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RANDOM PERTURBATIONS
OF EXPONENTIAL RIESZ BASES
IN L%(-n, )

by G. CHISTYAKOV (*) and Yu. LYUBARSKII (**)

1. Introduction.

a. We study the following question. Let a sequence of points A =
{An} C R be given such that the exponential system

E(A) = {exp(iXnz); An € A}

forms a Riesz basis in the space L2(—, 7). Consider the system {exp(i(\,+
&n)7)}, obtained by means of a random perturbation of the exponents {\, }
by a sequence {£,} of independent real random variables with expectation
Zero:

(1.1) E(¢) =0, n=0,+1,+2,....

In contrast to the well-developed theory of classical Fourier series
with random coefficients (see the remarkable book [1]) only a few facts are
known in the case of random exponents. We mention [2] which considers
A = Z and equaly distributed &, and which studies the dependence of the
frame property of the corresponding exponential system on the distribution

of &,.
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Let the random variables {£,} be defined on a probability space
(92, A,P) and &,(w) be the value of &, at the point w € Q. We set

(1.2) A(W) = A +&n(w), Av={In(w)},
and also
(1.3) E,(A) = {z¢ exp(i/\n(w)m)}f;;’lnez.

Here, as usual, p,(= pn(w)) denotes the multiplicity of the point A\, (w)
in the sequence A, and, if p, > 1, we replace the coinciding exponentials
by the functions {z!exp(iA,(w)z) 2y !, In what follows we suppose that
the points A, (w) are pairwise distinct, if this does not essentially alter our
reasoning.

Recall that a system of elements {hx} in a Hilbert space H is said
to form a Riesz basis if each h € H admits a unique representation of the
form

h=> ck(h)he,  cx(h) €C,
and in addition
cllrl? <Y lek(B)? < CIR)1?
with some constants ¢, C > 0 independent of h.

In particular, each Riesz basis in H is a complete and minimal system
in H, i.e. it ceases to be complete after removing at least one element from
the system {hy}.

The study of completeness and minimality as well as the Riesz basis
property of a system of exponentials has been started in the classical books
[3], [4]. The necessary and sufficient conditions for a sequence A C R to
generate a Riesz basis £(A) have been obtained in [5] see also [6] and [7]. We
refer the reader to [8], [6] also for the history and full account of materials
concerning Riesz bases from exponentials in L2-space on a segment.

In this article, we are interested in determining which basic properties
of £(A) as a system in L?(—m,7) are typical, i.e. they are almost surely
inherited by the perturbed system &, (A). Specifically we study

a) basis property; b) completeness; ¢) minimality.

We also study the reconstruction of functions in L?(—m,n) via their
expansions in the system &, (A).
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b. If the values of the random variables &, belong to sufficiently
small intervals around zero, the stability theorems for a Riesz basis (see
for example [6], §2, p. III) provide that property a) (and, hence, b), c))
still remains valid. The situation changes drastically when the stability
theorems can no longer be applied. We shall see that, for almost all w € 2,
the system &, (A) no longer forms a Riesz basis, whereas properties b) and
c) are fulfilled under natural restrictions on the decay rate of the “tails” of
the distribution functions of the &,’s.

Therefore under these restrictions, for almost all w € €, to each
function f € L2(—m,7) there corresponds a series with respect to the
system &, (A):

(1.4) f(@) ~ Y er(f,w) exp(idi(w)e).

In the typical situation there are two kinds of obstacles for this series
to be convergent: first, the points Ax(w) no longer are separated, for almost
all w € Q there are couples (and even n-bunches for any finite n) of
arbitrarily close (maybe coinciding) points Ag(w); second, as it will be
clear below, even the “separated part” of the sequence A, generates an
exponential system that does not form a Riesz basis in its own linear span.

To bypass these obstacles we first consider a block summation proce-
dure taking as one block all the terms that correspond to close exponents
Ak(w); second, we prove that (with such summation procedure) the series
(1.4) converges in L?(—m,m) for all functions f satisfying the Lipschitz
condition with a positive exponent.

We shall also see that the random perturbations change the local
convergence properties of exponential series very slightly: at each point of
the interval (—m,7) and for each function f € L?(—m, ) the series (1.4) is
equiconvergent (with respect to the corresponding summation procedure)
with the usual Fourier series.

c. Another reason, which attracts our attention to the subject is its
(natural) connection with signal analysis problems. Consider the Paley-
Wiener space PW,, i.e. the space of all entire functions of exponential
type (e.f.e.t.) not greater than 7 such that

IF |2, = / () 2dt < oo,

—00
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Each function F' € PW, admits the representation

F(t) =/ e f(z)dz, f € L*(~m,x).
One may treat the functions from this space as signals with bandlimited
(located on [—,7]) spectrum (see e.g. surveys [9], [10], [11], [12]).

The (now) classical duality reasoning (see, for example, [6]) shows
that the system £(A) forms a Riesz basis in the space L%(—m,n) iff it
possesses a generating function, i.e. there exists the limit

(1.5) S() = Jim 11 (1——)

|An|<R

representing an e.f.e.t. 7 and also each function ' € PW, may be recon-
structed via its samples {F(\,)} by means of the Lagrange interpolation
series

(1.6 F) = X FO) gty

which converges both compactwise and in L2(—00, 00). Thus we reformulate
the questions of this article as follows. Let the sequence {\,} € R determine
the bandlimited signals by (1.5),(1.6). What can one say (almost surely)
about its random perturbations {A\, + &,}, where {£,} is a sequence of
random variables as above? We prove that (under natural restrictions
on the decay rate of the “tails” of the distribution functions of &,’s) the
sequence of values {F'(\, + £,)} still determines the function F € PW,
uniquely, though the representation by interpolating series is not valid,
generally speaking. Nevertheless we shall see that this representation is
still valid under an additional decay condition: (1 + |¢t|)?F(t) € L?(R) for
some (3 > 0.

d. One of our main tools and, partly, a purpose of this article is the
study of entire functions with random zeroes:

A
So(\) = lim [] (1 - —) .
R— oo Dal<R An(w)
Sw(A) is the generating function for the perturbed sequence A,. In order
to estimate such functions we develop specific techniques which combine
methods of function theory and probability theory and (we hope) are of
independent interest themselves.
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It appears that the obtained estimates match very precisely with re-
sults from function theory such as the Helson-Szegd (or (Ag)- Mucken-
houpt) condition. Starting with these estimates and operating with the
methods that stem from the works [3], [4], [13], [14] and further [5], [6],
[15], [16], [17], [18] we study convergence and summability properties of
random series with respect to the system &, (A).

e. The article is organized as follows. The next section contains
the precise description of the problems and the statements of the main
theorems, and in this way it gives a complete outline of the article. In
Section 3 we collect the preliminary results on Riesz bases and probability
theory and also prove some preliminary statements. Section 4 contains
estimates on the imaginary axis of entire functions with random zeroes as
well as a simple estimate from above on a horizontal line — these estimates
provide the completeness and minimality theorems for exponential systems
with random exponents. Section 5 gives a precise two-sided estimate on a
horizontal line. This estimate is a base of the block summability procedure
for series (1.4), which is constructed in Section 6. In Section 7 we study the
local convergence of this series.

2. Statements of the main results.

a. Through the whole article we assume that the sequence
A = {\,} C R generates an exponential Riesz basis in L?(—m,7) and
the sequence of real independent random variables {£,} satisfies (1.1). We
also keep notations (1.2)-(1.5).

For the sake of simplicity we formulate the no-go theorem under

additional restrictions on the sequence {¢,}.

THEOREM 1. — Let each random variable &, have the distribution
density p,(t) and, for each T > 0,

. inf inf pn(t) > 0.
(2.1) inf inf p t)>0
Then

a. The system &,(A) does not form a Riesz basis in L?(—n,T);

b. For almost all w € ) there exists a sequence {ny}(= {nx(w)}) CZ
with the following properties:

(2.2) i [An (@) = An,. (@)] > 0;
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the system {exp(i\n, (w)z)} does not form a Riesz basis in the closure of
its linear span.

This theorem is proved in items f - h of the next section.

b. In Section 4 we prove the theorems which grant existence of the
generating function S, ()\) for the perturbed sequence of exponents A,,
compare the behavior of the functions S,(A) and S(\) and, finally, yield
the completeness and minimality theorems in L%(—m, ) (as well as the
corresponding uniqueness theorem in the space PWp).

THEOREM 2. — Let condition (1.1) be fulfilled and, for some § > 0,

(2.3) sup E(|&,]1%) < o0.

Then, for almost all w € Q, there exists the limit
(2.4) So()=1lm J[ (1- A
) v " R—oo /\n(w)

representing an e.f.e.t. 7.

In addition the following relation holds:

S, (rexp(i6))

1
(25) ;]oglmﬂ—»O as T—’O0,0€[0,27T),07£0, .

One can give a stronger estimate on the imaginary axis.

THEOREM 3. — Let condition (1.1) be fulfilled and, for some 6§ > 0,

(2.6) sup E(J&,]?1) < oo.

Then, for almost all w € ), the following relation holds:

S (in)|
|S(in)|

Here the constants ¢, C > 0 depend on w € (Q, generally speaking.

(2.7) c< <C,neR

In the case

(2.8) sup E(|¢,/?) < oo,
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a weaker estimate takes place:

(2.9) |
cexp(~(log(1 + |n)))*/*) < et

5G] < ¢ exp((log(1+ In)**), n e R.

THEOREM 4. — Let conditions (1.1) and (2.8) be fulfilled. Then the
following statements hold (for almost all w € Q):

a. the system &, (A) is complete in L*(—x,7);

b. if a function F € PW, vanishes on A, (with account of possible
multiplicities) then F = 0.

c. In order to study the minimality of £, (A) we need to estimate the
function |S,, ()| from above on a horizontal line. This demands additional
conditions on the perturbations &,.

THEOREM 5. — Let a sequence {£, } of independent random variables
satisfy (1.1) and also

(2.10) supE(|€,|™) < 00, m =2,3,... .

Then the system €,(A) is complete and minimal in L?(—n, ) for almost
allw € Q.

Under the hypothesis of this theorem, for almost all w € 2, one can
correspond to each function f € L?(—m,7) its Fourier series in the system

Eu(A):

pr—1

(2.11) f~ Z Z ck1(w, f)z' exp(iez).
k

=0

d. To construct a summability procedure for such a series we also
need to estimate the function S, ()) from below which, in turn demands
that we impose some additional restrictions on the distribution functions of
the &,’s. In order to formulate these restrictions we introduce the following
definition.

DEFINITION. — A sequence {{,} of independent random variables
satisfying (1.1), belongs to the class By, o, > 0, if

E(exp(|én]t)) < exp(a(exp(yt) — 1)), t >0, n=0,£1,+2,... .
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We also denote By = (| |J Ba,y-
>0 a>0

Example. — Let {£,,} be a sequence of independent centered Gaussian
random variables with uniformly bounded variances. Then {£,} € By.

It should also be mentioned that a sequence of centered non-
degenerate Poisson-type random variables with uniformly bounded vari-
ances and Poisson spectrum does not belong to the class By. Nevertheless
it belongs to the class B, , for appropriate values of o and 7.

The theorem below (proven in Sect. 5) compares the perturbed
function S,,(\) on a horizontal line (as well as on some vertical segments
in the strip || < 1) with the original function S()\).

THEOREM 6. — Let {{,} € B, . Then there exists a constant a
independent of v and o such that for almost all w € (, the following
relations hold:

a.

|Sw(z +9)]

(212) [0, le+il)™ < et

with some constant C(w, a,v) € (0,00).

b. If
1
. i w 2 T 1.1 1 ’
(2.13) dist(z, A, UA) Tog 2| |z| > 10
then
(2.14)
|Su(z + iy)|

[Clw, e, M)l +i[*] 7" < <Cw, a7z +4*, y € [-1,1].

|1S(z + iy)|
One can choose the constant C(w, ,v) such that both (2.12) and (2.14)
are fulfilled. Therefore we do not specify notation of the constant in these
relations.

c. For all but finitely many m € Z there exists ¢ € [m,m + 1],
satisfying (2.13).

Assuming {£,} € By we wish to describe the summability procedure
for the series (2.11).
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DEFINITION. — Let a sequence R = {Rx}>=,, Rr — *oo ask — oo
be given. Denote Iy, = [R, Ri+1). We say that series (2.11) is R-summable
to the function f if the limit

pn—1
(2.15) f(z) = Z Z Z cn 1 (w; f)z! exp(idn (w)z)
—M A€l =0

exists. Explicit expressions for the coefficients c, (w) are given below in
Sec.6a. In order to observe the class of functions for which the series (2.11)
is R-summable we need additional definitions and notation.

We use the Fourier transform in the form
(2.16) F:f->F(HE) = / f(z) exp(—itz)dz

and consider PW o, — the space of all e.f.e.t. m such that

o0
(2.17) 1Flw,.. = [ IFOPQ+ i)t < o

and also the corresponding Sobolev space
(2.18) Li(—m, ) = F ' PWy 4.

Here the Fourier transform is considered in the distributional sense, gene-
rally speaking. If it does not cause misunderstanding, we denote the Sobolev
space by L2 or, if a = 0, simply by L2.

It should be mentioned (see for example [19]), that if a function f
satisfies the Lipschitz condition with exponent 8 > 0 on [—m,~], then
f € Lg jy(—m, ), say.

In Section 6 we study R-summability of the series (2.11).

THEOREM 7. — Let {£,} € By. Then, for almost all w € Q, the
following statement holds:

If a sequence R = {Ry} satisfies condition (2.13) with Ry instead of
 for each k € Z, then (2.11) is R-summable in L2(—m, ) for each function
f € L2(—m, ) for some a(= a(f)) > 0.

The following statement on reconstruction of bandlimited signals is,
in essence, a combination of Theorems 5-7.
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THEOREM 8. — Let {{,} € By. Then, for almost all w € 2, the
following statements hold:

a. The function S,(A\)(1 + |A|)~! € L%(—m,m);

b. If a sequence R = {Ry} satisfies condition (2.13) with Ry instead
of x for each k € Z, then

N

Su(X)
(219) F)= lim k_ZMA;kF(/\"(w» ST On(@)(h = An(@))

for each function F € PWy, , with some a(= «(F)) > 0. Here lim is
considered in the L?(R)-sense.

Remark. — Here expression (2.19) is written for the case when all
points {\, } are distinct. In the case when some of them coincide, one should
consider the Lagrange-Hermite interpolation series instead of (2.19). [See
details in Sec.6.]

e. The last theorem (see Sect. 7) describes the local convergence
properties of (2.11). For each f € L%(—m, ) denote

(2.20) ax(f) = 51; _ﬂ f(z) exp(—ikz)dt

and

S(f;R,T)(z Z Tai(f) exp(ikz).

R<k<T

THEOREM 9. — Let {£,} € Bo. Then, for almost all w € , the
following statement holds:

For each function f € L?(—m,m) there exists a sequence R(=
R(f,w)) = {Rx}, Rx — *oo, as k — oo satisfying condition (2.13)
with Ry instead x for each k € Z and such that

pn—1
S(f;R-m; Rn41)(z) — Z > > ena(w; )zt exp(idn(w)z) — O,
—M An€l) 1=0
(2.21) M,N — o

for each z € (—m, 7).

Remark. — The proofs of Theorems 7-9 will show that for each
particular choice of the sequence A, these theorems can be strengthenen to
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some (depending on A) extent. If say, A = Z, one can replace the condition
{&n} € By by {€,} € By, with ary < 1/2. So in this case the statement of
Theorems 7-9 holds for a sequence of independent perturbations, having
Poisson-type distributions with sufficiently small parameters.

f. Question: How far can be strengthenen Theorems 3-9 in the whole
class of sequences A which generate exponential Riesz bases in L?(—m,7)?

3. Preliminary results.

In subsections a and b we formulate preliminary results on exponen-
tial systems in L?(—m, 7) and related theorems on e.f.e.t.

a. Recall that the exponential system E(A) is a Riesz basis in
L%(—m, ) if each function f € L?(—,n) admits a unique representation

(3.1) F(t) = crexp(idt),
convergent in L?(—m,7)-norm and satisfying
(3.2) Do lewl = F1F 2oy

Here and in what follows the sign < means that the ratio of the lefthand
and righthand sides lies between two positive constants.

In this case we say that the sequence A possesses the Riesz basis
property (or, briefly, A is a Riesz basis sequence).

In order to get a criterion for a sequence A C R to possess the Riesz
basis property we need the following definition.

DEeFINITION ([20]). — A non-negative function w(z), = € R satisfies
the Helson-Szegé condition (briefly w € (HS)) if there are real-valued
functions u,v € L*°(R) such that

(3.3) lollzemy < 3
and
(3.4) w(z) = exp(u(z) + Hv(z)), z € R.

Here Hv denotes the Hilbert transform of v € L®(R):

1 * 1 t
Ho(z) = - VP/ v(t) { P + 711 } dt.
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THEOREM A ([5]). — For a sequence A = {\;} C R to be a Riesz
basis sequence it is necessary and sufficient that

1.
(3.5) d= lg;lfn [Ak — Am| > 0;

2. the limit

. A
(3.6) S() = Jim II (1 - I)
|An|<R

exists uniformly on each compact set in C, represents an e.f.e.t.w. and

3.
(3.7 |S(z +1)|? € (HS).

One can describe the Riesz basis property of the sequence A in terms
of the space PW;,. Following [21] we say that a sequence M = {ux} C R is
interpolating in PW,, if for each sequence {ay} € 2 there exists a function
F € PW, solving the interpolation problem

(3.8) F(I‘Lk) = Ok, k=0,:t1,:t2,....

The sequence M is sampling in PW if
(3.9) I{F (ex) iz < ||IFllpw,, F € PWy.

Simple duality reasoning (see e.g. [6]) yields the following statement:

ProposITION 3.1. — For the system E(A) = {exp(iAxt)} to be a
Riesz basis in L?(—m, ) it is be necessary and sufficient that the sequence
A is both sampling and interpolating in PW. In this case the interpolation
problem (3.8) has a unique solution. This solution admits the representation

S5\
(3.10) = 2 T
the series converges with respect to the PW -norm.

b. We need some additional definitions.

If F C R and a > 0 are given, we denote F,, = {z € R : dist(z, F) <
a}. For F,G C R we set

p(F,G) =inf{a: F C G, and G C F,}.
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Following [21] we say that a sequence of sets {F,} approaches a set
F € R weakly ( denoted F, — F), if for any compact set K C R
p(F, NK,FNK) — 0, asn — oo. One can assure (see, say, [21]) that
the family of sets {F'+}, R is relatively compact in the topology of weak
convergence. Denote its weak closure by W (F).

Now let M = {ux} € R be a separated sequence.

THEOREM B. — If M is a Riesz basis sequence, then each sequence
from W (M) also possesses the Riesz basis property.

This theorem involves ideas from seminal articles [21], [22] and may
be proved in the same pattern. In these articles the more complicated
case of the non-Hilbertian norm || - ||~ was considered, see also [23] for
modification of this reasoning for the Hilbertian case (different from PW,).
In the present setting one can also give a direct proof of this fact.

CoROLLARY. — Assume the sequence A = {)\,} to be increasing.
Then

(3.11) A :=sup{An+1 — An} < 00.

Proof. — Let the contrary be true, i.e. there exists a sequence {k;}
1
such that Ag, 41 — Ay, — 00 as I — oco. Then (A - E(Akﬂ_l + )\k,)> — 2
which contradicts Theorem B.

c. Properties of the class (HS).

TueoREM C (see [20], [24]). — Let a measurable function w(z) > 0,
z € R be given. The following statements are equivalent:

a. w € (HS);
b. w satisfies the A;-Muckenhoupt condition (briefly w € (A,)):

1 1 1
3.12 sup{—/wdx —/—da:} < 00,
( ) r LI J; 1| J;w

where supremum is taken over all intervals.

c. For any bounded finite function f we have

(3.13) /oo |f(z)[?w(z)dz < Const /oo |f (@) Pw(z)de,
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where Const does not depend on f. Here f denotes the usual Hilbert
transform:
flz) = —VP / f(t

We also need the following propositions.
ProposITION 3.2. — Let w € (HS). Then, for some 3y (depending on
w) we have (1 + |z|)*Pw(z) € (HS) for all B € (0, Bp)-

Proof. — Consider representation (3.4) of the function w and
take some By € (0,m/2 — ||v]|loo). Denote o(t) = sign(t). Clearly,
w(z) exp(+£p6(x)) € (HS) for any 8, 0 < B < Bo. On the other hand
direct calculation shows that exp(£35(z)) < (1 + |z|)*?, z € R.

ProposiTION 3.3. — If w €(HS), then w~! €(HS).
Obvious.

ProrosiTION 3.4. — Let w €(HS). Then

* w(z)
/_oo 1+m2da:<oo.

This statement follows from (3.13) if one takes f(t) = 1+sign(1—t2),
say, and mention that |f(z)| < (1 + |z|)7}, z — oo.

d. To prove the completeness theorem below we need a bound for
e.f.e.t. satisfying (3.7).

LEMMA 3.1. — Let S(\) be an e.fe.t. 7 satisfying (3.7). Then there
exists a number 8 > 0 such that

. _1
(3.14) |S(in)| > Const |n|~2+# exp(x|nl), |n| > 1.

Proof. — Suppose, for simplicity, A > 0 and take 8 > 0 so that b2 €
(HS), where b(z) = |z + i|7?|S(x)|. The function (A + i) "PS(\) exp(im)
is of bounded characteristic in the upper half-plane C*. Therefore one can
factorize it as

(A+14)7PS(X) = Const exp(Pb(\)) exp(—irA), A € CT,

where, as usual, (see e.g. [25])

1 [*® 1
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(The singular factor does not appear in this factorization since the function
(A +14)7PS()\) admits an analytic continuation through the real line, (see
[26], Theorem 6.2)). Hence

5(17) = Const (A + i) exp(—Pb(A)) exp(im), A € C*

and in order to obtain the estimate

1 1
—— < Const nﬁ_ﬁexp =min|), Inl > 1
S 712 exp(—nlnl), Inl > 1,
which is equivalent to the desired estimate (3.14), it now suffices to prove

(3.15) | exp(—Pb(im)| < [n|*/2, [n] > 1.

The standard estimates of the Poisson integral (see e.g. [27]) show
that the function H(\) = exp(—Pb()\)) possesses zero exponential type
in C*. Since b=2 €(HS), we can apply Proposition 3.4 to claim that
|(z +4)"*H(z)| < ((1 + |z|)b(z))~!) € L?(R). Applying a Phragmén-
Lindelof type theorem for L2-norm (see e.g. [27]) we obtain that (A +
i)"1H()\) € H?(C") and, in particular

7I+1/ H(() d¢
2 JRC—inC+i’

Now the Cauchy-Bunyakovskii inequality yields (3.15).

H(in) =

e. In this section we present the results from probability theory that
we need for our constructions. We refer to [28] for complete proofs and
comments.

By P we denote a probability measure on a given probability space.
If £ is a random variable, E(£¢) denotes the expectation of £ and D(€) its
variance.

THEOREM D (Chebyshev inequality). — Let & be a real-valued
random variable and f(z) be a non-decreasing positive continuous function.
Then, for each a > 0,

E(f(€D)
3.16 P(¢] > a) < .
(3.16) (1> o) < =5
TueoreM E (Borel-Cantelli lemma). — Let Ay,... ,A,,... be a

o0 [o°]
sequence of events from a probability space and B= [ | An.
k=1 n=k
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1. If Y P(A,) < oo, then P(B) = 0;

2. If the events A, are independent and Y P(A,) = oo, then
P(B) = 1.

THEOREM F (On two series). — Let &, be a sequence of real-valued
independent random variables. In order for the series Y&, to converge
for almost all w € it suffices that both numerical series Y E(£,) and

>~ D(&,) converge.

THEOREM G (Kolmogorov law of large numbers). — Let &, be
independent random variables with finite second moments and {b,} be a
sequence of positive numbers, b, /* co such that Y D(£,)b,2 < co. Then

Sp — E(Sp)

b — 0 for almost all w € Q,
n

n
here Sp =) &
k=1

TueoreM H ([29], [30] and also [31]). — Let &;,... &, be a sequence
of independent random variables such that E(§;) = 0, k = 1,... n. For
p = 2 denote

Mpp = E(|&P).
k=1

Then
(&1 + €&+ +&nl) < c(Mpn + (Man)""?),
here the constant c¢(= ¢(p)) is independent of n.

f. In the remained items of this section we prove Theorem 1, which
being a (simple) negative statement is considered as a preliminary result.

Thus until the end of this section we suppose that the variables &,
have continuous distribution densities p,(t) satisfying (2.1).

Then up to some translation and e-shivering, we can imitate any finite
pattern by points from A,:

LemMA 3.2. — Let € > 0 and a finite number of intervals {I;})_;, I; =
(aj,a;+¢€) of length € be given (they need not be disjoint). Let T > 0. Then
for almost all w € ), there exists a number t > T and pairwise distinct
indices ny,ny, ... ,nN such that A\, (w) € I; +t,j =1,2,... N.
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Proof. — Let A be the quantity from relation (3.11). Take M > 0
N

so that the set |JI; is contained in an interval of length M. Now take
1

L > 2M + 3NA and consider the translations {I; + IcL}f’:1 k=0,1,...of
the original set of intervals. For each k choose the pairwise distinct indices

*) (k) *) nimi - ¥ N
ny Ny ,...,y to minimize the distance p | U(Z; + kL), {A\ o}y |-
1 3
Denote by Ay the events Ay = {w: A _w(w) € I; +kL,j = 1,2,...,N}.
i

Since the sets {I; + IcL};‘V=1 are fairly distant for various values of k the sets

of indices {ngk)} j=1 are disjoint and, hence, the events Ay, are independent.

N
Besides relation (3.11) provides p | U (f; + kL), {A\ w}}_; | < Const
=1 i

uniformly with respect to k. The latter with of (2.1) yields infx P(Ag) > 0.

Now it remains to apply the Borel-Cantelli lemma: infinitely many events
Ay, hold.

We are now in a position to verify statement a. of the theorem: it
suffices to take I; = (a,a +¢€) for all j =1,2,... ,N. Then, for almost all
w € Q, there exist ¢ > 0 and pairwise distinct indices n1,n3,... ,ny such
that A\p; € (a+t,a+t+e€),j=1,2,...,N. This means we will observe
N-bunches of closed exponents from the set A,,. In particular &,(A) does
not form a Riesz basis in L?(—m, ).

g. In order to prove statement b.(!) we mention that a set of exponen-
tials {exp(ipnt)} forms a Riesz basis in the closure of its own linear span
in L?(—m, ) iff there exist constants C,c > 0 such that

cl{en}lliz < I en exp(ipnt)lla(—n,m) < Cll{en}

for any finite sequence {c,}. For each (either finite or infinite) sequence
= {px} € R we denote

[I{ck}Hle }
3.17 C(n) = su { . ’
(47 N tee) LTS e exp (it 12 (—mom)

where sup is taken over all finite sequences {c,}. Thus we need to extract
a separated subsequence {\,, (w)} so that

(3.18) C({An, (@)}) = co.

(1) The proof below was suggested by A.M. Olevskii and is published here according to
his kind permission. The authors’ original proof was more complicated.
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The latter is straightforward if we combine Lemma 3.2 with the following
propositions.

ProrosiTiON 3.5. — For any C > 0 there exists a finite sequence
p={ux}¥, N = N(C) such that llcl;éfl |pk — | > 1/4 and C(u) > C.

PROPOSITION 3.6. — For any N € Z* the mapping p = {ux}Y —
C(p) is a continuous mapping from RN into R.

ProposITION 3.7. — For any t € R,u = {ux}) denote p +t =
{px +t}Y. Then C(u) = C(u+1).

After these propositions have been proved it remains to apply a direct
diagonalization procedure to construct, for almost all w € Q, a separated
- subsequence {Ap, (w)} C A, satisfying (3.18).

h. Propositions 3.6 and 3.7 are straightforward. In order to verify
Proposition 3.5 it suffices to construct a collection of infinite sequences
pl® = {ug’)}‘f which still possess the Riesz basis property and also
C(u®) / o0 as & 1/4 (in the next lines we shall see that 1/4 is the most
convenient choice of the critical value) and then take finite truncations of
the sequences p(®).

Below is an example of such a collection.
For o € (0,1) denote
(@) _ ; : P A
W™ =k —asign k,k €Z; Sa(\) ~A1%5an (1— (T)) )
M
A direct estimate based on the Stirling formula gives
(3.19) |Sa(z+4) < (1 +]z)**, z€R

uniformly with respect to a.

Therefore the exponential system {exp(ip,;ca)t)} is complete and min-

imal in L%(—m, ) for a € (0,1/4) (actually if one applies Theorem A one
can readily verify it forms a Riesz basis) and one may obtain its biorthog-
onal system hyg o(t) from the relations

4 . Sa(A
/ exp(iAt)hg o (t)dt = — ) ©)
- Salbg YA =)
Relation (3.19) immediately yields (it suffices to estimate the L?-norm of
the function Fj o()) on a horizontal line) that ||hk q(t)||z2(—x,x) — 00, a8
a — 1/4, which is equivalent to (3.18).

= Fk,a()\)-
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4. Completeness of exponential systems
with random exponents.
In this section we prove Theorems 2-5.
a. The proof of Theorem 2 consists of several steps:

First, let us switch to truncated random variables. For a fixed € €
(0,1) (value to be specified later) consider the random variables

€n, if |€n| < el’\nl;
(4.1) & = {

n .
0, otherwise.

LeEmMA 4.1. — For almost all w € Q) the following relation holds:
#{n: én(w) # &n(w)} < oo

Proof. — We use condition (2.3). The Chebyshev inequality yields:

. E(|&,|110) Const
P(&n # €)= P(|€n| > €| Mn]) < 61+6|1;\n|1+6 < IHEE

Relation (3.5) gives 3 |A,|~(119) < 00. So S P(£,, # £%) < 0o, and by the
Borel-Cantelli lemma we have "
oo
(N Utere)-o
k=0 |n|>k
which is equivalent to the statement of the lemma.
Denote A% (w) = Ap + & (w). Since we assumed 0 ¢ A, we have

MWw)#0,n€eZ,we.

CoroLLARY 1. — The product S, (\) defined in (2.4) and the product

(4.2) Ss = lim ] (l-rf(;))

|An]<R

are simultaneously convergent (or divergent) for almost all w €  and, if
convergent, represent entire functions of the same exponential type.

When proving Theorem 3 we will consider the cases § =0 and § > 0
simultaneously. In order to compactify the formulae we introduce the switch
ss: in what follows we assume s = 0 for § > 0 and ss = 1 for 6 = 0.



220 G. CHISTYAKOV, Yu. LYUBARSKII

COROLLARY 2. — For almost all w € Q) estimates (2.7) and (2.9) are
equivalent to
(4.3)

cexp(—ss(log(|1+|n]))¥*) < 1S5 (ém)l

Sam) <C exp(ss(log([1+[nl))**), n € R.

b. Convergence of random series. 1.

LEMMA 4.2. — The following statement is valid:

(4.4) Z |/\|€"|} ()l I < oo for almost allw € Q.

Proof. — This follows immediately from the convergence of the series
_Ed&D _E(&)?) €A [E(1€51)
d n
Z (IAnl +11)2 Z (1Al +1])* Z (1An |+1I)4

and Theorem F on two series.

c. Convergence and an estimate of the canonical product. Denote n* (r) =

#{n: |\ (w)| < r}. Since |£:| < €|\n|, we have

n(r)
T

lim sup < l+4e

T—00

Therefore (see for example [32]) the canonical product

E =11 (1 - A;‘:zw))exp )\;)(\w)

converges uniformly on each compact set in C and the function Mp-(r) :=
max{|F}(A)|; |A] < r} admits the estimate:

(4.5) log My (r) <7 3 )\i +0(r).

Anlsr =T
Since |S|? €(HS), Proposition 3.4 yields S(A\)(A\ — Xo)~! € L%(R) and,
hence, (see e.g. [32])

- . _ 1 .
(4.6) the limit A = rll'nolo A(r), where A(r) = Z o exists.

Pnjgr 77
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This allows one to improve the convergence in the first term in the right-
hand side of (4.5). We have

S X wt X mBO+EO,

Anlsr n |)‘n|<'1_10.__ |)‘;|<Ti|)‘n|>jﬁ "

where

1 1 1
B. < < —
Bals 2 STl o]

Tre<Palr(i+9 Tre<Pl<r(1+9
2 1
< m Z "E < Const .
ﬁ(kd<r(1+e)

Here d is the constant which participates in the separateness condition
(3.5).

Further
1 T (W
Bl(r)zA(He) Z (:, = AT fxi(l)

Pnl< e IAnl< e

Now relations (4.6), (4.4) imply
sup | By (r)| < oo,
and by inequality (4.5) we obtain log M= (r) < C,r for almost all w € Q.

Thus F%()) is an entire function of exponential type, the latter depends on
w € §, generally speaking.

d. Convergence of random series. II.

To estimate the generating function for the sequence {\(w)} we need
the following lemma.

LemMA 4.3. — The following statement holds:

Z & (w

Ak (w

< oo for almost allw € €.

Proof. — One can obtain the conclusion of the lemma by the theorem
on two series if using (2.3) and noting that

E6)) _ g Elen@)l*) (e~
LRAr ST aad

< o0
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and

E(&(w)?) AEGW)?)
Z (/\2+1 2 < Z ()‘2_'_1)2

e. Properties of the generating function.

LEMMA 4.4. — For almost all w € Q the product S} ()) defined
by relation (4.2) converges uniformly on each compact set in C to an
entire function of exponential type m + Ce, where the constant C > 0
is independent of €. In addition the following relation holds for each fixed
0 #0,7:

S5 (rexp(if))
S(rexp(i0))

4.7 hmsup ! log < C(0)e

T—00

for sufficiently small e > 0 with some C () € (0,00) independent of e.

Proof. — We have
AN 1 A A
EW=jim, 11 (1 A:(w))”“’(»(w))
|An|<R

. d A
=,%£nwexp{AA<R>}exp{ Y s &)} 10~ %w)

|An|<R |An|<R

It follows from Lemma 4.2 and relation (4.6) that, for almost all w € Q,

the limit
o= e 11 (- 52)

|A |[<R
exists and, along with F*()), is an entire function of exponential type.

To evaluate this type we compare the function SJ(A\) with the
unperturbed function S()) in the angle D, = {\ = z + iy : |z| < 7|y},
where v > 0 is a fixed number. We have

Se(N) _ «
SO A Crw(),
[An|<R

(4.8)

where

0= (- 55) (%) - EG
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Since A € D, we have

A & (w) 1
—2__an <eConst < =, n=0,41,42,...
(@) € Cons <2 n
for sufficiently small e. Therefore
. ) A awl|
|log|Gn’w()\)i §R/\n 3 3 (0 < Const (@)

Since | X ):_ 3 | < Const for A€ D,, Lemma 4.3 yields
A &)
. <X w D )
(4.9 o) - ?RE A @) <C,, XeD,

and (since A = z + iy)

&w) A — )z —y?
M@) n—2)2 417

<

A W)
’mz An — A AL (@)

&

>

[An|<2v]y|

W) | Jyl
An@) | Al

£5(w)
@ |t 2

[An|>2v]y|

£ (w) ”
’\n)‘:z(w) )

Since series (4.4) converges, the last summand in the rightmost inequality
does not exceed ely| for all sufficiently large |y| (depending on w € ).

(4.10) <Cy [elyl +lyl >

[An|>27]yl

Therefore, combining relations (4.9), (4.10), we obtain, for almost all
w€E N,

(4.11) Zlog |G wM| < Cselyl, A=z+iy€ Dy, |yl >y(ew),

where the constant C3 is independent of e.
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Turning our attention to (4.8) and using the estimate |S())
(14 |A)~Y) < Const exp(r|y|), which follows, say, from the inclusion S(z)
(1+]z|)~! € L3(R), we get

|55 (A)| < Const exp{(m + Cs€)|y|}, A € D,, |yl > y(e,w).

The quantity Cs(= C4(7y)) as well as C5(= Cs(vy)) above is independent of
€. Now the Phragmén-Lindel6f theorem makes this estimate uniform with
respect to -:

|S¥(A)| < Const exp{(m + Cs¢)|y|}

in the whole complex plane, i.e. S¥(\) is an entire function of exponential
type no greater than 7+ Cse. Now (4.7) follows from (4.9) and (4.10). This
completes the proof of Lemma 4.4.

Since, for any € > 0, the functions S(\) and S, () differ at most by
a finite number of factors, Theorem 2 follows at once from Lemma 4.4.

Remark. — Close reasoning shows that condition (2.3) can be weak-
ened. In particular, if all independent random variables £, have the same
distribution it suffices to demand E(|&]) < oo.

f. To prove Theorem 3 which delivers the exact estimates (2.7), (2.9)
on the imaginary axis we need exact bounds for the sum of a random series.

Taking into account relations (4.8) and (4.9) we see that Theorem 3
follows from

LEMMA 4.5. — Under the hypothesis of Theorem 3 the inequality

£ (W)
Z AZ +y2 )‘*( )

y € R, holds for almost all w € Q with some C,, € (0,00) (we recall that
s§=0,if6 >0and ss =1,if§ =0).

< C. + ss(log(1 + [y))*/*,

£ (w)
%Z )\ — iy )\*(w)

Proof. — Set

2 * (0
S T s

Anl<lyl+1 | An]|>|y]+1

and estimate each summand separately.
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We have
3 n(w) AZEx o @
Oy = * - Z 2 2 " zo'y _o-y A
[Anl<lyl+1 )\n(W) Anl<ly|+1 ()‘n +y )()\'n + én)

g. The quantity 0’1(/1) is a partial sum of the series

& & (&)?
Zrm;; ‘Z<Tn B An<An+£;;>)’

whose sum is independent of y. That the series 3_(£%)2(An(An + €))7 1
converges is in the main proved in Lemma 4.3.

According to the Borel-Cantelli lemma convergence of the series
> €5 (An) 7! is equivalent to convergence of the series 3 &, (A, ) ™1, which in
turn can be obtain by applying the theorem on two series: > E(£,)(A\,) "1 is
convergent because E(£,) = 0, n € Z and, obviously, Y- E(£2)(A2)~! < oo.
Thus

(4.13) sup |a§l)| < oo for almost all w € Q.
Y

The quantity 01(12) admits the estimate

1 1 .
TR Sl

€l s iwn

Apply the law of large numbers (Theorem G) to the random variables
{|€|}. Together with the inequality n}(|y| + 1) > Const |y| (the value
n* (-) was defined in the beginning of n°. c) this yields

(4.14) sup |a§2)| < oo for almost all w €9,
y

and taking (4.13) into account we obtain

(4.15) sup |oy| < oo for almost all w € Q.
Yy

h. The remainder term R, in (4.12) consists of two parts:
(4.16)

R, = ) + ¥ y? Gw R+ R,

2 2 *
W<y 41? s (ai+nyz) A T8 An T &)
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We use the rough estimate

y? LW |y
A +y? M+ 6iw) | N
for |An| > (Jy| + 1)%, whence
(4.17)

- 1
RPI< S A<Comty? Y =0, y—oo
[An]>(lyl+1)? kd>(ly|+1)?

2

Y
2
n

Here, as earlier, d is the constant from (3.5).

Standard (now) arguments show that instead of estimating R,(,l) one
may consider
(4.18)
2 *
1) _ Y E (w) ot -
rg) = Z + Z 22 +y2 n)‘ =Ty Ty
I+y[<An<(lyl+1)?2  1+yl<-An<(lyl+1)2 /) " "

We shall prove that
(4.19) sup || < oo,
y

one can obtain the estimate of 7 in a similar way.

i. In order to obtain (4.19) we apply Theorem H. For definiteness, let
y > 0. Consider the set of indices

Ny={n:1+y<t <(1+9)?*}={ny,ny +1,...,n, + k,}

and represent the value r; in the form

ri = (0 —E™) + ¢V —EM)) ...

ny—1
e (G =BG + Y B,

k=0

where

ék) - Z = y2+ i f\fnu+k-
1ENIny <(1+]yl)2—k Inytk T YT Alnytk
Now apply Theorem H twice, first for the random values
(4.20) X, = y? &ny -+ — E(&n, +5) Ci—1a..

2
Alny +k + y2 /\l"u +k
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for each k = 0,1,... — 1, and then for random values C(k) E((f,k)),
k=0,1,... ,ny — 1.
First we mention that, by (3.5),

(4.21) Am > md

1

and also (since A\,n~! — 1 as n — oo (see e.g. [32])), we have

1
(4.22) 5™ <y < 2ny
for all sufficiently large y.

Therefore

E(|&, +x])
k) =
[B(G)] < Z 2(in, + k)2 +y2 d(iny +k)

1 Const
(423) < Const Y _ 75— E(|&n, +x]) <
=1 v Y
and, hence,
(4.24) E(rD) <Y [E(®)] < Const .
Y Yy

k=0

j- In this item we consider the cases when (2.6) holds, and, when only
(2.8) holds, simultaneously. Therefore below we set either v =6 or v =0
depending on what case takes place. Applying Theorem H to sequence
(4.20) we have

E(I¢") — E(G) )
o) 2 2+v E(le* _E(e* 24v
< 24w {Z ( 5 Yy 2) (€0, +x — B, +6)°™)

2
1=1 Al"y"’k +y I/\l"u"’kl v

- 2 ) . 9 14v/2
iy y? E(l¢, +x — B, +6)I°)
1=1 ’\l2n,,+k + y2 Alz'n,,+lc:

Applying the inequalities

E((&iny+x — E(€n, +1))*) < E((&n,44)7) < Const;
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E(|€fn, +k =B, +0)1*7) < 227 (E(&, +17)+HE(E S, +) ™) < Const

and also inequalities (4.21), (4.22) we obtain

. . =) yz 24+v 1
(|G ~ B(¢{Y)*) < Const [Z (7)) e
Yy

7 2
= \ing+y

> y? 2 /2 Const
+(,§((ln§+y2> (lny)2> NI

Similar reasoning yields
Const
E(I¢{® — E(¢M)P) < —Z

Applying Theorem H to the random variable r;' —E(r]) we obtain

+ 24w Ty ny \ "2 Const
E(lry — ]E(T'y )l ) < Const W + n_f/ < W
Y

k. Consider the events A,, = {|r;; —E(r;})| > 1+ s5(logm)3/*}, m =
1,2,... The Chebyshev inequality yields

E(lry, —E(rH)I**°) Const

< < :
P(An) (1 + ss(logm)3/4)2+6 = m(1 + logm))3/2

Since Y P(A,,) < oo almost everywhere, only a finite number of events
Ap, hold and, taking into account (4.24), we obtain

limsup |r}}| < oo
m—00

for almost all w € 2.

So we have estimated the quantities . for y € Z;. To obtain the
desired relation (4.19) for all y one should mention that, for ¢ € (0, 1),

2 2 *
+1) & (w)
Pt = ( m _ (m ) n
Irm = Trel 1+m<§(l+m)2 AM4m2 M+m+t)?2) A

< Comt 3" 6

and again apply Lemma 4.3. Boiling together (4.19), (4.17), (4.16), (4.15)
we obtain the statement of Lemma 4.5 and thus Theorem 3.
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1. Proof of the completeness theorem (Theorem 4). Suppose
that the system £, is not complete in L?(—x, 7). Then there exists a
function f € L?(—m,n), f # 0 which annihilates it, i.e. the function
F € PW, defined by the relation

(4.25) FO) = / exp(iAt) f (t)dt
vanishes on A,. The relation

@W=§&

defines an entire function ® also of exponential type.

Denote by h@(e), hF(O), hs(e), hs, (9) and Iy, If,Ig,Ig, the indica-
tor functions and indicator diagrams of the entire functions @, F, S, S, re-
spectively. (For definitions and properties of indicator functions, indicator
diagrams as well as other related properties of entire functions of exponen-
tial type see e.g. [32]).

‘We have

- < 7|sind)|.
T—00

Since (1 + |z|)~1S(z) € L?(R), S with real zeroes, we also have

hs(6) = limsup 2815 xR()]

= 7| sin 6|
r—00 T

and, in addition, one can replace limsup in the later relation by lim for all
0 # 0, 7. Now, by (2.5) we obtain that, for 8 # 0, 7, there exists the limit

log | S, (r exp(i6) |
T

(4.27) hs,(6) = lim = 7| sin 6).

Applying the Cauchy-Bunyakovski inequality to (4.25) we see
|F(in)| < |nl="/% exp (x[nl), |n| > 1,
and combining this estimate with (2.9),(3.14), we have

(4.28) ®(in) = O(|n|=P/2), |n| — oo,
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which in particular implies that hq,( + g) = 0, i.e. I coincides with a
segment [a,b] € R and

bcosd, |0|<m/2
he(0) =

—acosf, |0] € [r/2,7].
We claim a = b = 0. Indeed, if, say, b > 0, then we have

h (8) = lim sup ‘2812 &xP(i9)) 5., (exp(:6) |

r—00 T

= ha(8)+hs, (8) > 7|siné),

for 6 € (0,7/2). This contradicts (4.26).

Thus @ is an entire function of zero exponential type and, according to
(4.28), decays along the imaginary axis. By the Phragmén-Lindel6f theorem
(see e.g. [27]) we obtain ® = 0 and, finally f = 0, which completes the proof
of the theorem.

m. Minimality of the system &,(A) (Proof of Theorem 5). In view
of Theorem 4 we need to prove the minimality only. Using (1.1),(2.10) for
k = 2 and the theorem on two series (which grants convergence) we see

. )\n + én - >‘
s. || Am Man<r =5 —5—

SO | . €n
) Jim T, 1<r(1+ 32)

The denominator does not depend on A, thus consider

2
I(z) = (H ) = H Yo(2),
A=z+1 n

n

An"“sn_)‘
An— A

where

2(An — 2)én + grzm )

Yal@) =1+ 14 (An — )2

Let m € Z,m > 0 (its value will be determined later). Using
independence of the random variables £, and also the Fatou lemma we
have

N
E(II™(z)) < lim inf TTE((Ya()™)
-N
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and (with account (1.1) and then (2.10))

2
E((Ya(z))™) =1+ m%

i [ (200 — 26 +E2Y 1
+§C,’,,1E<< e ))<1+C(m)m,

whence (with account of (3.5)) E(II"*(z)) < C1(m), the constants C(m), C1(m)
are independent of x.

Now the Chebyshev inequality yields P(Il(z) > |z|?*) < C1(m)|z| 2™
for any @ > 0,z € R. In particular, if 2am > 1 we have > P(II(kh) >
k

(|k|h)2*) < oo for any h > 0 and, by the Borel-Cantelli lemma, for almost
all w € Q the inequality

(4.29) I(kh) < (|k|h)%*

holds for all but a finite number values of k.

By the M. Cartwright-type inequality for the integral norms (see for
example [33]) we have, if h < 1

|F(z +1)|? |F(kh)[?
(4.30) / (11 Y dy AZ(HMB

in the class of all e.f.e.t.w for each # > 0. To complete the proof it remains
to choose the proper values of all the parameters in the case. By Proposition
3.2 there exists o > 0 such that [|S(z + 9)|?(1 + z?)~1*2%dz < oo and,
hence, Y |S(kh)|?(1 + k%)~1*2¢ < oo for each h € (0,1). With this «,
taking m € Z to satisfy 2am > 1 and using (4.29) we get Y |S,(kh)|?(1 +
k?)~! < oo and, again by (4.30), [|S.(z +9)|*(1 + 2?)~1dz < oo, for
almost all w € Q. This already yields the minimality of £,: the elements
of the biorthogonal system are the Fourier transforms of the functions
SN = A (w))~t € L3(R).

Remark. — It follows from the proof that the statement of Theorem 5
is still valid if one demands fulfillment of the inequalities E(|&,|*) < oo,n €
Z only for a finite number k = 1,2, ..., m, m depending upon S. Namely, if
Bo is the constant from Proposition 3.2, then one may take m > (3,) 7!, say.
In particularly, if log |S(z + ¢)| is bounded, (this happens, say, for A = Z),
one can take m = 3.
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5. Estimates of entire functions with random
zeroes on a horizontal line.

In this section we prove Theorem 6 on estimates on a horizontal line
of entire functions with random real zeroes.

a. This (new) setting demands construction of truncated random variables
to be more precise if compared with the previous section.

Take an integer ng > 0 (its value to be specified later) and denote

1 1
(5.1) ty = 5 log (E logl)\nl) , B EZ, |n|>np;

5 ,
(5.2) I, = . log |An| +2v, n € Z, |n| > nq.
n

We suppose ng is chosen so that ¢, > 1,1, > 2 for all |n| > ne.

Now consider the random variables

. &n, if [€n] < 1y and |n| > ng;
(5.3) € = {

0, otherwise.

The Chebyshev inequality yields

P(|n| > In) < exp{—tnln}E(exp{tn|ésl}), In| > no,
and now by (5.2) we have

P(|¢n] > 1) < exp(ae™™ — Inty,)

Const
[Anllog? [An|
Using once more the fact that S(A\)(A — Xo)~! € L2(R) we obtain (see e.g.
32])

= exp(log [An| — 21log |An| — 21loglog |As| + 2log @) <

(5.4) — — 1, asz — %oo0.

Therefore Y P(|é,| > 1) < co and by the Borel-Cantelli lemma we almost
surely have £ = &, for all but a finite number of n’s, the latter depends
onw € N.

So we replace the function S, (\) by

(5.5) 5(0) = lim II (1— /\n:\r&;).

|An|<R
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Since {£,} € Ba,y, we have
(5.6) E(h]) <ck, k=0,1,2,..., n€Z,

for a sequence {cx} independent of n. The Chebyshev inequality yields

c
3,:1:>0
x3

(5.7) P(lénl > 2) <

Let P, be the probability distribution of &,. Then

zdP,
|z|>1ln

Since E(¢,) = 0, we obtain |[E(£)| < 2c3l-2. and, in particular

0o 00 9
<L > 1)+ [ P&l > 0o < 32+ / S o< 2.

ln

E(¢n
[An]
This inequality will be used when applying the theorem on two series.
b. We have
st || A, Mpai<r =5 2%
SoO) || . [
O | Jim Tpjen (14 52 )

Relations (5.8), (5.6) for k¥ = 2, and the theorem on two series provide
for almost all w € ) the compactwise convergence of each product in the
right-hand side of this relation rather than simply convergence as mean
values. Besides, the denominator does not depend on A. Therefore to obtain
estimate (2.12) we restrict our attention to the products

II(z) = (

- I I T (+ ™ psti)

An<T—N |[Ap—z|<N An2z+N

An+§,’;—A|2 H A +&—2)2+1
An— A - (A —2)2+1
=z+1i

(5.9) II; ()2 (z)5(x)
only. Define

(5.10) N =N, =84
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and study each factor for sufficiently large x, = > 0, say.
c. Estimate of the product IIz(z).

First describe the behavior of the quantities ¢,,l, and N,. By (5.4)
we have

(5.11) t, = %— loglog |n| + O(1),
(5.12) l, = 7% +0(1)
log log |n| ’
log |z
13 N, = ——— 4+ 0(1).
(5.13) Y ioglogla] (1)

Now notice that the number of factors in ITy(z) does not exceed 2N/d,
where d is the constant from (3.5). Since, for |\, — z| < N we, obviously,
have

1 Ot -241 | 20n -2+ ()
1+N2 S (—2)2+1 (An—2)2+1

Therefore for some absolute constant ¢ and sufficiently large «

<1+ N2

—ecd™t -1
e cd NIOgNSI—Iz(.’IJ)SCCd NlogN, N:Nz

It follows from relation (5.13), that there exists o = zo(a,~y) such that
N;log N, < vylogz, x > xo. Here as usually the sign < means that the
ratio of the both parts of the relation lies between two positive constants.

Taking into account this relation we obtain
(5.14) |z|=%7 < Ma(2) < 2|7, |2| > zo(ex, )
for a constant Cy € (0, 00) independent of «,~, and w € Q.

d. To estimate the products II; (z), [I3(z) we mention that relations
(5.12), (5.13) imply l,/|z — An| < 1/4 for |\, — z| > N;. Therefore, when
dealing with IT; (z), II3(z), one can use the inequalities

_ * *\2 2
2|1An — z||€;] + (&) 2, ( ln )<§

On—22+1 Ou—aPtl ~Pu-a T\ m—2
and, hence,
M—2)E (€
(5.15)  logli(z)= Y. {ZE,\,L _Zgﬁ + (,\ff—)x)’z } +0(1);

An<z—N
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-z *)2
(5.16)  logMs(x)= 3 {28 _m;% (/\ffi)x)z }+oq).

An2z+N
We have
*)2 12 \
,\n;N (_)‘%2- ) CODSLN%\:,.Q@ (’\_:E_l%yt'g% (Tnlj—ﬂi)2 = ovtoz.
Simple estimates show
< Const lzgt}:l < Const Iz, o2 < Const,
and finally
R ;N ()% < Const l[z)41-
Similarly -
*)2
Ang:—N (7%):0? < Const l[zj41
and
610 |gl@h@) - ¥ | = ologla)), = — .

|An—z|2N

e. Therefore it suffices to estimate the sum of the series

(5.18) sf@)= 3 ,\Eﬁm-
Pn—z|z2N "

It is more convenient here to consider the sum

(5.19) s@= Y Af"

-
[An—z|>N

this will alter only nonessential constants in our estimates.

We need the following auxiliary statement:

LEMMA 5.1. — There exist numbers € > 0 and ¢ > 0 such that

(5.20) E(exp{7&,}) < exp{c|T|?)} for |r| <€ n=0,+1,.
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Proof. — This statement follows from (1.1) and the Taylor formula
applied to the functions ¢,(7) = E(exp(7€,)). Here when estimating the
second derivative of ¢, (7) near zero we use the bounds from the definition
of the classes By .

Now split the series s(z) into two parts
s(z) = Z + Z =st(z) + s (x)
An—z2N  Ap—z<—N

and confine ourselves to considering s*(z) only; the estimate of s~(z) is
similar.

In order to estimate the “tail” of the distribution function of the
random variable s*(z) we begin with the partial sum

3
su@ = Y, T
T+ NI <M "

and evaluate its characteristic function. Since the random variables &, are
independent, we have

E(exp{ts;(x)}) = ][] ]E(exp{t)\gn }) t>0.

-z
T+ NI M n

Fix an € satisfying the conditions of Lemma 5.1 and denote a =
min(z + t/e, M). We have(?)

Eeoftsh@h) = [ I

z+ NI p<a a<A, <M

t t
< H exp {aexp {’y }} H E (exp {{n—}) .
z+N<An<a An =2 a<An<M An =@

The number of factors in the first product does not exceed C;t, for some
C4 > 0; in order to estimate the factors in the second product one can use
(5.20). So

E(exp{tst; (z)}) < exp {aC’ltexp { %t }} exp {ct2 ) (—z\n—i—ﬁf }

a<A <M

(2) Some of the factors below may be absent.
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and
E(exp{tsi;(z)}) < exp {aCltexp { 7\, } + Cgt}

Since the right-hand side is independent of M, we obtain

E(exp{ts™(z)}) < exp {aClt exp { N } + C’zt}

and, similarly,

E(exp{—ts*(z)}) < exp {aC’ltexp { = } + Czt}

So, finally
(5.21) E(exp{t|s*(z)|}) < 2exp {aC’lt exp { N } + Czt}

Next we estimate the values s*(m) for integer (and still positive) m’s.
Denote Ty = N/, Qm = vlogm + Ciae + Ca, where Cy, Cs, o are the
constant from relation (5.21), and consider the events A,, = {|sT(m)| >
Qm}- The Chebyshev inequality yields

P(Am) < exp{~TmQm }E(exp{7m|sT (m)[})
< 2exp{—TmQm + Craerm + CoTn } = 2exp{—7mylogm}.

Since 7, — 00, we have > P(A,,) < oo and by the Borel-Cantelli lemma,
for almost all w € €, only a finite number of events A,, may happen, i.e.
almost surely

(5.22) |sT(m)| < ylogm + Crae + Cs

for all sufficiently large m.

For arbitrary u € (0,1) we now have

stm+n)-stm = Y 60 (o - o)

—u—-m Ap,—m

An>m+Np,

£n(w)
= +0(1).
A,@%N (A —u—m)(A\p, —m)

‘It is obvious that the right-hand side of this expression is bounded uni-
formly with respect to m and wu.
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Therefore, almost everywhere with respect to w and for all sufficiently
big x > 0 we have

|s*(z)| < vlogz + Ca(a, 7y, w).

The bound for s~ (z) is the same. By combining these estimates with
relation (5.17) we obtain statement a. of Theorem 6.

h. One can prove statement b. of the theorem (relation 2.14) in the
same pattern by taking into account the separateness condition (2.13).
That each segment [m.m+ 1], m large enough, contains points z, satisfying
(2.13) (this is statement c. of the theorem) follows at once, if we mention
that the number of point from A} in [m,m + 1] is o(log |m|) and also the
sets A%, and A, differ only by a finite number of points.

6. Series expansions in random exponential systems.

a. In this section we assume {,} € By, in particulary the hypothesis
of Theorem 6 to be fulfilled. In this case the system &, (A) is complete
and minimal in L?(—m,7) (for almost all w € Q) and to each function
f € L?(—m, ), one can correspond the series

Pr—1

(6.1) F 2D ewilw, NE exp(ide()t)-
k

=0
We describe the summability procedure for such series.

The coefficients of series (6.1) are

(6.2) Ckl = i f(t)hk,l(t)dt,
where
(6.3) H, = {hk,,(t)};’;;;lkez

is the system, biorthogonal to &,,.

Following [13] we give the explicit expression for hy; to make the
exposition self-contained. Let

1 Pk C y
G (A—Ak«u)) - 2 = Akk(w»f
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be the principal part of the Laurent expansion of the function [S,, ()]~}
near the point A\gx(w). Consider the entire functions

Pr—1
(6.4) Hiy(n) = 2 (A) Z ( C';Z?L

and notice that the Taylor expansions of the functions Hy; have the form

Hk’l()\) = O%:c(w))l{l + ak()\ - /\k(w))pk_l +... }

We have
HP (W) = 8ikbim, Gk €Z, 1=0,1,...,pp—1, m=0,1,...,p;~1
and the relations
(6.5) i (t) = F~H(Hi)(2)
define the biorthogonal system H,,.

b. We proceed to the proof of Theorem 7. By Proposition 3.2 we
can fix a number a > 0 such that the functions

(6.6) Fip(e) = (1+|a))*|S(z + )|
still satisfy the condition
(6.7) |Fapl* € (HS)

for all 8 € (0, ). According to Theorem 6 for almost all w € 2 the following
property holds:

for each B > 0 there exists a constant C,, g such that
(6.8) CohF-p(®) < |Su(@ + )| < CusFi(2).

Everywhere below we assume w satisfies this condition. We also assume that
0 < 8 < @, so the outer terms of inequality (6.8), being squared, belong to
(HS), in contrast to the intermediate one (otherwise &, (A) would form a
Riesz basis in L?(—m,7)).

c. Now take 7 < /10, v > 0 and assume that f € L2 and the
sequence R = {R,,} satisfies (2.13) with R,, instead of z.
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Define the operator Py, y by the relation:

pr—1

N
(6.9) Pun:fr Z{ 3 Y et exp(i/\k(w)t)}.

—-M A€l 1=0

One can read the statement of the theorem as
Py n(L2 — L?) — Id(L2 — L?), M, N — oo,

here the notations in brackets mean that we consider operators acting from
L?y into L? and Id denotes the embedding operator.

d. It suffices to prove the following statements.
LEMMA. 6.1. — The system £,, is complete in L2 .

LEMMA 6.2.. — The following relation holds:

(6.10) sup {|| Pp,n |22 12} < 0.
M,N

)

Indeed, the sequence {Pxs,n} approaches the embedding operator on
finite linear combinations of elements from &,(A) which, by Lemma 6.1,
are dense in L?,. Now Lemma 6.2 allows us to extend this relation to the
whole space L2.

Let us use the quasiscalar product:
(6.11) (fro) =M~ [ f)g(t)dt.

The spaces L2 and L2 | are mutually conjugate with respect to this product
and the general form of a linear functional in L?, is as follows:

612) L) =00 [ f@elt, g 12, fe 12,

The proof of Lemma 6.1 repeats with a natural modification the proof
of the completeness Theorem 4. One can also prove it in a simpler way
involving exact estimates (2.12).

e. We split the proof of Lemma 6.2 into several steps. First, con-
sider the conjugate operator. Relations (6.4)-(6.8) together with Proposi-
tion 3.4 show that the biorthogonal system H, belongs to L";ﬁ . For a
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function g € L? denote
(6.13) bk,l = bk,l(g) = (27!‘)_1/ tl exp(z)\kt)g(t)dt 1e0,pr —1 ,pxk—1, kEZ

and define an operator T,y : L* — L2 by the relation

pr—1

(6.14) TunN : [ Z { > Zbklhkl(t)}

n=—M Ag€Il, =0

The operator T, n is conjugate to Ppr,n with respect to the quasiscalar
product (6.11). Therefore Lemma 6.2 is equivalent to

LEMMA 6.3. — The following relation holds:

sup{||Tm,~|lL2—r2_} < 00.
MN v

’

f. One can reformulate the later lemma as an interpolation problem.
Let a function g € L? be given with by ; as in (6.13). Denote G()\) = (Fg)(}\)
(here G(\) means the extension of the Fourier transform from the real line
onto C) and consider the meromorphic function

G(\)
Su(N)’

Denote by I',, the rectangle with vertices R,,+i, R,41=%i. Direct calculation
(see e.g. [13]) shows that, for A € Ty,

(6.15) d(\) =

pr—1 pr—1
F { > D bk,zhk,z(t)}(/\) > Z by Hit (A
Ak€ln 1=0 A€l 1=0
_ Su(d) ¢
- 2mi ‘I’(Qg

Now set Tpr,n = FTpr,nF 1. For A & {|SA| < 1} we have
Yo ¢
(6.16) Tun : G(N) — Su(N) % o /F ) ®(¢) —

The poles of the meromorphic function ® coincide (accounting for
their multiplicities) with zeroes of S,,(\). Therefore the right-hand side of
the last relation represents an entire function and Lemma, 6.3 is equivalent
to
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LeEmMMA 6.4. — The following relation holds:

sup{||7m,n || pw,—PW, _, } < 00.
M,N

)

g. Proof of Lemma 6.4 — reduction to a problem in weighted
Hardy spaces.

When evaluating the norm in the space PW; _, one can integrate
along any horizontal line. Therefore to prove the lemma it suffices to obtain
the relation

z < Const,

/ |Su(z + 20)

Sz + 20

Z/ x+22)

where the constant is independent of G € PW,, ||G|lpw, <1-

In turn, it suffices to prove the relation

(6.17) /_oo 1@+ 29) Z/ (x+2)

|z + 26|
which can be viewed as an estimate in a weighted Hardy space. To make
this reasoning clear we need the following notation.

z < Const,

Let a function a(z) > 0, —o0 < z < oo satisfy the condition

% |loga(z)|
(6.18) /_m e o < oo

Denote by fZ(z) the outer functions in the half-planes C§ = {z :
Sz > 2}, C; = {z : Sz < 2}, respectively with boundary values

|fa (@ + 20)| = a(x).

One can construct these functions as follows:

+ _
f(z) = exp{£ o / (t 5, " P 1) loga(t)dt}, £(Sz—2) > 0.

It should be mentioned that

(6.19) =)

For detailed explanation about outer functions see, for instance, [25].
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Let H?r be the usual Hardy space in the half-plane C'{. Consider the
weighted Hardy space

(6.20) H}, = fr.(2)H].

This is the space of all holomorphic in C§ functions ¥(2) such that

oo

1903, =sw [ 1+ ) ¥+ i)
' Yy

—00

= /°° la(z)¥(z + 2i)|2dz < oco.

—oo
The weighted Hardy space in the half-plane C; may be defined in a similar
way.
Denote

_|S(z + 2i)]

w8 = o rapr

The function

N dc
v z) = / ®

un@) =3 [ #0725

is holomorphic in C5. Therefore one can read the estimate (6.17) as

(6.21) sup{||¥nm,n|lgz } < Const
M,N oy

)

uniformly with respect to all functions G € PW,, ||G|lpw, < 1.

h. The dual of weighted Hardy spaces. To evaluate the norm of
a function from a weighted Hardy space we need the following.

LEMMA 6.5. — Let the weight function a(z) > 0 belong to (HS) and
b(z) = (a(x))~'. Then the space dual to H3 , admits the representation
(H2,)* = H? ,. The functional Le corresponding to © € H? , has the
form

o0
Lo(T) = / Oz + %) ¥(z + 2i)dz, ¥ € H?,

—00

and [|Lell(z2 )« < [Olla2 -
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Proof. — Consider the space
L2(R+20) = {f(- + %) / (a(2))2|f (& + 20)2de < 0o}

Its dual (L2(R + 2i))* admits the natural realization (L2(R + 2i))* =
L%(R+ 2i). The functional £, corresponding to a function g € LZ(R + 24),
has the form

L,(f) = / " @+ 2) (o + 20)dz, f € LA(R + 2)

— 00

and [|£gll (L2 Ry2iy)- < 190 L2 R12:)-

Besides a €(HS) and, hence, b € (HS). Therefore the Hilbert trans-
form is bounded in each space L2(R+2i), L2(R+2:). The Sokhotski-Plemelj
formula leads one to the decompositions

LZ(R+2i)=H} ,+H? ,, L}(R+2i)=H?2,+H?,.

Thus (H? ,)* = L}(R + 2i)/A, where A is the annihilator of H? ,. To
complete the proof it remains to mention that A = {g € L2(R + 2i) :
Ly(f)=0,VfeH}, }= HE, .

i. We use this lemma for a = a,. Let, as earlier, b = a™'. For © € H? ,
denote

Am,N(©) = / O(z + 20) ¥ pmr N (x + 2i)dx.

and mention that relation (6.21) is equivalent to

622)  sup{lAw(O)]:© € B, O]l , <1} < .

We have

(6.23)

Aun(0) = Z _ [ o0 [ Gme= [, . #0ec

The integrals over all the vertical segments, but [R_ps + ¢, R_p — 4] and
[Rn+1+1i, Rvy1 — i) disappear. Therefore in (6.23) one may integrate over
the curve Y7 n which is the boundary of the rectangle with the vertices
R_p+i,Ryy1 £,

Let f,. be the outer function in C_ with the boundary values
|fa (z + 21)] = a,(z). Then

8(¢) = f2,($)80(¢); ©0 € HZ, ||€0]| 52 < 1.
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Combining this with (6.15) one obtains

Aun(©) = Z C [ sl 0eu

and we need to estimate S,,(¢) from below on T s, . The function F,,(z) =
S, (2) exp(—imz) belongs to the Nevanlinna class in C_ and the factoriza-
tion theorem (see e.g.[25]) yields

Su(2) = eXP(iWZ)f|§w(x+2i)| (2)Bu(2),

where B, (z) is the Blaschke product for the half-plane C_, corresponding
to the zero set {\,(w)}. (Here the singular part of the decomposition
vanishes because the function S, (z) admits an analytic continuation at
each point of the boundary of C_, see e.g. [25]).

With account of (6.19) we obtain

Aun(®©) = [ (5 20y )2 (0800 expl-in)ic

tren B0
620 = [ SO0 e(-inOd
where
IS(CIJ + 21,)| 1

) =) = 1 T2 AT e

By Theorem 6 there exists a constant C = C(w,<y) such that, for almost
all w e 9,

|S(.’II+ 21)[

i Sell it 0 /4
oz SCAHIl)

and, finally, d,(z) < Const (1 + |z|~7/4), whence (evidently)
£ (Q)] < Const |f1 | zpy—v/al X 1€ = 347774, ¢ € C-.

Returning to (6.24) we have

ld¢]|
| Bu(OIIS — 3ajr7/4”

|Abe.n(©)] < Const /T IG(O)180(C)]
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j. To complete our construction we need the following lemma.

LEMMA 6.6. — For almost all w € §) there exists a constant kg =
ko(w,~) such that

1B, (OI¢ = 3i["/* > ko, ¢ € Tar,w, M, N € Z.

The constant kg is independent of M,N € Z .

We postpone the proof until the next subsection. Assuming this
lemma to be already proved, it remains only to use the inequalities

sup [ [G(OIdc] < Const |G,
M,NJYp

sup / 180(C)[2ld¢]| < Const €03 ;
MNJr -

this follows from the uniform square integrability of the functions G, ©g
along each horizontal line R + iy, |y| < 2.

We have

| Ast, v (6)] < Const /T GO l180(O)lldc]

1/2 1/2
<([ 1e@raa)"( [ 1earidc) " < const
Tm,N TMmN
uniformly with respect to M, N € Z. This completes the proof of Theorem
7 (subject to the lemma above).

k. Proof of Lemma 6.6. Taking into account that all the zeroes Agx(w)
are real we have

- ¢ = M(w) ¢—2
B.(Q) = H‘( Ak al..c)) 4i Hl Ar(w) — 28

We compare this quantity with the similar one corresponding to the
unperturbed zeroes:

¢—2i |7t

B )\k(w) + 24

IB(Q)] =

1
/\k+2’l,| ’
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We have

1Bu(¢)/B() | .
|-G (52

. AN

(0555 055 )

After estimating the quantities in the braces from below and from above
(one can do it exactly in the same way as when proving Theorem 6), we
see that, for almost all w € Q

Bu(¢)
B(¢)

where the constant depends only on v and w.

> Const |¢|™"/4,¢ € Ty N, M, N € Z,

It remains to prove that
|B({)| > k1,{ € Tm,n,M,N € Z.

Estimates of this type are standard, see e.g. [4]. We include the necessary
arguments here in order to make the exposition self-contained. In fact we
prove a statement little bit more general:

Let d = inf{\g+1 — Ax}. For each € > 0 there exists a constant
k1 = k1(e, d) such that

IB(C)| > k, for |3¢] < 2, dist(¢,A) > e.

Indeed, without loss of generality one can assume 0 < R( < 1,
(otherwise we can shift the sequence A). Then we have

|B(c>|=< II 11 ) <1+Ak4—i2i)(1_>\_k--i-%——4>l

[Ak|<20 |Ax|>20
= I ({)M2(¢)-

The first product contains at most 20/d factors and, clearly, is bounded

(from both sides) by constants depending on d and € only.

Since |(Ax — 24) 7, (A + 4i — ¢) Y| < 1/8 for |\k| > 20, we have
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43 4i
|log Tx(¢)]| = R [108 (1+ " 2z) + log (1— m)]

I/\k|>20

1 1
<R Y 4i< . _ ) <10 Z v
[Ak|>20 Me =20 At di- [Ak|>20 v

The last term is independent of A. Q.E.D.

1. Now we outline the proof of Theorem 8. Since statement a. is
already proved, it remains to consider statement b. only. Direct calculation
shows that the operator Tps,n defined in (6.16), being a partial sum of the
Lagrange-Hermite interpolation series, admits the representation

pr—1
(625) TM,N : G(/\) Z Z Z G(l) )\k(W) k,l(>\)v

n=—M I\ (w)el', =0

where the functions Hy; are defined in relation (6.4).

It is clear that the righthand side of relation (6.25) approaches the
function G(A\) as M, N — oo if the latter decays fast enough when A — +oo0.
Since such functions are dense in PW,, and, by Lemma 6.4, the operators
Tum,n are uniformly bounded from PW; into PW, ,, it follows that, for
each function G € PW,, the series

(6.26) Su(N) Z 3 pkz Gt (A" GO vy,

n=—oo ,\k(w)el"n =0

converges to G in the space PW; _, whose norm is weaker than the norm
of PW,. (We mention that this series coincides with (2.19) in the case when
all points A, (w) are distinct).

Theorem 8 says that series (6.26) for each function G € PWy 4
converges to G in the space PW,, whose norm is weaker than the norm of
G € PWg . One can carry the proof of this statement in a very similar
way; the main step — the proof of uniform boundedness of the operators
Tu,N from G € PW, , into PW, is a slight modification of the proof of
Lemma 6.4. We omit the details.



RANDOM PERTURBATIONS OF EXPONENTIAL RIESZ BASES 249

7. Local convergence of series expansions
in random exponential systems.

In this section we prove Theorem 9.

a. First we obtain a representation for the partial sum

pr—1
Lu(fiRT) = Z Z Ck,ltl exp(ig(w)t),
R<A<T 1=0

assuming, as usually, that all zeroes \x(w) are simple (i.e. px, = 1 for all k).
The elements of the biorthogonal system are

Su(A) ;
(7.1) hie,w(t) =3 / S OR@) 0 = (@) exp(—iAt)dA,

and the coefficients of series (2.11) have the form

1 [ Su(A)
@) =5 [ gmoresmey FON

where

(7.3) F(\) = /" f(t) exp(—iAt)dt.
Therefore
exp(tAg(w)t)
BRT) = 5 [ S.0F0 ) 2 SR )

Denote by I'r,r a closed curve whose interior Gr,r contains A, N
(R,T) and does not contain other points of A,, and define xg () = 1, if
A € Gr,r and xgr,7(\) = 0 otherwise. We have

1 exp(iCt)
o /p 500-0%

exp(tAg(w)t) _exp(iXt)
2 SLARW)A = Ae(w))  Swu(X)

XR,T(A)-
R<A\(w)<T

Therefore

Yo (f; R, T) = %’r / exp(z/\t)F(/\)d/\

_explict)
* _/ SOF) [ ST

(7.4) =30(f;R,T) + @ (f;R,T).
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b. The first summand 22,1)( f; R,T) is independent of w. It simulates
the behavior of the classical partial Fourier sums. Indeed, taking (7.3) into
account we have

SOGR I = 5 [ s 2R Zep(RE-1) 4,

and comparing the obtained kernel with that of Dirichlet we obtain
(7.5)
=P (R T)(E) ~ S(f;R,T)(t) — 08s R — —00, T — o0; t € (~, ).

c. Therefore we need to construct a sequence R(= R(f,w)) =
{RN}*,; BN — t00 as N — o0 so that

2P (f; R-m, Rn+1)(t) = 0,M,N — +oo,t € (—m, ).

We have (not specifying the contour I'g )

£ w(f BT - . ﬂl% / e);I:)((zC(;) _°° Swf\)\zfz (A)

Denote I‘}:‘;’T =T'rr NC* and consider the quantities

5 1 exp(it) [ SL(A)F(X)
19  EERDO= g [, Tt [ o

d\d(¢.

separately. (We recall that here, as earlier, we assume C* = {z;32z > 2}
and C™ = {2;92 < 2}.)

d. Transformation of o7 (f; R,T). By Theorem 6 the function S,
on the line R + 7 is comparable with the function S:
(7.7) Cop(+1el)PIS(z +1)| < |Su(z + )| < Cup(1+ |2])P|S(z + )|
for each B > 0. Take 3 to provide that the squares of both the right- and
lefthand sides of this inequality satisfy the (HS) condition.

Denote by ey (M) the outer function in {z;Sz > 1} satisfying the
condition |ey (z +i)| = (1 + |z|?)|S(z + 7)|. We have |e4 (x + i)|? €(HS).

All zeroes of the function S are real. Therefore (see the similar
reasoning in the previous section)

(7.8) le+ ()l = (1 + [KIP)S(O)]] exp(im¢)], ¢ > 1.
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For ¢ € I‘;’T one can replace the inner integral in (7.6) by

=S, WFQ) 4y
/_OOH ¢ dX =: ©4(¢).

As in the previous section,
(7.9) 0+(¢) = e+(Q)0%(¢), ©% € H* (¢ > 1).
Combining (7.6), (7.8), (7.9) we obtain

S
5.(¢)

Estimating the function S,,(¢) from below (via S(¢)), we, finally, obtain
(7.10)

lod (f; R, T)(¢)| < Const /+ (1 + [¢1)* exp(=(t + m)S¢)16% (¢)IldL,

FR,T

|lod (f; R, T)(t)] < Const /+ (1+[¢1)? exp(—(t+m)3C) 193.(O)ld¢]-

R, T

here the value a(= 23) may be chosen arbitrarily small (if we increase the
constant before the integral).

e. Now define the contour I'g 7 as follows:
Crr=IfUIZUIf UI; UCE  UCE 1,

where IF denote the segments [a,a + ilog? |a|] + 2i and C’j‘;’T denote the
half-circles located in the upper and lower half-planes respectively with
diameters [R+ilog® |R|, T % ilog® |T|| + 2. So T}, 7 = If UIF UCE 1 and

ot (f; < Cons “exp(—(t+m
o2 (/3 R, T)(¢)| < Const </+/I+/ )(1+1<|) D(~(t +m)30)
102(Q)llde] =: o3 (F; B)E) + 03 (£ T)(8) + AL(f; R T)(E).

f. The definition of the contour I'g r provides, for t € (—m, ),

sup {(1+ |C|)°‘exp(— l(t+7r)8‘()} —0asR— —00,T — o0.
Gt p 2

Besides ©9 ({) — 0,{ — 00,S¢ > 1. The (essentially) same estimates as
when proving the Jordan lemma yield

AL (f;R,T)(t) > 0,R — —00,T — 00

for each t € (—m, ).
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Therefore to estimate the quantity |} (f; R, T')(¢)] it suffices to cons-
truct a sequence R(= R(f,w)) = {Rn}>¥;RN — 00, as N — +oo
so that

(7.11) o} (f;RN) — 0,N — £o0
for any t € (—m, ).

g. Denote G = {¢ € CT; 3¢ < log? |R¢| + 2}. We need the relation

(7.12) / /G (log [¢])210(C)dm¢ < Const 16|z ¢,

here, as usually, dm; denotes the planar Lebesgue measure.

In order to obtain this relation we recall that a measure p in C* is a
Carleson measure if, for all z € Rand h > 0

p{¢ =&+t 2 <<z +h2<N<2+h})<Ch

with a constant C independent of x and h. (For definition and properties
of Carleson measures see e.g. [25], [26].) For such measures the Carleson
theorem says

/ / 6(2)Pdu(z) < Const ]2, vy © € HA(CH).
To obtain (7.12) it now suffices to mention that the measure dy, =

(log(1 + |2]))2xg(2)dm., (here x¢ is the characteristic function of G)
is a Carleson measure in C*.

Now denote G, = {¢ € G;n < R¢ < n+ 1} and rewrite (7.12) with
© = 6Y in the form

Sl1-+Hnl") 10g? i) Hf / (1+[¢INOY.(¢) 2dm¢ < Comst €% g2,

which, in particularly, yields

lim inf |n|'~ 2"//0 1+ I%CI“)Ieﬂ(C)lzdmc =0.

n—1oo

For each € > 0 denote

log? €]
Ben={€€ i+ ylnfe [ 1086 +imldn > e},
2
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The Chebyshev inequality yields

lim inf |n|'~2®

n—+oo

mesE,, =0

and, thus, for each € > 0, there exists a sequence {rg(€)}>,;ryx — *o0,k —
+o00 such that

(1 +[¢I*)I0%()IdI¢] < e.
Tk (€)
In order to obtain a sequence satisfying (7.11) it now suffices to use the
diagonalization procedure.

h. One can consider the quantity o (f; R,T) in a similar way by
taking into account that the half-plane C™~ contains the zeroes of the
functions S and S,,. Therefore, to estimate the function S, ()\) from below
we also need to estimate the Blaschke product with respect to the zeroes
A,. This may be done in the same way as in the previous section.

In addition it can easily be seen that the sequence R = {Ry} may
be chosen so that dist(R,A, UA) > 0 (thus satisfying the hypothesis of
Theorem 6) and simultaneously

U:(f;R_M,RN)—*O,M,NﬁOO,

o (f;R-—m,RN) — 0,M,N — o0.

This is the desired sequence.
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