RE4y,

S %
Zeas™  ANNALES

DE

L INSTITUT FOURIER

Fabien DURAND & Dominique SCHNEIDER

Ergodic averages with deterministic weights
Tome 52, n° 2 (2002), p. 561-583.

<http://aif.cedram.org/item?id=AIF_2002__52_2_561_0>

© Association des Annales de 1’institut Fourier, 2002, tous droits
réserves.

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique 1’accord avec les conditions
générales d’utilisation (http://aif.cedram.org/legal/). Toute re-
production en tout ou partie cet article sous quelque forme que ce
soit pour tout usage autre que I’utilisation a fin strictement per-
sonnelle du copiste est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention
de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2002__52_2_561_0
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
52, 2 (2002), 561-583

ERGODIC AVERAGES
WITH DETERMINISTIC WEIGHTS

by F. DURAND and D. SCHNEIDER

1. Introduction.

The purpose of this paper is to study ergodic averages with deter-
ministic weights. More precisely we study the convergence of the ergodic
averages of the type & kN=—01 O(k)f o T* where 0 = (6(k);k € N) is a
bounded sequence and u = (ugx;k € N) a strictly increasing sequence of
integers such that for some § < 1,

N-1
(H1) Sn(0,u) := Sup,er Z 0(k) exp(2iraui)| = O(N?),

k=0
i.e., there exists a constant C such that Sy (8,u) < CN®. We define 6(0,u)
to be the infimum of the ¢ satisfying H; for 6 and u.

About H;, in the case where 6 takes its values in U (the set of complex
numbers of modulus 1), it is clear that for all sequences 0 and u, 6(6,u) is
smaller than or equal to 1 and it is well-known (see [Ka] for example) that
it is greater than or equal to 1/2. Few explicit sequences 6 are known to
have 6(6, u) strictly smaller than 1.

When uy = k, for all k¥ € N, we know [Ru], [Sh] that for the Rudin-
Shapiro sequence (and its generalizations [AL], [MT]) we have 6(0,u)=1/2.

Keywords: Weighted ergodic averages — Central limit theorem — Almost sure conver-
gence — g-multiplicative sequences — Substitutive sequences — Generalized Thue-Morse
sequences.
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562 F. DURAND & D. SCHNEIDER

For the Thue-Morse sequence §(6,u) = (log3)/(log4) [G]. When 6 is a ¢-
multiplicative sequence we will give a way to construct sequences fulfilling
H;.

When u is a subsequence of N we will also give some examples of
sequences 6 satisfying H;. More attention will be payed to the special
case ur = k + vk, k € N, where v = (vg;k € N) is non-decreasing with
Vg = O(ke), e< 1

We say (X, B, 1, T) is a dynamical system if (X, B, ;1) is a probabilistic
space, T is a measurable map from X to X and p is T-invariant. A
good sequence for the pointwise ergodic theorem in LP(u), p > 1, is an
increasing integer sequence (u,;n € N) such that for all dynamical systems
(X,B,u,T), for all f € LP(u), we have

1 N-1
T el U : —
'u{meX’NE»TooN f(T"*z) ex1sts} 1.
k=0
Our main result is the following.

THEOREM 1. — Let § = (6(n);n € N) be a bounded sequence of
complex numbers and u = (un;n € N) be a strictly increasing sequence of
integers. Suppose that Condition H; is satisfied.

Then, for any dynamical system (X,B,u,T) and any f € L?(u) we
have

N-1
1
. N Uk — —_
7 {:1; € X; luf N kE_O (k) f (T z) = 0} =1.

Moreover, for all e > 0, all f € L>*¢(u) and for all 3 > (6 + 2)/3 we have
N-1

7 {x € X;NEIEOO ~F 2 O(k)f(T ) = O} =1

Remark that if u is a good sequence for the pointwise ergodic theorem
in L'(p) then the first conclusion is satisfied for all f € L(u).

Under the stronger Condition Hs given below we can give more
information about the speed of convergence when f belongs to L?(u). Let
6 = (0(k); k € N) and u = (ukx;k € N) be as in Theorem 1. We say they
satisfy Condition Hy if for some 0 < p < 1 and D > 0 we have

(H2) Sup,er Z 0(k) exp(2irau)| < D(n — m)?{(n),

k=m

ANNALES DE L’INSTITUT FOURIER



ERGODIC AVERAGES WITH DETERMINISTIC WEIGHTS 563

for all m < n where {(n) = O(n¢) for all ¢ > 0. We remark that H, implies
Hi. When 6 is a g-multiplicative sequence we prove that Conditions H;
and Hq are equivalent.

We will show (Section 2.2) in the special case of a rotation dynamical
system we have some more precise results than those of Theorem 1. We
will exhibit a large class of functions for which the speed of convergence is
uniform in z. In this case and when (k) = 1 and ux = k (i.e., the standard
ergodic mean) we knew, using the Denjoy-Koksma inequality, that we can
obtain the speed of convergence whenever f is has bounded variations (see
[KN] or [GS]).

For u = (k%3 k € N) we do not know sequences that satisfy H;. But
when 6 is a g-multiplicative sequence we prove the following result.

PROPOSITION 2. — Let 8 be a g-multiplicative sequence with empty
spectrum. Then, for all real number «,

N
. 1 2
NE»H+100 N kZ=1 6(k)e(k“a) = 0.

The main difficulty in the proof of this result is when « is an irrational.
In this case we use an ergodic approach and the van der Corput inequality.

For more information about Proposition 2 we invite the interested
reader to look at the article of M. Mendés France [M], especially Corol-
laire 2.

As noticed by the referee Proposition 2 can be extended to the case
where k? is replaced by any polynomial of degree d > 2 with rational
coefficients. We can prove this result using an induction on the degree of
the polynomial and the van der Corput inequality. Then it can be easily
extended to the case where ak? is replaced by any polynomial of degree
d > 2 with at least one irrational coefficient.

The following theorem investigates the statistics of dynamical sys-
tems. We prove a central limit theorem for some weighted ergodic means
in the case of the rotations. First we need two definitions.

Let (Z,;n € N) be a sequence of real ramdom variables defined on
the probability space (X, B, u). We say that (Z,;n € N) converges in law

to the Gaussian random variable A'(0,1), and we write it Z, ==N(0,1),
if
: 1 [T e
VteR lim Ip 2t :——/ e 7 du.
p{Zn } V2r J,

n—+oo
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564 F. DURAND & D. SCHNEIDER

We define lip(a) to be the set of functions f € Ly(u) such that
1f(z) = fF()] < |z =yl

THEOREM 3. — Let (8(n);n € N) € {~1,1}N and (un;n € N)
satisfying Condition M. Let 6% and 6~ be the sequences in {0, 1}N defined
by 6% (k) = (8(k) + 1)/2 and 6~ (k) = (1 — 6(k))/2. Let (T, B, u, Rs) be a
rotation dynamical system where « is an irrational number. For all 8 €)6, 1],
if there exist o > 1 — (8 and ¢ €0, 1] such that | — (| = O(N~°7) then
there exists a continuous function f on T such that

! N_19+ k)foR%™ £ N(0,1
—]W ; ( )fo o = ( ’ )

Moreover, if d is the Diophantine type of o then fis lip(a) with a <
(1-p)/d.

We have the same conclusions for 6.

This work is divided into four sections. In Section 2 we prove The-
orem 1 and Theorem 3 and we deduce some corollaries. For example we
remark that the conclusions of Theorem 1 also hold when (8(k); k € N) is
a non-bounded centered sequence of i.i.d. random variables with a finite
second moment (see [SW]). We also make some comments in the case there
is no dynamical system structure. The third section is devoted to the g¢-
multiplicative sequences. We recall some results established in [LMM] and
we give an efficient sufficient condition for g-multiplicative sequences tak-
ing values in a finite set to fulfill condition H;. In the last section we prove
Proposition 2 and we obtain further results about ergodic averages in the
case where 0 is a g-multiplicative sequence.

2. Convergence of ergodic weighted averages
under Condition H;.

In what follows we will write e(z) instead of exp(2imx).

2.1. Proof of Theorem 1.

We start with the proof of the second conclusion. We first prove it
when N tends to infinity along some subset of N. Then we come back to N.

ANNALES DE L’INSTITUT FOURIER



ERGODIC AVERAGES WITH DETERMINISTIC WEIGHTS 565

Let € > 0 and f € L?*¢(u). From the Spectral Lemma (see [Kr]) we
have

1 N-1
NF kZ_O(’(k)f o TU*

where ps is the spectral measure of T' at f. We set By = (6 + 2)/3 and
we take 8 > By. Hence we can choose v € R such that 1/(8—6) < v <
1/2(1—-p). We set N, = {[n"];n > 1}, where [.] is the integer part function.
From the choice of v it comes that

1 N-1
5 [ S oo o
k=0

NeN,

N-

-]Vi- Z auk

k=0

o
< N6 1112, »
2,T,pus(de)

2,p

< 00.

2,p
Consequently

N-—
u{xeX N— +L0N€N N g R (T ) = }

Now we come back to the whole set N. There exists K such that
|0(k)| < K for all k € N. Let M > 0, sufficiently large, and let N be the
unique integer such that [NY] < M < [(N + 1)7]. Then

LN owsaen| <[ ¥ omsae
k=0

0<k<N7Y
K
t N > |f(T™ )|
NY<k<(N+1)~

From the first step of the proof, the first term tends to zero. We have
to prove the second term also tends to 0. Without loss of generality we
can suppose f is positive. We set f = f; + fo where f; = f.x{fg\/ﬁ} and
fo=fx (f>VN} XA being the characteristic function of the set A. We
have

% Z fl (T’uk 1‘) < % Z \/N

NY<k<(N+1)" N Y<k<(N+1)Y
N1
S B-Nﬁ—‘f VN =BNO--3 . | 0,

where B is such that (N +1)Y — NY < BN?"!, for all N € N. Now we look
what happens with f,. To prove that

1
Uk — —
wezeX; hTooNﬁ‘r E fo(T*x)=0p =1
NY<k<(N+1)7

TOME 52 (2002), FASCICULE 2



566 F. DURAND & D. SCHNEIDER

it suffices to prove that [, w5 2o Nvek<(v41)r J2(T" z)dp is the general
term of a convergent series. The measure y being T-invariant we have

N‘Y<k<(N+1)’Y NY<k<(N+1)~
fa(z)

1
v—-1 —
< w5 BN /ng(av)du— B | wimaam

We set a =1 — (1 — ) and we will study the series

S = Z/fza n

N>1

Let p=(1+¢/2)/a and ¢ = (1 — 1/p)~1, the Hélder inequality gives

< (Lg () e) (grr)
-(/ lf(w)l”duf <N21 NL)

The last series converges because f belongs to L?(u). The second also
converges because ap = 1 + £/2. Moreover

14
s+1-71-0)

consequently S is finite. This ends the proof of the second conclusion.

3

(Z u{f* > N}) R

N21

<2+¢,

p:

The same computation with f € L?(u), 3 =1, v > 1/(1 — 6) and
p = q = 2 allows us to obtain the first conclusion. a

Remark. — The first conclusion of Theorem 1 can be extended to
every f € LP(u) with p > 1. On the other hand if (ux; k& € N) is a good
sequence for the Ergodic Theorem in L'(u) then we know from Banach
Principle (see [Kr|) that the set of functions for which we have almost sure
convergence (this set contains L?(u)) is closed in L!(x). Hence, L?(u) being
dense in L!(p), the first conclusion holds in L!(y).

COROLLARY 4. — Let (0(n);n € N) be a sequence of complex
numbers and (un,;n € N) be a strictly increasing sequence of integers.
Suppose for some 6§ < 1 we have H; and for some integer v > 25 we have

1
(Hs) Supnsi oy D IR)I <o
NYKk<(N+1)”

ANNALES DE L’INSTITUT FOURIER
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Then, the conclusions of Theorem 1 hold.

Proof. — 1t follows the lines of the proof of Theorem 1. O
Condition Hj is useful in the case where the sequence € is given by a
random process (see [DS]).

Now under Condition H; we give more information about the rate of
convergence in Theorem 1 when f belongs to L?().

PROPOSITION 5. — Let 8 = (8(n);n € N) be a bounded sequence
of complex numbers and u = (un;n € N) be a strictly increasing sequence
of integers. Suppose Condition Hy holds.

Then, for all dynamical systems (X,B,u,T), all f € L?(u) and all
B > p we have

N-1
. 1 N
u{z €X; lim <5 kz_% 0(k) f(T z) = 0} =

Proof. — Let f € L?(u) and 3 > p. From the Spectral Lemma (see
[Kr]) for all m < n we have
<D(n—m)*¢(n) [|£lly,, ,

> 0(k)foT > 0(k)e(ou)
2,u k=m 2,T,us(da)

k=m
where ps is the spectral measure of T' at f. Then we proceed as in the
proof of Theorem 1 with v > 1/(1—p). Let M > 0 and let N be the unique
integer such that [N7] < M < [(N + 1)7]. Then

1 & 1
35 2 0T )| < | D0 6k F(Ta)
k=0

0<k<N?Y

<

1 u
+ NAv Z 0(k)f(T" )| .
Nv<k<M—1
The first term tends to 0 and we have
1 M — NY)?
N 2. Okfe TH < D(—N—m—)‘“M) 111,
Nv<k<M—1

2,p

< DB?NODP1¢(M) |fly,, = DBPNYC=D=0¢(M) || £l
which tends to 0 (B is as in the proof of Theorem 1. This ends the
proof. a

TOME 52 (2002), FASCICULE 2



568 F. DURAND & D. SCHNEIDER

2.2. A precision in the case of the rotations.

The goal of the following proposition is to investigate the uniform
convergence properties of the previous ergodic means. We look at the
particular case of the rotation dynamical systems. Let A(T) be the set
of functions with summable Fourier coefficients, where T is the one-
dimensional torus.

ProrosiTiON 6. — Let (T, B, i, R,) be a rotation dynamical sys-
tem where « is an irrational number. Under the assumptions of Theorem 1,
for all f € A(T) we have

Z
L

1

N5 2 O (BG*T) —N-stoo O

ES
Il
©

uniformly in x for all 8 > 6.

Let f € A(T),ie., f(z) =Y ez f(§)e(ix), x € T, with 3,7 |f(5)] <
oo. Let N € N, we have

N-1

> 0(k)f o Re*(z) = Y f(4)e(iz)Kn(ja),
k=0

JjEZ

where Kn(A\) = ZN ' 0(k)e(Auy). Consequently Condition H; and the
fact that the map o — ja mod 1 is onto imply that
Z 0(k)f o R% ()

SupzeT

<CN6Zlf J)’

JEZ

which ends the proof. a

Now we make a remark in the case we do not have a dynamical system
structure, i.e., we are interested in the sequence ( sz‘Ol O(k)f(zug); N €
N). If @ satisfies Condition H; and f belongs to A(T) then the same
computation as before leads to
N-1

> 0(k) f(zur)

k=0

Sup,eRr < CNY||fllacty-

ANNALES DE L’'INSTITUT FOURIER



ERGODIC AVERAGES WITH DETERMINISTIC WEIGHTS 569

2.3. Proof of Theorem 3.

We first establish the following result.

THEOREM 7. — Let H €]0,1[. Let (ux; k € N) be a strictly increas-
ing sequence such that there exist ¢ €]0,1] and ¢ > 1 — H for which we
have

u -0
(Ha) 2 —¢|=o).
Then there exists a function f € L?(u) such that
1 X
k=1

Moreover if d is the Diophantine type of a, then we can choose f to be in
lip(a) with a < (1 — H)/d.

Proof. — From H, we obtain the following estimation:
uN [CN]
Sup,er Z e(ak) — Z e(auy)| = O(N'~9).
k=0 k=0
We set
1 o 1 [¢N]
An =g 2 foRe—5m D foRe
k=0 k=0 2,1

From the Spectral Lemma we get

uN [CN]
Ay < ______”QL?{;L Sup,cr Ze(ak) - Z e(auy)| = O(N'—H=7),
k=0 k=0

But 1 — H — o is negative, hence Ay converges to 0. Now from a result of
Lacey (Theorem 1.1 in [La]) there exists a function f € L?(u) so that

-
N—HZfoRg =5 N(0,1).
k=0

Moreover if d is the Diophantine type of &, then Theorem 1.1 in [La] allows
us to choose f to be in lip(a) with a < (1 — H)/d.

We conclude the proof applying Slutsky Theorem. O

TOME 52 (2002), FASCICULE 2



570 F. DURAND & D. SCHNEIDER

We prove Theorem 3 for #%. No new arguments are needed to prove
it for §~. Let 8 > 6. Let N € N, We have

1N1 11N——l

U 11 u U
NﬂZWk)foRk—NMZa )fo Ry + 55 > fo Ry

k=0

From the Spectral Lemma and Condition H; the first term goes to

0 with respect to [|.||2,,, hence in probability. Theorem 1.1 in [La] implies

there exists f in lip(a), with a < (1 — 8)/d, such that the second term
converges in law to A/(0 ( ) Consequently by Slutsky Theorem

u L
Nﬂ Zm‘ foR% = N(0,1).

This concludes the proof of Theorem 3.

2.4. Discussion about Condition H;.

Let us consider a strictly increasing sequence u = (u;k € N) and a
sequence (0x; k € N) fulfilling Condition Hi, i.e., there exists § < 1 such
that S(N,u) = O(N?). Let (Bx; k € N) be an increasing sequence such that
there exists v < 1 with B¢ = O(k"). Then the sequences § = (01 4,; k € N)
and @ = (up4,; k € N) satisfy Condition H;, in fact for § = Max(§,~) we
have

N—
Sn(8,1) := = Sup,cr Z ) exp(2imaiiy)| = O(N?).
k=0
To show this it suffices to remark that
N+6xN
Z er(auk) — 20k+gke(auk+ﬂk) < N7,
k=0 k=0

This remark allows us to construct deterministic sequences of weights
satisfying Condition H; with uy = k + [log(k + 1)] for example, where [.] is
the integer part map. In fact when u = (k; k € N), the sequence @ satisfies
a condition of type Hy.

A definition of the Thue-Morse sequence 8§ = (6,;n € N) is the
following. For all n € N, let r(n) be the sum modulo 2 of the digits of
the expansion of n in base 2, then § can be defined by (n) = (—1)"("),
We said in the introduction that §(6, (k; k € N)) is equal to (log3)/(log4)
[G]. Hence from what we said before it comes that 6 is also less than
(log 3)/(log 4), where 8, = (—1)"(n+lo8(n+1)]) and v, = n 4 [log(n + 1)].

ANNALES DE L’INSTITUT FOURIER
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3. g¢-multiplicative sequences.

The goal of this subsection is to give some example of sequences
satisfying Condition H;. We mainly focus on g-multiplicative sequences.
We recall some known facts and results about these sequences and give a
sufficient condition for a ¢g-multiplicative sequence to fulfill H;.

3.1. Definitions, notations and background.

Let ¢ be an integer greater than or equal to 2. A g-multiplicative se-
quence 0 = (0(n);n € N) is a sequence of elements of U (the multiplicative
group of complex numbers of modulus 1) such that for all integers ¢ > 1
we have

0(aq" + b) = 6(ag")(b) for all (a,b) € N* with b < ¢'.

We remark that necessarily 8(0) = 1. The sequence 6 is completely
determined by the values of §(j¢*) where (j, k) belongs to {0,---,g—1} xN.
Indeed if n = Y, o jkq®, where ji € {0,---,q — 1}, for all k € N, then

0(n) = [] 6Gird").

keN

We will call skeleton of 6 the sequence ((6(¢"),6(2¢"),---,0((g—1)q"));n €
N). We remark easily that any sequence of U is the skeleton of some g-
multiplicative sequence.

For all integers N > 0 and all real numbers = we set
N-1 '
Vn(z) = > O(n)e(nz) (with e(z) = *™).
n=0

In [LMM] the authors proved the following propositions.

PropoOsSITION 8. — The following statements are equivalent:
i) 6(N) is finite,
ii) 6(N) contains an isolated point,
iii) There exist r € N and ng such that for alln > ng and all t > 0,

0(tq™) is an r-th root of unity.

TOME 52 (2002), FASCICULE 2



572 F. DURAND & D. SCHNEIDER

PROPOSITION 9. — If a non-periodic g-multiplicative sequence 0
takes its values in a finite subset of U, then 6 has empty spectrum, i.e., for

all x in R,
1
lim —Vy(z)=0.

n—-o00

We set Sy(x) = Vv (z), we have Sy41 = An(z)Sn (), where
An(z) = 0(ig")e(iq" ),
Ji<q

and consequently

&@zﬂM@

3.2. A condition to fulfill Condition H;.

Let 6 be a finitely valued (i.e., (N) is finite) g-multiplicative sequence.
Forall N € Nand all0 < j < g, weset 8(jg") = e(bn,;) with 0 < by ; < 1.
We remark that by o = 0 for all N € N. We set

BN = (170(qN)7 e 70((q - l)qN )
and En(z) = (1,e(¢Vz), -, e((q — 1)g" z)).

From Proposition 8 there exist r and ng such that for all n > ng and
all j > 0 the complex number 6(jq™) is an r-th root of unity. It comes that
b, ; belongs to the set {0,1/r,---,(r —1)/r}. Hence the sets {By; N € N}
and {(bno,bn,1, -, bNg—1); N € N} are finite.

Let U,V € C?, we denote by U.V the usual scalar product in C?. We
remark that Ax(z) = By.En(z) = Bn.Eo(¢"¥x) and of course |A,(z)] is
less than ¢ for all x € R.

Remark. — |By.Ey(x)| = ¢ if and only if for all 0 < j < ¢g—1 we
have
by, +jr =0,

where r = s means {r} = {s}, {.} being the fractional part. Then it comes
that |By.Ep(z)| = ¢ if and only if

z=-byyand by ; = jbyi forall 0<j<qg—1.

ANNALES DE L’INSTITUT FOURIER



ERGODIC AVERAGES WITH DETERMINISTIC WEIGHTS 573

When the equation |By.FEo(z)| = ¢ has a solution there is a unique
solution belonging to [0,1[ namely zxy = 1 — bn,1 (|Bn.Eo(zn)| = q). Of
course z is not defined for all N. We set

M = {n €N; Sup |Bp.E,(z)| = q}
z€[0,1{
and

I={neMn+1eM, qr,=2Tpt1}

From the above relations we deduce that I is the set of integers N
such that

(R)  bn,;=jbyy and byy1j = jgbn, forall 0<j<qg—1.

We set Iy = INJ0,.., N —1] and we say 0 satisfies Condition (C) if there
exist a < 1 such that we have

I
(©) lim sup #ln <a.

N—+o00 N
The following proposition together with the relations (R) provide an easy
way to construct g-multiplicative sequences fulfilling Condition H;.

THEOREM 10. — Let 6 be a finitely valued gq-multiplicative se-
quence. If Condition (C) holds for 6 then there exist 0 < § < 1 and a
constant K such that

Sup,er |Vv(z)| < KN® forall N € N.

Proof. — The set {A,An+1;n € N} is finite. We claim that, for
all n ¢ In, we have Sup,cioq) |4n(2)Ans1(2)|/? = s, < ¢. Indeed
if Supgepo,y |An(2)Any1(z)|/? = g, for some z, then |A,(z)] = ¢ and
|A,+1(x)] = g. Then it comes that ¢"z = z,, ¢""'z = z,41 and
consequently n € In.

We set s = Sup,,¢; Sup,¢(o,1) |4n(€) Ant1(2)['/2. We have s < 1.

By Condition (C) there exist @ < 1 and Ny such that for all N > Ny

TOME 52 (2002), FASCICULE 2



574 F. DURAND & D. SCHNEIDER

we have #Iy < aN. Let N be such that N — 2 > Ny. We have

[Vor (2)] = |Sn ()] = H |An(2)] = |Ao(x)|/2|An -1 (2) [/

n=0
N-2

TT 140 (@) Ansa ()17
n=1
<¢ H |An($)An+1(I)|l/2

ne€ln_2
H lAn(CE)AnH(E)Il/z < gqtiv-2gN=2-#In—>
ngIn_2
g\#In-2 a(N=-2) _
=g (g) SN2 g (%) sN=2 = g2 (gost—)N-2,

Hence there exist § < 1 and a constant K such that for all N € N we have
Sup,epo,1) 1SN (2)] < KgPN.

Let apa,_j---ag, be the expansion of N in base ¢ with a, # 0,
N =3" ,a;q". We have

VN (z)| =
n a,—1¢'—1 .
<ap+ Z Z Z (a0 + - a1 +j¢’ + k)
=1 =0 k=0
e((ao + e aiwlqi_l +Jql + k)x)
n a,—1 n
»’C)‘ <ao+¢K Y ¢% <ap + qKgP "t
i=1 j=0 i=1
<ag+ K¢?tINP.
This concludes the proof. O

From this proof we have 6§(0, (k;k € N)) < a+ (1 — a)(logs)/logg.

In the case where ¢ = 2 and r = 2 then the b, ;’s belong to the
set {0,1/2}. Consequently Condition (C) becomes: there exist @ < 1 and
Ny € N such that for all N > Ny we have

1

'N#{O < n < N -1 5 bn+1,1 = 2bn,1} Lo
Then it is not difficult to see that Condition (C) holds if and only if there
exist a < 1 and Ny € N such that for all N > Ny we have

1
]—V—#{OénéN—l;an:O}ga
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In this case the value s used in the proof is less than or equal to 3;‘/4. It
gives
(0, (k;k € N)) < 0,82 -0, 18a.

Similar conditions can be given in the general case.

3.3. Relations between Conditions (C) and Ho.

In this subsection we prove that a finitely valued g¢-multiplicative
fulfilling Condition (C) satisfies Condition Hz (Proposition 12). We prove
this following the proof of Corollaire 1.11 in [LMM].

LEMMA 11. — Let 6 be a g-multiplicative sequence. Then for all
positive integers N, p and t we have for all ¢ € R,
N-1

> 6(n+ ple((n+p)z)| <

n=0

q'—1

24" + — Z O(n)e(nx)

n=0

Proof. — We set a = [p/q'] and b = [(N + p)/q'], where [.] is the
integer part map. If N < 2¢', the inequality is clear. Otherwise we have
0<b-—a< N/¢ and

N— bgt—1
Z n+p)e((n +p)z)| < 2¢" + Z 6(n)e(nz)
n=0 n=aqt
b—1 qt—1 qt—1
= 3¢ + |2 0Ga)e(Ga)| | 3 0(k)elke)| < 20" + (b—a) |3 O(k)e(ha)
j=a k=0 k=0
which ends the proof. a
PROPOSITION 12. — Let 6 be a g-multiplicative sequence such that

O(N) is finite. If Condition (C) holds then there exist 0 < a < 1 and a

constant C such that

N-1

> 0(n+ple((n +p)z)
n=0

Sup < CN® forall NeN and peN.

zeR

Proof. — We know there exist 0 < § < 1 and a constant C' such that

N-1
Sup Z O(n)e(nx)

zeR n=0

< CN® forall NeN.
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Let ¢ be the unique integer such that
N'F < gt < gN'F.

Then the previous lemma gives

N-1
N
Z f(n+ ple((n+p)x)| < 2qN1_;r(S + N C¢®N® = (2q + C’q‘s)NlTé,
n=0 2
which ends the proof. O

3.4. Some particular examples of g-multiplicative sequences.

Before giving some examples, we need to recall some definitions about
combinatorics on words.

An alphabet A is a finite set of elements called letters. A word on
A is an element of the free monoid generated by A, denoted by A*. Let
T = Zoxy- - Tp-1 (with z; € A, 0 <i < n—1) be a word, its length is n
and is denoted by |z|. The empty word is denoted by ¢, |¢| = 0. The set of
non empty words on A is denoted by At. The elements of AN are called
sequences. If x = xgX; - - - is a sequence (with x; € A, ¢ € N), and I = [k, ]
an interval of N we set x; = XxXk41 -+ X; and we say that x; is a factor
of x. If k = 0, we say that x; is a prefix of x. The occurrences in x of a
word u are the integers i such that x(; ;4 —1) = u. When x is a word, we
use the same terminology with similar definitions.

The sequence x is ultimately periodic if there exist a word u and a
non empty word v such that x = wvvv-.-. Otherwise we say that x is
non-periodic. It is periodic (or |v|-periodic) if u is the empty word.

The set A is endowed with the discrete topology and AN with the
product topology. If (u,;n € N) is a sequence of words of A* such that
limy,, 4 oo |n| = +00 then we say that (un,;n € N) converges to u € AN if
and only if (u¥;n € N) converges to u € AN.

Generalized Thue-Morse sequences.

Let 7 > 2 be an integer and R, be the set of the r-th roots of
unity. We consider R, as an alphabet. Let a;---a, € R} and b € R,.
We define (aj---an) * b to be the word u of length n defined by u =
(a1.b)(az.b) - - - (an.b) where x.y is the standard multiplication in C. The
word u belongs to R}. In the same way we define (aj - --ay,) * (by - - - by ) to
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be the word ((a1---an) *b1)---((a1---an) * by)). It can be checked that
this product is associative.

Let (un;n € N) be a sequence of blocks of R}, with |u,| > 2, all
beginning with the letter 1, then the sequence of words (uj *ug*- - -*un;n €
N) converges to a sequence x € RTN. We call it a generalized Thue-Morse
sequence. These sequences were defined in [Ke] for r = 2. We will say it is
of constant length whenever |u,| = |up41| for all n € N.

PROPOSITION 13. — Let r > 2 be an integer and x be a sequence of
RE‘ . Then, x is g-multiplicative if and only if x is a generalized Thue-Morse
sequence of constant length q.

Proof. — Let 0 be a ¢g-multiplicative sequence with skeleton (s,;n >
0), then it can be checked that the sequence (s; * s2 * -+- % sp;n € N)
converges to 6 and conversely. a

The Thue-Morse sequence x was defined in [Mo] to be the limit
of (Up;n € N) where U, € {a,b}* is defined by Uy = a, Vo = b,
Upy1 = UV, and Vypy = VU, Let @ = 1 and b = —1, then the
sequence ((1 (—1))*™;n € N) converges to the Thue-Morse sequence, where
(1 (—=1))*" is the n-th x-power of the word (1 (—1)). We recall that in [G]
it is proved that 8(x, (k; k € N)) is equal to (log3)/(log4).

Let 6 be a 2-multiplicative sequence on the alphabet Rz = {1, 7,52}
Condition (C) is: there exist & < 1 and Ny € N such that for all N > Ny
we have

A0SR SN =15 (bus,burin) € {(0,0),(1/3,2/3), (2/3,1/9)}} < o

For example, let # be the 2-multiplicative sequence with the periodic
skeleton (1,7),(1,5), - -. From Proposition 13 we have

u=(17)*1j)*1j)=005j5%)*13)
=(1jji*3 )13
We clearly have o = 0. An elementary computation with Maple gives that
6(0, (k; k € N)) is less than 0, 93.

Substitutions and ¢-multiplicative sequences.

A substitution on the alphabet A is a map o : A — AT. Using the
extension by concatenation to words and sequences, ¢ can be defined on
the sets A* and AN. If for some letter a the word o(a) begins with the
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letter a and that lim,_, y |0™(a)| = +oo then the sequence (¢™(a);n € N)
converges to a sequence x which satisfies o(x) = x: x is a fixed point of 0.
We say o is of constant length g whenever |o(b)| = ¢ for all letters b in A
(see [Qu] for more details).

PRropPoSITION 14. — If the skeleton of a g-multiplicative sequence

x is n-periodic then x is the fixed point of a substitution of constant length
n

q-.

Proof. — The *-product being associative we can suppose that the
skeleton of x is 1-periodic and equal to ((wy - --wgn);n € N). Let 0 : R, —
R? be the substitution of constant length ¢™ defined for all a € R, by
o(a) = (a.wy) - - - (a.wgn ). Then x is the fixed point of o starting with the
letter 1. O

In the previous example this gives (1) = 1j, o(j) = jj* and
a(5%) = j*1.

Generalized Rudin-Shapiro sequences.

Let (u(n);n € N) be the sequence where u(n) is the number of blocks
“11” in the binary expansion of the integer n. In [AM] the authors proved
for all t € R the sequence v(t) = (e(tu(n));n € N)) is such that 6(v(t)) <
if and only if ¢ ¢ Z. And in particular that é§(v(¢), (k;k € N)) = 1/2 1f
t € Z+ 1/2. In [AL] is given a bunch of sequences for which § = 1/2 (see
also [MT]).

The sequence v(1/2) is the well-known Rudin-Shapiro sequence which
was the first example of a sequence with 6(v(t),(k;k € N)) = 1/2.
It satisfies the following recurrence relation : vo, = vU4ny1 = v, and

Van4+3 = —V2n41-

4. Some precisions in the ¢g-multiplicative case.

Let 6 = (8(k); k € N) be a non-periodic finitely valued g-multiplicative
sequence. From Proposition 8 there exists ng such that 6 = (8(k); k > ng)
takes values in the set S = {s1,---, 5|5} contained in R, the set of the
r-th roots of unity for some r € N. We define Per(0) to be the set of integer
a €]0,r[ such that (6*(k); k € N) is periodic. The sequence 6 is said to be
irreducible if Per(8) = 0.
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PROPOSITION 15. — Let § = (0(k);k € N) be a finitely valued
g-multiplicative sequence. Let ¢ : S — C. For all dynamical systems
(X,B,u,T) and all f € L(p) the limit

1
G = kzz;) ¢(0(k))foT*

exists and is equal to 0 if 0 is irreducible.

Proof. — We take the notations of the beginning of this subsection.

In the sequel we suppose 6 = § but the same kind of proof holds when 6 is
not equal to 6.

Let (X,B,u,T) be a dynamical system and f € L'(u). We take the
notations of the beginning of this section.

For all s; € S we set Pj(X) = [[ ep, sps, (X —8) = ajr—1 X771 +
aj7r,2XT_2 + -+ CLj71X + ajo- ‘We have

Z

IS
¥ 3 BO(R)f o TH(2) = Zd)sg > feTHa)

0 0<k<N-—1,6(k)=s,

15| (O(k) —
=NZ¢sJ Z sctste 00 4 iy

HseRr,s;ésj( j 8)

1 IS' é(s;)

== )ZP (6(k) o T* ()

j=1 HSGRT,S:/:SJ( ]

x>
1l

- |ZSI TZI ¢(8j )aj’l 1{; k)f o Tk )
j=1 1=0 HSERr,s;és](Sj - s k: .

If I does not belong to Per(#) then 6 is non-periodic and g-multiplicative.
Consequently & SN "' 6!(k) f o T*(x) converges to 0.

If I belongs to Per(f) and set §' = yziz0--2pz122- - 2p - Where

y is a word on/the alphabet R, and z; belong to R, for all 1 < 7 < p.
Then from Birkhoff’s ergodic theorem + ZN L0l (k)f o T*(z) converges
to (21 + -+ 2) [x fdp. o

4.1. The case of the squares.

We recall the van der Corput inequality (see [KN]).

TOME 52 (2002), FASCICULE 2



580 F. DURAND & D. SCHNEIDER

LEMMA 16. — Let N € N and (v(k);0 < k < N) be a finite
sequence of a Hilbert space H. For all0 < H < N — 1 we have

N-1 N-1
1 N _N+H
= k

H N h—1
N+ H
H - .
+Re< N2H+1)ZZ( +1 ;;—o <(k+h), (k)>H>
THEOREM 17. — Let 6 be a non-periodic finitely valued q-multipli-

cative sequence. Then, for all totally ergodic dynamical systems (X, B, i1, T)
(ie., (X,B,u,T™) is ergodic for all n € Z), with T invertible, and all
f € L?(pn) we have

lim ZG(kfoT’c() 0

N—o+oo N

p-almost everywhere.

Proof. — Let f € H = L?(p) such that [, fdu = 0. We apply
the van der Corput inequality to the sequence (y(k);k € N) defined by
y(k) =0(k)f o T** . For all 0 < H < N — 1 we obtain
2

N-—
[
k=0 H
=UN H N—-h-1
Hilufnﬁ FNAE T 1 D ) 3 Relalh )26

2(N + H)
H+1”f“H+R (N2 H+1)2ZH+1_
i 2 2
Z O(h + k)O(k)(f o TH+R)" roTk )H)

k=0

R Ty R N PR
SH+1YTH S (HA+1)2

N—-h-—1

(55 rermgers),

From the weak Ergodic Theorem and the facts that the system is totally
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ergodic and [, fdpu =0, we have for all H € N,

lim sup

2 2
< — .
im sup H+1 11 £115¢

1 = 2
¥ > 60(k)foT*
k=0

2
H
It comes that limy_, 400 Hﬁ E,I:[:_Ol 0(k)f o T’“2H , = 0.
78
Now take g € L?(us). We apply what we just proved to f = g— [, gdpu.
Because 0 has an empty spectrum we obtain
1= 2
¥ > 0(k)goT* =0.
k=0 7,2
Moreover we know from [Bo] that (k%;k € N) is a good subsequence for
the pointwise Ergodic Theorem in L?(x) and furthermore from standard
arguments we obtain the same conclusion for almost sure convergence. 0O

lim
N—+o00

From the proof of the previous theorem and without using the fact
that (k2;k € N) is a good subsequence for the pointwise Ergodic Theorem
in L?(u), we obtain Proposition 2.

Proof of Proposition 2. — When « is a rational number a direct
calculus leads to the result.

Now we suppose « is an irrational number. Let R, be the rotation
of angle a and u be its Haar measure. It is easy to check that it is totally
ergodic. From the previous proof it comes that for y-almost every z € [0, 1]
we have

N-1
. 1 2 -
M~ > 0(k)e(ak® + z) = 0.
k=0
Hence limy_, 400 o E,ICVZ_OI (k)e(ak?) = 0 for all irrational a. O
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