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1. Introduction.

1.1. Motivation.

In this article we will study the magnetic response properties of a non-
interacting electron gas in a strong, constant, magnetic field. The (local)
magnetic moment m of the gas is defined as the variational derivative of the
energy with respect to the magnetic field, i.e. it is the first order correction
to the energy when the magnetic field is slightly perturbed.

In the Pauli Hamiltonian describing the electron gas, it is not the
magnetic field B itself that appears but the magnetic vector potential
ff; curl4 = B. Therefore, it is more convenient to calculate the current
j = 6E/6A instead of m = 6E/6B. From the results on the current,
corresponding results on the magnetisation can be derived using that
curl /i = j.

The current in strong magnetic fields has already been studied in
a number of papers: In [Fou0Ola] the semiclassical limit of the current was
calculated when the magnetic field strength p and the semiclassical param-
eter h satisfied the condition that ph remains bounded above as h tends
to zero. Furthermore, in [Fou99] the microlocal machinery of Ivrii [Ivr98]
and Sobolev [Sob94] was applied to the problem and asymptotic formulae
with good error estimates were obtained under conditions of smoothness of
the electrostatic potential V. When the microlocal techniques are applied,
the condition that ph is bounded can be replaced by the much weaker
assumption that phS is bounded for some arbitrary constant (.

ANNALES DE L’INSTITUT FOURIER



SEMICLASSICS OF THE QUANTUM CURRENT 1903

Though the microlocal techniques permit a much better control of
the error terms and were (in the same paper) applied to potentials with
a Coulomb singularity, some points are still unsatisfactory: The first is
that the assumption that ph¢ be bounded should be superfluous; the
second is related to the connection between semiclassics and large atoms.
Semiclassical problems of an electron gas in a strong magnetic field appear
in the study of large atoms in strong magnetic fields. Here, the drawback
of the microlocal approach is that the relevant electrostatic potential - the
magnetic Thomas-Fermi potential Va7 - coming from the reduction of the
atomic problem to a one-particle problem, does not satisfy the smoothness
properties required for the microlocal techniques to work.

It is the objective of the present work to calculate the current at large
wh without any recourse to microlocal analysis. In doing so, we will solve
the two problems mentioned above.

1.2. Statement of the results.

Let V(z) be a (real-valued) function on R3. The (Pauli) Hamiltonian
that we will work with is the following (where p and h are positive
parameters):

H=H(h,p, A, V) = (—ihV + pA)? — ph + V(z),

where A = (—x3/2,21/2,0) (and therefore B = curl A = (0,0,1)). We will
always work under conditions that assure that H is a self-adjoint operator
on the Hilbert space L%(R3).

Notice that we have chosen for simplicity of notation to restrict the
usual spin-dependent Pauli operator living on L?(R3, C?) to the spin-down
subspace identified with L?(R3, C). Since the magnetic field is constant, the
full Pauli operator splits into a direct sum of operators on the spin—-down
and spin—up subspaces and therefore there is no loss of generality.

The current operator is the following:

-, —.

(1.1)  J(@) = J(h, p, @) = @ (—ihV + pA) + (—ihV + pA) - @ — hbs,

where @ = (a1,a2,a3) € C§°(R3,R3) is any test vector potential, and
b3 = 61(12 — 82(11.

With this notation the energy of the electron gas is defined as

E=E(hupV)= t"I‘[I{I(—oo,O](H')]’

TOME 52 (2002), FASCICULE 6



1904 SPREN FOURNAIS

and the current j is defined (as a distribution) by
[7+@ da = I @1 (D)

Let us first recall the semiclassical results on the energy. In [LSY94a]
it was proved that for A, as above, the following semiclassical formula holds
uniformly in the magnetic field strength:

lim (E(h, 1, V)/Bsa(h,m, V) = 1,

where
p - /
3/2
(12 BualhpV)= - / T;)[V(z)+2nph]_ dz.
. -z =<0
Here, we have written [z]_ = { 0 z>0°
Formally, j = g—f}, and we get by formal differentiation of the

expression (1.2) with respect to A (remembering that y = p|B| = p|curl A))
the following formal expression for the semiclassical current:

/;scl -a dz

-1 & 3/2 2

= 3373 Z/bg(x) ([2nhu + V(a:)]_/ — 3nhu[2nhy + V(x)]l_/ dz.
n=0
In particular, when 2uh > —inf V', we get
/ Gor ddr = —— / ba(2)[V (2)]*/ 2 d.
3mw2h? -

It indeed turns out that this formal calculation gives the right result:

TueoreM 1.1.— Suppose V. € C}(B(0,1)), @ = (a1,a2,0) €

C3(B(0,1)). Then for all € > 0 there exist ho,vo > 0 such that if h < hg
and ph > vy, then

2 _
(1.3) % e[ (@)1 (0,07 (H)] — 57?5%5 / ba(2)[V ()] 2da| < e.

ANNALES DE L’INSTITUT FOURIER



SEMICLASSICS OF THE QUANTUM CURRENT 1905

Remark 1.2 (A note on the type of limit). — The asymptotic problem
that we study involves a simultaneous limit in the two parameters h
(tending to zero) and ph (tending to infinity), i.e. it is the limit A +
(uh)~! — 0. We will use the standard o, O-notation with respect to that
limit. Thus a statement like

f(h,n) = o(h),

(as ph — oo and h — 0) means that for all € > 0 there exist hg,vy > 0
such that if h < hg and ph > vy, then

|F (R p)/h] < e

It is not yet known in complete generality that the parallel (to é)
current j3 is smaller than the perpendicular current (ji,j2). However, we
can prove that js is small under certain symmetry assumptions:

THEOREM 1.3. — We have the following two cases:

1. If V satisfies the conditions of Theorem 1.1 and furthermore
satisfies the symmetry condition V(z1,%q,23) = V (1,22, —z3), then the
conclusion of Theorem 1.1 remains true with @ = (a1, az,a3) € C§(B(0,1)).

2. If V(z) = V(ry,z3), with r; = \/z?+ 23 and V € L?(R®) +
L>®(R3), then

g3 =0.

Notice that in Theorem 1.3 part 2, j3 vanishes; whereas in part 1,
it only becomes of lower order than the perpendicular current. Part 1 has
been proved in [FouOla] and the argument will not be repeated here. We
wish to point out, however, that one needs Theorem 1.1 in order to prove
part 1. In that sense it is a corollary of Theorem 1.1. The proof of part 2
is elementary and will be given in Section 3 below. Furthermore, it is a
symmetry argument and as such independent of any knowledge on the
perpendicular current (j1, ja).

In applications the scalar potentials V' under consideration will often
not be of the type required by Theorem 1.1. The main application we have
in mind is to large atoms in strong magnetic fields, where the mean field
potential is known to have (among others) a Coulomb singularity at the
origin. With similar (though a bit more technically involved) arguments as
for the above one can get Theorem 1.4 below.

TOME 52 (2002), FASCICULE 6



1906 SOREN FOURNAIS

THEOREM 1.4 (Current in potentials with Coulomb singularities).
Let V() satisfy the following conditions:

o V € L%(R3) + L°°(R3). (This implies that H is self-adjoint.)

o [V]_ € L3/2(R?) N L5/2(R3).

o V(z) > Ik

o [22V(z) € CYL(R®), ie. |x]?V(z) and V(|z*V(z)) are locally
bounded.

o V(z) =V(ry,x3), withr, = /23 + 3.

Let @ € C3(R?,R®). Then

(1.4) % [T (4) 1~ 0.0) (H)] — #2%5 / ba(2)[V (2)]*/2da| — 0,

as h — 0 and ph — oo.

Remark 1.5.— One can apply localisation techniques such as those
described in [Sob95] and [Sob94] in order to analyse the situation with more
than one Coulomb singularity. It is beyond the scope of the present paper
to include this generalisation.

1.3. Results for MTF-theory.

In particular, Theorem 1.4 can be applied to the mean field potentials
Vyvrr and Vsrp coming from the analysis of large atoms in terms of a
Thomas-Fermi type theory. The precise definition of these potentials will
be given in Section 2 below, where we will also prove that they both satisfy
the assumption of Theorem 1.4.

The difference between Viysrp and Vgrp is that in Ve all Landau
bands are taken into account, whereas in Vgrpr one restricts to the lowest.
Since 2uh is the distance in energy between the Landau bands one would
expect the restriction to the lowest Landau band to be admissible in the
limit where ph — oco. It was shown in [LSY94b] and [LSY94a] that this is
correct for the highest order terms in the energy.

For the highest order term of the current we show that either of the
two potentials can be used:

TueoreM 1.6 (Current in the MTF mean field potentials). — Let
Vi(z) = Vurr(z) = Vurre e (z) be the mean field potential from

ANNALES DE L’INSTITUT FOURIER



SEMICLASSICS OF THE QUANTUM CURRENT 1907

magnetic Thomas-Fermi theory, and let Va(x) = Vsrp(x) be the mean
field potential from STF-theory. Write

-,

H; = (=ihV + pA)? — ph + Vj(z).
Let @ € C3(R?,R3), then we have for j = 1,2:
2

— 0,

(1.5)

I ()1 e ()] = 5ty [ D@V (@) do

as h — 0 and ph — oo. Furthermore, in the same limit

(1.6) { / b (@) [Virw ()] 2 — / bg(x)[vs”(x)]i”dx} o

Remark 1.7.— For bounded ph, the semiclassical limit of the current
in the MTF-potential was calculated in [FouOla]. Thus, Theorem 1.6
together with that paper constitute a complete semiclassical analysis of
the current in the mean field from magnetic Thomas-Fermi theory.

1.4. An outline of the paper.

The proof of part 2 of Theorem 1.3 is elementary and independent of
the general arguments in the paper, so it is given in Section 3. The proofs of
Theorems 1.1 and 1.4 will be the main objective of the paper. Both of these
theorems depend on a fairly easy analysis carried through in Section 3 and
an estimate on the number of electrons living in the second Landau band.
It is only in the nature of these estimates that the proofs are different.
The estimate for Theorem 1.1 is stated and proved in Section 6 and for
Theorem 1.4 in Section 7. The proof of Theorem 1.4 depends on choosing
a convenient gauge, and therefore it depends on Theorem 1.3.

Theorem 1.6, which is maybe the most interesting result of the paper,
will follow from an analysis of MTF-theory in Section 2. There it will
in particular be shown that Vy;rrp and Vgrp satisfy the assumptions of
Theorem 1.4.

1.5. Notation and preliminaries.

We will for shortness introduce the notation
pi=(—ihV +pA) = (s, P52 Ps3)

TOME 52 (2002), FASCICULE 6
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The kinetic energy operator K in the variables perpendicular to the
magnetic field plays a crucial role in magnetic field problems. It is defined
as

2 2
(17) K = p/{’l +pA~’2 - Mh

We will think of K as an operator on L2(R?) (though it could equally well
be defined on L?(R?)). It is well known that the spectrum of K is a set of
(infinitely degenerate) eigenvalues {0,2uh,4uh, ...} = 2uh(Z4 U {0}), the
so-called Landau levels. We will often use the term “v’th Landau level”
both to describe the eigenvalue 2vuh and to describe the corresponding
eigenspace of K. The projections onto these Landau levels will be used
repeatedly. We will now describe their explicit form (See [LSY94a, p. 95]):
Let

(1.8) TP (zy,y1)

—

_Hn . BB R ( _ zﬁ)
_27rheXp {1(37L><Z/L) oh lz1 —yo| 4h}Lu [z1 —yo1] on)’

where we have written € R3 as (z.,z)), with z, L B and z) | B.
In (1.8), L, are Laguerre polynomials normalized by L,(0) = 1. The
projection on the v’th Landau level is now given as

m,=n?eI,
where the tensor product refers to the decomposition

L2(R%) = L*(R]) ® L*(R}) = L*(R, o)) ® L*(Ry,)-

All tensor products in this paper will refer to this decomposition.

The lowest Landau level plays a special role, so we will often use the
decomposition I = ITy + II-, which defines ITs = Z;‘;l I1;.

We will also use the following raising and lowering operators?!:

*

(19) a=pg71 —iijga a =p,§’,1 +ipff,2'

1 Notice that we will reserve the notation a for the lowering operator. The test
vector fields @ in the definition of J(&) (see (1.1)) will always have a vector arrow or a
tilde (as in a).

ANNALES DE L’INSTITUT FOURIER
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Then
a*a=K and [a,a*] = 2uh.

It is therefore easy to see that a* maps RanlIl, to RanIl, 1, i.e. raises the
Landau level by one, and that a lowers it.

Define
(1.10) Hy =p% — ph =K — h*0},.
Then it is clear that

(1.11) [IL;, Ho] = 0 for all j € NU {0}.

We will use a number of different norms: For functions V we will
denote by ||V||, (with p > 1) the L norm of V' - with the exception that
|Vl is the L? norm. We will also need norms of operators: || K || denotes the
operator (uniform) norm of the operator K, and ||K||, (p > 1) the Schatten
norm

K15 = | KT7],

in particular || K|z is the Hilbert-Schmidt norm. It will always be clear from
the context whether a given object is considered an operator or a function.

Finally, let us fix a number of standard notations: (z), 3(z) denote
the real and imaginary parts of the complex number (or the operator) z.
B(z,r) denotes the open ball of radius r around the point z. It will always
be clear from the context in which space the ball is taken. Lastly, Da
denotes the Jacobian of the function a.

We will also use the standard custom of letting ¢ or C denote arbitrary
constants, the value of which may change from line to line or even within
a line. We will in general not try to keep track of the numerical value of
these constants.

2. The MTF potential.

In this section we will discuss the regularity and decay properties of
the MTF potential. It is well known (see [Lie81]) that in usual Thomas
Fermi theory (without magnetic field) the effective potential is a smooth
function except for a Coulomb singularity at the origin. In MTF-theory

TOME 52 (2002), FASCICULE 6



1910 S@PREN FOURNAIS

this is unfortunately not true, which is one of the reasons why precise
asymptotic formulae are difficult to obtain for large atoms in strong
magnetic fields. The MTF-potential turns out not only to have a Coulomb
singularity at the origin (at the nucleus) but also points of non-smoothness
on an infinite number of “surfaces” tending towards the origin as uh tends
to infinity.

The MTF-potential comes from the study of large atoms in strong
magnetic fields. By means of correlation estimates one can (with a small
error) reduce the study of a neutral atom with nuclear charge Z in the
constant magnetic field B to a semiclassical problem in a mean field Vyrr
and parameters pu, h given by

p=B/7"7?,

p=(B?*/Z)Y> when B > Z*/3,

h = (B/Z%)Y% when B > Z*/3,
(2.1) ph = (B%/Z4H)Y/5 = g3/5,

We will only discuss (scaled) MTF-theory in the case we are interested
in - i.e. ph — oo, which corresponds to g = B/Z‘l/3 — 00. Furthermore,
we will only describe the results we need for the proof of Theorem 1.6. For
a general discussion of MTF-theory see [LSY94a].

The mean field Vyrr is found through the Thomas-Fermi equation
(2.3) below. However, in order to state that equation we need to introduce
some notation.

The Magnetic Thomas-Fermi (MTF) theory that correctly models
the behaviour (to leading order) of the energy of atoms in strong magnetic
fields is (after a scaling) given by the following functional:

@2 &= [ @) det [ V@) de+ Do)

Here V(z) is the Coulomb potential V(z) = ﬁ, D(p, p) is the Coulomb
norm or direct Coulomb interaction

1 f(@)g(y)
D(f,g9) = 2 Joo oyl

ANNALES DE L’INSTITUT FOURIER
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and 74 is the kinetic energy density of an electron gas in a magnetic field,
given as the Legendre transform of the (scaled) pressure

74(t) = suptw — Bs(w)],

w>=0

with
oo
82— 5 3/2
Z2l/uh w] 3/ =33 Z[Quﬂ"/ —w]_/ .
V=0 v=0

Notice that the functional only depends on h, u through the parameter 3.
For simplicity this will be the only parameter appearing in this section. One
can restore the h, u’s using 2.1. The corresponding (scaled) MTF-energy is
now given as?

EMTP(5) = int{}1T () | p € LU RS N L@, p 20, [ p< 1)

The (scaled) STF-functional comes from taking formally the limit
B = (uh)®/® — oco. This gives

2 I 39
oo(w) = Ww / ,
and therefore
N 47
Too (t) = Tt:}

Therefore,

ETH ) = X p] = [ ulp(@)dat [ V(@)pla)da+ D(p,p)
R3 R3

Finally, the STF-energy is defined by (note that the domain is different
than for MTF-theory)

ESTF = inf{5TF[p] | p € L'(R®*) N L3(R?),p > 0,/p < 1}

In order not to have to notationally distinguish STF and MTF theory,
let us define that ESTF = gMTF,

2 For simplicity we restrict attention to neutral atoms, so the scaled density has to
integrate to (less than) one.

TOME 52 (2002), FASCICULE 6
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From [LSY94a] we get the following results on minimizers of the MTF-
functional:

TueEOREM 2.1 (Existence and properties of MTF-minimizers). — For
B € [1, 00] we have
e The functional SE/ITF has a unique minimizer pg.

e The minimizer pg has support contained in a fixed (independent of
B) compact set.

e The minimizer pg satisfies the (scaled) TF equation:

(2.3) pp = By([Varr 5]-),

where the MTF-potential (effective potential) is defined as

—1 B
(2.4) VMTF,g(SL‘) = —ll'—l + pg * |1'| 1

e The TF equation can be written in the following form, involving
OH]y VMTF,,H:

(2.5) —(4m) "' AVt p(2) = bo(x) — Ph([Viurr 6]-)-

e If 3 — By € [1,00], then pg — pg, weakly in L5/3(R3).

loc

From the above results we easily get

CoroLLARY 2.2 (Properties of Vyrr g).
(1) Vurrp(z) = 2|71 .

(2) Let O € SO(3), (i.e. O is an orthogonal matrix with determi-
nant 1), then Vmrr 3(O0z) = Vyrr g(2)-

Proof.— The proof of 1 is simply the observation that p is positive
and thus p * |z|~! as well. The symmetry property 2 follows from the
uniqueness of the minimizer pg and the symmetry of the functional EMTF. O

Furthermore, we get continuity of Vg g in 5:

LEMMA 2.3.— Let By € [1, OO] Then [VMTF,ﬂ]— tends to [VMTF,BO]—
in L¥2(R3) as 8 — fo.

loc

Proof. — From (2.4) it is clear that Vyrr g > T+. Therefore, using

J] *
Lebesgue’s theorem on dominated convergence, it is enough to prove that

Vumrr g(x) = Vmrr,g, () pointwise.

ANNALES DE L’'INSTITUT FOURIER
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Now,
1
Vmrr,s(2) — Varr g, (%) = (05 — ppo) * i

=[5 = pout) 7,

dy.
yl

From Theorem 2.1 we get that

(Ps(y) — PBo () = (P8 (Y) — P ()1 10,1 (I¥1),

for some fixed (independent of ) R > 0. Furthermore, for fixed z € R3,
we have

I[O,R](lyl) |.’L' — yl € L5/2(R2),

and — as a function of y — the function 1p R](|y|)1717| has compact

support. Since, using Theorem 2.1 again, pg is weakly convergent, this
finishes the proof. O

For the analysis of the current it will be very important for us that the
singularity of Virr g at the origin is essentially of Coulomb type ( ~ |z|~1).
The precise thing that we need is that |z|*Vmr s is differentiable. This we
will prove next:

LEMMA 2.4.— There exists 31 > 1 such that if 3 > (3, then
|z[*Virr,5 € C*1(B(0,1)),
and furthermore,
e *Varre, 51l L= (B0,1)) + [V (J2*Varrr,6) |2 (8(0,1))
is bounded uniformly for (3 € |31, +00].

Remark 2.5.— Notice that Lemma 2.3 and Lemma 2.4 make Theo-
rem 1.6 a corollary of Theorem 1.4.

Proof. — Let us write

-1 _ -1
VWmtrE,g = —|$—| +pg* x|t = |—x_| + Veont (2)-

Now, general results (see for instance [LL97, Theorem 10.2]) give that
Veont () is continuous and bounded since pg € L' N LP, with p = 5/3

TOME 52 (2002), FASCICULE 6
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or 3. We need to prove that [z[*Veons € C*'(R?) (since |z} is!). In
order to do that we write the TF equation for pg:

ps = Ph([=1/12] + Veont ()] -)

= ii WHY® — L 4 Vigui(2) v
- ot — le cont B

1 1 1/2 1 o 1 1/2
= % |:| | ‘/cont(x)]_ + % Z |:2Vﬁ3/5 - |—IL'_| + V;:ont(x)

v=1

= p1+ p2.

For 8 = co we have pa = 0. Notice that pp and pg have compact support,
and therefore p; as well. Now, p; ~ |z|~'/2 close to the origin, so p; € L3*¢.
Therefore if we define V; by Vi = p; = |z|~!, then (from [LL97, Theorem
10.2] again), we get that V; is C%1. So let us look at py:

1/2

1 o0
pP2 = 2_' Z |:2 ,33/0 - I + ‘/cont(x)

We will approximate the sum by an integral, so let us denote u = u(z) =
1 — |z|Veont (), and write

po() = Lo,/ ()
2 2|z [3/2233/5

x {/Ou Va—idt+ (g [2yﬁ3/5|x|_u] 1_/2 265\ _/0“ \/«7—_tdt> }

_ Lpasasey ()
or|z|3/2233/5
= p3 + pa.

u3/2§ + pa

Since t — /u — t is decreasing (for positive t) we have

i [21/,83/5|x| - u] i

v=1 -

26%/°|x| g/ Vu —tdt

<y [206%/%1a] - u] V2 o g3/5)g,

v=0
and therefore

0< o < 1[0,1/(2ﬂ3/5)](|%|)\/—
X P4 x 27l'|1,'|1/2 u,
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SEMICLASSICS OF THE QUANTUM CURRENT 1915

which implies that p4 is in L3t¢(R3) uniformly in 3. Thus (by [LL97,
Theorem 10.2]) py * |z| 1 € C%!, so we only have to consider ps.

It is clear that

~ loyesm(E)

3+€ 3
rlaprzgs <L E)

and has compact support, so it is enough to look at

- 67r|m|3/2,33/5

If we now choose ¢ € C5°(R®) with ¢ = 1 on a nbh. of 0, then we can write
~ ~ _ C ~
Vs =p3xla|™! = 77 |22 p(@) + Vi reg-

We will argue that V3 ;e € C%'(R?). We have

-1 e 1/2 1/2
T AVies = g7 (lal*Ad(2) + 2912l /* - Vo ()

C
3375
¢(x) = 1j0,1/(2p3/%))( 'i—' )

67[2[?/2 5375

(if the constant c is chosen properly). Now the right hand side is (uniformly
in B) in L3T¢(R3), and we can apply [LL97, Theorem 10.2] a final time. O

3. The parallel current.

In this short section we will prove Theorem 1.3 part 2. The idea of
the proof is to use the cylinder symmetry of V' to prove that we may choose
the eigenfunctions to be of the form ¢ (z) = ¥(rL,z3)e™? where v is real.
Once we have obtained that, it is easy to see that the parallel current of
such a function vanishes.

Proof. — Let a3z € Cy(R?). We need to calculate
tr[(as(—hday) + (—ihDay)as) 1(—oo.o(H)] = 2R (trfas(—ihdas)1 (oo o) (F)]).-

Due to the cylinder symmetry of V we may choose the eigenfuntions of
H to be also eigenfunctions of the angular momentum operator L., or in
other words, to be of the form

P(x) = P(ri, z3)e™,
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where m € Z and 1/;(7' 1,Z3) is an eigenfunction of

m?2

- 1
H=-h? (8% + Eau =y +8§3) + pPr3 — ph — 2uhm + V(ry, z3).
1

Now, H commutes with complex conjugation, so we may choose the
eigenfunctions 1 (r, ,x3) to be real. But if ¥(r,z3) is real, then it is easy
to see that

R ((@(r 1, 3)e™ ag(~ihdey) [ (r 1, z3)e ™)) = 0.

This finishes the proof. O

4. Preliminary analysis.

4.1. Commutator formulae.

Two commutator formulae will be very important in the argument.
We will in this section repeatedly appeal to the fact that if ¢ is an
eigenfunction of the self-adjoint operator H, and A is any operator, then
(under very general conditions on A, H):

(4.1) (s [H, Al) = .
This implies in particular that

tr ([H, A]l(—co,0)(H)) = 0.

Remark 4.1. — When A, H are unbounded operators the correctness
of the ‘virial Theorem’ i.e. (4.1) is a bit delicate (see for instance [GG99]
for a discussion of this issue). However, standard methods can easily be
applied to prove that the formal calculations below are justified.

The first commutator formula proves gauge invariance of the current

—

in a:

Lemma 4.2 (Gauge invariance of the current).— Let ¢ € Cg(R3),
then
tr[J (V@)1 (—co0(H)] =0,

where J is defined by (1.1).
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Proof. — This follows by integration by parts or the following easily
proved identity:

(ih)"'[H, ¢] = J (V). O
The second commutator formula is essentially a virial theorem for

Schrodinger Hamiltonians in the presence of a magnetic field. This formula
has previously appeared in [Fou0Ola] and [FouO1b].

LeEmMA 4.3 (Magnetic virial theorem). — Suppose that @ = (a1, az,0) €
C3(R3) and define @ = (—ag,a1,0). Define furthermore M = —(Da +
(Da)t), then

tr[J (1@)1(~o0,0) (H)] = tr[(Jxin + JDENS)1(—00,0](H)],
where
Jxin = pzMpz — phbs,
and

Jpens = a-VV + -;—thdiV a.

Remark 4.4. — Notice that the term diva is equal to —bs.

Proof. — We will only give the main idea of the proof. For further
details see [FouOla]. The proof of this statement also reduces to the
calculation of a commutator. This time the required formula is:

(—2th)"'[H,a-ps+ps-dl=pd-ps+pz pd— (Jxin + JpENs).

The proof of this formula is just a calculation using, in particular, that
Pr,P 4] = —inh(9; A — Ok A,), and that 33, (9; Ak — Ok A;)ax = a;.0

4.2. Known results.

In this subsection we will recall some results on semiclassics of the
energy and density in a constant magnetic field. These are all taken
from [LSY94a).

The result on the semiclassics of the energy in a constant magnetic
field is:
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TueEOREM 4.5.— Suppose [V]_ € L3%?(R%) N L%%(R®) and let
E(h,u,V) and Eg(h,u, V) be as given in Section 1. Then

. E(h,p,V) )
lm | ———— | =1,
h—0 ( Escl(ha My V)

uniformly in the magnetic field strength p € [1,00).
By the variational principle, one easily gets:

COROLLARY 4.6. — Let us keep the assumptions from Theorem 4.5.
Suppose ¢ € L/?(R3) N L3/2(R3), then

h?
Ztr[qﬁl(_oo oa(H)] = 55 /Z onph + V(2))2¢(z) dz + o(1),

and

t[p% 41w ()] = O(u/h2),
as h — 0. Furthermore
2

h N
Ftr[Kl(—oo,O](H)] = O(l)a
as h + (Mh)_l -0

Proof. — Suppose ph — vy € (0,4+00] as h — 0. The variational
principle implies that for all t € R,

tr(PL(_oo,0)(H)] = tr[(H + t4)1(—oo,0)(H)] — tr[H1(_oo,0)(H)]
> E(h,u,V +tp) — E(h,pu, V).

Thus, for t > 0,

h? h?
lim inf = {91 o) (H)] > ¢~ i = (Bt V +6) = Bocalho 1, V).

Letting now t \, 0, we get the inequality,
h? 1 > /
. 1/2
limint - trigl ()] > 575 [ 3 ferun + V@) () ds

If welet £ < 0,t 7 O instead, we will get the opposite inequality. This
proves the result for tr[¢l(_ 0)(H)].

The same type of argument can be applied in the other two cases. O
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5. Proof of Theorem 1.1 and Theorem 1.4.

5.1. Discussion and preliminaries.

We now pass to the proof of Theorem 1.1 and Theorem 1.4. The proofs
of these two theorems are the same until the final step where we need to
invoke an estimate on the number of electrons in the second Landau level.
This final estimate is different in the two situations.

The first part of the proof is identical to the argument in [FouOlal.
First we apply the ‘virial theorem’ (Lemma 4.3). Thus we have transformed
the question about the current to

tr[J (@) 1(—oo,0) (H)] = tr[(Jxin + JpENS)1(—oc,0)(H)],

where the a that appears in the definition of Jxin and Jpgns is given as
(—asg,a1,0).

Now Corollary 4.6 readily gives (by integration by parts) that

trlpensLi-oe ()] = 5 [ ba@V (@) *do -+ ofu/h?).
Therefore the real task is to prove that

(5.1) tr[JKINl(—oo,O](H)] = O(u/h2),
as h — 0 and ph — oo.

A standard technique for obtaining such a result would be to write
H(t) = H + tJxix and then study E(t) = tr[H(t)1(—oc,0)(H(t))]. The
asymptotics of tr[Jkin1(— oo, (H)] should then be obtained using the same
arguments (Feynman-Hellman) as applied for the density in [LSY94a).
However, this strategy will not work in the present case, since it can be
shown that E(t) is of order (1 + ph){z for t # 0, whereas E(0) is only
of order /5. This is the reason why the work [FouOla], which applied this
strategy, had to be restricted to bounded ph.

The idea that we will apply below is that the main term of Jkn is an
operator that couples the lowest Landau level with the second. Formally,
this is clear since the projections II; almost commute with functions:
(II;, 4] ~ \/h/—u This “almost”is made precise in a number of auxiliary
lemmas in Appendix A. Thus, if we can obtain a good bound on the number
of electrons living in the second Landau level, we can prove the bound (5.1)
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directly. In this section we will reduce the proof of (5.1) to an estimate on
the second Landau level ((5.10) below), the proof of which is technical and
will occupy the rest of the paper.

Let us decompose Jkin as follows. The matrix M can be written as

(5.2) M =—(Da+ (Da)) = Mg+ N
b3 0 O Ni1 N2 Nia
={0 b3 O]+ 4§ Ni2 —Nig Ng
0 0 O N3 Nog 0

Here b3 = 01a2 — J2a; and

81(12 + 82(11 82&2 - 81(11 83(12
N = 62(12 - 81(11 ~((')1a2 + 82(11) —6301
83a2 —83(11 0

Notice that tr[N] = 0.

Using this decomposition we write
(5.3) JKIN = JKIN, diag + JKIN off»
where
JKIN diag = P s Mtp z — phbs,
and
JriNoff =Pz NP ;-

The motivation for this decomposition is that Jxin diag almost re-
spects the Landau levels (and vanishes on the lowest one!) whereas JKIN off
(to highest order) couples the j’th and the (5 + 2)’th Landau levels. For
JKIN,diag We could apply the analysis from [FouOla], but we will not do
this, since another more direct approach works, which is more in the spirit
of the present paper. The off-diagonal term Jkin of is the problematic term
that makes the variational technique break down. But since it couples the
lowest and the second Landau levels it will suffice to get a good bound on
the density of states in the second Landau band, in order to estimate this
term.

Remark 5.1. — Below we will often use the following identity:
(5.4) tr[O1(_co,0)(H)] = tr[1(—c0,0](H)O1(—o0,0)(H)],
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for different operators O. For bounded operators this can be seen as the
well known cyclicity property of the trace, since 1(_ o o) (H )2 = 1(~o0,0)(H).
In our case, O will often be unbounded — however, it will be H-bounded.
By definition,

(5.5) 61[01(—oo0)(H)] = D (e, Oe;).

J
where {e;}52, is an orthonormal basis for Ranl(_ 0j(H). The equation
(5.5) clearly implies (5.4).

5.2. Estimate on JKIN,diag'

LEMMA 5.2

tT[JKIN, diag L (—o00,0](F)] = o(u/h?),
as h — 0 and ph — oo.
Proof. — By writing

JkiN,diag = (IIo + 15 ) JKIN diag (ITo + 115
= I JkIN diagllo + I JKIN diag >
+ (I JkinN, diag o + HoJKIN,diagIT> ),

we get a decomposition of tr[JKIN, diagl(—oo,0)(H )] into three terms that we
will treat separately.

II JkIN diagll>:

In this term we replace the matrix M; with its absolute value and can
thereby estimate

:i:tr[H> JKIN,diagH>1(~oo,O](H)] < Ctr[f(l(,ooyo] (H)] = O(u/hz),

by the weak localisation to the lowest Landau level; Corrollary 4.6.

For the last two terms we introduce the raising and lowering operators
from (1.9). We have pz | = (a+4a")/2, pz, = (a — a*)/(2i). Thus an easy
calculation gives

JKIN,dia.g = (a*bSU/ + abga*) — /Jhbg

N =

Mo Jxin, diago:

TOME 52 (2002), FASCICULE 6



1922 S@REN FOURNAIS

Let us remember that ally = 0. Then
1
Iy JkiN,diagIlo = Ip (§ab3a* - uhbg) II,

=1, (% ([a,bs]a* + bsla,a™]) — ,uhb;;) I,

1
=1l (5 [a, bs]a*> I,
1 *
= EHQ [[a, bg], a ] H().
The double commutator gives h? times a continuous, compactly supported
function ¢. Choose f(x3) € C§°(R) such that f¢ = ¢. Then
h2tr[Tlp¢Tlo 1 (— o001 (H))]
= W2l (€712 f(z)) (el Mo Moel+) (€717 £ (23)) 1 01 ()]
< h2[le7 154 f ()1 - oo 0 () I3+ TogTIge! 1]

We now use Lemma A.6 and Corollary 4.6 to get an estimate of order
h20(u/h?).

I JkiN diagIlo + HoJKiN,diag s
We calculate:
tr[Mo ((a"bsa + absa™) /2 — phbs) L 1(— oo 0)(H)]
= tr[llp (aa*bs/2 + albs; a*]/2 — phbs) T 1(_ o o) (H)]
= tr[llp (a*abs/2 + a[bs; a*]/2 + ([a; a*]b3/2 — phbs)) s 1(_oo o) (H)]
= g tloal, 1 1o ()

Now, [b3,a*] = h¢, where ¢ is a continuous compactly supported function.
Choose f(z3) € C§°(R) such that f¢ = ¢. Then

oalbs, a*] = h(f(zs)e™1*+1)el*+ Tpag,
and we estimate
tr[Hoa[bg,a*}H>1(,OO,O](H)]
< L (—o00)(H) f (23)e™ 174 |2l €+ Toad| |TT5 1 oo 0 (H) |12
< chy o fws) 262411 _ g g (D) Toag ]| \/1/(uh)ex[ K1 oo oy (HD).

We now use Lemma A.6 and Corollary 4.6 to get an estimate of order
ho(u/h?). a
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5.3. First estimates on Jkin of-

One part of Jkin off is easy to handle — this is the part in the third
row or column. So let us consider that separately. We write

N11 ng 0 0 0 N13
(56) N=[No —Niy 0]+ 0 0 Noz|=N+Ns,
0 0 0 Niz Nas O

and define J3, J3 as Jr = p zNip ;-

LEMMA 5.3.
tr[J31(_oo,0](H)] = o(u/h?),
as h — 0 and ph — oo.

Proof. — Let us notice that p 5 , commutes with the II;’s. In terms
of the raising and lowering operators J3 becomes a sum of terms of the

form a¢p ; 5 +p/§’3$a* (here ¢ = (N13—1N23)/2) or a* PP +pg,3$a (here
¢ = (N13 +iN23)/2).

Now,
Hoagp z 310 =1loa, ]Iop 5 5 Zhnoénopfi’,g =hf(zs)e 1"+ Iel“'“o(lsnop,&g,
as in the previous proof. We estimate as above
tr[lloadp z 3101 (- co,0)(H)]
< |1 (o0 (H) f(z3)e™ " 1ol Mo @TTo || [P £ 51 (~c0.0) () |12
= O(u/h).
Furthermore
trIls adp 5 511> 1(—00,0](H)]‘
< 1 (= 00,0) ()5 adll2llp 5 31 (~ 0,0 (H)l2
< /bl al ¢ 20T 1 oo o) (H)]r[p% ;1 —o0,01 (H))
< TR oo 0y (H)Jtr[D% 1 o0 01 (H)]
= o(u/h?).
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Finally,

tr(lloadp 7 3115 1(—co,0)(H)] = tr[p 3 ;Tloadlls 1(_ o o) (H)]
+ tf[Hoa[¢,Pg,3]H>1(—oo,o] (H)]

The last term is easily estimated, and the first is estimated as
11— c0,01(H)p  3ll2[Hoa@Ils 1o 0] (H )2

< /1l Lo (DY e[ L ) (H)]
= o(u/h?). =

5.4. Analysis of Js.

So we have isolated Jz as the problematic term. As will be seen in
the proof below, this term has as its main component a coupling of the
zeroeth Landau level to the second. So we need a very precise estimate
on the number of electrons in the second Landau band. In the proof of
Lemma 5.4 below we invoke such an estimate in order to finish the proof
of Theorem 1.1 and Theorem 1.4.

LEMMA 5.4.

tr[le(_oo,o] (H)] = O(N/hQ)v

as h — 0 and ph — oo.

Proof. — We write J; using the raising and lowering operators

Jo=ps-Nopz
= ada + a*pa*
(5.7 = aad + pa*a* + alp,a] + [a*, Pla*,
where
. 1 .
¢ = (N11 + ’LN12)/2 = § (Blag + dha; + 2(620,2 - Blal)) .

Now, IIyJoIlp = 0, and +I1s JoIls < cK , so we only have to deal with
ITy JoIls + I JolIlp.
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The commutator terms above are easily seen to give negligible contribu-
tions, by the methods applied generally in this section, so we will not con-
sider those.

. Let us define IIs, = I — II, and consider Iy Jo11 (the other term,
II. JoIIy, can be estimated analogously). Now,

HOJ2ﬂ> = Hoaa¢ﬁ>
= Hoaa[n27 ¢]1—I~>)

since Ilpaa = Ipaall,, and I,I1s = 0. Let us choose f € C§°(R) such that
f(z3)d(z) = ¢(x).
Then (since f(z3) commutes with a and IIp):
tr(Moaadlls (oo 0 (H))]
= tr( (1o ()12 f(23) ) (el MoaalTl3, 9]) (1151 (o0 (HD))]
<L oo,0) ()] f(@3) |12 ]| e+ Mo aalTa, @) T 1~ 0,0 (H)l2-

It is clear from Corollary 4.6 that

11 (oo ()€1 f(a3)l2 = /b F2(w3)e=212411 oo 01 (HD)]
= O0(Vnp/h?).

From Lemma A.7 we get that

lle!*+ Toaalllz, ¢l|| < Cuhv/h/p.

Finally, we see from Corollary 4.6 and cyclicity of trace that

T 1 (oo 0 () 12 = Jtr 11— o0 (H))]

< < VUKL o (2)

= —— o(\/ulP).

Vih
So we get
(58)  trlloaaglls 1w o(H)] = o(v/khv/h/i25) = o(u/h).
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Therefore, we are left with tr[IlpJoIl21(_ o 0)(H)]. Let us here choose
f(z3) as above and ¢ € C$*(R3) such that ¢p¢ = ¢. Then we calculate as
follows:

tr[Tlo J2l21(— 01 (H)]
~ tr[llpaagIlz](_ o 0 (H)]

= t1”[<1(—c><>,0](111)10(113:3)‘3_@“) (elhlﬂoaadz) (PTl21(—oo,01(H))]
< 1L (—o0,0)(H) f(z3)e™ 17+ | ]|el*+ TToaa]| [|$TT21 (oo 0 (H)]l2
(5.9) < Cphy/ p/h2|| @111 (oo o) (H ) |l2,

where we used Lemma A.6 to estimate the operator norm.

Thus, in order to finish the proof, we need the estimate

(5.10) 1021 (—oo,0(H)|I3 = 0 ((_M}l—)i %) :

Under the conditions in Theorem 1.1 this (without the ¢ which can be
estimated by ||@||co) is the result of Lemma A.6 below.

Under the conditions in Theorem 1.4, i.e. in the case where V(z) has
a Coulomb type singularity, we will apply Lemma 6.1 below. Notice that if

(5.11) #(0,23) = V5, #(0,23) =0,

then we can write ¢(z) = ¢1(x)d2(zL), with ¢; bounded and ¢ €
C3(RZ ), ¢2(0) = V¢2(0) = 0. Therefore, we only need to prove that
it is enough to consider ¢ satisfying (5.11). This will be accomplished by
a change of gauge. Remember from Lemma 4.2 that the current is gauge
invariant in @. Remember furthermore that

é(z) = % (Bras + Dra1 + i(Daa3 — Drar)) -
So changing @ +— @ + V& will change
¢ = ¢+ 0@ +i((05 — 01)@).
We choose
0(z) =g(w.1)  (011(2) (3 — 23) + cz(za)132)

+ (0111(303)36? + a112($3)$%$2 + 0122(373)37133% + C¥222(ﬂﬁ3)ﬂvg) ),
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where g(z1) = 1 on a neighborhood of 0, and the a’s are continuous
functions of x3 which can be matched against a Taylor expansion of ¢
in z, . Thereby it is clear that we can assure that (5.11) is satisfied. Notice
that the change of gauge will also affect a3, but since (using Theorem 1.3)
73 = 0 this is of no importance. O

6. Estimate on the second Landau level.

In this section we will prove a bound on the density of states living
in the second Landau level.

LEMMA 6.1.— Let V € C3(B(1)), and let g € C§°(R). Then there
exist constants ¢, hg and vy such that if h < hg and ph > vy then

tr[Iag(H)II,) < c% (uh)~%/2.

Proof. — For the proof we will use the following integral represen-
tation for a function of a selfadjoint operator H in terms of its resolvent,
valid for all n and functions g € C§°(R) ([AdMBG91]):

n—

(H)—Zl i/aj (NS (H = A — i)~ dx
o =2 o fo 2

1

1
(6.1) + m/o T"_lv/]Ra"g()\)g[i"(H — X —i7) Y dAdr.

For brevity, we will during the proof just think of the right hand side
as an integral transformation of the resolvent and abbreviate the above
formula as

g(H) = / (H = 2™ dpg.n(2).

Notice, that by integration by parts in (6.1), we get

—g'(H) = m,/éﬂ S (H — X —1i)"2]dX

__(n_l / n- I/an ["(H — A — ir) "% dAdr.
62 = [ =97 i)
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In the calculations below we will repeatedly use (1.11), which in particular
implies that

(63) HZ(HO - Z)_l = HQ(H() — Z)_1H2 = HQ(HZH()HQ — Z)_l.

Let us now pass to the main part of the proof: By linearity we have
to study Ia(H — z)~11I,, where z is either A +¢ or A +i7. By application
of the resolvent identity (H —2)™! = (Hy—2)"' — (H —2) "'V (Hp — 2) !
repeatedly, we get

/HQ(H — 2) Mladpg n(2)
- / Ma(Ho — 2) 'Mladpg n(2) — [ Ma(Ho — 2)7'V(Ho — 2) ™ Madpg,n(2)
* /Hz(Ho —2)7 'V (Ho — 2)"'V(Hp — 2) " 'ladpg n(2)

_ /HQ(HO —2)"W(H - 2)7 W (Hy — 2)"'V(Ho — 2)" Mladptg o (2)
(6.4)
which is to be understood as an identity of bounded operators, i.e. the

integrals converge in the space of bounded operators.
The first term in (6.4) satisfies

/HQ(H() - z)_lﬂgdugwn(z) = /HQ(HQHOHQ — z)‘ldugm(z)

= H29(H2H0H2)
= 0’

since o Holly = 4ph — h?82, > 4ph.

We will prove that the remaining terms are trace class and that the
integrals converge in trace norm. This is easily seen using Lemma A.2. For
instance, we bound the last integrand in (6.4) by

1

RIS

T2 (Ho — 2) "' VIE VI

Suppose now we take the parameter n in (6.1) sufficiently big (bigger than
4), then the integrals converge in trace norm.
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Thus Ilyg(H )1, is trace class and we have the following identity:

(6.5) tr[lIag(H)IL]

= /tr[Hg(Ho —2) W (Hy - z)_lﬂg]dug,n(z)
+ /tr[Hg(Hg — Z)_IV(HO — Z)_1V(H0 — z)_lﬂz]dug,n(z)
+ /tr[Hg(Ho —2)"W(H - 2)"'V(Hy — 2) 'V (Hy — 2) "' Ta]dpg n(2).

Let us first look at the first term in (6.5). We get from (6.3) and cyclicity
of trace

tr[ly(Ho — 2) "'V (Ho — 2) "'y] = tx[VIIa(Hp — 2) ™2,

and by taking the integrals, we get tr[VIlag'(IIoHp)|, (using the repre-
sentation (6.2)) which vanishes for large ph. Thus the first term in (6.5)
vanishes.

The last two terms in (6.5) will be the main terms. The first of these
we write as

/tr[Hg(Hg —2)"'W(Hy — 2)"'V (Hy — 2) " la)dpg ()
= / tr[a(Ho — 2) VI (Hy — 2) "'V (Hp — 2) " a]dpg n(2)
+ /tr[Hz(Ho — Z)_l[l_[g, V](H() — Z)_1H2V(H0 — z)_lﬂg]dug,n(z)
+ /tI‘[HQ(HO — Z)_IVHQ(HO — Z)_l[‘/, Hz](Ho — Z)_ll_[z]d/lgm,(z)
+ /tr[Hg(Ho — 2) "y, V](Hy — 2) [V, 2] (Ho — 2) ™' a]dpg n(2)
=F; + E>+ Es+ Ejy.

We will use that when z varies over a compact set and puh — oo, then

-1 202 —1 1
66)  [a(Hy—2)7 )| = [T @ (1?05, + 4uh —2) || < e o
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Thus we estimate the E;’s, using (6.6), Lemmas A.2 and A.4 and the fact
that z varies over a compact set, as

|Ex| < /||H2(H0 — ) VIR (Ho — )7 < e ml)sw

| E2|+|E3| <C/ IM2(Ho — 2) [z, V]|lall(Ho — 2) ™ TV |2||(Ho — 2) ™ Iy
w 1
< Cﬁ W RV h/ s
1B < [ Ma(Ho = )7 02, VIEI(Ho = )7 < o 3
' h? p (uh)3/2

Finally we need to estimate the last term in (6.5). This is done similarly
/ 6x[TTp(Ho — 2)~ 'V (H — 2)~"V(Ho — 2)~V(Ho — 2)~ 'L} dj1g.n(2)
=/tr[H2(H0 —2)TW(H - 2)"W(Hy — 2) "MLV (Hy — 2) ' 2]dpg n(2)
+ /tr{Hz(Ho —2)"W(H-2)"'V (Hy — 2) "V, o) (Hy — 2) ' Ta)dpg n(2).

Now we take the trace norm under the integral sign and estimate using
(6.6) and Lemmas A.2 and A.4:

1< / IMTo(Ho — 2) " VIZI(H = 2) " IV llo | (Ho — )~ Tha|
+ |Ta(Ho — ) VI[al|(H — ) IV (Ho — )~ [V, Iallle | (Ho — 2) T |

I 1 I 1
<& L NG
hZ (uh)5/2 Tz (uh)3/2 h/p O

7. An estimate on the second Landau level
with a singular potential.

The aim of this section is to prove the following:
LEMMA 7.1.— Let

H= Ho + V(.’E),

=<

where V (z) [ » for some constant ¢ > 0 and |z|?V (z) € Cloo’s. Suppose

=
¢ € C2(R?), $(0) = V¢(0) = 0. Then for all ¢ > 0 there exist hg, vy (only
0
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depending on ¢, ¢, [||z[*V (z)|| Lo (B(0,1)) and [|V(|z|*V (z))| L= (B(0,1))) such
that if h < hg and ph > vy, then

1
(uh)?-

tr[p(z )21 (oo ,0)(H)2¢(z1)] < € hﬁi

The idea of the proof is as follows: We write g(H) (for a smooth g)
in terms of the resolvent. Then we apply the resolvent identity as much
as we can. Whenever Il “hits” (Hy — z)~! we win a power of (uh)™!
(essentially). If we can get ¢ to multiply V', then the product ¢V becomes
differentiable, so we can commute Iy through ¢V - since [z, pV] =~ \/h/—u
This will result in more terms where II, hits a resolvent and therefore in an
improved estimate. We continue to play this game until we have collected
enough powers of (uh)~! for our purpose.

Proof. — The proof of this lemma is fairly long, so we divide it into
a number of steps.

Preliminaries:

Let M (h) = — inf SpecH. We want to have an idea of the size of M (h).
Now, since V(x) > —c|z|™!, we can use scaling and the known results on
the asymptotics of the groundstate energy of hydrogen in a strong magnetic
field (JAHST78], [FW94]) to conclude that M (h) < ch™2(max{1,log uh®})2.
See Appendix B for details.

Let us now choose g € C§°([—M (h)—1,1]) such that g(H)1(_c,0)(H) =
1(~c0,0)(H) and such that 9"g < c for all n and where the constant is
independent of h, u. We now have the obvious estimate

0 < tr[pllz1(_oo,0)(H)I2¢] < tr[¢pIlag(H)II2¢)].

As in Section 6 we use the integral representation (6.1) for g(H). We once
again use the resolvent identity repeatedly and, since ¢ is only a function
of z , the terms which of order 1 or 2 in (Hp — 2)~! vanish - just as in the
earlier section. Thus we are left with

(7.1)  tr[gIlag(H)II2¢)]
= /tr[¢n2(H0 —2) " W(H - 2)7'V(Hy — 2) " 'Ha¢ldpg n-

For shortness we will often leave out the measure dug, in the integrals
below.
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Estimation of integrals:

There will be a number of error terms in the calculations below. These
terms will be estimated by taking the trace norm under the integral sign.
The trace norms will always be estimated by expressions of the form

c(, B) ||~ *aph — A7,

where k = 0,1 and | = 3/2,5/2 or 7/2, and where c¢(u, h) is an (important!)
expression in pu, h that is independent of the integration variables 7, A. It
therefore easily follows from the integral representation (6.1) that we can
estimate the integrals by

1
cwh)Clan) [ jauh— A
—M(h)-1

1/(ph)

= o, B)C(g, m) (uh)*~! / 4~ vl

(=M(h)—1)/(ph)

< ¢(p, h)C min {

19 = nnymn{ 2 1

Commuting ¢ through Il,:

In order to be able to commute Il through V, we need to get ¢ to
multiply V. Therefore we will first commute ¢ through II,. We write

(7.3) r(2) = (—h?0Z, + 4ph — )7,
acting in L?(R,,) and
(7.4) Ro(2) =y(Ho — 2) ' = TI{? @ r(2)

acting in L?(R3) = L?(R2 ) ® L?(R,,). With this notation we have using
(7.1):

tr (¢ TLg(H)TTyg) = / tr[Ro(2)6V (H — 2)" 'V Ry (2)]
/ (16, ) @ 7(2)) V.(H = )7 Vo Ro(2)]
+ / tr[Ro(2)¢V (H — 2)~ 1V([H§2 LELO))

+ [ul(ie 1) or(@) ViE - 27 (02, @ 1(2))
= F1+ E5 + FE3 + Ej4.
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To estimate F4 we use Lemma A.3 to write

I (o1 @r(2) v(H - 27V (1P, ¢l @ r(2)) I

<| ([¢, n“)] ®r<z>) VIBIH = )7
1

I\szl h2 |4 h—z|~ 3/2

Therefore, we get, using (7.2)

|Eq| <

XZID‘

1

5 (W*2M(h)/ /).

~~

2 (uh)?

Now, h*/2M(h)/\/i — 0 if ph — oo, so this term satisfies the conclusion
of Lemma 7.1.

FE5 and F3 are similar to each other and can be treated in the same
way, so we will only deal explicitely with Fy. Here we commute Ils through
¢V (notice that ¢V is differentiable!).

B = / tellLy(Ho — 2) " $VIL(H —2)7V (0P, ¢ @ r(2) )]

+ [ allla(Ho ~ 27 a6V - 27V (0, 6] @ 1()
=a+b.

In the last term b we write

ITL3(Ho — )T, ¢VI(H = )7V (I, 6] @ 7(2) ) I

< M2(Ho — 2) 7 [T, ¢Vl (8 = 2) 11V (10, 9] @ 7(2) Il

This can be estimated using (7.2) and Lemmas A.2 and A.3 as

bl < 5 =z (K/2M (k) //RD),

(ph)?
which is the same estimate as we had for Fjy.
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For the term a we use the resolvent identity before we apply Lem-
mas A.2 and A.3 to get

a= /tr[Hg(Ho — )GV (Hy — 2)"V ([H?, | ® r(z))]
+ /tr[Hg(Ho ) VLt — )V (H — 27 (12, 6] @ r(2))
< [ IRV IRV (.6 @ 7() I
+f ,C&i‘ |Ro(2)11 - 18V llo T2 (Ho — 2)" V12|V (157, 6] @ 7()) la

N -3/2 . M(h)
gchQ h/p (ph) mln{ h ,1

= fo gatmin{ 1}

Commuting II; through ¢V:

In the remaining term FE; we have ¢ multiplying V, so we can
commute Ily through ¢V:

E, = /tr[Hg(Ho —2) 'YV (H — 2) 'V ¢(Ho — 2)~ 1]

+ tr[llo(Ho — 2) " [IIa, ¢V](H — 2) "MLV (Hy — 2) 1]

+ tr[llo(Hp — 2) '@V (H — 2) [V, o] (Hy — 2) 1)

+ tr[Ilo(Hy — 2) Y [Ila, ¢V (H — 2) " [V, o) (Ho — 2) ™ ly]
=a+pB+v+6.

The terms 3,7y and § are estimated similarly to the terms above — making
in particular use of Lemma A.4:

ol < [ 1Ma(Ho — 2) " o, V1IN - 2)7'|
p h M(h)
S W2 (uh)i
w1 RB¥2M(h)
TR (ph)? B

For 8 (and ~ which is similar) we have to work a bit more - namely use the
resolvent identity once in order to profit from the ITy which hits (H —z) 1.
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Then these terms are also estimated using Lemmas A.2 - A.4 and (7.2):
B= /tr[Hz(HO — 2) 7y, ¢V |(Ho — 2) ' V$(Ho — 2) ™ I,]
+ tr[Iy (Hy — 2) "' [[a, ¢V](H — 2) "'V (Ho — 2) 1oV $(Hp — 2) " '1I,]
< /HHz(Ho — 2) 7 M2, V] |l2l|(Ho — 2) " T2V @ll2|(Ho — 2) 'L ||
4 [ IMa(Ho = 27 (e, V1l (2 = 2) IV (Ho — 2) 'l
< [Volloll(Ho — 2) ™' ||

P _3/2 . [ M(h)
<ch2 h/p(ph) mln{ h ,1
ook 1 . [ M(h)

_ch2 (uh)zhmm{—uh ,10.

Using the resolvent identity again:

In order to get a good estimate on a we need to apply the resolvent
identity twice and furthermore compare with the operator Hy + II2¢VI1I,.
Let us write:

o= /tr[HQ(HO — 2) " ¢VIIa(Hy — 2) 'V $(Ho — 2) "I
+ /tr[HQ(Ho — Z)_1¢VH2(H0 — Z)_IV(H() — Z)_1H2V¢(H0 — Z)_IHQ]

+ / x[TTy(Ho — 2)~2¢VTIy(Ho — )~V (H — )~V
x (Hy — 2) M V(Hy — 2) ']

=1 + a2 + a3.

The last two terms as and ag are easily estimated using Lemmas A.2 - A4
and (7.2):

|az| < /Ilﬂz(Ho —2) P9V o IM2(Ho — 2) 'V |2 || (Ho — 2) ' T2V ¢l2

. M(h -
< C% min { (—lﬁ%,(ﬂh) 5/2}

po 1 - . [ M(h)
:cﬁw(uh) 1/2m1n{w,1}‘
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The term a3 is estimated similarly - the main difference being the
term (H — z)~! which is estimated in operator norm by 1/|3z|.

Comparing with Hy + IIy¢VIls:

So finally we have to consider ;. It is easy to see that if we estimate

the trace by the trace norm as we have done for all the other terms then

we would get the estimate 45 (,ulz)z (Afl)l 7z for this term. In order for that

estimate to be acceptable we would need ph® — oco. However, it turns out
that we can do much better by comparing with the operator Hy+II2¢pV1l,.
This operator is self adjoint and maps the second Landau band to itself.
Furthermore,

11, (Ho + H2¢VH2) Il > 4ph —c,
so therefore we get
0= tI‘[Hzg(Ho + H2¢VH2)H2]
Z/ tI‘[HQ(H() — Z)_lng]
+/tr[H2(H0 — 2) MIxpVIla(Hy — 2) o]
+/CT[H2(H()—2)71H2¢VH2(H0+H2¢VH2—Z)_1H2¢VH2(H0 — Z)ilnz]

=p1 + B2 + Bs.

The first two terms (31, B2 vanish as we have seen in the proof of Lemma 6.1.
Therefore only (33 is left. So we can now compare o and fs:

oy =a; — 33

:/tr[Ro(z)¢VH2(H0 - Z)_1H2¢VH2(H0+H2¢VH2—2)71H2¢VR0<Z)].

Now we can take the trace norm under the integral and get

! /2 min M
ol < 25 gz ) min {2211 .

A. Auxiliary results on the II;’s.

If ¢(z) is differentiable, then [II;,¢] ~ \/h/pu, ie. the projections
onto Landau levels “almost” commute with the multiplication by functions.
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We will repeatedly need qualitative estimates on what “almost” means.
This gives a number of technical lemmas which have been collected in this
appendix.

The basic lemma is the following:

LEMMA A.1.— There exists a constant ¢ such that for all ¢ €
CYY(R3), we have

I, ¢l < cllVlloo v/ R/ b1

We will not prove this lemma since the proof is similar to (and easier
than) the proofs of Lemma A.6 and Lemma A.7.

First we have a number of estimates of Hilbert-Schmidt norms of
quantities involving a resolvent and sometimes also a commutator. These
are Lemmas A.2 to A .4.

LEMMA A.2.— There exists ¢ > 0 such that for all V € L*(R3), we
have

2 Hoe
I(1” @ r(@)VI3 < V1?35 B2,
where E = |4ph — z| and r(z) was defined in (7.3).

Proof. — The operator (Hg2) ®r(z))V has integral kernel

e~ V4nh—z|zz—ys|/h V( )
o/aph —zh 00

where the kernel Hg)(x 1,Y1) is known explicitely - see (1.8). The impor-
tant feature is that |IIo(x 1,y )| is a function F (gaussian times polynomial)
of |z, —y.1|\/u/h (notice also the normalisation constant uh). Thus, by a
change of variables we easily get

K(x7 y) = HQQ)('TJJ Z’Jl)

6—2\/m|w3|/h
[ 1K@ sy < WV [ 1P Qo ViR e du

_ K32

LeMMA A.3.— There exists a constant c such that for all V € L?(R?),
¢ € C™1(R2 ) the following estimate holds:

2 pwoho
(1608 @12 VIE < VoI IVI? £ = B2,
where B = |4yh — 2| and where r(2) was defined in (7.3).
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Proof. — As in the previous proof we can explicitely write down the
integral kernel K (z,y) of the operator in question i.e. ([(;5, Héz)] ® r(z)) V:

@ o=/ 4uh—z|z3—ys|/h
K(z,y) = HQ (xl,yl)((b(IJ-) - (rb(yl)) QW}L V(y)

Now, |¢(z1) — ¢(yL)| < |z1 —y1||[VP|leo, and we get (with notation as in
the previous proof) that
[ 1K@ )P dady

—Zm_llwﬂ/h
L N e e

VIV 1 hpse o

LEMMA A.4. — Suppose ¥ € C}(R?). Then there exists a constant ¢
(depending on ) such that

h
ITIa(Ho - 2) ™ [Ma 0] < e - B/,

where E = |[4ph — z|.

Proof. —  Choose P € CLR?) of the form (z) = 91 (1 )¥a(x3)
satisfying 11 = 1. Then

T2 (Ho — 2) "2, 9] |2
= T (Ho — )™ [Tz, 3] |2
< |2 (Ho — 2) 7 9|2]|[Ta, ]| + 1T2(Ho — 2) ™! [Tz, B¢l

Here the first term is readily estimated using Lemmas A.1 and A.2. The
second term is

1 @ 7(2)) (57, 91 (2.1)] ® Wa(3)) (@) l2,

which can be estimated using Lemma A.3. o

Finally, we will need to prove bounds on some operator norms.
The idea is that Iy is essentially a local operator, so therefore el*+!TI, f
(= el*1l o Iy o f) is a bounded operator if the function f has compact
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support. We will actually need this for e/*+!TIya? f, so we will first find the
integral kernel of IIpa? and then state and prove Lemmas A.6 and A.T:

ProposiTiON A.5. — The operator a*a*l’I(()z) has integral kernel

(@) (@1, 0) = wh (VT — 22) — it —21)]) TP (1,00

Proof. — The proof is just a calculation. Remember from (1.8) and
(1.9) that
a* = Pi1 + ip/f,2 = —ih(@xl + 2812) + /L/Q(—Q?Q + i:L‘l),
©) — M wrya—may)pn/(2R) o~z L~y 1/ (ah)
I“[0 (x_l_vyl) 27The € .
Therefore,

(@) (@ 1,y1)

= ﬁ {(—’Lh(aml + Zazz) + N/2(—.’L‘2 + le)) ei(mlyz—xzyl) £ } e_li._yJ_|2 "
™
+ Q—Z—hei(mlyz—xzyl) 7% (——-7,’1(8ﬂlcl + laz2)) e—|IJ_—yL'2 "

= o { [ihCiya + i)/ () + /2~ + i)
o ih (@1 = )i/ (20) + (w2 — 2)ia/ (20)] e 192 mma) dr ol vl
= ul(y2 = w2) = iy — @) 1 (21, 90).
Thus,
(a"a"T5Y) (1, y1)
= { gz — 22) = i(yr — 7))
o+ (=ih(0, + 02, )1 [(v2 = 32) = ilys — 21)] p@'T) (s, v)
= {2 — w2) iy — 21)]
+ (=ih)pi + (=ih)ip(=1) @ T ) (@1, y1)
= b (VuThl(w> — 22) — ity — 22)]) T (@1, ) 0
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LEMMA A.6.— Suppose f € Cy(R3), then we have the following
bounds on the operator norms:

llel*+ I, £l < €,
lel*+ Moaf| < Cv/ph,
el Tya? f|| < Cph,

where C is uniformly bounded in when p is sufficiently big and h is
sufficiently small.

Proof. — We will only prove the last estimate since the first two are
similar. The operator K = el*+TIya2f has integral kernel

K(z,y) = ™G (z1,y.)8(x3 — y3) f(y),

where G(z1,y1) = (a*a*Hg))(yl,mL). From Schur’s Lemma, we can
estimate the operator norm of the kernel K as

IK]| < max {sup [ 1K@ v [5G, y)ld:r}.
x Y
So we look at
/ K (2, y)|dy = e}~ / Fyr z3) |G, yo)ldys.

Now, since f has compact support and |G| only depends on z; — y,, we
can estimate the last integral as

K(x,y)|dy < cuh elz K g—r?u/(an) hr)?rdr
|K (z,y)ldy < cph]|flloo h n
max{|z |—c,0}
|z = i t2/4,3
=c;¢h||f||ooe“/ e~ t'/443 g
Mmax{ku_ |—c,0}

It is easy to get the following estimate:

o 2 2
/ e U3 dt < ce T,
!

so we see that

/fK(wvy)ldy < cpth| f el e & (max{lesl=e.0D",

This finishes the estimate on sup, [ |K(z,y)|dy.
For the other part sup,, [ |K(z,y)|dz a similar argument works. [
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LEMMA A.7.— Let ¢ € C3(R3). Then the operator K = el®+|T1ya?[Ily; ¢]
satisfies the bound

KNl < Cuhv/h/p,

where C = C(||V@|c0,diamsuppg) is uniformly bounded when p is
sufficiently big and h is sufficiently small.

Proof. — The operator has the following integral kernel:

K(z,2) =

el / (1167 a0) (w1, y1)6(xs — ys)IE (v, 22 )6(ys — 28) (B(y) — 0(2)) dy.
We have to estimate
sup/|K(x,z)|dz and sup/|K(a:,z)|dx.
x z
Let us write the kernels of (H(()2)aa) and ng) as

|(H(()2)aa)(wL,y¢)| < %uhPl((acL - yL)w/u/élh)e_l“_yLPﬁ

lH(ZZ)(yJ.)z.L)] < %P2((yJ_ - ZL)\/N/‘UL)Q_IM_“'2 |

where Pj, P, are polynomials. Furthermore,
lp(yr,z3) — P(zr,3)| < |lyL — 20 |G(y1, lyr — 21]),

where

G(yL,r) = sup |Vo(z1,x3)|

|[yL—zi|<r

Thus

[ 152z < cun/Ael=s! [ Py((or = g )T e
x ( [ Pattw Dl le - Gy, /AR o) duu) dys.
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Now, since ¢ has compact support, supp(r — G(y1,7)) C [lyL|—co, +00)N
R4, so

/Pz(lwll)lwlle""“”zG(yL, VAh/plwy]) dw,

N

“v¢”oo/ e_"zpz(?”)rgdr
max{0,/u/4h(lyL|—co)}

[V || oo~ M0 AT (| —c0)})? / " =112 Py (ryr2dr
0

N

[Vl e i (max(Oal—eo))

Let us now split the y, integral into integrations over the sets
{lyL] < 2co} and {|yL| > 2¢o}. For the integration over the bounded set
{lyL] < 2¢co} we estimate as follows:

e~ ¥ (max{0,ly1|—co})* 1,

Py((z1 — yo)V/p/AR)e Tl vl e < cemlonminl oy

So we have to bound

2
e'“'/ Belrimunl gy,
{ly1l<2¢co}

< sup {elwﬂe—lzl—yLIQT‘g—h} (/ Ee_ml_yllz#dyl)
{lyllg2co} R2 h

<.

When |y, | > 2¢yp we can estimate
0
2 1% 2
e~ &(max{O,IyJJ—co}) < e 32 [yl ,

Pl((x_L - y_L) u/4h)e“|9h—y¢|2ﬁ < Ce—lzJ-_yL|2g’% '
Therefore, we can use completion of the square to get
o / b (w1 — yo)V/p/ah)e™ 171 vl i o= g (max{Olys|=co})?
{lyr1>2c0} P
< Celxll/ EC_IzL—yLFB&he_E‘;_Hyﬂz dy_L
R2
= celotlem s dlaul’ / Bl toul?
Rz h

<ec
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Hereby,
/ |K (z, 2)|dz < cuhr/h/ .
The other integral, [ |K(z,z)|dz, is treated similarly. O

B. The lower bound of hydrogen atoms in magnetic fields.

In this appendix we recall results from [AH81] on how the bottom of
the spectrum of a hydrogen-like Hamiltonian in a constant magnetic field
depends on the strength of the magnetic field. Let

- 1
H(h, p) = (=ihV + pA)? — ph — R
with curl A = (0,0, 1). The result is the following:
ProposiTION B.1.— There exists a (positive) constant ¢ such that

inf SpecH (h, p) > —ch™? (max{1, log(ﬂhs)})Q :

Proof. — Using the scaling z +— h2z we have that H (h, ) is unitarily
equivalent to the operator

h=2H(1, uh?).

Let us notice that the function b — infSpecH(1,b) is continuous for
b € [0,00): For b > 0 this follows from perturbation theory (see for instance
Reed and Simon [RS78, Chapter XII.2]). Continuity for b = 0 is a well-
known fact (Zeeman effect) and a rigorous proof is contained in [AHS81,
Theorem 5.1].

Therefore, we only have to consider the asymptotics as b tends to
infinity. From [AH81] we know that

inf SpecH (1,b) =~ c(log(b))?,
as b — oo. This finishes the proof. (]
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