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CENTRAL EXTENSIONS OF INFINITE-DIMENSIONAL
LIE GROUPS

by Karl-Hermann NEEB

Introduction.

The purpose of this paper is to describe the structure of the abelian
group of central extensions of an infinite-dimensional Lie group in the
sense of Milnor ([Mi83], resp. [Gl0la]). These Lie groups are manifolds
modeled on locally convex spaces. A serious difficulty one has to face in
this context is that even Banach manifolds are in general not smoothly
paracompact, which means that not every open cover has a subordinated
smooth partition of unity. Therefore de Rham’s Theorem is not available
for these manifolds. Typical examples of Banach-Lie groups which are

not smoothly paracompact are the additive groups of the Banach spaces
C([0,1],R) and I}(N, R).

In the Lie theoretic context, the central extensions Z <— G —» G
of interest are those which are principal bundles. For G and Z fixed, the
equivalence classes of such extensions can be described by an abelian group
Extrie(G, Z), so that the problem is to describe this group as explicitly as
possible. This means in particular to relate it to the Lie algebra cohomology

Keywords: Infinite-dimensional Lie group — Invariant form — Central extension — Period
map — Lie group cocycle — Homotopy group — Local cocycle — Diffeomorphism group.
Math. classification: 22E65 — 58B20 — 58B05.



1366 KARL-HERMANN NEEB

group H2(g,3) which classifies the central extensions 3 — g —» g of
the topological Lie algebra g by the abelian Lie algebra 3 (assumed to
be a sequentially complete locally convex space) for which there exists a
continuous linear section g — g. Our central result is the following exact
sequence for a connected Lie group G, its universal covering group (N}’, the
discrete central subgroup m1(G) C G, and an abelian Lie group Z which
can be written as Z = 3/T", where I' C 3 is a discrete subgroup (Theorem
7.12):

Hom(G, Z) — Hom(G, Z) — Hom (m(G), Z) —=— Extrc(G, Z)
(1) —L . H2(g,3)—"— Hom (12(G), Z) x Hom (m1(G), Lin(g,3)),

where Lin(g, 3) denotes the space of continuous linear maps g — 3. Here
C assigns to a group homomorphism v: 71 (G) — Z the quotient of GxZ
modulo the graph of y~! (here inversion is meant pointwise in Z) and D
assigns to a group extension the corresponding Lie algebra extension. The
definition of P is more subtle. Let w € Z2(g,3) be a continuous Lie algebra
cocycle and Q be the corresponding left invariant closed 3-valued 2-form
on G. To obtain the first component P;(Jw]) of P([w]), we first define a
period homomorphism per,: m2(G) — 3 by integrating Q over sufficiently
smooth representatives of homotopy classes. Then P;(jw]) := gz o per,,
where ¢z:3 — Z is the quotient map. The second component Py([w]) is
defined as follows. For each X € g we write X, for the corresponding
right invariant vector field on G. Then i(X,).Q is a closed 3-valued 1-
form to which we associate a homomorphism 7 (G) — 3 via an embedding
Hiz(G,3) — Hom(m(G),3). This embedding is established directly, so
that we have it also if G is not smoothly paracompact (Theorem 3.6). In
terms of symplectic geometry, the condition P»(jw]) = 0 means that the
action of G on (G, ) has a moment map, but we won’t emphasize this
point of view.

If the space H2(g,3) is trivial or if at least D = 0, then (1) leads to
Extric(G, Z) 2 Hom (m1(G), Z)/ Hom (G, Z) |r, @),

a formula which has first been obtained for connected compact Lie groups
by A. Shapiro ([Sh49]). Likewise many particular results which essen-
tially are consequences of (1) have been obtained in the setting of finite-
dimensional Lie groups by G. Hochschild ([Ho51]).

For a simply connected Lie group G the sequence (1) reduces to

(2) EXtLie(Ga Z) — ch(gaﬁ) — Hom (WQ(G)’ Z),

ANNALES DE L’INSTITUT FOURIER



CENTRAL EXTENSIONS OF INFINITE-DIMENSIONAL LIE GROUPS 1367

showing that in this case the group Exty.(G, Z) can be identified with the
subgroup of HZ2(g,3) consisting of those classes [w] for which the image II,,
of per,,, the so-called period group, is contained in I'.

Similar conditions are well-known in the theory of geometric quanti-
zation of smoothly paracompact Dirac manifolds (M, ), i.e., Q is a closed
2-form on M. Here the integrality of the cohomology class [€2] of the 2-form
) is equivalent to the existence of a so-called pre-quantum bundle, i.e., a
T-principal bundle T — M —» M whose curvature 2-form is €2 (cf. [TW8T7]
and [Bry93] for the infinite-dimensional case). Based on these observations,
Tuynman and Wiegerinck gave a proof of the exactness of (1) in H2(g,R)
for finite-dimensional Lie algebras g ([TW87, Th. 5.4]). As was observed
in [Ne96], for finite-dimensional groups G the map P is simpler because
the vanishing of m2(G) makes the first component of P superfluous. That
the vanishing of m2(G), resp., Hiz (G, R) for finite-dimensional Lie groups
G permits to construct arbitrary central extensions for simply connected
groups is a quite old observation of E. Cartan ([Ca52al). He used it to prove
Lie’s Third Theorem by constructing a Lie group associated to a Lie alge-
bra g as a central extension of the simply connected covering group of the
group Inn(g) = (¢248) of inner automorphisms (see also [Est88] for an elab-
oration of Cartan’s method). This method has been extended to Banach—
Lie groups by van Est and Korthagen who characterize the existence of a
Banach-Lie group with Lie algebra g by the discreteness of a topological
period group corresponding to the Lie algebra extension 3(g) — g — ad g
and the simply connected covering of the group Inn(g) endowed with its
intrinsic Banach-Lie group structure ([EK64]). It is remarkable that their
approach does not require the existence of smooth local sections, which do
not always exist for Banach—Lie groups. The reason for this is that they
can use van Est’s theory of local group extensions and their enlargeability
to global extensions because for Banach—Lie groups the existence of local
groups corresponding to central extensions of Lie algebras can be obtained
from the Baker—Campbell-Hausdorff series, but for more general Lie alge-
bras, this series need not converge on a O-neighborhood in g (see [G101b] for
a discussion of a large class of groups where the Baker—Campbell-Hausdorff
formalism still works well). In a previous version of this paper we have used
a result of van Est and Korthagen to show that for a simply connected Lie
group G the vanishing of P(w]) implies the extendability of a local group
cocycle f to a global one, and hence the existence of a corresponding global
group extension (this is needed for the exactness of (1) in H2(g,3)). In the
present version we give a much more direct argument which was inspired

TOME 52 (2002), FASCICULE 5



1368 KARL-HERMANN NEEB

by the construction of group cocycles in [Est54] by using the symplectic
area of geodesic triangles.

For smooth loop groups central extensions are discussed in [PS86], but
in this case many difficulties are absent because these groups are modeled
on nuclear Fréchet spaces which are smoothly regular ([KM97, Th. 16.10]),
hence smoothly paracompact because this holds for every smoothly Haus-
dorff second countable manifold modeled over a smoothly regular space
(IKM97, 27.4]). In [TL99, Prop. 5.3.1] Toledano Laredo discusses central
extensions of Lie groups obtained from projective representations with a
smooth vector by constructing a corresponding locally smooth 2-cocycle.
In Section 5 of his paper he applies results of Pressley and Segal to gen-
eral groups, which restricts the scope of his theory to smoothly paracom-
pact groups. In Omori’s book one also finds some remarks on central T-
extensions including in particular Cartan’s construction for simply con-
nected regular Fréchet—Lie groups ([Omo97, pp. 252/254]). If the singular
cohomology class associated to w does not vanish but is integral, then
Omori uses simple open covers (the Poincaré Lemma applies to all finite
intersections) to construct the T-bundle from the corresponding integral
Cech cocycle. Unfortunately it is not known to the author whether all
infinite-dimensional Lie groups have such open covers.

It would be very interesting to extend the results and the methods
of the present paper to general smooth Lie group extensions. In this
context the work of Hochschild ([Ho51]) and Eilenberg-MacLane ([EMLAT7])
contains results which have good potential to extend to infinite-dimensional
Lie groups. Another interesting project is to establish the corresponding
results for prequantization of manifolds M endowed with a closed 2-form (2.
Here the question is under which conditions there exists a prequantization,
i.e., a principal T-bundle T — M—2>M with a connection 1-form « such
that da = ¢*Q, i.e.,  is the curvature form of the bundle. For smoothly
paracompact manifolds this condition is the discreteness of the group of
periods of  ([TW8T7], [Bry93]). Is this still true for infinite-dimensional
manifolds? The results of the present paper cover the case of a Lie group
G with a closed left invariant 2-form, where we do not have to assume
that G is smoothly paracompact. Unfortunately our methods rely on the
group structure of the underlying manifold, hence do not apply to a non-
homogeneous setting.

We approach the problem to describe Exty;.(G, Z) by first discussing
for abstract groups the exact sequence in Eilenberg—-MacLane cohomology
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CENTRAL EXTENSIONS OF INFINITE-DIMENSIONAL LIE GROUPS 1369
induced by a central extension A — B —» C (Theorem 1.5, [MacL63]):

Hom(C, Z) — Hom(B, Z) — Hom(A, Z) — Ext(C, Z)
3) — Exta(B,Z) — Extap (A4, Z),

where Exta(B, Z) denotes the equivalence classes of central extensions
¢: B — B for which the subgroup A := ¢ ~1(A) is central, and Ext.y, (A, Z)
denotes the equivalence classes of abelian group extensions of A by Z.
This long exact sequence remains valid for central extensions of topological
groups and Lie groups as well, if we interpret the Hom- and Ext-groups in
the appropriate sense.

In Section 2 we collect the necessary results on central extensions of
topological groups and in Section 3 we provide some results on infinite-
dimensional manifolds and Lie groups which are well-known in the finite-
dimensional case. In particular we show that for general manifolds we have
a natural embedding H}i(M,3) — Hom(m(M),3) for the first 3-valued
de Rham cohomology group. In Section 4 we explain how the setting for
abstract, resp., topological groups has to be modified to deal with cen-
tral extensions of Lie groups with smooth local sections. Section 5 is ded-
icated to the construction of the period homomorphism per,: 12(G) — 3.
If G is smoothly paracompact, it can be obtained quite directly from the
de Rham Theorem, but in general one has to construct it directly. This
is done by considering piecewise smooth maps from triangulated mani-
folds with boundary with values in G and by showing that the prescription
per,([o]) = [ ©Q works if 6:S* — G is piecewise smooth with respect to
a triangulation. We also show that whenever we have a central Lie group
extension Z < G —» G, the connecting homomorphism &: 75(G) — 1 (Z)
from the long exact homotopy sequence of the Z-bundle G — G coincides
with — per,,.

Section 6, which is the heart of the paper, contains the construction
of a global group cocycle f:G x G — Z for simply connected groups G and
any Lie algebra cocycle w, where Z can be defined as 3/I1,,. The so defined
group Z is a Lie group if and only if I1,, is discrete, so that we obtain a Lie
group extension if and only if I1,, is discrete. In Section 7 we eventually put
all pieces together to prove the exactness of (1). An interesting byproduct
is that the vanishing of Py([w]): m1(G) — Lin(g,3) precisely describes the
condition under which the adjoint action of g on the central extension g
integrates to a smooth representation of the group G. In this sense the
adjoint and coadjoint action of G on g may exist even if the group G does
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1370 KARL-HERMANN NEEB

not. This happens in particular if G is simply connected and II, is not
discrete.

It is a well-known fact in finite-dimensional Lie theory that extensions
of simply connected Lie groups are topologically trivial in the sense that
they have a global smooth section, hence can be defined by a global cocy-
cle. For central extensions of simply connected Lie groups the existence of
a global smooth section is equivalent to the exactness of the corresponding
left invariant closed 2-form 2 (Proposition 8.4). If G is smoothly paracom-
pact, then each central j-extension of G has a smooth global section, and
one can give more accessible criteria for the existence of a smooth global
section. The central result of Section 8 is Theorem 8.8 which gives a ver-
sion of the exact sequence (1) for central Lie group extensions with smooth
global sections.

Section 9 is a collection of examples displaying various aspects in the
description of the group Exty;.(G, Z) by the exact sequence (1).

I am grateful to H. Glockner for the excellent proof reading of the
article.

1. The abstract setting for central extensions of groups.

In this section we discuss several aspects of central extensions of
groups on the level where no topology or manifold structure is involved. The
focus of this section is on the Hom-Ext exact sequence for central extensions
of groups (Theorem 1.5; see also [MacL63]). This result can also be obtained
by more elaborate spectral sequence arguments which basically are also
suited for non-central extensions, but for central extensions it can be
obtained quite directly. Moreover, we shall later need explicit information
on the maps in this exact sequence to generalize it to central extensions of
topological and Lie groups, which will be done by verifying that the crucial
steps generalize to the topological and the Lie group context.

Throughout this section G denotes a group and Z an abelian group.

DerFiNtTION 1.1. — We define the group

ZYG,Z) = {f:G x G — Z:(Vz,y,z € Q)
f,z) = f(z,1) =1, f(z,y)f(zy,2) = f(z,y2)f(y,2)}
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CENTRAL EXTENSIONS OF INFINITE-DIMENSIONAL LIE GROUPS 1371

of Z-valued 2-cocycles and the subgroup

B*(G,2):={f:GxG — Z:(3h:G — Z)h(1) = 1,
(Va,y € G) f(=,y) = h(zy)h(z)"'h(y) "}
of Z-valued 2-coboundaries. In both cases the group structure is given by

pointwise multiplication. Since both groups are abelian, it makes sense to
define the group

Ext(G, Z) := H%(G, Z) := Z*(G, Z)/ B*(G, Z). 0

Remark 1.2.— To each f € Z?(G, Z) we associate a central extension
of G by Z via

(1.1) G:=GxsZ, (9,2)(d,%) = (99,22 f(9,9)).

This multiplication turns G into a group with neutral element (1,1) and
inversion given by

(1.2) (9,2)" = (9727 flg,971)7H).

The projection ¢: G — G, (g9,2) — g is a homomorphism whose kernel is
the central subgroup Z, hence defines a central extension of G by Z. The
conjugation in this group is given by

(1.3) (9,2)(h,w)(g,2)"" = (ghg™ ", wf(g, k) fghg™",g)™").

One can show that every central Z-extension of G can be realized this
way, and that the group H2(G,Z) parametrizes the equivalence classes
of central extensions of G by Z, justifying the notation Ext(G,Z) (cf.
[MacL63, Th. IV.4.1]). O

Remark 1.3 (The connecting homomorphism). — Let FE:A—"-
B——C be a central extension of C by A. We write [fg] for the corre-
sponding element of Ext(C, A), where fg € Z?(C,A) is a representing
cocycle. Let Z be an abelian group. We define a homomorphism

E*:Hom(A4, Z) — Ext(C, Z), E*(7) :=v.[fe] :=[7° f&].

It is clear that E* is a well-defined group homomorphism. The central
extension of C by Z corresponding to [y o fg] is given by

~

C:=(BxZ)/D with D:={(afa),y(a)™") € Bx Z:a€ A}.

TOME 52 (2002), FASCICULE 5



1372 KARL-HERMANN NEEB

Writing its elements as [b, 2] := (b, 2)D, the homomorphism ¢C — Cis
given by ¢q([b, z]) = B(b). This is the standard pushout construction. O

Remark 1.4. — (a) If one is only interested in those central extensions
of abelian groups G which are abelian, then one requires the cocycle f to
satisfy f(a,b) = f(b,a) which leads to the groups Z2 (G, Z) for abelian
groups G, Z. We have B2 (G, Z) = B?(G, Z) because G is abelian, so that
we get an inclusion

Extan(G, Z) := H2,(G, Z)
= 2%(G, 2)/|B2,(G, 2) — Z*(G, Z)/ B*(G, Z) = H*(G, 2).

(b) Although Ext,, (G, R) = 0 holds for each abelian group G because
R is divisible, we might have Ext(G,R) # 0 for certain abelian groups G.
A typical example is the central extension G of G := R? given by G = R3
with the multiplication

(z,y,2) % (2, ¢, 2) = (e + 2, y+ v, 2+ 2 +zv)

in the three-dimensional Heisenberg group. O

The exact sequence discussed below provides crucial information on
how the group Ext(C, Z) of a quotient C = B/A is related to the Ext-
groups of A and B. Later we will see that it generalizes in an appropriate
sense to topological groups and Lie groups. It is instructive to compare
Theorems 1.5 and 1.6 below with the corresponding results for abelian
groups ([Fu70, Th. 51.3]) which are sharper in the sense that the last map
in the sequence is surjective.

THEOREM 1.5.— Let E: A—a—>Bi>C’ be a central extension of C
by A, and Z an abelian group. Then

Hom(C, Z) — Hom(B, Z)— Hom(A4, Z)-Z2—
Ext(C, Z)-2 Bxta(a) (B, 2)—2— Extap(A, Z)

is exact. Here B*.[f]:= [f o (B x B)] is the inflation map and o*.[f]:=
[f o (a x )] is the restriction map.

Proof. — This is a slight refinement of the well-known exact sequence
which stops at Ext(B, Z) (cf. [MacL63, p. 354] or [We95, 6.8.3]). Essentially
the proof for the corresponding exact sequence for abelian groups still works
for central extensions (see [Fu70, Th. 51.3] for the corresponding result for
abelian groups). Therefore we only discuss the exactness at Extq4)(B, Z).

ANNALES DE L’INSTITUT FOURIER



CENTRAL EXTENSIONS OF INFINITE-DIMENSIONAL LIE GROUPS 1373

In view of a*3* = (Boa)* =1, it remains to see that kera* C im §*.
Let f € Za(A)(B Z) and ¢g: B:=B Xf Z — B be the corresponding
central extension. We assume that [f o (& x @)] = 1 and have to show
that [f] € imf3*. First we observe that there exists a homomorphism
0:A — B with gg 0 0 = . The assumption f ez (A)(B Z) implies

that o(A) C qgl(a(A)) is central in B, so that we may form the quotient
group C := B/o(A) which is a central extension of C/A = C/A = B by
A\/O'(A) > 7. Let qc: C — C be the corresponding quotient map. Now it
suffices to show that

B=p*C:={(b) € BxC:8(b) = qc ()}
We define a homomorphism
7:§'—>ﬂ*aa Y= (qB’B)7

where Bf? — C is the quotient map. That imvy C ﬂ*a follows from
Boqp = qc o B. We claim that ~ is bijective. The injectivity follows from

kery = ker g Nker 3 = kergg N o(A) =1.

To see that + is surjective, let (b,¢) € B*C and pick be Bwithb= qB (?)\)
Then gcB(b) = Bgp(b) = B(b) = qc(¢) implies that there exists a z € Z
with 8(b)z = ¢. Now v(bz) = (b,¢). O

THEOREM 1.6.— Let E: A—*+B—"C be an extension of abelian
groups and G be a group. Then

Hom(G, A) — Hom(G, B)— Hom(G, C)— E
Ext(G, A)- Ext(G, B)-2 Ext(G, C)

is exact. Here a,.[f] = [ao f], B«.[f] = [B o f], and E..y = v*E is the
pullback of E to a central extension of G.

Proof.— Again, the proof of the corresponding result for abelian
groups [Fu70, Th. 51.3] works. O

2. Central extensions of topological groups.

For a topological group G and an abelian topological group Z we
consider only those central Z-extensions ¢: G — G which are Z-principal
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1374 KARL-HERMANN NEEB

bundles, i.e., for which there exist an open 1l-neighborhood U C G and
a continuous map o:U — G with goo = idy (cf. also the approach in
[He73]). As we will see below, these are precisely those central extensions
that can be represented by a cocycle f: G x G — Z which is continuous in
a neighborhood of 1 x 1, and this leads to a generalization of Theorems 1.5
and 1.6 to central extensions of topological groups. Before we can derive
these facts, we collect some generalities on topological groups. Throughout
this paper, all topological groups are assumed to be Hausdorff.

LEMMA 2.1.— Let G be a connected simply connected topological
group and T a group. Let U be an open symmetric connected identity
neighborhood in G and f:U — T a function with

flxy) = f(x)f(y) for z,y,zyel.

Then there exists a unique group homomorphism extending f. If, in
addition, T is a topological group and f is continuous, then its extension
is also continuous.

Proof [HoMo098, Cor. A.2.26]. O

ProrosiTION 2.2. — Let G and Z be topological groups, Where G is
connected, and Z — G — G a central extension of G by Z. Then G carries
the structure of a topological group such that G- Gisa Z-principal
bundle if and only if the central extension can be described by a cocycle
f:G x G — Z which is continuous in a neighborhood of (1,1) in G x G.

Proof.— First we assume that G is a Z-principal bundle over G.
Then there exist a 1-neighborhood U C G and a continuous section
0:U — G of the map gq: G — G. We extend o to a global section G — G.
Then f(z,y) := o(x)o(y)o(zy) ! defines a 2-cocycle G x G — Z which is
continuous in a neighborhood of (1,1).

Conversely, we assume that G = G x 7 Z holds for a 2-cocycle
f:G xG — Z which is continuous in a neighborhood of (1,1) in G x G. Let
U C G be an open symmetric 1-neighborhood such that f is continuous on
U x U, and consider the subset

K:=UxZ=q'(U)CG=Gx;2.

Then K = K~!. We endow K with the product topology of U x Z. Since
the multiplication mg |yxy: U x U — G is continuous, the set

V:={((z,2),(z',7")) € K x K:za' € U}

ANNALES DE L’INSTITUT FOURIER



CENTRAL EXTENSIONS OF INFINITE-DIMENSIONAL LIE GROUPS 1375

is an open subset of K x K such that the multiplication map
VoK, ((z,2),(2)) - (z2, 22 f(x,2'))
is continuous. In addition, the inversion
K — K, (z,2) v (z_l,z_lf(x,m_l)_l)

is continuous. Since G is connected, it is generated by U, and therefore
G is generated by K = q 1 (U). Therefore [Ti83, p. 62] applies and
shows that G carries a unique group topology for which the inclusion map
K=UxZ2< Gisan open embedding. It is clear that with respect to
this topology, the map g: G—-Gisa Z-principal bundle. |

Remark 2.3. — To derive a generalization of Proposition 2.2 to groups
which are not necessarily connected, one has to make the additional
assumption that for each ¢ € G the corresponding conjugation map
Iy: G — G is continuous in the identity. In view of Proposition 2.2, this
condition is automatically satisfied for all elements in the open subgroup
generated by U, hence redundant if G is connected. O

DErINITION 2.4.— Let G and Z be topological groups, where G is
connected. We have seen in Proposition 2.2 that the central extensions of
G by Z which are principal Z-bundles can be represented by 2-cocycles
f:G x G — Z which are continuous in a neighborhood of (1,1) in G x G.
We write Z2(G, Z) for the group of these cocycles. Likewise we have a group
B2(G, Z) of 2-coboundaries f(z,y) = h(zy)h(z) " h(y) "', where h: G — Z
is continuous in a 1-neighborhood. Then the group

Ext.(G, Z) := HX(G, Z) := Z2(G,Z)/B2(G, Z)
classifies the central extensions of G by Z which are principal bundles. O

A typical example of a central extension of a compact group which
has no continuous local section is the sequence {1, —I}N — TN_Z,TN
where g(z) = z? is the squaring map on the infinite-dimensional torus TN,

Remark 2.5.— (a) We consider the setting of Remark 1.3, where
B is a principal A-bundle. This means that there exists a local section
o:Uqs — B which can be used to obtain a local section of C — C, so that
E* maps continuous homomorphisms to central extensions with continuous
local sections.

Therefore the maps in Theorem 1.5 are compatible with the topolog-
ical situation, and we thus obtain for connected groups A, B and C the

TOME 52 (2002), FASCICULE 5



1376 KARL-HERMANN NEEB
sequence of maps

Hom(C, Z) — Hom(B, Z)—s Hom(A, Z)-2— Ext.(C, Z)2>
EXtc’a(A) (B, Z)a—> EXtc’ab(A, Z),

where Hom denotes continuous homomorphisms.

It is easy to verify that the proof of Theorem 1.5 remains valid in
this topological context (cf. [Se70, Prop. 4.1]). One has to use the following
eagy facts:

(1) Pull-backs and pushout constructions preserve the existence of
continuous local sections.

(2) For central extensions §: B — C with continuous local sections
a continuous homomorphism f: B — Z factors through a continuous
homomorphism C — Z if and only if ker 3 C ker f.

(3) A group homomorphism between topological groups is continuous
if and only if it is continuous in the identity, resp., on a neighborhood of
the identity.

(b) Similar arguments show that each extension E: A—>—B —f,

of abelian topological groups which is a principal A-bundle leads for each
connected topological group G to an exact sequence

Hom(G, A) — Hom(G, B)— Hom(G, C) -2 Ext (G, A) =
Ext.(G, B)-25 Ext.(G,C). O

It is instructive to describe the image of E* corresponding to a
universal covering map qg: G — G for a topological group G.

PROPOSITION 2.6. — Let G be a connected, locally arcwise connected
and semilocally simply connected topological group and qué — G a
universal covering homomorphism. We identify m1(G) -with ker qq. For
a central extension of topological groups 7 — G—1G the following
conditions are equivalent:

(1) There exists a continuous local section oy: U — G with oy (zy) =
oy(z)oy(y) forz, y, zy € U.

(2) G = G x5 Z, where { € Z%*(G,Z) takes the value 1 on a
neighborhood of (1,1) in G x G.
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_(3) There exists a homomorphism v:71(G) — Z and an isomorphism
®: (G x Z)/T(v™ 1) — G with ¢®([z,1]) = q¢(z), z € G, where T'(y™1) is
the graph of d — ~(d)~!.

Proof.— (1) < (2) follows directly from the definitions.

(1) = (3): We may w.l.o.g. assume that U is connected, U = U~1, and
that there exists a continuous section o: U — G of the universal covering
map ¢g. Then

oy ° qg b(U):E(U) -G

extends uniquely to a continuous homomorphism f: G — G with foo =oy
and go f = q¢ (Lemma I1.1). We define 1: GxZ — @, (g9,2) — f(g)z. Then
1) is a continuous group homomorphism which is a local homeomorphism
because

Y(6(z),2) = f(G(2)z=0p{z)z for zeU,z€ Z

We conclude that 1 is a covering homomorphism. Moreover, v is surjective
because its range is a subgroup of GG containing Z and mapped surjectively
by ¢ onto G. This proves that

G=(Gx2)/kery, kerp={(9,f(9) ):g€ (D}
On the other hand, f~}(Z) = ker(q o f) = ker g = m1(G), so that

keryy = {(d,y(d)""):d € m(G)} =T(77"), 7= fln(e)

(3) = (1) follows directly from the fact that the map G x Z — G is
a covering morphism. g

3. Topology of infinite-dimensional manifolds.

So far we have only dealt with abstract groups or topological groups.
In this section we turn to manifolds and specifically to infinite-dimensional
ones modeled on locally convex spaces. Sometimes we will have to require
the model space to be sequentially complete to ensures the existence of
Riemann integrals. For more details on this setting we refer to [Mi83],
[Gl0la] and [NeOla]. As we will explain in some more detail below, the
approach of Kriegl and Michor ([KM97]) is slightly different, but coincides
with the other one for Fréchet manifolds, i.e., manifolds modeled on Fréchet
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spaces. An unpleasant obstacle one has to face when dealing with infinite-
dimensional manifolds is that they need not be smoothly paracompact,
i.e., not every open cover has a subordinate smooth partition of unity (cf.
[KM97]). Hence there is no a priori reason for de Rham isomorphisms
Hip(M,R) = H3 (M, R) to hold because the sheaf theoretic proofs break
down. This is a problem that already arises in the classical setting of Banach
manifolds because there are Banach spaces M for which there exists no
smooth function supported by the unit ball, so that M is in particular not
smoothly paracompact. Simple examples are the spaces C([0,1]) and I*(N)
(cf. [KM97, 14.11]). On the topological side, paracompactness is a natural
assumption on manifolds. In view of Theorem 1 in [Pa66], a manifold is
metrizable if and only if it is first countable and paracompact which for
sequentially complete model spaces implies in particular that the model
space is Fréchet (cf. [KM97, Lemma 27.8]). Fréchet—Lie groups are always
paracompact because they are first countable topological groups, hence
metrizable.

It is a central idea in this paper that all those parts of the de Rham
isomorphism that are essential to study central extensions of Lie groups still
remain true to a sufficient extent. Here a key point is that the Poincaré
Lemma is still valid. In particular we will see that we have an injection

Hiz(M,R) — H}

sing

(M,R) 2 Hom(m; (M), R),

where the isomorphism H (M, R) = Hom(m (M), R) is a direct conse-

quence of the Hurewicz Theorem (Remark A.1.4).

DEeriNiTION 3.1.— (a) Let X and Y be topological vector spaces,
U C X open and f:U — Y a continuous map. Then the derivative of f at
z in the direction of h is defined as

& (@)(h) = lim = (1 + th) = f(@))

whenever it exists. The function f is called differentiable in z if df (z)(h)
exists for all h € X. It is called continuously differentiable or C! if it is
differentiable in all points of U and

df:Ux X =Y, (x,h)v— df(z)(h)

is a continuous map. It is called a C™-map if df is a C"'-map, and C* if
it is C™ for all n € N. This is the notion of differentiability used in [Mi83],
[Ha82], [GI01a] and [NeOla].
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(b) We briefly recall the basic definitions underlying the convenient
calculus in [KM97]. Let E be a locally convex space. The c¢™-topology on E
is the final topology with respect to the set C°(R, E). We call E' convenient
if for each smooth curve ¢;: R — E there exists a smooth curve ¢c3:R — FE
with ¢ = ¢; (cf. [KM97, p. 20]).

Let U C E be an open subset and f:U — F' a function, where F' is a
locally convex space. Then we call f conveniently smooth if

foC™(R,U) C C™(R, F).

This concept quite directly implies nice cartesian closedness properties for
smooth maps (cf. [KM97, p. 30)). O

Remark 3.2. — If E is a sequentially complete locally convex (s.c.l.c.)
space, then it is convenient because the sequential completeness implies
the existence of Riemann integrals ([KM97, Th. 2.14]). If E is a Fréchet
space, then the ¢*°-topology coincides with the original topology ([KM97,
Th. 4.11)).

Moreover, for an open subset U of a Fréchet space, a map f:U — F
is conveniently smooth if and only if it is smooth in the sense of [Mi83].
This can be shown as follows. Since C°(R, E) is the same space for
both concepts of differentiability, the chain rule shows that smoothness
in the sense of [Mi83] implies smoothness in the sense of convenient
calculus. Now we assume that f:U — F' is conveniently smooth. Then the
derivative df: U X E — F exists and defines a conveniently smooth map
df:U — L(E,F) C C*(E, F) ([KM97, Th. 3.18]). Hence df:U x E — F
is also conveniently smooth, hence continuous with respect to the ¢*°-
topology. As E x FE is a Fréchet space, it follows that df is continuous.
Therefore f is C! in the sense of [Mi83], and now one can iterate the
argument. |

If M is a differentiable manifold and 3 a locally convex space, then a
3-valued k-form w on M is a function w which associates to each p € M
a k-linear alternating map T,(M)* — 3 such that in local coordinates the
map (p,v1,...,v%) — w(p)(vy,...,vs) is smooth. We write Q*(M, ;) for
the space of smooth k-forms on M with values in 3.

LemMmA 3.3 (Poincaré Lemma). — Let E be locally convex, 3 ans.c.l.c.
space and U C E an open subset which is star-shaped with respect to 0. Let
w € QFY(U,3) be a 3-valued closed k + 1-form. Then w is exact. Moreover,
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w = dyp for some ¢ € Q¥(U,3) with ¢(0) = 0 given by
1
pz)(vy,...,v5) = / tFw(te)(z, vy, . .., v) dt.
0

Proof.— For the case of Fréchet spaces Remark 3.2 implies that
the assertion follows from [KM97, Lemma 33.20]. On the other hand, one
can prove it directly in the context of locally convex spaces by using the
fact that one may differentiate under the integral for a function of the
type fol H(t,z)dt, where H is a smooth function | — ¢,1 + ¢[xU — 3 (cf.
[KM97, p. 32]). The existence of the integrals follows from the sequential
completeness of 3. For the calculations needed for the proof we refer to
[La99, Th. V.4.1]. O

ProrosiTION 3.4. — Let M be a connected manifold, 3 an s.c.lLc.
space and o € QY(M,3) a closed 1-form. Then there exists a connected
covering q: M — M and a smooth function f: M— 3 with df = q*a.

Proof (cf. Sect. XIV.2 in [GodT71] for the finite-dimensional case). —
On M we consider the pre-sheaf F given for an open subset U C M by

FU) :={f e C*(U,3):df = alu}.

It is easy to verify that F is a sheaf on M (cf. [We80, Sect. 2.1]).

To determine the stalks F,, £ € M, of the sheaf F, we use the
Poincaré Lemma. Let x € M. Since M is a manifold, there exists a
neighborhood U of x which is diffeomorphic to a convex subset of a locally
convex space. Then the Poincaré Lemma implies for each y € 3 the existence
of a smooth function fi; on U with dfy = a|y and fy(z) = y. Since U is
connected, the function fy is uniquely determined by its value in z. Now
let V' be another open set containing z, and fy € F(V) with [fu]: = [fv]e-
Choosing an open neighborhood W C UNV of x which is diffeomorphic to
a convex domain, we conclude from fy(z) = fy(z) = y that fv lw = fulw.
Therefore the map F, — 3, [f]. — f(z) is a linear bijection.

Now let p: F = Uzex Fo — M denote the étale space over M
associated to the sheaf F. We claim that p is a covering map. Let z € X
and U as above. Then F(U) = 3, as we have seen above. Therefore
(U, F) = F(U) & F, (cf. [We80, Th. 2.2.2]). For each z € 3 we write
s,:U — F for the continuous section given by s.(y) = [fz]y, where
f. € F(U) satisfies f,(z) = z. Then the sets s,(U) are open subsets of F by
the definition of the topology on F ([We80, p. 42]). Moreover, these sets are
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disjoint because (f,], = [fu]u first implies u = y and further f,(y) = fuw(u),
so that f, = f, and therefore z = w. This proves that p~(U) = U,¢;5.(U)
is a disjoint union of open sets, where s,: U — s,(U) is a homeomorphism
for each z by the construction of F. Thus p is a covering map.

Pick o € M and an inverse image yo € F. Then the connected
component M of F containing o is a_ manifold with a covering map
@M — M. Moreover, the function f: M — 3, [s]y — s(y) is smooth. It
remains to show that ¢*a = df. So let s:U — F be a smooth section
of F. Then fos € C®(U,3) is a smooth function with df (s(z))ds(z) =

(fos)( ) = a(z) for all z € U. Since ds(z) = (dg(s(z))) ™!, it follows that
df (s(z)) = (¢*a)(s(z)), and therefore that df = ¢*cv. a

COROLLARY 3.5.— If M is a simply connected manifold and 3 an
s.c.L.c. space, then H}r(M,3) vanishes.

Proof.— Let a be a closed 3-valued 1-form on M. Using Proposi-
tion 3.4, we find a covering q:M\ — M and a smooth function f: M — 3
with df = ¢*a. Since M is simply connected, the covering ¢ is trivial, hence
a diffeomorphism. Therefore « is exact. O

THEOREM 3.6.— Let M be a connected manifold, 3 an s.c.l.c. space,
zo € M, and m (M) := m1(M, zo). Then we have an inclusion

¢: Hir(M,3) — Hom(m (M), 3)

which is given on a piecewise differentiable loop v:[0,1] — M in z for
a € Zi(M,3) by

(@) = <la) = [ = | '

The homomorphism (([a]) can also be calculated as follows: Let f, €
Cw(M,g) with df, = q*a, where q:M — M is the universal covering
map, and write M x m (M) — M, (x,g) — pg(x) for the right action of
m1(M) on M. Then the function f, o fig — fa is constant equal to ¢([a])(g)-

Proof (cf. Theorem 14.1.7 in [God71]). — Let ¢: M — M be a simply
connected covering manifold and yo € ¢~ 1(xo). In view of Corollary 3.5,
for each closed 1-form « on M, the closed 1-form ¢*« on M is exact. Let
fa € C°°(M,3) with ﬁx(yo) =0 and df, = ¢*o.
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Let M x m (M) — M,(y,g) — pg(y) := y.g denote the action of
m1(M) on M by deck transformations. We put

¢(@)(9) := fa(y0-9)-
Then {(a)(1) =0 and

C(@)(9192) = fa(Y0-9192) = fa(Y0-9192) — fa(¥0-91) + falyo-91)
= fa(¥0-9192) — fa(y0-91) + C(@)(g1)-

For each g € 71 (M) the function h := pj fo — fa satisfies h(yo) = ((a)(g) =
fa(yo-g9) and

dh = pydfe — dfa = pyq*a — g*a = (gopg)*a —qg*a=q"a —¢*a = 0.
Therefore h is constantly {(a)(g), and we obtain {(@)(g192) = {(@)(g2) +
¢(a)(g1)- This proves that {(a) € Hom(m1 (M), 3).

Suppose that ((a) = 0. Then u} fo — fo = 0 holds for each g € m1 (M),
showing that the function f, factors through a smooth function f: M —
with foq = f,. Now ¢*df = df, = ¢*a implies df = a, so that «a is exact.
If, conversely, a is exact, then the function f, is invariant under m; (M),
and we see that ((a) = 0. Therefore (: Z}z (M, 3) — Hom(m; (M), 3) factors
through an inclusion H}y(M,3) — Hom(mi(M),3).

Finally, let [y] € (M), where ~:[0,1] — M is piecewise smooth. Let
3:[0,1] — M be a lift of v with 7(0) = yo. Then

[N = fa(]) = f(3(1)) = fa(3(0)) + /dfa(v( ) (7' (1)) dt

~ful) + [ @GO ©) e = [ GO @)t =[ 7o f

a

The following lemma shows that exactness of a vector-valued 1-form
can be tested by looking at the associated scalar-valued 1-forms.

LemMMA 3.7.— Let o € QY(M,3) be a closed 1-form. If for each
continuous linear functional A on 3 the 1-form ) o « is exact, then « is
exact.

Proof.— If X\ o a is exact, then the group homomorphism ((a) :
w1 (M) — 3 satisfies A o (&) = 0 (Theorem 3.6). If this holds for each
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A € 3 = Lin(3,R), then the fact that the continuous linear functionals on
the locally convex space 3 separate points implies that () = 0 and hence
that « is exact. O

To see that the map ( is surjective, one needs smooth paracompact-
ness which is not always available, not even for Banach manifolds. For an
infinite-dimensional version of de Rham’s Theorem for smoothly paracom-
pact manifolds we refer to [KM97, Thm. 34.7]. The following proposition
is a particular consequence:

ProprosiTiON 3.8. — If M is a connected smoothly paracompact man-
ifold, then the inclusion map (: H}z(M,3) — Hom(mi (M), 3) is bijective.

O

PropositioN 3.9.— Let M be a connected manifold, 3 an s.c.lc.

space and T C 3 a discrete subgroup. Then 3/T' carries a natural manifold
structure such that the tangent space in every element of 3/T" can be
canonically identified with 3. For a smooth function f: M — 3/T we can
thus identify the differential df with a 3-valued 1-form on M. For a closed
3-valued 1-form o on M the following conditions are equivalent:

(1) There exists a smooth function f: M — 3/T" with df = c.
(2) ¢(@)(m(M)) CT.

Proof. — Let q: M — M denote the unlversal covering map and fix

a point 2o € M. Then the closed 1-form g*c on M is exact (Theorem 3.6),
so that there exists a unique smooth function f M- 3 withdf = ¢*a and
f(zo) = 0. In Theorem 3.6 we have seen that for each g € 7,(M) we have

(3.1) wf = F=¢(a)(g)-

(1) = (2): Let p:3 — 3/T" denote the quotient map. We may w.Lo.g.
assume that f(q(zo)) = p(0). The function p o f M — 3/T satisfies
d(p o f) = g*a, and the same is true for foqgM — 3/T. Since both
have the same value in xy, we see that po f foq. This proves that po f is
invariant under m; (M), and therefore (3.1) shows that (a)(m1(M)) CT.

(2) = (1): If (2) is satisfied, then (3.1) implies that the function
pof: M — 3/Tism (M)-invariant, hence factors through a function f: M —
3/T with fog=po f. Then f is smooth and satisfies ¢*df = df = ¢*a,
which implies that df = a. ad

TOME 52 (2002), FASCICULE 5



1384 KARL-HERMANN NEEB

Applications to Lie groups.

Next we apply the results of this section to homomorphisms of Lie
groups. A Lie group G is a group and a manifold modeled on a locally
convex space for which the group multiplication and the inversion are
smooth maps. We write \j(z) = gz, resp., pg(z) = zg for the left, resp.,
right multiplication on G. Then each X € T1(G) corresponds to a unique
left invariant vector field X; with X;(g) := dA\4(1).X, g € G. The space of
left invariant vector fields is closed under the Lie bracket of vector fields,
hence inherits a Lie algebra structure. In this sense we obtain on g := T3 (G)
a continuous Lie bracket which is uniquely determined by [X,Y]; = [X;, Y]]
Similarly we obtain right invariant vector fields X,(g9) = dpy(1).X, and
they satisfy [X,,Y;] = —[X,Y], (cf. [Mi83], [Gl01a], [NeOla], [KMIT]).

LEMMA 3.10. — Let G be a Lie group, 3 an s.c.l.c. space and CZ(g, 3)
the space of alternating continuous n-linear maps g* — 3. Then the
isomorphisms of vector spaces

L:C(g,3) — (G, 3),
L(a)(g)(v1,- .-, vn) = a(dAg-1(g)-v1,- .., dAg-1(g)-vn)

assigning to a € C.(g,3) the corresponding left invariant n-form L(a) €
Q"(G, 3) intertwine the differentials on C(g,3) and Q*(G, 3). In particular,
L(Z"(g,3)) consists of closed forms and L(BZ(g,3)) of exact forms.

Proof.— It suffices to evaluate L(a) on left invariant vector fields
X;. Then the formula

d(L(a))(X1,--.,Xn) = L(da)(X1, ..., Xn)
follows directly from the definition of the differentials on both sides. O

LemmA 3.11.— Let G be a Lie group, 3 an s.c.l.c. space, € Q%(G, 3)
a left invariant closed 2-form, and X € g. Then the j-valued 1-form
1(X,).Q =Q(X,,) on G is closed. If @ = da for a left invariant 1-form o,
then all the forms i(X,).Q are exact.

Proof.— Since the right invariant vector fields on G correspond to
the left multiplication action of G on itself, Lemma A.2.5 implies that for
each X € g

d(i(X,).Q) = Lx, . —i(X,).d2 = Lx, 0 =0.
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If « is a left invariant 1-form with @ = da, then for each X € g
Lemma A.2.5 leads to

0=Lx,.a =1iX;).do+d(i(X,).a),
which implies that i(X,.).da = i(X,).Q is exact. |

DeriNITION 3.12. — A Lie group G is called regular if for each closed
interval I CR, 0 € I, and X € C*(I,g) the ordinary differential equation

Y(0) =1, 7'(t) =dpyr)(1).X(2)
has a solution yx € C*°(I,G) and the evolution map
evolg: C*(R,g) » G, X — yx(1)
is smooth. O

Remark 3.13.— 1If 3 is an s.c.l.c. vector space, then 3 is a regular Lie
group because the Fundamental Theorem of Calculus holds for curves in
3. The smoothness of the evolution map is trivial in this case because it is
a continuous linear map. Regularity is trivially inherited by all Lie groups
Z = 3T, where I" C 3 is a discrete subgroup.

If, conversely, Z is a regular Fréchet—Lie group, then the exponential
function exp:3 — Zy is a universal covering homomorphism, so that Zy =
3/T holds for the identity component Zj of Z, where I" := ker exp = m1(Z2)
(IMT99]). O

For an example of a Lie group without exponential function we refer
to [Gl01c, Sect. 7]. In this example the group is not modeled over a s.c.l.c.
space and so far, no example of a non-regular s.c.l.c. Lie group is known.

LeEmMA 3.14 ([Mi83, Lemma 7.1)).— Let G and H be connected Lie
groups and ¢y/2:G — H two Lie group homomorphisms for which the
corresponding Lie algebra homomorphisms dy1(1) and dps(1) coincide.
Then ¢, = pa. O

CoRroLLARY 3.15.— If G is a connected Lie group, then ker Ad =
Z(G).

Proof.— Let I,(z) = gzg~!. In view of Lemma 3.14, for g € G the
conditions I, = idg and dI,(1) = Ad(g) = idy are equivalent. This implies
the assertion. O
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TrEOREM 3.16. — If H is a regular Lie group, G is a simply con-
nected Lie group, and @:g — b is a continuous homomorphism of Lie
algebras, then there exists a unique Lie group homomorphism o:G — H
with da(1) = ¢.

Proof. — This is Theorem 8.1 in [Mi83] (see also [KM97, Th. 40.3]).
The uniqueness assertion does not require the regularity of H, it follows
from Lemma 3.14. 0

CororrLARry 3.17.— Let G be a simply connected Lie group, 3 an
s.c.l.c. space, and a:g — 3 a continuous Lie algebra homomorphism.
Then there exists a unique smooth group homomorphism f:G — 3 with

df(1) = a.

Proof.— Since every s.c.l.c. vector space 3 is a regular Lie group
(Remark 3.13), the assertion follows from Theorem 3.16. O

CoRrOLLARY 3.18. — Let G be a connected Lie group, 3 an s.c.lc.
space, I' C 3 a discrete subgroup, and \:g — 3 a continuous Lie algebra
homomorphism. Then there exists a smooth group homomorphism f: G —
Z :=3/T with df(1) = X if and only if {(a)(m1(G)) C T holds for the left
invariant closed 1-form o on G with oy = .

Proof. — Let g: G — G denote the universal covering morphism and
f:G — 3 the unique Lie group homomorphism with df(l) = A (Corollary
3.17). Let qz:3 — Z denote the quotient map. Then f7 := qzofz G — Zis
a Lie group homomorphism with dfz = a. Whenever a homomorphism f as
required exists, its differential df is a left invariant 1-form, hence coincides
with a. Therefore foqg= fz.

This proves that f exists if and only if ker g C ker fz which in turn

means that f(kerq) C T. On the other hand f(ker ¢) = {(a)(m1(G)), and
this concludes the proof. O

4. Cocycles for central extensions of Lie groups.

In the setting of Lie groups, we consider only those central exten-
sions G — G which are smooth principal bundles, i.e., have a smooth
local section. We simply call them smooth central extensions (cf. [KM97,
Sect. 38.6]). A typical example of an extension which does not have this
property is

co(N) = I%(N) — 1=(N)/co(N)
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which does not have any smooth local section because the closed subspace
co(N) of I°°(N) is not complemented (cf. [We95, Satz 4.6.5]). Nevertheless,
according to Michael’s Theorem ([Mi59]), the quotient map has a continu-
ous section.

In this section we collect general material on central extensions of Lie
groups. In particular we discuss the representability of Lie group extensions
by locally smooth cocycles and explain how group and Lie algebra cocycles
are related.

Central extensions and cocycles.

LemMma 4.1. — Let G be a connected topological group and K = K !
be an open l-neighborhood in G. We further assume that K is a smooth
manifold such that the inversion is smooth on K and there exists an open
1-neighborhood V. C K with V? C K such that the group multiplication
m:V x V — K is smooth. Then there exists a unique structure of a Lie
group on G for which the inclusion map K — G induces a diffeomorphism
on open neighborhoods of 1.

If G is not connected, then we have to assume in addition that for
each g € G there exists an open l-neighborhood K, C K such that
I4(z) := gxg~ ! maps K, into K and Iy|g,: Ky — K is smooth.

Proof. — This is proved exactly as in the finite-dimensional case (cf.
[Ch46, §14, Prop. 2] or [Ti83, p. 14]). O

ProprosiTiON 4.2. — Let G and Z be Lie groups, where G is con-
nected, and Z — G — G a central extension of G by Z. Then G carries
the structure of a Lie group such that G — G is a smooth central ex-
tension if and only if the central extension can be described by a cocycle
f:G x G — Z which is smooth in a neighborhood of (1,1) in G x G.

Proof (cf. [TW87, Prop. 3.11] for the finite-dimensional case). — First
we assume that G — G is a smooth central extension of G. Then there
exists a 1-neighborhood U C @ and a smooth section o: U — G of the map
q: G — G. We extend o to a global section G — G. Then

f(a,y) = o(z)o(y)o(zy) ™!
defines a 2-cocycle G x G — Z which is smooth in a neighborhood of (1,1).

Conversely, we assume that G ~ G x 7 Z holds for a 2-cocycle
f:G x G — Z which is smooth in a neighborhood of (1,1) in G x G. We
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endow G with the unique group topology such that G-Gisa topological
principal bundle (Proposition 2.2). Then Lemma 4.1 implies the existence
of a unique Lie group structure on G compatible with the topology and such
that there exists a 1-neighborhood of the product type Ug-Ugz, where Ug is
a 1-neighborhood in G, Uz is a 1-neighborhood in Z, and the product map
Ug x Uz — UaUyz is a diffeomorphism. Hence there exists a smooth local

section ¢: Ug — @, showing that G — G is a smooth central extension. 0

In [Va85, Th. 7.21] one finds a version of Proposition 4.2 for finite-
dimensional Lie groups, where Lie groups are considered as special locally
compact groups. The existence of Borel cross sections for locally compact
groups implies that their central extensions can be described by measurable
cocycles which, for Lie groups, can be replaced by equivalent cocycles which
are smooth near to the identity (cf. also [Ca51] and [Mab7]).

Remark 4.3. — If the group G is not connected, then one has to
make the additional assumption that for each ¢ € G the corresponding
conjugation map Ig4: G — G is smooth in an identity neighborhood, but
this is only relevant for the elements not contained in the open subgroup
generated by U (cf. Remark 2.3 for the continuous case).

For Banach-Lie groups and in particular for finite-dimensional Lie
groups every automorphism of the topological structure is automatically
smooth, which can be deduced from the fact that the exponential function
is a local diffeomorphism around 1. Therefore Proposition 4.2 requires for
Banach-Lie groups which are not connected no additional requirements,
once we have a group topology on G with the required properties. O

DerFiNiTiON 4.4.— (a) Let G and Z be Lie groups, where G is
connected. We have seen in Proposition 4.2 that the central extensions
of G by Z which are smooth principal Z-bundles can be represented by
2-cocycles f: G x G — Z which are smooth in a neighborhood of (1,1) in
G x G. We write Z2(G, Z) for the group of these cocycles. Likewise we have
a group B?(G, Z) of 2-coboundaries f(x,y) = h(zy)h(z)~ h(y)~, where
h: G — Z is smooth in a 1-neighborhood. Then the group

EXtLie(G7 Z) = Hg(Ga Z) = ZSQ(Ga Z)/BE(Gv Z)

classifies the smooth central extensions of G by Z.

(b) Let 3 be a topological vector space and g a topological Lie algebra.
A continuous 3-valued 2-cocycle is a continuous skew-symmetric function
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w:g X g — 3 with

w([z,y], 2) + w(ly; 2], ) + w([z, 2], y) = 0.

It is called a coboundary if there exists a continuous linear map a €
Lin(g,3) with w(z,y) = a([z,y]) for all z,y € g. We write Z2(g,3) for the
space of continuous 3-valued 2-cocycles and B2(g,3) for the subspace of
coboundaries defined by continuous linear maps. We also define the second
continuous Lie algebra cohomology space

HZ(9,3) :== 22(8,3)/B2(9,3)-

(c¢) If w is a continuous 3-valued cocycle on g, then we write g @, 3
for the topological Lie algebra whose underlying topological vector space
is the product space g X 3, and the bracket is defined by

(z,2), (', 2")] = ([z, 2], w(z,2")).

Then q: g®, 3 — 9, (z, 2) — z is a central extension and o: g — Py, 3,2 —
(z,0) is a continuous linear section of q. O

Remark 4.5. — We consider the setting of Remark 2.5, where A, B,
C, G and Z are Lie groups such that B — C is a smooth central, resp.,
abelian extension. In this context everything in Remark 2.5 carries over to
the smooth context. In particular we obtain an exact sequence of maps

1 ——>Hom(C Z)———>Hom(B Z)——»Hom(A Z)
—_’EXthe(C Z)—_)EXtLle cx(A)(B Z)—_)EXtLle ab(A Z)

where Hom denotes smooth homomorphisms and the groups A, B and C
are connected. Likewise we obtain for a connected Lie group G an exact
sequence

1 —» Hom(G, A)— Hom(G, B)—+ Hom(G, C)
L, Extrie(G, A) -5 Extrie(G, B)2 Extrie(G, O).

From group cocycles to Lie algebra cocycles.

For the following lemma we define for a smooth map f: M x N — 3
and (p,q) € M x N the bilinear map
(4.1)

(0, ) Ty(MXTy(N) =3, F(p,0)(0,0) 1= o lamo F(E),(5))
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where v:] — €,e[— M, resp., n:] — g,e[— N are curves with v(0) = p,
v'(0) = v, resp., n(0) = ¢, 7' (0) = w. It is easy to see that the right hand
side does not depend on the choice of curves v and 7.

LemMa 4.6.— Let Z = 3/T, f € Z2(G,Z) and G = G x; Z the
corresponding central extension of G by Z. We use a smooth local section
of qz:3 — Z to write f = qz o f, on an open neighborhood of (1,1) in
G x G. Then the Lie algebra cocycle

(Df)(z,y) = & f;(1,1)(z,y) — & £,(1,1)(y, x)
satisfies § = g X p(y) 3-

Proof. — We identify g with g x 3 via the differential do(1):g — @
in 1 of the section 0: G — G, g — (g, 1) which is smooth in a neighborhood
of the identity. The relation

(9,2)(h,w)(g,2)"" = (ghg™,wf(g,h)f(ghg™" g)7")

(Remark 1.2) leads to the following formula for the adjoint action of G
on g:

Ad5(9,2)(y, ) = (Ade(9)-y, s + dafi(9,1).y ~ di f;(1,9) Ade(9)-y)-

Here d; f, resp., daf denotes the derivative of f in the first, resp., the
second argument. Now we recall d( Ad(-).(X,2))(1) = ad(-).(X, z) ([Mi83,
p. 1036]) and observe that f;(g,1) = 0 implies d;f;(1,1) = 0 Taking
derivatives with respect to (g,2) in 1 € @, we therefore obtain the formula

[(z,1), (¥, 9)] = ([z,9],d° f,(1, )(z,y) — d*£,(1,1)(Adc(1).y, 2)
—d1 £,(1,1)([z,9]))
= ([=,9), & £,(1, )(z,y) - d*£;,(1,1)(y, 2))
= ([z,y], (Df)(z,y))-
Od

The preceding lemma implies in particular that for each f € Z2(G, Z)
we obtain an element Df € Z2(g,3), and further that D induces a group
homomorphism

D:HZ(G,Z) — HZ(8.3), [f]~ [D(f)]

because equivalent Lie group extensions lead to equivalent Lie algebra
extensions. This can also be verified more directly by observing that for
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f(g,h) = £(g)¢(h)¢(gh)~! with a locally smooth function ¢:G — Z with
£(1) = 1 we obtain

(Df)(z,y) = —de(1)([z, y])-

In fact, we can write £ = gz o ¢, with a locally smooth function 4;: G — 3
and accordingly

fa(g, h) = 85(9) + ea(h) - Za(gh).
We then obtain

(Df)(la 1)(1:7 y) = _mrylgj(l) + yrl'lé;(l)
= —(2r — z)yly (1) — 2oyl (1) +(yr — y1)2143(1)
+yl:cl£3(1)
= —zyity (1) + gy (1)
= dt,(1)([y, z]).

Here we use that the vector field x, — z; vanishes in 1, which implies f.i.
(@r — 2yl (1) = d(yit;)(1).(z — 1) (1) = 0.

5. The period homomorphism of a Lie algebra cocycle.

Let G be a connected Lie group with Lie algebra g and 3 an s.c.l.c.
space. In this section we associate to each continuous Lie algebra cocycle
w € Z2(g,3) a period homomorphism

per,:m2(G) — 3.

The main difficulty of the construction lies in the fact that we do not assume
that G is smoothly paracompact. If this is the case, then the construction
is straight-forward: We consider the left invariant 3-valued 2-form Q on G
with Q3 = w. Its cohomology class (2] € H3z(G,3) = Hfing(G,;,) can be
interpreted as a homomorphism H3(G) — 3 which in particular induces a
homomorphism m5(G) — 3 if composed with the Hurewicz homomorphism
m2(G) — Hz(G). For this argument we use de Rham’s Theorem which is
not available for non smoothly paracompact manifolds. Nevertheless, we

will see that a direct construction works.

In the next section it will become apparent that the period homo-
morphism provides the main obstruction to the integrability of the central
Lie algebra extension g, 3 tc a group extension in the sense that such an
extension exists if and only if the period group II,, := im(per,,) is discrete
in 3.
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Piecewise smooth maps on simplicial complexes.

DerFINITION 5.1.— In the following A? = {(x1,...,%p):2; > O,
> ;@i < 1} denotes the p-dimensional standard simplex in RP. We also
write (vo, ..., vp) for the affine simplex in a vector space spanned by the
affinely independent points v, ...,vp. In this sense AP = (0,e1,...,ep),
where e; denotes the ith basis vector in RP.

Let Y be a smooth manifold. A continuous map f: AP — Y is called a
C'-map if it is differentiable in the interior int(AP) and in each local chart
of Y all directional derivatives ¢ — df (z)(v) of f extend continuously to
the boundary OAP of AP. We call f a C*-map if all maps = +— df (z)(v) are
C*~1, and we say that f is smooth if f is C* for every k € N. We write
C>®(AP,Y) for the set of smooth maps AP — Y.

This point of view can also be used to define smooth maps on convex
subsets C' of finite-dimensional vector spaces with E := C — C. In this
context we call a continuous map f:C — Y a C'-map if it is C' on the
relative interior int,g(c)(C) of C' with respect to the affine subspace aff(C)
it generates, and for which the differential df: int,g(c)(C) x E — Y extends
to a continuous map C x E — Y, where aff (C) denotes the affine span of C.
As for simplices, iteration leads to a smoothness concept for maps C — Y.

If ¥ is a simplicial complex, then we call a map f:% — Y piecewise
smooth if it is continuous and its restrictions to all simplices in ¥ are
smooth. We write Cng(E, Y') for the set of piecewise smooth maps ¥ — Y.
There is a natural topology on this space inherited from the natural
embedding of C37,(5,Y) into the space [[gcx Cpr,(S,Y), where S runs
through all simplices of ¥ and the topology on Cpy,(S,Y) is defined as in
Definition A.3.5 as the topology of uniform convergence of all directional

derivatives of arbitrarily high order. O

LemMA 5.2. — If f: AP — Y is a smooth map, then each restriction
of f to a face of AP is a smooth map.

Proof. — Locally we have

f(@) = f(zo) + / (df (2o + t{z — 20)), @ — 20) dt.

As the integrand on the right hand side extends continuously to the
boundary, the restriction of f to a face F' has directional derivatives which
coincide with the continuous extensions of the directional derivatives of f
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on int(AP). From that we derive that f | is C' and by induction the
assertion follows. O

Remark 5.3. — With the differentiability concept of Definition 5.1 we
obtain in particular a natural concept of smooth singular chains, cycles etc.
We write Cp(Y') for the group of smooth singular chains in the manifold
Y, Z,(Y) for the group of smooth singular cycles, and

0:Cp(Y) = Cpy(Y), n>0

for the boundary map which is given on a smooth singular simplex
f:AP =Y by

p
0f = (-1 foaj
j=0
where
. (.’L‘l,...,.Tj,O,Ij+1,...,.”Ep_1), forj<p-1
O'J(zly. .. ,.Tp—l) - { (1 _ Zimi,mh--- ’mp_1)7 for j=p.

The maps f; := foo;, j =0,...,p are called the faces of the smooth
singular simplex f and the sets A;’ := 0;(AP™!) are called the faces of AP.

If w is a smooth 3-valued p-form on Y, then for each smooth singular
simplex o: AP — Y we define the integral

/w::/ o*w,
o AP

where 0*w is a smooth p-form on int(AP) which extends continuously to the
boundary. By linear extension we define the integral of w over any smooth
singular p-chain, and it is easy to verify that in this context Stoke’s Theorem

fi#o= ),

([Wa83, p. 144]) holds. This formula extends directly to oriented simplicial
complexes ¥ which are triangulations of compact manifolds with boundary
and piecewise smooth maps 0: ¥ — Y. O

LeEmMMA 5.4.— If G is a Lie group and ¥ a finite simplicial complex,
then the group Cpy, (%, G) is a Lie group with respect to pointwise multi-
plication and Lie algebra Cpy, (%, g).

Proof.— This follows with the same argument as for the groups
C>®(M,G), where M is a compact manifold (cf. [Gl01b] and Definition
A.3.5). O
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For a simplicial complex ¥ we write ¥;) for the j-th barycentric
subdivision of ¥.. Note that for a manifold Y we have a natural inclusion

C(%,Y) = C2 (S, Y)

which in general is not surjective because the requirement of piecewise
smoothness for a function ¥(;y — Y is weaker than for a function ¥ — Y.
If ¥ = A! = [0,1] is the unit interval, then a smooth function on
Y1) = [0, 3] U [3, 1] need not be smooth around 3.

In the following lemma we have to consider the barycentric subdivi-
sion of AP because we otherwise run into problems if we want to extend a
piecewise smooth map on the boundary to the interior.

LEMMA 5.5.— Let Y be a locally convex space. Then each piecewise
smooth function f: 8A€’1) — Y extends to a piecewise smooth function
f: Afl) —Y.

Proof. — The key idea of the proof is the following. If f:AP =

(e1,...,ep) — Y is a smooth map, then we obtain for every yo € Y a
natural extension of f to a smooth map A? — Y by
E(f)(x1, .. zp) =1 =21 — ... —Zp)Y0
p
+Z$jf(1‘1, sy Tj—1, 1-— Z%i,l’j_},l,. . .,.’Ep).
j=1 i#j

Moreover, for each face A? ,0<j <p-—1,given by ;41 = 0, the extension
of the restriction of f to AP N A¥ coincides with the restriction of E(f)
to the face A? of AP. This implies that if we have a piecewise smooth
function on 0AP and we apply the preceding extension procedure to each
simplex of the first barycentric subdivision Afl) of AP, then we obtain
a collection of smooth functions on all simplices in A? 1 matching to a
piecewise smooth function on the simplicial complex A(1)' Here we need
only that the function f on AP is piecewise smooth on (GAP)). O

ProrposiTiON 5.6. — If G is a simply connected Lie group, then the
restriction map
R: C’;";,(A%l),(}) — C,‘,’;(BA%U, G)
is surjective.

Proof. — Lemma 5.5 implies that if f € H := Cng(BA?l), G) is suffi-

ciently close to the constant function 1 with respect to the compact open
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topology, then f € im(R). Therefore the image of the group homomor-
phism R is a subgroup of H which is open with respect to the compact
open topology.

We write || for the topological space underlying a simplicial complex
Y. Topologically we then have |8A%1)| = |0A2%] = S!l. Therefore the
density of C*°(S!,G) in C(S',G) (Lemma A.3.6) implies in particular
that C*°(S!, G) is dense in H with respect to the compact open topology.
Now the connectedness of H follows from the connectedness of C*(S!, G),
which in turn follows from mo(C°(S!, G)) & mo(C(SY, G)) 2 m(G) = 1
(Theorem A.3.7). O

Note that in the preceding proof we cannot argue directly by the
density of the connected subgroup C®(S!,G) in H because the former
carries the subgroup topology inherited from H and is complete, hence
closed.

Construction of the period homomorphism.

Now we return to the context where G is a connected Lie group with
Lie algebra g, 3 is an s.c.l.c. space and w € Z2(g,3). In this subsection we
construct the corresponding period homomorphism per,: 73(G) — 3.

If f:3 — G is a function from a topological space ¥ into a group G,
then the closure of the set f=}(G\ {1}) is called the support of f.

LemMA 5.7.— If 3 is an oriented simplicial complex which is a
triangulation of |X| = S?, and Q € Q%(G,3) a closed 3-valued 2-form,
then the map

perg: Cpo(2,G) — 3, o / Q
is locally constant and a group homomorphism.

Proof. — As the group C*®(S?,G) is dense in C(S?,G) with respect
to the compact open topology (Lemma A.3.6), it is in particular dense in
C5 (%, G) with respect to the compact open topology.

Let U C g be a convex open 0-neighborhood for which there exists a
diffeomorphism ¢: U — G with ¢(0) = 1. Suppose that n,0 € C;Z,(E,G)
satisfy im(n~! - o) C ¢(U). Then there exists a piecewise smooth map

F:¥x[0,1] > G with F(z,0)=0(z), F(z,1)=n(z), xc.
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Here the piecewise smoothness of a map on ¥ x [0, 1] refers to any simplicial
decomposition of ¥ x [0, 1] refining the decomposition into the sets S x [0, 1],
where S is a simplex in X. To verify this assertion, we first define a map

FiEx[0,1] —U, Fl(zt)= <p<(1 - t)cp_l(n(w)_la(x)))

and then F(z,t) := n(z)F’(z,t). Now Stoke’s Theorem implies that

/asz_/ngz/aFn:/ng:o.

It follows in particular that perg, is locally constant, even in the compact
open topology.

Next we show that perg, is a group homomorphism. First we observe
that each o € Cgg,(S?, G) lies in the same connected component of a smooth
map supported by the (opposite) hemisphere of a base point z¢ of S2. Let
01,02 € Cgﬁ, (3, G). Then the connected components of ¢; contain elements
¢; whose supports are contained in disjoint hemispheres of S%. We therefore
obtain

(C1¢2)*82 +/ (€162)"Q

supp(¢2)

Pt (0102) = Poig(CiCa) = /

supp(¢1)

- / G+ / (3= Pota(C1) +Fta (o) = Pta (01)+ et (02).
supp(¢1) supp(¢2)

a

DeFINITION 5.8.— Now we define for a closed 3-valued 2-form 2 on
G the period homomorphism

perq: m3(G) = mo(C°(S?, G)) = mo(C(S?,G)) — 3
by factorization of perg, through the quotient map C°(S?,G) — m(G) =
mo(C>(S?,G)) (cf. Theorem A.3.7).
The group Il := im(perg) C 3 is called the period group of Q.

For the special case where € is a left invariant 3-valued 2-form on G
with Q; = w, corresponding to w € Z2(g,3), we also write per,, := per,
and 11, := Ilg. O

If G is a simply connected Lie group, then the singular homology
group H>(G) is isomorphic to m2(G) (Remark A.1.4), so that the period
homomorphism defines in particular a singular cohomology class.
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Remark 5.9.— (a) The preceding construction is not restricted to
degree 2. It provides for any closed p-form Q € QP(G,3) a period homo-
morphism 7(G) — 3. The extension to a singular cohomology class in
Hom(Hp(G),3) = Hfing(G,g) would require refined approximation argu-
ments connecting singular and smooth singular homology of G.

(b) The period homomorphism per,: m2(G) — 3 depends linearly on
w. If w is a coboundary, i.e., w = da for some o € Lin(g, 3), then the left
invariant 1-form A € Q'(G,3) with A; = « satisfies dA = Q by Lemma
3.10. Hence Stoke’s Theorem implies that per, = 0, and hence that per,
only depends on the Lie algebra cohomology class of w. O

The connecting homomorphism and the period map.

In this subsection we will relate the period homomorphism of a Lie
algebra cocycle to the connecting homomorphism 6: 72(G) — 71(Z) from
the long exact homotopy sequence of the bundle Z — G —» G provided
that such a central Lie group extension exists.

DerFINITION 5.10. — We recall the definition of relative homotopy
groups. Let I := [0, 1]™ denote the n-dimensional cube. Then the boundary
OI™ of I™ can be written as I"~1 U J" !, where I"! is called the initial
face and J™ ! is the union of all other faces.

Let X be a topological space, A C X a subspace, and xg € A. A map
im0 = (X, A o)

is a continuous map f:I™ — X satisfying f(I""') C A and f(J"!) =
{xo}. We write F™"(X, A, zo) for the set of all such maps and 7,(X, A, )
for the homotopy classes of such maps, i.e., the arc-components of the
topological space F™(X, A, zg) endowed with the compact open topology
(cf. [Ste51]). Likewise we define the space F™(X,xzg) := F™(X,{zo},x0)
and (X, 2g) = (X, {z0}, o). We have a canonical map

8: (X, A, o) — Tn-1(A, z0), [f] — [flim-1]. O

Let ¢: G — @ be an extension of Lie groups with kernel Z = 3/m,(Z),
where 3 is a s.c.l.c. space and ¢ has a smooth local section. For the following
result we do not have to assume that Z is central in &G. Then ¢ defines in
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particular the structure of a Z-principal bundle on @, so that we have a
natural homomorphism

§:= 90 (g.) " ma(G) - m(2),

where the map

~ ~

q*:ﬂg(G, Z) = WZ(GaZ’ 1) — 7rQ(G)’ [f] = [qof]

is an isomorphism ([Ste51, Cor. 17.2]).
Let 6 € Ql(@, 3) a 1-form with the property that for each g € G the

orbit map ny: Z — G,z — gz satisfies Nyt = 0z, where 67 € 0Y(Z,3) is
the canonical invariant 1-form on Z with 6z(1) = id;. In the language of
principal bundles, this means that 6 is a connection 1-form for the principal
Z-bundle G — G. Further let Q € ©2%(G, 3) be the corresponding curvature

form, i.e., ¢*Q = —d6.

For the proof of Proposition 5.11 below we also observe that for
v € CX(S!, Z) we have a natural identification

(5.1) /%=Memmga

ProOPOSITION 5.11. — § = — perg,.

Proof. — Let [0] € m2(G) (Definition 5.10) and v € Cge (9A%, Z)
a piecewise smooth representative of §([o]) in m1(Z). The long exact
homotopy sequence of the bundle G - G implies that the image of
[y] in m1(G) is trivial, so that Proposition V.6 implies the existence of
f € Cg, (A%, G) with flaaz = 7. Now (qo f)(9A2) = {1} shows that go f
represents an element of w2 (G) corresponding to the class of f in wz(@, Z)
via gy.

According to the long exact homotopy sequence of the principal Z-
bundle G — G, the difference between [o] and [g o f] in 73(G) lies in the
image of wz(@). Hence there exists a smooth base point preserving map
h:S? — G with [o] = [go f] + [g o h] (Theorem A.3.7). We may assume
that h is constant in a neighborhood of the base point, so that we can view
it also as a smooth map h: A2 — G with h(8A2) = {1} which is constant
on a neighborhood of the boundary. Now [o] = [go (k- f)], so that, after

replacing f by h=! - f, we may assume that [o] = [go f].
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We now have

mm@ﬂzmm@wm=/f9=Afwmz—Z;Fw:—L;#w
qo 2 2 2

:_aNfWZ_Ae:iA%z—m=—am»

where we use (5.1) for the next to last equality. This completes the
proof. O

Remark 5.12. — (a) We consider the special case of Proposition 5.11,
where g: G — G is a central Z-extension corresponding to the Lie algebra
cocycle w € Z2(g,3) in the sense that § = g @&, 3. Let Q be the left
invariant 2-form on G with Oy = w and p;: g = g D, 3 — 3 the projection
onto 3. Further let 6 denote the left invariant 3-valued 1-form on G with
6y = p;. Then the left invariant 2-form ¢*Q is exact with ¢*Q = —-df
because —dp,((z,2), (z',2)) = p;([(x,2), (2, 2")]) = w(zx,z’). Therefore
Proposition 5.11 implies that per, = —4é.

(b) Let Z — G —» G be an extension of connected Lie groups and
assume that Z is connected and abelian as above. In view of m3(Z)
m2(3) = 1, the long exact homotopy sequence of this bundle leads to an
exact sequence

o~

1=m(Z2) — Wg(@) — (@) = m(2) - m(G) - m(G) — m(Z) =1,

and therefore to

o~

12(G) = () 22my (Z) — 1 (G) — m(G).
This implies that
m2(G) 2 kerper, C my(G)  and  m(G) = m(G)/ coker per,, .

These relations show how the period homomorphism controls how the first
two homotopy groups of G and G are related. In particular we see that

o~

m2(G) is smaller than 73(G). O

Remark 5.13.— We have just seen that every central extension of
G by T defines a homomorphism m2(G) — m1(T) = Z. Let BT be the
classifying space of T. For topological spaces X and Y we write [X,Y] for
the set of homotopy classes of continuous maps f: X — Y. Since T is an
Eilenberg—MacLane space of type K(7Z,1), we have for each paracompact
locally contractible topological group G natural isomorphisms

[GvBT] = [Gv BK(Z, 1)] = [G’ K(Z, 2)] = Hging(sz)
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because for these spaces Cech and singular cohomology are isomorphic
(cf. [Hub61], [Br97, p. 184]). If G is simply connected, we thus obtain an
isomorphism
[Gv BT] - Hszing(Gv Z) = HOHI(?TQ(G),Z),

showing that each homomorphism 8: m2(G) — Z = m;(T) is the connecting
homomorphism of a principal T-bundle T — G — G (Section 4.4 in
[tD91]), but it corresponds to a central extension of Lie groups if and only
if it is the period homomorphism of a left invariant closed 2-form on G. O

6. From Lie algebra cocycles to group cocycles.

In this section we assume that G is a connected simply connected Lie
group and 3 an s.c.l.c. space. Let w € Z2(g,3), II, C 3 the corresponding
period group (Definition 5.8), and consider the quotient group Z := 3/11,
with the quotient map gz:3 — Z. If I1,, is discrete, then Z carries a natural
Lie group structure. The main result of this section is the existence of a
locally smooth group cocycle f: GxG — Z corresponding to the Lie algebra
cocycle w. The construction in this section was inspired by the beautiful
idea in [Est54] to obtain group cocycles by integrating 2-forms over suitable
triangles.

For g € G we choose a smooth path ay 4:(0,1] — G from 1 to g. We
thus obtain a left invariant system of smooth arcs ag p 1= Ag0 ay, g-1p, from
g to h, where )\ (z) := gz denotes left translation. For ¢, h,u € G we then
obtain a singular smooth cycle

Oghu = Qg n t Qhu — Qgu,

which corresponds to the piecewise smooth map og . € Cgfu((?A2, G) with

ag n(s), fort =0
aghu(s,t) =14 anu(l—s), fors+t=1
ag,u(t), for s =0.

According to Proposition 5.6, each map a5 ., can be obtained as the
restriction of a piecewise smooth map o: A%I) — G. Let o': A?l) — G be
another piecewise smooth map with the same boundary values as 0. We
claim that [ Q@ — [, Q € IL,. In fact, we consider the sphere S? as an
oriented simplicial complex ¥ obtained by glueing two copies D and D' of
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AZ? along their boundary, where the inclusion of D is orientation preserving
and the inclusion on D’ reverses orientation. Then ¢ and ¢’ combine to a
piecewise smooth map v: ¥ — G with v|p = ¢ and v|p- = ¢/, so that we

get with Lemma 5.7,
/Q—/ Qz/QeHw.
o a’ ¥

We thus obtain a well-defined map

F.G3 - Z, (g,h,u)l—»gz(/ﬂ>,

c

where o € U (A?I), G) is a piecewise smooth map whose boundary values
coincide with ag p 4.

LeEMMA 6.1. — The function
f:G* = Z, (9,h)— F(1,9,9h)
is a group cocycle.
Proof. — First we show that for g,h € G we have
flg,1)=F(,9,9)=0 and f(1,h)=F(1,1,h)=0.

If g = h or h = u, then we can choose the map o: A2 — G extending 1.4
in such a way that rk(do) < 1 in every point, so that ¢*} = 0. In particular
we obtain F(g,h,u) = 0 in these cases.

From agpo = Ag 0 @1 g-14 g1, we immediately obtain
(6.1) F(g,h,u) = F(1,g7'h, g7 u),
i.e., that F is a left invariant function on G3.

Let A% C R? be the standard 3-simplex. Then we define a piecewise
smooth map 7 of its 1-skeleton to G by

’Y(ta 07 0) = al,g(t)7 7(07 ta O) = al,gh(t)7 7(07 Oa t) = al,ghu(t)

and

’7(1_tat70) = O‘g,gh(t)a 7(0, 1_t7t) = agh,ghu(t)7 ’y(l—t,O,t) = ag,ghu(t)'

As G is simply connected, we obtain with Proposition V.6 for each face
A?, §=0,...,3, of A% a piecewise smooth map «; of the first barycentric
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subdivision to G extending the given map on the 1-skeleton. These maps
combine to a piecewise smooth map : (0A3)1y — G. Modulo the period
group I, we now have

[o=furn-x o

1=0
= F(g,gh,ghu) — F(1,gh,ghu) + F(1, g, ghu) — F(1, g, gh)

= f(h,u) — f(gh,u) + f(g,hu) — f(g,h).
Since f7 Q € II,, this proves that f is a group cocycle. O

In the next lemma we will see that for an appropriate choice of paths
from 1 to group elements close to 1 the cocycle f will be smooth in an
identity neighborhood.

LeEmMA 6.2.— Let U C g be an open convex 0-neighborhood and
@:U — G a chart of G with ¢(0) = 1 and dp(0) = id;. We then define
the arcs [1,(z)] by ay,(z)(t) := @(tx). Let V. C U be an open convex 0-
neighborhood with o(V)p(V) C ¢(U) and define z x y := ¢~ (¢(z)p(y))
for z,y € V. If we define 04y 1= @ 0 Vg, With

Yoy A% = Uy (t,8) = bz +sy) + s(z = (1 - t)y),

then the function

fV:VXV_)57 (x7y)b—>/ Q
Oz,

is smooth with d? fy(0,0)(z,y) = jw(z,y).

Proof. — First we note that the function V x V — U, (z,y) — x *y
is smooth. We consider the cycle

Q1 p(z),0(2)p(y) = Mp(e),p(zxy) = OLp() T Cp(a)plary) — OLp(zxy)-

The arc connecting x to x x y is given by s — x x sy, so that we may define
Ogy = P O Yy With v, , as above. Then

friVxV—os (z9) H/ Q =/ Yoy 2,
$Vz,y Az
and

62) fole) = [ D00 (Great9). Grms(t:)) dids
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implies that fy is a smooth function in V' x V.
The map ~: (z,y) — 7, satisfies
(1) 70,4(t, s) = sy and vz0(t, s) = (t + s)z.
(2) 2z A ;%’Yz,y =0forz=00ry=0.

In particular we obtain fy (z,0) = fy(0,y) = 0. Therefore the second
order Taylor polynomial

T2(fV)(may) = fV(OaO) + de(07 O)(I’O) + de(0>0)(0’y)
45 r(0,0)((@0), (29)

of fy in (0,0) is given by

To(fv)(@,9) = 5 v (0,0)((2,0), (0,3))
+%d2 £v(0,0)((0,9), (2,0)) = d? fy(0,0)(z, )

with the convention for d2 fy from (4.1).

Next we observe that (1) implies that 2, , and £+, , vanish in
(0,0). Therefore the chain rule for Taylor expansions and (1) imply that
for each pair (¢, s) the second order term of

(£"9) (i (1) (3t (1), vy (6 9))
is given by
(¢ (00(t, ) @,9) = (dp(0)" 2)(x,9) = (dp(0)"w)(a,4) = (. ),

and eventually

& f,(0,0)(z,9) = To(fv)(z,y) = /A dt ds - w(z,y) = %w(x,y). O

CoROLLARY 6.3.— Suppose that Il is discrete and construct for
w € Z2(g,3) the group cocycle f € Z%(G, Z) as above. If the paths oy 4 for
g € ¢(U) are chosen as in Lemma 6.2, then f € Z2(G, Z) with D(f) = w.

Proof. — In the notation of Lemma 6.2 we have for z,y € V the
relation

fle(@), () = qz(fv(z,v)),
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so that f is smooth on p(V) x ¢(V), and further

Df(z,y) = d*fv(1,1)(z,y) - d*fv(1,1)(y, ) = w(z,y). 0

Remark 6.4 (Changing cocycles). — Let A € Lin(g, 3) and w'(z,y) :=
w(z,y) — A([z,y]). Then the corresponding left invariant 2-form Q' satisfies
Q' = Q+dL, where L is the left invariant 1-form with L; = \. We therefore
obtain per,, = per,, from Remark 5.9(b).

For the corresponding cocycle we have
fa(g,h) = / Q for oeCp (A(l), G) with Jo=aiggn-
(o4

This implies that modulo II,, we have

fn'(g,h)—fa(g,h)z/sz/ L=/ L

o a1,g,9h
/L+/ / L=/ L+/ L—/ L
Q1,9 Qg,gh a1,gh 1,9 Q1,h a1,gh

= ¥(g) + ¥ (h) — b(gh).

Hence fq — fq is a coboundary defined by the function
WGy g [ L
Q1,9

In local coordinates we have with the paths chosen as in Lemma 6.2 the
formula

1
() = / (¢*L)(tz), z) dt,

which shows that 1 is smooth in an identity neighborhood and satisfies
P(1) =0. O

7. The exact sequence for smooth central extensions.

In this section we eventually turn to the exact sequence for central
extensions of Lie groups. Throughout this section G will denote a connected
Lie group and Z satisfies Zy = 3/T", where I' C 3 is a discrete subgroup in
the s.c.l.c. space 3. We write ¢qz:3 — Zy for the quotient map. The main
result of this section is the exact sequence described in the introduction.
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In particular we will see that a Lie algebra cocycle w integrates to a
smooth central extension of a simply connected Lie group if and only if
the corresponding period group is discrete (Theorem 7.9).

We start with the definition of the maps showing up in the exact
sequence.

DEFINITION 7.1.— (a) Let v € Hom (71(G), Z). We identify m1(G)
with ker qa C é, where qg: G — G is the universal covering homomor-
phism. Then

(v~ := {(d,v(d) ') € G x Z:d € 7, (G)}

is a discrete central subgroup of G x Z, so that G := (G x Z)/T(v7Y)
carries a natural Lie group structure which is a Z-principal bundle over G:

T~

the quotient map m: G — G is given by m([g,t]) := qc(g), and its kernel
coincides with (m1(G) x Z)/T(y~') = Z. We write

C:Hom (m,(G), Z) — Extri(G, Z)

for the group homoniorphism defined this way. If £ stands for the central
extension (@) < G —» G, this is the homomorphism E* from Remarks
4.5 and 1.3.

(b) We recall the map
D:Extrie(G, 2) = HJ(G, Z2) — Hi(8,3)
from Section 4, which is given on the level of cocycles by

(Df)(z,y) = d*£;(1,1)(z,y) - d*£,(1,1)(y, 2),

where f € Z2(G, Z) is written on a sufficiently small identity neighborhood
U of G as qz o f; with a smooth function f;: U x U — 3 (Lemma 4.6).

The image of D are those cohomology classes [w] € H2(g,3) for which
there exists a Lie group G which is a Z-extension of G. If G is simply
connected, then we call the elements [w] € im D and the corresponding Lie
algebras g integrable.

(c) Let [w] € H2(g,3) and write Q for the 3-valued left invariant
closed 2-form on G with 0 = w. Further let per,:72(G) — 3 be the
period homomorphism (Definition 5.8). We define

Py ([w]) := qz o per,,: m2(G) — Z.
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Now let X € g and consider the corresponding right invariant vector
field X, on G. Then i(X,).Q is a closed 3-valued 1-form whose cohomology
class only depends on the cohomology class of w in H>(g,3) (Lemma 3.11).
For each piecewise differentiable loop v:[0,1] — G with v(0) = 1 we now
put

Py([wh(ID(X) := /i(Xr)'Q = ¢([(Xr)- 2D ()

~
(Theorem 3.6). It is clear that P([w]) can be viewed as a homomorphism
m1(G) — Lin(g,3). We claim that its range consists of continuous linear
maps. In fact, for each piecewise differentiable loop v: [0,1] — G we have

P2([w])([7])(X)=/0 Q(Xr(v(t))ﬂ'(t))dtZ/O w(Ad(y(1)) 71 X, (1) dt,

where /(t) := d)\;é)('y(t)).'y’ (t) € g = T1(G) denotes the left logarithmic

derivative of « in t. Since the integrand is a continuous map [0, 1] x g — 3,
the integral is a continuous map g — 3. We combine these two maps to a
group homomorphism

P:H?(g,3) — Hom (73(G), Z) x Hom (m1(G), Lin(g, 3)),
W] = (P([w]), P2([w])). O

First we take a closer look at the homomorphism C'.

LEMMA 7.2.— Let G and G be connected Lie groups, q:@ — G a
covering homomorphism with kernel Q and Zy = 3/T'. Then Q) is a discrete
central subgroup of G and q induces an exact sequence
0 — Hom(G, Z) — Hom(a, Z) — Hom(Q, Z)—C—>

Extric(G, Z) - Extrie,0(G, Z).

If, in addition, the group Z is connected, then q* is surjective.

Proof. — The kernel @ of ¢ is a discrete normal subgroup of the
connected group G, hence central. In view of Remark 4.5, the central
extension ¢: G — G leads to the exact sequence
Hom(G, Z) — Hom(G, Z) %% Hom(Q, Z)-»

Extrie(G, Z)- Extrie o(G, Z) — ExtLic,ab(Q, 2)
because C coincides with the map E* in Theorem 1.5. This means in

particular that C is a group homomorphism and that the range of E*
consists entirely of Lie group extensions.
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If the group Z is connected, then Z 2= 3/T" is divisible, so that
Extan(Q, Z) = 0. Therefore g* is surjective. O

Remark 7.3.— If g is topologically perfect, i.e., its commutator
algebra is dense, then each Lie algebra homomorphism to an abelian Lie
algebra is trivial. Since G is connected, it follows from Lemma 3.14 that
Hom(é'\,Z) = 0. In the setting of Lemma 7.2, we therefore obtain for
abelian groups Z the short exact sequence

0 — Hom(Q, Z) — Extrie(G,Z) —» ExtLie,Q(é, Z)— 0. O

ProPOSITION 7.4.— For every connected Lie group G and Zy = 3/T
we have ker D = im C.

Proof.— “2”: Let f:m(G) — Z and consider the corresponding
central extension

G:=Gx;Z=(Gx2)/T(fH) =G, gt~ alg).

The map G x Z — G is a covering with kernel I'(f~?) isomorphic to 7 (G).
Hence g, the Lie algebra of G, is isomorphic to g X 3, showing that the
corresponding Lie algebra extension g — g is trivial. Thus im C C ker D.

“C”: Suppose that D(E) = 0 holds for the central extension
E:Z — G—15G. Then the Lie algebra extension ﬁ — g splits, so that
we have a continuous Lie algebra homomorphism A:g — 3 extendmg the
identity on 3 C g. Let 9 G! — G denote a universal covering of G. In view
of Theorem 3.16, there exists a unique Lie group homomorphism J'z G' -3
with dp(1) = A. On the other hand the embedding 7z |z,: Zo — G lifts to a
homomorphism 7,:3 — G" of the umversal covering groups with pon, = id;.
We fix a smooth local section o: U — G where U C @ is an open symmetric
1- nelghborhood In addltlon we assume that there exists a smooth local
section 5:U — G*, where U - G is an open 1-neighborhood containing
o(U). Then 6: =5 0 0:U — G* is a smooth map with

qoqaogzqoa:id(].

Let o1(z) := o (z)n; (p(@(x )))_1 Then 0,: U — G* also is a smooth section
of gogg, and, in addition, im(o1) C ker ¢. Since ¢ “LU)=0U)Z=2Ux2Z,
the group G* contains a 1-neighborhood of the form

U :=o1(U)n,(U,),
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where U; C 3 is an open 0-neighborhood. Then ¢(o1(z)n;(2)) = 2 implies
that ker o N U = o(U). Let z,y € U with zy € U and o1(z)o1(y) € U.
Then o1(z)o1(y) € kerp NU = 01(U) and q o gz(o1(z)o1(y)) = zy
leads to o1(zy) = o1(z)o1(y). Now Proposition 2.6 implies that G =
(G x Z)/T'(y~?) for some v € Hom(m1(G), Z). a

Remark 7.5.— In Proposition 7.4 we have determined the kernel of
D as the image of C. On the other hand we have the exact sequence

Hom(&, Z) — Hom(m1(G), Z) — Extrie(G, Z2)—2— Extie(G, Z)

(Lemma 7.2). Since G and G have the same Lie algebra, we also have a
homomorphism

5: EXtLie(é, Z) — Hf(gva)

which is injective because (G) is trivial (Proposition 7.4). It is easy to
see that D o qf, = D, showing that im C = ker D = ker ¢;. O

It is interesting that, in spite of the fact that not every central
extension g = g @, 3 corresponds to a central group extension of a simply
connected group G, Proposition 7.6 below implies that we can always
construct the adjoint action of G.

It is fairly easy to see that to each continuous Lie algebra module
gxV — V, V alocally convex space, there exists at most one smooth
representation of G on V for which the Lie algebra action is the derived
representation. In the finite-dimensional case the simple connectedness of
G suffices to ensure the existence, but for infinite-dimensional spaces V'
the group GL(V) is not a Lie group, so that one cannot expect that Lie
algebra representations integrate to representations of the corresponding
simply connected groups. A simple example where no group representation
exists is given by the action of the Lie algebra g = RX of G = R on
the space V' := C*°(]0,1[,R) by X.f = f’. This example shows that the
problems come from the bad structure of the group GL(V') and not from
the group G.

ProposiTioN 7.6.— Let G be a connected Lie group, 3 an s.c.l.c.
space, and w € Z2(g,3). Then the adjoint action of g on g := g ®, 3
integrates to a smooth action Ad, of G if and only if Py([w]) = 0. In
this case the corresponding cocycle can be obtained as follows. For each
X € g let fx € C*(G,3) be the unique function with dfx = i(X,).Q and
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fx(1) =0. Then
0:Gxg—3 (9,X)— fx(g™")
defines a smooth 1-cocycle with

Ad(g).(X, 2) == (Ad(g).X, 8(g, X) + 2).

Proof. — First we assume that Py([w]) = 0, which means that for
each X € g the closed 1-form (X, ). on G is exact, so that the functions
fx, X € g, exist. We have to show that for g;,92 € G and X € g we have

(7'1) 0(91927)() = 6(92’X) +0(g1, 92.X),

which means that

Fx(95'97") = fx (93 ") + foux (g7)

for all g1, g2 € G, and this is equivalent to fx(ge2g:1) = fx(g2) + fg;yx(gl)
for all g1,92 € G, which in turn means that fx o Ag, = fx(g2) + fg;l.X.
In 1 both functions have the same value fx(g2). Hence it suffices to show
that both have the same differential. This follows from

d(Fx 0 Ag,) = Agdfx = N, (i(X,).Q2) = il(g7 " X)) 2,
where the last equality is a consequence of
(A2, (X)) (0) = (i(X,).Q) _(@Ag2(9)-0) =Qgag (APgag (1) X, dAg, (9).0)
= Qg (dAy-1(929)dpgeg (1) X, v) = Qg ((92 - X)r(9), v)-
We further have

d(fx(92) + Fyo1 ) = df o1 x = il(657. X))

This proves that @ is a 1-cocycle.

Now we show that 6 is smooth. Since @ is linear in the second
argument and a cocycle, it suffices to verify this in a neighborhood of
(1,0) € G x g. Let U C G be an open 1-neighborhood for which there
exists a chart p:V — U with ¢(0) = 1, where V C g is a an open star-
shaped neighborhood of 0. Then for each x € V and X & g we have

fx(pla)) = / i(X,).0

#([0,1]=)

- /0 w( Ad(p(t2)) ™ X, dAyea)-1 (p(t2) )dip(t) ) dt,
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and this formula shows that the function V x g — g,(z, X) — fx(¢(z))
is smooth. We conclude that 6 is a smooth cocycle for the adjoint action,
and therefore

Adg(9).(X, 2) := (Ad(g).X,0(g, X) + 2)

defines a smooth action of G on g. The corresponding derived action adg
of g is given by
ad/g\(Y).(X, 2) = ([Y, X], —dfx(1).Y) = ([Y, X], - (i(X,).2)1(Y))

Suppose, conversely, that there exists a smooth action Adg of G on
g = g @, 3 such that the derived action is ad;. Since ad; is an action of g
by derivations on @, it follows by an easy differentiation argument and the
connectedness of G that G acts by automorphisms on §. Let X € g C g and
consider the function fx:G — 3 given by fx(g) :=0(¢7, X) = p,(¢7'.X),
where p,:g — 3 is the projection onto 3 along the subspace g x {0}. By
assumption we have

dfx()(Y) = p(-[Y, X]) = w(X,Y).
Therefore
dfx (9)Yr(9) = dfx (9)dpy(1).Y = p;(Adx(97") ade(~Y).X)
=, (Ady(g ) [X, YE) = p; ([Ady(g71)-X, Ady(97 1) .Y'])
— w(Ade(g™). X, Adi(g™)).Y) = (X, ¥,)(g),

and therefore dfx = i(X,).Q. Hence the 1-forms i(X,).Q2 are exact, and
this means that Pe([w]) = 0. O

CoroLLARY 7.7.— If G is a connected simply connected Lie group
and w € Z2(g,3), then the adjoint action of g on § := g ®,, 3 integrates to
a smooth action Ad; of G. O

The following lemma implies im D C ker P.

LEMMA 7.8.— If there exists a Lie group extension Z — G- G
corresponding to [w] € H2(g,3), then P(jw]) = 0.

Proof. — First we consider the homomorphism Pi(jw]) =
qz o per,:mo(G) — Z. We have seen in Remark 5.12(a) that — per,, is
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the connecting homomorphism é: 72(G) — 71(Z) C 3 in the long exact ho-
motopy sequence of the principal Z-bundle G — G. It follows in particular
that im(per,,) € 71(Z) and hence that P;([w]) = 0.

Now we turn to Py:m(G) — Lin(g, 3). We write the Lie algebra of G
as g = g @, 3 with the bracket

[(X7 Z)’ (lez,)] = ([X7 X,]aw(X7 XI))

Since Z C G is central and G — G is a locally trivial bundle, the adjoint
action of G on g factors to a smooth action Ad; of G on g whose derived
action is given by

ad’g\(X)(Ya z) = [(X’ 0)7 (Y, z)] = ([X’ Y]’W(X’ Y))

In view of Lemma 7.6, the existence of Ad; means that Py([w]) =0. O

The following theorem describes the bridge from the infinitesimal
central extension corresponding to a Lie algebra cocycle to a global central
extension of a Lie group.

THEOREM 7.9 (Integrability Criterion). — Let g be the Lie algebra
of the simply connected Lie group G and [w] € H2(g,3). Then there exists
a corresponding smooth central extension of G by some group Z = 3/T" if
and only if im(per,,) is a discrete subgroup of 3. If Z, resp., I is given, then
the central extension exists if and only if im(per,,) C T.

Proof.— First we assume that the image of per, is discrete and
contained in the discrete subgroup I'. Using Corollary 6.3, we obtain for
Z = 3/im(per,) a cocycle f € Z2(G,Z) with D(f) = w. In view of

~

Proposition 4.2, the corresponding group G := G Xy Z carries a natural
Lie group structure such that Z <— G — G is a smooth central extension.

If, conversely, a smooth central extension of G by Z = 3/T" exists,
then Lemma 7.8 implies that im(per,,) C I O

LeMMA 7.10.— If Z is an abelian Lie group with Zy = 3/T", then the
exact sequence

Z() — Z —» 71'0(Z)
splits and Z = Zy x mo(Z), where the gro“up mo(Z) is discrete.

Proof. — Since the abelian group Zj is divisible, there exists a group
homomorphism o:79(Z) — Z with 0(22p) € 2Zo. As mo(Z) = Z/Zp is
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a discrete group, o is continuous, and therefore Z = Zy x o(wo(Z)) =
Zy X 7!'0(Z). O
LEMMA 7.11.— If P({w]) = 0, then there exists a Lie group extension

7 2 3/T — G — G with Lie algebra § = g @, 3.

Proof. — Let qg:é — G be the universal covering group. Since
the canonical map m3(G) — m3(G) is an isomorphism (Remark A.1.4),
Pi([w]) = 0 and Theorem 7.9 imply the existence of a central extension
Z — H—2 @ such that the Lie algebra of H is § = g @, 3. It is clear
that the central subgroup Z C H acts trivially on g by the adjoint action,
so that we obtain an action Ad of G on § with

g-(X, z) = (Ad(g)-X, z + 6(g, X)),

where 6: G x g — 3 is a smooth function. In view of Py([w]) = 0, this action
factors through the universal covering map gg: G — G (Proposition 7.6).
Therefore the subgroup 7;(G) C G acts trivially on g, and hence the group
Dz = g5'(m1(G)) C H is central because H is connected (Corollary 3.15).
Now Z = (Dyz)o is divisible, so that Lemma 7.10 yields Dz = Z x E with a
discrete group E = 7, (G). Therefore G:=H /E carries a natural Lie group
structure. The homomorphism gg o qg: H — G has the kernel Dy, hence
factors through a homomorphism q:é;Y — G which is a principal bundle
with structure group Dz/E = Z. O

At this point we have all the pieces to obtain the exact sequence, the
main result of this section and the heart of the paper.

THEOREM 7.12 (Exact sequence for central Lie group extensions).
Let G be a connected Lie group, 3 an s.c.l.c. space, I' C 3 a discrete
subgroup, and Z a Lie group with Zy = 3/T". Then the sequence
Hom(G, Z) — Hom(G, Z) — Hom (m1(G), Z) —— ExtLie(G, Z)
—2—H?(g,3)—— Hom (m2(G), Z) x Hom (r1(G), Lin(g, 3))

is exact.

Proof.— The exactness in Hom(G, Z) and Hom(G, Z) is trivial.
The exactness in the group Hom(m (G), Z) follows from Lemma 7.2, and
Proposition 7.4 yields the exactness in Exty(G, Z), so that it remains to
verify the exactness in H2(g, ).

For the case where Z is connected, it follows from Lemmas 7.8 and
7.11. If Z is not connected, then Lemma 7.10 implies that Z 2 Zy X 7(Z).
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If g: G — G is a central Z-extension, then G /mo(Z } is a central Zj-extension
with the same Lie algebra because G — G/mo(Z) is a covering map.
Therefore P o D = 0 follows directly from the case of connected groups
because im(D) C H2(g, 3) is the same for Z and Zy. To verify ker P C im D,
we first obtain from P([w]} = 0 a central Zy-extension G — G (Lemma
7.11), and then G x mo(Z) — G is a central Z-extension with the same Lie
algebra. O

The following proposition clarifies how central extensions by non-
connected groups can be reduced to central extensions by discrete and
connected groups. For finite-dimensional groups G Proposition 7.13 can be
found as Theorem 3.4 in [Ho51, II].

Proposition 7.13. — IfT" C 3 is a discrete subgroup and Z an abelian
Lie group with Zy = 3/T', then for each connected Lie group G we have
EXtLie(G, Z) = EXtLie(G, Z()) X EXtLie(G, 7T0(Z))
= EXtLie(G, Zo) X Hom(7r1 (G), Z/Zo)

Proof. — First we obtain from Lemma 7.10 that Z = Z; x mo(Z).
Using this product structure, one easily verifies that

EXtLie(G, Z) & EXtLie(G, Z()) X EXtLie(G, Z/ZO)
holds for every Lie group G. For the discrete group Z/Zy Theorem 7.12
shows that
EXtLie(G, Z/ZO) = HOIII(?Tl (G), 7T0(Z))
because Hom(G, Z/Z) is trivial. O

Remark 7.14.— If Z — G —» G is a central extension of G by
the connected group Z = 3/T and Z — H —» G is the pull-back to the
universal covering group G of G, then H — ( is still a central extension
of G because its kernel acts trivially on the Lie algebra g. The kernel
of this action is isomorphic to Z x m1(G) (Lemma 7.10). In terms of
Proposition 7.13, this corresponds to replacing the extension E € Ext(G, Z)
by the element

(E,ids (c)) € Ext(G, Z) x Hom(m (G), m1(G)) = Ext(G, Z x m(G)). O

COROLLARY 7.15.— Let G be a connected Lie group and Zy = 3/T°
for a discrete subgroup I" C 3. Then the following assertions hold:
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(i) If G is simply connected, then the sequence
0 — Extrie(G, Z)—LH?(Q,;,)L» Hom (72(G), Z)
is exact.
(ii) If Z is connected, then the sequence
0 — Hom(G, 3)— Hom(G, Z) -2 Extyie (G, T)
s Bxtrio(G 3)—2% Exctuse (G, Z)— Hom(ma(G), T)
is exact, where ( assigns to a central Z-extension of G the homomorphism
per,,:m2(G) — 3 and w € Z2(g,3) is a corresponding Lie algebra cocycle.
Proof. — (i) follows directly from Theorem 7.12.

(ii) Since G is connected, we have Hom(G,T') = 0, so that, in view of
the second part of Remark 4.5, it only remains to verify the exactness at
EXtLie(G, Z).

Let 3 — G — G be a central 3-extension of G and w € Z2(g,3) a
corresponding Lie algebra cocycle. Then per, = 0 (Theorem 7.9), and
this shows that ¢ o (¢z). = 0. If, conversely, E:Z — G —» Gis a
central extension with ((E) = per, = 0, then Theorem 7.12 implies that
E = (qz).E holds for a central 3-extension E of G because Py([w]) = 0
follows from the existence of the central extension E. O

LEMMA 7.16.— For each w € Z2%(g,3) we have
tor (m2(G)) C ker Pi([w]) and  tor (m1(G)) C ker Pa([w]).

In particular P;(|w]) and Pa([w]) factor through homomorphisms of the
rational homotopy groups

m(G)®Q —Z and m(G)®Q — Lin(g,3).

Proof. — The first assertion follows from the fact that the range
of the homomorphism P»([w]) is a vector space. Similarly we see that
tor(m2(G)) C ker per,,, and this implies that tor(mz(G)) C ker P;([w]). The
second assertion follows from the fact that for an abelian group A the kernel
A of the natural map A - A® Q,a+— a ® 1 coincides with tor(A). O

Example 7.17.— Suppose that dim G < co. Then m3(G) is trivial (cf.
[GodT1]), so that we obtain from Theorem 7.12 a simpler exact sequence

Hom (71 (G), Z) —<— Extyie(G, Z2)—2—
H?(g,3)—— Hom (1 (G), Lin(g, 3))
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(cf. [Ne96}). If, in addition, G is simply connected, then we obtain an
isomorphism

(72) EXtLie(G7 Z) = I{c2 (ga 3)
(cf. [TW87, Cor. 5.7]). O

8. Central extensions with global smooth sections.

In this subsection we discuss the existence of a smooth cross section
for a central Lie group extension Z — G —» G which is equivalent to the
existence of a smooth global cocycle f:G x G — Z with G =~ G x 7 4.
Moreover, we will show that for simply connected groups, it is equivalent
to the exactness of the left invariant 2-form 2 on G.

‘We shall see below that both conditions in the following proposition
are also necessary for the existence of a smooth global cocycle. The
vanishing of P([w]) is already necessary for the existence of the central
extension, and (1) corresponds to the existence of a smooth global section.

ProrosiTiON 8.1 (Cartan’s construction). — Let G be a connected
Lie group, 3 an s.cl.c. space, w € Z2(g,3) a continuous 2-cocycle, and
Q € Q%(G,3) the corresponding left invariant 2-form on G with Q3 = w.
We assume that

(1) Q = df for some 6 € (G, 3) and
(2) Pa([w]) = 0.
Then the product manifold G:=Gx 3 carries a Lie group structure
which is given by a smooth 2-cocycle f € Z?(G,3) via
(9,2)(g",7") == (99", 2+ 2" + f(g,9'))-
The Lie algebra of this group is isomorphic to g &@,, 3-

Proof. — First we note that (2) means that for each X € g the 1-
form i(X,).€ is exact (Theorem 3.6). For the natural left action of G on G
given by o(g,x) = gz, we have 6(X) = — X, and therefore

Lx, .0 =d(i(X,).0) +i(X,).d0 = d(5(X,).0) + i(X,).Q,

implies the exactness of Ly, .0 for each X € g. Using Lemma A.2.6, we now
see that the 1-forms A70 — 0 are exact. Hence there exists for each g € G a
unique f, € C*(G,3) with fy(1) = 0 and dfy = X560 — 6.
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Now we show that f(g,h) := fq(h) is a 3-valued 2-cocycle. Our
construction shows that

f(,z) = f(z,1)=0 for z€G.
For g, h € G the functions fg 0 Ay and fgn, satisfy
d(fg o Mn+ fr) = AL(A50 — 0) + AL0 — 0 = X306 — 0 = dfgp.

Therefore the connectedness of G implies fgoA,+ fi = fgn+ fg(h) because
both sides have the same differential and the same value in 1. This leads
to

f(g,hu) + f(h,u) = f(gh,u) + f(g,h) for g,hueG.

Moreover, the concrete local formula for fg in the Poincaré Lemma
and the smooth dependence of the integral on g imply that f is smooth on
a neighborhood of (1,1). We write the cocycle condition as

f(gh, u) = f(h, ’U,) - f(97 h) + f(ga hu)

For g fixed, this function is smooth as a function of the pair (h,u) in a
neighborhood of (1,1). This implies that f is smooth on a neighborhood
of the points (g,1), g € G. Fixing g and u shows that there exists a 1-
neighborhood V' C G such that the functions f(-,u), u € V, are smooth
in a neighborhood of g. Since g € G was arbitrary, we conclude that the
functions f(-,u), u € V, are smooth. Now

fChu) = f(-hyu) = f(h,u) + f(-, )

shows that the same holds for the functions f(-,z), z € V2, and iterating
this process, using G = |J,,cn V", we derive that all functions f(-,z),z € G,
are smooth. Finally we conclude that the function

(g,h) — f(g,hu) = f(gh,u) — f(h,u) + f(g,h)

is smooth in a neighborhood of each point (go, 1), hence that f is smooth
in each point (go,uo), and this proves that f is smooth on G x G. We
therefore obtain on the space G := G x 3 a Lie group structure with the
multiplication given by

(9,2)(¢',2") = (99", 2+ 2" + f(9,9)),
and Lemma 4.6 implies that the corresponding Lie bracket is given by

[(X',2), (X, 2)] = (X', X],d*F(1,1)(X’, X) — d*£(1,1)(X, X")).
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Now we relate this formula to the Lie algebra cocycle w. The relation
dfg = A0 — 0 leads to

d2f(g, 1)(Y) = (350 — 0)1(Y) = (0, Y1) (g) — 61(Y),

where Y; denotes the left invariant vector field with Y;(1) = Y. Taking
second derivatives, we further obtain for X € g:

dzf(lv 1)(X7 Y) = Xl(<0a1/l>)(1)
= df(Xy, Y1)(1) + Y, ({0, X1))(1) + 6([ Xy, Yi]) (1)
=w(X,Y) + Y1({(0, X1))(1) + 6. ([X, Y]),
so that
P f(1,1)(X,Y) = @ f(1,1)(Y, X) = w(X,Y) + 6:([X, Y]).
Since this cocycle is equivalent to w, the assertion follows. O

CoROLLARY 8.2. — If G is simply connected and ) is exact, then
there exists a smooth cocycle f: G x G — 3, so that G := G Xy 3 is a Lie
group with Lie algebra g = g ®,, 3.

Proof. — Since m1(G) is trivial, the condition P(Jw]) = 0 is auto-
matically satisfied. O

Remark 8.3.— For finite-dimensional groups, the construction de-
scribed in Proposition 8.2 is due to E. Cartan, who used it to construct a
central extension of a simply connected finite-dimensional Lie group G by
the group 3. Since in this case

HER(G,Z,) ~ Hom(my(G),3) =0 and HCllR(G,g) =~ Hom(m (G),3) = 0,

(cf. [God71]), the requirements of the construction are satisfied for every
Lie algebra cocycle w € Z%(g, 3).

The construction can in particular be found in the survey article of
Tuynman and Wiegerinck [TW87] (see also [Tu95], [Go86] and [Ca52b]).
Actually E. Cartan gave three proofs for Lie’s Third Theorem ([Ca52a],
[Cab2b] and [Cab2c]), where [Cab52a] and [Cab2c| rely on splitting of a
Levi subalgebra and hence reducing the problem to the semisimple and the
solvable case, but the second one is geometric (in the spirit of the argument
in Example 7.17) and uses H3z(G,3) = 0 for a simply connected Lie group
G (see also [Est88]). a

PRoOPOSITION 8.4.— For a connected Lie group G and w € Z2(g,3)
the following are equivalent:
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(1) There exists a corresponding smooth central extension ¢:G — G
of G by Z = 3/T" with a smooth global section.

(2) The left invariant 2-form Q on G with Q; = w is exact and
Py([w]) = 0.

Proof.— (2) = (1) is Proposition 8.1.

(1) = (2): First Py([w]) = 0 follows from Theorem 7.12. Let 0: G — G
be a smooth section and a € (G, 3) be the left invariant 3-valued 1-form
with a3 = p; the linear projection g = g @, 3 — 3. Then da = —¢*Q
follows from
dal((X, z), (X,a zl)) = _pa([(Xv Z)’ (X/’ Z/)]) = —w(X7 XI)

= _(q*Q)l((X) z)) (X,a z’))
and the left invariance of a and 2. Then o*« is a 3-valued 1-form on G
with
do*a=o0"da=—0"¢"QU = —(qo o) Q= -Q,
so that €2 is exact. O
ProposITION 8.5.— (a) If a smooth central extension Z = 3/T" —

G-L.G corresponding to a Lie algebra cocycle w has a smooth section,
then the following assertions hold:

(1) the left-invariant 2-form Q € Q2%(G,3) with Q; = w is exact.
(2) per, = 0.

(3) The natural homomorphism m(q): 71(G) — m,(G) has a homo-
morphic section.

If, conversely, (1)—(3) are satisfied, and G is smoothly paracompact,
then a smooth section exists.

Proof (see [TW87, Prop. 4.14] for the finite-dimensional case).
“=" The exactness of ) follows from Proposition 8.4. For each piecewise
smooth map v:S? — G with respect to a triangulation of S? we then have

perw([v])z/vﬂzfydOZ/awé):O.

Therefore per,, vanishes.

Let 0:G — G be a smooth section, so that g o 0 = idg. Then the
induced homomorphisms of the fundamental groups satisfy 71(g) om1(0) =
id,, (@), and the assertion follows.
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“<” Now we assume (1)-(3). Since € is exact and P(Jw]) = 0 by
Theorem 7.12, Corollary 8.2 implies the existence of a central extension
G x 513 of G by 3 which can be written as a product and f;: GxG —3isa
smooth group cocycle. Passing to a different but cohomologous Lie algebra
cocycle w, we may assume that D( f;) =w. Let f, := f1 o (ge X g¢) and
f = qz o f; denote the corresponding smooth cocycles with values in 3 and
Z on the universal covering group G of G. Then G# := G x ¢ Z is a central
extension of G by Z corresponding to w and with a global smooth section.
Since the pull-back of the central extension G- GtoG corresponds to
the same Lie algebra cocycle, both extensions are equivalent (Corollary
7.15(i)). Therefore we have a covering homomorphism ¢: G x § 4 — G
with ¢ 0o ¢ = gg. In particular the universal covering group of G is
isomorphic to G x 7, 3 We 1dent1fy the group m (G) with the kernel of
the natural homomorphism g: G S G. Then m(@) C m(G) x 3,
and since f; is pulled back from a cocycle on G, it is trivial on 71 (G), so
that m1(G) x 3 is a product subgroup of G x 5, 3- The natural projection
m(é) — m1(G) is simply the projection onto the first component in
7m1(G) x 3 and T' & {1} x I is contained in m;(G). Therefore the image
of 71(G) under id xqz in m1(G) x Z is isomorphic to m (G). Hence there
exists a group homomorphism v: 711 (G) — Z with

(id xgz)(m1(G)) = T(7) = {(d,7(d)): d € m(G)}.
We conclude that

G = (G %y, 3)/m(G) = (G x5 Z)/T(7).

Now our assumption (3) implies the existence of a group homomor-
phism ~,: 71 (G) — 3 such that

m(G) = T{(d,%(d):d € m(G)} = {(d, 2) € m(G)x3:02(2) = az(7(d))}-

This means that gz oy; = 1, i.e., 7 lifts to a homomorphism v;: 71 (G) — 3.
Therefore

G2 (G x5,3)/m(C) = (G x5, 3) [T(R)T = ((G x5, 3) /D)) /T

Since the central 3-extension of G given by (C:Y x£,3) /T (7;) has convex fibers,
the fact that G is smoothly paracompact implies that it has a smooth global
section. Therefore ¢: G — G also has a smooth global section. O

COROLLARY 8.6. — Suppose that G is defined by a homomorphism
v:m(G) — Z = 3/T and that G is smoothly paracompact. Then G — G
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has a smooth section if and only if v has a lift to a homomorphism
m(G) — 3.

Proof. — This is the special case of Proposition 8.5, where [w] = 0
(Theorem 7.12). As

G=(GxZ)T(vY),

we have

m(G) = {(d,2) € m(G) x 3:4z(2)y(d) = 1},
where the natural homomorphism to 7, (G) is the projection onto the first
factor. This homomorphism splits if and only v lifts to a homomorphism
m1(G) — 3, so that the assertion follows from Proposition 8.5. O

DEerINITION 8.7.— It is also interesting, and was the traditional
way to approach central extensions of finite-dimensional Lie groups by
Hochschild ([Ho51]) to consider only smooth Lie group extensions with
a global smooth cocycle, or, equivalently, with a smooth section.

With the results in this section, we can easily pinpoint the difference
to our approach. Let G, Z be Lie groups, Z abelian, and ZSS(G, Z) C
Z2%(G, Z) the group of smooth cocycles. If f € Z;s(G, Z) is a coboundary,
ie.,

f(z,y) = h(zy)h(z)h(y)~", z,yeqG

for a locally smooth function h: G — Z, then fixing x in the above formula,
we see that h is smooth in a neighborhood of z, and therefore that h is
smooth. Therefore Z2,(G, Z)NBZ(G, Z) coincides with the group B2, (G, Z)
of those coboundaries defined by globally smooth functions h:G — Z.
Therefore we have a natural inclusion
(9-2)

H!.(G,Z):= Z(G,Z)/B%,(G, Z) — H2(G, Z) = Z2(G, Z)/ B}(G, Z).

The group HZ,(G, Z) classifies the smooth central extensions of G by Z
with global smooth sections.

Since every smooth cocycle f € ng(G, Z) has values in the identity
component Zy of Z, it is no loss of generality to consider only connected
groups Z. O

The following result is the version of the exact sequence in Theorem
7.12 for the setting with globally smooth cocycles.
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THEOREM 8.8. — Let G be a smoothly paracompact connected Lie
group, 3 an s.c.Lc. space, I' C 3 a discrete subgroup, and Z = 3/T". Then
the sequence

93)  Hom (m(G),3)—2—H2,(G, Z)—2—H2(g,3)—2—
HgR(G’ 3) x Hom (Wl(G)a Lin(g,;,))

is exact, where Cy(y) = C(gz ©7), (Pg)1(lw]) = [Q] is the cohomology
class of the corresponding left invariant 2-form and (P,)2([w]) = Pa([w])-
Moreover, the sequence

(9.4) Hom(m(G), )5 H2 (G, 3)—H2,(G, Z) — 0
with n([f]) = [gz o f] and Cr = C|Hom(r, (G),r) i exact.

Proof. — The exactness of (9.3) in H2(g, 3) is Proposition 8.4. In view
of Theorem 7.12, the exactness in H (G, Z) follows from Corollary 8.6.

To show the exactness of (9.4), let f € Z2,(G,Z). Then Proposi-
tion 8.4 implies the existence of a smooth cocycle f, € Z2(G,3) with
D([f]) = D([f;]) in H2(g,3). From the exactness of (9.3), we derive that
[f1—n([f;]) € im(Cy,) C im(n). Hence n is surjective. Now let f € Z2,(G,3)
with n([f]) = 0. Then, in particular D[f] = 0, so that [f] = C(y) with
v € Hom(mi(G),3). Then 0 = n([f]) = C(gz o ) implies that gz o v
extends to a homomorphism G — Z. As the group G is simply con-
nected, this homomorphism lifts to a homomorphism B:CNTY — 3. Now
C(y) = C(v- 87" | m(e) = [f], so that we may w.lo.g. assume that
im(vy) C ker gz = I, which completes the proof of the exactness of (9.4). O

One can even determine the kernel of the map C, in Theorem 8.8 as
follows. It is clear that Hom(m(G),T') C ker C,y. Let v € Hom(n1(G),3)
and write Cy(y) as n(C(y)) with the natural map C:Hom(m(G),3) —
HZ2.(G,3). Then Cy(y) = 0 and the exactness of (9.4) imply C(v) = C(8)
for § € Hom(m1(G),T). Hence v6~! € ker C C ker Cy, and therefore

ker Cy = Hom(m (G),T") + Hom(G, 3) lr ()

9. Examples.

In this section we discuss several important classes of examples
which will demonstrate the effectiveness of the long exact sequence for
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the determination of the central extensions of an infinite-dimensional Lie
group G.

Example 9.1. — Let H be an infinite-dimensional complex Hilbert
space, Ba(H) the space of Hilbert-Schmidt operators on H, G := GLy(H) :=
GL(H)N (1 + By(H)), and g = By(H) its Lie algebra. Then

m1(G) = m (indlim,_,o GL(n,C)) = Z
and  m(G) = 7 (indlimp e GL(n,C)) 2 1

(cf. [Pa65] for the separable case and Lemma 3.5 in [Ne98] for the extension
to the general case). Moreover, for each w € Z2(g,C) there exists an
operator C' € B(H) with

w(X,Y) =tr([X,Y]C), X,Yeg
which leads to

HZ(g,C) = B(H)/(By(H) +C1)
(cf. [dIHT72, p.141]).

We claim that P([w]) vanishes. Since mo(G) is trivial, this will
follow from the exactness of the 1-forms i(X,).Q for every w € Z?(g,C)
(cf. Lemma 3.11). So let w € Z%(g,C) and C € B(H) with w(X,Y) =
tr([X,Y]C) for X,Y € g. We consider the function

fx:G—C, fx(g)=tr((gCg" - O)X),
and observe that
9Cg™! = C=(9-1)Cg™" +C(g7" — 1) € Bz(H),
so that fx is a well-defined smooth function. We have for all Y € g:
dfx (9)dAg(1).Y = tr(9Y Cg™' X) — tr(9CY g™ ' X) = tr([g~' X g, Y]C)
= w(Ad(g) 71X, Y) = (i(X;) Q) (9).(dXg(1).Y).

Hence dfx = i(X,).Q, showing that the 1-forms i(X,.).Q are all exact, and
therefore that P([w]) vanishes.

Since the space [g, g] = B1(H) of trace class operators is dense in g,
we have Hom(G, Z) = 0 for each abelian Lie group Z, so that the exact
sequence (Theorem 7.12) leads to the short exact sequence

Hom(m(G), Z) & Hom(Z, Z) = Z — Ext(G, Z) —» HZ(g,3).
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For the simply connected covering group G we obtain with 7r2(é) =
m2(G) = 1 that

Ext(G,C*) = H3(g,C) = B(H)/(C1+ By(H)). O

Remark 9.2. — We explain below how central extensions with non-
trivial period homomorphisms can be used to construct non-integrable
central extensions. Similar constructions can be found in [EK64] and in
[DL66, p.147], where the central extension T — U(H) -—» PU(H) is
discussed for an infinite-dimensional Hilbert space.

Suppose that G is a simply connected Lie group and w € Z2(g,R)
with per,, # 0. If im(per w) is not discrete, then we already have an example
of a non-integrable central extension. Suppose that im(per,,) is discrete, so
that we may assume that im(per,) = Z. Let ¢ G — G be the corresponding
T-extension of G. We put g1 :==g & g, G1 := G x G, and

wl((va)v (XlaYI)) = w(Xv Y) + \/iw(X’,Y')‘

Then im(per,, ) = im(per,) + v2im(per,) is not discrete, so that there
exists no smooth central extension of Gy corresponding to w; (Theorem
7.9).

This can also be proved more directly as follows: The group @2 =
G x G is a central extension of Gy by the two-dimensional torus T? with
period group Z? C R2. If a central extension G; — G corresponding to
wy would exist, then we could construct a local homomorphism of some
1-neighborhood in Gg to Gl, and then use Lemma 2.1 to extend it to
a Lie group homomorphism G2 — G, with the appropriate differential.
Then the central torus T2 in G would be mapped onto the subgroup Z;
corresponding to 3, = R. So this subgroup would be a quotient of T?
modulo a dense wind, which is absurd. d

Example 9.3.— Let G := Diff(T) be the group of orientation
preserving diffeomorphisms of the circle T. Then G can be identified with
the group

G := {f € Diff(R): (Vz € R) f(z + 2r) = f(z) + 27},

and the covering homomorphism gg: G — G is given by q(f)([z]) = [f(=)],
where [z] = £+ Z € T =2 R/Z. Then ker g¢ consists of all translations 7,
a € Z. Moreover, the inclusion map

7: PSL(2,R) — Diff, (T)
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is a homotopy equivalence (cf. [Fu86, p. 302]). Note also that G is a convex
set of maps R — R, so that this group is obviously contractible (cf. [TL99,
6.1]). In particular we have

m(G)=2Z and m(G)={1}, k>1
As a consequence, we obtain Hom(m; (G), T) = T. Moreover,
H3(G,T) = HZ,\ (T, T) = Hom(Hy(T),T) = 0.
Furthermore we have
HZ(g,R) = Rlw]

([PS86]). To describe the cocycle w, we identify g¢ with V(T)¢. Let iLg € g
denote the invariant vector field on T. Then there exist suitably normalized
eigenvectors L,,, n € Z, for ad Ly in g¢ such that the cocycle w is given by

W(Lp,L_p) =n(n—-1)(n+ 1), m-

Therefore the long exact sequence in Theorem 5.13 leads to an exact
sequence
T — Ext(G,T) —» R — Hom(m(G), ¢).

Now one has to show that the standard generator [w] of H2(g, R) has trivial
image in the space Hom(m;(G), g’) to get an exact sequence

T — Ext(G,T) » R, and hence Ext(G,T)=T xR

(cf. [Se81, Cor. 7.5]). The formula for w implies that it is trivial on on
spanc {Lo, L1, L_1} = s1(2,C). Therefore i(X,).Q | psr2,r) = 0 for all
X € sl(2,R): In fact, for g € PSL(2,R), X € 5{(2,R) and Y € g we have

Qy(Xr(9),dNg(1).Y) = w(Ad(9)™".X,Y) € w(sl(2,R), g) = {0}.

Hence P2([w]) = 0, and since P, (Jw]) = 0 follows from the triviality of
m2(G), we have P([w]) = 0. We conclude that there exists a central T-
extension Vir of G, which is called the Virasoro group.

For the simply connected covering group G of G we have

Ext(G,T) = H?(g,R) = R.

This implies in particular that G has a universal central extension
Z — G — G with Z 2 Z x R (cf. [Ne01b]). One can realize the group G as
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a central extension of G by R. This is the universal covering group of the
Virasoro group Vir.

Since G is modeled on the nuclear Fréchet space g = C*°(T,R) it is
a smoothly paracompact manifold ([KM97, 16.10, 27.4]). In particular the
de Rham isomorphism holds for G ([KM97]), and we conclude that

sing ing

It follows in particular that Q is exact, so that Cartan’s construction
(Proposition 8.4) implies that Vir 2 G x T as smooth manifolds, and that
it can be defined by a smooth cocycle f: G x G — T. Such cocycles are
known explicitly, and one is the famous Bott-Thurston cocycle (cf. [R095,
p-237]). O

Example 9.4 (Current groups).— (a) Let ¢ be a finite-dimensional
Lie algebra, M a compact manifold and g := C°°(M, €) endowed with the
pointwise bracket. Then we assign to every symmetric invariant bilinear
form k on € the continuous Lie algebra cocycle of g with values in the
Fréchet space 3 := Q!(M,R)/dC>(M,R) given by

w(f7g) = [K‘(f’dg)]a f,9€8.

In [MNO1] we calculate the period group for such cocycles and the group
G := C*(M, K)y, where K is a connected group with Lie algebra ¢. In
turns out that I, is always contained in the subspace Hjg (M, R). If € is
simple and k is suitably normalized, then II, coincides with the discrete
subgroup of all cohomology classes with integral periods. In [MNO1] we give
more detailed criteria for the discreteness of II,,. Moreover, we show that
in all cases P;(|w]) vanishes, so that the results of Section 7 lead to central
Lie group extensions of G corresponding to w if and only if IT,, is discrete.

(b) Now let G := Q(SU(2)) be the loop group of SU(2), i.e., the group
of continuous base point preserving maps S* — SU(2). Then

7T2(G) = 7F3(SU(2)) = 7T3(S3) ~7 and 71'1(G) = 7['2(SU(2)) =1.

On the Lie algebra g! := Q!(su(2)) of the group Q!(SU(2)) of C'-loops
one has the natural 2-cocycle

w(a, B) = /T K(alt), B (1)) dt,

where k is the Cartan—Killing form of su(2). This cocycle has no con-
tinuous extension to Q(su(2)). It follows from the results in [Ma01] that
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H2(2(go),R) = 0 for every semisimple compact Lie algebra go. Assuming
this, the exact sequence for central extensions leads to

Ext(2(SU(2)),T) = 1.

In contrast to that, the inclusion G! — G is a homotopy equivalence and
HZ(Q'(su(2)),R) =R,

which, in view of [EK64, p.28], leads to Ext(2}(SU(2)),T) = Z. O

Remark 9.5 (Central extensions of abelian Lie groups). — (a) Sup-
pose that G is an abelian Lie group with an exponential function exp:g —
G which is a universal covering homomorphism (cf. Remark 3.13). Since
the covering map exp induces an isomorphism of the second homotopy
groups, m2(G) = ma(g) is trivial. Hence we have the exact sequence

Lin(g, Z)—*— Hom (m1(G), Z) —=— Extr:e(G, 2)
D P .
——H?(g,3)—— Hom (m(G), Lin(g,3))-
For abelian Lie algebras the coboundary operator is trivial, so that

H?(g,3) = Alt?*(g,3) coincides with the space of continuous alternating
bilinear forms g x g — 3. Here the map P is quite simple:

P: Alt?(g,3) — Hom (m1(G),Lin(g,3)), P(w)(d,X)=w(X,d).

Therefore the condition for the existence of a Lie group extension G- G
by Z is that

m1(G) C rad(w) :={X € g:w(X,g) = 0}.

If this condition is satisfied, then w factors through G x G to a smooth
2-cocycle

f:GxG—3 (expX,expY)—w(X,Y).
We thus obtain a group G x 3 which is a covering of the group G xj, Z
with fz =4qz o fé.

(b) If spanmy(G) is dense in g, then we call G a generalized torus.
Then ker P = 0 implies that D = 0, and therefore that C is surjective, so
that

Extrie(G, Z) = Hom (7r1 (Q), Z)/( Lin(g, Z) |,r1(G)).
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If dim G < oo, then span71(G) = g, and 71 (G) is a lattice in g. Therefore
Hom (71(G), Z) = Lin(g, Z) |x, () leads to

Ext(T",Z)=0 forall neN,Z=3/T.

(c) Let g be a locally convex space g and D C g a discrete subgroup.
Then there exists a continuous seminorm p on g with D Np~1([0,1]) = 0,
showing that the image in the normed space g, := g/p~!(0) is a discrete
subgroup isomorphic to D. This implies that every discrete subgroup of a
locally convex space is isomorphic to a discrete subgroup of a Banach space.
As has been shown by Sidney ([Si77, p. 983]), countable discrete subgroups
of Banach spaces are free. This implies in particular that discrete subgroups
of separable locally convex spaces are free.

Let E be a vector space and f: D — E a homomorphism of additive
groups. Since every finitely generated subgroup of D is a discrete subgroup
of the vector space it spans, every linear relation ), Ayd = 0 implies that
> aAaf(d) = 0. Hence f extends to a linear map f:spanD — E. Such an
extension need not be continuous if D is not finitely generated. Suppose
that D is countably infinite and that g is a Banach space. Let (e, )peN
be a basis of D as an abelian group. We define f(e,) := nlle,||. Then
f extends to a linear map on span D which obviously is not continuous.
We conclude in particular that if G is an infinite-dimensional separable
generalized Banach torus, then

EXtLie(G, R) = Hom (7!‘1 (G), R)/( Lin(g, R) lﬂ.l (G)) % 0.

(d) If G is a connected central extension with abelian Lie algebra,
then its universal covering group is the vector space g = g x 3, and the
fundamental group 7 (G) is defined by an exact sequence

I =m(2) = m(G)—om(G),

where py: g — g is the projection onto the first factor. In this sense we have
a natural map

n: Extan (G, Z) — Extap (7r1 (G),7r1(Z)).

If m1(G) is free, then the group on the right hand side is trivial, so that
n vanishes, but if 71 (G) is not free, there might be non-trivial classes in
Ext (m1(G),1(Z)), and therefore G is non-trivial.

The relation n(C(y)) = 0 for v € Hom(71(G), Z) means that « can be
lifted to a homomorphism ¥: 7 (G) — 3 (cf. Lemma 8.5), so that we have
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a 3-extension of G covering the Z-extension G. This extension is trivial if
and only if the homomorphism 7, (G) — 3 extends continuously to g which
might not be possible, as we have seen in (c).

(e) Let g be a Banach space, D C g a discrete subgroup with
Ext(D,Z) # 0 and G := g/D. The exactness of the sequence

Hom(D,Z) — Hom(D,R) — Hom(D, T) — Extan (D, Z) — Ext,p(D,R)=0

(Theorem A.1.4) shows that there exists a homomorphism : D — T which
cannot be lifted to a homomorphism ¥: D — R. In view of (d), this implies
that the corresponding abelian extension

T G:=(gxT)/T(y"!)—»G=g/D
has no global continuous section.

We do not know of any example of a discrete subgroup of a Banach
space which is not free (cf. (c)). O

Example 9.6.— We consider the real Banach space g = ¢o(N,R)
of sequences converging to 0 endowed with the sup-norm. Then z®™ =
ZN n ¢o(N,R) is a discrete subgroup spanning a dense subspace, so that
G = g/ZW is a generalized torus with m;(G) = ZM™). Now Remark 9.5(b)
implies that

Extrie(G,R) = RN/I}(N,R). 0

Remark 9.7.— In [Se81, Prop. 7.4] G. Segal claims that for a con-
nected Lie group G the sequence

(9.1) Hom (m1(G), T) —— Ext(G, T)—2—H2(g,R) —2—HZ, (G, T)

is exact, where cr assigns to a Lie algebra cohomology class the de Rham
cohomology class of the corresponding left invariant 2-form and further the
corresponding T-valued singular cohomology class, which can be done with
the de Rham Theorem if G is smoothly paracompact.

A simple example of a group where the sequence (9.1) is not exact
is G = T?, the two-dimensional torus. As we have seen in Remark 9.5(b),
we have Ext(G,T) = 0, and Remark 9.5(a) shows that H2(g,R) = R.
Further Ho(G) = Z, where the generator is the fundamental cycle (G is an
orientable surface). Hence H3 (G, T) = T. We conclude that the sequence
above leads to a concrete sequence

T2 ,0—2 R

T.
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On the other hand the definition of P shows that it is continuous, and this
contradicts Segal’s claim. O

A. Appendix.
A.1. Universal coefficients and abelian groups.

THEOREM A.l.1 (Universal Coefficient Theorem). — Let K be a
complex of free abelian groups K, and Z be any abelian group. Put
H*(K,Z) := H*(Hom(K, Z)). Then for each dimension n there is an exact
sequence

0 — Extay (Hn_1(K), Z)—2— H"(K, 2)—2— Hom (H,(K), Z) — 0
with homomorphisms (3 and o natural in Z and K. This sequence splits by

a homomorphism which is natural in Z but not in K.

The second map « is defined on a cohomology class [f] as follows.
Each n-cocycle of Hom(K, Z) is a homomorphism f: K,, — Z vanishing on
OKp41, so induces f.: Ho(K) — Z. If f = 8g is a coboundary, it vanishes
on cycles, so (6g). = 0. Now define o([f]) := fx.

Proof [MacL63, Th. 3.4.1]. a

Remark A.1.2.— If the abelian group Z is divisible, then
Extan(B, Z) = 0 for each abelian group B, so that Theorem A.1.1 leads to
an isomorphism H"(K, Z) = Hom (H,(K), Z) of abelian groups. O

Remark A.1.3.— For each topological space X we obtain for the
singular (co)homology and each abelian group Z a short exact sequence

0 — Extap (Hn_1(X), Z) — HZy(X, Z) — Hom (Hn(X), Z) — O.

sing

If Z is divisible, then we have

n o(X, Z) = Hom (Hn(X), Z). O

sing

Remark A.1.4.— (a) The Hurewicz-Theorem says that if n > 2 and
X is arcwise connected with m;(X) = 0for 1 < i < n (X is (n — 1)-
connected), then

Tn(X) = Hn(X)
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(cf. [Br93, Cor. 7.10.8]). For n = 1 we have the complementary result that
for any arcwise connected topological space X,

T1(X)/(m1(X), (X)) = Hi(X).
In both cases we obtain
Hom (H,(X), Z) = Hom (7, (X), Z)

for every abelian group Z.
If n > 2, then we obtain with the Hurewicz Theorem H,_;(X) = 0,

so that the Universal Coeflicient Theorem also shows that

H’ﬂ

#ag(X, Z) = Hom (H,(X), Z) = Hom (mn(X), Z)
for all abelian groups Z.

(b) If, in addition, M is a smoothly paracompact manifold (cf. [KM97,
Th. 34.7)), then

H3x(M,R) = H"(M,R) = Hom (H,(M),R). O

A.2. Differential forms and vector fields.

Let M be a smooth manifold modeled over a locally convex space.
For a Lie group G we will use the natural multiplication on the tangent
bundle given by T'(mg), where mg is the group multiplication on G. We
thus identify G with the subgroup of T'G given by the zero section and the
Lie algebra g, as an additive group, with T7(G). In the following, 3 will
always denote a sequentially complete locally convex space.

LEMMA A.2.1.— Let G be a connected Lie group acting smoothly on
M byog:Gx M — M. Let

6:9 = V(M), &(X)(p):=—do(1,p)(X,0)

denote the corresponding homomorphism of Lie algebras. Then we have an
action of G on V(M) by (9.Y)(p) := doy(971.p)Y(97'.p), and the derived
action is given by X.Y := [6(X), V).

Proof. — 1t follows from [Ne0Ola, Prop. 1.18(v)] that & is a homomor-
phism of Lie algebras. We have

(g-Y)(p) = dog(¢7 .p)V (g7 p) = 9.(¥(97 1 .p)),
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where the last term refers to the action of G on T'M. Applying ¢g.Y to a
smooth function f, we get

(@ V)()p) = (d(f o o4)(g™"-p), V(97" p))
= (d(fo0g), V)(g7 ) = (V-(foag))(g™ " p).
Taking derivatives in g = e in the direction of X € g = T1(G) leads to
XN (N p) = =Y.(6(X)-N)(p) + 6(X).(V-N)p) = ([6(X), V] f)(p)-

Since locally we have sufficiently many smooth functions to separate vector
fields, we conclude that X.Y = [6(X),))]. a

Remark A.2.2.— If a:]a, b[— G is a smooth curve on G, then for each
p € M we obtain a smooth curve a,:]a,b[— M given by ap(t) = a(t).p,
and the derivative of this curve is given by

oy (t) = o/ (t).p,

where we use the action To of TG on TM (cf. [NeOla, Prop. 1.18]). This
action satisfies

To(Yi)p=—6(Y)(p) for YieTi(G)=g
and therefore
To(Y1-g).p=To(dpg(1).Y1).p = To(Y1)(g-p) = —5(Y)(g-p)-
We conclude that
ap(t) = —a(ar(t)) (ep(t)),

where a.(t) = dpa)-1(a(t)).of(t) € g is the right logarithmic derivative
of .

For a smooth vector field X on M, a locally convex space 3 and a
3-valued p-form w € QP(M, 3) we define the Lie derivative by

Lx.w:=1(X)dw + d(i(X).w).

LemMMma A.23.— For w € QP(M,3) and smooth vector fields
X,X1,...,Xp on M we have

(L'x.w)(Xl, oo ,Xp) = X.(A)(Xl, [N ,Xp)
p
=3 Xy, X, (X X X X).
j=1

TOME 52 (2002), FASCICULE 5



1432 KARL-HERMANN NEEB

Proof.— By definition, we have Lx = doi(X) +i(X) od, so that

(Lxw)(Xy,...,Xp) =d(i(X).w)(X1,...,Xp) + dw(X, X1,...,Xp)
=Xiw(X,Xs,...,Xp) — Xow(X, X1,X3,...) £

— (X, [X1, X, Xa, -, Xp) + o+ Xw(X1, .., X))

- Xiw(X, Xs,..., Xp) £ ... —w([X, X1], X2,..., Xp)

—w([X1,X2), X, X3,...,Xp) £ ...

(1 w([X, X;], X1, X2r- -, Xy, Xp)

M’u

= Xw(X1,...,X,) +
1

<.
Il

M's

:X.W(Xl,...,Xp) (Xl, . Xj_l,[X,Xj],Xj+1,...,Xp).

j=1
O
LEMMA A.2.4.— For w € QP(M, ) X € g and a smooth curve
a:] —g,e[— G with a(0) = e and o/(0) = X we have
Lox)w = Til =0 Oo(t)-1Ws

where the limit is considered pointwise on p-tuples of tangent vectors of M.

Proof.— We consider the situation in local coordinates around a
point ¢ € M. More precisely, we pick an open neighborhood U of ¢ € M
which is diffeomorphic to an open subset of a locally convex space V.
Therefore it suffices to test the equality of both sides on constant vector
fields X; =v; €V,j=1,...,p

We may w.l.o.g. assume that «a(t).qg € U for |t| < e. Then
(A.2.1)
(@ w) (X1, -, Xp) (@) = w(a(t) ) (a(t) ™. X1, ..., a(t) 1. Xy),

where a(t)~l.v refers to the action of G on TM. For each v € V
Lemma A.2.1 further leads to

d .
2y e).X; = 60X, ;).

Taking derivatives in ¢t = 0 in (A.3.1), we now get
dow(q)(X1, .- -, Xp)(6(X)(q))
P
= (@)Xt X1, [6(X), X5, Xjg1, -, Xp),

=1
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where d; stands for the partial derivative of w in the first component when
considered locally as a function of p + 1 arguments, p-linear in the last p
variables. The fact that the vector fields X; are constant leads to

(6(X)w(X1,. .., Xp)) () = dow(g) (X1, .., Xp)(6(X)).

In view of Lemma A.2.3, this proves the assertion. O

Lemma A.2.5. — Assume that G is connected. For w € (M, 3) the
following are equivalent:

(1) w is G-invariant.

(2) Lo(xy.w =0 for each X € g.

Proof. — (1) = (2)” is an immediate consequence of Lemma A.2.4.

“(2) = (1)": Let g € G. Then there exists a smooth path a: [0,1] — G
with a(0) = e and a(1) = g. We have to show that

— * _ *
w = O'QCU = Ua(l)w.

In view of o[, jw = w, it suffices to show that ¢ — a(t)*w is constant.
Let o/.(t) := o/(t).a(t)"! € g denote the right logarithmic derivative of a.
Then Lemma A.2.4 implies that

d

E s U;(t)w = U;(s)( — ‘Cd(a’r(s))-w) = 0;(8)0 = O O

LemMa A.2.6.— Assume that G is connected. For 6 € Q' (M, 3) the
following are equivalent:

(1) For each g € G the 1-form 0,6 — 0 is exact.
(2) For each X € g the 1-form L;(x).0 is exact.

Proof.— Let v € C*®(S!,G). Since we have a natural injection
Hiz(M,3) — Hom(m (M),3) given by integration over loops (Theo-

rem 3.6), the assertion follows if we show that the condition [ o*0 = [ ¢
for all g € G is equivalent to f7 Lsx)-0 =0 for all X € g.

(1) = (2): Let a:] — €,e[— G be a smooth curve with a(0) = e and
o/(0) = —X. Then Lemma A.2.4 yields

d .
Loy 0= 2t Taw?

TOME 52 (2002), FASCICULE 5



1434 KARL-HERMANN NEEB

and therefore

/‘Cd(X)-a—_—/ W*Ed(x)ﬂ
v St
1

. . x L
=}1_I}(1)¥ Sl’)’ (Ua(t)o_o):}E}})?/Y(Ua(t)e_a):o'

(2) = (1): Conversely, we use that

1
N d
O'Q(l)o—@—/(; 'd—t

Integrating this relation over v and interchanging the order of integration
leads to

1
s U;(t)e dS - A U;(S)( — Lg(a{r(s))e) dS.

1
/(02(1)9 -0)= / / V) (= Lo(ar(s)f) ds =0
¥ 0 JSt

because all integrals

Lol @ens= [ Lows

Oa(s)OY

vanish. O

A.3. An approximation theorem
for infinite-dimensional manifolds.

The goal of this section is to explain that continuous functions
fiM — N, M a finite-dimensional compact manifold and N an infinite-
dimensional manifold, can be approximated by smooth functions. This
implies in particular that every homotopy class in [M, N] has a smooth
representative.

In the following C'(M, N). denotes the space C(M, N) of continuous
maps M — N endowed with the compact open topology.

TueoREM A.3.1.— Let M be a finite-dimensional o-compact C*-
manifold for s € NU {oco}. Then for all locally convex spaces 3 the space
C*>(M,3) is dense in C(M,3).. If f € C(M,3) has compact support and
U is an open neighborhood of supp(f), then each neighborhood of f in
C(M,3). contains a smooth function whose support is contained in U.
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Proof (based on [Hi76, Th. 2.2]). — First we observe that M permits
C*-partitions of unity. Further the local convexity of 3 is crucial for the
“partition of unity arguments” to work.

Let f € C(M,3), (Va)aeca a locally finite open cover of M and W, C 3
convex open 0-neighborhoods. Then there exists a subordinated locally
finite open cover (U;);c; of M and constant maps g;: M — 3 such that for
all y € U; NV, we have

9i(y) — f(y) € Wa.

Let (X\;)icr be a partition of unity subordinated to (U;);c; and define
g:=Y.Xigi: M — 3. Then g € C*(M,3) and on V, we have g — f € W,
because W, is convex.

If, in addition, supp(f) is compact and contained in the open set U,
then we may assume that each set U; is either contained in U or satisfies
U; Nsupp(f) = @. For U; Nsupp(f) = @ we then put g; = 0, and the
assertion follows. O

CorOLLARY A.3.2.— Let M be a finite-dimensional o-compact C*-
manifold for 1 < s < co. If V is an open subset of the locally convex space
3, then the space C*°(M,V) is dense in C(M,V).. O

TuEOREM A.3.3. — Let M and N be C*-manifolds with dim M < oo
and s € NU{oo}. Then C*(M, N) is dense in C(M,N).. Let f € C(M,N)
and K C M such that f is smooth on M \ K. Then there exists for each
neighborhood N of f in C(M, N). and each open neighborhood U of K in
M a smooth function g € N with f =g on M\ U.

Proof. — First we need a refinement of Theorem 2.5 in [Hi76]. Let
U C R"™ be open, 3 an s.c.l.c. space V C 3 open and f:U — V a C"-map.
Further let K C U be closed and W C U open such that f is C° on a
neighborhood of the closed subset K \ W. Then the set of all functions
h € C™(U,V) which are C® on a neighborhood of K and coincide with f
on U\ W intersects every neighborhood of f in C(U, V). For the proof we
may w.l.o.g. assume that V = 3, so that Theorem A.3.1 can be used. The
remaining arguments can be copied from [Hi76, Th. 2.5].

To conclude the proof, one uses that M has a countable open cover,
and then an inductive argument as in [Hi76, Th. 2.6]. The argument given
in [Hi76] shows in particular that if f is smooth outside of a compact
subset K of M and U an open neighborhood U of K, then we find in
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each neighborhood of f a smooth function g which coincides with f on
M\U. O

Remark A.3.4.— (a) If F is a locally convex space and X a compact
space, then C(X, F) is a locally convex space with respect to the topology of
uniform convergence. For each continuous seminorm p on F' the prescription

px (f) = sup,ex p(f(z))

defines a continuous seminorm on C(X,F), and the set of all these
seminorms defines the topology of compact convergence on C(X, F). It
is easy to verify that with respect to this topology the space C(X,F) is
sequentially complete if F' has this property.

(b) If U C F is an open subset, then C(X,U) is an open subset of
C(X,F). Now let U; C F}, j = 1,2, be open subsets of s.c.l.c. spaces and
p:U; — Uy a smooth map. We consider the map

(,DXZC(X, U]_) "')C(XaUZ)’ Y= poy.

Then ¢x is smooth. The continuity follows from [NeOla, Lemma II1.6]. For
each z € X and v,n € C(X, F;) we have

lim p(v(z) +tn(z)) — p(v(z))
t—0 t

— timy [ do(r(2) + stn(z)n(a) ds = dp(r(z)-n().
0

Since the integrand is continuous in [0,1]? x X, the limit exists uniformly
in X, hence in the space C(X,F,). Therefore dpx(y)(n) exists. Since
dp:TU; =2 Uy x F; — F5 is a continuous map, the first part of the proof
shows that

dox: C(X,TUy) = C(X,Uy) x C(X, Fy) — C(X, F)

is continuous, so that px is C!. Iterating this argument shows that px is
C. O

DeriNiTION A.3.5.— (a) If G is a Lie group and X is a compact
space, then C(X,G), endowed with the topology of uniform convergence is
a Lie group with Lie algebra C(X, g). In view of Remark A.3.4(b), we only
have to see that inversion and multiplication in the canonical local charts
are smooth. The remaining arguments leading to the Lie group structure
on C(X,G) are a routine verification.
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(b) If G is a Lie group with Lie algebra g, then the tangent bundle
of G is a Lie group isomorphic to g x G, where G acts by the adjoint
representation on g (cf. [NeOla]). Iterating this procedure, we obtain a
Lie group structure on all iterated higher tangent bundles T"G which are
diffeomorphic to g*" ! x G.

It follows in particular that for each finite-dimensional manifold M
and each n € Ny we obtain topological groups C(T™M,T"G).. Therefore
the canonical inclusion map

C=(M,G) — [] c(@"M,1"G).
neNy
leads to a natural topology on C*°(M,G) turning it into a topological
group. For compact manifolds M these groups can even be turned into Lie
groups with Lie algebra C>=(M, g) endowed with the topology of compact
convergence of all derivatives which coincides with the topology defined

above if we consider g as an additive Lie group. For details we refer to
[GI01Db]. O

Let G be a connected Lie group and M a compact smooth manifold.
In M we fix a base point z,; and in any group we consider the unit element
e as the base point. We write C°(M, G) C C*°(M, G) for the subgroup of
base point preserving maps and observe that
C®(M,G) 2 CP(M,G)xG

as Lie groups, where we identify G with the subgroup of constant maps.
This relation already leads to

(A.3.1) T(C® (M, G)) = mp(C(M, G)) x me(G), k € Ny.

In particular we have mo(C°(M,G)) = mo(CP(M,G)) because G is
connected. On the other hand we have for topological groups G and k € N
the relation

(A.3.2) 7:(Q) = m(C(S*, @) = m(C. (SF, Go)),
where G denotes the identity component of G.

LEMMA A.3.6.— Let M be a compact manifold and G a Lie group.
Then C*(M,G) is dense in C(M,G).. In particular every connected
component of the Lie group C(M,G). contains a smooth map. Moreover,
we have

(A.3.3) C*°(M,G) N C(M,G)o = C®(M, G)o.
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Proof.— As G is a topological group, the compact open topology on
C(M, Q) coincides with the topology of uniform convergence which turns
C(M,G) into a Lie group with Lie algebra C(M, g) (Definition A.3.5). In
particular C(M, G) is locally arcwise connected, so that the first assertion
follows immediately from Theorem A.3.3.

To verify (A.3.3), we first observe that every smooth map f: M — G
which is sufficiently close to the identity is homotopic to the identity in
C*(M, G) because its range lies in an open identity neighborhood diffeo-
morphic to an open convex set. Now homogeneity implies that C*°(M, G)
is locally connected with respect to the compact open topology, and hence
that its connected components are also open in the coarser compact open
topology. This implies that the connected components of C*°(M,G) are
closed in the compact open topology, and therefore that the closure of
C>®(M, G)o is open and closed in C(M, G), hence coincides with C(M, G)o
and satisfies (A.3.3). O

THEOREM A.3.7.— If M is a compact manifold and G a Lie group,
then the inclusion C*°(M,G) — C(M,G) induces isomorphisms of all
homotopy groups

m6(C®(M, G)) — m(C(M,G)), k€ No.

If zpr € M is a base point, then the same conclusion holds for the inclusion
C*(M,G) — C.(M,G) of the subgroups of base point preserving maps.

Proof.— For k = 0 the assertion follows from Lemma A.3.6. Next
we observe that for £ > 1 the inclusions

C.(Sk,C™(M, Q)) — C(Sk,C>® (M, G)o) — C(SF,C(M, G))
— C(Sk,C(M,G)) = C(S* x M,G)

are continuous homomorphisms of Lie groups, where the inclusion
C(S*,C(M,G)o) — C(SF,C(M,G))

is an open embedding. On the level of the group of connected components,
we obtain with (A.3.2) the homomorphisms

T (C®(M, G)) = o (C.(S¥, C®(M, G))) = mo(C(SF,C™(M, G)o))
—Lmo (C(S¥, C(M, G)o))
— m(C(S¥,C(M,G))) 2 o (C(S* x M, G)).
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If f:S¥ x M — @ is a continuous map, then Lemma A.3.6 first implies that
every neighborhood of f contains a smooth map and that

C®(S* x M,G)NC(S* x M,G)y = C>°(S* x M, G),.

Further every connected component of C(S¥ x M,G) and therefore ev-
ery connected component of C(S¥,C(M,G)o) contains an element of
C(S*,C>®(M, G)p). This shows that the natural homomorphism

n:To (C(Sk’ COO(Ma G))) — To (C(Sk7 O(Mu G)))
is a surjective, which implies that the homomorphism

m(C® (M, G)) — mo(C(S*,C(M, G)o))
= mo(Cy(SF,C(M, G))) = me(C(M, G))

is surjective for k € N.

To see that it is also injective, let U C G be an identity neighborhood
for which there exists a chart ¢:U — g whose range is an open convex
subset of g. If two continuous maps f,g € C(S¥,C®(M,QG)), viewed as
elements of C(S* x M, G) = C(S¥,C(M, G)) are close in the sense that the
range of (z,m) — f(z,m)g(x,m)! is contained in U, then the convexity
of ¢(U) implies the existence of a homotopy from the constant map to
f-g~%in C(S¥,C>(M,G)) and hence, after multiplication with g on the
right, from f to g. This implies that

C(Sk,C(M,R))o N C(Sk,C®(M,G)) = C®(Sk,C® (M, G))o,

which implies that the homomorphism 74 (C*° (M, G)) — 7 (C(M, G)) is
also injective. O

Remark A.3.8.— If G is a connected Fréchet-Lie group, then
C*>(M, G) also is a Fréchet-Lie group (cf. [Gl01b] and Definition A.3.5), so
that combining [Pa66] with Theorem A.3.7 even implies that the inclusion
C>(M,G) — C(M,G) is a homotopy equivalence. O
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