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LINEAR HAMILTONIAN CIRCLE ACTIONS
THAT GENERATE MINIMAL HILBERT BASES

by Agiist Sverrir EGILSSON

To my grandfather, Jén Pélsson,
on his ninetieth birthday on April 4, 1999.

1. Introduction.

Consider the orbit space R?¥/S!, of a linear circle action with weights
ni,...,Nk. It has a natural Poisson structure defined on the algebra of
invariant smooth functions. The algebra C* (IR%)Sl is “generated” by a
finite number of invariant polynomials. The polynomial generators define
an embedding of the singular Poisson variety R?*/S! into a manifold M.
The Poisson structure on R?*/S! and the embedding into M induce a
collection of almost Poisson(!) structures on M.

Here we address the question, asked by Cushman and Weinstein,
whether among the induced almost Poisson structures there exists a Poisson
structure. In [4] it is shown that this is not the case for the linear circle
action S! x R® — R® with weights 1,1, +2. It is also proved that the same
applies to the reduced orbit space at zero in the indefinite Hamiltonian case.
Now we prove for a large class of actions and almost Poisson embeddings
that among the induced almost Poisson structures there are no Poisson
structures.

Keywords: Singular Poisson structures — Reduction — Hamiltonian actions.
Math. classification: 53D17 — 53D20 — 57S15.
(1) Defined in Section 6.



286 AGUST SVERRIR EGILSSON

For any collection of relative prime weights ni,...,nx of the linear
circle action we can write

(dy -- -dk)k_1|n1 g

(read divides) where d; is the greatest common divisor of all the weights
except the i-th one.

We look at the case when equality, modulo sign, holds. In particular
for k = 2 we always have d;ds = £nins and if all the weights are +1 then
equality holds as well. For these two cases it is known, see Examples 1 and
2, that one can extend the Poisson structure on R2*/S! to all of M. On
the other hand we prove here that if

(dl "-dk)k_l = :l:n1 N

and at least three of the numbers dy,...,d; are not one then the Poisson
structure on the orbit space cannot be extended to M nor can the structure
on the reduced orbit space be extended.

Consider the action with weights n; = 1, n, = 2 and n3 = 2. The
action satisfies the first part of the condition above, i.e.,

(d1d2d3)? = ninang,

since d; = 2, d; = 1 and d3 = 1. But only one of the integers d;, do
and d3 is greater than one, namely d;. It is shown in Example 3 that the
Poisson structure on the orbit space R¢/S! of the action can be extended
to a Poisson structure on M. The same is true for the derived indefinite
Hamiltonian case.

In Section 3 we show that the equation (d; - -~dk)’“‘1 = 4ny---ny
is equivalent to the existence of a Hilbert basis with k2 elements which
is the minimal size possible for a Hilbert basis, assuming k is fixed. In
Section 6 we develop the methods needed to generalize results obtained
for positive weights to the indefinite case. Section 7 contains the proof
of our main theorem, stated in Section 5. In order to prove Theorem 1
we first consider polynomial almost Poisson structures and then extend
our results to smooth structures by approximating the smooth structures
with polynomial and formal almost Poisson structures. Finally Section 8
contains examples of induced Poisson structures on M.
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LINEAR HAMILTONIAN ACTIONS 287

2. Preliminaries.

The linear Hamiltonian circle action with weights ny, ..., ny is defined
to be the U(1) action on R?* given by

Z*(.'.Cl,yl, s 7mkayk) = (znl(xlayl)v' .. aznk(l'k,yk))

for a positive integer £ and nonzero integers ni,...,nx. The set of real
valued invariant polynomials for the action is denoted by R[w,y]U(l) and
it is a finitely generated R-algebra, see e.g. [16]. A set of generators for
the algebra is called a Hilbert basis for the action. Consider the space R%*
as Ck, U(1) as S*, and introduce, following [10], the complex coordinates
u; = z; + ty; and v; = x; — ty;. Then the action above is written

z % (ug,...,uk) = (2Mug, ..., 2" ug).

The action is symplectic and the standard Poisson bracket on R2?*
induces a Poisson algebra {,}. on C[ul,vl,...,uk,vk]sl given by the
complex bivectorfield

0 0
9°=_2L28_%A%;’

ie, {f,gte = {f19}o. = 0c(df A dg), for a detailed discussion see [3].
Through the invariant smooth functions on CF the orbit space CF/S!
inherits a singular Poisson structure and by restrictions to the reduced
orbit space it also becomes a Poisson variety , see [1] for details.

The algebra C[ul,vl,...,uk,vk]sl of invariant polynomials in the
variables u; and v; is isomorphic to the semigroup ring C[S,] where
Sn = Sn,...n, is the semigroup of all solutions (a,b) € N*¥ x N¥ to the
equation

ainy + -+ agng = bying + - - - + brng.

The isomorphism .
C[S,] = Clu,v]®

is determined by
X(@b) sy a1gbr u‘,i"v,t:".

A set of generators for the semigroup S,, is mapped by the above isomor-
phism to a complex Hilbert basis for the action.

When all the weights nq,...,n; are equal to one the semigroup
S, has a simple symmetric structure. In that case the invariant complex
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polynomials under the action form the algebra Clu;v;]1<; j<k. In particular
the circle action has a Hilbert basis with k? elements. In other words this
Hilbert basis for the action is minimal in size among all Hilbert bases for
linear Hamiltonian circle actions with k nonzero weights. In this paper we
mainly consider linear Hamiltonian circle actions with k& nonzero weights
having a Hilbert basis with k? elements. Weights that satisfy this minimal
condition are for example n; = 1,n, = 2 and n3 = 2 or n; = 6,np = 10
and ng = 15. Also any action with two nonzero weights nq,ny will work.
An example where we cannot find a Hilbert basis with k2 elements is
ny =1,ny=1and nzg =2.

3. Observations.

Here we look at some of the properties of the weights that will be

useful later. Let ny,...,n; be nonzero relative prime(® integers. Define
dl, e ,dk by
di = ng('I’Ll, ey M—1,Mi415 - - - ,Tl,k)

and the integers o1,...,0r € {—1,1} by 0; =sign(n;) fori =1,... k.
LEMMA 1. — An element r € ZF is in the integer-hyperplane
nt ={r€Zk:r1n1+---+rknk =0}
iff there exist integers ti,...,tx such that o1ty + --- + oxty = 0 and

nir; = 05dy---dit; fori=1,... k.

Proof. — Assume that r € nt. It follows from the definition of
the integers dy,...,d;—1,d;+1,...,dr that they all divide n;. Since n;r; €
mZ+---+n,—1Z+n;1Z+- - -+nxZ = d;Z, we obtain that d; divides n;r;.

The integers dy, . . . , di, are relative primes two-and-two since nq, ..., ny are
relative primes. We can therefore define the integers t;, by o;d; - - - dxt; =
n;r;, satisfying the above conditions. 0O

Another point we need to establish is how to find generators for the
semigroup S,. To that end, we introduce ordering on the lattice N* x N¥
as follows:

(a,b) < (a',V) iff a; < ajand b; < b fori=1,...,k.

2 ged(n, ..., ng) = 1.

ANNALES DE L’INSTITUT FOURIER



LINEAR HAMILTONIAN ACTIONS 289

A set of generators for the semigroup S, is obtained by taking all the
minimal elements in S, \ 0 with respect to the above ordering. In particular
a set of minimal elements, and thus generators, for S; _ ; consists of the
elements e; +€; for 7,5 = 1,...,k where ey, ...,ex,€1,...,€ denotes the
usual basis for Z* x Z*. Similarly, for S,,, it follows that we need at least
k? generators.

1 1

The morphism nt — o1 between the integer-hyperplanes nt and
ot = {t € Z*¥ : o1ty + --- + oxtx = 0} which maps 7 to t satisfying
n;Ty = 0;dy - - - dit; for i =1,...,k is denoted by .

LEMMA 2. — Assume that k > 1 and ny, ..., ng are nonzero relative
prime integers. Then the following is equivalent:

i) The morphism ¢ : n* — o is an isomorphism.

Il) nizdidl"-di_1d1‘+1'-'dk forz':l,...,k.

iii) The linear Hamiltonian circle action with weights n,,...,ny has
a Hilbert basis of minimal size.

Proof. — First we prove that i) and ii) are equivalent. Assume that
¢ is an isomorphism. Let d = d; - - - dx. The inverse ¢! maps (¢1,...,tx) to
(r1,...,7%) with r; = t;0;d/n; and since we can always find a t € ot
with ¢; = 1 for any fixed ¢, we conclude that n; divides d. Now, let
gi = ni/dy---d;—1d;+1---dx and observe that it is an integer. We also
conclude that ged(g;,d;) = 1 from the following calculations: ged(g;,d;) =
gcd(qidl st di—ldH—l s dk, dl) = gcd(ni, d,,) = gcd(nl, e ,nk) = 1. But
d;/q; = d/n; is an integer by the above. Hence ¢; = £1. On the other hand
if the k equations, n; = g;d; - - - d;—1d;41 - - - di, hold then we can construct
the inverse of ¢ directly.

Next we prove that iii) is equivalent to i) and ii). But first define a
bijection m : N¥ x N* — N¥ x Z* by m(a,b) = (m,...,my) x (a—b) where
m; = min{a;, b;}. Then the composition

m k 1 idXe gk 1L m™}!
Snyome — Noxn- —= N xo- — S5, o
defines an injective map S, — S,. The restrictions m : S, — N*¥ x n* and

m~1:NF x g+ — S, used in the diagram are both bijective.

Now assume that i) and ii) hold. Also assume for simplicity that

01 = --- = 0, = 1. Using condition i) and the formula in ii) we calculate
that ¢=1(¢t) = (dit1, ..., dktx). This allows us to calculate C[S,] directly as
C[Sn] = (C[ulvl, ooy URVg, ufiv?j]i¢j.

TOME 50 (2000), FASCICULE 1
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In other words C[S,] can be generated by k? elements.

Now assume that iii) holds, i.e., that there exists a Hilbert basis with
k? generators for C[S,]. Let m be the ideal in C[S,] of elements that vanish
at the origin. The minimal elements in S, \ 0 determine a C vector spaces
basis for m/m2. On the other hand since C[S,,] has a Hilbert basis with k?
elements, which we may assume that are in m, then those generate m/m?
also. From this we conclude that the semigroup S, can be generated by
k? minimal elements. Without loss of generality we will now assume that
all the weights are positive. The k? minimal generators in S, \ 0 must be

elements
n; n;

e + €
ged(ni, ny) ged(ni,nj)

In order to show that either i) or ii) holds we proceed by induction
on the number of weights k. For k = 2 condition ii) holds for any choice of
relative prime weights n, and ns.

Now assume that k > 2 and that iii) implies i) and ii) for any choice
of k — 1 relative prime weights. Write n; = q;d; ---d;—1d;41 - - - dx, Where
g; is a positive integer. By reordering the weights we can assume that
q1 < g2 < --- < gk. The equation,

noZ + - +nigZ = di7Z,

implies that there must be a minimal element (a,b) € S, \ 0 with a; = d;
and b; = 0. Since we just listed, above, all the minimal elements we conclude
that there must be a 5 > 1 such that

— n;

di = ged(ng,nj)

The right hand side of this equation is just g;di/ gcd(q1, g;) and therefore g;
must divide g1, but we assumed that g; < g2 < g; so actually g1 = ¢o, since
j > 1. Now let n’ = (n),...,n}) with each n, = n;/d;. We canonically
consider S, a sub-semigroup of S,, and it follows immediately that the
weights nj,...,n} satisfy condition iii) of the lemma, since ni,...,ng
satisfy condition iii). To verify this, notice that there are (k — 1)? minimal
elements listed above that are both in S, and S, and these form a
semigroup basis for S, .

By induction we have that condition ii) is satisfied by the weights
ny,...,ny. So let d = ged(ny,...,ni_y,ni,,...,ny). For i > 2, since
q1 = q2, we calculate that

d; = ged(qndi, g2di, - - -, Gi—1diy @iv1ds, - - -, Qrds).

ANNALES DE L’INSTITUT FOURIER
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The right hand side is equal to ged(n1,...,n;—1,Mi4+1,...,Nk) Or d; since
n; and d; are relative primes and so are any two of the numbers dy, . .., dy.
We have just shown that d} = d; for ¢ > 2. On the other hand we need to
calculate dy separately, i.e., dy = ged(nj,...,n}) = daged(gs, ..., qx)- By
the induction hypothesis the weights nj, ..., n} satisfy condition ii), i.e.,

r__ gy ! ! !
n; =dydg - d;_1di ;- dy,

for i = 2 we calculate that njy = gadj ... d}, so g2 =1, for ¢ > 2 we calculate
TL: = Qidz .ee di—ldH—l .o dk = (qi/gcd(qg, ooy qk))dé . 2—1d2+1 . d;c
Therefore ¢;/ ged(gs, - - ., qx) = 1 for i > 2 which implies that g3 = - - - = gx.
In other words we have shown that g = ¢; = 1and that g3 =--- = ¢x =: q.

Now we demonstrate that ¢ = 1. If ¢ > 1 then,
dier + (g — 1)dzez + dses,

is a minimal element in S, \ 0 but not among the list of k? minimal elements
above. Therefore we must have that ¢ = 1. By induction we have shown

that ¢y = --- = qx = 1 which is just condition ii) when all the weights are
positive. The other cases follow immediately. This completes the proof of
Lemma 2. O

4. The reduced orbit space.

Marsden and Weinstein in [7] define, for a Hamiltonian action of a Lie
group G on a symplectic manifold (M,w) with an equivariant momentum
map J, the reduced orbit space M,, for a value p in the dual of the
Lie algebra of G. The reduced orbit space M, is defined as the quotient
space J~!(u)/G, where G, is the isotropy group of u with respect to the
coadjoint action of G. For weakly regular values p of J, if G, acts freely and
properly on the manifold J~(u), M, is a manifold and there is a unique
symplectic structure on M,, which lifts to ¢j,w where i, is the inclusion map
iy 7 () - M.

The orbit space M/G is assigned a smooth structure C>°(M/G) by
the G-invariant functions on M and M/G inherits a Poisson bracket from
M making M/G a Poisson variety. When p € J(M) is not a weakly
regular value the reduced orbit space M, has a smooth structure defined
by restricting functions in C*°(M/G) to J~!(u). In [1] it is shown how the
space M, inherits, by restriction, the structure of a Poisson variety from
M/G. For a compact Lie group G, Sjamaar and Lerman show in [15] that

TOME 50 (2000), FASCICULE 1
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the reduced orbit space My is a union of symplectic manifolds and moreover
a stratified symplectic space. Their results are then further extended in [2]
by Bates and Lerman.

For the linear Hamiltonian circle action with weights n,,...,nz a
momentum map J is given by

k
1
T= 5 Do+

5. Embeddings and relations.

The orbit space R?*/S!, of the linear Hamiltonian circle action, has
a smooth structure, as discussed above, C*°(R?¥/S!), defined as the set of
invariant smooth functions on the phase space R2*,

Coo(R2k/S1) _ COO(R2k)§1.
A Hilbert embedding, F, corresponding to a Hilbert basis fi,..., fox for
the action is defined by
F:R%*/S' S R™ F=(f1,..., fn)-
It follows from a theorem by Schwarz, [13], that
F* . Coo(R‘ﬂ) N COO(Rzk/S].)’

where F* is the pullback of F, i.e., F*(g) = g o F, is surjective and we
have, see [9], that F : R?*/S! — R™ is a proper embedding.

The kernel of the pullback map, R = F*~1(0), is called the ideal of
relations and accordingly elements in R are called relations.

In Section 3 we used minimal elements among the nonzero elements
in S, to determine a complex Hilbert basis for the action. The relationship
between complex and real Hilbert bases and in general the transition back
and forth between the real and the complex description is discussed in
details in [3].

Assume that the weights ny,...,n, are positive and satisfy the
conditions in Lemma 2. A complex Hilbert basis is then given by the k?
elements u,vy,...,urvr and u;.i"vj" for i # j. A real Hilbert basis in this
case is given by the k? elements z7 +y?,...,2% +yZ and Re(z; +y;)% (z; —
wi)%, Im(z; + ;)% (z; — wy;)¥ for i < j.

ANNALES DE L’INSTITUT FOURIER
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The corresponding Hilbert embedding is determined by
F:Ck/S' - sz; (u,v) — (ugvy, ..., ugvg) X (ufiv?j)i<]—.
Its pullback restricts to complex polynomials and defines an algebra mor-
phism, 7,, onto the invariant complex polynomials, i.e.,
7o : CINF'] - C[S,].

In this context the usual basis for Z** is denoted by {e;; : 1<14,5 <k}
and the above epimorphism 7,, is derived from the map N n given by
eii — e;+€ and e;; — die; +dje; if i # j

which is also denoted by 7,.
There exists a unique functional® 7 : R¥’ — R satisfying
J=JoF
and F maps the reduced orbit space J~1(0)/S! into the hyperplane
Vy=J0) CR¥.
The smooth structure on the reduced orbit space J~!(0)/S! is obtained,
see [1], by restricting the invariant functions to J~(0), and the algebra

C>(J~1(0)/S) satisfies,
C®(J7H0)/SY) = (no F)*C¥(Vy)ls-1(0)
where 7 is the linear projection
n: R V;
onto V; along the vector

L
J* = 3 21: Ni€i.
Eventually we will prove the following theorem.

THEOREM 1. — Let S' x C* — C* be a linear Hamiltonian circle
action with relative prime weights ni,...,n,. Assume that the action
generates a Hilbert basis of minimal size. Denote the greatest common
divisor of all the weights except n; by d;. Assume further that at least
three of the numbers di,...,dy are not one. Then the Poisson structure
on the singular orbit space Ck/S!, embedded into R* by the Hilbert
embedding, cannot be extended to R¥*. Furthermore for the action with
indefinite Hamiltonian the Poisson structure on the reduced orbit space
cannot either be extended to the hyperplane V.

(3) Remember that J = E’; %niuivi.

TOME 50 (2000), FASCICULE 1
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6. Tools of the trade.

For a detailed discussion about the material contained in this section
see [3], in particular Chapter 7 therein.

Let ny, ..., nx be relative prime weights. Before we consider the action
with weights nj,...,nx we consider the linear Hamiltonian circle action
with positive weights |n|,...,|nx|. Assume that |F| : R?* — R™ is a
Hilbert embedding corresponding to a Hilbert basis derived from a set of
minimal generators for the semigroup S|, for the positive weights. Denote
as before the sign of n; by ;. Let |7¢| be the (complex) pullback of |F.
The minimal generators for S,  are elements of the form e; +€,...,ex +
ék,fl,_fl, ..., fn, fn Where fi,..., fn are invariant monomials in Sin|- So,
in particular M = k + 2N. The conjugate operator used here (in f) just
interchanges e; and €;. This allows us to describe the pullback |7¢| as the
morphism determined by

L —uw;, Zj— f; and W; — Tf}-,

for a collection of coordinates L1,..., Ly, Z1,W1,...,ZNn,Wn on the am-
bient space. Denote the real 9-dimensional vector space with the above
coordinate functionals L, Z and W by V.. The algebra of multivector fields
in the variables L, Z and W with formal (power series) coefficients is de-
noted by X*[[V.]]. Define

w? AL, Z,W} — {1,-1,¢, -1}
by the formula

b

[ ool dos Il

{j:0;=-1}

wiy) =

and use w? to define an isomorphism
¥ Co XM [[Ve]] - Co X*[[Ve]l,
by the formulas

o Ly wE’LS)Ls, Zy — wE’Zt)Zt and W; — wE’Wt)Wt

o 2 1 0 B 18

oL ngs)

) 10
oL, 3Z: " wy,, 0Z and gy W,

wgwt)

The k + 2N independent functionals L, Z and W on V; have “real”
counterparts. Assume that Lq,...,Lg,R1,1,...,RN,In are also k + 2N
independent functionals on R¥+2" and denote the k + 2N dimensional real

vector space with those new coordinate functionals by V. We define the

ANNALES DE L’INSTITUT FOURIER
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coordinate functionals L, R and I such that the pullback, ||, of the real
Hilbert embedding |F| is given by

I7I(La) = = + 7, |7I(R;) = Re(f;) and |7|(;) = Im(f;).
Using the above define a C-algebra isomorphism
k:CRX*[[V]] - C® X*[[V]]
by the formulas

 Ly— Ly, Ry — 3(Zy+W,) and Iy — o-(Z, — Wy)

a a9 2l 9 o] 3 el 9
* 5 7 ot 3m 7 a7 taws and o = (g — )

The inverse of k is determined by

® LSHLS, ZtHRt"‘l/It aIlth’—*Rt—LIt

a [2] a 1(_ 0 a a9 1(_ 0 9
® oL, — 3Ly a—zt*_’ﬁ(a_m—ba_n) andW:Hﬁ(aRtﬂa—zt)-

Finally we define the real counterpart of ¢ by

Y7 =k ol o k.

The Schouten-Nijenhuis, see [11], [12], bracket for multivector fields
on a smooth manifold M

[]: X% (M) x X*(M) — X*(M)
is the unique bilinear extension of the Lie derivative satisfying
o [f,g]=0if f,g € X(M),
o [X,f]=X(f)and [X,Y] = Lx(Y)if f € X°(M)and X,Y € X}(M),
o (X YAZ]|=[X,Y]NZ+ (-1)"*¥Y A [X, Z] and
o [X,Y]=(-1)™[Y,X]if X € X*(M), Y € X¥(M) and Z € X*(M).

The Schouten-Nijenhuis bracket can canonically be considered a
formal operator on X*[[V]] and X*[[V,]] as well. The reason we consider the
Schouten-Nijenhuis bracket here is because of its relationship with Poisson
brackets.

A skew-symmetric bivectorfield II € X%(M) defines a skew-symmetric
bilinear bracket

L i : C%(M) x C%(M) — C=(M) by |f, g]m = I(df A dg)

satisfying Leibniz identity®, and vice versa. A skew-symmetric bilinear
bracket on C*°(M) satisfying Leibniz identity is referred to as an almost

@ |fg,h) = flg, k] + Lf, h]g.

TOME 50 (2000), FASCICULE 1
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Poisson bracket or structure. If additionally the bracket satisfies Jacobi
identity(® then it is a Poisson bracket. We often refer to the bivectorfield
as an almost Poisson structure instead of the bracket. The reader is referred
to [14] for a treatment of (almost) Poisson structures.

Using the Schouten-Nijenhuis bracket [,] there is the following char-
acterization of Poisson brackets, see [5], [11]. For II € X?(M) the condition

[I,I0] = 0

is equivalent to {,} = |, |m being a Poisson bracket. Accordingly we call
a bivectorfield IT Poisson if [IT,II] = 0. The standard Poisson structure on
R?* is determined by the bivectorfield

o 0 o 9
oot A

= % "oy dzi " Oyi’

Let II be a bivectorfield on V. A smooth map G : R** — V is an
- almost Poisson morphism with respect to the almost Poisson bracket |, |
on V and the Poisson bracket {,} = |,], on R%* ie, {foG,ho G} =
|f,h]lm o G for smooth functions f,h on V, if and only if ¢ and II are
G-related. In other words the formula,

Giop=1loG,
is equivalent to G being compatible with the brackets |, |, and |, |n.

A Hilbert embedding F' for the action with weights n4, ..., ng is given
by
F =|F|o¥’ where ¥7:R?** - R%*

is defined by the formula

Z1,Y1 Z1,0101

T2,Y2 T2,02Y2
—

Tk, Yk Tk, OkYk

Notice, that the Hilbert embedding F' also corresponds to a Hilbert
basis derived from a minimal set of generators for the semigroup S, and
that given such a Hilbert embedding F' we can define the above |F| by
|F|=FoWwo 1, ‘

®) I_Lf7gJ)hJ + l_l.gthva + LthergJ =0.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 3. — Let S! x R%* — R2* be a linear Hamiltonian circle
action with relative prime weights.

i) A bivectorfield Il € X?[[V]] is Poisson if and only if 4 (II) is a
Poisson bivectorfield.

ii) Let IT € X2[[V]] be a bivectorfield and F : R** — V be a Hilbert
embedding, F' = |F|o U7, derived from a set of minimal generators for the
semigroup S,. Then p and II are |F|-related if and only if ¢ and ¢°(Il) are
F-related.

ili) A polynomial R is an |F| relation if and only if ¥°(R) is an F
relation.

Proof (sketch). — The isomorphism ¢ restricts to a map C ®
X*[V] — C ® X*[V] between the multivector fields with polynomial
coefficients. According to Lemma 4 in [3] this restriction is a Schouten-
Nijenhuis morphism. It follows immediately that the same is true for the
multivector fields with formal coefficients. For a bivectorfield II in X2[[V]]
we conclude that [ILII] = 0 iff [¢7(II),4?(II)] = 0 which confirms the
first part of the lemma. The second part of the lemma also follows from a
similar statement, Lemma 3 in [3], about multivector fields with polynomial
coefficients and from the existence of bivector fields with polynomial
coefficients which are F' (or |F|) related to p. Finally the third part is
just Lemma 5 in (3]. O

7. Poisson algebras.

As explained earlier, the algebra (C[S,],{,}c) is a Poisson algebra
with the Poisson structure, {, }c, derived from the usual Poisson structure
on R?*. When n = (0y,...,0%) with each o; = £1 or when k < 2 then
there exists a natural Poisson structure on the algebra (C[Nkz] such that the
above(® morphism 7, : C[N¥’] — C[S,] is a Poisson morphism. For the
first case n = (o071, ...,0k) the Poisson structure on C[N’“2] can be chosen
to be linear. If we consider the field of rational invariant functions C(S,)
instead of C[S,] and consider a morphism 7 : C(N®) — C(S,,) defined
similarly, 7(X®) = f;, from a minimal Hilbert basis fi,..., fx then one
can always choose a Poisson structure on C(N™) such that 7 is a Poisson
morphism for any weights ny,...,ng.

(6) See Section 5.

TOME 50 (2000), FASCICULE 1



298 AGUST SVERRIR EGILSSON

Given a Hilbert basis fi,..., fm we can define an almost Poisson
bracket |, | on C[N”'] compatible with the Poisson structure on C[S,,] under
the morphism 7 as follows: Start by defining(”) |X®, X | € C[N"] such
that 7(| X, X% ]) = {fi, fi}c for 1 <i < j < 9. Then extend |, | to all
the polynomials in C[N”] by requiring |, | to be bilinear, skew-symmetric
and satisfy Leibniz identity.

Assume that the weights n, . .., ng satisfy the conditions of Lemma 2.
Let 7, : C[N¥’] = C[S,] be the pullback of a Hilbert embedding derived
from a set of minimal generators for the semigroup S,, as before.

For each element ¢ € S,, define a C-linear function
£ : CIN¥] 5 CIN¥);r = dYoeX o D X"
S Tn(s)=t
In other words f;(r) contains only the monomial terms of r that are above ¢.

It is straightforward to describe the Poisson structure on C[S,]. For
elements a,b € S,, the Poisson bracket {X¢, X%}, is given by the simple
formula,

k
(X% X e = =20 (ash; — @pb;) XoTb (et
1

where we have written a = a1e1 + 8161 + - - + agex + aréx € N2* and are
using a similar expression for b.

LEMMA 4. — Assume, like above, that the linear Hamiltonian circle
action with weightsny, ..., ny for k > 2 generates a Hilbert basis of minimal
size and that at least three of the constants dy, .. .,dy are not equal to one.
Let |, | be any choice of an almost Poisson structure on C[N*"] compatible
with the Poisson structure on C|[S,,] under 7,. Then |, | does not satisfy
Jacobi identity.

Proof. — By Lemma 3 we can assume that all the weights are
positive, without loss of generality. By re-ordering the weights we can also
assume that dy, da and d3 are all greater than one. Consider the polynomial

7 = H_X€12’X€21J,X631J + HXezl,XCMJ,XeuJ + H_Xesl’XeuJ’XezlJ’
we will show that for,

t= (dl — 2)(61 +§1) -+ d2(€2 +52) + dsesz + dy€q,

M 7is surjective.
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the image of Z under f; is independent of the choice of the almost Poisson
bracket and is given by

fiZ = _4d§(d1 _ 1)X(d1—2)611(Xd2€22X€31 _ X621X€32)_
Jacobi identity is thus not satisfied by |[, |.

Start by establishing the notation. Let A = X€2, B = X1 C =
X1, D= X2 and L; = X1, Ly = X2 The bracket |, | satisfies the
following equations:

|A,B) = —2LP L2 (d2Ly — d2L1) + Ra B,

|B,C| = Rpc, |C,A] = 21d2LL ™D + Re 4,
|D,B| = 2¢d3L%7'C + Rp , |L1,C] = —2d,C + Ry, ¢,
|L2,C| = Ry, c, |L1,B] = —2udiB + Ry, B,

where we have written R4 g, Rp.c, Rc,a, Rp,B, Rr,,c, RL,,c and Ry, B
for a choice of relations, i.e., elements in R, = ker(r,). It is possible to
write the bracket |, | in this way for these values since for two different
brackets |, |1 and |, |2 we always have that |f,g|1 and |f,g]2 differ by a
relation, i.e., 7, (Lf, g_|1 —1fi9]2) = {mn(f),mn(@)}e = {a(f); T(9)}e = 0.
Before calculating f;Z we need to understand better properties of elements
in the ideal of relations R,, = ker(7,,). Now we list some of these properties
and their consequences for the problem at hand.

A relation contains no linear part. This follows from the observa-
tion that the k% minimal generators for C[S,] are linearly independent
irreducible elements in C[S,]. Using this we can simplify f;||4,B],C],
ft||B,CJ, A] and fi||C, A], B| as follows:

) fill4, B],C] = —4d}(d1 — 1)L 2L§*C + f;|Ra,,C],

11) ftLLB,CJ’AJ = ftl_RB,CaAJ and

iii) f;||C,Al,B| = 4d3(d, — 1)L "?BD + f,|Rc 4, B).

If W is a non-constant monomial term in a relation R then W is
divisible by XY where X and Y are two different monomials from the
collection D = {X%en  Xdkekk X€i : i #£ j}. We will prove this below,
but first use it to show that

fi|[R,Q] =0
for any relation R and Q € {A, B,C}.
Assume, for a moment, that f;|R,Q]| # 0 then there exists a non-

constant monomial term W in R such that f;|W, Q] # 0. Write W = FGX
where F' and G are two different monomials from D.
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By direct calculations, using Leibniz identity, we obtain that
[FGX,Q| = FG|X,Q| + FX|G,Q| + GX|F,Q].

Observe that any monomial which contains the product of three elements
in D is in the kernel of f;. Therefore adding a relation to | X,Q|, |G, Q|
or | F, Q| will not change the outcome for f;| FGX,Q].

Part I: Here we verify that
[FG|X,Q] =0.

Assume this is not the case, i.e., fif FG|X,Q| # 0. Since |, | extends the
almost Poisson structure on R?* we have that

TnI_XaQJ = {x’q}c where :E:Tn(X) and q:Tn(Q)‘

By considering that 7,,(FG) must divide ¢t one concludes that the only
choice for 7, (FG) is da(e2 +€2) + dzes + di€;. On the other hand the poly-
nomial {z, ¢} is an invariant say, {z,q} = cim1 + - - + ¢;m,, for different
invariant monomials my, ..., m, and each c¢; nonzero. If we lift each of these
monomials to monomials My, ..., M, respectively, i.e., 7,(M;) = m;, then
we obtain an expression for | X, Q| as

I_X,Q_I =01M1+"'+CpMp+R

where R is a relation. We have already remarked above that ignoring R will
not effect fiF'G|X,Q]|. But from the definition of the Poisson structure
on C[S,] it is immediate that each of the terms myq,...,my contains at
least one of the monomials die;, do€s, dges, di€1, dszez or die; since
q = (Q) € {d1e1 + do€2,d2e2 + d1€1,dses + di€1}. Combining this and
the expression for 7,,(F'G) above, one concludes that the equation

Tu(FGM;) = t
never holds, hence f;FG|X,Q]| = 0.
Part II: Now we verify that
fFX|G,Q| =0.

Let ¢ = 1,(Q) = die; + dje; and g = 7,(G) = dyey + dj€;. Direct
calculations reveal that

|G, Q] = 265 d; X4~V Hy — 28;;d2X %~ VH, + R,
for a relation R and monomials H; and H, in D. Since

qec {d161 + dyes, does + di€1, dsez + dlél}
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the choices for 7 and j are ¢ = 1,2,3 and j = 1,2. Both of the pullbacks
Tn(Xe“(dl_l)) = (dl — 1)(61 +El) and Tn(Xe33(d3_1)) = (d3 - 1)(63 +€3)
do not divide t since d; and ds are greater than 1. We can therefore
ignore any product of X®1(41=1) and X°22(%2—1) in |G, Q| when calculating
ftFX|G,Q]. The other possible monomials, ignoring relations, in the
expression for |G, Q| above, are of the form +2:d3X°22(%2~1) H where H is
in D. In order for the expression f;(£FX2:d2X®2*(%~1 [) to be nonzero
we must have
t= Tn(FXH) + (d2 - 1)(62 +€2)

but if do > 1 then this equation has no solution for F' and H in D. We
have now shown that fy FX|G,Q] (and f:GX|F,Q]) is zero. Notice that
here is the only place in the proof that we actually used that dz > 1 and
that ds > 1.

The calculations above confirm the formula given for f;Z at the
beginning of the proof. Still, we have yet to prove that if W is a non-
constant monomial term in a relation R then W is divisible by XY
where X and Y are two different monomials from the collection D =
{Xdren  Xdrekk X¢i : 4 2 j}. The only (monic) monomials that are
not divisible by such a product are of the form X°€11™1 ... XkkmMk X mesy
where mq, ..., mg and m are integers with 0 < m; < dj,...,0 < mg < di.
Assume, for a moment, that W is of this form and let

z=To(W) =mi(e; +€1) + -+ mr(ex + &) +m(die; + dj€;).

It is immediate that W is the only monomial in C[N¥’] that pullbacks to z
under 7,,. In particular such a term, W, cannot be a part of relation R since
it would not cancel when R is pulled back to C[S,] by 7,,. This completes
the proof of Lemma 4. a

We need to extract more from the above proof. The comments below
will be useful in the proof of Corollary 2.

Comment I: Above we used that the relations do not contain any linear
part to obtain simple expressions for

f:ll4,B|,C], f:||B,C],A] and f;||C,A],B].

A closer look reveals that this only depends on specific linear parts, i.e.,
scalar products of B and C. To summarize we can alter the almost Poisson
bracket |, | by adding polynomials of the form J P to the relations, above,
and still obtain similar expressions

i) fillA4,B],C| = —4d3(d1—1) (LY "2LEC)+ f,|Ra.p+T Pa.8,C],
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ii) fi||B,C|,A] = fi|Rp,c+ JPs,c,A] and
iii) f;|[C, AJ, B| = 4d}(d1 — 1) fs(L{* "*BD) + f;|Rc,a + J Pc,a, B).
The above formulas hold for any ¢ such that
tmin < T < tmax
where tpin = d2(e2 + €2) + dzes + d1€; and
tmax = (d1 — 2)(e1 + €1) + (d2 + 1)(e2 + €2) + dzez + d1E;.

Furthermore if (d; —2)(e1 +€;) does not divide ¢, i.e., (d1 —2)(e1 +€1) £ ¢
then the above formulas i) — iii) also hold. Here J is the linear polynomial

1 k
J = '2';”")(6“'

Comment II: The arguments leading to and contained in Part I and Part II
of the proof, used to verify that

ftlQ,R] =0,
actually hold for all ¢ < t,,x« Where
tmax+ = (d1 — 2)(e1 +€1) + 2(d2 — 1)(e2 + €2) + dses + dr€1.

The following is a stronger version of Lemma 4, it contains what we
actually proved.

COROLLARY 1. — Under the assumptions of Lemma 4, define the
Jacobiator J by
3(4,B,C) = |[A,B|,C| + [|B,C], A + | |C, A|, B]
for A, B,C € C[R*’] and let t € S, be the element
t = (dy — 2)(e1 +€1) + d2(e2 + €2) + dses + dy&,

then
ft o 3 ;é 0.

LEMMA 5. — Let F be a Hilbert embedding
F:C*/S' - R™

corresponding to a Hilbert basis of 91 minimal generators in S,. Assume
that there exists a Poisson structure {,} on R™ such that F is a Poisson
embedding. Let ¥ be a finite collection of elements in S,,. Then there
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exists an almost Poisson bracket |, | on C[N”'], compatible with the Poisson
structure on C[S,], under the pullback of F, and such that

ft(I_I.AaBJ7CJ + LLBchaAJ + L[CijrBJ) =0
for all A,B,C € C[N"] and t € T.

Proof (sketch). — Let
0 0
= gl
1<i<j<m 811,'1 ij

be the Poisson bivectorfield corresponding to the Poisson structure on R™,
ie., {z;,z;} = Pi;. By choosing the almost Poisson bracket on R™ such
that the polynomials |z;,z;| and the Taylor series of P;; agree up to a
large degree we can guarantee that the identity

L4, B],C| + [|B,C],A| + [|C, A, B]
vanishes also up to any desired degree and thereby that the above equations

hold, see [3], e.g. Lemma 12, for details. O

We will need the following to analyze the Poisson structure on the
reduced orbit space in the the indefinite Hamiltonian case.

LEMMA 6. — Let S xCF — C* be a linear Hamiltonian circle action
with nonzero relative prime weights n1,...,nx. Assume that the action has
an indefinite Hamiltonian, i.e., not all the weights have the same sign. Let
J be the momentum map

k
1 2, 2
J= Ezni(zi +9;),

and F : C¥/S! — R™ a Hilbert embedding corresponding to a Hilbert basis
of M minimal generators in S,,. Let f € C* (IR%)Sl be an invariant smooth
function such that

fli-10) = 0.
Then the Taylor series of f at zero, denoted by T(f), can be written
T(f)=J-Q

where Q is an invariant formal power series Q € R[[z, y]]S".

Proof. — Let f € C*°(R2*)S" be an invariant smooth function that
vanishes on J~1(0). In order to prove the lemma we assume, without loss of
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generality, that there are precisely m negative weights, among them being
ng, and that m < k/2, if not, we can always reorder the weights or replace
J with —J and @ with —@.

Consider J as a polynomial in z; and use the Malgrange-Mather
division theorem, see [6], [8], to write

f(z,y) = J(z,9)q(z,y) + zxr1(2,y) + r2(2, y)

with ¢,r; and r2 smooth functions, and where Z simply denotes that zj is
missing, i.e., £ = (21, ...,zk_1). For values (Z, y) with J((Z,0),y) > 0 there
are two nonzero solutions ¢ and —t to the equation J((Z,t),y) = 0, from
this and since we are assuming that f| J-1(0) = 0 it follows immediately
that

r1(2,y) =r2(2,y) =0 if J(z,y) >0.

Now introduce a linear change of coordinates L(s,t) = (z,y) (use that
m < k/2) such that J o L(s,t) > 0 in the positive 22*-tant s; > 0, ¢; > 0
for i = 1,..., k. The Taylor series at 0 of f o L(s,t), and therefore also of
f(z,y), is determined by taking limits in the positive 22*-tant from which
it follows that T'(f) = J - T(q). Applying an averaging operator M for the

circle action,

1

2m
Mk = 3= [ he @),

to each term of the Taylor series T'(q) results in an invariant formal series
Q = M(T(q)) satisfying

as desired. 0O

By taking a closer look at the proof of Lemma 4 and also by using
the above lemma we obtain the following.

COROLLARY 2. — Let S' x Ck¥ — CF be a linear Hamiltonian circle
action with nonzero relative prime weights ni,...,nx and such that the
action generates a Hilbert basis of minimal size. Assume that the action
has an indefinite Hamiltonian, k > 2 and that among di, ..., dy there are
at least 3 elements that are not one. Let

k
1
J= 5;"1‘(70? +97),

and assume F : Ck/S! — R¥ js a Hilbert embedding corresponding to
the Hilbert basis of k? minimal generators in Sy, let J be the functional
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induced by J o F = J. Then the Poisson structure on the reduced orbit
space J~1(0)/S' cannot be extended to the hyperplane V; = J~1(0).

Proof. — Assume that {, }y, is a Poisson bracket on V; extending
the Poisson structure on the reduced orbit space

po = J~1(0)/S".
We will show that this leads to a contradiction.

Extend the Poisson bracket to all of V = R¥’ by requiring 7 to be a
Casimir® function, i.e., let v1,...,vk2_; be a linear coordinate system
for V; and extend the bracket to all of V by requiring {J,v;}v = 0
and {vi,vj}v = {vi,vj}v,. Let Z = J~1(0). The bracket {, }v, extends
the structure on po, by definition, so we have that {v;,v;}v, o F and
{v; o F,vj o F'} agree on Z. Since J = J o F' is Casimir in the Poisson
algebra C""’(R2’°)Sl the identity extends to all the coordinate functions
V1,...,Uk2_1,J on V and eventually to all of C*(V), i.e.,

{S,T}V OF’Z = {SOF)TOF}’Z,
for all smooth functions S,7 on V.

Fix a choice of an almost Poisson bracket with polynomial coefficients,
|, ], on V extending the Poisson structure on R#*. We can choose |, | such
that J is Casimir. The brackets [, |v and |,| are related through the
equation

LS,TJ OFIZ = {S,T}V OFlz,

for smooth functions S, T on V. Given smooth functions S and T on V, it
now follows from Lemma 6 that the Taylor series of {S,T}y — |S,T] is of
the form

Rst + JQst

where Rgr is a formal relation on V and Qg7 is a power series on V.

Now consider the Poisson bivectorfield = determined by {, }v, i.e.,
7(df A dg) = {f,g}v for smooth functions f and g on V. Let II be the
formal bivectorfield obtained by replacing the coefficients of 7 by its Taylor
series, at zero, in the coordinates L, Z, W, i.e.,

I = T(r) € X2([Ve])

According to the above the coefficients of II are of the form |S,T|+ Rst +
JQst for formal relations Rgr and power series Qgr.

(8) f is Casimir if {f,g} = 0 for all smooth functions g.
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Now consider the formal bivectorfield |II| where
IT = 37 (|])

and ¢ is defined as in Lemma 3 with o; = sign(n;). By Lemma 3 the
formal bivectorfield |II| is Poisson. Repeat the above process for the almost
Poisson bracket, |, | on V. Let ¢ by the bivectorfield determined by [, |, i.e.,
L, =L, J¢. Define |¢| by ¢ = 97 (|¢|). Then by Lemma 3, |¢| determines an
almost Poisson structure compatible with the Poisson structure on C[S),].

For simplicity assume that d;, d2 and ds are greater than one. Going
back to the notation in the proof of Lemma 4, let A = X2, B = X°¢21,
C = X1 D = X2 and L; = X1, Ly, = X2 where the complex
coordinate functionals X®s are chosen with respect to the action with
positive weights |n1], ..., |nk|, i.e., such that

X¢i o |F| = ubv®¥ for i#j and X o|F| = wv;.
i U

By the definition of 1) we have that for coordinate functions X and Y

L (X, Yl

{X’Y}H: =
X*Y

From which it follows that
{Xa Y}lﬂl = Wg(wg//l/)g-l({Xa Y}H)
Now we calculate
{A, By = | A, BJj| + wiwgvl ™ (Rag) + wiwgyd (IS (Qas)

and after observing by direct calculations that
def i
1L g () = 5 3 il xe
1

and since that by Lemma 3
2 (Ran) o |F| =0

we can write
{A,B}ym = |A, Blj¢| + Rap + |T|Qap

where Q45 is a power series and R/, is a formal relation with respect to
the action with positive weights |n1], ..., [ngl|-

Next we define a bivectorfield = on V' with polynomial coefficients. It
is an approximation to the Poisson bivector |II] as follows. We require that
= satisfies the Jacobi identity up to a high degree, so, for example,

ftZ =0
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where
Z= I.LAaBJE’CJE + U.B>CJE’AJ5 + I.[C’AJE’BJE

and
t < tmax = (d1 — 2)(61 +e)+ (dg + 1)(62 + 52) + dzes + dq€;.

We also require that | 7| is Casimir up to a high degree with respect to =,
so, for example,

filA, 1Tz =0.
This is achieved by defining = from |II| using equations of the form
|A,Blz = |4, B]i¢| + Rip +|T|Qs8

where the polynomials R’jp and Qg are obtained by approximating

'+ up to a high degree with a polynomial relation R}z and Q45 with
a polynomial approximation Q5. Similar equations can be assume for
’_BchE» LC,AJE, I_D,BJE, LLlchE, |_L2,CJE and LLI,BJE as well. By
Comment I after Lemma 3 we now obtain that

i) fil|4,B]z, Clz=—4d3(d-1)f (LY LE CWfi R4 pHT Q' 5, Clz,
ii) f;||B,Clz, Alz = fi| Rfc +|T|Q%c, Alz and

iii) ft “_C7AJE’ BJE :3d?(d1_1)ft(Lllil_2BD)+ft LRICI’A+|~7IQZ'A7 BJE'
for

t = (d1 —2)(e1 +€1) + da(e2 + &) + dzez + die;
or if ¢ is not divisible by (d; — 2)(e; + €1).

The integers di,...,d; are relative primes two-and-two. Since none
of dy, ds or ds is equal to 1 we can assume without loss of generality that

1<d; <ds<ds.
Now use Comment II after Lemma 3 to establish that
ftlQ,R|]z =0,
for @ = A, B,C, an |F| relation R and all
t < tmaxs = (d1 — 2)(e1 +€1) + 2(d2 — 1)(e2 + €2) + dses + dy€;.
In particular, for
t1 = (d1 — 2)(e1 + €1) + da(ex + €2) + dses + di&1
we can now write zero as

th — __4d?(d1 — 1)X(d1—2)611 (Xd2822X€31 _ X€21X832) + fi, |j|Q
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where £ is the polynomial

Q= LQZXB’CJE + LQ%C’AJE + LQZ’A7BJE'

0= quXs.

Since fi, Z = 0 we conclude, by comparing terms, that

Write

n
Pl = —adi(ar —1) £0,
where
51 = (d1 — 3)e11 + ea1 + e32.
If di = 2 this is not possible, since then d; — 3 = —1, and we have a

contradiction. Assume therefore that d; > 2. Now let
ta = (d1 — 3)(e1 + 1) + (da + 1)(e2 + €2) + dzes + d1&;

then by Comment I since (d; — 2)(e; + €;) does not divide ¢tz and by
Comment II we have that

ftzZ = ftzljln

The left hand side of the above equation is zero so by comparing terms we
conclude that

@ s, X142 + lﬁzl—l g, X2FEH = 0

where
83 = (d1 — 4)e11 + ex2 + €21 + es.

Therefore since qs, # 0 we must have
qs, # 0.
In general, let
si=(d1 —2—d)ers + (2 — 1)eaz + €21 + €32,
ti=(dy —1—1i)(ey + 1)+ (do +1 — 1)(e2 + &) + dzez + d12;.

We can conclude that

felT1Q=0
using Comment I and Comment II after the proof of Lemma 3 for

i=1,...,d — 1.
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Calculating f:,|7|Q, for ¢ > 1, results in equations

Ina| 1]

TqSi_lXSi—l-i-eQz + TqSiXSH'En =0,
and nonzero terms gs,, ..., (s, _,- On the other hand
Xsdl—l

is not a polynomial, it is a rational function, since

Sdy—1 = —e11 + (d1 — 2)ea2 + €21 + €32,
therefore
Gsg, =0
which is a contradiction. This completes the proof of Corollary 2. O

Theorem 1 now follows from Lemma 4 (or rather Corollary 1),
Lemma 5 and Corollary 2.

8. Induced Poisson structures.

Here we consider 4 relevant examples of classes of induced Poisson
structures.

8.1. Linear circle actions.

Example 1. — Linear Poisson structures.

Define grading on each of the spaces of n-vector fields with polynomial
coefficients
XM V] =X VI + A" VP + XMV + .

where X™[V]® is the space of n-vector fields with homogeneous coefficients
of degree s, to be exact this means that X is in X"[V]*® if X (dg1 A...Adgn)
is homogeneous of degree s for all g1,...,g, € V*.

As before let F : R%*/S! — R™ be the Hilbert embedding associated
to a minimal homogeneous Hilbert basis fi, ..., fn and let IT € X2[R"] be
an almost Poisson bivector, i.e.,

Lf, gln = II(df A dg)
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extending the Poisson structure on R2*/S!. In other words ¢ and II are
F-related, F,op=1IIo F.

Write IT = 110 + II* 4+ 02 + 1% + ... with each II* in X?[V]*. The
homogeneous invariants fi, ..., fxn are all of degrees greater than one and
consequently (F, o g¢)g = 0. Now it follows that II° = 0 and therefore the
“total” Jacobiator is given by

[IL,I1) = [I1}, I1Y] + €2

where [IT!, IT'] is homogeneous of degree one and €/? contains only terms of
degrees greater than one. The Schouten-Nijenhuis bracket behaves nicely
with respect to F-related multivector fields and it follows that

[II,I) o F = Fy 0o, 0]-

Since p is Poisson, i.e., [g,0] = 0 we conclude that [IL,II) o F = 0. As
the generating set {f1,..., fm} is minimal, i.e., f, € R[f1,... ,ﬁ,...,fm],
and each f, is homogeneous it follows that [[I*,II'] o F' = 0. Finally since
fi,--., fn are linearly independent we have that

[T, %) = 0.

We summarize the calculations in this example as follows, assumptions as
above:

COROLLARY 3. — Let I € X?[R™] be an almost Poisson structure
on R™ extending the Poisson structure on the orbit space R?* /S! of a linear
Hamiltonian circle action. Then the linear part of I is a Poisson bivector.

Example 2. — Linear circle actions S! x C? — C2.

Consider a linear Hamiltonian circle action with positive (for simplic-
ity) relative prime weights n; and mq. In this case di = ng and d2 = ng
and the weights satisfy the conditions of Lemma 2, i.e., nings = dijds. A
complex Hilbert basis for the action has four invariants uy vy, ugvs, u‘li‘ 'Ug2

and U‘lilug"’. The corresponding Hilbert embedding is given by
RY/S! — R%; (z,9) — (w1, ugvg, uPvd?) (e R? x C).

An almost Poisson structure |, | extending the Poisson structure on the
orbit space is, as before, described in terms of the induced almost Lie
algebra (C[X€1, Xe22 X2 Xezn] | |). One can choose the almost Lie
algebra bracket such that

LXG“, Xeij = —2LC7;ijejk
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where c;ji, is a (real) constant uniquely determined by the pullback to C[S,],
ie., {Th(X®%),T(X*)}e = —2icijkTn(X%*). As always, for positive
weights, 7,(X¢4) = ufiv;ij if i # j and 7,(X %) = u;v;. The constants c;jx
satisfy c;jx = —cik; and c;5; = 0. The only ambiguity left in the definition
of the almost Lie algebra is to specify | X2, X! |. We can assume that

LXelz,XEmJ IS C[Xe“,Xe”].
These conditions are sufficient to show that the Jacobiator J,
J(4,B,C) = [|A,B],C| + [|B,C]|, A] + [|C, A], B]

is zero since the only way to find three different coordinate functions
A, B, C among X°®1, Xe°22 Xe€2 X¢2 jsto include X or X°22. We
summarize, as follows:

COROLLARY 4. — There always exists a Poisson structure on R*
extending the Poisson structure on the singular Poisson variety C2/S!.

Example 3. — The action

St x C3 — C3; 2 x (u1,uz,u3) = (2uy, 22ug, 2%u3).

Here the linear Hamiltonian circle action has weights ny = 1, ny =2
and ng = 2. It follows that d; = 2, dy = 1 and d3 = 1 and the equation

(d1d2d3)* = ninang

holds, so the action satisfies the conditions in Lemma 2. A (complex)
Hilbert basis is given by the nine elements

2 2 2 2
U1V1, U2V2, U3V3, UjV2, U V3, U2V3, UilU2, VU3, U2U3.
The pullback 7, of the Hilbert embedding
RG/SI s RQ

digdi ag

is determined by 7, (X ) = u;v; and if i # j we have 7,(X ) = u;*v;

before where X €11, X©2 X33 gnd X®12, X211 X3 X1 X€23 X€32 gre
the (complex) coordinate functionals on R® = R3 x C3. An almost Poisson
structure |,] on R® compatible with the Poisson structure on R®/S! is
determined uniquely by terms of the form | X¢4, X'’ | containing non-
linear parts, since the linear part of each term is uniquely determined by
the compatibility condition. Let {, } be the almost Poisson structure on R?

determined by the following list of non-linear terms:

° {Xe12,X631} — —-8LX611X?’32, {X313’X€21} = _8LX611X€23’
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o {Xe12 Xe2} = g X e X 22 42 X211 _16,(X 22 X33 — X €28 X¢52),
° {X€13’X€31} = —8  X¢€11 X33 | 2 X 2%e11 _ 16L(X622X633 — X€23X€32).

This almost Poisson structure {,} actually satisfies Jacobi identity.
In order to verify the identity one has to calculate (straightforward) the
84 relevant identities. One.can use Corollary 3 to simplify the process and
also an argument similar to the one used to verify the Jacobi identity in
Example 2. The Poisson structure on R?, {,} above, is obtained by lifting
the Poisson structure on R®/S! via the pullback 7,,. The choice of relations
in {Xe€12 X1} and {X®3, X1}, ie., the “—16,(X 22 X3 — X¢23 X ¢32)”
term is inspired by Part II in the proof of Lemma 5.

Let IT be the Poisson bivectorfield corresponding to the Poisson
bracket {, }. Now we look at the indefinite Hamiltonian case, i.e.,

1
J = 501} +4) + 02(a3 +43) + 0a(a3 + 43),

obtained by changing the signs of some of the weights. It follows from
Lemma 3 that ¢?(II) is Poisson and defines a structure compatible with
the structure on the orbit space of the action with weights o1, 202, 203.
What is left to verify is that 17 (II) actually is a real bivectorfield. By
direct calculations for R = X©22 X €33 — X €23 X2 we find that
. 53] 15] 0203 0 0
v (Rytes M gxenr) = el oxen " gxen

The factor w%e,, wkes is just 1 for symmetry reasons. Similarly we obtain

that
0 0 0 0

(od — —_—
v (Rgxes A 5xem) = TR e N 5
from which we can conclude that ¢ (II) is real. We summarize these

calculations as follows:

COROLLARY 5. — The Poisson structure on the singular orbit space
C3/S' C R® of the linear Hamiltonian circle action with weights +1, +2, +2
can be extended to all of RY.

8.2. Linear discrete circle actions.

Let n4,...,n, be nonzero relative prime weights and as before let

di = ng(dl, . ,di_l,d,‘+1, ce ,dk).
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Identify the discrete circle Zg with the subgroup of S! generated by e2™*/¢
and R?F with CF.

CLAIM 1. — Let Zg,...q, act on R?* by z(uq,...,ux) = (2™uq, ...,
2" uy). The Zg, ...q, -invariant polynomials in variables uy, vy, . . ., Uk, U are
generated by the set {ujvy, ..., uxvx, u‘lil,vfl, ... ,u‘;’“, v,‘:’“}.

Proof. — The polynomials in {ujvy,...,uxvk, u‘fl , v‘lil e ,uZ" , vg’“}
are invariant under the action of Zg, ...q, since the action preserves length
and d;n;/d; - - - di, is always an integer for ¢ = 1,..., k. An invariant (monic)

monomial is of the form ug* ... u$*v%* ... v%* with (ny (a1 —b1)+- - -+nx(a1—

b1))/dy - - - di, being an integer. Multiplying this equation through with n;
and by noticing that n;n;(a; — b;)/di---di is in Z if © # j one obtains
that nZ(a; — b;)/d1 - - dy is also an integer. On the other hand d; and n;
are relative primes so d; must divide (a; — b;). From this it follows that
the set {uivy,..., uxvg, u‘f‘,v‘f‘,...,ui",vg’“} generates all the invariants
in variables u1,v1,. .., Uk, Uk- O

The real invariant polynomials are generated by polynomials obtained
from the generators in variables u and v by taking real and imaginary
parts. The number of polynomials needed does not change when going
from complex to real invariants. This defines an injection of R?*/Z, . 4,
into R* x R?* given by

F(ul,. ..,Uk) = (’LL1U1,.. .,ukvk,u‘lil,. .. ,’U,zk)
where as before we have identified R?* with C* through u; = z; + 1y; and
v; = z; — t;. The Poisson structure on R?* projects to a Poisson structure
on R?*/Z;, ...4, where the smooth structure on R%*/Z;, .. 4, is given by the
Zg,...q,-invariant functions on R?*/Z; .4, .

THEOREM 2. — Let Zg,..q, act on R?* by z x (uj,...,ux) =
(z™wuy,...,2™wuyg). Then there is a natural induced Poisson structure on
R* x R?* such that F is an injective Poisson map of R?*/Zg, ...4, into
R* x Rk,

Proof. — Using the real coordinates I, . .. ,[; on R¥ and the complex
coordinates uy,v1, ..., ux, vx on R?* define an almost Poisson structure |, |
on C®(R* x R?*) as follows. Let |u;,u;] =0, |v;,v;] =0, [l;,1;] =0 and

[li,uij = 2Ld,;’u,', [li,viJ = —2Ldiv,-, I_’LL@,U@J = —2Ld?lfi_l
furthermore for i # j let |l;,u;] =0, |l;,v;] = 0 and |u;,v;] = 0. Notice,
we are choosing the coordinates such that the function F' is determined
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by l; o F = u;v;,u; o F = uf" and v; 0o F' = vfi. It is straightforward to
verify that F' is an almost Poisson map between the Poisson structure on
R2* and the almost Poisson structure on R¥ x R2*. In order to verify that
|, | satisfies the Jacobi identity, it is enough to show that for f,g,h €
{ly...,lk,u1,v1,...,uk, vk} the Jacobiator

3(f,9:h) = [Lf 9] R + Lg: k), £ + LA, £l 9]

vanishes. It follows from the definition of |, | that J(f, g, h) is in the C-linear
span of the polynomials in

di-2 . jdi—2 jdi—1
B = (wi, Vi, wgly ™07 T 1T ) 1<i<e

On the other hand, the pullback of F' maps the set of polynomials in the col-
lection 3, above, injectively to normalized monomials in uy,vy, ..., Uk, Uk.
Since F' is an almost Poisson map we have that J(f, g, h) o F = 0 which is
only possible, by the above, if J(f, g, h) = 0. In other words |, | is a Poisson
bracket. a

BIBLIOGRAPHY

[1] J. Arms, R. CUSHMAN and M. GOTAY A universal reduction procedure for Hamil-
tonian group actions, in The Geometry of Hamiltonian Systems, Mathematical
Sciences Research Institute Publications 22, Springer-Verlag 1991, 33-51.

[2] L. BaTES, E. LERMAN Proper group actions and symplectic stratified spaces,
Pacific Journal of Mathematics, 181, n® 2 (1997), 201-229.

(3] Agﬁst S. EGILSSON On embedding a stratified symplectic space in a smooth Poisson
manifold, Ph.D. Thesis 1995, University of California at Berkeley.

[4] Agust S. EGILSSON On embedding the 1:1:2 resonance space in a Poisson manifold,
Electronic Research Announcements of the American Mathematical Society, 1,
n® 2 (1995), 48-56.

[5] A. LICHNEROWICZ Les variétés de Poisson et leurs algébres de Lie associées, J.
Differential Geometry, 12 (1977), 253-300.

[6] B. MALGRANGE Le théoréme de préparation en géométrie différentiable, Séminaire
Henri Cartan, 15e année, 1962/63, exposés 11-13, 22.

[71  J. MARSDEN and A. WEINSTEIN Reduction of symplectic manifolds with symme-
try, Reports on Mathematical Physics, 5 (1974), 121-130.

[8] J.N. MATHER Stability of C° mappings: I. The division theorem, Annals of
Mathematics, 87 (1968), 89-104.

[9] J.N. MATHER Differentiable invariants, Topology, 16 (1977), 145-155.

[10] J.K. MOSER Lectures on Hamiltonian systems, Memoirs of the American Mathe-
matical Society, 81 (1968).

[11]  A.NpENHUIS Jacobi-type identities for bilinear differential concomitants of certain
tensor fields, Indagationes Math, 17 (1955), 390-403.

ANNALES DE L’INSTITUT FOURIER



(12]
(13]
(14]
15]

(16]

LINEAR HAMILTONIAN ACTIONS 315

J.A. SCHOUTEN On the differential operators of first order in tensor calculus,
Convengo di Geometria Differenziale, (1953), 1-7.

G.W. SCHWARZ Smooth functions invariant under the action of a compact Lie
group, Topology, 14 (1975), 63-68.

Ana CANNAS da SILVA and Alan WEINSTEIN Geometric Models for Noncommu-
tative Algebras, Berkeley Mathematical Lecture Notes, Volume 10, 1999.

R. SJAMAAR and E. LERMAN Stratified symplectic spaces and reduction, Annals
of Mathematics, 134 (1991), 376-422.

H. WEYL The Classical Groups, Princeton University Press, 1946.

Manuscrit regu le 4 mai 1999,
accepté le 8 septembre 1999.

Agiist Sverrir EGILSSON,
University of Wisconsin
Department of Mathematics
Madison, WI 53706 (USA).

egilsson@math.wisc.edu

TOME 50 (2000), FASCICULE 1



