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INVARIANTS OF FOUR SUBSPACES

by G.W. SCHWARZ and D.L. WEHLAU

Introduction.

1.1. — Our problem is to determine the invariant theory of four
linear subspaces of a fixed vector space V (everything over C). This is
related to the problem of classifying r-tuples of subspaces of vector spaces.
The latter problem (in the representation theory of quivers) is known to
be “tame” if r < 4 and “wild” otherwise; for example, the determination of
the normal pairs of n x m matrices (see [GP], [BGP], [Kac]).

1.2. — Let kq,..., k4 be integers between 1 and n — 1, inclusive, and
let & denote one of the k;. A k-dimensional subspace of C™ corresponds
to an element of the projective space P(Dy), where Dy denotes the set
of decomposable elements of A¥(C"). We are interested in the SL,-orbit
structure of P(Dg,) X --+ x P(Dy,), which one easily obtains from the
SLy-orbit structure of X := Dy, X --- x Dg,. The SL,-variety X is the
basic object of interest.

Note that the quotient of the (SL,, x SL)-module C* ® C* by the
action of SLy is just Dy (see 2.1). Thus (X, SL,) is a quotient, as follows.
Set H = SLy, x - - - X SL, with its natural action on W:= CF1 @ ... @ Cks.
Set k: = (k1,...,k4) and set G: = SL,, x H with its natural action on
V:=V(n,k)=C"®W. Then (X,SL,) is the quotient (V//H, G/H). The
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orbit structure of (V, G) determines that of (X, SLy,), so we concentrate on
the former case. Set

6:=2n—ky —---— ks (the defect),
¢:= dim C[X]%!" = dim C[V]®.

Unless we are doing a numerical example or otherwise specified, we assume
that

k1 <ky <ksz<ky

1.3. — We first determine the closed orbits of (V, G); equivalently, we
determine the algebra C[V]¢ or the categorical quotient V//G. It is more
difficult to find the orbit structure of the fibers of the quotient mapping
m:V — VJ/G. Classically, this has been done by using certain covariants.
A covariant is just an element of an isotypic component of C[V]. While
we do not determine the orbit structure of the fibers, we do show that
the covariants have a very nice structure: they are (almost always) a free
(G-C[V]%)-module. We then say that (V,G) is cofree; equivalently, V//G
is an affine space and 7 is equidimensional. We determine the principal
isotropy group of (V, G) in the important cases (including the cases § = 0,
g > 2). This allows us to completely determine the structure of C[V] as a
(G-C[V]%)-module [Sch2, 1.1] (but not as a graded (G-C[V]%)-module).

1.4. — The dimensions (n, k) and representations V (n, k) occur in
series (obtained via castling 2.2). Eventually the elements of the series are
either all cofree or all not cofree, but some series take longer than others
to “settle down”. Among these are the series containing V'(2,(1,1,1,2))
and V(3,(1,1,1,1)). For other reasons, Gelfand and Ponomarev (see [GP])
found the indecomposables of the latter kind to be exceptional.

1.5. — The invariants of (X,SL,) were recently determined by
R.Howe and R. Huang [HoHu|. Their work complements and/or extends
earlier work of Turnbull [Turn], Huang [Huan] and Ringel [Ring]. Howe and
Huang used techniques from representation theory and combinatorics (the
symbolic method) to obtain the following:

« an explicit description of C[X]5t=;

o a proof that C[X]5!" is always regular (a polynomial ring).
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There are slight inaccuracies in these results: One type of invariant
is missing (see 3.17.4 and Example 2.7) and C[X]5~ = C[V]C fails to be
regular in one case (Theorem 2.9.3.d). We have approached the problem
using ideas from invariant theory, and we are able to find shorter and more
direct proofs of the results in [HoHul].

When 6§ # 0, the technique of castling is decisive (see 2.2 and 3.1).
We show that ¢ < 4 and completely classify the cases ¢ = 3 and q = 4.
We show how the invariants arise from very simple ones twisted and
made complicated by castling (see 2.2). In particular, we explain the
“mysterious” type III invariants of [HoHu] and we also find a fourth type
(Theorem 3.17 (4)). If § = 0, castling is not very effective. Instead we
use invariant theory to compute the principal isotropy group of (V,QG).
This gives us g, and then we exhibit q explicit generators of C[V]®. The
computation of the invariants is in Sections 3 and 4.

In Sections 5, 6 and 7 we determine necessary and sufficient conditions
for C[V] to be a free (G-C[V]%)-module; equivalently, we determine when
the quotient mapping my:V — V//G is equidimensional. This is much
harder than determining the invariants. The most important case is that
of 4 medials (V(2n,(n,n,n,n))). Here we use an induction to reduce to
properties of the case n = 2. In general, the obvious method is to use the
Luna-Richardson theorem to reduce to the 4 medials case. This does not
work, but we find a variant which does.

We determine the principal isotropy groups of (V,G) in case § = 0
and ¢ > 2. The cases where § # 0 and ¢ > 3 are easily handled.
As noted above, this information allows us to compute covariants and
their multiplicities. For example, if the principal isotropy group is trivial,
then every irreducible representation of G occurs as a free C[V|“-submodule
of C[V] with multiplicity equal to its dimension. This occurs in the cases
V(5,(4,2,2,2)) (6 =0, ¢ =2), V(7,3,3,3,3)) (6 =2, ¢ =4) and many
others.

Usually, my:V — V//G is equidimensional if and only if 7x: X —
X//G is. Theorem 2.10 (proof in Section 8) lists the exceptions.

2. Main results.

2.1. — Let Y be an affine G-variety. Let Y//G denote the affine variety
corresponding to the algebra of invariants C[Y]¢ and 7y:Y — Y//G the
morphism dual to the inclusion C[Y]¢ C C[Y]. We say that (Y,G) is
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o coregular if C[Y]¢ is a polynomial algebra, equivalently; Y//G is
smooth (and isomorphic to affine space);

o equidimensional if Ty is equidimensional;

o cofree if C[Y] is a free C[Y]%-module. (A G-module V is cofree if
and only if it is coregular and equidimensional [Schl], 17.29);

o stable if there is a dense subset of closed orbits.
A subgroup L C G is a

» generic isotropy group if there is an open dense subset Y’ of Y such
that Gy is conjugate to L for every y € Y7

o principal isotropy group if there is an open dense subset U of Y//G
such that G, is conjugate to L for every closed orbit in w;l(U ).

2.2. — We make extensive use of castling (see Section 3.1):
Let o denote ky + --- + k4 and set §: = 2n — 0. (The problem is quite
different, depending upon whether or not é is zero.) We have castling
transformations C, and C, which transform V(n,k) to V(o — n,k) and
V(n, k )to V(n,(n —kq,...,n— kl)). The transformation C, was already
used in [HoHu] to reduce to the case that § > 0. The class CI(V(n,k))
of V(n,k) is the collection of representations which can be obtained
from V(n, k ) by C, and C,. Castling transformations preserve algebras of
invariants, (non) stability and generic isotropy groups (up to isomorphism).
Thus principal isotropy groups are preserved in the stable case.

2.3. — Each class (with 6 # 0) has a linear ordering: Let h denote
o + n. If we apply C,, then h changes to h — 6. Thus we say that C, is a
castling up (resp. down) if § < 0 (resp. § > 0). We define “up” and “down”
for C,. similarly, where C, sends h to h + 26. We say that V(n’, k') is above
(resp. strictly above) V(n,k) if V(n/,k') is obtained from V(n,k) by a
(resp. nonempty) sequence of castlings up.

2.4. DEFINITION. — We say that V (n,k ) is minimal if it is minimal
in its castling class. Equivalently, C,, cannot be applied or is a castling up,
and the same for C,..

To determine the algebra of invariants, etc. of V(n, E) we may reduce
to the case that V(n, k) is minimal. Here our questions are either easy to
answer or we may reduce to an instance of three subspaces. We then



INVARIANTS OF FOUR SUBSPACES 671

use our complete analysis of the possibilities for two and three subspaces
(Section 3.8).

2.5. — We say that an invariant f of V(n,k ) has (reduced) degree
(a,b,c¢,d) if, as a function on X = Dg, X -+ x Dy,, it is multihomogeneous
of degree a in Dy, b in Dy,, etc. Note that, as a function on V(n,fé), it
has multidegree (ak1,...,dks). By degree we will always mean the reduced
degree. The total (reduced) degree of f is a + b+ ¢+ d. We will use similar
notation and definitions for two and three subspaces of n-space. We always
denote the dimension of C[V]¢ by q.

2.6. Example. — Consider V(7,(3,3,3,2)). Then castling down we
obtain

V(4,3,3,3,2)), V(4,(1,1,1,2)) and V(1,(1,1,1,2)).

Of course, V(1,(1,1,1,2)) does not come from four subspaces of C!,
but this is not a problem when computing invariants! The invariant of
degree (1,0,0,0) in V(1,(1,1,1,2)) becomes one of degree (2,1,1,1) in
V(7,(3,3,3,2)) (see (3.17)). The generators whose degree is bigger than
(1,1,1,1) are labeled “mysterious” in [HoHu]. As in this example, they all
arise from simple invariants made complicated by castling.

2.7. Example. — Consider V' (4,(1,1,1,1)), which is generated by the
obvious invariant of degree (1,1, 1,1). Castling we obtain

V(4,(3,3,3,3)) and V(8,(3,3,3,3)),

where the latter has invariants generated by an element in degree (2,2, 2, 2).

Our main results are the following:

2.8. THEOREM. — Suppose that § # 0. Then
(1) (V, G) is coregular, and q < 4.
(2) If g = 3, then V is above
(a) V(n,(d,n,n,n)), 1 < d<n,or
(b) V(n,(a,b,n,n)) wherea +b=mn,a <b, or
(c) V(n,(a,b,b,n)) or V(n,(a,a,b,n)),a+b=n,a <b,or
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(d) V(2n,(n,n,n,d)), d > 2n or
(e) V(n,(n,n,n,d)), d>n.
(3) If g =4, then V is above
(a) V(n,(n,n,n,n)), or
(b) V(2n,(n,n,n,2n)).
Concerning cofreeness (equivalently, equidimensionality) we have:
(4) If ¢ < 2, then V is cofree.
(5) The non-cofree representations with ¢ = 3 are

(a) (from2.a,d = 1) those above V (2n+1,(n+1,n+1,n+1,2n)),
n>2,

(b) (from 2.d, n = 1) V(2,(1,1,1,d)) and V(d+ 1,(1,1,1,d)),
d> 3 and

(c) (from 2.e, n = 1) those above V (d + 2,(1,1,1,d)), d > 2.
(6) The only non-cofree representations with ¢ = 4 are
3,(1,1,1, 1)),
6,(2,2,2,2)) and

,V(3,(1,1,1,2)),
,(2,2,2,3))

(a) (from 3.a, n = 1) those above V
(b) (from 3.a, n = 2) those above V
(c) (from3.b,n=1) V(2,(1,1,1,2)

V(3,2,2,2,1)), V(4,(2,2,2,1)), V
and V(5,(2,2,2,3)).

—_—~

TSN—

2.9. THEOREM. — Suppose that 6 = 0.
(1) If k4 > n, then ¢ = 0 and V is not stable.
(2) If k4 = n, then g = 2 with generators of degrees (1,1,1,0) and

(0,0,0,1). Moreover, V is cofree and stable with principal isotropy group
SLkl X SLk2 X SLk3.

(3) If k4 < m, let a denote min{ky,n — k4}. Then
(a) V is stable with principal isotropy group (up to a finite cover)
SLy—ky—ks X SLn—k;—kg X SLjp—k, —k,| X T*~1, where T™ denotes
an r-torus (C*)". Furthermore,

g=a+ 1+ bk +kan + Okytksn + Okytkg,n-

(b) V is cofree if V # V (2n,(n,n,n,n))), n < 2.
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(c) V(4,(2,2,2,2)) is coregular, but not cofree.
(d) V(2,(1,1,1,1)) is neither coregular nor cofree.

Write V = V(n,k) = (C*®@W,SL, x H) asin 1.2. Then X = V//H =
Dy, % - -+ x Dg,. We consider equidimensionality of (X, SL,):

2.10. THEOREM. — Let (X, SL,) and V = V(n, k) be as above.
(1) If V is equidimensional, then (X,SL,,) is equidimensional.

(2) If (X,SLy,) is equidimensional, then V' is equidimensional, with
the following exceptions :

() V=V(2n+1,(n+1,n+1,n+1,2n)),n>2,
(b) V=V(d+1,(1,1,1,d)),d > 3 and
(c) V=V(5(2,2,2,3)).

Theorem 2.8 follows from 3.11 and the results in Section 5.
Theorem 2.9.3 follows from Proposition 4.5, Remark 4.6, Theorem 4.9
and Theorem 7.11. Parts 1 and 2 are left to the reader. Theorem 2.10
follows from Theorem 2.8, Theorem 2.9 and Theorem 5.3.

3. The case 6 # 0.

3.1. Castling. — Consider a representation (C" ® U & Z,SL,, x L)
where dimU = n +n/ > n, SL, acts trivially on Z and L is reductive.
We assume that L acts trivially on A"+ (U). Then the invariants of
(C"®U & Z,SL, x L) are isomorphic to those of (C" @U*® Z,SLy x L).
The only thing to observe is that the quotients by the special linear
groups are the product of Z and the decomposable vectors in the
isomorphic representations A™(U) and A™ (U*). Furthermore, since the
general SL,, and SL,, orbits are closed with trivial stabilizer, the isotropy
groups of non-zero points in the quotients are isomorphic. By projection
to L, we obtain an isomorphism of generic isotropy groups. We will
call a castling transformation of the form described above a simple
castling transformation. Thus C, is a simple transformation while C, is
the composition of 4 simple transformations. However, unless otherwise
specified, by “castling transformation” we are referring to C,, and Cy.
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3.2. — Asin §§1.2-2.3, let
V=Vnk), o= k,
§:=2n—0, h=o0+n, q=dimC[V]C.

In this section we assume that § # 0. We only consider representations
V(n,k) wheren > land k; > 1,7=1,...,4. Castling sends

V(n,k)=C"@W to C°"@W*

But we may replace W* by W without changing anything of interest, and
we obtain our transformation C,. Similarly, we obtain C, by castling each
of the representations

(Ck @ C",SLy, x SL,) to (C" % ® C™,SLy_g, X SLy).

We denote by V' = V(n/, k') the representation obtained by applying C,
or C, to V(n, k), and we set

a =Zk§, §=2n"-0¢', KW=0+n
i
Then we have

3.3. PROPOSITION.

(1) C, applies iff o > n, in which case ' = h — §;
(2) Cx, applies iff ky < n, in which case h' = h + 26;
(3) 8" = —8;

(4) CI(V) is totally ordered by the value of h.

3.4. COROLLARY. — Let
M={meN; ml§|<k;i<n-2m|s|, i=1,...,4}.
If m € M, then we can castle down from V' to

V' =V (n—2ml8|, (ky — ml6], ..., ks — ml8])).

If m is the maximal element of M, then V' is at most three castlings up
from the minimal element.
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Proof. — We may assume that m > 1. First suppose that 6 > 0.
Applying C, and then C,, we obtain V(n —6,(n — 8 — kg,...,n— 86 — k1)),
and another iteration gives V(n — 26, (k1 — 6,...,ks — 6)). Induction then
gives the result. If § < 0, then we may use the argument above after
applying C,. O

3.5. Example. — Consider V(2r + 1,(r, 7, r)) where § = 2.

o If r = 2k + 1 is odd, then applying 3.4 with m = k we arrive
at V(l,(l, 1,1,1)).

o If 7 = 2k is even, we may take m = k — 1 to obtain V'(3,(1,1,1,1)),
and then apply C, to get to V'(1,(1,1,1,1)). One easily sees that, in fact,
{V(2r £1,(r,,r,7))} is the castling class of V'(1,(1,1,1,1)). Similarly,

{v(er,(r,rrrt1)}u{V(2r+1,(rrrr+1))}
u{v(r-1,(r-1,mnrr))}

is the castling class of V'(2,(1,1,1,2)).

3.6. THEOREM. — Let V' be minimal with § # 0. Then we have the
following possibilities:

(1) o <n and g =0;
(2) 0 = n and q = 1 with a generator of degree (1,1,1,1);
(8) ¢ > 2n and k4 > n. Then we have the generators of

V(n,(kl, ko, k3)) and an additional generator of degree (0,0,0,1) ifky = n.

Proof. — Clearly (1) and (2) cover the possibilities for o < n, so we
may suppose that ¢ > n. Since V(n, k ) is minimal and o # 2n, C, must be
a castling up, so that o > 2n. If k4 < n, then we may castle down by C,,
so we must be in case (3). i

3.7. COROLLARY. — Let V(n, k) be minimal where § # 0.

(1) Ifn < 0 < n+ kg, then CU(V(n,k)) = {V(n,k), C,(V(n,k))} is
finite.

(2) Ifn+ k4 < o or o < n, then CI(V (n, k )) is infinite.

Proof. — If ¢ > n, then o > 2n by minimality, hence C, is
a castling up. But we cannot apply C. to V(n',k') = C,(V(n,k)) if
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ky = ks >n' =0 —n,so (1) holds. If n + k4 < o, then
V(' k') = Co(Cu(V(n,k)))
hasn' =0 —n, o’ =30 —4n and kj = 0 — n — k;. Then
o' —n' — (max{ki,..., ki} =kj) =0 —2n+k >0,

and we may continue castling up indefinitely. Finally, if o < n, then
V(n',k') = Cc(V(n, k)) satisfies o' > 3n’ and ¢/ — n' — kj > 0, so we may
castle up indefinitely. 0

3.8. Invariants of two or three subspaces. — If V(n, k) is minimal,
then it often happens that k4 is larger than n, in which case we are
reduced to computing the invariants of three subspaces. So, we consider
the invariants of V(n,Z) where n > 1, £; > 1 for j = 1,2,3. We adapt our
terminology from four subspaces to this situation: We set

T=41+ 42+ 0.
The castlings C, and C,; send V (n, 7 ) to

V(r—n,€) and V(n,(n —f€s,n —la,n —£1)),

respectively (whenever they apply). Then C, (or Cy) is a castling up if it
increases n + 7. In other words, C, (resp. Cy) is a castling up if 7 > 2n
(resp. 3n > 27).

3.9. Remark. — It is no longer true that a castling class has a
unique minimal element. For example, from V(5,(2,3, 4)) we can castle .
down by C, or by C,C« to obtain minimal elements V(4,(2,3,4)) and
V(1,(1,2,3)), respectively.

3.10. TueoreM. — Let ¢; > 1, 1 < j < 3. Then minimal
homogeneous generators of the invariants of C[V(n, 7 )] have, up to
permutation of the ¢;, degrees (1,0,0), (1,1,0) or (1,1,1), corresponding
to equalities

bi=n, bi+b=n and fi+b+l3=n

(or €1 + €3 + €3 = 2n with ¢, €2, 3 < n). There are only the following
possibilities (up to permutation of the ¢;) :
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(1) ¢ = 0: no subset of {£1, €2, £3} consisting of numbers at most n
adds up to n or 2n.

(2) ¢ = 1 and one of the following occurs:
(a) €1 =n;
(b) 44+ 42=n;
(c) 4+ 42+ 43 =nm;
(d) 41+ €2+ €3 = 2n and ¢y, €2, €3 < n.
(3) ¢ = 2 and the generators are as in 2.a and/or 2.b.
(4) g=3and V =V (n,(n,n,n)),n > 1, or V(2n,(n,n,n)), n > 1.
Moreover,
(5) V(n,£) is coregular.
(6) Only V(2,(1,1,1)) is not cofree.

Proof. — Assume that ¢; < ¢y < /3. If {3 > n, then we obtain
(at most) an invariant of type 2 (a) and the invariants of V- = V'(n, (¢1, £2)).
The only possibility to get something new is if ¢, {5 < n < £; + £5. But
then C,, gives V(n, (n — €2,n — £1)) where n — #3 + n — ¢; < n, so there are
no new types of invariants. Note that we get one possibility here for g = 3,
namely V(n, (n,n,n)).

It is easy to see that C,, when it applies, can only interchange
invariants of types 2 (a) and 2 (b). Similarly, if C,; applies, then it only
interchanges invariants of types 2 (c) and 2 (d). Hence we may reduce to
finding the invariants of the minimal V.

We may assume that £3 < n and that V is minimal. Since C, is not a
castling down, we have 7 < %n If C, applies it is a castling down, so we
must have 7 < n. We are in case 2 (c) or case 1, hence 1, 2 and 3 hold. Part 4

is the observation that the castling class of V(n, ) is {V(n, @), V(2n,7)}.

If ¢ < 2, then V(n, 7 } is cofree: Equidimensionality is easy, and
coregularity follows from [Kempf]. Obviously V (n,(n,n,n)) is coregular
(and cofree), hence its castling transform V (2n,(n,n,n)) is coregular, and
we have (5). It is well-known that V(2,(1,1,1)) is not cofree, since its
null cone has codimension 2 while ¢ = 3. To establish (6), we need to
show that V'(2n,(n,n,n)) is cofree, n > 2. But in Section 6 we show that
V(Qn,(n, n,n, n)) is cofree for n > 3, hence so is V(2n,(n, n, n)) Ifn=2,
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one uses the idea of Example 4.10 to reduce to the fact that (3C®,SO(6))
is cofree [Sch2]. O

3.11. Proof of Theorem 2.8 (1)-(3). — Let V(n,k) be minimal.
Applying Theorem 3.6 we may assume that k4 > n. Parts 1, 2 and 3 are
then immediate from Theorem 3.10. O

3.12. Effects of castling. — Let f be an invariant of degree
(#:= (41,1%2,13,%4)). Since f is SL,-invariant, 7- k = Zijkj is a multiple s
J

of n. We call s the n-degree of f. Let || denote ) 4;. Let V', k), f, ¢,
J

etc. denote the result of applying C, or C, to V(n, k ), f, s, etc.

3.13. LEMMA. — Suppose that C, applies to V (n, E) Then C,(f) has
degree (s —i1,...,8 — 14).

Proof. — Since A™(W) is a sum of terms
A= A (CH) @ - - ® AT4(CF*)  where |7] = n,
its dual A°~™(W) is a sum of corresponding terms AF=7_ The invariant f

S .
lies in sums of tensor products AT QR ® AT with 3 7'5]) = 11k, etc.

j=1
It follows that C,(f) lies in sums of terms A= @ @ AFT? where
S

> (ks -'rgj)) = (s —i1)ky, etc. Thus C,(f) has degree (s —iy,...,8—14).0
j=1

)

3.14. CoroLLARY. — Let f, 7, etc. be as above.
(1) IfC, applies, then 7’ = (s —41,...,8 —i4) and s’ = s.
(2) IfC;, applies, then 7’ =7and s’ = |7| — s.

Proof. — Part (1) is immediate from Lemma 3.13, and (2) is a simple
calculation. O

3.15. Types of generators. — Let f be a minimal multihomogeneous
generator of C[V]€, where § # 0.

o We say that f is of type (1) if its total degree is 2, e.g., its degree
is (1,1,0,0).
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o Otherwise we say that f is of type (2).

Our usage of “type” is different than that in [HoHu|. We call {d, s}
the degree pair of f, where d (resp. s) is the degree (resp. n-degree) of f.

3.16. LEMMA. — Let f be a multihomogeneous minimal generator
of C[V]C.

(1) Suppose that f is of type (1), i.e., || = 2. Then s = 1 and the
same holds true for C,(f) and C.(f).

(2) Suppose that 6 < 0 and that f has degree pair

{@r-1),(r—1,r=1r-1,1}, {@r),(r,r,nr-1)},

or {(2r — 1), (r,r,7,7)}. Then C,(f) has the same n-degree and degree
(r,ryryr—1), (r,r,7,r+ 1), 0r (r+ 1,74+ 1,7+ 1,7 + 1), respectively.

(3) Suppose that 6§ > 0 and that f has degree pair

{(2r -2),(r—=1r—17r— 1,1‘)}, {(21" -1, (r,r,r,r — 1)},

or {(2r —2),(r,7,r,7)}. Then C.(f) has degree pair

{@r-1),(r,r—1,r—-1r-1)}, {(@r),(r-1rmrr)},
or {(2r), (r,r,r,7)}, respectively.

Proof. — Part (1) is easy and (2) follows from 3.14. For (3), consider
the case where

7k =(r—1)|k|+ ks = (2r — 2)n.
Then
T-(A—k)=(r—1)(dn— k) + (n — k)

=(4(r—1)+1)n— (2r —2)n = (2r — I)n.

The other cases are similar. The change in the degrees of the invariants is
due to the fact that n — kg <n —ks... ]
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3.17. THEOREM. — Let V(n,k) be minimal. Let f be a minimal
non-constant multihomogeneous generator of C[V]%, and let r > 0.

(1) If f is of type (1), then so are any castling transforms of f.

(2) Suppose that f has degree (0,0,0,1). Then (CxC,)*"(f) has degree
(ryryryr + 1), Cu(CxCy)? 1 f has degree (r + 1,7,7,7), (C<Cy,)?>"1(f) has
degree (r,r+1,7+1,7+1) and C,(C«C,)?" f has degree (r+1,7+1,7+1,7).

(3) If f has degree (1,1,1,0), then we are in case 3.7.1. One can only
apply C,, and C,(f) has degree (0,0,0,1).

(4) If f has degree (1,1,1,1), then (C,C.)"f and Cx(C,Cx)"f have
degree (r+ 1,7+ 1,7+ 1,r +1).

4. The case § = 0.

When 6§ = 0, we cannot get very far with our usual castling
transformations, since C, is the identity and C. has order 2. However,
there are some alternative means to simplify things. We eventually land in
the case of four medials, i.e., in the case V(2n,(n, n,n, n))

4.1. Four medials. — If V is a G-module, we denote the
principal isotropy group by PIG(V) (or PIG(V,G)) and its identity
component by PIG(V)?. Let L = PIG(V). We denote by N (or Ni)
the quotient Ng(L)/L, which has a natural action on VL. See [Slod] for the
notion of slice representation used in the proof below.

4.2. PROPOSITION. — Let n > 1. Then (V,G) = V(2n,(n,n,n,n)) is
stable with principal isotropy group T =~ (C*)"~1, where T lies in G as

{(t,¢t,¢,t,diag(t™",t7")) € (SLyn)* x SLan; t € (C*)" 1}

Proof. — We use the symbols n, n/, n”, n"”’ to distinguish our four
copies of C™ and SL,,. The subrepresentation (C™ & C™') ® C2" is stable
with one dimensional quotient (the determinant is the generator of the
invariants), and the principal isotropy group is

{(g, h,k) € SL,, x SL,s x SLgy, ; k = diag((g™!)*, (h_l)t)}.
The slice representation is, ignoring trivial factors,

(((C" ® Cnl)* ® ((C"” @ (Cnm),SLn X SL,,s X SLy» % San).
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We can now take slice representations of the various pairings of the SL,’s
to obtain, at the penultimate stage, the adjoint representation of the group

SLn ~ {(9,9,9,9) € (SLy)*; g € SL, }.

Thus the principal isotropy group is a maximal torus 7~ !. Since the final
slice representation is stable, the original representation was stable. O

4.3. Principal isotropy group. — Suppose that we are given k;, etc.
as usual. Define
a:=min{k;,n — kg}, r=n—k; — ko,
szn—kl—kg, t=|n—k1—k4|.
Note that, since V; + V5 has codimension at least r in C™, the intersection
V3 NV, has dimension at least r. Similarly, V5 N V4 has dimension at

least s and Vo N V3 (resp. Vi N Vy) has dimension at least ¢t if k1 + k4 < mn
(resp. k1 + k4 > n).

We now find the generic stabilizer of V(n,E ): We may assume
that all intersections we consider are as generic as possible. That is,
dim V] + Vo = k1 + ko, ete. If ky + k4 < n define

(1) Wy :=VanVy,
(2) We:=VaNVa,
(3) Wi:=Von Vs,
(4) Waa:= (Vi + Vo) N (V1 + V3) N (V1 + Va).

4.4. LEMMA. — Generically, we have
(1) dim Wy, = 2a, dim W, = r, etc.,
(2) C" =W ® W, & W, ® W,

(3) i C Wy,

4) VaCWaa & W, & Wy,

(5) V3 C Wa, @ W, & W, and

6) VaC Wos @ W, & W,.
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Proof. — First of all, the configuration above is possible: Given a
decomposition of C™ as in 2, choose a-dimensional subspaces U; of Wy, such
that Wo, =U;@U;,1 <i < j <4.Then Vi :=Uy, Vo:= U@ W, W, etc.
do the job. Generically, V; +V; has codimension n—ky1 —ky = ks +ks—n=r
in C™, and similarly we obtain generic codimensions s and ¢ for V; + V3
and Vi + V4. It follows that Wy, generically has codimension r + s + t.
Similar arguments show that V, N Ws, generically has codimension s + ¢
in V3, so we have (4). The other cases are similar. a

Now we consider the isotropy group of such a collection of subspaces.
Suppose that n = 2a +r + s+t where a > 0, 7, s, t > 0. Replacing
each C* by its dual, we may consider that we have homomorphisms
@;: Ck — C™ with images V;, i = 1,...4. Our point in V(n,IZ) is denoted
0= (p1,--,pa).

4.5. ProposITION. — Let n, Wy,, etc. be as above. Let Uy, ...,Us be
a-dimensional subspaces of W, such that U; +U; = Wa,, 1 <1< j < 4.
Assume that

(1) p1:C* = Uy,

(2) po: Cotstt = (C*)Y @ C*p Ct — Uz ® Ws & Wy,

(3) ps:Cot+t = (C*)" d» C" @ (C) — Uz & W, & W; and
(4) pg: Cotrts = (C)" @ (C)' @ (C*) - Uy & W, & Wi

are injective homomorphisms which respect the direct sum decompositions
(the generic case). Then the isotropy group G, is isomorphic to

L:= (C*)*! x SL, x SLg x SL;.

Moreover, L is a principal isotropy group, the representation is stable and
the quotient has dimension

g=a+1+60+ 080+ 60=0a+14 0k +ksn + Okytks,n + Oky+ko,n-

Proof. — Since the images V; of the ¢; determine the direct sum
decomposition C* = Wy, ® W, & Wy & W, the projection m(Gy,) of Gy
to SLy, lies in (GLg, X GL, X GLs x GL;) N SL,,. By choosing appropriate
bases of W;, C* and Ct' we may assume that o|ct and @3|¢t’ are multiples
of the identity map, and similarly for r and s.
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Suppose that 7(G,) is not in the product SLaq X --- x SL;. Then
there is a nontrivial cyclic subgroup C of SL,, acting via scalars &2, ...,&
on Wag, ..., Wt, respectively, where £32 £7 €5 €¢ = 1. Since

A (p1): A*(C*) — A*(Ur) C A*(Way,)

is m(G,)-fixed, we must have that £, = 1. Similarly, invariance of
AT (o) gives that &5, &5 &E = 1. Hence €7 = 1. Similarly, €5 = ¢! = 1,
so our cyclic subgroup lies in SLa, X - - - x SL;.

Since we have isomorphisms
pi= 902|<c‘1(Ct — W; and p':: (,03|Ct':Ct’ — W,

we obtain a contribution to the isotropy group of

{(9,9',9") € SL¢ x SLy x SL(W); ¢"pg ' =p, g"p'(¢")"' =0’}

Similarly we obtain diagonal copies of SL, and SL; in L. Finally, we
obtain the principal isotropy group of the four generic injections of
C* x C% x C¥" x C*" — Wa, ~ C2¢, which we already know is (C*)*~!.
Thus L is a generic isotropy group.

By a theorem of Popov [Po] (see also [LuVu]), since G is semisimple
and there is an open dense subset of orbits with reductive stabilizer (L),
the representation is stable, and then clearly our L is a principal isotropy
group. Making note that the dimension of SL,, is m?2 — 1 + 6,0 we obtain
that the dimension of C[V]€ is

dimV — dim G + dim PIG(V, G)
4
= on? - (n2 14+ Y (k- 1))
=1

4
+ (kl -1+ E(‘I’L — k1 — ki)2 -1+ 6k1+k:,-,n)
=2
=K1 4+ 14 6k, 4kon T Oky4ka,n + Oy tkaine o

4.6. Remark. — Suppose that k1 + k4 > n. We set
r:=ks+ks—n and s:=ky+ks—n

as before, and

t:=ki1+ ks —n.
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Then

In the generic case, we obtain

Cn=W2a®Wr®Ws®Wt
where W,. =VaNVy, Wy =VonNVy, Wy = V1NV, and

Wae = (Vi + Vo) N (Vi + V3) N (Vo + V3).

The results and proofs are now as above. Alternately, one can apply C, to
change to the case where k; + k4 < n.

4.7. Invariants. — We compute generators of C[V]®. They are all
of degree (1,1,1,1), (1,1,0,0), or (1,0,1,0), etc. We assume at first that
ki+ ks <m.

Clearly, whenever k;+k; = n,4 < j, we have a “determinant” invariant
fij of total degree 2. Now the symmetric algebra Sym(D,): = C[D,]*
is just @®;p), and the U-invariants (covariants) of the tensor product
Sym(D,) ® Sym(Dy), a < b < n— a, are a polynomial algebra generated by

Pas Pby Pa—1Pb+15- -5 Patb-

Since k1 + k3 < n, we have invariants {gp}’;;o which contract the copy
of Yk, —pPrs+p With its dual @i, qpr,+q Where ks + g+ ki —p = n,
ie,g=p+n—ky —kys>p.

To find formulas for the g,, one proceeds as follows: Let v§i) denote
vi(e;), 1 < j < k;. We assume that v§-1) = v§-3), 1 < j < ki —p and that
v;-z) = vJ(.4), 1 < j € k3 — q. Then the dimension of V; + V3‘is at most k3 + p,
which implies that the invariants gp41,. .., gk, vanish. Moreover, it is clear
that the value of g, in this case has to be (up to constants) the following
product of determinants:

[vgl), e ,v,(c?ﬂp,v?), e ,v,(ci),v,(;)_qﬂ,...,v,(;)]

(3) (3) 1) 1,2 (2)
-[vl 3o 3 Vg s Uk _py1s e Uk, » U1 ,...,vkz_q].
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The formula for g, in general is obtained by polarizing the formula above
in the variables which we assumed equal.

Note that if ¢: = k; + k4 —n > 0, then we only have invariants g,
for p > t.

4.8. PROPOSITION.
(1) If ky + k3 < k1 + kg = n, then go = f14f32.
(2) Ifkl + k2 < k'l + k’3 =n, then go = f14f32 and 9k, = f13f24.

(3) If k1 + ko = n (four medials), then go = fiafsz + fi2fsa,
9k, = f13f24 and g1 = — f14f32 + f12f34 modulo g3, gs, . ..

Proof. — We prove (3) and leave the rest to the reader. Set m:= n.
Since go is the contraction of two copies of 2, it is the (double) polarization
of the invariant f2, with respect to the pairs of indices {1,3} and {2,4},
which gives, up to constants, fi4fsz + fi2fss. The expression for g, is
obvious.

When m > 1, consider the case where

vJ(.l) = 1}5.3) =ej42 and v§2) = v§4) =emyj+1, 1<j<m-—L

. n .
Write o5 = 3 ay)ej. Then
i=1

2 4
91=[€3, -, emi1sEmi2, .-, €2m, VD, v8P]
1 3
. [63,.. .,€m+1,'l}£n),’l)£n),em+2,...,62m]

= [w®, w®] - [w®,w®],

where w® = (a{?, a{”) € C2. Moreover,

—f1afs2 + f12f34
1 4
= _[637 ey €m+17’l),£n), €m+2y+-+3y€2m, vy(n)]
3 2
. [63, .o ,6m+1,’U£n), Em+42y .-y e2m,’v7(n)]

+ [637 cey em+17U'$r},)7em+2, <o €2my, 'Ug)]
° [637 ey em+1,'07(3);€m+2, «eey€2m, Uq(r;,l)]
= o™, w®] - [w®,w®] 4 [w®, @] . [, w®]

= [w®,w®] - [w®,w®].
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Thus g; and — fi4fs2 + fi2f34 agree in our special case, which, since the

functions are G-invariant, implies that they are equal modulo gs, ..., gm.
However, since both are skew in V; and V3, only g, for p odd are involved
in the relation. O

As an immediate corollary we get the following:

4.9. THEOREM. — If § = 0, then V(n,k) is coregular, except in
the case V(2,(1,1,1,1)). If ki + ks < n, then C[V]|® is generated by

{92;---,9k,—1} (the empty set if k1 < 2, also, omit g, below if a = 1) and

(1) 9o, 91 and g, if k1 + kg4 # n;

(2) {f14, fa3}, g1 and g, if k1 + k3 < k1 + kg = n;

(3) {f14, f23, f13, f2a} and g1 if k1 + k2 < k1 + k3 = n;

(4) {f1a, f23, f13, foa, f12, f34} in the case k; + ko = n (four medials).
Ift := ky + k4 — n > 0, then C[V]C is generated by g;, gi+1,- - -, Gk, -

4.10. Example. — Let n = 2. Then the D; are just the rank 2
elements of A?(C*), which we can interpret as the null cone of the repre-

sentation (C8 SO(6)). The generating invariants of the coregular represen-
tation (4C%,SO(6)) are the inner products h;j, 1 <4 < j <4, and [[D; is

T
the zero set of the h;;. Since f;; = hy; for i < j, the f;; are algebraically
independent.

5. Cofreeness when 6 # 0.

We first determine all the castling classes. Equivalently, we find all
minimal representations V (n, k ). We then determine which castlings up of
the minimal representations are cofree. Recall that cofreeness is automatic
when ¢ < 2.

5.1. PropPosITION. — Suppose that § # 0 and that V = V(n,E) is
minimal in its castling class and that ¢ = dimC[V]¢ > 3. Then, up to
permutation of the k;, we have the following possibilities:

(1) ¢g=3 and
(a) V=V (n,(d,n,n,n)),1<d<n,or
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(b) V=V (n,(a,b,n,n)) wherea+b=mn,a <b, or

(c) V.=V (n,(a,b,b,n)) or V=V (n,(a,a,bn)) wherea+b=n,
a<b,or

(d) V=V (2n,(n,n,n,d)),d > 2n or
(e) V=V(n,(n,n,n,d)),d>n;
(2) ¢ =4 and
(a) V =V(n,(n,n,n,n)), or
(b) V =V (2n,(n,n,n,2n)).
Proof. — Since V is minimal and ¢ > 3, we have that ¢ > 2n
and k4 > n.

If ¢ = 4, then Proposition 3.10 shows that we have k4 = n and that
we are in either in case 2 (a) or case 2 (b). If ¢ = 3 and k4 = n, then by
Proposition 3.10.3—4, we are in case 1 (a), 1 (b) or 1 (c). Finally, if k4 > n,
one similarly obtains that 1 (d) or 1 (e) holds. O

5.2. Castling up. — We use the following result (compare [Wehl,
Prop. 4.8.1]).

5.3. THEOREM. — Let (V,G) = (C*® U @ Z,SL, x L) where
U and Z are representations of L. Castling we obtain (V',G') =
(CY @ U* ® Z,SLy x L) where n/ = dimU — n. We assume that L
acts trivially on A"*™ (U). Denote the variety V//SL,, = D, & Z by Y and
consider the conditions:

(a) ¢ —1 < n+dimC[Z]%,
(b) ¢ — 1 <n' +dimC[Z]F.
Then
(1) If (a) fails, then (V,G) is not equidimensional.
(2) If (b) fails, then (V',G’) is not equidimensional.
(8) If (a) holds, then (V,G) is equidimensional if and only if (Y, L) is
equidimensional.

(4) If (a) and (b) hold, then (V,G) is equidimensional (resp. cofree) if
and only if (V',G’) is equidimensional (resp. cofree).
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Proof. — For k > n, the fibres of the morphism kC" — kC"//SL,
have dimension n? — 1 = dim SL,,, except that the zero fiber has codimen-
sion k —n+ 1. Parts 1, 2 and 3 are then immediate. Since castling preserves
coregularity, we also have (4). |

5.4. COROLLARY. — Suppose that C,(V = V(n,k)) is a castling up.
If ¢ — 1> n, then C, (V) is not cofree, otherwise C, (V') is cofree if and only
if V is cofree.

5.5. CorROLLARY. — Let ¢; = q — dim W, //H; where (W1, H;) =
V (n,(kz, k3, ks)), and define g, etc. similarly. If g; — 1 > k; for some i, then
C.(V = V(n,k)) is not cofree, otherwise C(V) is cofree if and only if V is.

—

5.6. COROLLARY. — Let V = V(n,k). Suppose that ¢ — 1 <
min{ky,n — ka}. Then all sequences of castlings up from V preserve (non)
equidimensionality.

Proofs. — Corollaries 5.4 and 5.5 are immediate from 5.3. Corollary 5.6
combines 5.4 and 5.5 with the observation that min{k;,n — k4} increases
under castling up and that n — k4 < n. O

5.7. LEmMmA. — Let Vy be one of the representations in Proposi-
tion 5.1. Then

(1) Vo is cofree, except for case 1.d with n = 1. Here Vp =
V(2,(1,1,1,2)) is not cofree.

(2) If g = 4 and n > 3, then the whole castling class of Vy is cofree.

(3) Suppose that ¢ = 3, that n > 2 and that d > 2 in 5.1.1 (a). Then
Vb and its castling class are cofree.

Proof. — It is obvious that Vp is cofree except for 5.1.2 (b)
and 5.1.1 (d). But V(2n,(n, n, n)) is cofree for n > 2, and this implies
that V(2n,(n,n,n,2n)) and V(2n,(n,n,n,d)), d > 2n, are cofree. This
gives (1). O

Consider Vo = V (n,(1,n—1,n—1,n)) (5.1.1.c with a = 1). Note that
n > 3since 1 #n — 1. By 5.4, Vi = V(2n,(1,n — 1,n,n)) is cofree. Since
@1 = 2, we may apply 5.5 to get that Vo = V(2n,(n,n,n+1,2n — 1)) is
cofree. After this corollary 5.6 applies. All the other cases are similar.
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We handle the remaining cases in

5.8. ProposiTION. — The following are the noncofree (equivalently,
nonequidimensional) representations with § # 0:

(1) V is above V(3,(1,1,1,1))

(2) V is above V (6,(2,2,2,2));

(3) Visabove V(2n + 1,(n+ 1,n+ 1,n + 1,2n)) wheren > 2;
(4) V is above V (d + 2,(1,1,1,d)) where d > 2;

(5) V=V(2(1,1,1,d) or V(d+1,(1,1,1,d)), d > 3;

6) V =V(2,(1,1,1,2)), V(3,(1,1,1,2)), V(3,(2,2,2,1)),
V(4,(2,2,2,1)), V(4,(2,2,2,3)) or V(5,(2,2,2,3)).

Proof. — We begin with the cases where ¢ = 4. Consider
Vo = V(1,(1,1,1,1)), which is cofree. Then V; = V(3,(1,1,1,1)) is not
cofree, and Vo = V(3,(2,2,2,2)) is also not cofree, since quotienting by
the SLy’s essentially gives V; back again. Now one can apply 5.4 and 5.5
followed by any number of applications of 5.6. When V; = V(2,(2, 2,2, 2)),
5.4 shows that V(6,(2,2,2,2)) is not cofree. All castlings up after this
preserve non—cofreeness.

From the non-cofree case Vy = V(2,(1, 1,1, 2)) we obtain

i =V(3,1,1,1,2)), V2=V (3,(2221)), Vz=V(4(2221)),
Vi=V(4,2,2,2,3), Vs=V(5(2,2,2,3), Ve=V(503,3,3,2)).

Amazingly enough, Vy through V5 are not cofree, while Vg, V7, etc. are
cofree. One can see the non-cofreeness of V; through V, by quotienting by
the copies of SLy to obtain the coregular and non-cofree representations
(3C3 + (C3)*,SL3) and its dual. The non-cofreeness of V3 (with g4 = 1), V4
and V5 follow from 5.5 and 5.4. We show below that Vg is cofree, and then
the cofreeness of V7, etc. follow from 5.6. The case Vo = V(4,(2,2,2,4))
leads to no non-cofree representations, as one easily sees.

We now consider the cases with ¢ = 3. There are only three left.
e Case 1: Vo = V(n,(1,n,n,n)), n > 2.

Then V; = V(2n + 1,(1,n,n, n)) is cofree by 5.4. Since ¢; = 3, 5.5
shows that V, = V(2n +1,(n+1,n+1,n+1, 2n)) is not cofree. Thereafter,
5.6 applies.
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o Case2: V=V (2,(1,1,1,d)),d > 3.

Then Vj is not cofree. Since g4 = 3, V1 = V(d + 1,(1,1,1,d)) is not
cofree. However, V5 = V(d +1,(1,d,d, d)) is cofree: Since ¢; = 1 for 1 > 2,
V, is cofree if and only if quotient by the copies of SLy is cofree. But this
quotient is (3(C4*+1)* @ Ca+1,SLy, 1), which is cofree. Further castlings up
are cofree by 5.4-5.6.

o Case3: Vp =V (1,(1,1,1,d),d > 2.

Now V; = V(d+2,(1,1,1,d)) is not cofree by 5.4, and further castlings
up are not cofree by 5.4-5.6. a

5.9. Lemma. — V =V (5,(2,3,3,3)) is cofree.

Proof. — Since the quotient (C? ® C%)//SLy has dimension 7, we may
assume that we have a non-zero element there, which we can put in the
normal form e; A e; where e;, e span a copy of C? in C5. Let C3 denote
a complementary subspace in C°. Then the elements of A3(C? @ C3) which
have trivial wedge product with e; Aes have the form ey Aea A fi+e1 A foAfs
for some f; € C3. For this element to be decomposable we must have that
f1 is a linear combination of fo and f3. Now the projection of these forms
to e1 A fa A f3 is surjective with fibres of the form e; A es A f where
f € span{fi, f2} (except over 0 we get e; A ez A C3, of dimension 3). It
follows that the zero set of the invariants of degrees (1,1,0,0), (1,0,1,0)
and (1,0,0,1) is irreducible. But then by Lemma 2.3 of [Sch2|, the fourth
invariant cannot vanish identically on the zero set of the first three, hence
the null cone has codimension 4 and (V, G) is cofree. O

6. Cofreeness for four medials.

6.1. LEmma. — Let (V,G) = V(4,(2,2,2,2)). Then in C[V], fi2, fia,
fo3, fas are a regular sequence, and we may obtain a regular sequence of
length 5 by adding fi3, fa4 or fi3f24. However (as we already know), all 6
of the f;; do not form a regular sequence.

Proof. — We consider V//H, where H = (SL3)*. If we are in the null
cone of the action of, say, the first copy of SLy acting on 4C?, we are in
codimension three, so that setting the invariants fo3 and fs4 = 0 certainly
gives us codimension 5, so we may go to the quotient by H and assume that
we have four non-zero decomposable 2-forms ag,...,a4. Since fi2 = 0, we
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must have that a;, as € v12 A C* for some v,5. Considering the other pairs
we obtain vectors v;;, ¢ =1, 3 and j = 2, 4. Now, generically, all these four
vectors are linearly independent, and we have that (up to £1):

(1) an = v12 A v,
(2) ag = via A vz,
(3) as = va3 A v34, and
(4) ag = v14 A v3q.

If the vectors are not linearly independent (or two of the «; are
proportional), we are in a situation of codimension 5 or more. Now f13 = 0is
equivalent to the span of our v;; being three dimensional, as is fas = 0
or fi2f3s = 0. Hence we have the lemma. O

6.2. THEOREM. — V (2n,(n,n,n,n)) is cofree if n > 3.

Proof. — We consider homomorphisms ¢;: C" — C™ i=1,...,4as
in 4.3, where V; = ¢;(C") and v;;) =pi(e),i=1,...,4,1<j<n.Ifgp is
not injective, we are in a situation of codimension n + 1, and the invariants
f23, fosa and f34 give another codimension 3, totalling n + 4 = dim V//G.
Thus we may assume that all the ¢; are injective. We may also assume that
ViN...NnVy = 0. Otherwise, the V; contain a common line and we are in
codimension 2n + 1, where 2n+1 > n + 4 for n > 3.

Consider the common zeroes of fi3 and fa4, which surely is of
codimension 2. On this set, V3 N V3 has dimension at least 1, and similarly
for Vo N V4. Using the group actions we can reduce to the case that
vil) = v§3) = e; and u§2) = v§4) = ep. Since it does not change the
invariants, we may assume that vj(-i) € span{es....,ean} for j > 1. Let ¢}
denote the restriction of ¢; to span{es, ..., e,} ~ C"~! which has image in
span{es,...,ean} ~ C?"72,

The invariants fi2, f34, fo3 and fi4 restrict to functions having the
same zeroes as the corresponding i’j of

V' =V(2n-2(n-1n-1n-1n-1)).

The restrictions of gs, ..., gn—2 have the same zeroes as the corresponding
g, ---,9n_o, and the restriction of g,_; has the same zeroes as fi5fy, by
4.8. Thus V is cofree if the invariants

{f{2’ f{4afé3’ fé43f{3fé4?géﬁ s ’g;—Q}
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of V(2n — 2,(n — 1,n — 1,n — 1,n — 1)) form a regular sequence. This is
certainly true if V' is itself cofree, so our whole induction rests on the case
V' =V(4,(2,2,2,2)). Now apply the lemma above. |

7. Cofreeness when 6 = 0.

7.1. Luna-Richardson. — A generalization of the Chevalley Restric-
tion Theorem, due to Luna and Richardson [LR], says the following:

7.2. THEOREM. — Let V' be a G-module with L = PIG(V). Then
the inclusion V¥ — V induces an isomorphism VI //N ~ V//G. Moreover,
PIG(VL, N) is trivial

7.3. Remark. — If (VL N) is cofree, then (V, G) is also cofree, so that
one can apply Theorem 7.2 to establish cofreeness in certain cases.

The obvious thing to do at this point is to apply Theorem 7.2 to
our representations to arrive at the case of four medials. Recall that
L ~ SL, x SL, x SL; x T%"!. There are two problems with this. Firstly, N
contains many central tori, which makes cofreeness doubtful, and secondly,
it can turn out that L = {e}, in which case Luna-Richardson is no help
at all.

7.4. Example. — Consider V = V(3,(1,1,2,2)), which has trivial
principal isotropy groups. We now “force” nontriviality. Let v denote a
copy of C*, and denote its one-dimensional module of weight p by v,. We
let G x v = SLy x SLyr X SLg X v act on V as

(C'®v2®C @v, ®C? 1 &C? ®1) ®C?).

Let o (resp. o’) be a torus acting on C2 (resp. C?') with weights 3 and —3,
and let  act on C3 as C%2 ® v, ® v_4. Then

(VEN)~(2C?@n e C?Ro_3 0@
C*®0’ ;@7 ® 03 ®0-4® 03 ®7-4,5Ly x 0 x 0’ x ).

(Actually, one should divide N by the ineffective part of the action.) Note
that quotienting by the actions of o and ¢’ one obtains the representation

V':= (2C* @ 2(C?)*, GLo)
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which is cofree. However, (V£ N) is not cofree since all nontrivial invariants
vanish when o3 @ 7—4 @ 05 ® 74 is zero. Our techniques below combine
castling, Luna-Richardson and the idea of increasing the group to establish
cofreeness. In our current example one obtains V' without passing through
any non-cofree representations.

7.5. LEMMA. — Let (V,G) := (k(C™ & (C™)*),SL,,) wherek <n — 1,
and set L = PIG(V, G).

(1) Ifk < n—2, then L = SL,,_x and (VE, N) = (k(C*®(C*)*), GLy).

(2) The invariants of (V,G) are the same as those of (V',G') =
(k(C™ ® (C™)*,GL,).

(3) Itk = n—1, then L' := PIG(V’,G") ~ C*, and (V')%', Na:(L')/ L)
is isomorphic to ((n — 1)(C"~! @ (C"~1)*),GL,—1).

We now consider what happens when we apply the above to V(n, k )
via castling:

7.6. COROLLARY. — Suppose that r := k3 + k4 —n > 0 (otherwise we
are in the case of four medials). Set

(V',G") ==V (n—r,(ki, k2, ks —r,ks —1)).

Let n denote a copy of C* and let (V',G' x 1) denote a copy of V' with the
usual G'-action and the n-action on C*1, C*2, C¥s—" and C*+~" with weights
(k3 —7)(kg — 1), (k3 — 1) (kg — 1), —(kg — r)? and — (k3 — )2, respectively.
Then

(1) C[V]C ~ C[V]¢ *.

(2) (V,G) is cofree if (V', G’ x n) is cofree.

(3) There are minimal generating sets for C[V'|G' X" of the form
fiz2f34, h1, ..., hq such that fi2, faa, b, ..., hq minimally generate (C[V’]GI.

(4) If (V', Q") is cofree, then so is (V,G).

Proof. — First we castle C** ® C" and C*+ @ C™ to C"~ %= @ (C")*
and C"%+ @ (C")*, respectively (leaving the first two terms alone),
obtaining (Vi,G1). We know the generators of C[V]¢ ~ C[V4]®, and
applying Theorem 5.3 we see that cofreeness is preserved. Now apply
Lemma 7.5 to obtain

Vai=(CH"aC?)@C™ " @1 & (C e C )@ (C*") ® vy
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with the obvious action of G : = SL,,_, x SLg, X SL, X SLyp— g, X SLyp—g, X V.
If (V2, G2) is cofree, then so is (V1, G1). Note that n — k4 = k3 — r and that
n — k3 = k4 — r. The weights of v on the quotient by SLg, x -+ X SL,_g,
are ki, k2, —(kq4 —r) and —(ks — 7). Now we castle back (ignoring v for the
moment) to obtain (V’,G’). On (C* @ C"~")//SLy, the weight of 7 is wky,
where w = (k3 — r)(kq — 7). Similarly, n acts on the other quotients with
weights wke, —w(ks — r) and —w(ks — 7). But these are just w times the
weights we obtained for v. This gives (1), and (3) is a weight calculation.
Now Theorem 5.3 shows that we can determine whether or not (V2, Gs) is
cofree by first quotienting by the SLg, x -+ x SL,,_g, action, and similarly
for (V', G' xn). The two quotient spaces are isomorphic SLy,_, x C*-varieties
(after one divides by the kernel of the action), hence (Vz, G2) is cofree if and
only if (V’, G’ x ) is cofree, and (2) follows. Finally, (4) follows from (1), (2)
and (3). O

7.7. Remark. — If k1 + k4 < n, then ky < ks —r < ky —r < kg, and
ifki + ks >n,thenks —r <k <ky<ksy—r.

Applying the lemma three times we obtain:

7.8. THEOREM. — Suppose that ki, + k4 < n. Write k; = a,
ko =a+s+t ks =a+r+tand kg =a+r+s wherer, s, t > 0.
Then V(n, k) is cofree if (V',G’) is, where

V=C'® (C2a, ® (p(a,+s)(a+t)o'a(u.-HE)Ta2 @ Pa+s)(a+t)T—a2T—a2
D P—(a+s)20a(a+t) T—a? @ p—(a+t)20—(a+t)27-a2) )

G’ = (SLo)* X SLgg x p X 0 X T.

Here we omit the action of p X o x T if r = 0 (four medials!), the action of
o X 7 if s =0, and the action of T ift = 0.

7.9. Remark. — The actions of the tori guarantee the following.
Consider the invariants of V(2a,(a, a,a, a)). When r # 0, the action of p
only allows invariants whose degrees in the first two copies of C* @ C2® are
the same as those in the second two copies. In other words, only fi12 and f34
are not allowed, but f2f34 is allowed. Similarly, via o, s # 0 rules out fi3
and fo4, and via 7, t # 0 rules out fi14 and fa3 . Thus if all of r, s and ¢ are
not zero, the generators we see are gs,...,9a—1, f12f34, f13f24 and fi14fo3
or, equivalently, go, .- ., 9gq-
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7.10. Example. — Consider V = V(20,(4,9,13,14)). Then (up to a
finite cover),

PIG(V) = SL7 x SL3 x SLy x T3,

and C[V]€ is generated by gq, ..., g4. Theorem 7.8 reduces the computation

to the px o x 7-invariants of V' (8,(4,4,4,4)), giving fi2f34, fi3f24, fiafes, 92
and g3.

7.11. THEOREM. — If § = 0, V(n, k } is cofree, except in the two cases
V(2,(1,1,1,1)) and V (4,(2,2,2,2)).

Proof. — We may always apply C, to arrive at the case where
k1 + ks < n. Now apply Theorem 7.8 to V(n,E). If a > 3, then we
know that V'(2a,(a, a,a, a)) is cofree, hence the generators f;; and the g,
£ =2,...,a—1 are a regular sequence. When one (or several) of r, s
and ¢t are not zero, we eliminate a pair of f;;, say fi2 and fs4, but keep
their product fi2f34. But, obviously, this process still results in a (shorter)
regular sequence.

Suppose that a = 2. Then by Theorem 7.8, the only problematical
case is that of four medials! So, finally, suppose that a = 1. If r = s =t =0,
then we have the non-cofree and non-coregular case V(2,(1,1,1,1)) where
g =5.If ¢g =2, then t # 0, and our generators are fi2f34 and fi3fa4.
If ¢ = 3, we have fi14, fo3 and f13fo4. It is easy to check by hand that these
are regular sequences. Finally, if ¢ = 4, then s = ¢t = 0 and r # 0, so we
came from the case V(r +2,(L,1,r+ 1,7+ 1)). It is then easy to see that
the invariants fi3, fi4, fo3 and foy form a regular sequence. Alternately,
V(r +2,(1,1,r+ 1,7 + 1)) is cofree if its quotient by SL,41 X SL,4; is
cofree, and this is the representation (2C™*2 @ 2(C™*2)*,SL,,2), and this
representation is cofree for r > 1 by [Sch2]. |

8. Equidimensionality of Dy, x Dy, x D, x Dkg,.

8.1. Proof of Theorem 2.10. — Let q,...,q4 be as in Corollary 5.5,
and consider the condition

(A) n_kz+qz2q_1’ Z=1a2a3)4

From Theorem 5.3 we know that
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(1) If V is equidimensional, then (A) holds and (Y,SL,) is equidi-
mensional.

(2) If (A) holds, then (Y,SL,) equidimensional implies that V is.
Therefore the representations we seek are among those where (A) fails.
By Theorem 7.11, we need only consider the case § # 0, and then V is
automatically coregular.

We consider the list of noncofree representations in Proposition 5.8,
and look at the small number of cases where (A) does not hold. We find
that V not equidimensional and (Y, SL,,) equidimensional occurs exactly in
the cases:

) V(2n+1,(n+1L,n+1,n+1,2n)),n>2;
(2) V(d+1,1,1,1,d)), d > 3;

In each case (A) fails, of course, but C.(V) is cofree, so that (Y,SLy,)
is equidimensional. O
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