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ON THE LIFTING PROPERTY (IV).
DISINTEGRATION OF MEASURES (1).

by A. IONESCU TULCEA and C. IONESCU TULCEA.
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In Section 1 we introduce in particular the notion of strong
lifting. In Section 2 (Theorem 1) we consider a lifting T and we
give several conditions (concerning T) equivalent with the
assertion that T is a strong lifting. In Section 3 (Theorem 2)
we show in particular that the existence of a strong linear lifting
implies the existence of a strong lifting. The results of Section 4
are auxiliary; they are used in Section 5.

The principal results of this paper are contained in Section 5.
These results are Theorems 3 and 4 on the disintegration of
measures. The notion of strong lifting is essentially used in
the formulation and proof of these theorems. We also introduce
and use here the notion of « appropriate family of measures »
which replaces Bourbaki's notion of « adequate family ».

(1) Research supported by the U. S. Army Research Office (Durham) under
contract DA-ARO (D)-31-124-G218. The main results of this paper were
announced in a note to appear in the Bulletin of the Amer. Math. Soc. (Added in
proof: This note has appeared in vol. 70, January 1964).
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In Section 6 (Theorem 5) we prove, in a special setting, the
existence of a strong lifting satisfying a supplementary condi-
tion. The Appendix contains a result concerning the integra-
tion of appropriate families.

1. Notations and terminology.

Let Z be a locally compact space and (A ̂  0 a positive
Radon measure on Z. Let M?(Z, pi) be the Banach algebra
of all bounded real-valued (A-measurable functions defined on Z
endowed with the norm /•->||/-||, = sup,ez|/-(z)l. Let C^(Z) be
the subalgebra of M^(Z, p.) consisting of all bounded conti-
nuous functions on Z and 3£(Z) the subalgebra of all fe C^(Z)
having compact support. For two functions f and g defined
on Z we shall write f== g whenever f and g coincide locally
almost everywhere.

Let now T :/->T/be a mapping of M^(Z, pi) into M?(Z, pi).
Properties of T such as those listed below will be considered
in what follows:

(I) T/=^;
{{Pi) împHy=T,

(IV) /•>0 implies' T/>0;
V) T^p,=aT/+PT,;

(VI) Tfy = T/T,;
(v") Tf=f 'if /eC^(Z).

/T^^?11^ T : f^ Tf of ̂ ^ ̂  mto Ms(z' f^) satisfying(l)-(V) will be called a linear lifting of MiT(Z, y.); if the condi-
tion (VI) is also verified the mapping will be called a lifting (2)
of MB'(Z, pi). A strong linear lifting [strong lifting] of M]?(Z, pi)
is a linear lifting [lifting] which verifies also (VII).

Denote by S(pi) the tribe (= (r-algebra) of all pi-measurable
sets. We shall write A == B whenever (A — B) u (B — A) is
locally (x-negligible; it is obvious that A == B if and only if
ipA=9B(for X c Z, ipx denotes the characteristic function of X).

(2) Condition (III) above can be replaced by: (III*) Ti = 1 or T» = 0, if we want
to avoid the restriction y. ̂  0. In this paper, however, we always assume «x ̂  0
whenever we consider a lifting of M^(Z, y.) or Mg(Z, y.). '



ON THE LIFTING PROPERTY (iv) 447

Let now T : /*->• Ty be a lifting of Mj?(Z, pi) and let pr be the
mapping of S(p.) into ®((x) defined by the equations T^ == y?^)
for A e S((x). It is easy to verify that pr has the following
properties :

(F) pr(A)==A;
(II') A E= B implies pr(A) == pr(B);
(IIF) PT(^)=^ P T ( Z ) = Z ;
(IV) p T ( A n B ) = p T ( A ) n p T ( B ) ;
(V) pr(A u B) = RT(A) u pr(B).

Conversely if p is a mapping of S(pi) into ®(pi) having the
properties (!')-(V) then there is a lifting T of Mi?(Z, pi) such
that p = pT (this is proved in [5], Proposition 2, when pi has
finite total mass; the same proof is valid in the general case). A
mapping p of 6((x) into ®(pi) having the properties (I')-(V') is
called a lifting of S(pi).

Let p be a lifting of t3(pi); denote by T the set of all parts
p(A)-N where A e 6(pi) and N is locally pi-negligible. Then T
is a topology on Z (this result is essentially due to J. Oxtoby
and was given by him in a lecture at Yale in the fall of 1960);

We shall denote below by f—> N^(/') the essential supremum
semi-norm on Mi^Z, pi). Let us remark that if T :f->Tj- is a
linear lifting of MS (Z, pi), then ||T^ = N,(/') for each
/•eM?(Z,(x).

It is known that there is always a lifting of M^(Z, pi) (see
[5] and [7]).

2. Properties characterizing a strong lifting.

Let T be a lifting of M]?(Z, pi). For each z e Z we shall denote
by ̂ {z) the set of all parts PT(V) where V belongs both to °0{z)
and to S(p^). We shall prove now the following:

THEOREM i.—Let T:jf->Ty be a lifting of M^(Z, pi).
Then the following assertions are equivalent: 1.1) T is a strong
lifting, 1.2) There is V c M^(Z, pi) dense in 3t(Z) for the topology
induced by the norm f-^ \\f\\^ such that T^ = f for all /*e V; 1.3)
pr(U)DU for all UcZ open', 1.4) PT(F) c F for all FcZ
closed', 1.5) T^= the topology corresponding to the lifting ^)
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is stronger than the topology of Z; 1.6) For each zeZ, V^z)
is a fundamental system of z. ' \ /

It is obvious that 1.1) implies 1.2). Suppose now that 1 2)
is true. Then we deduce that T, = f for all f e 3£(Z). Let now
U c Z o p e n and let ^ be the set of all /-e3t(Z) such that

i ' ^ l " ' ' we ave ^^"P 3?"- But T»>T,=/- for
each f e ̂  whence T^ > sup 9'u = 9u. Therefore p^U) 3 U

S; iT L2) implies L3)- ^PP086 now that 1^ ^ trueWe shall show first that T, > g for each g e C^(Z), g > 0:
In fact, let ̂  be the set of all functions ayy < g with aS 0
and U c Z open It is easy to see that sup \ = g. As inUie
proof of the implication 1.2) =^ 1.3) we deduce that T > s
Let now /-e Cir(Z) and let X be a constant such that X +KO

^T^^^^T^^ (III) and ^ we deduce

^ ^^^V^ x - T/ = T^ > ^ - /•; henceTf = fand thus 1.1), 1.2) and 1.3) are equivalent
By duality we deduce that 1.3) and 1.4) are equivalent.
buppose now that 1.3) is true. Then U = pi-(U) — N if

N = Pr(U) - U; since N is locally ^-negligible, Uer. There-
fore 1.3) implies 1.5). Conversely, if 1.5) is true then for
each open set U there is Au <= S((x) and a locally (x-negligible
^TU u s^\ that ^P^W-Nu. We deduce that
PT(U) = pT(Au) and hence U c p^U). Thus 1.3) and 15) are
equivalent.

Suppose again that 1.3) (= 1.4) js true. Let z « = Z , VeWz)
and let W e 'C(z) such that W = W c V. Then

Wcp,r (W)cpT(W)cWcV;

hence 1.3) implies 1.6). Conversely, suppose 1.6) true and let
U c Z open. For each z e U let U,e^(z) such that U,cU
Then U = LJ U., whence p,(U) 3 [J p,(U,) = [j U, = U.

Therefore 1.3 and 1.6) are equivalent.
Hence Theorem 1 is completely proved.

Remarks. — 1) Let % be a basis for the topology of Z As
above it can be shown that T is a strong lifting if and only if
pr(U) D U for every U e %. 2) One can also show that T is
a strong lifting if and only if for every A e S(;x) such that
A = pT(A), every z e A and V e ̂ (z) we have ^(A n V) ̂  0
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3. On the existence of a strong lifting.

We shall use below the following result:

PROPOSITION i.—Let T: f->Tf be a linear lifting of
M^(Z,(X). For each A e S(pi) define 9'(A) = iz\T. ( z ) == 1{
^nd 6"(A)= ^|T^)^0|. Let 3) be the set of all linear
liftings S of M^(Z, a) such that

?e'(A) < S^ < <PQ-(A), A e t3((x).

r/̂ n 3) contains a lifting of MR^Z, (JL).
This result was proved in [5] (see the proof of Proposition 4)

in the case when ^ has finite total mass; the general case can
be proved exactly in the same way.

Let MR(Z, p.) be the algebra of all locally bounded (== boun-
ded on every compact K c Z) real-valued [Ji-measurable func-
tions defined on Z. Denote with Cn(Z) the subalgebra of real-
valued continuous functions on Z. A mapping T : / * — ^ T /
of MR(Z, ;x) into MR(Z, p.) which verifies properties (I)-(VI)
will be called a lifting of MR(Z, (Ji). A strong lifting of MR(Z, p.)
is a lifting T : /•-> T^ such that Tf=f for all f e Cp(Z).

THEOREM 2. — The following assertions are equivalent: 2.1)
There is a strong linear lifting of Mr?(Z, [J.); 2.2) There is a
strong lifting of M^(Z, p.); 2.3) There is a strong lifting of
MR(Z,P.).

Assume 2.1) true. Let T : f-> Ty be a strong linear lifting of
M^(Z, (x) and define 6'(A), O^A) (for each AeS(pi)) and 3) as
m Proposition 1. Let S be a lifting of MS (Z, m) belonging
to 3). Then

yew < S^ < 9e"(A)

tor all A e S(^). Let now U be an open set. Then yu < T^ (3)
and thus (pu < yew. We deduce yu < S^ whence ps(U) ^U.
By 1.3) of Theorem 1, S is a strong lifting. Hence 2.1) implies
2.2). Since 2.2) obviously implies 2.1) it follows that 2.1) and
2.2) are equivalent.

(3) One can show as in Theorem 1 that a linear lifting T: /->T, of Mg (Z, (i)
is strong if and only if T^ ;> cp^ for every open set UcZ.
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Suppose now that 2.2) is true and let T: /•->T, be a strong
lifting of M^(Z, y.). Let /-e Mn(Z, (A) and let ( e Z. Let V e ̂ (()
be relatively compact. We shall define (remark that

TO=T^(().

If US^T^) is relatively compact, then T,,,,(() = T, ,(() In
fact let W = U n V e ̂ ((); then ? ?VA '

T^(<) = T,,(()T^(() = T^(()
= T^wW == T^(()T^(() = T^(().

We deduce that T/(<) is well defined, for /'«=MR(Z, pi) and
(e Z. Let us remark that T; belongs • to Mn(Z, y.) for each
/e Mn(Z, p.). In fact, let K c Z be a compact set and let U a K
be open and relatively compact. Since T is a strong lifting
U = > p . r ( U ) = > U ; hence p-r(U) is relatively compact. For t e K
we have T/(() = T^^((); this shows that y^T; belongs
to MiT(Z, (A). Since K is arbitrary we deduce that T}e Mn(Z, p.).
Thus T' is a mapping of Mn(Z, (x) into MR(Z, (A). It is easy to
see that this mapping is a strong lifting of Mn(Z, (A). To
prove (I) for instance we may reason as follows : Let

/ •eMR(Z,tx) ,

and let U be open and relatively compact. Then for

^U,T/(()=T^,/();
whence yuT; = fvT^^f == fv^v)f = fvf. Since U was
arbitrary we deduce T;=/*. The proof of the properties (II)-
(VI) is left to the reader. Below we shall show only that
T;=/-for each feC^Z). In fact let f^C^Z) and (eZ. Let
\e^v(t) be relatively compact, and ge3t(Z) such that
g(z) = 1 for z e V. Then

TO = T^) = T^() = T^(()T^(() = (g/-)(,) = /•(<).

Since /' e CR(Z) and (e Z were arbitrary, T' is a strong lifting.
Therefore 2.2) implies 2.3) .Conversely if T : /•-» T/is a strong
lifting of Mn(Z, y.), T maps M^(Z, y.) into Mi?(Z, y.) (since T is
positive and Ti = 1) and hence the restriction of Tto M^(Z u.)
is a strong lifting of M^(Z, (A). Thus 2.2) and 2.3) are equivalent.
Hence the theorem is completely proved.
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Remark. — We proved above that if T is a strong lifting of
M]?(Z, [^) then there is a strong lifting T : f-> T} of Mn(Z, p.)
such that the restriction of T' to M^(Z, pi) coincides with T.

4. Remarks on measure-valued mappings.

For an arbitrary locally compact space E and a positive
Radon measure (3 on E we shall denote by (3(E, ?) the set of
all locally countable families 3i == (K^.gj of disjoint compact
parts of E such that the complement of I J Kj is locally

P-negligible. We shall use below the following properties
which are easy to prove :

a) If (K;),ej'ee(E,P) and (K;),^e (°(E, (3) then

(K/nKJ^^x.^e(E,P);

b) Suppose P =^ 0 and let T be a lifting of Mp?(E, ?). Then
given (K,),6je6(E, P), there is (L,),ei e (°(E, (?) such that
every L; is contained in some PT(K/).

Let now Z and B be two locally compact spaces. For each
mapping X : b -> ̂  of B into M+(Z) (4) and for each ge 3t(Z)
we denote by < g, X > the mapping & -> ( g, \ ) of B into R.

Let now a be a positive Radon measure on B. Denote by
^(B, M4.(Z), a) the cone of all mappings X : b -> Xftof B into
M4-(Z) having the following property:

c) There is 3£ = (K^.ej e (°(B, a) such that

9 K , < ^ X > e M ^ ( B , a )

for every g e 3t(Z) and / e= J.
From c) it follows that (g, X ) is a-measurable if

X e 3?(B, M+(Z), a) and ge3t(Z).
Suppose now a =^= 0 and let T : f-> Tybe a lifting of M^(B, a).

To shorten the notation we shall sometimes write p.r(/*) instead
of T^ for / •eM^(B,a) . If \ e 9?(B, M+(Z), a) we shall write

PT[X] == X

(4) M(Z) is the vector space of all Radon measures on Z and M+(Z) the cone of
all positive Radon measures on Z.



452 A. IONESCU TULCEA AND C. IONESCU TULCEA

whenever there is (K^ej e (°(B, a) such that

pr(9^ < g, X » = 9p^) < g, X >

for^ all g e 3£(Z) and / e J (since the lifting T is defined on
M^(B, a) this presupposes implicitely that

9 ^ < g , X ) e M i ? ( B , a )

for all g <s 3t(Z) and /' e J).
For V e i?(B, M+(Z), a) and X" e 3?(B, M+(Z), a) we shall

write A == A" whenever < g, X' ) == < g, X" > for every g e 3C(Z);
in this way we define an equivalence relation in 9?(B, M+(Z), a).

PROPOSITION 2. — 2.1) For every A e 3?(B, M+(Z), a) (Aere is
A e3;(B,M+(Z),a) ^ucA ^a( p^/] = X' anrf X '^X; 22)

Vi'lT^^ ^'^ ^^'^ w P^^-^PT[A J — A , A == A (Aen X;, coincides with X^ focaMy aZwost
everywhere for a; 2.3) 7/-Xe3>(B, M+(Z), a) and pr[X] = X (/len
b —> A(,(I) 15 Ot-measurable.

Let us prove 2.1). Let (K^j e C(B, a) such that

y K , - < g , X ) e M ^ ( B , a )

for all ge3l(Z) and / e J. For each ge3t(Z) define

PT(?K, < g, X »(&) if fcep^K^)

^= 0 if^UP^).
/6J

Since pT(K,.) n p^K,.) = ^ if / '^/ / / it follows that Xt(g) is
well defined for g<= 3£(Z). The properties of the lifting T imply
that X& is a positive linear mapping of 3t(Z) into R. Therefore
X;, is a positive Radon measure on Z; whence X' : &->X& is a
mapping of B into M+(Z).

We shall show now that X'eg?(B, M+(Z), a), X'= X and
pr[A J = A .

Let (L;),ei e C(B, a) such that each L, is contained in some
pr(K/). Let ie I and / ej such that L;c PT(K/); then

?!•; < g, X' > = yL,pr(fK/ < g, X » e MS(B, a).

Since g e 3t(Z) and i e I were arbitrary we deduce

X'e g?(B, M+(Z), a). .
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Remark now that for i e I and / e J as above, we have

?i-. < 8,v > = 'FI.PT^K, < g, X » = 9i,(pK, < g, X > == 9L. < g, X >.
Since ie I was arbitrary, < g, X' ) = < g, X ) ; since g
was also arbitrary it follows that X ̂  X'. Let again i e I ans
/ e J as above. Then

pr(9L. < g, X' >) == pr(yL. ?K, < g, X' » = pT(yi,9K, < g, X »
= ypT(L..)?T(<F&,<g,X».

But since PT(L,) c pr(Ky), we deduce

pT(yK/g,x»(&)=<g,x,>
for b e PT(L;) ; whence

'Pp^p^yK, < g, X » = yp î.) ( g, X' >.
We deduce

pT(yi, < g, ̂  » = ?P^L.) < g, x' >
and hence (gs3t(Z) and i e l being arbitrary) X' = pr[X'].
Thus 2.1) is proved.

Let us prove now 2.2). Let (Ky)yej'e <3(B, a) and
(K^ej- e (°(B, a) such that

PT(9K;., < g, X' » = 9p,(K;.) < g, X' >

and pT(9Kj. < g, X" » = <pp̂ ;.) < g, X" >

for all ge3t(Z) and /' e J', /" e J". Let now (//, /") e J' x J'.
We deduce that for every ge3t(Z)

9p^Kj,nK^)( g, X' > = ?p,(Kj,n KJ.) <g, X" >.

Thus Xt == X^ for every & e pr(K^ n KJ.) and hence X» == X^
for almost every b e Ky n K"/-. Since

(K;.nK^,,^,,xj.ee(B,a),
2.2) is proved.

It remains to prove 2.3). Let (K,)ygj e (°(B, a) such that

?PT^)<g,>->= PT(?K,-(g,X»

for all ge3t(Z) and / e J. Let (L,),gi e (°(B, a) such that each
L, is contained in some PT(K,). Let ie I and / s j such that
Lj c pr(K^). Then for b e L; we have

X;(l)= sup </ ' ,^>= sup pT(9K,( / ,X»(6) .
o</<l,/e3t(Z) o</<i,/6X(z) " J x " " ' '
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But^^u?v,. P^-^ x)) is a-measurable (see A. II. of
^•^/^-'•t ^GtJt(Z)

the Appendix). Hence the restriction of b -> X?(l) to L( is
a-measurable and thus 2.3) is proved.

Remark. — Proposition 2 above is, in a certain sense
similar to Proposition 1 in [6]. '

Denote by ^(B, M+(Z), a) the cone of all mappings
A : b ->A(, of B into the cone of bounded positive Radon
measures on Z such that:

^) ( 8f ̂ ) is a-measurable for each ge3t(Z);
e) The mapping b ->- ||X;,|| is bounded.
Obviously ^"(B, M+(Z), a) c 3?(B, M+(Z), a).
Suppose now that a =^ 0 and let T be a lifting of MS(B a)

If X e ̂ °(B, M+(Z), a) we shall write

pr(X) = X
whenever

P T « g , ^ » = = < g , X >

for all ge^(Z). It is clear that, if X e9'°°(B, M+(Z), a) and
pT(X) == X then pr[X] = X.

PROPOSITION 3 .—3.1) For every X e ̂ (B, M+(Z), a) (Aere
is X'e^(B, M+(Z), a) ^ucA that p^X') == X' anrf X'=X; 3.2)
//• X e ̂ "(B, M+(Z), a) an^ pr(X) == X then 6->H^[| 15 a-wea-
surable.

The first assertion is a particular case of (4.1) of Proposition
4 in [6]. It can also be proved directly as 2.1) of Proposition 2
above. The second assertion is a consequence of 2.3) of Pro-
position 2.

PROPOSITION 4. — Let \ e 5?°°(B, M+(Z), a) such that pr(X) = X.
Let K c Z be compact and let X&: b -> XK „ be the element of
^(B, M+(K), a) defined by XK,& = (X^K /or eacA 6 e B. Then
tf^:b-^ XK, ;, ^crngs to ^(B, M+(K), a) a^ has the properties :

4-!) PT(XK)=XK;
4•2) XK^XK;

we deduce that XK. & = XK » focaHz/ aZ/noAt everywhere for a
For g e 34(K) and & e B

<^^,o>= (y^A.Xt)
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if /ie34(Z) is such that h\K == g; it follows that

<T^ ,^>== inf </7i ,X,) ;
/eX(Z),/>^

since PT« /•A, X » = < fh, \ > for each /• e= 3t(Z) we deduce
(see A. 11 of the Appendix) that ( g, XR ) is a-measurable;
hence ( g, Xp ) is a-measurable for each ge3t(K). For each
& < = B , II^K^IK H^ll; hence 6-> | |XKb| | is bounded. It follows
that )lK<=^ao(B,M+(K), a).

Let now ge3£+(K). Then

< g^K > = PT« g, VK » = PT« g,^K ».

But for each 6 e= B

< g, ̂ ,. > = < ^h, A, ) == inf (fh, X, >
/e^(Z),/>y^

if /ie3£+(Z) is such that /i|K = g; then

p T « g , X K » < inf PT«/ 'A,X»
/eX(Z), />^

= inf ( / • A , X ) = < g , X K > .
/eJt(Z)./>y^

We obtain XK. & < XK, & for each b e B. Since < 1, XK > = (1, XK ),
we deduce that XK and XR coincide locally almost everywhere
for a.

5. On the disintegration of measures.

Let Z and B be two locally compact spaces and a =/= 0 a
positive Radon measure on B. Let T be a lifting of M?(B, a).

We shall say that a mapping \: b -> A& of B into M+(Z) is
appropriate with respect to (a, T) i f :

Ai) X e g?(B, M+(Z), a) and pr[X] == A ;
Ag) < g, X > is essentially a-integrable for each g e 3t(Z)

(that is X is scalarly essentially a-integrable when M(Z) is
endowed with the topology <r(M(Z), 3t(Z))).

If the mapping X : b -> ̂  of B into M+(Z) is appropriate
with respect to (a, T), then f'X^a(fc) is a positive Radon
measure on Z. B
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Before proceeding further we shall prove the: '

PROPOSITION 5.— Suppose that a^O and that there is a
strong lifting T of MS(B, a). Let X : b -> X» be an ^-adequate
mapping ([I], chap. V, p. 18) of B mto M+(Z). Then X ^
appropriate with respect to (a, T).

Since X is a-adequate, the mapping b -> X» of B into M(Z)
(endowed with the topology <r(M(Z), 3t(Z)) is a-measurable;
There is then (K,),^ (°(B, a) such that < g, X >|K. is
continuous, for each ge3t(Z). This shows in particular that
X e ̂ (B, M+(Z), a). Let now g e 3t(Z), /• e J and let h e C?(B)
such that

W=(g,X>|K, .
Then

PT(?K, ( g, X » = pT(y^.A) = yp^ = yp ,̂) < g, X >

since pT(K,) c K, (see 1.4) of Theorem 1). Thus p^X] = X and
hence X satisfies Ai). Since A^) is verified by any a-adequate
mapping, we deduce that X is appropriate with respect to
(a, T).

We shall prove below three propositions which prepare the
ground for Theorem 3. To avoid repetition we shall introduce
now several notations (and assumptions) which will be used
throughout the Propositions 6, 7, 8.

Let:

(1) Z and B be two locally compact spaces;
(2) p. a positive Radon measure on Z;
(3) p a ^.-proper mapping of Z into B;
(4) a ̂  0 a positive Radon measure on B such that v==p(pt)

is absolutely continuous with respect to a(that is v = <L.a
for some locally a-integrable function ^);

(5) T a lifting of Mi?(B,a);
(6) X : b -> X» a mapping of B into M+(Z) appropriate with.

respect to (a, T) such that

f^{f-p)dy.=fj{g,\}d^

for every ge3t(Z), fe3i(B).
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Remarks. — 1) We have

(6') y.=f^d^b). , .

In fact, let ge3t+(Z) and let 9?i be the set of all fe3i(B}
satisfying 0 < /'< 1. Then

^<g,A>ria=supj;f<g,X>rfa
/ey^

^^l^^0^^^^^^^^^^^^^9

thus (6') is proved.
2) For f: B -> R, a-measurable, bounded and with compact

support, g : Z -> R, (^.-measurable, bounded and with compact
support we have

(6') f,8{f°P) ̂  =f,f{b) d^b)f^gd^

Formula (6") follows easily by approximating f and g
with functions from 3i{B) and 3i(Z) and using the Corollary of
the Appendix (this formula remains obviously valid under
more general conditions, but the above form is sufficient for our
purposes).

PROPOSITION 6. — The measures X& are bounded and
l l ^ & l l == ^W? locally almost everywhere for a.

Let (K,),eje(°(B,a) such that

?T(?K/g, X » = yp,̂ .) ( g, X >

for every g e 3t(Z) and / e J. For each H e 3?(J) (= the set of all
finite parts of J) denote

Kn^U^
,/eH

then for g e 3t(Z) and H e 9?(J) we have

PT(?KH < g, X )) = 9p^) < g, X >.

Let now ^^(B) and let ^ be the set of all geX(Z)
satsifying 0 < g < 1. Then (y?^) < g, X )),e^, H€^J) is
a directed family of functions belonging to Mr?(B, a). ByA.II.

22
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of the Appendix we deduce (use also Remark 2) above) :

f^f(bW) d.w = ̂ su^ f^^ < g, x > d.

== ̂ X^/^^^^^H^^^^P^=^ ̂ w = f.fdpw = y> f^-
Since fe3t+{B) was arbitrary, we deduce ||X(,[| == 4/(&) locally
almost everywhere for a.

PROPOSITION 7. — Suppose that :7A)T isa strong lifting of
MS(B, a); 7.2) Z is compact; 7.3) p is continuous; 7.4)

X <= ̂ (B, M+(Z), a)

an^ pT(X) = X. TAen Supp Xs c p'̂  6^ ) /or ewry b e B.
Let 60®^ ; then

n pl(v)=~;/ n ^-^^o!).
V=v, Ve^t.) \v=v, ve^fto) /

Hence given a neighborhood W of p ( ^ & o j) there is V = V,
V e ^(fco) such that'p(V) c W.

Let ge3t(Z) such that Supp gn p^^j) = ̂ . Then by the
above remark there is V = V, V e ̂ (ft,) such that

Supp g n p (V) = ̂ .

Let^/'s3t(B) such that Supp/"cV. Then f(p{z)) = 0 for
z* p(V), whence

X^v < ̂ ' x > ̂ ^f^Stf0?) ̂  = 0.

Since /"e 3t(B) is arbitrary, except for the condition Supp fc V,
we deduce 9v < g, X ) == 0. Then

?PT(V) < g, ̂  > = pT(yv < g, X » = 0.
But pr(V) = V a &o (see 1.3) of Theorem 1). Therefore < g, \> = 0.
Since ge3t(Z) was arbitrary, except for the condition0 Supp
g " p ( I & o j ) = ^, the proposition is proved.
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PROPOSITION 8 .—Suppose that T is a strong lifting of
MR'(B, a). Then \ is concentrated on p { [ b } ) locally almost
everywhere for a.

We shall divide the proof into four parts :
(I) Let (K,),eje=(°(B,a) such that

1) P T ( ? K , < g , X » = 9 p ^ , ) < g , X >

for each g e 3t(Z) and / e J. We may suppose that ^| Ky is
bounded for every / e j and that IN] = ^(&) for every
b e [_j Ky. For each / e J and b e= B define

Jej
^ = ?p^)(fr)X,.

Since the lifting T is strong, PT(K^) c K, (see 1.4) of Theorem 1);
we deduce that b -> \\\i\\ is a bounded mapping.

To prove the proposition it is enough to show that, for each
/ <= J, \i is concentrated on p (| b}) locally almost everywhere
for a. In fact suppose that this is true; for each / e J, let Hy be
the set of all b e B such that \i is not concentrated on ~~p{ | b}).
Since \i = 0 for b ̂  pr(K,), it follows that Hy c p^K,) c Ky.
Therefore H, == (J Hy is locally a-negligible. It b e ( J pr(Ky)

Y€J _^ yS"
and b « H^, then X& = ̂  is concentrated on p ( [ b } ) .

(II) Let now / e J be fixed. By the definition of V: b->\i
and formula 1) we have

pT(yK,<g,x»=(g,^>
for every ge3t(Z). Since (as we remarked in (I)) b ~> \\\i\\ is
bounded, these formulas show that V belongs to ^°°(B, M+(Z), a),
PT(^) = V and that ( g, V ) is essentially a-integrable for
every ge3£(Z). Thus V is appropriate with respect to (a, T).

By (6") of Remark 2) above, we have

2) X ̂ W ° P ̂  = ̂  /•Tp^K,) < g, X > 6?a

for g e 3t(Z) and fe 3£(B). Denote by .̂ the measure (9^. o p). (x$
remark that ^ is bounded and ̂  < pi. With this notation we
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may rewrite formula 2) as follows

f^§{f°p}d^=f^{g,V}d«.

for g^3t{Z) and fe3i(B).
(Ill) Since ,̂ is bounded and (A, < (A there is a countable

family (L^e. e (°(Z, (A,) such that ?„ == p|L, is continuous for

n?^ ̂  ̂ \ ̂ 7 " ̂  let .̂  : b -> <6 be the element
ot ^ (B, M+(Ln), a) (see Proposition 4) defined by

<.=(X^,
for b e B. By Propositions 3 and 4 there is •/„ :b -> y belon-
ging to ^(B, M+(L,), a) such that pr^^Tn and ^ , = v ,
except for & in a locally a-negligible set D^. We have (note
that Z, B, ^, p, a, T, X^, satisfy obviously (1)-(6) and use
correspondingly the formula (6") of Remark 2) above) :

f^ 8{f° Pn) d(y.^ = ̂  g'(fo p) dy.,

-LfW^f.g'^-fj^g^n^d^

for ^e3t(L,), /•e3t(B); here g ' is defined by g ' ( z ) == g ( z )
for ze L» and g'(z) = 0 for z $ L». By Proposition 7 (note that
L», B, (fA/)^, ?„, a, T, y, satisfy again (1)-(6) and the hypotheses
of Proposition 7)

^PPTn.^P1^^!), b^B.

But then Supp X{^cp;(^j) if b^ D,. If u»: L,-^Z is the
canonical injection we have u,«,) = y^ for every
6 e B and hence (see [I], chap. V, p. 75)

^^(y^-^pnO&Oc'p^i) if fc^D,.

(IV) The family (^.\1)^ is obviously summable for
every b e B and

^= 2?!,.^
neN

locally almost everywhere for a (we use the Corollary of the
Appendix to deduce that the complement of I J L, is X^negli-

neN



ON THE LIFTING PROPERTY (iv) 461

gible, locally almost everywhere for a). We conclude (see [I],
chap. V, p. 27) that X^ is concentrated on p (| b^) locally almost
everywhere for a.

THEOREM 3. — Let Z and B be two locally compact spaces,
^ a positive Radon measure on Z, p a [^-proper mapping of Z
into B and v == p([^). Let now a be a positive Radon measure
on B such that v == ^».a for some locally (x.-integrable function d/.
Suppose a =^= 0 and letT :f^T^bea lifting of MB'(B, a). TTien :

3. 1) There is a mapping X : b —> X& of B into M-^Z), appro-
priate with respect to (a, T), 5uc/i (Aat:

(l) 1 1 ^ 1 1 == ^(^) l^aUy almost everywhere for a;
W f^g{f°P}^= ^f{g,\}d^ for every /•e3t(B) and

ge3t(Z).

3.2) Moreover^ if T 15 a strong lifting then ̂  is concentrated
—i

on p (| & j ) locally almost everywhere for a.

3.3) L^ X' : & -> Xfr and X": 6 —> X^ &e ^wo mappings of B
into M+(Z), appropriate with respect to (a, T) (5) and such that:

(/) Xft and X'fr are concentrated on p ( | & j ) locally almost
everywhere for a;

(//) ^^f^d^b)=f\ld^b).
v D •-' B

TAen Xft == X^ locally almost everywhere for a.

Existence of X. — Consider the mapping /'-> (/>0 p). [̂  of 3t(B)
into the Banach space M^Z) of bounded Radon measures on Z
endowed with the usual norm; M^Z) is the dual of the Banach
space of all continuous real-valued functions on Z, vanishing at
infinity. We have

\\{foP}^\\=j\\foP\^=^\f\d^

We deduce that f—^ (f°p) .p. is a positive continuous linear
mapping of 3t(B) c ̂ (B, v) into M^Z). By the Dunford-
Pettis theorem, which is valid without any countability

(5) Here the lifting T is not necessarily supposed to be strong.
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W^^Tv^ there is 6: ̂  belon^to

J,g(f-p)dy.=f^(g,^d^
for all ge3£(Z) and fe3i(B). Henceforth

^g(/-op)^=^<^)^

for all g^(Z) and /^(B). Define y, = ̂ S, for & e B ;

m^aT^T \ k" T6 ̂ el^gs to 3f(B' M+(z)' a)- Let x : 6^in 9-(B, M+(Z), a) be such that y = X and pr[X] == X (by 2 1)
of Proposition 2 such a X exists). Obviously '

3) f^f°P)^=^f{g,\}d^

for ge3t(Z) and /-^(B). By an argument similar to that
used in the proof of Remark 1) (preceding Proposition 6) we
obtain, for g <s 3C+(Z)

/^<g,X)^a=^g^;

hence < g, X ) is essentially a-integrable for g e ,'%,(Z) and
therefore for each ge3t(Z). Thus X is appropriate with respect
to (a, 1) and satisfies (u) (see formulas 3) above). By Proposi-
tion 6, X verifies also {i). Hence 3.1) is proved. The assertion
6.1) is a consequence of 3.1) and Proposition 8.

Uniqueness of ~k. — Let A_c B be the set of all b e B such
that •\i_is not concentrated on p ( { b } ) ; then A is locally a-negli-
gible Let /-e3t(B) and ge3£(Z). There is then a set A, cB
locally a-negligible such that g{f o p) is X.-integrable if b<tA,
(use the Theorem in the Appendix and remark that g ( f o n) is
(A-integrable since it has compact support). Then, if b «l A u Ay „,

f^g(f° P) dV, = f,rp\w^)gWp(z)) d\',(z)

= fW /, ?-Ast|)(^(z) d^ (2) = f(b) < g, \, >.

Therefore given /•e3t(B) and ge3£(Z), we have (we use
again the Theorem in the Appendix)

J/< g, X' ) rfa ==f^ {b)f^(f.p) d\',==f^f. p) dy..
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In the same way we prove that

^f{S^}^=f^{f.p}d^

for fe3i{B) and ge3t(Z).
From the above formulas we deduce that X' = X" and hence,

by 2.2) of Proposition 2, that X& == ^ locally almost every-
where for a. Hence 3.3) is proved.

This completes the proof of Theorem 3.
Remarks. — 1) Theorem 3 above generalizes Theorem 1

in [I], chap. VI, p. 58-63 (see also [2]). In fact (with the nota-
tions of the latter theorem), if Supp v == B then (B, v) has
the « strong lifting property » (see Section 6) and hence Theo-
rem 1 in [I], chap. VI, p. 58-63 follows directly from Theorem 3.
The case Supp v ̂  B can be reduced to the previous one.
2) Theorem 4 (6) in [2], p. 40-41 (see also [4]) and the results in [3],
section 6, are also particular cases of Theorem 3. 3) Theorem 2
in [I], chap VI, p. 64-65, for instance, can be generalized
using the strong lifting. For certain other methods and results
concerning the disintegration of measures see also [8].

The next result is in a certain sense converse (7) to Theorem 3 :

THEOREM 4. — Let B be a locally compact space, a =^= 0
a positive Radon measure on B with Supp a == B and T : f —> Ty
a lifting of M^(B, a). Then the assertions 4.1) and 4.2) below
are equivalent:

4.1) There is a locally a-negligible set BT c B such that
T/6) == f{b) for each f e C?(B) and b ̂  BT;

4.2) For every locally compact space Z, positive Radon
measure p. on Z and ^-proper mapping p of Z into B such
that v = p((^) is absolutely continuous with respect to a, there is
a mapping X : b -> \ belonging to ^(B, M+(Z), a), appropriate
with respect to (a, T), and having the properties:

(h) ;x==J^a(&);

(hh) X(, is concentrated on p (| b |) locally almost everywhere
for a.

(6) This is in fact a consequence of Proposition 7 in this paper.
(7) Concerning the implication 4. 2) ===̂  4.1) see the remark in (X^) of the Example

at the end of Section 6.
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The proof will be divided into three parts :
(I) Suppose that the lifting T satisfies 4.1). For each b * BT

let y^ be a character of Mr?(B, a) such that y.(f\ = f(b} for
f.CW and y_(f)-U8) if ^M,(B,a), g^(Bj^
fe^' ^ .Iwa) define 'W^W if ^B. andlAb)==7Af^ " o^Br . It is easily seen that T-f->T is
a strong lifting of MS(B, a) and it is obvious that for each
f^ MS(B, a) we have T;(6) = T/6) if 6 « BT.

• ^^"S?0^ 4•l) valid and let T/ be ^e lifting constructed
Sn ̂ ^ WTem 3 there is a "̂ PP11^ x/ ••b -^ ̂  belonging to
^(B,M+(Z) a) appropriate with respect to (a, T') and such
that (A) and (hh) of 4.2) are verified. Let now X e 9(B M+fZ) a)
such that X ' = X and p^XJ = X. Then X is appropriate with
respect to (a, T) and obviously satisfies (A). It remains to
show that X satisfies also (hh). For this it will be enough to
show that As == X» locally almost everywhere for a. Let

, , (K,),ejee(B,a)such that

and. P^^'^yp^g/X')
pT(yK,<g,X» =?p^)<g,X>

for ge3t(Z) and /' <= J. But

and '̂̂ ^ ~ BT = P -̂) — B7^ c.)
pT'(9K, < g, X' »(6) == p.r(9^ < g, X »(&)

if fe^Br. Hence for b e Cy we have ( ̂ , X» > = < g \^\-
whence, since g was arbitrary, X, = \. Since /• e J was also
arbitrary, ir follows that X» = X, locally almost everywhere
for a. -

(III) Suppose now 4.2) valid. Let Z = B, p = the identity
mapping and y. = a; then v == p^) = a. By 4.2) there is
a mapping X : b -> X, belonging to 3?(B, M+(Z), a), appropriate
with respect to (a, T), such that (A) and (AA) of 4.2) are veri-
fied. From (hh) of 4.2) it follows that Supp X» c ̂  locally
almost everywhere for a and by Proposition 6, ||X||<, = 1 locallv
almost everywhere for a. Hence there is A c B locally a-negli-
gible such that X^ = s, for b * A. We deduce that for every
geW, < g , X , ) = g ( 6 ) if & ^ A . , • -
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Let now (K,)y6jeC(B, a) such that

PT(?K, < g, X » = yp^) < g, X )

for every g e 3t(B) and / e J. We shall show that for every
^3t(B), T,(&)=g(&) if &e[Jp^(K,)-A. In fact, let
b6:P'r{Kj)—A tor some /e j . Then for each ge3£(B) we
have

PT(g)(6) = pT(g)(6)yp^)(&) == pT(yK,g)(&) = pT(yK, ( g, X »(6)
== yp.(K,)(6) < g, X, ) == ( g, X, > == g(6)

and the assertion is proved. Denote the complement of
LJpr(Ky)—A with BT; then BT is locally a-negligible and
Jes

for every g e 3t(B) we have

T,(&)==g(&) if fc^Br.

Let now g e C^(B), g > 0 and let ̂  be the set of all /•6 3t(B)
satisfying O^^;^. Then, if b e BT, we have

T,(fe) > T/6) =/*(&)
for every f e ̂ , whence T^(&) > g(&) if 6 ^ BT. Let now
AesCR^B) and choose a constant c such that c+ A > 0 and
c — h > 0; we deduce T^(&) > h{b) and — T^(fc) > — h{b) if
&«BT, whence T^(b) = h(b) for & ^ BT. Thus 4.1) is proved.

This completes the proof of Theorem 4.

6. Various examples and remarks.

Let Z be a locally compact space and pi a positive Radon
measure on Z. To simplify some of the following statements we
shall say that the couple (Z, p.) has the strong lifting property
whenever there is a strong lifting of MR'(Z, pi).

We shall state here several results without proof; some of
them are quite easy to prove. In the statements below Z is
a locally compact space and ^ =^= 0 a positive Radon measure
on Z with Supp ^ = Z.

A) The couple (Z, ;x) has the strong lifting property in
each of the following cases : i) Z is metrizable; ii) (Z, pi) is
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hyperstonean (= Z is stonean and every rare set is locally
^.-negligible); Hi) y. is atomic.

B) If (Z, (/,) has the strong lifting property and K c Z
K ̂  ̂  is a compact such that Supp ̂  = K, then (K, ̂ }
has the strong lifting property.

C) If (K,.)^j6C(Z, p.) is such that (Ky, (AK,) has the strong
lifting property for each /• <= J, then (Z, ^) has the strong
lifting property.

D) Let Zi, Za be two locally compact spaces and 04 ̂  0
(Ag^O two positive Radon measures on Zi, Zg, respectively'
Suppose that (Z^, ^) has the strong lifting property Zg is
metnzable and Supp ̂  == Za. Then (Z^xZg, p4®^) has the
strong lifting property.

E) Let (Zj)jej be a family of metrizable compact spaces
and for each / e J let ^ be a positive Radon measure on Z
with (^(Z,) = 1 and Supp ^ = Z,; Let Z, = n Z, and

tA" ==:^ p''7' Then ^zao' ^"^ has the strong lifting property (8).
Let R be the real line and (3 the Lebesgue measure on R

Denote by C^(R, +) the algebra of all bounded real-valued
functions defined on R, continuous on the right and by dr(R, _)
the algebra of all bounded real-valued functions defined on R,
continuous on the left. With this notation we may state and
prove the following:

THEOREM 5.— There is a lifting T-.f-^T, of Mi?(R 8)
such that^f = f for every fs C^(R, +) [for every fs C^(R, -^)].

We shall consider only the case of C^(R, +); the case of
Lj?(R, —) can be treated similarly.

For each x <= R and n e N* == 11,2, .. . \ let

L(a?) == [x, x + 1/n].

For /"«=MR(R, p) and neN* define the function /•„ on R by
the equations

f^x) == n f^f(t) 4((), a;eR;

(8) This result is essentially contained in [7].
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it is obvious that f^eMS(R, ?) (in fact f^eCS{R)) and that
sup |A(a-)|<N,(/-).

(n,a;)eN*xR

Let U be an ultra filter on N* finer than the Frechet filter on
N*. Then for each x e R, n -> /^) has a limit /^(a;) with respect
to ^ Since (see for instance [9], p. 132) {fn(x))^ converges
almost everywhere to f^{x) and since f^ is bounded on R it
follows that / ,eMl?(R,p). Define S^ ==/, for / •eM^(R,p) .
Then S:/*-^/ is a linear lifting of Mr?(R, (3) and S/ = f
if /*eC^(R, +). Let 3) be the set of all linear liftings V of
MS(R, P) such that

?ew < Vy^ < 9Q^), for A <= S((3);

here 6'(A) == {x\S^{x) = I j and 9"(A) = {x\S^(x) ̂ 0|. Then
(see Proposition 1) there is a lifting T:/*->Ty belonging to
the set ®. It is obvious that 90^) = ^(A) whenever S<^ is
a characteristic function; hence Ty^ == S^ whenever S^ is a
characteristic function. We deduce that T^ == S^ =\^ if
A = [a, b) where a e R, & e R, a<& (since in this case
y A e C ^ ( R , + ) ) .

Let us now prove that Tg > g for each g e Cp?(R, +), g > 0.
In fact let Vg be the set of all functions ay^ b-) ̂  g with
a > 0, a e R, b e R, a < fc. It is easy to see that sup ̂  == g.
But T^>T^==/ 1 for each fe^; whence Tg > sup ̂  = g.
Let now /*eC^(R,+) and let c be a constant such that
^+/*>0, c—/'>0. Since T,==c we deduce c+Ty==T,+y>c+/'
and c — T^ == Tc-/ > c — /"; hence Ty = /* and the theorem
is proved.

Remarks. — 1) The use of the ultra filter U was suggested
by [3]. 2) Theorem 5 can be stated and proved in more general
forms; however we shall not consider here such generaliza-
tions. 3) From Theorem 5 we deduce that if

^cCW+^cC^R,—)]
is a directed set of positive functions, then /^ == sup 9 is
P-measurable and, for every positive Radon measure v on R
absolutely continuous with respect to ?, we have

^x^-r^-
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An example. — For each xe R and y>0 let Vy(x) be the
union of the intervals [x, x + y) and (—x—y,—x). Then
there is a topology 2 on R such that [V,(x)\y>0l is a
fundamental system of x, for each x e R. Let Z be the interval
L—1,1) endowed with the toplogy induced by ^. Then Z
is non-metrizable, compact and f: Z -> R belongs to C»fZ)
lf and ̂  lf AZ) = /-(^ +) = /((- z) -) for each z e Z. We
shall denote below by B and H the intervals [0, 1) and [— 1 1)
respectively, when endowed with the usual topological struc-
tures. Let (S be the Lebesgue measure on R and a the restric-
tion of p to B. Let y. be the Radon measure on Z defined by
the equations

V-(f) = f^f\B) d^, /•eCB(Z).

For a set A c Z the equations (3*(A) = 0 and pi*(A) = 0 are
equivalent (for the above assertions see N. Bourbaki Topo-
hgie, chap. IX, p. 49 (1958) and fl], chap. VI, p. 99). It
follows that if f: Z -> R is ^-measurable then f is SH-measu-
r^'' ̂  P "̂131' Ms^' ^ c MR"(H, PH). Also if T is a lifting
of MS(H, ps) then T|M^(Z, ^) is a lifting of M^(Z, (x).

(Xi) T/ie coupfc (Z, ^) Aas ^e ^^oreg lifting property
In fact let U : f^ U/ be a lifting of M^(R, p) such that

U^/" ^eCiT(R,+) (see Theorem 5). Let \ ] ' - f - ^ \ ] ' be
the lifting of M^(H, Rn) defined by the equations U;(z) = IUz)
if /•e M^(H, pn) and z 6 H; here (and further below) f(z) = f z
if z e H and f(z) = 0 if z « H. Since every function in CR(Z
is in particular continuous on the right, it follows that

T = V'\MS(Z, y.)
is a strong lifting of MR'(Z, y.).

(Xa) There is a lifting S-.f^S^of M^(Z, y.) such that

M U ^|s/(z)^/-(z)^==z.
/eCn(Z)

Let Y : /•-> Y/ be a lifting of M^(R, p) such that Y^ = /• if
/^(R'^' Let x be a character of MfT(Z, [x) such that
^M^^ l!fec^ an(i 7^) =7^) if / •eM^Z.tx) ,g e M^(Z, ^) and /•= g. For /-e M^(Z, fx) define

S/z) = S ̂ '(^ if z ̂  ° and ;s e PY(Z) n Z = (— 1, 1)
/ v / ;x(/~) it ^ = 0 or z=-l.
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Then S : f-^ S^is a lifting of M^(Z, ^). If f = (p[_^, 0 < a < 1,
we have /e Cp(Z) and Sy(s) ̂  /*(z) for z == — a or z == a. We
deduce (use also the definition of yj the relation (*).

This shows in particular that a lifting of M^(Z, pi) can not
necessarily be modified on a set of measure zero so as to become
a strong lifting.

CX^) Let X : z -> X^ be the mapping of Z into M+(Z) defined
by the equations (S is the lifting defined in (Xg)) :

(/.^-S^), /'eCK(Z), ^eZ.

We have Supp \ n |̂  = ̂  for each z <= Z, although X i$ appro-
pna^ witA respect to (p., S). Moreover Z, Z, pi, p = the identity
mapping, p.,S, X, satisfy (1)-(6) formulated at the beginning
of Section 5.

The main interest of (Xs) is that a situation is exhibited
here, where for every fc, Supp X^ and p ( | & ^ ) are disjoint.
That such a situation can occur was first remarked to us by
Professor Gustave Choquet. It was this remark which sugges-
ted to us some of the considerations in this Example (inclu-
ding (Xa)) as well as the formulation of a «converse» to
Theorem 3 (namely the implication 4.2) =^ 4.1) of Theorem 4).

(X4) Let Z, B, [^, a be as in the introduction of this Example.
Let p be a mapping of Z into B such that p{z) = \z\ for
z <= (— 1, 1). Let T : /•-> Tf be a lifting of M^(B, a) such that
T/== f if / '€=MR(B, a) is continuous on the right. Finally let
X : b —> Xfr be the mapping of B into M+(Z) defined by X& == £&
for b e B. Then X is appropriate with respect to (a, T) but X is
not ^.-adequate (even though T is a strong lifting). Moreover
Z,B,^,p, a,T, X satisfy (1)-(6).

It is known that for every couple (Z, pi) with pi -=f=- 0, there is
a lifting of M^(Z, pi). Problem: Decide whether or not every
couple (Z, p.) with p. =7^= 0 and Supp pi == Z has the strong
lifting property.

Appendix.

A.I. — Let Z be a locally compact space and let M(Z) be
endowed with the topology o-(M(Z), 3t(Z)). Let B be another
locally compact space and let a be a positive Radon measure
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on B. If X : b —- X(> is a scalarly essentially QL'integrable mapping
([!]), chap. VI, p. 8) of B into M+(Z) then

^=f^d^b)

is a positive Radon measure on Z. Let us recall that \ is scalarly
essentially a-integrable if < g, X > essentially a-integrable tor
every g e 3£(Z); p. is defined by the equations

<^>==y/g,^)^a(&), ge3t(Z).

Let us now formulate the following condition:
(C) If f: Z -> R+ is lower semi-continuous then

f^f(z) d^z) =f^d^b)f^f(z) ̂ (z).

Recall that if X is a-adequate (see [I], chap. V, p. 18-19)
the condition (C) is verified. We shall prove now the follo-
wing :

PROPOSITION. — Assume a ^= 0 and let T:/ '->T^ be a
lifting of MR^B, a). Suppose that ^: b -> ̂  is appropriate
with respect to (a, T). Then the condition (C) is verified

Let (Ky),ej e (°(B, a) such that

Pr(9K,<g,X» -yp^^X)

for all g e 3t(Z) and / e J. For each H e gr(J) (== the set of all
finite parts of J) denote

KH=U1^
Jen

then for g e 3C(Z) and H <= 3?(J) we have

PT(?K, < g, X » = 9p^ )̂ < g, X >.

Let /': Z -^ R+ be lower semi-continuous and let 3y be the set
of all g e X(Z) satisfying 0 < g < /•. Then

.e^^ )̂ PT(^ < ̂  x »(6) = f^^ ̂
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for each be ^JpT(K,). It follows (see A.II. below)
Jej

f^d^b) f^f{z) d\,(z) =^^ f^^ < g, X > ̂

= ̂  (nTA)^ ̂ T(KH) < g) ^ );̂ ) == % ̂ < g? x > ̂
^^pfgd^=ffd^

geSS'f^21 l/z

Therefore condition (C) is satisfied.
Exactly as in [I], chap. V, pp. 21-23, one can prove the

following:

THEOREM. — Suppose that X : b —> \ satisfies condition
(C). Let f be a real'wlued ^-integrable function on Z. Then there
is a locally ^.'negligible set H c B such that f is \~integrable
for b ̂  H, b -> j fd\b is essentially ff,-integrable and

fj^-f^fj^-
From the above theorem we deduce immediately the :

COROLLARY. — Let A c Z he a ^-negligible set. Then there is
a locally (^-negligible set H c B such that A is ^-negligible for
each b ̂  H.

A.II. — Let B be a locally compact space, a ^=f=. 0 a positive
Radon measure on B and T a lifting ofMj?(B, a). The following
result was used several times in the text:

(P) Let 9 be a directed set of functions belonging to M^(B, a),
such that /*> 0 and ^{f) = f for each fe 9. Let f^ be defined by
f^(b} = sup f(b), for each b e B. Then f^ is ^-measurable and

f^
for every positive Radon measure v on B absolutely continuous
with respect to a we have

^fj^^fj-^-
This is (essentially) the Theorem (P) of the Appendix in [6].
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