}(R™). Here V stands for the gradient on S~

Proof.— The proof follows from a straightforward computation,
using Lemma 10.2. (]

LEMMA 10.4. — If x1, x2 € C(S™™ 1) with suppx: N suppxz = 0,
¥ € S(R*Y), and

Au = x1(2/121)¥(Da)x2(2/|2])u,
then A : (2)*L*(R") — (2)~°L?(R"™) for any o € R.

Proof.— The crucial observation is that if (z,y)/|(z,y)| € suppx1

and (2, y)/|(¢',y)| € suppxz, then |z — 2’| > B|(z,y), |z — 2’| > Bl(z’,y)|
for some (8 > 0.

The Schwartz kernel of ¥(D,) is given by (2r)~"¥ (2’ — z), where
¥ € S(R*1). Thus, for f € L?(R"),

451(2) = (20" /12D [ ¥ = 2@ )/ D)
<Chat/lzh [ +]z =) 1+ fo -

¥’ — 2)xal(@ 9| ) )|
< C(2)™( / (1+ |z — )2 (o — 2)Pda’)

( / (@) 2 F (o y) P 2
< C(2)~m( / (@ y) 22 f (& y) Py 2
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for any m (where the constant depends on m, ¥, and «) and thus it follows
that Af € (2) = L?*(R"). O

LEMMA 10.5.— If ¥ € C®(R" ') and g € (2)7PL?(R"), then
U(D,)g € (2)~PL?(R™). Suppose that Dg, DXPg € (2)"PL*[R") for
all P € Diff*(R*) and for all multi-indices . Then DXP¥(D,)g €
(z)"PL2(R™) for all P € Diff*(R™) and all multi-indices c.

Proof.— To show that if g is in (z) 7PL?(R™), then so is ¥(D,)g, we
take the Fourier transform of ¥(D,)g:

F(¥(Dz)g)(n, 1) = ¥(n)F(g9)(n,7)

where F(h)(n, 7) denotes the Fourier transform of h in all variables. Then,
since F(g) € HP(R"), and F(¥(D,)g) € HP(R"™), we have ¥(D,)g €
(z)PL*(R").

We give an indication of the proof of the remainder of the lemma. Let
k > 1 and suppose D%g, D*Pg € (z)~PL?(R") for all P € Diff*(R") and
for all multi-indices a. For x4 € C°(ST™1), consider

(2" e (2/]2]) (lz% " M) ¥(D,)g

C+
—x+ (/2D [ @ )’ Va4 y% + N W) e f(& v)da!

T+ iMerx(2/12]) / (e - 2)(|(zy)| — | 9) ) F (e y)de’
4 e/el) [ 30 Du — )5 1@ )’

Let x € Cg° (S:‘__l) be 1 on the support of x. Then, using the first part of
the lemma,

x+(z/|2|)/‘i’(r' —2)x((2", 9)/|@", y) (" - Var +y(—% +iAl(@, v)l/et)
f(@',y)da’ € ()77 L*(R™)

since (2’ Vo +y 3 +iM|(@',9)|/e) f(&',y) € () PL*(R™). By the same
reasoning,

X G [ 30 D - o) oy f(e' )i’ € () TR,
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Moreover, by Lemma 10.4,
x+(z/|2l)/\i’(w'— z)(1-x((z", y)/1(z", y))) (@' Vo + ya% +4A|(2',y)|/e4)
f@' y)da' € (2)°L*(R™).

To finish, note that (x — ")V (2’ —z)(|(z,y)| —|(z’, ¥)|) is a bounded
function of z, y, and z’ for any m. Then, if 8 > 0,

(2)%] / (' - 2)(|(2,9)] — | ) (& v)da’

2

<c ' [i@ )-8 - o))l - 1@ DI )i’
<C ( [i@ 019 - ) () - |<x',y>|>||f<w',y>|2dx')
x ( [ta-a196 - (@) - |(z',y>|>|dx') |

Since [(z — V2P| (2’ — z)(|(z,y)| — |(2,y)|)|dz’ < C, where we allow the
constant C to change from line to line, we have

[ 46 - 2@ - @ ) i P

<c [ [ /186 - a)(@.0)] - 1@ DI Pd'dz

<o [ [t (136 - @l - 1@ Dide ) e )as'ay
<c [ [ w15 v)Pas'ay

where for the last inequality we used that | [(|¥(z' — z)(|(z,y)] —
|(z',y)])|)dz| < C. A similar argument can be used when 8 < 0, using
instead in the first step that for 8 < 0, (2)? < C(x — z')~3((z',y))".

A similar argument works for a derivative in the z/|z| direction, and
the argument can be iterated to get the lemma. O

LEMMA 10.6.— Let ¢, ¢ € CX(R), with (1 — ¢)(1 — ¢1) = 1 — ¢
and ¢1(y) = 1 if |y| < ym + L. If DF(1 — ¢(y))g € (2) PL*(R™) for |a| <
1< B-1/2, ¢(y)g € (2) PLA(R"), x € CZ(S?™"), and ¥ € C*(R™1)
with supp® N {€ : [€] = |A|/cs+} = 0, then

Px(2/12))(1 = $1(9))¥(D2)(A = (A = i0)°c5 ) g € (2)V/ 2+ L*(R™)

for every € > 0 and P € Difflr, with | < 8 —1/2.
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Proof. — We give the proof for x supported in y/|z| > 0; the proof
for x with support in y/|z| < 0 is similar.

We use a cut-off function, ¥; € C°(R) with ¥;(|{|) = 1 when
|€] < M/cy and supported in a small neighborhood of that region, so that
supp(¥1 (€)W (€)) C {I€] < Mey }. We write

(50) (1 — $1 ()X (2/12) (Do) (A — (A — i0)%65 %) g
= 2m)""(1 - $1(y))x(2/12]) / ETEW(E) (W1 (€]) + 1 - i (j€])
(D2 + [€[2 - (A = i0)2c5; %) ~1g(€, ) (y)dé.
The main contribution is
(51) (2m) (1~ $a(¥))x(2/12])
[ e w @D 4D + I - (= 0265 %) (€. W)
Here we may write, for y > yp and €] < Mcq,
(52) (D2+€ —ca®(A—i0)2)14(€, V() = e WA G(e) g1 (€,9)
where D¥(1 — ¢1(y))g1 € L*(Rg™'; (y) P+ L2(R,)) for all k. Putting the
first term of (52) into (51), we obtain

(2m)i="(1 —¢1(y))x(z/|2|)/ ()W (JeN)e= e v VNI () de.

Note that if we apply %ZI + iA/c4, then the integrand vanishes on the

critical set of the phase function. Since on the support of ¥, § € H', |
an integer with [ < 8 — 1/2, we can integrate by parts to see that we have
an element of (z)~1/2+€[2,

For the tangential derivatives (in the z/|z| directions), notice that
if we have a derivative in a direction orthogonal to y, it commutes with
(D2 + [€]%) — ¢5 *(A — i0)?)~. That is, for example,

0 0
(— 8 +CE16$2)
[ e e u© (D3 + 16 - (- 067 (e, ) (e
= [e=tme

(Dz P — (A — i0)2p?) (gl 0 20
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By the decay properties of g and the regularity and decay properties of
(1 — ¢)g, this yields an element of (z)'/2+<L?(R™) after multiplication by
x(1 — ¢1), if B is greater than 3/2.

After applying a derivative of the form y% —Z; %, as in the radial
case the integrand vanishes on the critical set of the phase function, and so
we can integrate by parts. This argument can be iterated up to ! < §—1/2.

The second term of (52) contributes to (51) an element of
(z) PHLH>®(R™).

On the support of (1 — W1 (|¢])), (D2 + [¢*) — (A — i0)%¢g %)~ is a
smooth function of |¢|, except near a finite number of points for which A2
is an eigenvalue of ¢§(D? + |£[?). Since the eigenfunctions of this operator
are exponentially decreasing in y and x is supported in y/|2] > é > 0 for
some 6 > 0, these eigenfunctions do not contribute to the asymptotics here.
Projecting off the eigenfunctions, we have

(1= 0)(D] + €] = (A = i0)%c5*) T 'Ie = (y) PL2(Ry) — (y) PL*(Ry)
with bound C(|¢|? — C)~2. Therefore,
P(1 = ¢1(y))x(2/lz])
/‘I’(é)(l — U (JEN)(D; + [€* — (A = 10)2cg ) T1g(€, ) y)dE
€ (o) HHH>R")

where we used the fact that the inverse Fourier transform is an isomorphism
on L?, and the regularity properties of D%(1 — ¢(y))g. O

We shall also need the following lemma.

LEmMa 10.7. — If w(z,y) € ()2 <L2(R™), ¥ € CR(R™1), and
supp W(&,y) Nsupp¥ = 0, then

V(EVw(E,y) € HOR™ (4)"L*(R,)).
Proof. — Observe that
(53) W()Vw(£y)
—w(e) [ [ V@it y)nda
5 =Y w© [ [wien-n) e e
] Dy, V(z,y)i(n,y)dndz
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where ¥; is a partition of unity with &; # n; on supp¥;. We may repeat
this integration by parts as many times as desired. Since |DIV (z,y)| <
Cu(z)~7~12 the lemma follows. O

10.3. Proof of Theorem 1.3 in case hypothesis (H2) holds.

The following lemma will provide the first step in the successive
approximations that will allow us to show that the leading order coefficient
of x(2/|2])¥(Dy)(A — (A —i0)2¢=2)~L f is smooth.

Lemma 10.8.— Let J > 4, f € (2)=®L2(R"), (1 — ¢(y))f € S(R™)
for some ¢ € CX(R), and let u = (A — (A —140)2)c™2)f. If ¥y € C°(R)
is 0 in a neighborhood of |¢| = A/cy and xo € Cg"(S?*l),_ then there is a
wo = Y4 Xnst Z]J:_(f |2| =9+ 1P Wy (D, )u, with P; € Diff(R"), such that

(A = X2 /ctywo = x0(2/|2])V¥o(Dz)u + €o
where eq € (z)~2/+5/2+€¢[2(R™). Moreover, supp wo(z) C suppxo(z/|z|)-
Proof.— Let xo = x+ + X—, with x4 supported in +y > 0. We will

outline the proof for xo = x4, as the proof for xo = x- is similar, and the
functions can be added to get the general case.

Recall that on the support of x4,

V=2M(c?%-¢? Z|z| JUJ(H)

j=J
We find w = Z;’:—(‘;’ woj;. Let
- ic
woo = (1= ¢1(y))l2l " 1v; mXﬂI’O(Dz)U

with ¢; € C(R), ¢p1¢ = ¢, and ¢1(y) = 1 for |y| < yar. Then, by Lem-
ma 10.3

(A = X2/ woo = |2] vy (—l)X+‘1’o(Dz)u+ 2|~ P{Wo(Dy)u
+2] 77T (D) (Vu + f) + e

where P; € Diff}(R") and e; € (2)"L?(R"), so that (A — A2/cZ)woo =
X+V¥(Dz)u + €go, €oo € (2)77/2HLA(R™).

In the same manner, we choose wg; so that
(A =N/ wor = |Z|—J_IUJ+1(—|)X+‘I’0(Dz)u — |2|7 T P{¥o (D2 )u
+|2|7 2 PWo(D,)u + eorr
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with P; € Diff2(R?) and eq, € (2)72/71/2+<[2(R"). Then (A —
N2/cd)(woo + wo1) = Vx4 ¥(Dy) + eo1, €01 € (2)773/2F<L2(R"). This
can be continued, with wo; removing the terms in (z)~7/*1/2+¢=i[2(R"),
modulo terms in (2)~7/~1/2+¢=I [2(R"), up to j = J — 3. O

PrOPOSITION 10.2.— Suppose J > 4, x € CX(Si7!), ¥ €
Cg°(R™™") has supp¥ N{€ : [¢] = |A|/cx} = 0, supp¥ N{€ : [¢] = K;(\)} =
0, j = 1,2,...,T(\), and if (z,y)/|(z,y)| € supp(l — x), y > 0, then
+Az/(cy|z|) & supp¥. Moreover, suppose if (z,y)/|(z,y)| € supp(l — x),
y <0, then £\z/(c_|z|) & supp¥, and f € (2)"°L*(R" 1), (1—-¢(y))f €
S(R™) for some ¢ € C°(R). Then

X(2/12)¥(Da)(A = (XA = i0)?/c*) 1 f
= ey (2/]2)) 2|02 (ao(2/|21) + O(12171))
with xao € C(S?1).

Proof. — Recall that if u = (A~(X~i0)?/c*)~" f, then u = (A— (A~
i0)2/c3) " (Vu + f). If ¥(&)Vu + f(&,y) were in C°(R™™1; (y) "> L?(R)),
then using

(55) (A—(A—i0)%c3?) g
= 2n)1" / €€ (([€f° + D2 — (A — i0)%62) " 4(€, ) (v)de

and stationary phase, we would be done. However, it is not clear that
Vu is in C°°(R™~1; (y)~°L2(R)). We shall show that x¥(D,)u can be
written as a sum of two terms: one vanishing faster than u at infinity,
and another of the form (A — (A — i0)2/c2)~'gk, where ¥(£)gi(&,y) €
C*(R™1; (y)~*L?(R)), where we can make k as large as desired. Then
(55) and stationary phase will finish the proof.

To do this, we follow an iterative procedure. The first step has been
done in Lemma 10.8. We will iteratively construct functions w; which have
the property that (A — A\2/c2)(u — w;) improves with increasing ! in an
appropriate sense.

Let W, ¥y, Uy, ... € C(R™!) be such that, for all i, ¥; =1 on the
support of ¥, ¥, V¥, = ¥,,;, and ¥, satisfies the support requirements
placed on ¥ in the statement of the Proposition. Let xo, X1, X2,--- €
C(S?~1) be such that xox = x and Xit1Xi = Xi, ¢ = 0,1,2.... Let wp
be the function constructed in Lemma 10.8 for this ¥y and xq. Using the
notation of that lemma, let

to = (1 - Xo)V\I’o(Dz)u + f —eg + V(l - \I/()(D;,;))u.
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Note that the first three terms are in (z)~2/+5/2+¢[2(R"), where we use
the support properties of xo and ¥, along with an integration by parts
argument as in the proof of Lemma 10.1 to obtain the result for the first
term. Additionally, the support of the Fourier transform in the x variables
of (1 — Uy(D,))u is disjoint from the support of ¥;. Then, using Lemmas
10.6 and 10.7, we have
Px191(D.)(A — (A —i0)%/cd) "'t € (2)!/*TLA(R™),

for all P € Diff’ (R"), | < 2J — 4.
Since u = wo + (A — (A — i0)2/c2)~to, which can be seen by Proposition
4.3 and the uniqueness result (Proposition 6.2), this in turn means that
PU (D )wy € (2)77F3/2[2(R") for all P € Diff’, I < 2J — 4, using
Lemma 10.5.

We now iteratively construct w; for [ > 1 such that
(A= X/c)w
=Vxi¥(Dz)u +e
= VxiU(D)wim + Vxi¥y(De) (A — (A —i0)2/cd) i1 + e,
where e; € (z)7/+1/2+=l(J=2) [2(R") and ¢, is defined by
t=V{(Q - x)V(Dg)+(1—-9(Dy))) w1 .
V(1= 0i(Do)) + (1 = x0)¥i(D5)) (A = (A = i0)*/cf) " ti—1 —er + f.
Then
u=w+ (A - (A—1i0)%/cd)" .
Moreover, t; = t, + t/, where Uy 1(6)t)(€,y) € H®(R™, (y)"L(R)),
t' € (2)~UANU=2=JH1/24e [ 2(R7) and Py, (Dy)w; € (2) 7/ T3/2F<L2(R™)
for all P € Diff;*(R™), m < (I + 2)(J — 2). Additionally, suppw;(z) C
suppyxi(z/|2])-

Supposing that w;_1,¢—1 are as above, we show how to construct w;.
Since

PXl\I’l(Dx)wl—l c <z>—J+3/2+eL2(Rn)

and PxWi(Da)(A — (A = i0)2/co) M1y € (2) /> L2(R™)
for all P € Diffg"'l)(‘]_z), we can, just as in Lemma 10.8, find w; =
Z(HI)U_Z)_I wy; so that

=0

(A =N/ w = V¥ (Dy)w—1 +Vxi¥i(Dy) (A — (A—i0)?/3) Hti_1+ e
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with e; € (z)7/T1/2+e(HDU=2) [2(R"), Let
= V(1 — ¥(D))(w + (A — (A —i0)%cg ?) " y_1);

then W1(6)t(&,y) € H®(RE™, (y)~°L*(R)) by Lemma 10.7. Since
supp wi—1(z) C suppxi—1(z/|z|), by Lemma 10.4, V(1 — x;)Y(D)w;—1 €
(z)~°L?(R™), and

V(1= x)U(D)(A — (A —10)%cg?) "y € (2)~ (AN =1/2=THe [ 2(jn)
using the support properties of ¥; and x; and an integration by parts argu-
ment as in Lemma 10.6. Thus ¢}/ = t; —t; € (z)~(HDUI=2)=J+1/2+e [2(R"),

Note that

wi; = 2|77 P (1= ¢()) V(D) [wiy + (A = (A = i0)2/c5) " i-1]
(56) = 2|77 Py(1 — ¢(y)) Wi(Da)u,

with P, € Diff/(R"), suppP; C suppxi(z/|z]), ¢ € C(R). Since
(A = 22/c2)(u — w;) = t;, we have

(57) w=w + (A —(\—i0)2/c3) " t.

Using the properties of ¢ and ¢/, we obtain that P¥; ;(D;)(A —
(A — i0)2/c2)"1t, € (2)V/2T<L2(R™) for P € Diff‘*P/=2(R"). Using
(56), (57), and Lemma 10.5, this in turn means that P¥; (Dg)w; €
(2)3/2+<=T[2(R") for all P € Diff \*DU=2(R"). Thus, for any I > 1, w;
and ¢; can be constructed to have the desired properties.

To prove the proposition, we use (57). Since t; = t; + t;/ with
U1 ()66, y) €CPRE ™, (y) " LA(R,)), t]/€(2)~UFNI=2=IH1/2 e [ 2(Rn),
we have W(£)6,(¢,y) € HY(RF™; (y) DI +1/24e—J+s 2R ) for s <
(14+1)(J —2)+J —1/2 —¢. Then, using equation (55) and stationary phase,
we see that

z

X¥(Da)(A = (A= i0)?/c§) "Mty = xe"“'z'/CIZI'("‘1)/2(110(|—z|) +0(]2[71)

with ag € CUFDI=2+I—n—4(§n—1) when | is sufficiently large.

To finish, then, we only need show that ¥(D,)w; is of order
|z|~(»*+1)/2, But we recall that

9] . o - € n
wi, D3y wi, lzl(w +1iX/e) D2 i € (2) T TAHLA(R™).
Therefore (D, )w; = O(|z]~(n~1/2=I+1+e), O
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Proof of Theorem 1.3 in case hypothesis (H1) holds. — Since
X(A = c2(A=i0)*) 71 f = x¥(Dz)(A — ¢ 2 (A = 0)*) 7 f
+x(1 = ¥(D:)(A — (A= i0)*) 71 f,

the theorem follows by choosing ¥ as in Lemma 10.1, and then applying
Proposition 10.2 and Lemma 10.1. O

Appendix A. The absolute scattering operator A(\)

is bounded on L3S~ 1) &T™ [2(sn-2).
c 1

In this appendix we prove that A(A) can be extended to a map
L2(S?—1) EB{()\) L2(Sn—2) - Lz(SZ‘l) @T(A) LQ(Sn—z)_

For g, h € LA(S" 1) @7 ™ L2(S"=2), let

@R = [ w@Ro@ 43 [ g )
A —
(9, B)xm(n) _;/w€§?_l; oo -c—i'go(w)ho(w)
T(N)
D SLTYY 00 o

First, we consider what happens for A, (), the absolute scattering matrix
associated to the operator c3A, defined as for A()).

Lemma A.l.— For g,h € C(SP~1) o7 coo(sn=2), X e R\ {0},
(9, B)a ) = (Aco(N)g, Aco (MR 2100 -

Proof.— We use P,,()) to stand for the Poisson operator associated
to cZA. Then

0= lim (ch - )\2)Pcogpcohdz

R—oo JIz1<R

0 S o —
=— 1l —— P, ,gPeh — P.yg=— P.
= |z|=R<a|z| 09 Teo 9812 °h‘)

R—o00

= —2i(g, h) x () + 20(Acy (N)g, Aco (M) 2 (N -

For the last equality we have used the definition of P (A) and A.,()),
and the uniform asymptotic expansion of P, g, P h that follows from the
results of this paper and [5]. O
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As a consequence of this lemma, we have that A, (A) can be extended
to a map from L2(SP~1) @™ L2(S"~2) to itself, with norm bounded by
A (cyr1(N)) if T(X) > 1 and /|\|/c+ otherwise.

Now, a method similar to the proof of Lemma A.1 shows that

LemMA A.2. — For g,h € CX(St~1) &7 W ¢oo(§"~2), A € R\ {0},
we have

/P(A)Q(CQA—/\z)Pco(—/\)hdz=2i<g7 Ao (=N A () =21 (A(N)gs ) a H(n)-

Now, because P.,(\), P(A):L2(St—1)@T M L2(Sn-2)— () 1/2+< H2(R")
are bounded, we obtain

(g, Aco (=) R)x1100) — (AN G, B mn | < C ({9, @) reny (s h)H(A))l/z-

This must hold for any h € L3(SP~!) @I ™ L2(S"~2), using the fact
that A.,()) is bounded and invertible ((Ac, (X))~} = A¢,(—A)). Therefore,
A(N)g € L2(Sr~1) @T™ L2(S"~2), and we obtain

(AN)g, AN Hxy < CLg, 9 m(n

so that A()) can be extended to a bounded operator on all of L2(S?~1)@T ™
L2 (Sn—2) .
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