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ALGEBRAS OF DIFFERENTIABLE
FUNCTIONS ON RIEMANN SURFACES

by K. de LEEUW and H. MIRKIL

1. Introduction.

The structure of a C* manifold is completely characterized
by the algebra of C* functions on it. On a Riemann surface,
however, there is no obvious candidate for a characteristic
algebra of globally defined functions. It is the purpose of
this paper to define such an algebra, in fact denumerably
many such algebras.

The present paper is a sequel to [1] and we use the notation
and several of the results of that paper.

The main result established there is the classification of
rotating spaces of differentiable functions in the plane. These
are defined as follows. Denote by C, the space of all complex-
valued continuous functions in the plane that are zero at
infinity. For each set @ of constant coefficient differential
operators

Ya,, O™t [oxoy",

define Cy(@) to be the space of all fin C, that satisfy Af e C,,
in the sense of the theory of distributions, for all Aea.
Each Cy(@) is translation invariant; those that are also rota-
tion-invariant are the rotating spaces of differentiable functions.

The familiar rotating spaces are CJ, the space of those f
in C, having all derivatives of order < N in C,, and C;° = n CJ.

In [1] we show that the only other rotating spaces are the
Co(a) for @ a proper subset of

fomtrfozmoz" : m + n = N
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for some positive integer N. We show that such a Cy(@) satis-
fies Cf € Co(@) « Cf~* and that Cy(@,) and Cy(@,) are distinct
if @, and @, are distinct proper subsets of

gb”'+"/bz’"02”: m-+ n= N}.

Finally we show that each of these rotating spaces is a Banach
algebra in its natural topology.

The present paper introduces similar algebras on arbitrary
Riemann surfaces. Our main concern is showing that these
algebras determine conformal structure.

We outline our procedure. It is necessary first to introduce
the algebras associated with open subsets of the plane. Let U
be an open subset of the plane, C(U) the space of all complex
valued continuous functions on U. For each proper subset & of

fomtnfoz™z" : m 4 n = N}

we define C(a, U) to be the subspace of C(U) consisting of
those f having all derivatives of order < N—1 in C(U)
and which further satisfy Af e C(U), in the sense of the theory
of distributions, for all A ea.

In §2 we establish several useful properties of the C(a, U).
In particular, we show that they are preserved under analytic
mappings. That is, if U; and U, are open subsets of the plane
and ®: U; — U, is a complex analytic mapping, fo ® will be
in C(a, U,) if f1is in C(@, U,). This allows us in § 3 to extend
the definition of the spaces C(a, U) to Riemann surfaces.
For a Riemann surface R and @ a proper subset of

{omt2fozmz": m + n = N},

C(a, R) is the space of those functions on R which are such
that, if ® : U — R is a coordinate disk, then fo ® is in C(a, U).
Because of the analytic invariance established in § 2, this
definition agrees with the previous definition if R is a planar
Riemann surface.

All the properties established for the C(a, U) now extend
to the C(a, R). In particular if R; and R, are Riemann sur-
faces, @ a proper subset of

fomtr[ozmz i m 4 n = N{,
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it is immediate from the definition that an analytic isomor-
phism of R; with R, induces an algebra isomorphism of
C(a, R;) with C(a, R,); and if @ is symmetric (!), an anti-
analytic isomorphism of R; with R, induces an algebra iso-
morphism of C(@, R;) with C(&, R,). The remainder of the paper
1s devoted to establishing a converse of this assertion, that
algebra 1somorphisms (and even homomorphisms) of the
C(a, R) must be induced by analytic (or possibly anti-analytic,
if @ 1s symmetric) mappings of the associated Riemann sur-
faces.

This result 1s established in three steps. We first show
(Theorem 3.7) that the multiplicative functionals are defined
by points, hence that a homomorphism of the function algebra
must be induced by a point mapping. Then (Propositions
4.3 and 4.4) the homomorphism problem for function alge-
bras on general R is reduced to the same problem on the
umt disk. Finally (Propositions 5.1 through 5.8) we get at
the heart of the question, and identify the homomorphisms
for function algebras on the unit disk. Thus the special ideas
of this paper lie mostly in Section 5, which can be read for
its own sake with only minimum reference to other sections.

It i1s worthhile summarizing our main results.

Tueorem 1. — Let R; and R; be connected Riemann sur-
faces, & a proper subset of

fomtnfozmz": m + n = N{.

Each analytic mapping of R; into R; induces an algebra homo-
morphism of C(a, Ry) into C(a, R,). If @ is symmetric, each
anti-analytic mapping of R, into R, induces an algebra homo-
morphism of C(a, R,) into C(@, R;). No other algebra homomor-
phisms from C(a, R,) to C(a, Ry) are posstble.

Let us also list here some notation that will be used throu-
ghout the paper.

For R an open subset of the plane, or more general any
Riemann surface, we denote by C(R) the space of all conti-
nuous complex valued functions on R, CYR) the space of
functions on C(R) that are N-times continuously differentiable,

() We call @ symmetric if a™+"/oz™pz" in @ implies 3™+ [oz"dz™ in @.
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C*(R) the space of functions in C(R) that are infinitely diffe-
rentiable, D(R) the space of functions in C*(R) that have
compact support, D’(R) the space of distributions on R,
that 1s, the dual space of D(R). If R is the plane E, these
spaces will be denoted simply by C, C¥, C*, D and D'.
Suppose Uc V. If fis a function defined on V, then f|U
denotes its restriction to U. On the other hand if fis originally
defined on U, then f|V denotes its extension to V by taking
f(p) =0 for p ¢« U. We shall use the latter notation only when U
i1s an open subset of V and f has compact support in U, in
which case f|V has the same differentiability properties as f.

2. Definition and properties of the C(CX, U).

If f1s a function and A is a constant-coefficient differential
operator, the statement « Af is continuous » 1s meant in the
sense of distribution theory : there 1s some continuous A (uni-
que if it exists) such that

f hg = [ fA*g
for gthat are C* with compact support, where A* is the formal
adjoint (2) of A.
Write

d 1 /9 . d 1 /9 .
w7 i) =7 (et )

We show in [1] that if & is some proper subset of the opera-
tors

bm+n
%ozmbzn.m—}—n—N%,
and 1if
a=2® o 0L N
= Ugbz”'bi"' <Km+n< %,

then Co(B) = Cy(@). From now on in the present paper we
shall consider only such an @, which we shall call a complete
proper set of rotating operators.

() If A = Za, o™/oamoy?, A% = B(— 1)mra; om+njozmoyn.
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Let U be an open connected subset of the plane. We define
C(a, U) to be the set of all functions f on U such that Af is
continuous for each A e a. The natural topology on C(a, U)
declares that f; converges to f if, for each Aea and each
compact Ke U, Af; converges to Af uniformly on K.

It 1s the purpose of this section to establish certain elemen-
tary properties of the C(a, U).

ProrertY 2.1. — Membership in C(@, U) can be verified
locally.

ProrerTY 2.2. — D(U) 15 dense in C(a, U).
ProrertY 2.3. — C(@, U) is a topological algebra.

ProrerTtY 2.4. — Given feC(a,U) and ¢ analytic on
f(U), then ¢ o fe C(a, U).

ProreErTY 2.5. — Given ¢ analytic on U and fe C(a,p(U)),
then f o ¢ e C(a, U).

ProreErTY 2.6. — Given ¢ anti-analytic on U and

f=C(a, ¢(U)),
then fo ¢ e C(a, U).

.. m+
<Deﬁn1tlon :

dz"z™

— . P
eaifandonlyif —— e a.>
0z™0z"
Each of the above properties is equivalent to, or follows
easily from, the corresponding more detailed proposition
below. In particular, it is clearly enough to establish properties

(2.1), (2.3), (2.4), (2.5) and (2.6) for the case where @ consiste
bm-{-n
0z™0z"
of lower order. Such an @ we shall call a™",
m+-n

of the single highest-order differential operator
s
0z'0z°

‘We shall abbreviate 0

0z™0z"

together
with all

by Z™Z", and sometimes by Z™".

Prorosition 2.1'. — Let f be defined on U = u U,, open

subsets of the plane. Suppose for each a, feC(a, U,.) Then
feC(a, U).
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Proof. — Differentiation and continuity are both defined
locally.

Prorosition 2.2'. — Let U be a plane domain, let K be a
compact subset of U, let feC(a, U), and let ¢ > 0. Then
there is some ge D(U) such that for each A e & we have

sup |Af(p) — Ag(p)I<e.

Prorosition 2.3". — Let f and ge C(a™", U). Then Z™"(fg)
s a fized linear combination of terms (ZPIf)(Z"g) with p and
r<{m,qands < n.

Proof of Proposition 2.3’ in case both f and ge D(U). This
1s simply a version of the classical Leibniz formula. See, for
instance, Lemma 6.1 of [1].

Proof of Proposition 2.3" in case fe D(U) and g e C(a™", U).
Each side of the formula makes sense for such f and g, and
indeed for ge D’(U). Fixing f, each side is continuous in g
for the weak topology on D’(U). Hence the present case follows
from the preceding case by passage to the limit.

Proof of Proposition 2.2’. Choose in D(U) some h=1 on
a neighborhood of K. By Property 2.1 the extended function
fR/E belongs to Cy(@). Apply Proposition 2.2 of [1], which
asserts the density of D in Cy(@), and restrict back to K.

Proof of Proposition 2.3’ in the general case. We need only
to verify the formula near each point p. Hence multiply by
some local constant h, as in the proof of Proposition 2.2’
above, pushing everything into Cy(@) where the formula is
already established (Lemma 6.2 of [1]).

For an alternate proof, employ another passage to the
limit. Start from the case where f;e D(U) and ge C(a™", U),
then let f;—fin the topology of C(a™"U). The right hand
side of the formula converges uniformly on compacts, and
the left-hand side at least in weak distribution topology.

The inductive step in each of the remaining proofs will
depend on the chain rule formulas below, valid for any diffe-
rentiable f and g with properly matching domain and range.
We write fo g for the composite function (f - g)(p) = f(g(p))-

Formula 2A.
Z(f - g) = (Zf - 8)Zg + (Zf - g)Zg.
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Formula 2B.
Z(f o g) = (Zf - g)Zg + (Zf - g)Zg.

Prorosition 2.4'. — Let fe C(a™", U) and let ¢ be analytic
on some open set contarning f(U). Then Z™"(¢ o f) is a linear
combination of terms each of which is some Z*¢ o f times certain
factors ZPf with p < m and g < n.

Proof. — For fe D(U) the stated facts about the formula
for Z™"(¢ o f) are established by straightforward induction on
the order m + n, using Formulas 2A and 2B. The general
case 1s now handled by passage to the limit, exactly as in the
alternate proof of the general case of Proposition 2.3".

ProrosiTion 2.5'. — Let ¢ be analytic on U and let
feCl@am™ ¢(U)). Then Z™(f- ¢) is a linear combination of
terms each of which is some ZPf o ¢, with p < m and q < n,
times certain factors L'y, times certain factors 7'.
Proof. By induction for f € D. Then pass to limit as in Propo-

sitions 2.3’ and 2.4'.

Prorosition 2.6’. — Let ¢ be anti-analytic on U(u.e. let T be
analytic) and let fe C(a™", ¢(U)). Then Z™f o ¢) is a linear
combination of terms each of which is some ZPf o o, with p < n
and g < m, times certain factors Z*g times certain factors Z'p.

Proof. — Same as above.

3. Definition and properties of the C(CX, R).

Throughout the following, the unit disk {Z:|Z| <1} will
be denoted by W.

Let R be a connected Riemann surface, @ a complete
proper set of rotating operators. C(@, R) 1s defined to be the
subspace of C(R) consisting of all functions f that satisfy the
following :

For each analytic mapping ¢: W — R, the function fo ¢
1s in G(W, a).

If R 1s an open subset of the complex plane considered as a
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Riemann surface, the definition we have given of C(R, &)
agrees with that of §2 because of Property 2.5.

In three instances C(a, R) can be given an equivalent
definition in terms of exterior differential operators defined

globally on R:

C(doz, R) = {f:fand df continuous on R},
C(»/oz, R) = {f:fand 3f continuous on R{,
C(3%/ozdz, R) = {f: f and Af continuous on R{,

where the operators 9,9 and A, taking functions into differen-
tial forms, are defined in terms of any coordinate system by

_f 5p = _ A ¥
of =ds, Sf=JLdr, A= ldidz

Corresponding to the Properties 2.1 through 2.6 of C(a, U)
one can make analogous statements, call them Properties
3.1 through 3.6, about C(a, R). We assert that these are true
properties of C(a, R).

Let us first examine Property 3.1. Suppose R is the union
of subdomains R, such that f|R, € C(a, R,) for each a. Suppose
¢: W— R 1s analytic. We can express W as the union of
subdisks Wg such that each ¢(Wpg) lies entirely in some R,.
To show f o ¢ e C(@, W) it is enough, by Property 2.1 ,to show
each fo ¢|Wge C(a, Wg). And this follows by applying the
definition of C(a, R,) with the mapping ¢|Wg.

Property 3.2 is meaningless until we define the natural
topology on C(a, R). We do not insist here on this (quite
straightforward) definition and proof, since we shall have no
need of this property. Omitting topology, 3.3 follows from 2.3
by localizing. Similarly 3.4 from 2.4.

Properties 3.5 and 3.6 follow from 2.5 and 2.6 respectively
by direct use of the definition of C(a, R).

We conclude this section by identifying the multiplicative
linear functionals on C(a, R).

Taeorem 3.7. — Every multiplicative linear functional
on C(a, R) is defined by evaluation at some point p € R.

Proof. — Assume that R 1s non-compact. Since R is connec-
ted, by the theorem of Radoé [3], R 1s 2*' countable. Thus one
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can find a real C* function f on R going to + o at infinity.
Adding an appropriate real constant to f, we can take i(f) =0.
Now suppose, contrary to fact, that . is defined by no p € R.
Then for each p there is some g, e C(@, R) such that g,(p) = 1
but (g,) = 0. And multiplying g, by an appropriate non-
negative C” function of compact support, we can suppose
Re[g,] > 0 everywhere on R. Let K be the compact set on
which f<<0, and choose g,, ..., g, such that

Reggh_l- '..+gpng>0

everywhere on K. Then for some ¢ >0 we have
Refef + g + -+ + g} >0
everywhere on R. In particular, by Property 2.4,
f+ g+ -+ 8

has its reciprocal in C(a, R), contradicting the fact that
w(ef + g, + -+ + gp) = 0. This proves the theorem for
non-compact R. For compact R, the same argument works,
omitting all mention of f.

4. Homomorphisms of C(CL, R).

Let R; and R; be connected Riemann surfaces. For any
¢: R; — R, write § for the transpose mapping of functions on
R; into functions on R, defined by f = f o ¢. Now let @ be
a complete proper set of rotating operators. Then from Pro-
perties 3.5 and 3.6. we have immediately :

Prorosition 4.1. — If 9: R; — R, s analytic, or possibly
anti-analytic if @ ts symmetric (*), then the transpose mapping ¢
is an algebra homomorphism () from C(a, R,) into C(a, R,).

On the other hand, from Theorem 3.7 we have:

ProrositioN 4.2. — Every algebra homomorphism (%) from
C(a, R,) tnto C(@, R,) is the transpose § of some point mapping
? . Rl d Rz.

(]) An algebra homomorphism ¢ is assumed to satisfy ¢(1) = 1.
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Proof. — For each yeR,, the mapping
f—>Tfly), feCe, Ry,

1s a multiplicative linear functional, so by Theorem 3.7, there
1s a point z, in R, satisfying

Tf(y) = (=),  feC(a, Ry).
If 9: R, > R; 1s defined by

?(y> = xy’ y € Rl’

then ¢ satisfies $f = fo 9. No other mapping T can satisfy
Tf=fo ¢ since C(a, R,) separates pomts of R,.

Our aim in the rest of this paper is to show that the ¢ in
Proposition 4.2 must be of the sort exhibited in Proposition 4.1,
namely analytic or possibly anti-analytic if & i1s symmetric. In
the remainder of this section we show how to reduce this
question to that where both R; and R, are disks. And this
special case 1s settled in §5.

The following lemma 1is the result that allow us to reduce our
problem to that for disks.

Lemma 43. — Let R, and R, be Riemann surfaces,
¢: R, = R, a mapping with $(C(a, Ry)) contained in C(a, R,).
Let S, and S, be open subsets of Ry and R, respectively with
¢(S;) €S,. Then (C(a, Sy)) ts contained in C(a, S,).

Proof. — Let f be any function in C(a, S,;). We must show
that §f = fo ¢ isin C(@, S,); t.e., if ¥': W — S, is an analytic
mapping, then fo 9o ¥ is in C(@, W). By Property 2.1 it is
enough to show that, for any interior subdisk V of W,
(foqgoW)|Visin C(a, V), and this is what we shall establish.
¢ is a continuous mapping of R; into R,, since for any A in
C*(Ry), h o ¢ is in C(R,). ¥ is also continuous and thus ¢(¥(V))
is compact in S,. Let k € D(S,), k=1 on ¢(¥(V)). kfe C(a, S,),
so by Property 2.1, the extension kf|E i1sin C(&, R,). Denote
the extension by g. Then $g=g-¢ 1s in C(a, Ry), so
go 9o (Y]V)isin C(a, V). But

g (YV)=(foq DIV,
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which is the function we were to show in C(a@, V). This comple-
tes the proof of Lemma 4.3.

We now state the main theorem of this section. We prove it
under the assumption of Proposition 5.1, which is the special
case of the theorem for R; and R, disks.

ProrositioNn 4.4. — Let R, and R, be connected Riemann
surfaces, @ some complete proper set of rotating operators,
¢: R; = R, a mapping which s such that § takes C(a, R,)
into C(a, Ry). Then if & is non-symmetric, ¢ must be analytic.
If & vs symmetric, ¢ must be either analytic or anti-analytic.

Proof. — Let z be any point of R;, W, c R; a coordinate disk
containing ¢(z), W, ¢ R; a coordinate disk containing z and
satisfying ¢(W,) ¢ W,. By Lemma 4.3 and Proposition 5.1, ¢1s as
claimed on W,;. We are finished in the case that @ is non-
symmetric. In the case that @ is symmetric, by the connec-
tedness of R;, ¢ cannot be analytic on some coordinate disk and
antianalytic on another unless it is a constant map. Thus ¢ must
be either analytic or anti-analytic on all of R,.

At this point, assuming Proposition 5.1 ;we have established
all of the results summarized in the Theorem 1.1. The first two
sentences of the theorem are the content of Proposition 4.1
and the last is Proposition 4.4.

5. Homomorphisms of C(A, W).

The proof of Theorem 4.4 assumed the validity of the
following special case of that theorem.

Prorosition 5.1. — Let @ be a complete proper set of rota-
ting operators, ¢: W — W a mapping which is such that $
takes C(W, &) into itself. Then if & as non-symmetric, ¢ must be
analytic. If @ is symmetric, ¢ must be either analytic or anti-
analytic.

This section is devoted to the establishment of this result.

We shall denote C(a, W) by B. By the results of §2, B is
a topological algebra containing C*(W) as a dense subalgebra.
We denote by B* the dual of B and by B, the ideal in B of
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those functions in B vanishing in a neighborhood of O. The
annihilator B§ of B, in B* is then the set of linear functionals
having support {O{. Using the density of C*(W) in B, we
identify in the next lemma the elements in B§ with differentia-
tion operators at O.

For each ¥*+/0z0z° in @ denote by T, the element of B*

defined by . <6_H:£> o fen

0z0z°
Lemma 5.2. — {T,,} is a basis for B§.

Proof. — It is clear that {T.,} <Bg and is linearly inde-
pendent, so it suffices to show that it spans Bj. Let T e Bg.
By the closed graph theorem, the injection C*(W)—>B is
continuous. Then T, restricted to C*(W), 1s a continuous linear
functional on C*(W) having support {O{. As a consequence
there 1s a constant-coefficient differential operator A, so that

Tf = Aof(0), feC*(W).

By the definition of the topology of B, there is a subdisk V of
W and a constant K so that

[Af(O)] = ITfI <K % suplAf(a)l, feCH(W).

In particular, for all fin D with support in W,
|Aof(0)] < K 3 [|Af]].
A€@

By Theorem 7.1 of [1], this is impossible unless A, is a linear
combination of the A in @. Thus T agrees with a linear combina-
tion of the T, on C*(W), which is dense B, so T agrees with
a linear combination of the T, on all of B. This completes
the proof of Lemma 5.2.

We shall denote by B;* the annihilatorin B of By, so that by
Lemma 5.2 a function f in B is in By* if and only if T, = 0,
all r, s. Since B, 1s a linear subspace of B, B;* is simply the
closure of By in B. As a consequence By* is an ideal in B, for
B, 1s an ideal and the multiplication in B 1s continuous.

We shall denote by z the function defined on W by z({) = €.
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For each fin B, we define the function f, by

f=3

rr"

Tr,sf)zris + f07

so T, fo =0, all r, s, and f, 1s in the 1deal Bg'.

The next lemma shows, in the case that @ is not symmetric,
that for certain f1in B, the fact that df/oz = 0 at 0 1s equivalent
to an assertion about f of an algebraic nature.

Lemma 5.3. — Assume @& not symmetric. Choose (m, n) so
that 3™+"[0z"0z™ is in @, d™+"[02™dz" not in A. Let f be a function in
B with f in B and f(0) = 0. Then the following are equivalent :

10 3ff/oz = 0 at 0;

20 fmf* is in the ideal B§*.

Proof. — We must treat separately the two cases where
m + n=1. Let m = 1, n = 0, as that 3/dz is in @, 3/dz is not.
The assertion to be proved 1s that df/oz = 0 at 0 if and only if
fe B¢t This is clear, since by Lemma 5.2, B§ has as basis
gTO,l) TO,O ;

If m =0, n =1, then 3/0z is in @, 3/0Z 1s not. The assertion
to be proved is that 3f/oz = 0 at 0 if and only if fe B§t. This
is also clear, since by Lemma 5.2, B§ has {T,,, To,} as basis.

We may now assume m + n > 2. We show first that 1°
implies 20. If 1° holds for f, then

f (terms in 272, r + s > 1) + f,,
= termsmzz,r—}-s>1)+(?)o-

As a consequence

f™ = ¢"z" + (terms of order > m) + (element of By*),
f* = ¢z" + (terms of order > n) + (element of Bs+),

using the fact that B;* is an ideal. Thus, since z°z’ € By* if

u—+ ¢ >m-+ n,
fmf* = c"c"z"z" + (element of B;t).

But z"z" € B;* by Lemma 5.2 because of the choice of (m, n).
Thus f"f" e Bit.
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We show next that 2° must be false if 1° is false. We may
assume 3ff0z = 1 at 0. Then

f = az + z + (terms of order > 1) + f,,
f=az+z+ (terms of order > 1) + (?)o.

There are two cases to discuss, depending on whether ornot a is

0.
Case I. a = 0. Then
f™"f* = z"z" + (element of B{*).
z™z" is not in Bi* since d™t"%z"z™ is in @. Thus f™f" is not in B+,
Case I1. a 5~ 0. Then

f™ = (az + z)" + (terms of order > m) -+ (element of B;s*),
f* = (az + 2z)* + (terms of order > n) + (element of By*),

SO

(5.1) f"f* = (az + z)™(@z + 2)" + element of By*).

+n
(5.2) (az + z)"(az + 2)" = X ¢z"~7™F,
—m
where
m\/n
oLr<m r s osr<m r $
0<s<n 0ss<n
s—r=¢ s—r=t¢

In particular ¢=~0, all ¢, so by Lemma 5.2, Y c¢z*7"t

cannot be in Bgt. Thus, because of (5.1) and (5.2),—]"”'7" is not
in Bg*. This completes the proof of Lemma 5.3.
We next state the analogue of Lemma 5.3 for symmetric a.

Lemma 5.4. — Assume @ symmetric. Choose (m, n) so that
m + n = N and ¥+"[5z"0z™ is not in &. Let f be a function in
B with f in B and f(0) = 0. Then the following are equivalent :

10 Either dffoz = 0 at 0 or dffoz = 0 at 0;

20 fmfn is in the ideal Bgl.
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Proof. — Here we must have m 4+ n > 2. That 1° implies 20
1s proved exactly as in Lemma 5.3. And that 1° false implies 2°
false 1s proved as in Case II in Lemma 5.3.

Suppose now that ¢: W — W is a mapping that satisfies
%(B) < B. We will use the two preceding lemmas to show that ¢
must be analytic, or possibly anti-analytic if @ is symmetric.

First observe that ¢ must be at least C'. For z and z are in

B, 3(z) = ¢ and $(z) = ¢, so ¢ and @ are both in B. If
N > 1, B < CY{W),

so ¢ must be C1. If N =1, one of the operators d/dz or d/dz
is 1n &, and since both ¢ and ¢ are in B, ¢ must be C.

CororLrLARY 5.5. — Let ¢: W — W satisfy ¢(0) =0 and
#(B) cB. If & s not symmetric, then d3p[/3z =0 at 0. If @ is
symmetric, then either 33/0z = 0 or d3¢[/dz = 0 at 0.

Proof. — $: B— B 1is continuous by the closed graph
theorem. Since ¢(0) = 0, §(B,) ¢ B, and thus by the conti-
nuity of §, $(Bgt) c B§. Choose (m, n) as in the preceding two
lemmas. z"z" € Bg! so §(z"z") € B§*. But

$(z"2") = (32)"(92)" = ¢"¢",

so ¢"g" € B§*, and the conclusion follows from Lemmas 5.3 and

It 1s simple now to obtain the analogue of the above corollary
for any point of the disk.

CoroLLary 5.6. — Let ¢9: W > W satisfy $(B)cB. If a
1s not symmetric, then d3¢/dz = 0 at all points of W. If & s
symmetric, then at each point of W either 3¢[0z = 0 or d3¢[oz = 0.

Proof. — Choose any point z of W. Let ¢:W - W be a
mapping of the form {(z) = az + b, a > 0, with {(0) = =.
Let 6: W — W be a mapping of the form 0(z) = cz + d,
¢>0, with 0(¢(x)) =0. Define n to be 0c9o¢. Then

(W) e W, n(0) =0

and 7|(B) = {($(8(B))) < B, using Proposition 2.5 twice. Assume
@ non-symmetric. Then, by Corollary 5.5 applied to v,

mfoz =0
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at 0, so 39/dz = 0 at 2. Assume @ symmetric. Then, by Corol-
lary 5.5 applied to 7, either a1/0z = 0 or a/oz =0 at 0, so
either 3¢/0z = 0 or 3g/oz = 0 at «.

The proof of Proposition 5.1 1s now almost complete.
Corollary 5.6 contains the part of Proposition 5.1 concerned
with non-symmetric @. And to finish the symmetric case it is
clear that we need only one additional fact, which is Lemma
5.8 below. For the proof of this lemma we use the following
theorem of Radé. See [2].

Prorosition 5.7. — Let g be a continuous function defined
in W. Suppose that g is analytic on

fz:2e W, g(z) #0}.

Then g s analytic throughout W.

Lemma 58. — Let ¢ be a C' function with domain W.
Suppose that at each point of W either d3¢[3z = 0 or d¢[/0z= 0.
Then etther d3¢[0z =0 or 330z =0.

Proof. — We shall denote the functions 3¢/dz and 3¢/dz by
¢, and g¢z. Let

U= {z:2eW, ¢,(z) 5 0}.
We first show ¢, analytic in U. On U we have ¢; = 0. Thus the

distribution
0N 3\, — £> o
z)\az)? & \z)?

is zero in U, sob—cp 1s an analytic distribution in U. But an
Z

analytic distribution must be an analytic function, proving ¢*
analytic in U. By Proposition 5.7, ¢, 1s analytic in all of W.
The same type of argument shows ¢; analytic in W. Since W 1s
the union of the two sets {z: ¢,(z) = 0} and {z: ¢z(x) = 0},
which are closed in W, one of them must contain a disk. Thus
either ¢, or g; vanishes on a disk. But they are both analytic

in W, so either ¢, or ¢; vanishes on all of W.
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