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SHARP L°-L? ESTIMATES FOR A CLASS
OF AVERAGING OPERATORS

by A. IOSEVICH and E. SAWYER®)

1. INTRODUCTION

Let S be a smooth hypersurface in R™. Let

(1) Tf(z) = /S f (@ — y) do (v),

where do is a smooth compactly supported measure on S. We consider the
problem of determining the optimal range of exponents (p, q), such that

2 ITfll Larmy < Cpig 1 fllLo(rmy» £ € S(RT).

It is known that if S has everywhere non-vanishing Gaussian curvature,
then (2) holds if and only if (%, %) € T,, where T, is the triangle with

— F}T) (see [Litt], [Str] and [St1]). If

the Gaussian curvature on S is allowed to vanish, sharp (LP, L?) bounds
are in general very difficult to obtain.

Let

vertices (0,0), (1,1), and (

F[do] (¢) = /S = do (z),

where do () is defined above. It is known that if | F [do] (§)| < C (1 + |€]) 7,
p > 0, (which holds for some p > 0 if the Gaussian curvature vanishes of

(*) Research supported by NSERC grant OGP0005149.
Key words: Averaging operators — Hypersurfaces — Homogeneous functions.
Math. classification: 42.
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at most finite order), then ( 2) holds whenever

1 1 1 p
® ter<n -3¢ (5h),
and ¢ = p/, the conjugate exponent (see [Litt] and [Str] ). However, if the
Gaussian curvature is allowed to vanish, this result is not sharp in the
sense that even with the optimal decay p for F [do], (3) does not cover the
full range of exponents (p,q) such that estimate (2) holds, even after we
interpolate with the trivial L! — L! and L>® — L™ estimates.

The purpose of this paper is to determine the optimal range of
exponents (p,q) such that (2) holds in the case when S is a graph of a
homogeneous function ® of degree m > 2. We begin with a lemma that

11
shows that we can never have (;, —) outside the trapezoid with vertices
q

n 1
(0,0), (1,1), (n+m—1’n+m—1)’
» - 1 1- n i
n+m-—1 ntm-1

DEFINITION 1. — Denote by Q (N, p) the trapezoid with vertices

Np p
©0. 0.2, (GG w3577

p Np
and (1‘ N-Dp+D (N—1)<p+'1)>'

Thus Q (N, p) is the intersection of the triangle Ty and the half-plane lying

1
on and above the line = — — = _P_
P gq

p+1

Note that N plays the role of the effective dimension, while p plays
the role of the decay of the Fourier transform of the surface carried measure
(which coincides with the p in the L? condition on ® below - see [IoSa]).

LeEMMA 2. — Suppose S is the graph of a homogeneous function of de-
11 -1
gree m. If T is defined as in (1) and (2) holds, then (;, E) €Q (n, n_r—n_)

Proof. — We first test T against f = xp, where B is a small ball
of radius § > 0. Then T'xp is at least c6”~! in absolute value on a set of
measure C§. Thus (2) yields

—141 n
8" 4 < ||Txsl1q < Clixall> = C7,



SHARP LP — L7 ESTIMATES FOR A CLASS OF AVERAGING OPERATORS 1361

1
for § small, which implies that n — 1 + a > % By duality we also obtain

1 1 11
n—1+—2> 2, or —TE . These two 1nequahtxes show that (— —) must
p q q P pq

. . . . 1
lie in the triangle 7,, with vertices (0,0), (1,1) and ( Ty 1)

11
Next, a simple homogeneity argument shows that (;, E) must lie on

-1
or below the line — — - = n—. Indeed, Ty = 2(*~Vkr_, Ty 1), where
p q m+n-—1

T (@) =xp (%) [ 1 ~1/\50 =) xp (2) d

and 7i f (z/,z,) = f (2¥a’,2%™z,,). Also Ty f = T f for f supported in
%B. Assuming (2) holds, we thus have

ITofll e = 2% |k Temic f || Lo
= oH= DG 1m] gy = MDA m] yp gy

< C2k[(n—1)+%—(n—1+m)] Imeflle = C2k[(n—l)+(%—%)(n—l+m)] £l s -

1 1
Since ||Tof|| . > 0, we must have (n —1) + (a - ;) (n—14+m) >0 as

11 .
required. Combining the facts that (;, E) lies inside the triangle 7, and
11
on or below the above line, we obtain that (—, —) must lie in the trapezoid

Q(n,n—_1>.
m

We shall also apply our methods to the question of regularity of the
following initial value problem:

Ou
@ P(D)u=i—— Er
u(z,0) = f(z),

where (z,t) € R™ x Ry, and P(D) is a differential operator with symbol
P(&). Kenig, Ponce, and Vega [KPV] showed that if P(D) is an elliptic
operator, i.e the principal homogeneous part does not vanish on the unit
sphere, and if the determinant of the Hessian matrix of P satisfies
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() [HP ()| > Clg["™?,
then, roughly speaking, the solution u(-,t) has g(m —2) derivatives in L®
if the initial data f is in L!.

However, the result in [KPV] does not apply, for example, to the
operator with symbol

PE)=¢+& -6
since the determinant of the Hessian matrix of this polynomial,

HP(¢) = -24 (6] + & - 661€3),

vanishes along a line, and consequently the estimate (5) does not hold. In
this paper we shall drop the curvature assumption (5 ), and weaken the
ellipticity hypothesis on ®, for homogeneous operators in dimension n = 2.
See Theorem 16 below.

2. MINIMAL CURVATURE ASSUMPTIONS
- THE L CONDITION

Let
© @)= [ 1@~y 2@V,

where 9 is a smooth cutoff function and ® € C* (R"!\ {0}) is homo-
geneous of degree m > 2. In this section we obtain the optimal mapping
properties for T in the case when no additional curvature assumptions are
placed on the level set {® = 1}. The mapping properties are then deter-
mined by the L? condition introduced in [IoSa], namely that

(7 & (w)~ e LP (S"72).
The main result of this section is the following.

THEOREM 3. — Let T be defined as in (6) above. Suppose that

<I>(w)—1 c LP (S"‘l) with 0 < p < min{nT—l,%}. Then the norm

inequality (2) holds if (%, i—) lies in the trapezoid Q (2, p). Conversely,



SHARP L? — L9 ESTIMATES FOR A CLASS OF AVERAGING OPERATORS 1363

-1
for each p < ?—m—, there is a @ satisfying the above hypotheses such that
11
(2) fails for (; E) outside the trapezoid Q (2, p).

-11
Remark 1. — The restriction p < min {LLTn—’ 5} is natural here.

1
Indeed, p < 3 follows from the fact that we are only assuming curvature

-1
in one (the radial) direction, while p < n is implied by the finiteness

of the integral
1
/ |®|"" dz = C/ P24y,
Jz|<1 0

Proof. — Similar ideas to those below appear in [Str] and [RiSt]. Let
® /@)= [ 1@ -van-2@)RW) T vw)ay,

and note that T75T f(z) =Tf (z) . We begin by showing that

(9) T%:L*®(R") — L* (R"), Re(a) =0,
3
5 1
T*:L2 (R") — L*(R"), Re(a) = 3
with operator bounds depending only polynomially on Im(c). Now when
Re(a) = 0, then the power of |® (y')| appearing in (8) has real part —p,
and so by the L? condition (7), T* is convolution with respect to a finite
measure. Thus 7% is bounded on L* (R™) with norm independent of Im(«).

To obtain the second mapping property in (9), we must exploit
the two facts that (i) we have L? boundedness for T3 composed with
fractional integration in the z’ directions and differentiation in the z,
direction and (ii) we have a bounded kernel for T’ 3 composed with fractional
differentiation in the z’ directions and integration in the z,, direction. More
precisely, let

(10) U*f (2) = £+ K3~ (=780)2 w1z,

=//f(:c'—y’,xn—un—<1>(y/))

« [0 () PERI-G-80)-1) o )qu{) dy/dun,
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z—1
where K is the kernel of T, I7 = 8o (2') ® I, (zn), and I, (t) = |1t1|( 3
z

If Re (z) = 1, then the kernel of UZ is clearly bounded and so we have

(11) Ut L' (R™) —» L™ (R")

with norm independent of 7. On the other hand, when z = —% + i1, we
compute that the power of |® (v')| in (10) is

p+1][1 1 p 1. 1 )
p( p [3 (3 p1) (T2t )= et
and thus that
(KH-0-50) " (¢'60) = [0 €D 0 )7 p )
In the case 7 = 0, we proved in Theorem 4(A) of [loSa] that

the latter integral decays like C|¢ l—%, and the same proof shows in
. 1
general that the integral decays like C'(1+|7|)|¢|” 2. For the sake of

completenesss we give the proof. Begin by letting a = 3~ p + ic,T,
1

Q= {w €S20 (w)| > m} and writing
n

F(¢,6) = / @€+ @) | (2)| (z)de

T EST 2\ T €EQ

Now if we take absolute values inside the first integral, we see immediately
that

n—2 1_
FS"N\ (¢e,) < © @ (@)[* dw
{wGS"‘z:[Q(w)Ki}

<Cleal 7 {wesm2: 10 W)™ > Iéal}
<Cleal™?,

since ®(w) " € weak LP (S™2).

To handle the second integral, let ¢ be supported in the annulus

A={x€R”“1:%<|x|<2}
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so that
o o]
th (2kz) =1, |z|<1.
k=0
Setting

FRE.6) = [ o463y (2h0) (o) 8 ()" o,
T €N

x

we obtain

F@ (5’ A) — Z F;? (gl,gn) - Zz—k(n—l)z—kmaﬁ{l (2—k§l’ 2—km£n) ,
k=0 k=0

= ( Z + Z ) 2—k(n-—1)2—kmaﬁé} (2_k€y 2—km)\)

kM€, d(w)|  2kMm<|€n®(w)]
=I+1I,

where

~ : —kgt —km
B Crteame)| =| [ ety 0
121 €9

$(27*2) | (2)|* do

/ei{r(2"‘w~§')—r"' (2"""£"<I>(w))}(p (r) ¢(2—k,’.)rma+n—2d,r

S/
Q
II ("I')l1 p[!“

<C(1+]r) /n (1427 6,8 (@)]) "} 1@ (@) 7F 7 dw

since the curve (r,7™) is nondegenerate for r € (— 2) and

2 Lo (B2} <€ (1 + 7).
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Thus we have

1 < c/(

<C / (162 @)™~ () |8 () F do

2-k<n-1>2-km(%-P)) | (w)[2 7 dw

2km2|€n ®(w)|

<Ot @ (@) du
{wesn
=Cle, "GP [ R ymt
l{w €S2t <@ W)} < |5,,|}‘ dt
< Clea"(379)- / - ol o4t < Ol E,
since ®~! € weak L (S"~2). Also,

et [ 3 gty

2km <|€n @(w)|

2™ (£, (w)]) "? @ (w)|F 7 dw

<0(1+lfl)l£nl‘%fa( > (2’"")”‘"7'1) |® (w)| ™" dw

2km < (¢, @ (w)|
<O+l e} /Q 1® ()| duw
C+ir) e,

since p < %—1 and &' € L (S"_z). Altogether this shows

<C(L+|r)) 3

(K%‘(a p+1)) (&,¢&)

as required since if |¢'| > C'|&,|, then integration by parts yields rapid decay
(see Proposition 4, p. 341 in [St2]).

Since

_ 1
" ()| = [eléal | = cleal?,
Plancherel’s theorem together with (10) now shows that
(12) U—3t7 . [2(R") — L? (R")
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with norm at most C (1 + |7|). By analytic interpolation, the maps (11)
and (12) yield
U : L3 (R") — L3 (R

with norm at most C (1 + |7])?. This completes the proof of (9).

Now by analytic interpolation of the maps in (9), we obtain that
T = T# maps L% to L% . Thus the mapping set (of points <%, %)

2
such that (2) holds) contains the point (p _f 7 _,1)_ 1) , and by duality the
p 2p

point (l -1 ——) Using the obvious facts that T" is bounded
p+1’ p+1

on L' and L*°, we see that the mapping set also contains the points (1, 1)
and (0,0), and the first part of Theorem 3 now follows from interpolation.

We now turn to the converse assertion in Theorem 3. The following
example shows that in general we cannot do better than the trapezoid

Q (2, n_;l_1> without additional curvature on the level set {® = 1}.

Example 4. — Let ® be homogeneous of degree m such that the level
set {® = 1} contains a copy of the cube I"~2. Set fs = xp,(5)x1n-2 Where
the two cubes I"~2 are parallel and B2 (6) is a disk of radxus 6 > 0. With
T as in (6), we note that || fs||, = c67 and ITfsll, > cb - 63 since Tfs is at
least c6 on a set of measure c6 We thus obtain from (2) that

c8'*% < ||Tfsll, < C |l fsl, = Ces?

1_2 .
for 6 small, and so 1 + = > —. This is precisely the estimate obtained in

. q
Lemma 2 in the case n = 2, and if we now use duality and argue as we

11
did there, we obtain that <5, —) must lie in the triangle with vertices
q

,0), (1,1) and (g, %) Since (%, %) must also lie on or below the line

1 1 -1 1
LA L vl 2 (see Lemma 2 again), we see that (—, -1—> lies in the
p q m+n-—1 P q

trapezoid Q (2 ——1>
m

The next example shows that in Theorem 3, we cannot do better than
Q (n, p) without improving the L? condition.
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Example 5. — Let ® (z) = z{* x ... "7

ne1 Wwhere a; > a2 > ... ap_1.
1

Then &1 € Lar (S"72%),s0 p = o If we apply the scaling argument of

Lemma 2 with n = 2 and m = a; to the variable z; in ®, we obtain the.

1 1 1 p 11
restriction - — —  ——— = ——. Since we always have | —,~ ) € T,
p g Sm+1 p+l Y ( ’ ) "

. 1
we see that T is not bounded for (1—), —;—) outside the trapezoid Q (n, p).

Finally, by combining the above two examples, we can construct a
® satisfying the hypotheses of Theorem 3 such that T is not bounded for

11
(I_J 'Z outside the trapezoid Q (2, p). Indeed, choose ® to be homogeneous

of degree m = a; +ag+...+a,—1 where — = aj > as > ... @1 such that ¢

looks like the function in Example 5 for # near the coordinate planes, and
such that the level set {® = 1} contains a copy of the cube I"~2 away from

11
the coordinate planes as in Example 4. Then just as in Example 5, (; , 5)

_P_
p+1

(%, (—11> € T3. Thus T is not bounded for (%, i—) outside the trapezoid
Q (2, p), and this completes the proof of Theorem 3.

1
must lie on or below the line - — - = , and just as in Example 4,

3. ADDITIONAL CURVATURE ON THE LEVEL SET

Our first result shows what type of mapping property can be obtained
from a given decay on the Fourier transform of a surface carried measure
weighted by powers of |®|, and the proof is a generalization of that of
Theorem 3. More precisely, we consider

(13) FZ(¢) = / ei(z’.€'+<l>(:c')6n) |® (m/)lz » (IL‘/) dr’
Rn—1
where ¢ € C° (R™1).
THEOREM 6. — Let T be defined as in (6) above. Suppose that

dw)t e LP (S™ 1) with 0 < p < min{n——l,'%}. In addition, we

such that

n
assume that there is 0 < 7 < 5

(14) |FZ (€)] < Cramgy (1 + )37



SHARP LP — L9 ESTIMATES FOR A CLASS OF AVERAGING OPERATORS 1369

1
when Re(z) +p = 3 + 1, and that Cr,,(,) grows at most exponentially in

Im (z). Then the norm inequality (2) holds if (%, %) €Q2(n+1),p).

Proof. — Let
(15)

i@ = [ 1@ -van-s @)t

Y (y')dy,

where N = 2(n+1) < n is the effective dimension, and note that
T=5GwD f(z) =Tf (z). We begin by showing that

(16) T%:L*®(R") — L*(R"), Re(a) =0,
a . ﬁﬁ—l n LN +1 n — 1
7o L (B?) — LV (R"), Re(@) = 547
with operator bounds depending only polynomially on Im (c). The first
estimate follows as in (9). To obtain the second mapping property, let

(17)  U*f(2) = f» K™ (W w=om) 7« 12
[ [1@-vn-um-2)

x |® (yl)|P((N‘1)£%[N5-_1_(N5r_1‘7%)z]‘1)

Iun|z—l

/
P (Z) dy duna

¥ ()

z—1
where K is the kernel of T, I7 = 6o (z') ® I, (z»), and I, (t) = |tI‘|_(z_5_

If Re(z) = 1, then the kernel of U# is clearly bounded and so we have
(18) U1+‘i7' . Ll (Rn) S L™ (Rn)

. -1
with norm independent of 7. On the other hand, when z = —5—2——— + T,

we compute that the power of |® (y')| in (17) is

”((N‘”p:l[zvil‘(N11‘<N—1§)(p+1))(‘N;1”T)]‘l)

N-1 .
=T—p+zc,,,NT
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and thus that 4
1 (.1 A
(Km (NTFT N-1)(p+1 )Z) (E’,gn)

- / =iV €+62(V)) 19 (/)T P g () dy.

By assumption this integral is bounded by C; (1 + |§|)_H2;l. Since

(I:i,.)/\ (En)‘ = ‘Clgn,_z
(17) shows that

N-1
= c|é,| 7 , Plancherel’s theorem together with

N

(19) U-SF+T . [2(RM) - L2 (RM).

By analytic interpolation of the maps (18) and (19), we obtain that
Uir . LEF (Rn) N LN+1 (Rn),

and this completes the proof of (16).
Now by analytic interpolation again, we obtain that T = T=DGFD

(2e+1)(p+1) (2e+1)(p+1) .
maps L™ 2E+De to 3 . The conclusions of the theorem now follow

from duality and a further interpolation using the obvious facts that T is
bounded on L! and L.

Remark 2. — For a homogeneous polynomial of degree m, Theorem
6 does not yield the sharp LP? — L? mapping properties. Indeed, the weight

|®|* is effective in improving the gain from the radial direction up to -,
but the problem is that the gain from the tangential direction, which could
be as little as g is not improved at all. This problem is overcome in three
dimensions in the next section by introducing an appropriate tangential

weight that allows us to gain up to 3 in the tangential direction also.
n—1

This yields a total gain of = 1 which produces the sharp mapping

properties when n = 3.
3.1. An application.

We will use a refinement of Theorem 6 in proving our sharp 3-
dimensional results in the next section, but first we give an application to
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a special class of surfaces in any dimension. We start by giving conditions
under which estimate (14) holds.

THEOREM 7. — Let ® be homogeneous of degree m with level set
¥ = {® = 1} containing a copy of £y = S*¥ x I"~2~% and such that the
Gaussian curvature of ¥ is non-zero outside this copy of ¥x. Then with
FZ (¢)as in (13), we have

|Fg (6)] < Crm(z) (1 + |§|)'%‘§

n-1 1 k
forRe(z)+—m———2-+§.

In light of Theorem 6, we now have the following corollary.

CoROLLARY 8. — Let S be the graph of ® where ® is as in Theorem
7 above. If T is as in (6), then the norm inequality ( 2) holds for (;7, %)

-1
in the trapezoid Q (k + 2, Em—)
Proof (of Theorem 7). — We compute

F(; (ﬁ) — Ln_l ei(z’~€'+<l>(a:')5n) I@ (wl)lz b (11)') dz’

o0 e ixem Ao (M) L
— etrn 13 ezAr rt 2,,,mz r d?",
L R

where do is surface measure, upon using polar coordinates, making

the change of variables sending w € S™"2 to —(wT-, observing that
®(w)™

d ( (w) 7 ) = 1, and computing the corresponding Jacobian (see [IoSal).
®(w)™
Note that since P is elliptic, Euler homogeneity relations imply that |V®|
do (n)
. _ Ve @) . _
Y. We first integrate in the angular variables using stationary phase to

see that

is bounded from below. Thus = do (n) is a smooth measure on

irn-¢ 4o (m) (3]
L ey = <O
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where q (§) = / 517 + ..+ §k§ and b is a symbol of order —g in the variables
617 "'7£k7 ie.

|a?é1*'~~a§k)b(§)| <C (1 +q (f))_%—l‘ﬂ )

It remains to consider the radial integral:

o0
(20) / e ra@ AT pn=2pmzp (rg) o (r) dr
0
/\“v% 00
(21) = / +/ L =1+11
0 “m
Note that

; \ n—1+Rez
|I|<C(A"n7) . forRez>1—n.

For II we change variables 7 — rA~# to get
n— 0 i r /\_#4- m
=3 | R “he) p (rA~H) .
1

The phase function ¢ (r) = rq(£)A\™= + ™ has the critical point 7o =
1
=T 1
(_q_(/\g%) . We first consider the case 19 > 2, set A = ' () A\~ = and
m\w
decompose the integral into three pieces as follows:

AT -
I =)\""m= "% /
1

+/ +
%Aﬁh 2A#T
=\ TE(II+ IV 4 V).

Terms II1 and V are easily handled by integrations by part. We
illustrate with term V. We have

V= Lj#‘r (Lb—/l(T) %:I " ei¢(r)> rh2pmz) (T)\—%g) ¥ (,,./\—_1"7) dr

where |¢/ (r)] > er™ ! and }b(r,\-#g)‘ < c(1+r,\—#q(g))_§ <

C(l1+ rA)—g. Integrating by parts N times, we thus get
(22)

V= /2 :o L e [dii 5'1?—)] ! (r"—zr""b (r,\-#é) ) (m—%)) dr
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plus N boundary terms of which the largest is the first:

n—2,.mz -1 -1 r=ee
ei¢(r)r r b(r;’( ){)1/)(7‘)\ )
T
'r=2A_'Wh
—2+mRez _k
( A;.l_—l)" (A7) 73
= m—1 c
(47)
. k .
provided n — 2 + mRe (2) — mg ~ (m-1)<0,ie.
k n—1
(23) Re(z)<§+1—-—-m—.
The integral in (22) is dominated by
oo a 1 1" ) .
ig(r) | & n—2, mz it g
[0 te] ot o ort))
</oo n—2 mz(A)—!f —mNd <C
< ket T r <
paTET " N
for N large enough since
4y, (rA%e¢)| < oriiath
dr =

3

[;;]J P ('r/\_ ) <C (/\’F)_j < Cr~7 on supp y¥

d)’ 1 —m+1-j
[&?J 70| <

for j > 1. Altogether this shows that term V is bounded provided (23)
holds.

The main contribution comes from term I'V. Recall the critical point
1
T
of the phase function ¢(r) = rq()A\™% + r™ is ro = (q_f\&%) =
mMAm™
A==T. On the support of integration, ¢” (r) =~ AR=% and so by the van der



1374 A. IOSEVICH, E. SAWYER

Corput lemma, we have

1= | [ 0t (k) o (o8

< C|g" (ro)| % ry 2R (g 4)~

-2 -2 Re(z
< CA—2(’?n—1)+:1—l+mmi(l)_2 r’r’:-’il .

This latter expression is bounded provided

k+1 n-1
R L — — .
e(z) 5 —

Combined with (23), this shows that |II| is dominated by A== ~Re(2) for

Re (2) < E+1 n-1

11 directly by integration by parts just as in our estimate for term V. This
completes the proof of Theorem 7.

as required in the case g > 2. If rg < 2, we estimate

4. THREE DIMENSIONS

In this final section, we obtain sharp weighted decay estimates for
surface carried measures that will enable us to obtain almost the full
n—1 . . . . .
decay of = 1 with appropriate radial and tangential weights (see

Theorem 11 below). This then allows us to give sharp LP — L? estimates
for our averaging operators with nondegenerate ® in n = 3 dimensions (see
Theorem 12 below).

DerFINITION 9. — ® is said to be nondegenerate if V® (z) # 0 for

z#0.

An important part of our argument is the following geometric obser-
vation.

Lemma 10. — Let Zo = {(z1,22) : ®(z1,22) = 0}. Let Z, =
{(z1,22) : V®(z1,32) = (0,0)}. Let Zy = {(z1,22) : H®(z1,22) = 0},
where H®(z1,z2) denotes the determinant of the Hessian matrix of ®.
N;

Then for each j = 0,1,2, Z; = {(0,0)}U U L}, where each L, is a line
k=1

through the origin, and N; < oo. Moreover, Z) = Zy () Z2.
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Proof. — Let ®; denote the partial derivative of ® with respect to z;.
Since ® is homogeneous of degree m, ®; is homogeneous of degree m — 1,
and H®(z1,z2) is homogeneous of degree 2(m — 2). By homogeneity, if
Z; contains a point (z1,Z2), it also contains a line through the origin
containing that point. Since ® is a polynomial, there can be at most a
finite number of such lines. This proves the first assertion of the lemma.

By the Euler homogeneity relations,

mP(z1,z2) = 1P1(x1, 22) + 22P2(z1, Z2),
(m —1)®1(x1,22) = 21P11(21, 22) + 22P12(21, 22),

(m — 1)®(x1,22) = 21P21 (1, 22) + T2P22(21, 22),

where {®;x} denotes the second partial derivatives. Hence, Zy D Z;.
If we write the equations for ®; and ®, in matrix form we see that
(m — 1)V®(z1,z2) is obtained by applying the Hessian matrix of ® to
the vector (z1,z2). Hence, Z; D Z;. Putting these observations together
we see that Zg () Z2 D Z;.

Conversely, suppose that both ® and H® vanish along a line through
the origin, which without loss of generality we take to be the x; -axis.
Then since m®(z1,0) = z1®1(z1,0), we conclude that ®;(z;,0) = 0. Also,
(m—1)®;1(z1,0) = z,911(x1,0), and this then implies that ®11(z1,0) = 0.
By assumption,

H®(z1,0) = ®11(21,0)P22(z1,0) — %,(21,0) =0

Since ®11(z1,0) = 0, we conclude that ®;5(z1,0) = 0, which implies
that ®2(x1,0) = 0 since ®p(z1,0) = z1P21(z1,0). This proves that
V®(z1,0) = (0,0) and hence that Z; D Zg () Z2. This completes the proof
of the lemma.

Since we are assuming that ® is nondegenerate, i.e. V®(z1,22) =0
iff ($1,(E2) = (0,0), Lemma 3 implies that Zp()Z; = (0,0). By Lemma

3, Zo = U L;, where N < oo and each L; is a straight line through

j=
the origin. Let S; be a sector which contains L;. More precisely, let
L;= {(rcosOJ,rsm0 ):7 >0} and let

S;j ={(rcos,rsinf) : 7 >0,0; —e <0 <0;+¢€},

where € is chosen to be small enough so that S; (].S;: = {(0,0)} if j # 5/,
and Sj nZO = {(O, 0)}
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In order to obtain a sharp version of Theorem 6, we will need decay
estimates for the Fourier transform of surface carried measures weighted
not only by |® (z')|* , but also by what is essentially an appropriate local
power of |[H® (z')|. Let

N
Az) = H(O—Ok), for x = (rcos@,rsind).
k=1

Then we have

THEOREM 11. — Suppose that ® is a nondegenerate homogeneous
polynomial of degree m, and let

F (€)= / e (#181+2262+ 221,200 @ (1, 24)|* |A ()| T * ¥ (21, 22) dy dics.

Then
|Fo (&6, M) < C A+ A+ €))7,

2
when0<a<1—-—.
m

Note that for nondegenerate homogeneous ®, the zeroes of ® |gn-1
are of first order since 0 = m® (z) = z - V® (z) implies that V® (z) # 0 is
tangent to S™~!. Consequently, ®~! € L* (§™!) for all 0 < p < 1. Thus
the next result can be viewed as extending the conclusion of Theorem 3

from Q (2, -72;) to Q@ (3, %) in dimension n = 3 for such ®.

THEOREM 12. — Suppose that ® is a nondegenerate homogeneous
polynomial of degree m, and let T f(x) be defined as in (6) withn = 3. Then

1
estimate (2) holds if (}—, —) is contained in the interior of the trapezoid

2 . 3 1 m+1 m-1
Q (3, E) The vertices (m,m) and (m,m) (and the

segment connecting them) are not included.

The scaling argument in the introduction shows that this last result
is sharp. The result itself follows from the decay estimate in Theorem 11
in the same way that Corollary 8 follows from Theorem 7 above. More
precisely, we need the analogue of Theorem 6 with the weight A (z) thrown
in. This in turn requires only two superficial changes. First, the L* bound

in (16) follows from the integrability of |® (z)|* A (z)%* for Re(z) > -—725.



SHARP LP — L9 ESTIMATES FOR A CLASS OF AVERAGING OPERATORS 1377

Second, the number N in the second estimate in (16) should be set to 3.
The proof then proceeds as before but using Theorem 11 in the appropriate
place.

Proof (of Theorem 11). — Our plan is as follows. Outside the sectors
S;, the Gaussian curvature vanishes only at the origin. In that region we
shall obtain the desired result by using a scaling argument which relies
on a dyadic decomposition away from the origin. Inside each S; we shall
separate variables in polar coordinates, taking advantage of the fact that
®|s, does not vanish except at the origin.

Let p be a smooth cutoff function supported in the intersection of
R?\JS; and the annulus {(z1,22) : 1 < /77 +2% < 4} such that
J
c
3" p(2¥xq,2%x5) = 1. Let x denote the characteristic function of | |J Sj) .
J
Then Fu(&,A) = F1,a(§,A) + F2,4(€, A), where in local coordinates

Fi4(§,2) =/ei(xlgl+Iz£2+¢(ml’m2)'\)‘1’a($1,wz)'/’(wl,ﬂ?z)x(wl,xz)dwldwz-

Let
F¥ (€0 = / (@161 1226249 (21,22)3)
p(2F 1, 2K 20) % (1, x2) (21, Z2)dz1dzs.
Note that since each S; is invariant under isotropic dilations and 1 is rzcidial,
(1, x2) xp(2¥x1,2¥25) is supported in the intersection of (U Sj) and

J
the annulus

{@122) 27 <ot 4 af <2720},
Also, ;Fl’ia (6N = Frqa (&)
A change of variables and homogeneity show that
FF, (€,)) =2~ mka g0 (g-kg, g—kg, 9=mk))

Since F 10’ o (&, A) is defined over a smooth piece of the hypersurface where the
Gaussian curvature does not vanish, it is known that |FP, (£,A)| < C |)\r1
(See e.g. [St2], p. 348). We shall also use the fact that |F7 , (£,A)| < C. We
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must estimate Y 272k2-mkaFp (27k¢,27%¢, 2™k )). Splitting up the
%

sum, we get

Z 2—2k2—mkaF10,a(2—k§1 , 2—1:52’ 2——mkA)

k
— Z 2—2k2—mka()+ Z 2—2k2—-mka().

[A]>2mk [Alg2mk

To estimate the first term we use the fact that |F},, (£,A)] < CIAI™Y,
whereas to control the second term we just use the fact that Flo,a(E) is
bounded. We then see that the absolute values of the first and the second
terms are both bounded by C’|)\l”’37’°‘, provided that o < 1 — —2— This
completes the argument if |A| > C(|&1]+ |€2]). However, if |A| < C(l{ml +&))
for a large enough constant C, the gradient of the phase function of Fi 4 (£)
never vanishes, and so an integration by parts argument shows that the
integral has rapid decay in (&1, &2) (see e.g [St2], p. 341).

Remark 3. — Note that if there were no cutoff function 1, we would
be forced to sum over negative k’s also. However, these are easily handled as
follows. Ignoring the weights [®|* |4]2*, which play no role in estimating
F , anyway, we have

[FE, (€ 0)] = 2% [FE, (25, 275) | < 0 (2-m-2k3)

which sums up over negative k’s to A~1. We make no assertion regarding
decay in £ in this case.

_2_ 2
Hence, |Fia (€,))] < C(1+€]) %%, if @ < 1 — —. Note that if

m
H® only vanishes at the origin, F} 4 (§,A) = F, (€,)) and the argument
above finishes the proof of the theorem. In the general case however, we
must estimate F3 o (€, ).

Let sz’ o (£, A) denote the localization of F3 , to the sector S;. In local
polar coordinates,

) 0j+e . -
F2J,a (6, /\) — /] ez(r£1c039+r£23m0+)\r @(w))rrmaq>u(w)w(,r)A(,rw)%iadOdr
0j—€
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9 e 0860 siné Ar™
= [ [ RGTEREG  pey (L)
0;—¢ Q (w)

= (w)A ( vy ))%a dédr

m 0'
// e~ Hréiprtréapatar )Trma¢(r|ll|)| = (I(:l(ll))lA(u)%adr’

where w = (cos0,sinf), X; = {u € S; : ®(u) = 1}, and do(p) denotes the
Lebesgue measure on X;.

In the second line above we made a change of variables sending

r — r@‘#(w). In the third line we made a change of variables p =

(cos8,sin 6)
= (w)

the corresponding Jacobian. We also used the fact that A(ru) = A(p).

, observed that by homogeneity ®(1) = 1, and then computed

Note that since inside S;, ® does not vanish except at the origin, ¥; is
a compact smooth curve in the plane. The smoothness follows from the fact
the the restriction of the gradient does not vanish, and from the implicit

function theorem. Also note that our assumption that the gradient of &
do(p) .

is
ve(k)
a smooth measure on X;. Since each S; contains only one line where H®

vanishes, X; has exactly one point where the curvature vanishes. Since ®
is a polynomial, the curvature at that point cannot vanish of infinite order.
Hence, at that point ¥; is a curve of finite type M, 2 < M < oo.

does not vanish away from the origin guarantees that do’(u) =

We shall first analyze the integral over ¥;. Our observations above
show that after perhaps applying a linear transformation,

55 ={(5,6(): 6 (0) =0,k < M, ¢ (0) =1, |s| < c}.

Applying Taylor’s theorem we see that ¢(s) = g(s)s™, where g is smooth
and g(0) = 1. Hence, the integral over ¥; can be written in the form

L(6,&) = / emilretirrs o) e p(s)ds,

where without loss of generality p is a smooth cutoff function supported in
the interval (—2,2) and p = 1 near the origin. As before we may assume
that |¢;| < C|€&2| since otherwise the phase function in the expression above
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has no critical points and so an integration by parts argument shows that
the integral has rapid decay in | ].

Let po be supported in the interval (1,2)J(—1,—2), such that
3 po(2%s) = 1. Let
k

Ix,a(61,€2) = /e_i(T’£1+g(’)r’M€’)s%"‘po(2’°s)ds.

Each I,  is defined over a a dyadic piece of £; where the curvature does not
vanish. To take advantage of this fact we shall need the following stationary
phase result (see e.g. [So], p. 48).

LemMmA 13. — Let S be a smooth hypersurface in R™ with non-
vanishing Gaussian curvature and du a smooth compactly supported
measure on S. Then

|du(€)| < const.(1 + €)= T

Moreover, suppose that I' C R™\ {0} is the cone consisting of all £ which
are normal to some point x € S belonging to a fixed relatively compact
neighborhood N of supp du. Then

(-a%) dn(E) = O+ €)™Y VN, if€ ¢ T,

du(€) = Y_e = 9a;(6), ifEeT,

where the finite sum is taken over all z; € N having ¢ as the normal and
6 [s3
() 0

If we make a change of variables sending s — 2~*s, we get

< Co(1+[g])~ 57 o,

Ik,a(§1,§2) — 2—k2—%ak / C—i(2_k7‘3£1+2_MkTsM9(2_k3)£2)3%ap0(5)d8.

The idea here is that as k — oo, g(27%s) — g(0) = 1 and hence
I o(&1,&) = 27k2=F ok, (275¢;,27MEE,). Using Lemma 4 we write

Lia(61, &) = 27 %2 Fogirae@ 62" )y, (9—kg) 9-Mkg,))

1
where each by is a symbol of order —=, gx is a homogeneous symbol of
order 1, and the Hessian of g has rank one everywhere.
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Note that since the Gauss map is smooth, for k large,

@k (27561, 27 Mk gy) ~ g(27F€, 27 MKEy),

where ¢ is the phase function given by Lemma 4 corresponding to the curve
(s,9(0)s™). One can check by a direct computation (see e.g. [Iol], proof of
Theorem 1.1) that q(27%¢;,27Mk¢,) = g(&,&2). In fact,

R
7T

2

q(é1,62) =c

It also follows that there exists a uniform constant C > 0 such that

Cg(61, &2)| < lak(27%61,27 M%&) | < Cla(é1, ).

Similarly, {bx(&1,&2)}, is contained in the bounded subset of symbols of

order -3 i.e,

(24) DL, eaybralr, &2)] < C(l&x] + [€2l) 2717,

where C is a uniform constant.

We must estimate

* —ko—Zak _—i(rqe(27%€1,27M*¢5) 4 2r™) -k —~Mk),., ma
/ Y omkom Fokemitran @027 b, (r€127F, &2~ M¥)rrmedr.
0

After interchanging the sum and the integral and making a change of
variables sending r — rA~ %, we get A~ % X
(25) Zz—kr%‘a / °° e iran(27461,27 MEE)AT T 1)

k 0

bk (rE A 27K, rgp X~ m 2~ ME)ppma gy,
We estimate the integral first. Let ¥(r) = rAy + r™, where

A = qp(27F€, 27 MEH)ATT ~ g(61,£)AF = B.

1
Differentiating we see that the critical point is at ro = CA;""", whereas
U (r) = Cr™~2. We split up the integral in (25) into three parts: f0°° =

21‘0

fo%q + f%Q + f;:; The first and third integrals are handled by integration
by parts just as in the proof of Theorem 7. The main contribution comes
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from the second integral [ 52QT°. Applying the van der Corput Lemma (see
2
e.g. [St2], p.332) we see that the expression in (25) is bounded by

(26) |\TRTO|B| T AT 22 ko~ %ok

|b(ro&i A~ 27, roga A" 27 1K)

We may assume that |Ag| is large because if not, an integration by parts
as in the proof of Theorem 7 yields the correct decay. We may assume that
|€1] + |€2] < C|)| for a sufficiently large C, since otherwise an integration
by parts argument shows that the integral in question has rapid decay in

1] + (€2

We are left to estimate the sum in (26). Recalling the definition of A
and using estimate (24), we get

> 27kgm Bek|h (rogg A 27, mogp A 27 ME))|
<CBTTmm S omRefgmRek o N grkgmFak
B>2(M-1)k B<2(M-1)k

Since m > M, both terms are dominated by C [Bl___ 2m-1 ., Hence, we
see that the expression (26) is dominated by

(27) AR e |B| we RS

2
Using the fact that a < 1 — - and that |B| is large, we see that (27) is
dominated by C[)\l_ﬁ_a, which completes the proof.

Remark 4. — Again, as in Remark 3, it is not hard to see that
this estimate for F; , remains in effect when there is no cutoff function .
Again, we make no assertion regarding decay in £ in this case.

4.1. An application to a class of dispersive equations.

1
LEmMA 14. — Let m > 1 and 5 < Re(o) < m. Then for s € R,

+Re(o)

oo -z
/ ei(tm—mst)to—ldt < Cm,or (1 + |S|) =T ,
0

where, for m and Re(o) fixed, Cp, » is polynomially increasing with Im (o).
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The next result follows from Lemma 14 and the latter part of Theorem
11, including Remarks 3 and 4.

THEOREM 15. — Let
Fren) = [ =% @e (@) A% (@)as,

where ® and A are defined as in Theorem 11 above. (Note that the integral
is over the whole space, i.e. there is no cutoff function.) Then

IF*(&, )] < CIA"# 7R | Re(z) < 1- %

THEOREM 16. — Let
) mo |(1—2) ~
un(a§) = [ © [perag ¥ feds

where P is a nondegenerate homogeneous polynomial in two variables of
degree m > 2, and A is defined as above. Then for any € > 0,

(28) luoll gy < CltI* O A .

Proof. — When Re(f) = 0, inequality,(28) holds by Plancherel’s
theorem. When Re(f) = 1, inequality (28) follows from Young’s inequality
and Theorem 15 above with (&, A) replaced by (z — y,t), and upon writing
p(€) as an integral in y. An application of Stein’s analytic interpolation
theorem then yields the result.

Remark 5. — Note that if & = 0, ug = ug is the solution for the
initial value problem (4) in the introduction. If we ignore the zeroes of
P and A, and observe that P is homogeneous of degree m and that A is

2
homogeneous of degree 0, then (28) with p = 1376’ says that ug (-,t) has

2 /
essentially (m — 2) (; — 1) derivatives in L? when f € LP, 1 < p < 2.
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