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EIGENVALUE ASYMPTOTICS
FOR THE PAULI OPERATOR
IN STRONG NONCONSTANT MAGNETIC FIELDS

by Georgi D. RAIKOV

1. Introduction.

Let II(p) = (IIy(w),...,Op(p)) = —iV — pA, m = 2,3, be the
magnetic momentum operator, A € Cﬁ)c(Rm;Rm) being the magnetic
potential, and p > 0 — the magnetic-field coupling constant. The operators
I;(p), s = 1,...,m, are defined originally on C§°(R™) and then are closed

in L2(R™). Introduce the Pauli matrices

(01 (0 =) (10
01 = 10 y 02 1= i 0 y 03 -— 0 -1/’

and the unperturbed Pauli operator

2
Ho(p) = (Z ;11 (N))
i=1

defined originally on C§°(R™; C?) and then closed in L2(R™;C?), m = 2,3.
In what follows we shall denote the two-dimensional Pauli operator by
ho(p), and the three-dimensional one — by Ho(p).

Let at first m = 2. In this case the magnetic field b is defined as
0A; 04

b(X) = E - —ay—, X = (IE,y) € Rz.

Keywords: Pauli operators — Eigenvalue asymptotics — Strong magnetic fields.
Math. classification: 35P20 — 35Q40 — 81Q10.
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Throughout the paper we assume that the estimates
(1.1) c1 <b(X)<co |VB(X) <es, X eR?
hold for some positive constants c;, ¢z, and c3.

Introduce the operators

a(p) :=Th(p) — illz(p), a(p)* := (k) + dlz(w).

Then we have . ke W 0
ow=("5" 1)

where
(1.2) ho (1) := a(w)a(w)*, hg (1) := a(p)*a(p).

Note that h¥ > 0. Moreover, Ker hg (1) = Ker a(u)*. On the other hand, it
follows from 0 < ¢; < b(X) (see (1.1)), and a general result of I. Shigekawa
(see [Sh], Lemma 3.3), that dim Ker a(u)* = oo. Hence,

(1.3) 0 € Tess(hg (1)) € Tess(ho(w))-

Further, the commutation relation [IT;(u), II2(x)] = iub implies
(1.4) hg (1) = Ty (1)? + Tz (w)? + pb.
Therefore, h¢ (1) = hg (1) + 2pub > 2uci1d, which entails

(15) o(h () C [2pc,0).

An elementary supersymmetric argument yields

o(hg (1)) = o(hg (1)) \ {0} = o (ho(r)) \ {0}
which together with (1.5) implies
(1.6) o(ho(p)) \ {0} < [2pey, 00).
Let now m = 3. In this case we define the magnetic field as

B(X):=curl A(X), X =(X,2)=(z,y,2) € R%.

Throughout the paper we assume that B has a constant direction, i.e.
(1.7) B =(0,0,b).

Since div B = 0, b is independent of z. Performing, if necessary, a gauge
transform, we find that without any loss of generality we may assume that
Aj, j = 1,2, are independent of z, and A3 = 0. Moreover, we again suppose
that (1.1) is valid.
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Introduce the operators

(1.8) A0 = [ ok ds,
R

3
Hy (p) = Hy () + 105 =) T2 & pub,
Jj=1

acting in L%(R3) (see (1.2) and (1.4)). Then we have
Ho(p) = (HO—O(N) y ) -

Hg ()
Note that Hif(u) > 0, the operators Hy (1) and Il = —i% commute,
o([0%) = [0,00), and (1.3) entails infa(I:IO_(u)) = 0. Thus we get
(1.9) o(Ho(k)) = 0ess(Ho()) = [0, +00).

Further, let V : R™ — R, m = 2,3, be the electric potential. We shall

say that V is in the class £,, p > 1, if and only if for each € > 0 we can

write V = V) + V, with V; € LP(R™), and sup |V,(x)| < e. Introduce the
xeER™

0(s)={1 if >0,
0 otherwise

and set v(s) := — [z 0(|V(x)| — s) dx. Then V € L, is equivalent to
JZ° 8P dv(s) < oo, for each € > 0.

Heaviside function

Let V € L, with p > 1if m =2, and p = 3/2 if m = 3. Suppose that
(1.1) and (1.7) (if m = 3) hold. Then the operator |V|'/2(=A +1)~1/2 and
hence, by the diamagnetic inequality, the operator

m -1/2
VIV (Yo T(0)?+1)
j=1

is compact. Since the magnetic field is bounded, we easily find that the
operator |V|'/2(Hg(u)+1)~1/2 is compact as well. Introduce the perturbed
Pauli operator

H(p) :=Ho(p) + VI2 = Ho(p) +V,

acting in L2(R™;C?), m = 2,3. Here I, is the unit 2 x 2 matrix, and the
sum should be understood in the sense of the quadratic forms. We shall
denote the two-dimensional perturbed Pauli operator by h(u), and the
three-dimensional one — by H(u). Since the operator |V/|1/2(Ho(u)+1)~1/2
is compact, the essential spectra of H(u) and Ho(u) coincide. In particular,
if m = 2, then (1.3) and (1.6) imply

0 € 0ess(h(n)), Tess(h(1)) \ {0} C [2pc1, 00),



1606 GEORGI D. RAIKOV

while if m = 3, then (1.9) entails
Tess(H (1)) = [0, 00).
However, the perturbation of Ho(x) by V may generate some discrete
spectrum in a vicinity of the origin. The aim of the present article is the

analysis of the asymptotic behaviour as p — oo of the discrete eigenvalues
of H(x) adjoining the origin.

2. Statement of the main results.

2.1. Let T be a selfadjoint operator in a Hilbert space. Denote by
Pr(T) its spectral projection corresponding to the interval Z C R. Set

N (A1, A5 T) :=rank Py, »,)(T), A1, A2 € R, A < Ay,
N(XT) :=rank P 0 (T), A €R,
n4(s;T) := rank P, 4o0)(£T), s > 0.
If T is a linear compact operator which is not necessarily selfadjoint, put
N4 (8; T) := rank P2 o) (T*T),s > 0.

2.2. Let m = 2. Throughout the subsection we assume that (1.1)
holds. Let V € L, p > 1. For A # 0 set
1

~ [ 00— V(X))b(X)dX if A <0,
2 R2

(2.1) 60 =9 7
1 / OV (X) — Mb(X)dX if A> 0.
27'(' R2

Evidently, 6 is a non-decreasing function on (—o0,0) and (0, 00).

THEOREM 2.1. — Let m = 2. Assume that (1.1) holds, and V € L,,
p > 1. Let A < 0 be a continuity point of §. Then we have
(2.2) lim p~ N\ h(p) = 6(N).
p—oo

THEOREM 2.2. — Let m = 2. Assume that (1.1) holds, and V' € L,.
Let A1, A2 € R, 0 < A\; < A\g. Suppose that A1 and Ay are continuity points
of §. Then we have

(2.3) uﬁ_{& BTN (A, A2 h(p)) = 6(A2) — ().
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Remark. — Under the hypotheses of Theorems 2.1-2.2 the as-
sumption that A # 0 be a continuity point of § is equivalent to
vol {X € R%|V(X) = A} = 0, where vol Q denotes the Lebesgue measure
of the set Q C R2.

We shall prove only Theorem 2.2 since the proof of Theorem 2.1 is
quite similar and only simpler in comparison with that of Theorem 2.2 (see
also the proof of Theorem 2.3 below).

2.3. Let m = 3. Throughout the subsection we assume that V' € L3/,
and (1.1) and (1.7) hold. Fix X € R? and set

2

X(X) =xv(X) := —% +V(X,.).

PROPOSITION 2.1. — Let V € L3/,. Then for almost every X € R?
the operator x(X) defined as a sum in sense of the quadratic forms is
selfadjoint in L?(R). Moreover, for almost every X € R? we have

(2.4) Tess(X(X)) = [07 +00).

The proof of the proposition is contained in Section 5.

Let X\ < 0. Introduce the magnetic integrated density of states

D) =Dy () = 5= [ NOxw (X))b(x) X,

PROPOSITION 2.2. — Let V € L3/, and A < 0. Then
(2.5) D(A) < oo.

The proof of this proposition can also be found in Section 5.
THEOREM 2.3. — Let m = 3. Assume that (1.1) and (1.7) hold,
V € Lg/s. Let A < 0 be a continuity point of D. Then we have
(2.6) lim p~ N(X; H(p)) = D(N).
n—

Remark. — The condition that A < 0 be a continuity point of D is
equivalent to

vol {X € R?|dimKer (x(X)—A) > 1} =0.

2.4. The present paper is closely related to the works [R1] and [R2]
containing results on the asymptotic behaviour of the discrete spectrum
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for the Schrodinger, Pauli and Dirac operators in strong constant magnetic
fields. In those articles the explicit spectral description of the unperturbed
magnetic Hamiltonian played a crucial role at a certain stage of the proof.
Since no such explicit description is known in the case of non-constant
magnetic fields, significant modifications of the arguments of [R1]-[R2]
were needed. Some of the main difficulties in this respect were overcome
by using a result of L. Erdds on the strong-magnetic-field asymptotics of
the diagonal values of the heat kernel associated with hy (1) (see below
Lemma 3.1). Moreover, as in [R1]-[R2], we reduce the analysis of the
eigenvalue asymptotics as y — oo for H(u) to the study of the spectrum
of certain Wiener-Hopf families of compact operators. However, since
only constant magnetic were considered in [R1]-[R2], it sufficed to apply
there relatively simple arguments close to the ones used in the pioneering
work [KMSz] for the investigation of semiclassical spectral asymptotics for
Wiener-Hopf operators. In the present paper the absence of an explicit
spectral description of Hy(u) forced us to use somewhat different techniques
similar to the commutator calculus developed in [W] for the study of
the spectral asymptotics for operators of Toeplitz type (see also [HO),
Theorem 2.9.17, Lemma 2.9.18). It should be also noted that the present
article is influenced by the recent papers [IT1]-[IT2]. In [IT1] the authors
impose restrictions on the magnetic field quite similar to (1.1) and (1.7),
and study the asymptotics as A T 0 of N(A; H(1)) in both cases m = 2,3, as
well as the asymptotics as A | 0 of N(\, Ao; h(1)) with a fixed Ag € (0,2¢;)
in the case m = 2. The assumptions in [IT1] concerning V are more
restrictive than those of Theorems 2.1-2.3 which is natural and due to
the different type of asymptotics considered. However, the results in [IT1]
for the two-dimensional case are equivalent to

N(A; (1)) = 6(A)(1 + (1)), ATO,
which resembles formally (2.2), and
N, 203 a(1)) = =6(A) (1 +0(1)), A L0, Ao € (0,2c1),
which is similar to (2.3), while the result in [IT1] concerning the three-
dimensional case could be written as
N H(1)) =D)L +0(1)),A 10,

which recalls (2.6). In [IT2] the magnetic field is assumed to be locally
strictly positive but decaying at infinity and the asymptotics as A T 0 of
N(X; H(1)) is investigated in the cases m = 2, 3. The results of the present
paper will be possibly extended in a future work to the cases of magnetic
fields which decay, or grow unboundedly at infinity.
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The paper is organized as follows. Section 3 contains miscellaneous
auxiliary results: in Subsection 3.1 we reveal some necessary facts concern-
ing the heat kernel of the operator hy (1), in Subsection 3.2 we formulate a
suitable version of the Kac-Murdock-Szeg6 theorem, and in Subsection 3.3
we recall the classical Birman-Schwinger principle and certain generaliza-
tions of its. In Section 4 we establish some preliminary estimates. In Sec-
tion 5 we demonstrate Propositions 2.1-2.2. Section 6 is devoted to the
asymptotics as u — oo of the traces of the positive powers of certain op-
erators of Toeplitz type which depend on the parameter u. The proof of
Theorem 2.2 can be found in Section 7, while the proof of Theorem 2.3 is
contained in Section 8.

3. Auxiliary results.

3.1. In this subsection we sumimarize several estimates of the kernel
K.(t; X,Y) of the operator e~*Po ()t > 0.

LEMMA 3.1. — Let m = 2. Assume that (1.1) holds. Then for every
t > 0 the kernel K,,(t; X,Y') is locally uniformly continuous with respect to

(X,Y) e R? x R%
Moreover, for every t > 0 and (X,Y) € R? x R? we have

1 —vi2
(3.1) |ICM(t;X,Y)|_<_me———-J-'XJ teant.

Finally, for every compact K C R? there exists a number sx > 0 such that
for each s > sy the limiting relation

. _ log u 1
1 . —
(3.2) lim p ICM( ” ,X,X) = 271_b(X)

p—00

holds uniformly with respect to X € K.

Sketch of the proof. — The continuity of K, (¢; X,Y’) is proved in [E],
Theorem 2.1. The estimate (3.1) follows immediately from the Feynman-
Kac-Itd formula for the heat kernel of hg (u) (see e.g. [E], (65)-(66)).
Finally, (3.2) is demonstrated in [E], Main Lemma 2.2. O

3.2. In this subsection we formulate a suitable version of the Kac-
Murdock-Szeg6 theorem.

In the sequel we shall denote by S, the space of linear compact
operators acting in a given Hilbert space, and by S,, p € [1,00), — the
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Schatten—von Neumann spaces of operators T € Sy, for which the norm
IT|lp := (Tr |T|p)1/p is finite.

LEMMA 3.2. — Let {T(u)}u>0 be a family of selfadjoint compact
operators satisfying the estimate ||T'(u)|| < to withtp > 0 independent of .
Assume that the function v : R\ {0} — R is non-decreasing on (—o0,0) and
(0, 00), non-negative on (—o0,0), and non-positive on (0,00). Let v(t) =0
for |t| > to. Suppose that there exists a real number p > 1 such that the
following three conditions are fulfilled:

(i) T(u) € Sp for each p > 0;
(i) the quantity fR\{O} [t|P dv(t) is finite;
(iii) the limiting relations
lim p~! Tr T(p)' = / t! du(t)
g R\{0}
hold for each integer | > p.

Let t # 0 be a continuity point of v. Then we have
lim p~! ny(t;T(p)) = —v(t), if t>0,
p—00

lim p~!n_(—t;T(p) =v(t), if t<O.

)

The proof of the lemma can be found in [R1], Subsection 3.1. In this
article we shall use it only with ¢ < 0.

3.3. This subsection contains a formulation of the classical Birman-
Schwinger principle concerning the number of the eigenvalues of a self-
adjoint operator situated below the bottom of its essential spectrum (see
below Lemma 3.3), as well a generalization of this principle (see below
Lemma 3.4) suitable in the case where the discrete spectrum lying in a gap
of the essential one is investigated.

LEMMA 3.3. — Let Hy > 0 and V be two selfadjoint operators in
Hilbert space, such that [V|/2(Ho + 1)"/2 € Sy, For A < 0 set
(3.3) R(A\;Ho) := (Ho — \)™V/2,
(34) T (X Ho, V) = R(A; Ho) VR(A; Ho).

Then we have
N\ Ho+ V) =n_(1;T(A; Ho, V))



EIGENVALUE ASYMPTOTICS FOR THE PAULI OPERATOR 1611
where the sum Hgy + V should be understood in the sense of the quadratic

forms. Moreover,

dim Ker (Ho + V — A) = dim Ker (7 (\; Ho, V) + 1).

LEMMA 3.4 [R2], Lemma 4.1. — Let Ho be a linear selfadjoint
operator in Hilbert space, and A1, A2 be real numbers such that \; < Ay
and [A1, A2] C p(Ho). Set

(3.5) R(A1, A2; Ho) := ((Ho — A1) (Ho — A2)) "2,

(3.6) G(A1, A2; Ho) := (Ho - %(,\1 + )\2)> R(A1, A2; Ho).

Further, let V be a symmetric operator on D(Hy) such that V(Ho+14)~! €
So. Put

T (A1, A2; Ho, V) :=R(\1, Aa; Ho) V2R (A1, Aa; Ho)
(3.7) + 2Re G(A1, Ag; Ho) VR (A1, Ag; Ho)-
Then we have
N(A1, Ag; Ho + V) = n_(1;T(A1, Ag; Ho, V)

where the sum Hy + V should be understood in the operator sense.

4. Preliminary estimates.
4.1. Let m = 2. Denote by p(u) the orthogonal projection on
Ker hg (1) = Kera*.

LEMMA 4.1. — Let W € L2?(R?). Then Wp(u) € Ss, and the
estimate

(1) IWp) I} < con [ IWEOP X

holds with c4 independent of p and W.

Proof. — For every t > 0 we have
IWo(w)ll3 = [We™o Wp(u)|5 < [Wethe ()3

(4.2) = /R . /R ] |W(X)K,.(t; X,Y)|?dXdY.
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Employing (3.1), we get
W (X) It X, V)2 e

t; XdY < ——=

L L Wi x P axay < g

e2czp,t

2
(4.3) / |W(X)[?dx / e~ dy = / |W(X)[? dX.
R2 R2 8t R2

Minimizing the function f(t) := t~!e2°2#* by choosing ¢t = 1/2cou, and
combining (4.2) with (4.3), we get

EC:
(4.4) Wl < 2u [ IWEOPax,
7/ R2

which is equivalent to (4.1) with ¢4 = eco/4r. O

Fix the real numbers A\; and Ay such that \; < )\2~and A1A2 > 0.
Assume that p is large enough. If A; < Az set rf\tl,)\z (1) := R(A1, A2; hE (1))
(see (3.5)); if A1 = A2, extend the definition by continuity.

COROLLARY 4.1. — Let A\, 2 € R, A\; < A2, A1A2 > 0, and
W € L%(R?). Then the estimates

(45) W5, pap < o [ WPPax,

@) W, (p) < coe 2 [ WX, £>0,

hold for yu large enough with c5 = c4/v/A1)s.

Proof. — In order to check (4.5), it suffices to note that r3 ,, (1)p(k)

1
VA1 A2

and the general inequality
(4.7) ne(&;T) <e"P||T|p, T€Sp, p=>1,>0.

p(1), and to apply Lemma 4.1. Estimate (4.6) follows from (4.5)

Set g(p) :=1d — p(n).
LEMMA 4.2. — Under the hypotheses of Corollary 4.1 the estimate
@8)  me W, (a) < e [ WRAX, € >0,

holds for y large enough with c¢ independent of €, i, and W. In particular,
if p> c66“2/ |W|2dX, we have
RZ

(4.9) n.(g; Wry, 5, ()a(p)) =0.
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Proof. — Making use of the resolvent identity
(ho () +1) ™' = (I +T +4) ™" = (M 4T3 +p) ™ (p+ub—1)(hg (1) +1) 7,

we deduce

Taane (1)) =(TF + T3 + p) ™" (L+ (u+ pb— 1)(hg (1) + 1))
(4.10) (ho (k) + )5, 5, (1)g(k).

It is easy to see that the estimate

(410) | (14 (1 + b — (kg (1) + 1)) (g () + D, n, (gl < e
holds for u large enough with ¢7 independent of y. Therefore,

(4.12) (& Wy, , (1)g(1) < nulecy s W + 115 + p) 7).

By (4.7) with p = 2 we have

(4.13)  nu(m W(IIE + 103 + p) ™) < 72| W (IF + 105 + w) 713, n > 0.
The diamagnetic inequality (see [A.H.S|) and the Parseval identity yield

- _ 1
WO+ 1) 1 <IW =8+ = oy [ IWOOPax

4 1 2
(4.14) fR Gt /R W(X)PdX, p> 1.

Now, (4.12)—(4.14) entail (4.8) with cg = c2/4m. In order to see that (4.8)
implies (4.9), it suffices to mnote that n.(e;Wry 5 (w)g(p)) is
integer-valued. a

Arguing in a completely analogous manner, we can prove the following
lemma.

LEMMA 4.3. — Under the hypotheses of Lemma 4.1 we have
n.(e;Wry () < css“zu"l/ [W[2dX, € >0,
b R2
for p large enough. In particular, if u > cee™2 / |[W|?dX, then
RZ
(& W, 5, (1) = 0.

Estimates (4.6) and (4.8), and the Weyl inequalities for the singular
numbers of compact operators imply the following corollary.

COROLLARY 4.2. — Under the hypotheses of Corollary 4.1 we have

(W, 5, () < ACesn+ con)e™? [ WX, e>0,
R
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for p large enough.
COROLLARY 4.3. — Let W € L?(R?), w € S! := {¢ € C||¢| = 1}.
Then the estimate
(4.15) nu(e;W(hy (1) —w)™1) < (chu+ c’Gu_l)e‘2/ [W|2dX, € >0,
RZ
holds for each € > 0 and p large enough, with ¢} and cg independent of e,

W, w, and W.

Proof. — 1If p is sufficiently large, we have

1(hg (1) + 1)(hg (1) —w)7H|| < cs

with cg independent of p and w. It remains to note that the operator
(hg (1) +1)7" coincides with 73 , (u) with A\; = X2 = —1, and apply
Corollary 4.2. ]

4.2. Let m = 3. Fix A < 0, and define the operator

(4.16) R (1) := R(\; H*(u))
(see (3.3)). Moreover, introduce the operator
(4.17) R, := R(\T2) = (I3 — A\)"Y2, A <0,

acting in L?(R®). Note that for each u € L%(R®) we have

z(z 2')¢
! /
(4.18) (Rau)(z,y,2) = o // @iz u(z,y,2') d(d?,

z(z 2')¢
(R3u)(z,y,2) = // u(z,y, 2’ )d¢dz’
271' R

(4.19) / \/— e+l (e, y, #')dz'.

2\/I7

Denote by P(u) the orthogonal projection on Ker Hy () (see (1.8)). In
other words,

P(y) = /R ® p(u) dz.

LEMMA 4.4. — Let W € LP(R3®), p > 2, and A\ < 0. Then the
estimate

(4.20) [WRy (1)P(w)lp = IWRAP(u)|l < cop /}R JWX)PdX, p>0,
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holds with ¢y = co(p) which depends on p and A but is independent of
and W.

Proof. — Assume at first W € L°(R3). Evidently,
IWRY () P(wll = [WRAP(u)l
(4.21) S Wl me) SUP(C2 =N = ATV W| oo ).
Now assume W € L? (R3). We have
(4.22) [WE (0)P()lI3 = IWRxe™o W P(u)[|3 < [[WRye™Fo 02,
Taking into account (4.18), the identity
(e—tf’o" O%) (X,2)= / Ku(t; X, Y)u(Y,2)dY, ue L*(R%), X € R?,z € R,
R2

(3.1), and the Parseval identity, we obtain
d¢ |Y|2
tPy (1) 2 7t
[WRae P2 < 32 555 / [W(X)| dX/ et

2C2 t
W(X)|? dX.
= Soca L, WO
As in the derivation of (4.4), we find that estimates (4. 22)—(4.23) entail
@) IWRSWPWIE < g2k [ WeoR ax.

Interpolating between (4.21) and (4.24), we conclude that (4.20) holds with
co = ecy/8m|\|P=1)/2, O

(4.23)

COROLLARY 4.4. — Let W € L3(R3), and XA < 0. Then for each
€ > 0 we have

@) n(EWEPW) S a@)ue [ W)X

Set Q(u) :=1d — P(p).
LEMMA 4.5. — Under the assumptions of Corollary 4.4 the estimate
(42  nEWE W) < e [ WP X
RS

holds for each € > 0 with c;9 independent of €, u, and W. Moreover, for
each € > 0 there exists a pg = po(e) such that pu > pg entails

(4.27) n(e; WRy (1)Q(r)) = 0.
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Proof. — The operator inequality

Q(w)(Hg (1) = NQ(1) > ennQ(w)(T(1)? + 1)Q(k)

with II(p)2 := Y. TII;()? and c¢1; > O independent of y, implies
j=1,2,3

I(T(k) + W) 2Ry ()QW)I| < 1/ /e
Therefore, we have
(4.28) na (s WR5 (1)Q(w)) < na(ect®; W(TI(p)? + p)72/2).
The Birman-Schwinger principle (see Lemma 3.3) implies
n(ecit’s W(I(w)® +p) %)
= ny (e%err; (M(w)? + p) "2 WP (I()? + 1) ~/)
(4.29) = N(0;I(n)? = e~ 2c3) W]* + p).

The “magnetic” Cwickel-Lieb-Rozenblioum estimate (see e.g. [A.H.S])
yields

(4.30)
N(O;TI(p)? — e 2 W + 1) < a2 / (e WX - )/ dX,
]Ra

with c;o independent of €, u, and W. Putting together (4.28)-(4.30), we
get

(4.31)
- o _ 3/2
ni(e; WRY (L)Q(p)) < c12 /]R3 (E 2C11I|VV(X)|2 - N)+/ dX, p>0.
Note that the right-hand-side of (4.31) decreases monotonously as p grows
from 0 to oo, and tends to zero as y — o0o. Setting p = 0, we find that
(4.31) entails (4.26) with ¢19 = cf13/ 2012. Moreover, we may choose any

o = po(€) for which the right-hand-side of (4.31) is smaller then one; then
(4.31) implies (4.27). O

Using a completely analogous argument, we can demonstrate the
following lemma.

LEMMA 4.6. — Under the assumptions of Corollary 4.4 we have
n.(e; WRY (p)) < 6106_3/ [W(X)]?dX, e >0, u>0.
R3
Moreover, the inequality p > po(e) entails n.(e; WRY (1)) = 0.

Combining (4.25) with (4.26), we get the following corollary.
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COROLLARY 4.5. — Under the hypotheses of Corollary 4.4 we have
(4.32) n.(e; WR (1)) < 8(cop + c10)e ™3 / [W(X)]?dX, € > 0.
R3

COROLLARY 4.6. — Let W € L?(R%), w € S!, A\ < 0. Then the
estimate

(433)  |W(H; (1) —w) "Rall3 < (chu+ ciop™) /R . IW(X)[? dX
holds for p large enough with cy and ¢}, independent of W, u, and w.

Proof. — Obviously
W (Hy (1) ~ w) "' Rall3 < 201W (Hy () — ) " RaP (W3

(4.34) +2|W(Hy (1) — ) "RAQ(1) 13-
Applying (4.20) with p = 2, we get
(4.35)

IW (5 (1)~ ) " RaPWIE = IWRAPGIE < co2)u | | [WPAX.
Next we write the identity
(Hy (1) —w) ' Q(n)

= (T () + T ()® + )™ (1 + (u+ b+ w)(Hg (1) — @) ™) Q)
note that the estimate
(14 G+ b+ ) () — ) ™) QU < s

holds with ¢;3 independent of x4 and w, take into account the fact that Ry
commutes with (1 + (u+ pb + w)(Hy (1) — w)“l) and Q(u), and obtain
(4.36)

IW(Hy (1) — ) "RaQ()lI3 < Fsl|W (I (1) + Ta()® + ) "' Rarll3-
Using the diamagnetic inequality and the Parseval identity, we get

W (IT1 (1) + Mo (1) + 1) " RAll3

W(X)|? dX < &« d
27r)3/’ WX J o TP+ me e %

. 2
437) = ~—-—-—8W| e /R W) ax.

Combining (4.34)—(4.37), we derive (4.33) with ¢y = 2c9(2) and ¢}y =
c3s/4m|A|M/2. a
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5. Proof of Propositions 2.1 — 2.2.

d2 -1/2
For A < 0 introduce the operator gy := (———— - )\) acting in
L?(R).

LEMMA 5.1. — Let v € LP(R), p > 2, A < 0. Then vgy € Sp, and
we have

(5.1) lvesll < cua [ o) a2
R

where c14 = ¢14()) is independent of v.

Proof. — Our argument will be very close to the proof of Lemma 4.4.

Assume at first v € L*°(R). Obviously

(5.2) lvorll < loll e @ylleall = A7)0l Lo g
Assume now v € L?(R). We have
1 d¢ 1
5.3 v 2=—/vz2dz ——=————-/vzzdz.
63 o= [ WP [ gy = oo [ b
Interpolating between (5.2) and (5.3), we get (5.1) with ¢;4 = 1/2|A|(P~1/2,
O

Set
(5.4) (X)) == aaV(X,.)or, X €R? A <0.

COROLLARY 5.1. — Let m = 3, V € L3/5. Then for every A < 0
and almost every X € R? the operator 75(X) is compact.

Proof. — Choose a sequence {¢,},>1 such that &, > 0, r > 1, and
lim &, = 0. Fix r > 1 and write V = V{7 + V" with V") € L¥/%(R®)

T—00

and sup [V{"(X)| <é,. Set
X €R?

Q, = {X € ]Rz‘/ |1/'1(T)(X,z)l3/2 dz < oo}, Q:= n Q..
R

r>1
Evidently, vol{R? \ Q} = 0. Put
TN(X) = oV (X, Jen, 5 =1,2.
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Lemma 5.1 implies that for each X € Q and r > 1 we have |V”|/2g, € S,
and therefore T](T,\)(X ) € S3/2 C Soo. Moreover,
Ira(X) = GO0 = IR (XN < I\ er, X €Q, 7> 1.

Hence, for every X € Q (i.e. almost every X € R?) the operator 7y(X)
can be approximated in norm by compact operators. Therefore, 7\ (X) is
compact itself. m]

Proposition 2.1 follows immediately from Corollary 5.1 and the Weyl
theorem on the invariance of the essential spectrum under relatively com-

pact perturbations.
For A < 0 set

51}- n_(—s;7A(X))b(X)dX if s <0,

(5.5)  Da(s) :=Da(s; V) = R

—i/ ny(s;A(X))b(X)dX if s > 0.
2m R2

The Birman-Schwinger principle (see Lemma 3.3) implies the follow-
ing assertion.

LEMMA 5.2. — Let m =3,V € L3/5.

(i) We have

(5.6) D()\) = Da(-1).

(ii) The function D(.) is continuous at A < 0 if and only if the function
Dy (.) is continuous at —1.

Proposition 2.2 follows almost immediately from Lemma 5.1 and
Lemma 5.2 (i). In order to see this, fix A < 0, ¢ € (0,|A]) and write
V =V; + V, where V; € L¥2(R3) and sup |Va(X)| < e. Set

XeR?

(5.7) Tia(X) = a\V;(X, Jex, 1 =1,2.
By (5.6) we have

(5.8) Dy(N) < Dy; (A~ €) = Da—e(~1; VA1)
On the other hand, by (5.1) the estimate

(5.9)

n_ (1 ame (X)) < (5 V(X )[V20r-c) < cra(A —€) / Vi(X, 2)P/2 dz
R
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holds for almost every X € R%. Multiplying (5.9) by b(X), and integrating
with respect to X € R2, we find that (5.8) implies
T

Dy(N) < 01—4%\;5—)@,/ Vi(X)[¥/?2dX < 00
R3

which entails (2.5).

6. Trace asymptotics.
6.1. The main goal of this subsection is to prove the following
proposition.

PROPOSITION 6.1. — Let m = 2, W € C§°(R?), and (1.1) hold.
Then for each integer | > 1 we have

61) I T (o) We()' = 5 / W (X)'b(X) dX.
p—o0 T Jr2

We shall divide the proof of Proposition 6.1 into several lemmas and
corollaries.

1
For > 1 and s > 0 set €, 5 := exp (— C;Lgsuhg(p)).

LEMMA 6.1. — Let m =2, U € C§°(R?), and (1.1) hold. Then for
each s > 2ssyppu (see Lemma 3.1) we have

1
(6.2) lim p ' Tre, Ueys = — / U(X)b(X)dX.
HU—00 2T R2

Proof. — Let U € C$°(R?) such that U = 1 on supp U. Using (3.1),
we get e~ tho (WU € Sy, Ue~tho W € Sy, t > 0. Therefore,
(6.3)

Ty e—ths ()7 e—thy (0) — /R o Kl X YUY (5Y, X) dXdY, > 0.

Utilizing the continuity of K,(t; X,Y) (see Lemma 3.1), and the

semigroup properties of e~ (*) we obtain
(6.4)

/ / Ku(t; X, Y)U(Y)K,(tY, X) dXdY = / U(Y)K,(2t;Y,Y)dY.
R2 JR2 R2
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Putting together (6.3)—(6.4), we obtain

(6.5) Tre, Ueus = / U(X)K, (2125” X, X) dX, p>1,
R2
Multiplying (6.5) by =1, letting 4 — oo, and recalling (3.2), we deduce

(6.2). 0

LEMMA 6.2. — Let m = 2, U € L?(R?), and (1.1) hold. Then the
estimate

(6.6) |Ue e Q)2 < erst™ / U2 dx
]R2

holds for every t > 0 with c;5 independent of t, u, and U.

Proof. — Set a = 2¢1/(2¢1 + ¢2), B = ca/(2¢1 + ¢2), so that we have
a+ B =1, caa — 2c¢; 8 = 0. Write the inequality

U5 QUi < lUem s | o= Qa2
apply (3.1) together with
"e—ﬁtho' “‘)Q(u)ll < e—2ﬂcwt’
in order to deduce the estimate
[Ue™to Q ()3

< (4rat)~2e(ca—28en)ut / e~ 5t dy / U(X)]2dX
R2 R2

1 2
- X
— /R (0P ax,

which is equivalent to (6.6) with ¢;5 = 1/87a. a

COROLLARY 6.1. — Let m =2, U € L'(R?), and (1.1) hold. Then
there exists so > 0 such that the estimate
(6.7) Trp(u)Up(k) — Tre, sUe, s = O(u(log p)~Y/?), p— oo,
holds uniformly with respect to s > sg.

Proof. — Set U, := |U|'/2, U, := U|U|~1/2. Evidently,
Treu,sUeu,s — Tr p(n)Up(k) = Trq(p)en,sUrUz€u,5q9(k)
+2Re Trp(u)U1Uz2q(p)ep,s-

Therefore,
(6.8)
| Trp(u)Up(p) = Tr €, sUep | < llag(1)en,sUrll3 + 2llp(1)Ur 12| Urg(1) €, s l2-
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lo,
5:, we find that (6.8) implies

(6.7). O

Using Lemma 4.1 and Lemma 6.2 with t =

Combining (6.2) and (6.7), we get the following corollary.

COROLLARY 6.2. — Letm =2,U € C§°(R?), and (1.1) hold. Then
we have

. _ 1
lim 5~ Tep(uUp() = 5= [ UCOBX) dX.
p—00 2T R2
In particular, if W € C§°(R?),
(6.9) Jim_p I Trp(p)W'ip(p) = / W(X)'s(X)dX, le€Z, 1>1.
It is clear that if [ > 2, it is necessary to have some control on the
Sg-norm of the commutator [W, p(u)] in order to pass from (6.9) to (6.1).

LEMMA 6.3. — Let m =2, W be in the Sobolev space H!(R?), and
(1.1) hold. Then we have

(6.10) W, p(w)]ll2 = O(1), p— oo.
OW oW oW  OW .
Proof. — Set OW := za— + By’ , OW = —ia + By Obviously,

W, a(p)] = oW, [W,a(p)*] = —BW,

(6.11) (W, hy ()] = 8Wa(u)® — a(u)dW.

Further, if w € S! and p is sufficiently large, then the operator hy (1) —
is invertible, and ||(hq (1) — w)~!|| = 1. Moreover,

W, (hy (1) — w)™'] = (hg (1) — w) " (a(w)W — 8Wa(u)*)(hg (1) —w) ™"
On the other hand,

_ 1 - -1
p0) = —5 [ (B3 ) =)
Therefore

W] = 57 [ (55 ) =) OWal)* (i (1) - ) s

27rz/( o(w) —w)la (ﬂ)aW(ho (1) —w) ldw.
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Hence, we obtain the estimate
(6.12)

W, p(w)]ll2 < 2 sup (I(hg (1) = w) "' W |lzlla(m)* (hg (1) — w) ) -
Applying Corollary 4.3, we get
613) 05 () - @) TOWIE < (Gt cou) [ [TWax.

R2

It is easy to check that the estimate
(6.14)
lla(u)*(hg (1) = )71 = ll(hg (1) — @) hg (W) (hg (1) —w) I = O(u™)
holds as p — oo uniformly with respect to w € S!.

Putting together (6.12)—(6.14), we deduce (6.10). 0

COROLLARY 6.3. — Letm =2, W € C$°(R?), and (1.1) hold. Then
for every integer | > 2 we have

(6.15) Tr(p(p)Wp(w))' — Trp(p)W'p(p) = O(u*/?), p — oo.

Proof. — Evidently,
-1

PEW)Wp()' — p(W)W'p(p) = > p(W)W* W, p(1)] (p(1)W)" 5 p(1).
k=1

Therefore,
| Tr(p(u) Wp(w))! — Tr p(u) W'p(w)|
< Nl p(wWp(w)' — p(W)W'p(p)llL

-1
< W W, p(] 1l ((w) W) =+ p(w) |
k=1
-1
(6.16) < 3 Ip()WH W, pl2 W 152 .
k=1
By Lemma 4.1
lp()W*ll2 = O(u'/?), p— o0, k21,
by Lemma 6.3
W, p(w]llz = O(1), p — o0,
and W is independent of u. Hence, (6.16) entails (6.15). o

Now, (6.1) follows from (6.9) and (6.15).
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6.2. Let m =3, V € L3/5. Introduce the operator
(6.17) Ty (w) = Ry (W)VRy (1), A <0,
(see (4.16)), which is compact in L?(R3).

Our main goal will be to demonstrate the following proposition which
is the three-dimensional analogue of Proposition 6.1.

PROPOSITION 6.2. — Let m =3, W € C§°(R?), A < 0, and (1.1),
(1.7) hold. Then for each integer | > 1 we have

(6.18) hm p Te(P(p) Ty (1) P(p))' / Tr 7y (X)'(X) dX

where the operator 7»(X) is defined in ( 5.4).

Proof. — Our argument will follow the scheme of the proof of
Proposition 6.1, and that is why we shall omit some details. Introduce
the operator

Ty :=R\VRy, A <0,

(see (4.17)), acting in L?(R?). Note that the operator T) is not compact but
only bounded. Nevertheless, Lemma 4.4 implies that |V|'/2R\P (k) € Sa,
and hence P(u)T}P(u) € S; for each integer I > 1. Set

Eus = / Dep,sdz, p>1, s> 0.
R

Obviously, Su,sff)l\é'u,s € 51, 1 > 1. Our first step is to prove the asymptotic
relation

- 1
(6.19) lim p = Tr €, ThEus = — / Trr(X)B(X)dX, 1 > 1,
H—00 27 R2
which is analogous with (6.2). To this end we utilize the identities

1
l_ - A z21—22
Trra(X)! = A /Rl V(X,2)e VI ..

V(X, zl)e‘\/mm‘z1| dzy...dz,
Tr gu,sT/l\gu s

4})\|)z/2 /R4 /Rl (1og,u X Y) V(Y,z)e -VIllz-z2]

VY, z)e VPl gz dyk, (%;Y, X) dXdy

=/ K, (bﬂ;Y,Y)Tm(Y)‘dY,
R2 uSs
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(see (4.19)), take into account that Trry(.)! € C§°(R?), and apply
Lemma 3.1. Next, by analogy with (6.6) we establish the estimate

VI Rae 5 W QUIR < it [ VI, 150,
IRS

with ¢} independent of ¢, y and V. Using this estimate together with (4.20)
for p = 2, we get

(6.20) T P(u)TP(p) — Tr €, s T{Ep 0 = O(u(log p)~1/?)), 4 — oo,

by analogy with (6.7). Further, as in (6.10), we show that

(6.21) I[Tx, P(w)]ll2 = O(1), p— oo,
using Corollary 4.6. Finally, we notice that
(6.22) Tr (P()TA(1) P(1))' = Tr (P(w)TaP(w))', 1 > 1.

Employing (6.21), we deduce the estimate
(6.23)  Tr(P(u)TaP(w)' — Tr P(w) TP (u) = O(u'/?), p— oo,

which is similar to (6.15). Putting together (6.19), (6.20), (6.22) and (6.23),
we obtain (6.18). o

7. Proof of Theorem 2.2.

Throughout the section we assume that the hypotheses of Theo-
rem 2.2 are fulfilled. In particular, m = 2, V € L3, and 0 < A1 < As.
Set

_ . 1 2 A+ Ao
W =Wy = /\1)‘2V oy V.
Further, for s # 0 put
(7.1)
2i 8(s — Wynys (X))B(X) dX if s <0,
T JR2

Bau,na(8) = b, 0 (8) = 1
- / O(Wynng (X) — 8)b(X) dX if s > 0.
271' R2

Note that if A; and Az are continuity points of §, we have
6(=1; M1, A2) = 8(X2) — 8(A1)

(see (2.1)), since the inequality Wy, »,(X) < —1 is equivalent to A\; <
V(X) < Ag. Set

e () = T (A1, Ag; hy (1), V)
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(see (3.7)), and
g= g)u,)\z(“’) = g(Ala A2; hE(M))

(see (3.6)). Obviously, ||gx, x, (1)]| < go with go > 0 independent of u.

LEMMA 7.1. — Let V € C°(R?), 0 < A\; < X2. Suppose that (1.1)
holds. Assume that s < 0 is a continuity point of §. Then we have

(7.2) Jim ™ (=8 ()5, 0, (1)P(H))) = 631,04 (5).

Proof. — Note that p(u)t}, ,(#)p(k) = p()Wvir xP(k)- Apply
Proposition 6.1 with W = Wy, »,. Then (7.2) follows from Lemma 3.1

with T(u) = p(p)Wy, 2,0(1), to = ;ugz Wy a2 (X)), v = 8x, 2, and
€

p=1. O
PROPOSITION 7.1. — Under the hypotheses of Lemma 7.1 we have
(7.3) Jim pin (=585, 5, (1) = 83,00 (5).
Proof. — The minimax principle entails

n_(=s;t5, (1) = n_(=s;p(u)ty, 5, (Wp(K)), s <0.

Hence, Lemma 7.1 implies

(7.4) liminf p~'n_(-s; e () > 8y na (8)-

prie
Further, we have
the (1) = P(R)EY, », (W)p() + a(p)ty, a, (K)a(k)
+ 2Rep(p)ry, 5, ()Vr3, , (Wa(1)
+ 2Rep(p)gVry, », (W)a(k) + 2Rep(p)ry, 5, (1)V9q(k)
= p(L)Wp(u) + q(p)ty, »,(W)a(k)

+2Rep(u)ry, 5, (VT3 5, (Wa(1)

+4Rep(p)gVry, »,(B)a(k)

+ 2Rep(p)ry, 2, (WIV: hg (WY, 2, (BWa(K)-
Recalling (6.11), we find that [V,hy(u)] = OVa* — adV. However,
since Rana = (Kera*)* we have p(u)a = 0. Hence, p(u)ry, , (1)a =
Tae (WP(p)a =0, and

()T, 2, (Vs hg (W5, 2, (W) = p()T5, 2, (B)OV ATy, 5, (B)a(p).
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Therefore, for each n € (0,1) we have
the (B) = p()Wp(K) + q(u)ty, », (B)a(n)
+2Rep(u)ry, 5, (WV3ry, 5, (Wa(w)
+4Rep(p)gVry, »,(1)a(k)
+2Rep(p)ry, ,(W)OVary 5, (1)g(k)
> p(W)(W =15, 5, W (VE + [VVP)rs, 5, (1) — 2ng%)p(p)
+a(u)(t5, 5, (W) = 307175\, (VP55 (1)

- 77—17";1,,\2 (ﬂ)aa*TII,AZ (1)a(n)

and, hence,
n_(=s;ty, », (1) < n_(=s;p(L)(W —nr3, 5, (1)
IV +IVVP)rs, 2, (1) — 2n9)p(w))
+n(=s;q(p)(tx, 2, () = 30775, A, (WV3r5, 5, (1)
(7.5) =075, (Waatrs, y, (1)a(w)-

At first we estimate the second term at the right-hand side of (7.5). Since
we have lim |[la*(p)ry, »,(#)g(#)|l = 0, the estimate
p—00 ’

1~ lg(w)rs, », (Wa(w)a* (W)rs, , (Wawll=ntla* (s, 5, WI* < -s/2,
holds for every fixed n > 0 and s < 0, provided that u is great enough.
Therefore,

n_(—s;q()(tx, 2, (1) = 307175, 5, (1)
V25 () =075, s, (Waatry, y, (1)g(m))
< n_(=8/2;q(u)(t5, 2, (B) = 30775, 5, (WVPr5, 5, (1))a(w))
< ny(—5/6; (30 — Da(p)rs, , (1)
(7.6) V23 2 (a(1)) + 2n.(—5/6; oV, 5, (B)a(1))-

Applying Lemma 4.2, we easily find that if u is large enough, both terms
at the right-hand side of (7.6) vanish.

Next, we deal with the first term at the right-hand side of (7.5). Fix
€ € (0,—s), and choose 7 so small that we have 2ng2 < ¢/2. Hence,

n_(=s;p(w)(W —nrx, 5, WV + [VVP) 75, 5, () — 209°)p(1))
<n_(—s—¢/2;p(p)Wp(k) — np(r)ry, 2, (1)
(IVI2+IVVIA) 13, 2, (w)p(1))
< n_(—s—&p(w)Wp(k)) + n.((e/2m)*/%;

(7.7) VIVIE+IVVEry s, (m)p(k)-
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Employing Lemma 4.1 and (4.7) with p = 2, we get
n((e/20) 2/ IVE + IVVE TS, (w)p(k)
(7.8) < 2cqune™t / (V]2 +|VV|?)dX.
R2

The combination of (7.5)—(7.8) entails that for every fixed s < 0, ¢ €
(0,—s), and n € (0,£90/4), we have

limsup p~'n_(=s;t5 5, (1))
p—00
< lilrtn Sol‘ljp pin_(—s—¢; p(p)t5, a, (B)P(K))
(7.9) + 2cqpme™ /R (VP +[VV)dx.

Letting n | 0, we get

limsup p~'n_(=s;t5, 5, (1))
p—00
(7.10) <limsupp~'n_(-s — & p(p)ty, », (W)P(1)), Ve € (0, —s).

p—o0

Choose a sequence {&,},>1 such that &, € (0,—s), 7 > 1, lim &, =0,
- T—00

and s+ ¢,, r > 1, are continuity points of 5 A1,2- Then Lemma 7.1 implies

limsup p~n_(—s — &, p()tx, x, ()p(K))

p—0o0
= lim pin_(=s — er ()5, 5, (W)P(1))
(7.11) = by (s+6r), Vr> 1.

Putting together (7.10) and (7.11), we deduce the estimate

(7.12)  limsupp~'n_(-—s; thaae () < S (s +6r), Vs <0,¥r > 1.

p—o00

Letting r — oo (hence, &, | 0) in (7.12), and taking into account that by
assumption s is a continuity point of 6y, x,, we get

(7.13) limsupu’ln_(—s;t;h,\z(u)) < 8xy.0g(8)-
p—00
The combination of (7.4) and (7.13) yields (7.3). O

PROPOSITION 7.2. — Let m = 2, V € L?(R?). Suppose that (1.1)
holds. Let 0 < A\; < Ag. Assume that \; and Ay are continuity points of §
(see (2.1)). Then (2.3) is valid.
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Proof. — By Lemma 3.4 we have
(7.14) N (A1, A2; () = no(L58a,,, (1))
where t, x, (1) := T (A1, Ag; ho(), V) (see (3.7)). Evidently,
(715) o (Lita a () = (6, 5, (1) + - (L85, 0, (),

where tf , (1) := T(M\,A2;hg (1), V). Let us estimate the first term at
the right-hand side of (7.15). Obviously,
(716) n_ (185, 0, () < e (VB VI, o, () 4200 (1/3; golVIrs, 5, (1)-

By Lemma 4.3, we find that both terms at the right-hand side of (7.16)
vanish for sufficiently large u.

Next, we pass to the estimation of the second term at the right-hand
side of (7.15). Choose a sequence {m}i>1, m > 0,1 > 1, llim m = 0, and
—00

write V = Vp + V4 where Vp = Vp; € C°(R?), Vi = Vi; € L?(R?%), and
[V1,ll2g2) < mi- Introduce the operator ¢y, ,, = T (A1, M2; by (1), Vo).
Similarly, define the functions 5]-; az(8), 5 =0,1, s # 0, replacing V by
Vju in (7.1). Finally, define the function 6o()), A # 0, substituting in (2.1)
V for Vo, 1 > 1.

Choose a sequence {&,}r>1, € € (0,1/2), lim e, =0, so that —1=+e,,
T—00

r > 1, are continuity points of all the functions 50; A1, 22 (8), I > 1. Evidently,
we have

B (1) 2 (L= D), o, + (1= €22)r5, o\ (WVETS, 5, ()
+2Regiry (1) +2e2RegVors, 5, (1),

txl,)\z (ll’) < (1 + E%)ta;xl,xz + (1 + 6:2)7.;1 A2 (/L)Vf?";l,,\z (N)
+2RegViry (1) — 262 RegVor;, 5, (1)

Therefore,

n—(1;t5, 5, (B) Sn-(1—er (1 - 52)t5;>\1,>\2)
+np(er/3; (72 = 1)rx, o, (VRS 2, (1)
+n_(er/3; 2Re gViry, 5, (1)
+n_(e,/3;2e2 Re gVory, 5, (1))
<n_(1—entyy, 5,) + 3 (1 cfee32Vars (1))
+ 20, (1; ¢lrer Vory, y, (1)),
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and
n_(Lity, 5, (W) 2 no(L+ e (L+ ety )
=14 (er/3; (7% + 3, 5, (VTS 2, (1)
—ny(er/3;2RegViry, 5, (1))
—n_(e-/3; 2¢2Re gVor5, 5, (1))
> n_(1+ertyy, 5,) = 3ne(Liciee, ¥ 2Viry, , ()
= 2n.(1; crerVory, 5, (W),

with cli6 and cli7 independent of u, 6§;, and ¢,.. Utilizing Proposition 7.1 and
Lemma 4.1, we get

limsup p~'n_(1; thang ()

p—00

(7.17) <o aa (1 +&r) + ¢y (5;37;? + ef/ |Vb|2dX> ,
RZ

liminf p~1n_(1; thng (1)

p—oo
(718) 2 Bon (-1 - er) = i (e + 2 [ alax ),
R

with citg independent of §; and €,.

Straightforward but tedious calculations show that the estimates

50;/\1,)\2(_1 + ET) < 5/\1)\2(_1 + 257‘) + Sz\l,h(_c_l’—gs:l)
(7'19) + 619\1 Az (_6-1*_953/2) - 61;>\1 A2 (0-1’_963/2)y

80;/\1,/\2(_1 —&r) 2 Sh,)\z(_l - 2¢,) + S)\IQ\Z (01_95:1)
(7'20) - 61;/\17/\2 (_01_953/2) + 61;)\1,)\2 (01-953/2)’

hold with cf:g independent of §; and ¢,. Using the elementary estimate

/ O(U(X)| — M)b(X)dX < 172 / |U(X)|*b(X)dX, U € L*(R?), A >0,
R2 R2

we conclude that (7.19)—(7.20) yield

(721) 50;)\1,)\2(’_1+€T) < SAIyAz(-—1+2ET)+C—2‘~O (5;37712 + 53/ IV|2dX> )
R2

(7.22) So,n; 20 (—1~€r) > 8x, 0, (—1—261) —cy (Er_37712+53/ lVlde>,
R2

with ¢ independent of 6; and e,.
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Letting at first | — oo (hence, n | 0), and then r — oo (hence,
er 1 0), in (7.17), (7.18), (7.21), and (7.22), and taking into account the
fact that the continuity of § at A; and Ag is equivalent to the continuity of
5>\1,,\2 at —1, we get

(7.23) Jim p7in- (L85, 5, (1) = 8,00 (1) = 6(A2) — 6(M0).
Now, (7.14)—(7.16), and (7.23) entail (2.3). 0

In order to complete the proof of Theorem 2.2, we choose ¢ > 0,
such that A\; — 3¢ > 0 and A1 + 3 < Ay — 3¢, and write V = V] + V,
with Vi € L2(R?), sup |Va(X)| < e. Define the function 6;()\), A # 0,

X eR?

substituting V' for V; in (2.1). Choose n > 0 such that n € (0,¢), and
Aj £exm, j =1,2, are continuity points of 6;. Evidently,

N (A1, A2;h(p)) S N(A1 —€, A2 + &5 ho(p) + V1)
SN —e=nX2 +e+nho(p) + V1),
N(A1, A2;h(p)) > N(A1 +¢€, X2 — &5 ho(p) + V1)
>N +e+n,0 —e—nho(u) + V1)
Utilizing Proposition 7.2, we get
limsup p *N (A1, Ag; h(p)) < 61(Q2 +e+1n) —61(01 —e —1n)

p—00

(724) < b ()\2 + 28) — 61 ()\1 - 28) < 5(/\2 + 38) - 6()\1 - 38),
lim inf n7 N (A, Agi () 2 81002 =& =) = 61(A + € +)

(725) Z 61()\2 — 26) - 61(/\1 + 26) Z 6(A2 — 36) - 6(A1 + 3€)

Recalling that by assumption A; and A are continuity points of §, we let
€] 01in (7.24) and (7.25), and conclude that (2.3) holds for general V € L,.

8. Proof of Theorem 2.3.

PROPOSITION 8.1. — Let m = 3, V € Cg°(R%), A < 0. Suppose
that (1.1) and (1.7) hold. Assume that s < 0 is a continuity point of D (see
(5.5)). Then we have

(8.1) Jim_ p7in (=83 P()Ty (1)P(w)) = Da(s)

where the operator T, (u) is defined in (6.17).
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Proof. — Asymptotics (8.1) follow immediately from Proposition 6.2
and Lemma 3.2 with T'(u) = P(u)Ty (k) P(u), to = A7 |Vl rs), p = 1,
and v = D,. O

PROPOSITION 8.2. — Let m =3, V € L3?(R®). Suppose that (1.1)
and (1.7) hold. Assume that A < 0 is a continuity point of D. Then (2.6)
is valid.

Proof. — By Lemma 3.3 we have
(8.2) N(X; H(p) = n_(1;Ta(w))
where T (u) := T (A; Ho(u), V) (see (3.4)). Obviously,
(8.3) n-(L,Ta(w) = n-(L;T5 (1) +n— (LT3 (1)

where T} () = T(X; Hy (), V). Since n_ (1, T3 () < nu(1;[VIY2R} (),

Lemma 4.6 implies that for sufficiently large p we have

(8.4) n_(L,T{ () = 0.

Further, we estimate the second term at the right-hand side of (8.3).
Choose a sequence {m};>1 m > 0,1 > 1, ll_iglom = 0, and write

V = Vo+ W with Vi = Vo, € CR?), Vi = Vi, € L3¥%(R?),

Vil L3/2(g2) < mi- Introduce the operators T}, (1), j = 0,1, substituting V/
for V; in (6.17). Similarly, define the function ’ﬁo, x A # 0, replacing 75 (X)
by 70,3 (X) (see (5.4) and (5.7)) in (5.5).

Choose a sequence {&,},>1, & € (0,1/3), lim e, = 0, such that
T—00

—1+e,, r>1, are continuity points of all functions 151, A- Evidently,

n_(LTy (1) 2 n-(1; P(u) Ty (k) P(u))
= n_(1; P(u)To \(B) P(p) + P(w)T7 5 (1) P())
(85) 2 n-(1+&r; P(0) T 5 (#)P(1)) — nat(er; P(p) Ty \ (1) P (1))

Utilizing Corollary 4.4, we get
g (er; P(W) Ty, (1) P(1) < na(er/?; [VAIY2R5 (1) P(u)))
(86) < coner? [ X)X,
]RS
Recalling Proposition 8.1, we find that (8.5)—(8.6) yield
(8.7) liminf p~'n_(1; Ty (1)) > Doa(~1—¢,) — 698:3/277?/2.
p—00
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On the other hand we have
Ty (1) = To () + T 5 (B) = P(u)T5\ (1) P(k)
+ Q)T 5 (1)Q(1) + 2Re P(u) Ty, (1)Q(1) + T1 5 (1)

> P(u) (Ton(u) - 2B5 () Vol R (1)) P()

+ Q) (Toaw) = 7R3 (VoI B (1) Q1) + Ty (1)

Therefore,
n_(L Ty (k) <n- (1'_57'/2; P(p) (To‘ )\(/‘)_52R_(ﬂ)|%'R_(y’)) P(u))
+n- (1-60/2, Q) (Toa (W) =57 2R3 (W) Vol Ry (1)) Q1))

+n_ (57‘/2; T A(u)) <n_ (I—ET;P(M)TO,A(M)P(M))
+ny (1,26, P(0) R ()| Vo | Ry, (1) P(1))

fn 1—?@@)%(#)@(@)

+

3

(
(3 - Fier QR WV ()W)

(8.8) +n (/2B TipW)) -
Proposition 8.1 entails
(89 lim pn (1- e PWToa(PW)) = Do(-1+e).

It follows easily from Lemma 4.5 that

n(5 - ,Q(M)Tu(u)Q(u))

1 _ _ -
(8.10) =n. (5 - T QWRS (W Vol By (HQ(W) ) =
provided that p is large enough.
Further, employing Corollary 4.4, we get

limsup p ™1y (1526, P(1) Ry, (1) [Vol Ry (1) P(1))

n—00
(8.11) <22, (ed? [ V().
R3
Finally, Corollary 4.5 entails

(8.12) limsupp™'n_(er/2 Tr () < 8%/%co(3)er%/? f VA(X)[*/2dX.
RS

p—00
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The combination of (8.8)—(8.12) yields
limsup g~ n_(1; T (1)) < Dor(~1+e,)

p—00
(8.13) + cg (5:3/277?/2 + 62/2 / |%(X)|3/2dx)
R3
with ¢y independent of €, and 7. Obviously,

- ~ 1
(8.14) Dor(—1+er) <Da(—1+42¢,)+ Ey / n_(er; 1,0(X)) dX,
]R2

- ~ 1
(8.15)  Dor(—1—g;) > Dr(—1-2¢,) — % /R2 n4(er; 710 (X)) dX.
By analogy with (5.9) we get
(8.16) /1122 nt(er;ma(X))dX < 014(/\)6:3/27)?/2.

The combination of (8.7), (8.15), and (8.16) implies
(817)  lminfu'n (LTS (n) 2 Da(~1~26) = ey *m;

while the combination of (8.13), (8.14) and (8.16) implies
limsup p~'n_(1; Ty (1)) < Da(—1+ 2¢,)

p—00
(8.18) weh (s e [ EPax ),
R3

where the quantities c;; and c4, are independent of ¢, and n;. Letting at
first [ — oo, and then r — oo in (8.17) and (8.18), taking into account that
by assumption A is a continuity point of D, and recalling Lemma 5.2 (ii),
we get

Jim pino(LT5 () = Da(-1) = D),

which together with (8.2)—(8.4) yields (2.6). o

Finally, the deduction of Theorem 2.3 where we consider general
V € L35 from Proposition 8.2 where potentials V € L3/2(R®) are treated,
is quite similar (and simpler) to the deduction of Theorem 2.2 from
Proposition 7.2 (see the end of Section 7), and therefore we omit the details.
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