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p-ADIC INTERPOLATION OF CONVOLUTIONS
OF HILBERT MODULAR FORMS

by Volker DUNGER

In 1973, Shimura [S1] proved a striking connection between modular
forms of half-integral weight and modular forms of integral weight, which
was the starting point of a renewed interest in modular forms of half-
integral weight. This also led to an investigation of algebraicity properties
of certain special values of convolutions of modular forms of half-integral
weight by Shimura [S7] respectively convolutions of modular forms of
integral weight and modular forms of half-integral weight by Im [I]. This
suggests that one might ask for the existence of a p-adic L-function
connected to these values, and the purpose of this paper is to show that
the answer is affirmative in the following case:

Let F be a totally real number field, f € My(c¢(f),v) a primitive
Hilbert automorphic form of scalar integral weight k = ko - 1 and central
character ¢ and g € M;(¢(g), ¢) a Hilbert modular form of half-integral
scalar weight [ = [y - 1 and character ¢ such that Iy < kg. The convolution
of f and ¢ is then defined in terms of the Fourier coefficients c(m, f) and
A(€, m; g, ) as the Dirichlet series

D(s;f,g) = Y, c(ém*,£)A(E, m;g, )6 20~ VN (€m?) "
(§7m)

Here, (£, m) runs over certain pairs of totally positive numbers £ of F
and fractional ideals m of F. We fix a rational prime p, an embedding
ip : Q— C, of the algebraic closure of Q into the Tate field C,, a finite
set S of finite primes of F' containing all primes above p, and an integral

Key words: p-adic interpolation — Hilbert modular forms — Half-integral weight — Con-
volution.
Math. classification: 11F41 — 11F85 — 11F67.
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ideal g. Let Galg be the Galois group of the maximal abelian extension of
F unramified outside S and the infinite primes, let X5 = Hom (Gals,C})
be the p-adic Lie group of continuous Cj-valued characters of the Galois
group, and let NV, € Xg be that character which associates to a fractional
ideal m the image under i, of its norm A/(m); here we view Galg as the
projective limit of the quotients of the prime-to-S-part of the ideal group
with respect to certain principal ideal subgroups. We will assume that F
has class number hr = 1, that the p-th Hecke polynomial of the Hilbert
automorphic form f is p-ordinary for p € S (i.e. that there exists a root a(p)
of p-adic absolute value 1), that the ideals ¢(f), 4¢c(g), mo and g are pairwise
relatively prime, that the modular form g¢ with a certain inverter + defined
in section 3, is a simultaneous Hecke eigenform for all Hecke operators,
and that the Fourier coefficients of g at ico are algebraic and p-adically

bounded. Also, let 6 € {0, 1} satisfy 6 = ko —lo — % mod 2. Then the main

1
theorem 6.1 states that for 7 € Z with 0 < 2r < kg — lp — 3 + 6 — 2 and for

Kk, = 0 — 1 — 2r there are measures u(’) on Xg defined by

. D(%==L: £, g(Xika)de,m')
1 (x) = /G 1 xdu =1, <7(f,g,x) 2 mae
als

( f,f >cmg
for x € X&*

with a certain constant «(f, g, x) which is a product of gamma factors,
values of Dirichlet L-functions, and elementary factors. j.m is a certain
inverter, and the ideals m and m’, and the modified Hilbert automorphic
form fy are as stated in the theorem. These measures satisfy u(™ = N;’,” p©
and determine a p-adic L-function as their Mellin-transform:

Lff) 1 X — Cp, Ly)(x) = p(z) = / zdpy.
Gals

A few remarks regarding the general position of our p-adic L-function
Ly(f,9) = L,(LO) are in order at this point. First we note that L,(f, g)
is different from the L-function of the convolution of f and the Shimura lift
g of g. We do not have an arithmetic interpretation of L,(f, g) in Iwasawa
theory yet. Provided such an interpretation existed, could one then extend
the Main Conjecture of Greenberg [G] for Panchishkin’s p-adic L-function
L,(f,g) to Ly(f,g)? Another interesting question concerns the so-called
Hida families interpolating an integral weight Hilbert modular form f. Is

there hope to make this proof work for such a Hida family ? Can one show
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the existence of p-adic L-functions if g varies in a p-adic family of half-
integral weight (see [Hi]) ?

Let us now summarize the contents of the sections and the general
idea of the proof of the main theorem. In section 1 we fix the general
notations, establish some formulas for Gauss sums of imprimitive characters
and recall the notions of p-adic distributions and measures. In section 2 and
the first half of section 3, we recall the basic facts about Hilbert modular
forms of integral and half-integral weight, respectively. We then prove
that the twist of a modular form of half-integral weight with a possibly
imprimitive character x;" is again a modular form of half-integral weight.
Next, we investigate how certain operators ¢, m and sw which go back
to Shimura [S8] commute with each other and the Hecke operators, and
we define the inverter j. . in terms of these operators. The proof of the
theorem then tries to follow the lines of the proof of Panchishkin’s theorem
[P] on convolutions of Hilbert automorphic forms of integral weight. The
first step uses the Euler product of partial Dirichlet series of the convolution
of fo and g(Xpmq)Jje,m to show the independence of this definition from both
the modulus mq and the auxiliary ideal m’; this is done in section 4. In
section 5, we make use of the Rankin-Selberg integral representation derived
by Im [I] to prove the algebraicity of the distribution, and we can verify this
via the Fourier coefficients of certain Hilbert automorphic forms of integral
weight k£ and fixed level by successively applying a projection operator, a
trace operator and a holomorphic projection operator to the product of g
with a certain Eisenstein series of half-integral weight. In order to obtain
the measure of the main theorem, the distributions of section 5 have to be
regularized because of the occurrence of Dirichlet L-factors in the Fourier
coefficients of the Eisenstein series. The proof of the boundedness of our
measures is given in section 6 and makes use of the p-adic measure of
Deligne and Ribet [DR] derived from the values of Hecke L-functions at
negative integers.

There are some differences from the integral case of Panchishkin:
The Dirichlet series of modular forms of half-integral weight only have
Euler products for partial series. This suffices to prove the independence
of the definition of u(™ from both m and m/, but it prevents a simple
expression in terms of f and g°(%). Secondly, the interchange of the twist
of a half-integral Hilbert modular form with a character y and the inverter
LSWe(y) defined in section 3, involves a quadratic character as shown in
Proposition 3.10. In particular, this requires us to consider twists with
non-primitive characters. Thirdly, the auxiliary ideal m’ used to smooth
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the expression for the Fourier coefficients when proving the boundedness
of the distribution occurs as a square in the level of the half-integral form
g(‘)Z;q)jc,mr. The underlying reason is that the operator sw of section 3
commutes with the twist operator, but it requires quadratic levels. Unlike
the integral case, the theory of primitive forms has only been established
in certain cases. We therefore assume that g has algebraic and p-adically
bounded Fourier coefficients, and that gt is a simultaneous Hecke eigenform.
A theorem of Shimura about the existence of a Q-form of M;(c, #) and of
“primitive” half-integral forms provides evidence towards the existence of
“many” forms g satisfying these conditions. For a discussion we refer to the
end of chapter 6 where we also give a concrete example for the case F' = Q.
Finally, we have imposed the class number condition hr = 1. For Hilbert
automorphic forms of integral weight, there are hr components which are
permuted (and acted on) by the standard inverter J of integral forms.
However, Hilbert automorphic forms of half-integral weight as defined by
Shimura in [S7] only have one component. At some point in section 5 we
want to connect the inverter J of the integral case with our inverter j of
the half-integral case, and we do not know how to achieve this without our
class number assumption. Also, there are distributions defined for certain
positive critical points. However, the Fourier expansion of g’ *of (37) then
involves the values of certain Hecke L-functions at positive integers. These
can be expressed in terms of the values of the L-functions at negative
integers by applying the functional equation, but there occur Euler product
factors with the ideal character x* evaluated at primes p € S. It is for this
reason that we can not show the boundedness of the distribution associated
to the positive values.

I would like to thank Professor C.-G. Schmidt for his guidance during
the preparation of my doctoral dissertation upon which this paper is based.

1. Idele characters and distributions.

Let us introduce some notations first. We will always denote by F
a totally real algebraic number field of degree n = [F' : Q] over Q with
maximal order o, different 9 and discriminant dr, and we write a > 0
to indicate that the element a of F is totally positive. The ideal group of
fractional ideals of F' will be denoted by J = Jg. The class group Jr/Pr of
order h = hp is then obtained by factorization of Jp after the subgroup Pg
of principal ideals with totally positive generator. A = Fa denotes the ring
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of adeles, its unit group Ir = F is the group of ideles, and we write A
and A, for the finite and archimedean part of the adeles respectively. If
is an adele, then z¢ and zo, will denote the finite and archimedean part of
z. The norm map of F//Q (of elements of F, ideals, adeles) will be denoted
by N. For an idele a of Ir or an element a of F'X the associated fractional
ideal will be written as @ or o - a or (a). For a finite prime p, v, denotes
the discrete normalized valuation associated with p, F, and o, denote the
completions of F' and o with respect to v, and 9, denotes the local different.
For every (finite or infinite) prime p there are the following exponential
maps from F, to C: For infinite primes, this is the map e,;(z) = exp(2miz),
and for finite primes, it is the map e,(z) = exp(—2niy) with any y € Q

such that y € () (QNZ,) and y — Trg, g, (%) € Zyp; here p is the rational
q#p
prime determined by p|p. These maps are the local components of the maps

ea: A — C* z— []ep(x) and e = [] €p; the last map is also denoted as
p ploo
er by some authors. In particular, ey, is the archimedean component of e, ,

and ey is trivial on F*. Similarly we have absolute values |- |a : FA — C
and |-|oo : R™ — C defined by |z|a := [] |zp|, and || := [] ||, With the
p

ploo

local maps |z|, = N'(p)~*® for p finite and |z|, = || for p archimedean.
The algebraic closure of Q will be denoted by Q. We fix a rational prime p
and an embedding 4, : Q < C,, of the algebraic closure of Q into the Tate
field C,, which is the p-adic closure of the algebraic closure of Q,. We denote
the ring of integers of C, by ©O,. For a fractional ideal m, the “support”
of m is defined as S(m) := {p|1p(m) # 0}, and we write ®(n) := #(o/n)>
for the Euler function of integral ideals. Finally, u will denote the Mobius
function (of integral ideals) which is non-zero only on squarefree ideals a
and takes the value p(a) = (=1)" if a is the product of r different prime
ideals.

By a Hecke character of finite order, we understand a continuous
character x : Ir — C* which has finite image and is trivial on the principal
ideles F'* < Ip. x can be written as a product x = [] x; of local characters

p

Xp ! F,,>< — C*, where the product is taken over all primes. In particular,
the archimedean part Xoo is given as Xoo(Zoo) = [] :1;;" =: g7 for some
ploo
r = (rp) € Z™, which is uniquely determined modulo (2Z)™. We will also
write s for the finite part [] xp. If ¢ = ¢ ¢ is the conductor of x with
p foo
finite part ¢ = ¢(x) and infinite part ¢, then we can associate a (primitive)
ideal character x* : Jp — C modulo ¢ with x in the following way: It is
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non-vanishing only for ideals a prime to ¢, and in this case it is given as
x*(a) = x(a) for any idele a € I satisfying @ = a, a, = 1 mod p*(©) for
plc, and a, > 0 for p|coo. For any ideal q with ¢(x)|q we let X: :J - C
be the ideal character which coincides with x* on the ideals prime to q
and takes the value 0 otherwise. We also let x4 = [][xp be the g-part of

the idele character x and write xo := Xc(y)- If @ € F'* then we write €4
for the quadratic Hecke character corresponding to the quadratic extension
F(y/a)/F by class field theory. In other words, the kernel of €, is the norm
group Np(/a)/r(Ir(ya))- For the trivial character €;, we will also write .

For a finite prime p and a non-negative integer n we denote the
group of higher principal units by U, M = {x € o) |z =1 (p™)}, and
set Uy := U,,O) = o, If x is a Hecke character of finite order of conductor ¢

and p is a finite prlme then the local character x, has conductor ¢, = p= (9,
and the (local) Gauss sum of x, is defined as

=0 (5) ()

where d, € F* is a generator of the ideal ¢,d, and @ runs through a system

of representatives of U, /U, o) 1f q C ¢ is any ideal we define the global
Gauss sum of the ideal character X: as

1) Q)= Y. Xeola)Xs(adq)eco(a),

a€(oq)~1/o-1

where the summation is understood as a running over a system of repre-
sentatives of (99)~!/0~! which does not include 0. The Gauss sum 7 ()
of x is then defined as the Gauss sum corresponding to the primitive ideal
character x*:

() == 7(x*) =70,

and it satisfies

() 00 = [I %) and [r(x)| = VN (o).

pfoo

Notice that for almost all finite primes p the local character x; is unramified
and 9, = o0p, and hence the above infinite product only has a finite number
of factors which are not equal to 1. We give a proof of (2) in a more general
situation below.
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We will need to deal with character sums of imprimitive characters
and therefore introduce the following concept:

DEeFINITION 1.1. — An ideal character X: modulo q of conductor ¢ is

called almost primitive if gcd (c, g) = 0 and % is squarefree.

Remark. — In general, for an imprimitive character X: , the Gauss
sum T(X;k ) may vanish. However, as shown below, for almost primitive
characters this Gauss sum never vanishes. Moreover, almost primitive
characters naturally occur when multiplying primitive characters with
characters of prime conductor, and the set of almost primitive characters
is stable under this operation.

We will now establish an analogue to the character sum (3.11) of [S3]
for almost primitive characters. This will be needed later on to define the
twist of a half-integral modular function with an almost primitive character.

LEMMA 1.2. — Let a be a fractional ideal, x;" an almost primitive
character of conductor ¢, and b € a~1q~ 107!,
Then
D Xeo(@)x} (@07 )eco (b2)
T€a/aq
— Xeo (0)x* (bacd) u(2)7(x) TTyys (1 = N (p))minme(em)) if b £ 0,
bx,ett(a) ITpjq(1 = N (p)), ifb=0

with the Kronecker symbol 6.

Proof. — Choose an idele a such that @ = a, and for p|q let {ﬂj(.p)} cu,

be a system of representatives for Up/Ué"”(q)). If ged(za™',q) = o, then
write = considered as element of the idele group Ir as

r=a- pr(ﬁ;?;)t)) * B
pla

here ¢, dgnotes the embedding F, — Ap and §; € Ir is an idele that
satisfies 8, C 0 and B, =1 mod p»»®) for all p|q. Notice that the map

a/(aq) — [ op/p@, z+aqe (a5 +p» @),
plg

is a bijection, and that the image of  + aq is a unit if and only if za™?

is prime to q. Therefore, as = + aq runs over those representatives of
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a/aq for which x}(za~') does not vanish, the tupel (ﬂj(.?l))ph runs over
I1 Up/U,,("’(q)). Making use of

pla
Xoo (@)X (@07!) = Xoo (@) [] xo(za;?)
pJa,p foo
= I %@ [I%@x8%)
pLap foo plq
and

eao(be) = [[ ep(62) = ] en(~b2) = [] en(-ban87)),
ploo pfoo pla
the character sum of the lemma now evaluates to

H Xp(ap) - HYp(ap) Z Xp (u)ep(—bapu).

PAap foo pla uel, /U@

For p|? the local character sum in this expression takes the value

Z Xp (w)ep(—bapu) = Z ep(—bapu)

uel, /UM weU, /UMY
_[N@p -1, ifbeatqlop,
-1, otherwise.

For p|c the local character sum takes the value

_ Xp(bay), if v,(bacd) = 0,
Z Xp(u)ep(_bapu) = TP(XP) ’ { 0:’ P if bp= 0 or yp(bacb) > 0.
uel, /UL

This follows directly from the definition of the local Gauss sum if v, (bacd) =
0. In the other case there exists some u’ € U,,(""(c)_l)\Up(""(c)) such that
xp(u') # 1 because the conductor of x, is p**(). But e,(—bayuu’) =
ep(—bayu) for all u € Uy, and therefore we obtain

Z Xy (w)ep(—bayu) = Z Xp (ut)ep (—bayuu’)

uel, /U@ uel, /U@

=%(u) Y Xp(wes(—bapu)

which implies the vanishing of the local character sum as claimed. Now, for
p f ¢ choose a generator d, € FJ of the local different 9, and observe that
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the local Gauss sum is then by definition 7,(xp) = xp(dp). The lemma is
now proved as follows:

First assume b = 0. If x¥ # ¢ then the character sum equals 0 and
otherwise its value is

{0 =NE)} = p@ [J@ = NE)).
pla rlq

Now assume b # 0. If v, (bacd) > 0 for some p|c then the character sum of
the lemma equals 0, and otherwise we obtain as its value

II %@ [T %) - (1) - (1 = N (p))mn 5 CeD} TT o, (5)7, (x5)

papfoo p|? ple
— q min(1,y
= I %e(abdy) - xoo(® - u(2) - TT 506 - T2 = N (pymintateosed,
pfepfoo pfoo pld
In all cases this is is the value given in the lemma. O

The proof of the lemma for a = (3¢)™%, g = ¢ and b = 1 actually
proves the product expression (2) for the global Gauss sum given above. If
we choose a = (q0) ™! and b = 1, then the lemma shows that

o) = () x* () 0.

[ C

In particular, the non-vanishing of 7() implies the non-vanishing of T(x;" ).
The following lemma is a simple rephrase of Lemma 1.2 more suited to our
intended application.

LEMMA 1.3. — Let a be a fractional ideal, x: an almost primitive
character of conductor ¢, and t € F{ an idele with t C a='q~'0~!. Then

3 Xeol@)x (wa~ )ea(~tao)

z€a/aq

= 7(x)X" (tacd)xs(t)p (g) H(l — N(p))min(vs(tase)),

pld

For a prime ideal p {1 2 the next lemma will show the existence of a
certain quadratic character x?, which is a generalization of the character

nZ. +— (M) of the ideals of Z.
p
LEmMA 1.4. — Let F' have class number hrp = 1, and let p be a

prime ideal which does not divide 2. Then there exists a unique quadratic
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extension F? = F(,/T) of F which is only ramified in p and possibly at
infinite primes. The corresponding quadratic idele character of F'

X* : Ir/F* — {£1} determined by ker(x*) = Nps;p(Ips/F?™)
has the local components

T, T
%R, e = (2T)

with the local Hilbert symbol (’?) : B x F — {£1} (see [N], chapter
V §3 for the definition).

Proof. — Let I5= := [] oX - I] R. The idele class group Cp :=
qfo0 qloo
Ip/F* equals IS~F*/F* by our assumption hr = 1 (cf. [N], Satz
VI.1.3). With the subgroup u, < 0, of quadratic residues modulo p let
Cp = [l oy u- [ Ry. C,F*/F* is a norm subgroup of Cr, and the
a7#p qloo
quotient is

Cr/(CoF* [FX) 2 [ FX [Cy F* 2 [S= [(CoFX N [5%) = 5 [Cyo*.

Now IS /C, 2 0X /u, - [T R/Ry 2 (Z/2Z)"+, 0%? < Cp, and 0% /o*? =
qloo
(Z/2Z)™ by Dirichlet’s unit theorem. This implies that Cr/(C,F*/F*)
is 2-elementary abelian and nontrivial. The existence theorem of class
field theory now implies the existence of F*. Since there are no quadratic
extensions of F' that are unramified at all finite primes (by our assumption
hr = 1), F? must be ramified at p and possibly some infinite primes. If
F*' & F? is another such extension, then the third quadratic subextension
of FPF* over F is unramified, a contradiction which proves the uniqueness

of F*. Finally, the quadratic character Hxﬁ is a Hecke character by the
q
product formula of the Hilbert symbol ([N], Satz VI.8.1), and for finite

primes q # p the extension F(1/7)/Fy and hence the local character xg are
unramified. By the uniqueness of F* the local characters xg must be the
components of x*. O

We will now recall the notions of p-adic distributions and p-adic
measures. The reader is referred to [P], I§3 and IV§4 or [K], 4.0 for details.

Let Y = limY; be a profinite (i.e., compact and totally disconnected)
topological space, and R a ring. Denote by Step(Y, R) the R-module of
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all locally constant R-valued functions on Y. An R-valued distribution on
Y is an R-linear map

u: Step(Y,R) — R.
If Ry < R is a subring of R and p is an R-valued distribution, then we
say it is defined over Ry if “(6ypri“(Yi)) € Ry for every Y;, y € Y and
characteristic function 6, prl(Y3) of the set ypr; (Y;) C Y. Now, let R be
a closed subring of the Tate field C,. Denote by C(Y, R) the R-module of
all continuous R-valued functions on Y. An R-valued p-adic measure on Y
is an R-linear continuous map

u:C(Y,R) — R, written symbolically as / fdu.
Y

Given an R-valued measure y on Y and a function g € C(Y, R), the product
gp is the R-valued measure defined by

/ f d(gp) = / fgdu  for f €C(V,R).
Y Y

Given an R-valued p-adic measure y on Y and a continuous map ¢ : Y —
Y, we also have an R-valued measure p o ¢ on Y defined by

/fd/,cocp:=/fo<pdu for f € C(Y, R).
Y Y

The restriction of an R-valued measure p to the subalgebra Step(Y, R) C
C(Y, R) defines an R-valued distribution which we denote by the same letter
1. Moreover, the measure p is uniquely determined by the corresponding
distribution because of the density of Step(Y, R) in C(Y, R).

Now, let R = C,. Then a C,-valued distribution y on Y can be extended
to a Cp-valued measure on Y if and only if 4 is bounded on Step(Y,O,),
i.e. if there exists some constant C' € R, such that |u(f)|, < C for
all f € Step(Y,9,). This implies that every C,-valued measure on Y
becomes an p-valued measure on Y after multiplication with some non-
zero constant of C). The following proposition gives an important criterion
for the existence of a measure with given properties:

ProposrITION 1.5 (Abstract Kummer congruences). — Let {f; }icr be
a collection of elements of C(Y,9,) such that the Cp-linear span of {f;} is
dense in C(Y,Cp), and let {a;}:cs be any system of elements a; € Op. Then
there exists an Op-valued measure y on'Y with the property

/fidu=ai foralliel
Y
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if and only if the a; satisfy the following “Kummer congruences”: For every
collection {b;};cr of elements of C, which are zero for all but finitely many
i,

bifi(y) € p"O, forally €Y implies bia; € p"O,.
P P

We will apply this criterion to the following situation: p is a fixed
prime number and S a finite set of primes of F' containing all primes above
p. Let Y = Galg = Gal(F(S)/F) be the Galois group of the maximal
abelian extension F'(S) of F' which is unramified outside S and co. Then
by class field theory,

Galg = lim J(m)/P(m).
m
Here m runs over all ideals of F' with support in S, J(m) = {a € J|S(a)N
S(m) = o}, and P(m) is the subgroup {(a)|a € F, o =1 mod m,a > 0}.
Let

Xs = Hom_(Gals, C;)

be the p-adic analytic Lie group of all C}-valued continuous characters of
the Galois group Galg. The elements x € X of finite order can be identified
with those Hecke characters of finite order whose conductors ¢(x) are only
divisible by primes in S; if ¢()x) divides m, then this identification is induced
from

Xm : J(m)/P(m) —» C*, a-P(m)— x*(a).
The maximal abelian extension Q(p)/Q unramified outside p and oo is a

subfield of F(S) because S contains all primes dividing p. The restriction
of Galois automorphisms to Q(p) determines a natural homomorphism

N : Galg — Gal(Q(p)/Q) = Z),

and we shall denote by N, the composition of this homomorphism with
the inclusion Z; — Cj. Then N, is an element of Xg, and N, maps the
image in Galg of an ideal prime to S to its norm. For a fixed r € Z the
Cp-linear span of the collection {xNj | x € X§"} is dense in C(Galg, Cp)
because Step(Galg, C,) has this property, and the C,-span of the characters
of finite order coincides with Step(Galg,C,) by the character relations.
Provided that for suitable a, the Kummer congruences are satisfied, we
obtain a bounded C,-measure p which determines in turn a Cp-analytic
function, the “p-adic L-function”

L,:Xs—Cp,, Ly(z):=p(z) =/ xdy
Galg



CONVOLUTIONS OF HILBERT MODULAR FORMS 377

as its non-archimedean Mellin transform. In particular, L, takes the value
ay at the character x\j.

An example for the Kummer congruences is given by the values at
negative integers of Dirichlet series attached to Hecke characters of finite
order. Recall that for x € X§* and an ideal m the Dirichlet series

®3) La(s,%) = Y _x*(mN(n)~*

defines a holomorphic function for Re(s) > 1; here n runs over all integral
ideals prime to m. If m = o we also write L(s, x) for L,(s,x). Lm can be
continued to a meromorphic function with at most a simple pole at s = 1,
and its values at non-positive integers are algebraic and lie in Q(x). There
is the following well-known functional equation for L(s,x), which is for
example given in [N, Satz VIL.8.6] in a slightly different formulation:

Let 1o be the number of archimedean places at which x ramifies, write
¢(x) for the finite part of the conductor of , define the Artin root number

= —————T(X) and pu
WO = ey P

—L(ro+ns) i3 2 s+1 ro §\"~To
£(sy) = 3N G0 (1) 1 (5)" Lo

Then the functional equation for L(s, x) formulated in terms of L(s, x) is
(4) L(1-8,x) = WH)L(s,X)-

THEOREM 1.6 (Deligne-Ribet [DR]). — Let p be a prime, S 2 {p|p}

a finite set of finite primes of F, mg = [] p, w a Hecke character of finite
pes
order, a an integral ideal prime to mg with c¢(w)|a, and q an integral ideal

prime to mga. Then there exists an O,-valued measure p = p(q,w, S) on
Galg which is uniquely determined by

o (f R du) = (1= (@)  @N (@)™ Loy (~1, X)

for x € X¥* and r = 0, and it satisfies the above equality for all non-
S
positive r € Z.

Proof. — For w =1 this follows immediately from the main theorem
of [DR] in the form of Theorem 0.4 by imitating the proof of Theorem 1.9b).
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The measure p(q, w, S) is then obtained by applying this to the set of primes
S = SUS(a) and the character x@:

/ XNy du(q,w, S) :=/ xwNy du(q,1,5)
Galg Galg

= lp ((1 - (Xw)*(q)N(q)T+1)Lmoa(_Tv Xw))

for x € X" and r € Z non-positive. o

2. Hilbert modular forms of integral weight.

In this section we want to recall the basic facts on Hilbert modular
forms of integral weight. We refer to [S4] or to chapter IV of [P] for details
and proofs.

Let us view the group GLy(F) as the group G (Q) of Q-rational points
of a Q-rational algebraic subgroup G of GL2,(Q). Then the adelization G A
of G can be identified with GL2(Fa). Now, if 11, ..., T, are all injections of
F into R, fix the embedding of F into R™ given by a — (a™,...,a™). This
identifies R™ and GL2(R)"™ with the archimedean part of Fa and G which
we denote by F, and Goo respectively. The finite parts of Fia and G will
be denoted by Fy and Gf With GL (R) = {a € GL2(R) | det(a) > 0} put

Gt =GLF(R)", G% ={reGalze €GL},
and Gt = GT(Q) = G(Q) N GL.

Next, we let 1 = (1,...,1) € Z". For k = (ki,...,kn) € Z" and
z=(z1,...,2n) € C™ we write

= H zk and a* :=(a-1)¥ = Bt +E fora e C.

v=1

If 21,...,2, are real positive we define z* in the same manner also for
k € Q™. The group GLJ (R)™ acts as follows on H™: For a = (ay,...,0y,) €

+ N o — ay bV
GLJ (R)"™ with a, <Cu d, set
a2, +b,

o(2) = (@(21), > an(zn) With ay(2) = K
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Let j(a, 2) = (det(a1)~ % (c121+dy), . . .,det(an) "2 (¢nzn +dn)). The group
GLJ (R)™ acts with the factor of automorphy j(, z)~* on complex-valued
functions f on H" by

(flp)(2) = (e, 2) " f(a2).

For a congruence subgroup I' < G+ (Q) we denote the C-vector space
of Hilbert modular forms of weight k with repect to I' by My (T') and its
subspace of cusp forms by Si(I'). If ¢ : I' — C* is a character of finite
order, we set

Mi(T, ) = {f € Mi(ker(¥)) | fll,y = ¥(7)f for all y €T},
Si(T, ) := My(T, ) N S (ker()).
Furthermore, let N (T') be the set of all nearly holomorphic forms of weight

k, i.e. the space of all functions f : H® — C which are modular with respect
to I and which have for some A € Z™ a Fourier expansion

F@) =Y Y e )m) en(ts) forzeH"

£€F 0<a<A

with y = Im 2, ¢(a,§) € C, ¢(a,€) = 0 unless £ is an element of a certain
lattice in F and £ > 0 or £ = 0, and we also have to require a similar
Fourier expansion at each cusp in the case F' = Q. Now, Ny (T, ) is defined
similarly as above, and we let

M= M), Sk =[JSk(T), and Ny = | JNi(D),
r T r

with " running over all congruence subgroups of G*. For two fractional
ideals ¢ and ¢ in F' such that ry C o put

~ b
Dyt 9] = {(2 d) € My(Fy)|a € 0p,b € tp,c€np,d e op,ad —bec € o;‘}

for p f oo,
D,y = G [] Dolsv] < GE,
pfoo
Ile, 9] = G(Q) N Dlg, ).
Fix h = hp elements ¢1,...,t, of F so that (£3)e = 1 and t1,...,tn form

a complete set of representatives for the ideal classes, and put

oy = (3 fi) D(c) = Dlp~",¢0], and T'a(¢) = T[(x0) ™", tad¢]
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for an integral ideal c¢. Denote by ¢ : (i Z) — —dc —ab the main

involution of My(F') and its extension to Ma2(Fa), let ¢ be a Hecke
character of finite order such that the finite part of its conductor divides ¢,
and for a subgroup W < D[p, ye let

b
Yw : W — C*, <CCL d) — 1o(a).

The C-vector space My(c,) of Hilbert automorphic forms is the set of all
complex valued functions f : Go — C satisfying the following conditions:
f(sazw) = () D(c)( w)f(z) if se FY, o€ G(Q), and w e D(c) with

Weo = 1, and for each A there is an element f of My(T'A(c), ¥~ (c))

such that f(z}‘y) = (fally)(i) for all y € G, where i denotes the point
i = (i...,1) € H". The spaces Sk(c,?%) and Ng(c,%) of cusp forms
respectively nearly holomorphic forms are similarly defined by requiring
that fy be an element of Sk(fk(‘)”P‘fA(c)) respectively Ny (Tx(c), Y=

N FA(‘))'
Finally, the group Ga can be expressed as a disjoint union

&
s

Ga = U G(Q a:,\D U m;‘D

so that f € My(c, ) is uniquely determined by the fy € M’“(f'\’wﬂ)3 we

also write £ = (f1,..., f). Now, by (2.6) of [S4], Mk(f‘,\,i/)a) = {0} and
hence f = 0 unless vy satisfies

v \ kv
Yo(e) = sgn(e)* = H (|€—|> for every € € 0*.

v

We will henceforth impose this condition on 1y. Now each fy has a
Fourier expansion

£r(2) = ax(€)eco(é2) with & =00r 0 < £ €ty
3

Any non-zero ideal m of F' can be written as m = ff;\l with0< e F
and a unique A. Define the m-th Fourier coefficient of f by

c(m, f) = ax(€)¢E, ifm= 5?;1 is integral,
, 0, if m is not integral,
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and let C(m,f) = N(m)Fc(m,f) with ko = max{ky,...,k,}. This
modified coefficient only depends on m and f, and the form f is uniquely
determined by the values of C'(m,f) for all ideals m. For every integral
ideal n of F one can define a Hecke operator T'(n) which is a C-linear
endomorphism of My(c,9) (cf. p. 648 and (2.21) of [S4]) such that

C(m, f|T(n) ch (@)~1C(a"%mn,f) for all m,

where a runs over all integral ideals dividing m + n. If f is a simultaneous
eigenfunction of the Hecke operators T'(n) with eigenvalue w(n), then the
Dirichlet series

D(s,f) := Y _ C(m,f)N(m)~*

associated with f has a factorization as Euler product over all prime ideals:

D(s,f) = C(o,f) H (1 —w(P)N(p)~% + w;“(p)N(p)ko—l—Zs)

p

-1

There are several important operators on the space of Hilbert automorphic
forms. First, if q is an integral ideal and ¢ € F{ is an idele with § = g, and
doo = 1, then by Proposition 2.3 of [4] and IV.1.19 of [P] we can define the
operators

a: My(e,9) = Mi(ae,9), (Fla)(@) :=N<q)-%1f(x(q ) )
U(a) : Mi(e, ) = Ma(ac, ),

(EU@) @) =N@FT Y f(x(q ”10)).

vEd~1/q0 1

Actually, the definition for U(q) given in [P] is erroneous and should be
replaced by the above expression. These two operators are characterized
by their effects on the Fourier coefficients:

C(m,f|q) = C(q"'m,f) and C(m,f|U(q)) = C(qm,f) for all m.

Second, there is an inverter J; : Mg(c,v) — Mx(c, ) (cf. (2.46) of [S4]),
which is defined as follows: Let m € F be an idele such that m = ¢d? and

set b:= < 1) . <1 ) € C~¥A. Then
mo loo

(£|J.)(z) := f(z™*b) for all z € Ga.
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With respect to the decomposition f = (fi,..., fr), J. has the following
description: For every A determine « and a totally positive element ¢, of
F such that txt.cd? = (g) and write f|J. = (f,..., f}). Then

fo= R8s = ()W I8y with By = (_qA 1) € G(Q).

For f = (f1,..-,fn), & = (91,-.-,9n) € Sk(c, ), the Petersson inner
product is defined by

h
(fg)=> ————— /~ A(2)gr(2)y* du(2)
\H") JT»(c)\H~

with the C~¥+ -invariant measure du(z) = H y, 2dz,dy, on H". The product

is also defined if one of the forms is only 1n Mi(c,¥) or Ni(c,v). We will
also use the following inner product which depends on the level ¢ of the
automorphic forms:

(£,8) = Z o PN )
T (c)\H"

The orthogonal complement S9(c,1) C Sk(c,1) of the space of old forms
has a basis of common eigenfunctions for all Hecke operators T'(n). A
normalized element f of this basis (i.e. an element with C(o,f) = 1) will
be called a primitive (cusp) form of conductor ¢. Now let ¢; C ¢z be two
integral ideals and 1 a Hecke character of finite order whose conductor
divides c2. Then in VI.4.4 of [P] the following trace operator is defined:

Try s Ne(en,¥) = N2, %), (AITG)(2) = Y ¥, (R)f(ah),
ReD(c1)/D(c2)

and it can also be expressed in the form

-t
T = (oWn (2) 7 (2) g
2

The important property of the trace operator is the reduction of levels: If
€1 < Cg, fe 8k(¢2,1,11) - Sk(cl’,l/") and ge Nk(¢1,¢), then by (410) of [IOC‘
cit.]

( fag )cl = ( f, ngfg )cz'
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Actually, under suitable conditions, a nearly holomorphic function can be
replaced by a holomorphic function without changing the value of the
Petersson scalar product. These conditions involve the following notion:
A function £ = (f1,..., fn) € Nk(c,¢) will be called of moderate growth
if forall A =1,...,h, all z € H" and for any s € C with sufficiently large
real part the integral

/H,, Fr(w)(@ — 2)* 72 m (w)**+* dp(w)

converges absolutely and admits an analytic continuation over s to the

point 0. Here z~*~1?% is understood as [] z; % |z,|~2°.
v

We end this section by quoting Proposition IV.4.7 of [P]:

ProrosiTioN 2.1. — Let £ € Ni(c,%) be a function of moderate
growth such that its Fourier expansions fx(z + iy) = > ax({,y)ex(éz)
g€ty

contain only terms with totally positive £ € t5. For 0 < £ € t, set

(k=1} gh—1
) = f iy o, B WeliEn* 2 dy

v=

and suppose that the integral is absolutely convergent. Then there is a
function Hol f = (Hol f1,...,Hol fr) € My(c, ), whose Fourier expansion
is given by

Hol fa(z) = Z ax(§)ex(§2),

0KEETy

and which has the property { g,f ). = ( g, Holf ). for all g € Sx(c,v).

COROLLARY 2.2. — Let f € Ny(c,) and g € Sk(c, ). If f suffices the
conditions of the proposition, then

< g’fIJc >c = < g, (HOl f)lJc >c‘

Proof. — This follows immediately by observing that J~! = (—1){*}J,
is the adjoint of J, with respect to the Petersson scalar product. a
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3. Hilbert modular forms of half-integral weight.

In order to define modular forms of half-integral weight, one needs to
1
define a factor of automorphy of weight —. The ambiguity of the square root

of a complex number leads to a much more complicated automorphic factor.
In fact, the property of automorphy is valid only for certain subgroups. We
will recall the fundamental definitions and properties of half-integral forms
before defining some operators which we will need in the sequel.

For two fractional ideals ¢ and y of F' with ry C o let us define the
following groups:

G = SLy(F) with adelization GA = G§Gwo,
Dylt,9] = Dylr, 9] N SLa(Fp) for p J oo,
D[t,9] = D[r,9) N SLz(Fa), T[z,9]=T[t,n]NG.

For an element g € Ga we denote by gg and g, the finite respectively
archimedean part. We now fix once and for all, an element § of F5 such
that 6o = 1 and 6 = 0 and define n = [[n, € Ga by

p

&1 1
(5) 77p = (§p p > fOI‘ p T o0, ’r]p = ( 1) for ploo

Next, we define

C' =80:(R)" - [] Dpl207",2), C”=C"uC'n,
pfoo

P={a= (aa ba) € G|c, =0} with adelization Pa,
Co do

Q={ae€G|cq #0} with adelization Q4, and
T={ze€C||z| =1}.

Further, let Ma = Mp(Fa) denote Weil’s metaplectic group, which
is an extension of G with kernel T'. Let pr denote the projection map of
Ma onto Ga, and note that

(6) zy =yz if x,y € Ma with pr(z) € Go and pr(y) € Gy.
There are splitting homomorphisms

r:G— Ma, Tp: PA = Ma, and a map QA — Ma,

"
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which are consistent in the sense that

TQ(aB'Y) = Tp(a)rg(ﬂ)rp(V) for a,v € Pa, € Qa,

(7 -1

r=rp,onP, and r=r, onP(1 >P.

We refer to section 3 of [S6] for the definition of these maps. Via the

embedding r we understand G as a subgroup of M, and we let M4 act

on H" via the infinite part of the projection pr. Similarly, if £ € Ma and

z € H", we write j(&, z) for j(pr(€)co,2). Then in [loc. cit.] it is proved,

that for every £ € Ma such that pr(§) € PoC” there is a non-vanishing
holomorphic function h(¢, 2) on H"” with the following properties:

(8) h(€,2)2 =t-j(¢,2)* for somet €T,
(9) h(BéT, z) = h(B, 2)h(§, T2)h(7, 2)

if pr(8) € Pa, pr(€) € PAC", pr(7) € C"G,
(10) h(t - rp(2),2) = t™Y)dy)2/? ift €T and z € Pa,

and if o = r,(diag(r,r~')) with r € F/, then Lemma 2.5 of [S7] shows
that

(11) h(€,2) = h(n,2)  if pr(€),pr(n) € C' and € = oo™

Now let us define certain Gauss sums for finite primes p, u € F, and z € Fa
by

(12) Yo (1) :=/ ep(ut?/2)dt for p finite,
(13) v(z) = H Yo (p)-
pfoo

Here, dz is the Haar measure on F, normalized by | o dr = 1. By Lemma 3.4
and Lemma 3.5 of [S6], for certain £ € Ma the automorphic factor h(¢, 2)
is completely determined by (8) and

h(gpi) _ (=cglde)
14) 1 =
A9 0 Thte /] = (s de)]

o h(gpl) _ (67 )
15) 1 =
a8t W&, )| |y (62 tee)

ite € @n((, 1) (Pac”

if§er,(an PpC"),
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here c¢ and d¢ are given by pr(§) = <(;5 35) € Ga. With the quadratic
€ ¢

Hecke character w = €_; corresponding to F'(v/—1)/F, we have the formula
(16)  h(7,2)* = weo(dy) - w*((dy)) - §(7,2)" if v €T[2077,20].

We are now in a position to define half-integral automorphic forms. Fix a
1 1

half-integral weight k € (EZ)", let k' := k— 3 1 € Z™, and define a factor

of automorphy

Ji(7,2) := h(1,2)j(1,2)F  for € Ma Npr— (PaC").
For a function f on H" we write
(fll,7)(2) := (7, 2) "' f(12) for T € pr™"(PAC").

We will now tacitly assume that all congruence subgroups I' of G are
contained in C"”Goo. With the operation ||, 7, a Hilbert modular form
f € Mg(), a cusp form f € Sk(T'), and a nearly holomorphic form
f € Ni(I') with respect to some congruence subgroup I' of G are defined
as in the integral case. We also define My, Si and N}, as the union over all
congruence subgroups I of the respective groups My ('), Sg(T), and N (T)
as in the integral case. An automorphic function on M, with respect to
the factor of automorphy Jg, is a function fa : Ma — C such that

(17)

fa(ctw) = Jp(w, i)~ fa(€) for a € G, € € Ma, and w € pr—}(B)

for some open subgroup B < C”. There is the following connection between
modular and automorphic functions (see [S7], section 1): Given fa, the
function f : H® — C defined by

FEQ®) = fa(€)J(&,1) for & € pr(BGwo)

is automorphic with respect to I' := G N BG4, and conversely a complex
valued function f on H" with the automorphy property with respect to
G N BGy determines an automorphic function fa on Ma by

fa(e€) = (f,&)(i) for € G and ¢ € pr'(BGw).

An automorphic form is an automorphic function on M whose correspon-
ding function on H™ is a modular form. Given two integral ideals b, b’ and
a Hecke character 1) of F' of finite order whose conductor divides 4bb’ and
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whose archimedean component satisfies 1oo(—1) = (—1)*', we denote by
M (b,b',1) the set of all f in My such that

Fly = Yaver (ay)f  for every v € T[2607 7, 2b'0]

and let Sk (b, b’,¢) = S N My (b, b’,9). The ideal 4bb’ is the level of our
group. We remark that for f € My(b,b’,9) the automorphy property (17)
for the associated adelic form fa takes the form

(18) fa(otw) =Ygy (aw) - Ji(w, 1) 7' fa(€)

for @ € G, £ € Ma, and w € pr~1(D[2bd71,2b'0]) with w(i) = i. The
modular forms of Mg (b,b’,4) have the following Fourier expansion (cf.
[S8] Proposition) 1.1):

ProposiTION 3.1. — Given f € My(b,b’,9), there is a complex
number A¢(§,m) = A(&,m; f,9) determined for every £ € F and every
fractional ideal m such that

fA<rP( ))-wf(t K12 S NEE £, )eoo it /2)en (t5E/2)

§EF

for every t € F{ and s € Fa. Moreover, \(§,m; f,v) has the following
properties:

AEm; f,9) #0  onlyif € € b~'m™2, and £ = 0 or £ is totally positive,
MEV?,m; £,9) = b¥ Yoo (B)A(E, bm; f,9)  for every b€ F*.

Furthermore, if § € G N diag(r,r~1)D[2bd~1,2b'd] with r € F{, then

J(B,8712)f(B7"2) = Py (r)po(dar)lrs|® D A& T £, $)eco (€2/2).

(EF

The form f is uniquely determined by its Fourier coefficients A(&, m;
f,) for £ € F and fractional ideals m (actually, m = o is sufficient).
As in the integral case there is an algebra of Hecke operators acting on
My (b,b',9); for a definition see section 2 of [S8]. For our purpose the
following description of the Hecke operators on the Fourier coefficients is
sufficient: For f € Myg(b,b’,1), a prime ideal p and a fractional ideal m
with £bm? C o we have

19) A fITy ) = A pm; £,0)
Tk (PN (P)! ( )A@,m £9) + B ()N ()N, mps £, ).
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Here c is an element of F,, such that cop, = m,, (—) denotes the Legendre
symbol, and the last two summands are 0 if p|4bb’.

PrOPOSITION 3.2. — Let f € My(b,b’,1). For0 < 7 € F let b = q%
with a fractional ideal q and a squarefree integral ideal ¢, and write ¢, for

the quadratic Hecke character of F corresponding to F'(,/7)/F. Then the
following are equivalent:

(a) f is a Hecke eigenform of Ty, for all primes p: f|T, = wy f withw, € C.
(b) For all 0 « 7 € F, the following formal identity holds:

Z)‘f(Tvqalm)N(m)_s = /\f(Tvq—l)

H 1 — (ver) o PN (p)~1 ¢
1 — wpN(p) =% + Py (9)2N (p) 128

P

Here, m runs over all integral and p over all prime ideals of F.

Proof. — (a) implies (b) is proved in Proposition 2.2 of [S8]. Conver-
sely, (b) implies

)‘f(Ta q_lﬂ)/\f(T, q_lm) = Af(Ta q_l)’\f(Ta q_lmn)

for relatively prime integral ideals m and n. Now, multiplication of the
above partial Dirichlet series with the denominator on the right side and
comparison of the coefficients yields

Af(T,q471p) — wpAs(1,071) = —(Yer) fpp (PN (D) ' Af(T,971),
Voo (0)°N(P) T AF(1,079") —wpAp (1, 7™ ) + Ap(r, g7 1p™2) = 0

for non-negative integers r. Together with (19) this proves

AT, q7 np"; f| Ty, ) = wpA(T, 97 np"; £, 9)

for all integral ideals n prime to p and all r > 0. But this holds trivially for
r < 0, and hence (b) implies (a). o

We remark that by Proposition 3.1 of [S8], there is the following
relation between modular forms of integral and half-integral weight: If
f € Sk(b,b’,%) is a simultaneous Hecke eigenform of half integral weight,
then there is an integral automorphic form f € My(2bb’,4?), which is
called the Shimura lift of f, such that the denominator of the product in
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(b) of the above proposition coincides with the following Dirichlet series:
(20)
-1
3 elm, ()~ = TT (1 - wpN ()™ + s ()N (p) )
P

m

Let us now define certain operators which will play a vital role in
the definition and proof of boundedness of a distribution associated with
convolutions of Hilbert automorphic forms of integral weight and Hilbert
modular forms of half-integral weight. We will start with the twist of a
modular form of half-integral weight and an almost primitive character x.
The final form of the twist is then obtained in the next corollary. Apart
from the adaptation to almost primitive characters the proof goes along the
well known lines (cf. Proposition 4.4 of [S4]), but the automorphic factors
require more attention.

ProposiTION 3.3. — Let f € My(b,b',4) be a Hilbert modular
form of half-integral weight k, x: an almost primitive ideal class character

modulo q of conductor ¢, and define b by requiring that 4bb be the least
common multiple of 4bb’, q?4b and qc(3). Then

FOA@ = S Sy e o) (”P ( (l 1 >0>>

T(Y) u€ER

for x € Ma

with a system of representatives R of q~'260~" /260! defines a Hilbert
modular form f(x;)° € My(b,b,9x?) with Fourier coefficients

AEm; FO)°, ¥x)

_ { x*(€bm2)A (€, m; f, w)u(%) [Tps(1- N{(p))min(m(€m™)  jf ¢ £ 0,
5X,€)‘(0a w; f,9)u(q) leq(l = N(p)), if§=0.

Proof. — First notice that f(xJ)} is well-defined because xoo(u)X;

(ug2716710) and fa(zry( (1 ~“))) only depend on u mod 263~. To

1
prove the automorphy property (18) for f (X:) A it suffices to show

; FO@)a(zw) = @x?)ave (aw) " F(XF)A (@)
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for £ € Ma and w € pr-1(D[26071,2b0]) with woe = 1 and h(w, 2) = 1.

b . By the approximation theorem find d € o with

Write w = d

o

d=d? modq, d=1 for p|26d, p/Aq, andd> 0.

Then {v := du} is also a system of representatives for q=1260=1/260~1.
/ /

For each u € R define v’ = w], = (Z, Z,) € pr}(D[2b071,2b',0]) by

pr(w)e =1, h(w',2) = 1, and the relation
1 du\ (a b _fd W\ 1 d2du
1p\e dp \¢ d 1 )

Now let ¢ € F5 with §= q and set o4 = 7,( (q q‘1> )- Then
0

(Bl )
oleen(C ED (0 e
(s | A (G

= h -1 = h R =1,
(9),(10) (oqwog”,2) au) (w,2)

~ 27
which proves the identity 7, ( (l dlu >o) ‘W= wy, T ( (1 ‘ 1du)> on
)

M. Now the automorphy property follows from the calculation

FO)% (zw _) Zxoo (u)X) (ug2~ 167 0)
u€ER

TR
= Y (@) " Xq(d) F () A ()

and the congruence properties of d. Finally, to calculate the Fourier
coefficients of f(x})°, let t € F and s € Fa. Then
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e (¢ 21)
u€ER

=x*d )P (0)t 1t1E S MEE £, v)eco(i2€/2)en (t56/2)

EEF

( D Xoo(w)Xy (ug27'b710)ea (—t2uo€/2)

uGR
by Proposition 3.1. The desired expression for A(¢,%; f(x})°,¥x?) now
follows from Lemma 1.2 for £ = 0 and from Lemma 1.3 otherwise. O

CoROLLARY 3.4. — For a Hecke character x of finite order let q C ¢
be an integral ideal contained in the finite part ¢ of the conductor of x and

setng := [] p. Then for f € My(b,b’,) the twist f(x;) with the ideal
pla.p fe
character x; mod q defined by

FO3) = @mo)N (o)™ D pu(m)®(m) ™" £ (xh)°

n|no

is an element of My(b,b,9x?) with b = lem(4bb’, (cng)24b, engc(t))) /4b.
Moreover, its Fourier coeflicients are the Fourier coeflicients of f twisted
with X} :

X; (Ebm?A(E,m; f,9), fE#0O,
A&, m; f(X:]k)v ¢X2) = {6::?,&;«/\(0,111; £,0), if€=0.

In particular, if ¢ # o or x # € then f (X: ) is a cusp form. Conversely, we
have

FOGR,)" = ®(n0) > u(m)®(n) "N (n) £ (x%)-

nlng

Proof. — 1t suffices to prove the corollary for x = € and q = ny. Now,
for a prime ideal p the Fourier coefficients of f(e,) are given by the last
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proposition as

1
N(p)
L

= 3y (BAE™ £,9) + (2 E DA m £,)

A, m; f(ey), %) = (@(P)AE, m; £, ) — A€, m; f(e7)°, )

_ {6;"(551112)/\(& w; f,), if£#0,
0, if¢=0.

The general formula for the Fourier coefficients now follows by iteration of
the different prime divisors of ng. Finally, notice that the converse formula
is a special case of the Mobius inversion formula. ]

Remark. — It is this twist f(x;) that we will work with. If a Hilbert
automorphic form f of integral weight [ is a Hecke eigenform of T, then

f(ef) = — C(p,Dflp + ¥ (DN ()0 £]p°.

This can be used as a definition for f(e;). In other words, using the
operators |p, one can cancel the p-th Hecke polynomial in the denominator
of the Euler product. However, in the case of half-integral weight, the Euler
product has a nontrivial numerator which depends on the quadratic partial
series. Therefore, it is better to work with almost primitive characters.
Moreover, our construction also has the advantage of obtaining a twist for
every half-integral modular form.

In the rest of this section we want to construct an inverter j on
My (b, b’,1)) similar to J. in the integral case. In particular, we want to
have some commutation relation between j and the above twist similar
to Proposition 4.5 of [S4]. We also would like j to map (certain) Hecke
eigenforms to Hecke eigenforms and to be “compatible” with J, in the
sense that there is a relation between fif2|J; and fi]j - f2|j for two half-
integral forms whose product is an integral modular form. The problem we
encounter is that the definition of J. involves matrices of the group GLo
having determinants different from 1. Our inverter will only be defined for
certain ideals b, b’ and it will depend on a choice of a generator of an ideal.
However, if we assume that the class number hr equals 1, we can always
define an appropriate inverter.
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ProrosiTION 3.5. — a) Let y) be a fractional ideal and choose any
y € F{ such that yoo, = 1 and § = 1. Then there is a “swop” operator

swy : Mi(b,b',9) = Mi(h™2bN0,9%b’ No, ),
(f swy)a(@) = BN () * 1 (xr,, ((y y))) ,

which is a bijection if both §~2b and y2b’ are integral. The definition only
depends on y =Y, and the Fourier coefficients satisfy

A&, m; fswy,¥) = A&7 im; f,4)  for all 0 < € € F and ideals m of F.
Moreover, if y = () for some (not necessarily totally positive) 8 € F, then
(Fsw()(2) = $5(B)B8" £(6°2).

(b) For every totally positive T € F' there is an operator (multiplication
by 7)
m, : Mg(b,b’,9) = Mi(T7 0 N0, 76" No,¢e,), (fm,)(z):= f(r2)

where e, denotes the quadratic Hecke character of F corresponding to
F(y/7)/F. The effect on the Fourier coeflicients is given by

A& m; fm,,ve,) = N1, m; f,40) forall0 < ¢ € F and ideals m of F.

(c) There exists a unique element ' of Ma such that h(n',z) =
Jk(n',z) =1 and pr(n') = n with n of (5). Then

L Mk(ba bla'(p) - Mk(bla b,@), (fL)A(x) = ¢f(5)fA(337I')

defines an inverter independent of the choice of § with the property
1?2 = oo (=1)f for f € My(b,b,1). Moreover, if B is an open subgroup
of C" such that fa(z) = (f|,z)(i) for z € pr 1(BGw), and if f is an
element of G such that 7m € BG, then

Proof. — a) and b) are mainly a restatement of Proposition 1.4 of
[S8]. ¢) is given in Lemma 2.3 of [loc. cit.] and the discussion following it,
and the same arguments as for the independence of ¢ from § also show the
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independence of swy from y. Finally, the formula for fsw(g) is obtained as
follows: Let z = x + iy € H™. Then

(fSW(g))A (’I‘P ( (ﬁ @) )) = \/?jk Z A({,o;fsww),i/))em(fz/2)

Vi ¢eF
= Vi (fsw(g))(2)

by applying Proposition 3.1, but we also have

(Fswg))a (Tp ( <\/17 §> )) =9,(B)IN(B)"*

(e ()" D))

= B BW B BvD) 1BV F(6%2).
This proves the last formula of a). O

ProposiTioN 3.6. — The following diagrams are commutative for all
0 < 7 € 0 and integral ideals ) of F':

Mi(m926,b6",9) =5 Mi(92b, b, 1pe;)
a) SWy sWy

M (7b,926",9) =5 My (b, 7920, e, )

My (b, 926, 9)  — My (p2b’,b,7)
b) NOY vy | [ow
Mi(h26,6",9) —>  My(b',9%6,9)

Mk(b,’fb'ﬂ/)) —L') Mk(Tblv b,—iz)
C) v(r)'r_k,/\f('r)_é m__; Jv mr
Mk(Tba bla 1/157') - Mk(b/,Tb,;/)S—.,—)

with some homomorphism v of 0* into {£1}.

Proof. — a) follows directly by computing the Fourier coefficients
of fswym, and fm,sw,. For b), let f be an element of My(b,y2b’,9),
y a finite idele with ¥ = y, 7’ as in Proposition 3.5¢) and observe that
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. ((y-l y))’"n(") . ( (y_l y)) = 7(n) by (7). This gives

(feswy)a(x) = b (WON(9) "% fa (WP ((y_I y)nl)>

= s (y)N(9) "% fa (mner ((y y‘l)))

=N ()" (fswy-11)a(2)

and proves b). For ¢) let f € My(b,7b’,9), let B be an open subgroup of
C' such that fa(z) = (f],z)(i) for z € pr~!(BGy), and let 7} = 7j(7) be

an element of G such that 7m € BGx, N (1 7_) BG (1 T_l). Then

(f mr emp)(2) = 95 (8)Ju(M), 72) 7! f(rir2).

Set & := (1 T_1>77(T 1) € G. Then ¢y = (1 T_1>ﬁn<1 T) (T T-l)

€ BGw, and hence fu = 1;(6)f||,§ by Proposition 3.5c). In order to

~ T_l T_l AT
calculate Jx(§, 2)/Jk(1), T2) define ¢ := < 7.>£ = < 1)17( 1) and

notice that ¢ € Qa N PAC": From 1 € C” and én € BGy C C"G

it follows that £ € C”Go and hence ( € PoC". If £ ¢ Qa, then
a”l b b6 —a~1671 ,

¢ = a) € P, and thus (¢n) = ab € By C Cy, a

contradiction which shows that both £ and ¢ are elements of 24. We now

understand G embedded in M4 via r and note that

a6) = (7 ) ez) =1 Hhr ¥ ic,o),
562 =3 (7 )are)dtaran ((7 1)) =it

Therefore, the quotient Jx (&, 2)/Jk(f, 72) is N (1)~ 27* v(r) with

Jk(C: ) = lim h’(Cvpl) h(ﬂ,Pl
W)= s = i e i/ T o €

This is a quotient of Gauss sums and absolute values thereof, see (14).
Replacing f by fm,.-1 now gives the commutativity of the diagram. v is
necessarily a homomorphism, as can be seen by considering ¢m, m,, =
tM;, . Also, v(7) does not really depend on f because the subgroup B
used in the definition of ) = 7(7) can be replaced by any sufficiently small
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subgroup of C’. Finally, we calculate ftm., 2 in two different ways using
Proposition 3.5a) and obtain

fimpe = (fomy)m, = N(1) " o(r)?r~ 2% fm, 20
= Ef(T)T—k,fL SW(r) = Ef(T)T_k'N(T)—lf SW(r-1)L
=N(r) ' fm, 20

This shows that v(7) € {£1} as claimed. o

ProrosiTion 3.7. — The following diagrams are commutative for all
integral ideals b, b, totally positive T € o, integral ideals y) of F and ideal

characters x; mod g:
0z)

Mk(b)blaw) — Mk(b,gﬂ 'bez)
a) Tvl lTp
X, 2 * .
Mk(bablvw) X (P_)(>Xq ) Mk(b,b,¢X2)

with b as in Corollary 3.4.

M (b, 6, 9) =5 My(b, b, e.)

b) 5 | |z

My(10,6,9) 25 My(b, T, vpe,)

Mk(nzba bla"#) Mk(b,t)2b,,’l,[))

c) T l lTv

SWy

Mi(96,0',9) —> My (b, 9’0", 9).
In particular, x;" , M, and swy, map Hecke eigenforms to Hecke eigenforms.

Proof. — The effect of all three operators on the Fourier coefficients
of a modular form is given in Corollary 3.4 and Proposition 3.5. Thus
the diagram relations can be verified via the Fourier coefficients using the
description (19) of Tj,. m

LemMMA 3.8. — For a finite prime p the local Gauss sum +y, of (12) has
the following properties:

a) wpla)=1 ifae20,".
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b) Y(m"%a) = N(p)~*v(a) ifp f2, 7 is a prime element of F,
a € F,\pyd; !, and i >0

c) wla) = N%“%dp (%) eplaz/2) ifp f2, and a € p;t ;!
\o, t.

This is - in a different notation - proved in §54 of [H].

LeEMmMA 3.9. — Assume hr = 1, let q be an integral ideal prime to 2
and fix an idele g € F with ¢ = q. If u,v € F are such that

ue2q 7, we2q ol and wwq?6? = —1 mod q,

then the Gauss sum v of (13) evaluates to

,—3% —e, (-j-) X (050X (v).

Here, the root of unity €, depends only on q modulo square ideals and is
explicitly given as

pVP(‘I)
1, ifg=1mod 4,
for q squarefree. If F'= Q and q > 0, then (4 = {z’, if g = 3 mod 4.
Proof. — Let p|q be a prime ideal, and X respectively F? = F(,/7)
the quadratic idele character respectively quadratic extension of F' of
Lemma 1.4 which is only ramified in p and possibly at infinite primes.
We may assume that v,(7) = 1 and hence can take 7 = T as prime element

of F,. Then
T T,
(;) = (T) = xp(z) forz € o).

If v,(q) is even, then a) and b) of the previous lemma show

w(u) _
@] 1

vy(q) = 1+2m we obtain by part c) of the previous lemma and the product
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formula (2) for the Gauss sum of x*

ey 5 (2[5
- > xs(w)ep<”2;n“w)

z mod p,x¢&pp

= —:E’T) (%) Xg(_U)T(XP)XP*(0/pu,,(a))'

=

The conditions on u and v imply x§(—u) = x§(v), and together with part
b) of the previous lemma we obtain

7r2mu T % %
28 R - () e o nom ez

VN(p)

This proves the formula of the lemma. If F' = Q, then it is well-known that

=i { Y pZimets

iy/p, if p=3mod 4

for a positive rational prime number p. Let s be the number of prime factors
of ¢ congruent to 3 mod 4. If ¢ > 0 and q is squarefree, then

e =011 II (’2) — i (-1)().

The proof is finished by observing that the formula for €, only depends
on ¢ modulo squares and coincides with the expression of the last formula
for ¢ squarefree. O

ProposiTiON 3.10. — Let x;" be an almost primitive character mod q
of conductor ¢ dividing q, T € o0 a totally positive integral element of F', and
y an integral ideal. Set b = lem(4bb’, ¢24b, qc())/4b. Then the following
diagrams are commutative:

*\0 ~
-Mk(Tba bl, 1/’) (Z(_Q) -Mk(Tb7 b7 1/’X2)
8 ™) [
)°

Mi(b, 76 pe,) == My (b, 7b, e x?)
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*\0 -~
Me(®6,6,9) % Mi(r2b,5,9x2)

b) | [

%40 -
Mi(6,026,9) % M6, 9%, vx?)

Mk(bv qzblv ¢X2)

) 3 Jro

—3
_ A(q, 9) )0 -
M(®,6,5) " EOLED (6,428, 93)

if hp = 1 and q, 4bb’ are relatively prime. Here A(q,x) = A(q, x; %) is the
constant

)3 O (B () T("Xq)

q
c(xx*) ° x) VN

A(g, %) = ¥*(a) (xx®)* (460’

Proof. — We will only prove ¢) since it is only here that the automor-
phic factors require special attention. Let R be a system of representatives
for q~12b0~1 /260!, fix a finite idele ¢ € F such that § = q, and let 7/
be as in Proposition 3.5¢). If f € M(b,b’,7) then

1 * 1
(0GP eswale) = (@8N (@)L

1 _
ZX‘X’ w)X; (ug27'67'0) fa (xr (q )n'rP (1 >>
q 14

u€ER

For u € R such that uq2~1b~10 is relatively prime to q find a v € q~12b'0!
with

wg?6? = -1 mod q, wg?6> =0 mod 4bb’.

Now, choose a system of representatives S for q~126'0~!/2b’0~! containing
these v, and notice that these v are precisely those representatives whose
associated ideals vq2~1b’~10 are relatively prime to q. Furthermore,

(" ()= (e
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with an element w € D[2b'0~1, 2b0] which is given by

1 262) /g—1
wy = <( + u;);&_l)/ 1 qu) and we = 1. Therefore, there is a relation

@ (T P (Y =

on the metaplectic group with some ¢, € T where w’ is the unique element
of pr~!(w) such that h(w’, 2) = 1. Calculating the automorphic factors of
both sides gives

(it (1 71)2) =t 0 2m 2) =
0

We will now determine the value of t,. Define { € Ga by (o = <1 1) and
0

Coo = (1 _1> . Then there is a unique element ' € M which satisfies
o0

pr(¢") = ¢ and h({', 2) = ﬁ v/ (=2,)~! with the complex square root /w

v=1
for w € C determined by —g < arg(yw) < g Now (n € Qa N PaC”, and
from

o Ma(Cm. Al (0) _

p=oo [h(r(¢), p1)| 19 [¥(0)]

o 2 ph) o W0 (ph) R p) e
o2 TRICT, )] @ pe TR(C T (AR)] TR, D] ¥

we conclude that ¢'n’ = /i 1,(¢n). This gives
e (P eern () (e 7))
Applying Lemma 3.9 we now obtain the following expression for ,:
r(rme (0 7)) %)
e (7))
. h("'TP((l —1u) - O)Cl’pi) h(¢’, pi)
O e () o] O

u:
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lim h(rﬂ (Cn(l —1u)0)’pi) - v(u)
T (e )
=0 (2) 7t @0 ata) o))
Making use of (), the automorphy property of fa, and of the equality

X*(26)X o0 (u)X; (¥40) = Xoo(—1)Xoo(v)X; (vD),

the above expression for (f(x;)% swq)a(x) evaluates to

(E)Xoo( 1) « (4bb ZXoo Xq(WQ /- 10)

vl v (X) vES
(") o)

__(l(—) x* (460’ )ey <§> z'”x"*(2b’)

N(a)r(x)
=Y 000 () Xy (092716 T 10)(f1)a (xTP (1 _lv)o)

veS
X (Dxoo(=1)

=V (Q) e

=¢*(a)

q ——5*\0
- (OexM* TOxY) (Fe(xx® Al().
(x®) (C(xx“)) O (b)) al@)
This proves part c). o
Remark. — Part ¢) of the above proposition as well as its proof

are analogous to Proposition 4.5 of [S4]. However, the half-integral case
differs from the integral case because of the occurrence of the quadratic
character x9.

For an integral ideal ¢ write M(c,v) for the space Mg(o,c, ). If ¢

is of the form ¢ = c;¢Z with a totally positive ¢; € 0 and an integral ideal
¢2 of F', we define an inverter

. . —_ . 1 Ly
J= .761&2 : Mk(c’ ’d)) - Mk(C, 1/)561) by .761,¢2 = N(c)icf mel SWey .

Proposition 3.6 shows that 52 = v(c1)1so(—1), and Proposition 3.6, 3.7 and
3.10 describe the action of the operator j on the space of Hilbert modular
forms.
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4. Distributions related to convolutions
of Hilbert modular forms.

From now on, we assume that the totally real number field F' has class
number hr = 1. Let f € Sg(c(f), ) be a primitive Hilbert automorphic
form of integral weight k = (ky, ..., ky), conductor ¢(f) and character 1 and
let ko := max{ky,...,k,}. Also, let g € M;(c(g), ¢) be a Hilbert modular
form of half-integral weight | = (l,...,l,) and character ¢, set I’ =1 — %1
and assume that the Hecke character ¢ satisfies ¢oo () = sgn(z)! and that

gt is a simultaneous Hecke eigenform for all Hecke operators. Fix a prime
number p of Z, a finite set S of finite primes containing all primes p dividing

p, and set mg := [] p. For every p € S'let a(p) = o, and o'(p) = o, denote
peES
the roots of the g-th Hecke polynomial of f:

X? - C(p,H)X + w:k(f)(P)N(P)ko_l = (X —op)(X — o).

We extend this definition of « and ¢’ to any integral ideal m with S(m) C S
by multiplicativity. Define also

fo := Z p(a)e! (a)f|a € My (c(f)mo, ¥);

almg

this is the Hilbert automorphic form whose Dirichlet series factors into the
following Euler product:

> C(m, )N (m)~* = [T - ap)N(p) )
m peS
A= Co DN B) ™ + ke ()N (p)ro=172) 7L,

pgs

We will always assume the following:

l<k, iely<ky...lp<kn,
kk=...=k,mod2, l1=...=1, mod 2,
¢(f), 4c(g) and mg are pairwise relatively prime, and

the Fourier coefficient C(c(f),f) does not vanish.

1 1
Determine 6 € {0,1} by kl—ll—E =...= kn—ln—§ = 6 mod 2, set
¢ = ¢(f)4c(g), fix once and for all totally positive numbers c(f), c(g) € F
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with (c(f)) = ¢(f) and (c(g)) = ¢(g), and set ¢ := ¢(f)c(g). Let (£, m) denote
a pair of a totally positive number £ of F' and a fractional ideal m of F'
subject to é&m2 C o. If (¢, m’) is another such pair, we say that (£, m) and
(¢/,m') are equivalent if £ = n?¢’ and m = n~'m’ for some n € F*. The
convolution of f and g is then defined as

D(s;f,9) = 3 c(ém? H)AE, m; g, H)E~ TN (€m?) ™,
(&m)

where (£, m) runs over a set of representatives for the equivalence defined
above. With the quadratic Hecke character w = e€_; corresponding to
F(v/-1)/F define the complex functions
— 3
D(s) = Lumo (45 = 1, (@9$)2)D(s — Jifo0,9),

Wo(s) = ‘P(S)Vﬁzl{r(w g - i)r(s+ ky ; l")}

~{3_§’ if (wip¢)? =1 and § =0,

1, otherwise.

The additional gamma and L-factors guarantee that ¥y is a holomorphic
function in s, cf. the proof of Proposition 5.1 and Proposition 3.1 of [I].
Recall now that a C-valued distribution g on Galg = lim H(m) with

H(m) = J(m)/P(m) can be uniquely defined by giving its values on the
characters x € X§*. Now the projection pry, : Galg = lim H(n) — H(m)
induces the map

*
pim : F(H(m),C) == Step(Galg, C) - C,

where F(H(m),C) denotes the set of all C-valued functions on H(m). The
distribution p is also uniquely given by the maps um, and the py, fulfill a
certain compatibility relation. If ¢(x)|m then the map x : Galg — C factors
through x% : H(m) — C, and by the character relations u, is determined
by pm(x) for all x with ¢(x)|m. For every s € C we will now define a C-
valued distribution fi3 related to ¥o by the values of 3 ,,(xs). It will turn
out that for certain values of s and non-vanishing factors ¢, the distribution
fis := c,fi2 will take values in the algebraic closure Q of Q, and thus these
s will give rise to a p-adic distribution.
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ProrosiTioN 4.1. — For fy and g as above and for every s €
C there exists a uniquely determined complex valued distribution [0 :
Step(Galg, C) — C such that

~ _ N(m/)ko+2(s—1) e
H(X) = Ha m(xm) = —W\I’O(s;ang(X?\;)]c,m’)
for any Hecke character x € X" and any choice of integral ideals m, m’

satisfying lem(my, ¢(x))|m, mom|m’, and S(m’) = S

The proof is based on the following basic lemma which extends
Lemma 1 of [S3] to Dirichlet series with a more complex Euler product.
We will omit the proof which is completely analogous to [loc. cit.].

LeEMmMA 4.2. — Assume that we have formally

1—a(p)N(p)~*

2 AN =11 T o - v
1—b(p)N(p)~—°

; BN ) H (1 =B N(p)=*)(1 = BN (p)~*)’

where n runs over all integral and p over all prime ideals of F. Then for
each prime ideal p and for each integer t € Z there exist polynomials

Xp,t(T) of degree less than 4,
Yo(T) = (1 — epBT)(1 — a,,ﬂ{,T)(l - a;ﬁpT)(l - a;/@;T)7

such that for arbitrary integral ideals u and v the following holds:
n _/n _ uo\ " 1 Xp v (0)—y () N (P)79)
A(=)B(=)N@® S=N<—> 2]
2:« (@G m . 1;[ Y, (N (p)~)

where g = gcd(u,v) is the greatest common divisor of u and v, and
A(g) = 0 if ufn, and similarly, B(g) = 0 if v/n. Moreover, the
polynomials X, ; and Y, have coefficients in Q[A(n), B(n), a(n), b(n)], and
Xp,O(T) =1- apaéﬂpﬂ{;Tz ifa(p) = b(p) =0,
Xpt(T) = g Xy 0(T) ifoy, =a(p)=0andt>0.

Proof of Proposition 4.1. — 12 will be a distribution if and only if the
value fi2 . (xx) does not depend on either m or m’. We extend the definition
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of x* of Lemma 1.4 for primes p not dividing 2 to integral ideals n prime

to 2 by multiplicativity, so that x" = [[(x?)*»™. For the character x, let
pln
= ¢(x) be the finite part of its conductor and define

ng = H p, Ny = H p, xo = xx"* with conductor q¢ = ni
PES\S(x) PESOA\S (xx?) !

Then by the definition of j. ms, Corollary 3.4 and Proposition 3.6 and 3.10

1
— . [ r3 ’
g(X:;)Jc,m’ = N(me) fet! g(quo)me SWy/
1
= (ima) L ®(ng)N(ng) ! Z w(n)®(n)~ (an) LM SWy
n|ng
= (imlz) ¢3! @ (o) N (no) ~*
) Z :u(n)q)(n)_lA(qn, X5 (b)gl’ mc(g)((XOXqOXn):n)o Me(f) SWa/ /gn
njng
1
Cc .y ’
=N(Zm'2) e ®(ng)N (no) 1B (m1) 3 p(m)®(n) "L Aan, x; ¢)
nlng
: Z (ml)q)(ml) IN(ml)gL Me(g) (XOXqO )qomm c(f) SWm/ /gn -
my |ny

Put G = Gpm, := gL Mc(g)(XoX®X")jonm, and evaluate each summand as
follows:

D(s; fo, G'Inc(f) Swm’/qn)
= Z m ,fo )\(f,m Gmc(f) SWm’/qn)g-llﬂN(gmz)_s
(&m)
— Z £—k0/2-1—l’/2—s-1

0Kgeo
(¢) squarefree, £ mod 0X 2

> C(Em?, £o) M€, m; G mig(g) Wy jqn) N (m) ~(Fo+29),

mCo

Here, we have made use of the assumption hr = 1 to find a representative
(&, m) in each equivalence class such that 0 < £ € o, (§) is squarefree, and
m is integral. Then, m is uniquely determined, and £ is determined modulo
0*2. Provided that C((¢),f0) # 0 and A(&,0;G) # 0, the following two
Dirichlet series now have an Euler product as in Lemma 4.2:
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C(¢m?, o) C(p» O+ £) ns
L G@ ™ HZ o @g) )
e e
- p n=0 c pv,(ﬁ) fO &p - dllﬂ i

, av"u(f)a’_ava' vp (€)

= H 4 Gp—dy C(p"p(é) fO)N(P)
L (L& N(p) ) (1 - & N(p)~°)

1_ap

where we have denoted by &, and d{, the roots of the p-th Hecke polynomial
of fo. If o and o, are the roots of the Hecke polynomial of f then &, = ay
and &, = o if p ¢ S, and &, = o and G, = 0 for p € S. In the case
&y = &, the above formulas have to be interpreted as before.

The second Euler product is given by Proposition 3.2 because G is a
simultaneous Hecke eigenform by our assumption on g and Proposition 3.7:

§,mG _
2 ewo) V™

mCo

B H <z>ec(g>x )a (p)eg (PN (p) ' N (p)~*
1- N(p)=* + (Pec(g)x)E (0)2N (p) 71N (p) 2

with a = 4c(g)gén?m?. Applying once more the class number hypothesis
hr = 1, we fix totally positive integral numbers ¢;(f) and cz(f) such that
c(f) = ¢1(f)ca(£)? and (cy (f)) is squarefree. For 0 < & € o find c3(f) and 7
such that

c1(f)€ = c3(f)?n with 0 < n €0, 0 < c3(f) € 0, and (1) squarefree.

- !
Consider G € Mz(c(g)q(zm2m'f,¢ec(g)x2) as a form of M,(c(f)_q‘%,
c(9)q3n* m?, ge.(4)x?). Then Proposition 3.1 and 3.5 show

- m
N =20 012

= (@) ealf) ea0) A/ LD )
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Assuming C((£),fo) # 0 and A(n,0;G) # 0 we can apply Lemma 4.2 with
C(¢m?, fo) _ A, m; G)

Ag(m) = C((9), o) and By(m) := A, 0,G) to obtain
Z C(§m2, fo) A&, m,G m(f) swm,/q“)/\/’(m)—(ko+23)
__ (B ()Y
= C((€), f0)A(n, 0,G) (T)
. Z Ag¢(m)B,, (m/%‘z_ni)/\[(m)—(szs)
mCo

_ C](f)Cz(f) —1 M —(ko+2s)

Xy (LD ) )~

! v R

p

() () e ()

’ Z C(nmz, fo)A(n, m; G)j\/(m)—(ko+2s)_

mCo

Now, this equation holds regardless of our assumption C((£), fo)A(n, 0; G) #
0: If A\(n, 0; G) = 0 then A(§,m; G) = A(n,m; G) = 0 for all m. If C((§),fo) =
0, then there is a p|(£¢) with 0 = C(p, fy) because (&) is squarefree. But then,
vp((€)) = 1 and the p-th Euler factor of 3 C(ém? £5)N(m)~* is 0, and
hence C(ém?,fy) = C(nm?,fy) = 0 for all m. Thus, in the excluded case
both sides of the above equation equal 0 and we have equality as well. From

2
a(f)n= (Zgg) £ it follows that £ mod 0%% 7 mod 0%%isa bijection.

Therefore
D(s; fo, G mc(g) SWrnt /qn)
= (@ @eatey ™ w (2020 T o), e (=)
. Z §—ko/2.1-l'/2—s-103(f)(k0+2s)1+l’ Z C(nm2, fO)WN(m)—(ko+2s)
1 m

1\ —(ko+2s)
=c(f)-l’/W(c(f))-<k°+28>/20(c(f),f)N<:ln> R (“‘

an

/

) D(s; o, G).
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This, together with the expression for g(Xy/)jcmw, shows the independence
of the value of the distribution of both m and m’. o

5. Algebraicity of special values.

Theorem 5.1 of Im [I] shows, that for certain special values s and non-
vanishing factors cs, the values of c,i0 are contained in the field Q(f, g),
which is obtained by adjoining the Fourier coefficients of f and g at ico to
the rational numbers. This was done for primitive forms f, and we could
try to prove the algebraicity of our distribution at these special values by
making use of this result and calculations similar to those of the previous
section. However, we will proceed in the following way: The distribution
has a certain integral representation derived by Im. We will then apply
a projection operator different from Im’s as well as the trace operator
and the holomorphic projection operator of section 2. Then, the theory
of (integral) primitive forms allows us to verify the algebraicity via the
Fourier coefficients of a certain Hilbert automorphic form of integral weight
obtained from g and an Eisenstein series. In the next section the formulas
that we obtain will then be used to show the boundedness of the p-adic
distributions obtained by regularizing the distributions associated with the
negative special values.

Let fy and g be as in the previous section and determine 6 € {0,1}

1
by k, — I, — 3 =60 mod 2 for all v = 1,...,n as before. Now, define the
meromorphic functions

®,(s) = D:1(s;f,9)
e k, +1 6 1 k, —1
= F<3—1+ Y V)l"(s+———)1"(s+ L4 ”),
Ti{ HeYe (s 8- ) (o 2g))

Dy(s) = Pa(s;f,g) := Dy <2 (s - %)) ,

and notice that ®; is just the product of the gamma factors occurring in
the definition of Uy(s; fy, g). We do not know if ¥ or ¥y satisfy a functional
equation; if we had a functional equation of the form ¥’(s) = e¥’(1 —s) for
some ¥’ related to ¥y we could define the critical points of D(s;f,g) as in
Deligne [D]. However, in our case the following definition turns out to be

o . . 3
adequate: we say that s is a critical point of D(s;f,g) if k := 2(8 - Z) +1
is a rational integer and neither ®5(s’) nor ®5(1—s’) have a pole at s’ = «.
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Since the only poles of the I'-function are the non-positive integers, one can
: 1
easily verify that the critical points of D(s; f, g) are given by s, = 3 (/cr—l——;—)
with k., € KT UK~ and
Kt={k:=2-0+2rr €Z,
1
0<27‘<k,,—l,,—§+0—2for1/= 1,...,n},
K™ ={k:=0-1+2r|r €Z,
1
0<2r<k,—ly—§+0—2foru=1,...,n}.
For these critical points s, of D(s;f,g) we define C-valued distribu-
tions fi} and iy, according to s, € K respectively x, € K~ by

N (m')*o26r =D B(s,; fo, g(Xm)eam)

@) Fombm) =756 = (£,F )om2

with the factors

n o,
v (sr) = 7r_2“8r+”'{k}d§§r/\/(i)sri—{k+l—%-1}62’”8 H F(sr " k, -2- lu)’

v=1
nky
)

Y (sr) =7 (s)7~
and arbitrary integral ideals m, m’ subject to lem(mg, ¢(x))|m and mom|m’.

Let us denote by FG the Galois closure of F in C. For any subfield K C C
and any set M C C, we will shortly write K(M) and K (¢) for the field
obtained by adjoining the elements of M or the values of the character

1 to the field K. By a scalar weight m € (%Z)n, we understand that

m = myg - 1 for some my € %Z”. Recall now that we always impose the
following conditions:

hp =1,

<k, ky=...=k,mod?2, l1=...=1[, mod2,

¢(f), 4c(g) and my are pairwise relatively prime, and

C(c(f),f) #0.
TuEOREM 5.1. — Let fy and g be as above.

a) Let k, € K* and assume k, # 1 if F = Q and ¢? = ¢*> = 1. Then

the distributions i} associated with the critical points s, := 3 (nr + %)
of D(s; f, g) are defined over Q(g).
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b) There exists a number field K depending only on f and S such that,
1 1
for the critical points s, = 3 (nr + 5) of D(s;f,g) with k. € K, the as-

sociated distributions fi,, are defined over K(FC,¢,1,g,1/0%,{c?(p) |p €

S}). If the weights k and [ are scalar, then the distributions [i; are already
defined over K(¢,v,g,{c?(p)|p € S}).

The proof of the theorem proceeds in several steps throughout the
rest of this section.

1. Integral representation of the distribution.

To start the proof, we will always take the ideal ¢; = o in the definition
of the components of a Hilbert automorphic form of integral weight. This
is the most natural choice in view of the class number hypothesis hp = 1
and simplifies the notation. First, we note that ﬁfr is well-defined by
Proposition 4.1, so it remains to prove that the distributions are defined
over the fields stated in the theorem. Now, from the proof of Theorem 5.1,
(3.13) and (1.4b) of [I] we have the following integral representation for U:

(22) ‘IJ(S; fO, g(?:)jc,m’)

1
_ ok} /2-n=141/2 (g n(a—1)+ L)
r (2m [I‘o(cm’2) : {:1:1}1"1(cm'2)]

21 xN - —
S (1) IO I 3 )

with the following notation: ¢ = 4¢(f)c(g) as before, [o(n) = ['[2071, 27 10on]
and I'1(n) = {y € To(n)|ay, = 1mod m} for an integral ideal n
with 4fn, du(z) = y~2ldxdy is the invariant measure on H", fy, €
Sk(F[D_l,c(f)mob],wi:[a_l’t(f)moal) is the component of fy = (fy), and €
is given by

E(z,8) =€ (z, s; k—;——l, Q, cm'2>

= Loy2(4s — 1,Q%)y~9/2E (z,s — i; %,q,Q,cmﬂ)

_ 1
with Q = wipgex?, ¢g=k—1— 3 1, and the Eisenstein series £ which
equals H of (1.4b) of [I], or equivalently, E of (4.7b) of [S6]. Then

2-1 =N
f0”k< 1> € Sk(F[ZD 17 2c(f)c(g)m00], %[20_1’%“);(9)“.‘00])

C Sk(To(em’™), Yry (emr2))-
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Our first claim is that g(Xn)jew (2)€(2,3) € Nk(I‘o(cm’Z),wpo(m,z)):
Let v € To(em’?) < C”. Then
(9K ()™ /2E(2,3)) I,7
= 9(Xm)dem (V(2))i (1, 2) ™ h(y,2)™
-Im(y(2)) " E((2),3)i(7,2)"h(v,2) ™" - §(7,2)" FF - h(y, 2)?

= (Becx®)o(ay)Q0(ay)wo(ay) - g(Xm)dem (2)y~/*E(2,3)
= 1o (a‘y)g(_).(.:)jc,m’ (z)y""’/2E(z, 3).

Here, we have made use of g(X)jem € M;(cm/ 2,?552)(2), the auto-
morphy property of the Eisenstein series as shown on p. 299 of [S6], and
(16). Now, for the critical points s, £(2,3) is nearly holomorphic by 1.12
of [I], and our claim follows. We write G(z) := g(X%)jem (22)€(22,3) €
Ne(T71, em 20],1/)”0_1,‘,“/20]) for a short notation. Then

1
[Co(em?) : {£1}T1(em’?)] Jr, (emr2)\Hr

21 2-1
= otz | ()o@ )i
ro (m/2)\Hn

e[ e
T'p-1,em’20)\H~

(23)

Joll, (2—1 1) G(%z)yk du(z)

2. A projection operator.

We introduce a certain projection operator, which enables us to write
this last integral as the Petersson scalar product of Hilbert automorphic
forms of integral weight.

LeEmMMA 5.2. — Let Ry be a system of representatives of o_’ﬁ mod 012
and n an integral ideal. Then there is a projection

P :Nk(r[b_l,nO], wl"[b—l,nb]) - Nk(f‘[b_l’nDL %[0—1,,10]),
1
et ()
YERg

whose effect on the Fourier expansion of f(z) = Y. a(§,y)ex(&2) is
§=0,£>0

PN = Y (27 Y v78a(r€,971y) ) ewol€2).

£=0,0<¢ YERo
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Proof. — For 7,7 € Ry determine 7" by vy = +"+? for some
1 € oX. Then for + fixed the map v’ — 4" is a bijection of Ry. This
shows

ron(t )= ()

Y €Rg

=2'"+1’y”;%0f"k (71—1 71)"’“(71 71)"" (1 7")
—r S vt ) = A)

Y'""€Ro

because the character 1 satisfies 1o (e) = sgn(e)* for every € € 0. Secondly,
let (a b) € '[d~1,n0]. Then
I a b
k\c d

c d
ron( )=z X ()
s )

YERo
YERo
= tpo(a) Pk (f)-

But f[b‘l,nb]'oi is generated by I'[0~%, nd]- 0} and { 1 y |7 € Ro}-0%,

hence Py is a projection of the given spaces as claimed. The Fourier
expansion of Py(f) is then derived from the explicit formula of Pj. ]

The Hecke character i of finite order is uniquely determined by
its ¢(¢)-part 1o because the class number hg equals 1. Thus Px(G) €
N1, em’®0], wf[a— l,cm'%]) is already the component of a nearly holo-
morphic Hilbert automorphic form of central character ¢ which we will
denote by Pyx(G)a. We can then apply the trace operator for integral Hil-
bert automorphic forms to obtain
(24)

foGy* du(z)
T[o-1,cm’20]\H"

—t [ foPe(©) du(2)
L[p—1,em’20])\H"

=2""Y £y, P(G)A Vem2
12

_ (=1 (kg1 pr( T )27k m
(=1){kr2 N(mo) (fo,Pk(G)AJcm,zU(

m(z) )Jcmg )cmg
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/2
3. The Fourier expansion of Py(G)AJm2U <T7> .
mg

The next step will be to decompose J,2 into half-integral operators
of well-known effect on the factors of G. For this purpose we choose totally
positive elements d, m’ € F* such that (d) =9 and (m') = m'. Set

e Camee )= C3) (7 )T )0 )
= ()G )C )

The component of Pi(G)a Juy2 is
(25)

@@l = -0W2 T el (T ()

YERo

= (-1 PG|, B).

It is most convenient to have é; = (...,d,d,d,...) for the idele 6 used to
define 7 of (5). We then choose an open subgroup B < C’ such that

(9(Xm)dem)a(@) = (9(Xm)deqw ,2)(E)  for z € pr™' (BG),

(y"Y2E(2,3))a(z) = (y_q/2E(z,§)Nk_lx)(i) for z € pr 1 (BGw),
21 9—1
an (" J=an(* ) mrveonson,

and find % € G as in Proposition 3.5¢) such that /g € BG«. Define

., N
1={_y4 1 ={_y4 n(fm)~" € GN BGe.

The action of 8 on G can then be written as

(Gl B)(2) = vi2~ I Lo (45 — 1,07)

: (@(x:)jc,m,(z))um- (v22B(z5- i))llk_m) uk<cm,2 1) (2 1)

h(#, 2)?

(. 2)

(9(Rm)i2 ) (2) = N(em'®) 3 c3Y g(38) fomt M SWor (2)
= (cm'®) g(3k) omt Moz (2)

= (em"®) % (g(R) jeyw ) (em'2)

with v = . Next, observe that
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by Proposition 3.5a) and m' being totally positive. For the other factor we
write

<

_ -1 - PP | LN a N |
725 (2,5~ ) losi =y 2B (3(:).5 - ) (3. 23,713, ) )

1
=y 92 (55— =
v g (235-5)

by (4.10) of [S6] with an Eisenstein series £/ = E’(z,s) = E' (z,s; %,q,

Q, cm'2) defined by 4.9a,b) of [loc. cit.]. Summarizing these calculations
we obtain
(26)

k;
(G11,8)(2) = v10(e)oo(~1)(em’™) 3

- 9(x*)(22) Lem, (43 — 1,9%) (2em"?y) ~9/2E’ (2cm'2z,'§ - i) .

Here, v(c) € {£1} is determined by Proposition 3.5¢c). By 3.14b) of [S6] we

have v? = (=1)", so v; is a fourth root of unity. v; is independent of m’

because the value of v; is independent of the subgroup B used to define 7
as can be seen from (26).

Now, the Fourier expansion of E’ has been derived by Shimura in
[S6]. It involves the confluent hypergeometric function

E(u,v;a,0) = / e ™% (g 4ju) " (z—iu) Pdrforue Ry, vER, o, C
R

introduced in (1.25) of [S5]. The integral is defined for Re(a + 8) > 1, but
admits analytic continuation in o and (. Let us also define

n(u,v;a, B) = / e ¥ (z +v)* Yz —v)? ldz

z>|v|

and the classical Whittaker function
oo
W(u,a,B) = / e % (z+1)*"12P"1de  for u> 0 and Re(3) > 0.
0

W has a meromorphic continuation as shown in [S2]. By (1.29) of [S5] there
is the relation

£(u,v; a0, B) = i#~*(2m)I(e) ~'T(B) " 'n(2u, mv; a, B).
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A short calculation shows that £ can then be expressed in terms of W as
follows:

27) &(u,v;0,B) = i’ *2rT ()~ 'T(6) ™!
e~ 2w (2mv) TP 1W (4ruw, o, () ifv>0,
Do+ § - 1)(2u)~ (=Y ifv=0,
e 2mulvl (2 |v|) 2 tB—1W (4nulv], B, @) if v < 0.

Now, let s, = % (fcr+ %) with k. € KTUK ™ be a critical point of D(s, f, g)
and define
(28)

1
ay = (k) = frtlta

2 ) ,611:,8,,("67‘) :=u fOI‘V=1,...,'n.

2

1
Then, o, + 8, — 1 = Kk — 3= 2s, — 1. In particular, we have the
following;:

a,,z%modl,a,,>0 and B, €Z, B, <0 if K, € KT,
(29) 1
a, €Z, o, >1 and ﬂusﬁmodl,ﬁ,,<0 if k, € K™

The Fourier expansion of E’ is given by (6.1) and Proposition 6.1 of
[S6]:
(30)
r 1
Lang (267, 9%)(20m’*y) /2 (20m*2, 57, 5,0, em”)

= Z c(o, 2em’?y, K, )eso(2em/* o),

o€2c—1m/—2

C(Ua Y, K/r) = (_1){Q}d;‘KrN(2c—1m/_2)62m:%cf(a, RT) H yuug(yva Oy, Oy, ﬂu)a

v=1

¢f(0, ) = Lemo (26, — 1,07),

Cf(aa Kr) = Lemg (Kr, Q20) Z N(G)Q;a(a)ﬂ*(bz)./\f(a)_"rj\/’(b)l—mw.
(a,b)

Here, for § € F, Q¢ denotes the Hecke character (2 multiplied with the Hecke
character e¢ corresponding to F(v/€)/F, Lemo(+,Q2,) is the L-function
associated with Q, as in (3), and the summation in the last sum is over
all ordered pairs (a,b) of integral ideals of F prime to c¢m’ % such that
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a2b2 D oem’?. Our next claim is that the Fourier coefficients c(a,y, k)
vanish unless o = 0 and k, < 0 or ¢ is totally positive.

Let us first consider the case k. € KT. If ¢ = 0 then the factor
Lemo (26, — 1,92) is finite unless k. = 1 and Q2 = 1 in which case it
has a simple pole. On the other hand, £(y,,0,,,08,) has a simple zero
at k. = 1. Hence ¢(0,y,%,) = 0 except for the excluded case F = Q,
kr = 1, and ¢? = ¢? = x* = 1. Now assume o, < 0 for some v. Then,
&(Yy,0u; 0, By) = 0 because I'"! has a zero at 8, and W (4ny,|o,|, By, )
is finite. If kK, > 1 or Qo, # 1 then Ly, (£r,Q20) is finite, and we have
c(o,y,6r) = 0. If k, = 1 and Qy, = 1, then 6 = 1 and Ley, (-, Q2,) has a
simple pole at 1. By the assumption on the archimedean components of i
and ¢ we have Q. (z) = sgn(z)? = sgn(z)®; this follows from we(z) =
sgn(2)?, foo(x) = sgn(z)", and Yoo (x) = sgn(z)* because Yoo (¢) = sgn(e)*
for all € € 0™ and there exist units € with any given signature due to the
class number assumption hr = 1. Therefore, 22, = 1 implies o is totally
negative. Now if F = Q, Qy, = 1 implies Q2 = ¢? = ¢2 = x* =1
and thus gives the excluded case again. But for F' > Q the n-fold zero of
[1¢(yw,00;00,-) at (Bi,...,0,) now implies the vanishing of ¢(o,y, kr).
14

Let us now treat the case k, € K~. If K, = 0 and Qy, = 1 then
Lemo (0,1) = [T (1=N(p)°)L(0,1) = 0. In all other cases, L(1— k., Q2,) is

plemo

finite. This implies again that Ly, (kr, Q25) = 0 by the functional equation:

we have k, = § — 1 mod 2 and as above, Q. () = sgn(z)?*. Let ro(2,)

denote the number of archimedean primes at which Qg, ramifies. If § =0
r 1 -r (Q a)

and o % 0, then ry(Q2,) > 0 and I‘("C + 0. 1f6 =1 and

(ﬁ) —(n—ro(Q20))

o % 0 then 79(2,) < n and hence T’

L(kr,92,) = 0 by the functional equation (4). This proves the vanishing
of ¢(o,y,kr) if 0 # 0 and o is not totally positive. OQur claim is now
established.

= 0. In both cases,

The Fourier expansion (30) can now be written such that up to some
factor it is independent of m/. Observe that as o runs over 0 and the totally

positive elements of 2¢~'m'™2, ¢’ := 02cm/? runs over 0 and the totally
positive elements of 0. Define

(31) B(o’, krjemg) := Z w(@)QE, (a)* (62)N (a) Fr N (b)1 —25r
(a’b)

where the summation is over all ordered pairs (a, b) of integral ideals of F'
prime to ¢mg such that a2b? D (0’). Expressing ¢ in terms of W as in (27)
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gives us the normalized Fourier expansion

.1
Lano (2, 92) 2e*y) /7B (202, 57, 2

= Vl(m,, HT) Z CI(O'I, Y, K,,,.)COO(O',Z),
0Lo’€o0

0,9, cm’z)
(32)

where the factor v; and the Fourier coefficients c¢; are given by

’Yl(ml, K'r) — i{k—l—l}d;nrN(2c—1m/——2)e27ri%(27r)n H F(a,,)_l,
v=1
1

Cl(Oa Y, K'r) = 2—n(n,‘—%)1—\(h"1‘ - §)ano(2K'7‘ - 1792)

n

11 {(2cum22yu)""”“1‘(ﬂu)‘1},

v=1

cl(O'/,y,n,.) = (271,)71(23,.—1)/\[(0./)23,—1Lcm0 ("‘"T,Qa’c)B(U,vK'r;cmO)

n
T {@emin)=+11(8,) "y W 4my,0), a0, 6,) }.

v=1

By Proposition 3.1 and Corollary 3.4 g(X}) has the Fourier expansion

Ix)(22) = Y Xm((01))Ag(01,0)€00(012).
0Lo1€0

Summarizing (25), (26), (32) and applying Lemma 5.2 to the nearly holo-
morphic automorphic form Py(G)a Jew2 = (g1) we see that the component
g1 has the Fourier expansion

q1(z) = (—1){’°}vlv(c)¢°°(-—1)(cm'2 (k=D/2y, (m!, g, )27 "F1
' Z ( Z V_k/2 ZY:-.((01)))\g(0'1,0)01(0'2,7_1y,ﬁr))e°°(o-z),

2
0kKo€o ‘YGOi /oi 01,02

where the summation in the third sum is over all oy, 02 which satisfy
Yo =01+ 02,0 K 01 €0 and g2 =0 or 0 K o9 € 0. For the two inner
summations, notice that

{(61,02) |02 0;> 0,01 + 02 =0} — {(01,02)|0 2 0; > 0,01 + 02 = Y0},
(01,02) = (Y01,702)

is a bijection. Also, the effect of the operator U is given as follows: Let

fi = (f1) € N with the Fourier expansion fi(z) = 5.  a({,f1)ex(£2)
€=0,0<t€o0
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with complex coefficients a(&,f1) = a(€,f1,y) depending on y. Now, let
n € o be totally positive. From the definition of U(q) and (2.18) of
[S4] it follows that a(0,f1|U((n))) = a(0,f1) (which can only be different
from 0 if k&, = ... = k), but it will turn out that the 0-th Fourier
coefficient a(0, f1[U ((n))) will not occur in the Fourier development of

P (G)AJcm,zU( ) Now, let £ € o be totally positive. Then C((£),f1) =

g3kal=R)g(£ £)) and C((&),f1]U((m))) = C((&n), f1), and hence the Fourier
expansion of f1|U((n)) = (f2) is given by

fa(z) = Y ni*1Rla(en, fi)eq (€2).

0kLgeo

Fixing a totally positive mg € F* with (mg) = mo, we finally obtain the
2

Fourier expansion of Py(G)a Jum2U (%) = (go) as follows:
' 0

(33) g2(2) = 12 (W, k) Z b(0, Y, kr)eoo(02)
0<Loeo

with the factor 42 and Fourier coefficient b given by
{k+1'} 12\ (k—1)/2 —n+1 kol=k
yo(m, kr) = (—1) viv(e)(em’”) m(m, K.)2 (m )
0

- (2m)" @~ T (2e,m), "),

v=1

oy, k)= D Xm((01) D Ag(y01,0)

x2
(m—)"—ax+02 ’7601/04_
0<a,Eo

Lew, (F';ra ’Yazc)B(’YCf?y Kr; cmO)’Y-k/zN(a?)%r_l

H{’r,,ﬂ” "T(B,) " W (4ryy 02,0, 0, B) } -

4. Application of the holomorphic projection operator.

We will now apply the holomorphic projection operator of Propo-
12

sition 2.1 to the function Pi(G)AJum2U (%2—), which is of moderate
0

growth because it is a cusp form in Ny (em2, ). The Fourier expansion
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12

of Hol( Px(G)AJem2U ™)) is obtained by replacing b(o, y, ) with
mg

47r{k—1} ok-1
H::l F(kV - ]')
This integral can be explicitly evaluated because there exist polynomial
expressions in y~! for y?T'(8,) W (y,, o, 8,) with o, and B, of (28).

This also shows that the integral is absolutely convergent. We will now
first treat the case k, € K. From (2.3) of [S2] and (29) it follows that

n
/ b(o, g, kr)e 4" 20 W T v =2 dyr ... dyn.
Ry

v=1

B -1 e b O a1 Bu—1 _—t
Y "F(,BV) W(yy auaﬂu) = o F(l - ,3,,) (1 +y t)a" tPv~re "t dt
T 00

= (=D)*T(1 - B,) Res {(1 +y~ ') 1P ~1e™"}

Efay -1\ _; ... T1-8)
= ( i >y RS Vi gy

J=0

with the contour integral as in [loc. cit.]. We then evaluate
(34)

47'l'k" —lo.k,, -1
P:;,u(all”av) = (47T)ﬁv -

T(k, — 1)

. / yﬁur(ﬂv)—lw(47rya2,u, Qy, ﬂu)(0'2,v)28r_13_41ravyyk"_2 dy
0

K (o, —1\, i T(1=6,) Tlhy=1-35) ; a1
=3 (")) ey e

J=0

For k, € K—, Lemma 2 of [loc. cit.] together with the above
calculations gives

yﬂur(ﬂu)_lw(y, awﬂu) = yl_a”r(l - au)_IW(y, 1-8,,1- au)
a,—1
< _,31/> —j i F(au)
= § : . Y (_l)J N
and we can similarly define and evaluate

4k —toke -1
B o B2t v
(35) Pnr,u(az””o”)' (471') F(k" - 1)

: / yPT(8,) " W (4myoa,, ay, B,)(02,) e~ 4movvyk =2 gy
0
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IR AVENVER S, F(k"_l_j)afa"v—l-j
—Z< J >( 2 T(a, —j) Tk, —1) v 2 .

=0

Summarizing (21), (22), (23), (24) and applying the holomorphic projection
operator as in Corollary 2.2, the distribution i can be written in the form

( fO,G{riIJcmﬁ )cmg
(f,f >cm§

with the cusp forms G.% = GLE(£,9,x, kr) = (¢'F) € Sk(cmZ,v) defined
by

(36) fa () =

(m/)ko+2s, -2

a(m/)2

1\ 2—ko 2
N <ﬂ> Hol (Pk(G)AJm,zU (32—)) .

Moreover, (33) and the above calculations show that the Fourier expansion

(37) 7@ =Y b0, kr)eco(0,2)

0Lo€o

&t = s (~1) Rtk -2g (aynter =310

of ¢’ * has the following Fourier coefficients:

bore) =73 () Y Xml(0) D vTA(y01,0)

’ 2
(Bo)Zo=0y+o3, yeok Jo¥
;>0

* Lemg (Kry Qyaze) B(702, Kir; emo) ﬁ {’Y;B"Pi,u(@,m (nTL )2Uu)}»

v=1 0,v

73— (ml) — a(ml)—Zm/kol—kml(;:—ZlUIU(C)22{k}-—1-2ndF’
73 (') = 77" g ().

Now, the Fourier coefficients of g’ * are elements of Q(9): Lem (Kr Qy,02¢)
is algebraic for k. € K™, and the functional equation (4) shows that
7" Lemo (Kry Qyoye) 18 algebraic for k, € KT as well. By Proposition 2.2
of [S4] the coefficients C(p,f) are algebraic, and hence so is a(m’). Apart
from Ay(7y01, 0) all other factors in the Fourier coefficients of g’ * are clearly
algebraic which proves the claim.
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5. A linear functional on Si(cm3, ).

Let us now show that the linear functional

( va (Pl‘]cmg )cmg

L:Sp(emd, ) »C, @+ (£,f Yoz
y+ /em

is defined over some number field K, i.e. that there exists a number field
K and a finite number of ideals n; and (algebraic) numbers I(n;) € K such
that

(38) L(®) = ZC(nu CHE

We remark that Panchishkin [P] in chapter IV.5.5 already applied this
functional and the property that it is defined over Q. By the theory of
primitive forms there exists a basis of Sx(cm2, ), consisting of elements of
the form f;|b; with primitive forms f; € Si(a;,%) and integral ideals a;
and b; satisfying a;b;|cmg. Now there exist certain integral ideals n; such
that {Ly, : Sk(emd, ) = C, & +— C(n;, ®)} is a basis of the dual space
of Sk(emd, ¢). If @ = 3~ o;f;bj, then (C(ni, ®)); = (C(ny, £6;))i,;(cs);
with matrix notation, and hence

L(®) = (L(£165) " (e)) = (L(E]8;))" (C(ni, £18;)) 7 (C(i, @)).

By Proposition 2.8 of [S4] C(n;,f;|b;) = C'(n,-bj_l, f;) is an element of the
number field Q(f;), so it remains to show the algebraicity of L(f;|b;).

( vafjlblecmg >cm§

‘C(f.’I'bJ): (f f>m2
»+ /em2

, ( £la, 22 )
= 3 e @ ey oN ()" ”A(fj)(f—f;"f,

ajmg

where we have made use of (3.17) of [P] and f;|J,;, = A(f;)f] for some
constant A(f;) € C; the form £ € Mi(aj,) is determined by C(n, f ) =
C(n, ;) and is primitive. Moreover if f; = (f;) and f;|Jo; = (f}), then f]’- =
(=1)1¥} £;||B for some B € G+ (Q) as described in section 2. Proposition 1.4
of [S4] now asserts that f; has algebraic coefficients which implies that A(f;)
is algebraic as well. Now write D(s;f,f;) := Y C(m,f)C(m,f;)N(m)~*

m
for the convolution of Hilbert automorphic forms of integral weight. The
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Dirichlet series associated to f has the Euler product

o Cm BN (m) ™ =[]0 = Cle, N (P)™° + vie) (DN (p) 017292,

P

and we have a similar expression for the Dirichlet series of f;. Applying
Proposition 4.13 of [loc. cit.] together with Lemma 4.2 now shows that

(fla,£7]6) (5(3; f|a, fj|b))
(£.5°) —\ D(sf,f;)

_ ab ~ko xr Xp . (6/a) (N (p) 750)
—N(gcd(a, b)) H Xp,0(N(p)~F)

s=ko

plab

with the polynomials X, ; of Lemma 4.2 with respect to the roots of the

Hecke polynomials of f and f;. Notice in particular that the X, ; have

coefficients in Q(f, f;), and that X, o(N(p) %) = 1—1/);"(f)c(fj)(p)2/\/’(p)“2 #

0. The right side now shows that the above quotient of the scalar product

is algebraic. The algebraicity of L£(f;|b;) now follows because both f and
p

f,ff
f]’-’ are primitive, and hence f t]') equals 0 or 1. This shows that the

linear functional £ is defined oxzer a number field K, and we may take
K = Q(f;, A(f;), {c/ (p), VN (p) |p € S}) where f; runs over all primitive
forms contained in Sk(cm3, ).

We are now in a position to prove the theorem. If n; = (n;) with some
totally positive n; € o, then

}(ko1-k)
(3

Cn;,G.¥) =n b(ni, Ky).

This shows immediately that our distributions take values in @(g) We want

to show that fi; is defined over the field L = K(F%,9,¢,9, \/E, {a?(p) |
p € S}). We claim that it suffices to show the following: For each integral
ideal m with S(m) = S there exist a finite number of ideals a; prime to mg
and elements «; € L such that

(39) 700 = 3 anx* (@)

for every Hecke character x of finite order whose conductor divides m.
Denote by E = E(m) the finite subextension of F(S) which corresponds
by class field theory to J(m)/P(m). Now, if g is any ideal prime to mg, and
(g, F(S)/F) is the image of g in-Gal(F(S)/F) under the Artin isomorphism,
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then

1 -
80.0(5)/ P GaI(P(S)/B) = [y > X* (@)X

tor i
X€Xg ’chal(p(s)/E)_'d

by the character relations. Therefore, (39) implies that our distribution is
defined over L. Now let n = lem(cmg, ¢(Q40,c)). Then

Lcmo (ﬂr’ Q‘dec) Z Q agc(’C ’Ca S)

where the summation is over the classes K of J(n)/P(n) and ((K, s) is the
partial zeta function

C(’Ca 3) = Z N( )

bCo,bP(n)eX

By a result of Siegel-Klingen, the values of {(K, s) at non-positive integers
are rational (cf. [N, Korollar VII.9.9]). This, together with the explicit form
of the Fourier coefficients of g, shows that /iy, can be written as in (39),
and hence is deﬁned over L. If the weights k and [ are scalar, then 'y"'f‘ and
the product H v P , become norms of elements of F' and are therefore

rational. Thus, the same argument as before yields the stronger result in
this case as well, and the theorem is proved. a

We finally remark, that it suffices to adjoin the Fourier coefficients
(o, 0;g,9) for (o) prime to my because only these coefficients occur in the
Fourier expansion of ¢’ in (37).

6. Boundedness of the regularized distributions.

The aim of this section is to show that the distributions fi;, can be
regularized such that they give rise to bounded p-adic measures. Before
stating the theorem we describe the general situation with slight changes
to the previous section: Let q be an integral ideal, S D {p|p} a finite set
of primes containing all primes above p, f € Sk(c(f), ) a primitive Hilbert
automorphic form of scalar integral weight £k = ko - 1, g € M;(c(g),¢) a
Hilbert modular form of scalar half-integral weight [ = Iy - 1 which has p-
adically bounded algebraic Fourier coefficients A(¢, 0; g, @) for (£) prime to
mo(q, and assume that gt is a simultaneous Hecke eigenform. For p € SUS(q)
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let a(p) and o/(p) be the roots of the pth Hecke polynomial of f. With the
definition of « and o’ extended by multiplicativity to all integral ideals a

with S(a) € SUS(q) we set mg := H P90 :=[Ip,fo= 3 u(a)o/(a)f[a,
€S pla algomo

and ¢ = 4¢(f)c(g). Also, fix a totally positive number ¢ € F such that

(¢) = ¢(f)c(g), and let 6 € {0,1} be determined by 6 = ko — lp — % mod 2.

THEOREM 6.1. — Assume that the following conditions hold: F' has

class number hr = 1, the ideals ¢(f), 4¢(g), mo and q are pairwise relatively
prime, Iy < ko, C(c(f),f) # 0, and iy(a(p)) is a p-adic unit for all

p € SUS(q). ThenforeachreZwith0<2r<ko—lo—%+0—2

there is a p-adic measure p(") on Galg associated with the convolution of
fy and g which is uniquely defined by the following values on the Hecke
characters of finite order with S(c(x)) C S:

£ () = p& (k)

=1y (Xoo(—l)(l — @0 X @M (@2 )y(sr)

Kr=0—1-—2r, sr—%( %)
7(3) — 7r—2ns n— nk0d2sN (_c_) —n(k0+lo_2)F kO - lO n
4 2

. N(m/)ko+2(s~l)a(m )-—2,

U(s,; fo, Q(Y;qo )jc,m’)
(£, )emz ’

where

and m, w’ are arbitrary integral ideals satisfying lem(mg, ¢(x))|m, mogZm|m’/,
S(m) C S and S(m’) C SU S(q). Moreover, the measures are normalized
such that

U = N7,
Proof. — Note first that i 1(u(")(x)) is independent of m and m’ and
is algebraic because of Theorem 5.1 applied to S U S(q). Therefore u(") is

a p-adic distribution and it remains to prove its boundedness. In view of
(36) and (37), this can be verified via the Fourier coefficients of

(40) G*(£,9,%,7) = Xoo(=1)(1 = (@& x)* (@N(0)2C~*))G'(£, 9, X, kr).

Let us show that the abstract Kummer congruences of Proposition 1.5 are
fulfilled. We assume, without loss of generality, that the Fourier coefficients
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A(,059,¢) of g are p-integral (i.e. p-integral for all p|p) if (£) is prime to
qmo. Let C = nyp(T'(ko — 1)) and N an arbitrary positive integer. For a
Hecke character x € X§* we choose an ideal m such that lem(mg, ¢(x))|m
and set m' = moq2m?pC+Y. Now, in the expression (37) for the Fourier
coefficient of G’ we may restrict the summation to those o;,0, whose
associated ideals (01) and (02) are prime to mgqo. Let mg,m’ € F* be
totally positive with (mg) = moqo and (m’) = m’. Then

n / 2
[T 25 (020 () o) = Ni((o2)) " H+3CHota=D)  mod pV.
v=1 O,I/

!

m’'\2 .

Also notice that from (E_) 0 = 01 + 02 and the choice of m' and
0

m’, we have

Xo0(=1)Ximgo ((91)) = Xmgo ((02)).

With the quadratic Hecke character €_,,, associated with F(y/—7032)/F,
the measure o = p(q, €—40, %@, S) on Galg of Theorem 1.6 and the measure
[ on Galg defined by

f(z)di(z) := (z*)N; ~%(z) du(z)  for all f € C(Gals,Cp)

Galgs Galg

we have the following expression for the “regularized” L-value:
—2 _ PR
(1= @6 x)*@N(@)*F ")) Loy (K, ey, PBX°)
= (1+ (e—rou ¥X°) (N (@)1 7" )it ( /G 1 X2 (@) Np(z) 17 d#(z))
alg

= (14 (e, POX) (N (a)> )i (]

Galg

X(@Np(z) dﬁ(w)) .

Summarizing, we have found that for every positive integer N and
all integral ideals n, m with S(m) = mg there exist p-integral elements
a; = a;(N,n,m) € Q, fractional ideals a; = a;(N,n,m), and Op-valued
measures u; on Galg such that for every Hecke character x of finite order
with ¢(x)|m the following congruence holds:

ip(C(n,G*(£,9,5,7))) = 3 and (@A @)’ A XN

= ;ai /Ga.ls x(za; )Ny (za;) dps(x) mod p".
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This, together with (38), now implies the abstract Kummer congruences as
well as the relation between the different distributions. m]

Let us finish with a few remarks on the conditions we imposed on g.
In the integral case every Hilbert automorphic form can be written as f =
3" a;ifi|a; with primitive Hilbert automorphic forms f;, complex numbers
a;, and integral ideals a;. Moreover, the primitive Hilbert automorphic
forms f; have the following important properties: They are characterized
by the fact that both f; and f;|J.(s,) are simultaneous Hecke eigenforms, cf.
Corollary 4.6.22 of [M], and if k; = ... = ky, then the Fourier coefficients
C(m,f;) are algebraic integers by Proposition 2.2 of [S4]. Therefore, it is
most natural when investigating convolutions of Hilbert automorphic forms
of integral weight as in [P], to assume that both forms are primitive. In the
half-integral case the analog of the Atkin-Lehner theory has so far only
been established for the field F = Q, and only for the case 2/bb’ and
a quadratic character 1, cf. [Koh], [MRV] or [U]. There, a multiplicity-1
theorem is only established for certain subspaces of My ((2)~},4bb’), e.g.
the Kohnen +-space, but our inverter may not respect these subspaces.
If g is a simultaneous Hecke eigenform and g denotes the Shimura lift of
g, then C(p,g) = N (p)ﬂz’lc(p,g), (20) and Proposition 3.2 show that for
€ € o with (§) squarefree the quotient \g(&,m)/Ag(§,0) is p-integral for
m prime to p, but in this way we cannot derive any integrality properties
for Ag(&, 0) itself. However, the algebraicity condition on g is very natural:
By Proposition 8.1 of [S7] the space M(c, ¢) is spanned by its Q-rational
elements and by Proposition 8.9 of [loc. cit.] the same is true for the space
Si(¢c, d,h) of Hilbert cusp forms of half integral weight ! whose Shimura
lift is the primitive Hilbert automorphic form h of integral weight 27 — 1.
Since the results on “primitive” half-integral forms and integrality of their
Fourier coeflicients are not yet as complete as in the integral case, we have
formulated the theorem with the above conditions on g. For FF = Q, an
example of a modular form g satisfying our assumptions can be obtained
as follows: Let

0k)= Y ¢, Fx)= Y, o0

n=-—00 n>0,2fn

with ¢ = €2 and o1(n) = Y.d. By Proposition IV.4 of [Kob],
d|n

M%((2)‘1, (2),¢) is spanned by F20, FO5 and ©°. At the cusps oo, —3

and 0 the forms F and ©* take the values 0, %, _612 and 1, 0, —;11-, respec-

tively (cf. Problem II1.3.10 and II1.3.11 of [loc. cit.]). The cusp —3 being
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irregular for the weight % by Problem IV.1.3 of [loc. cit.], it follows that
S3((2)71,(2),¢) is one-dimensional and spanned by g’ := 16F?© — F©°.

1
We can therefore take g(z) := g’(iz) € 53((1),e2). -
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