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A STARK CONJECTURE “OVER Z” FOR ABELIAN
L-FUNCTIONS WITH MULTIPLE ZEROS

by Karl RUBIN

INTRODUCTION

In a series of papers [10], Stark developed a conjecture about the
values of Artin L-functions at s = 1, or equivalently (by the functional
equation) the first nonvanishing derivative at s = 0. In the final paper
Stark presented a refined conjecture (“over Z”) for abelian L-functions
with simple zeros at s = 0, expressing the value of the derivative at s =0
in terms of logarithms of global units.

In this paper we formulate an extension of this conjecture (in the
abelian case) which includes the case of L-functions with higher order zeros
at s = 0. The conjecture is stated in §2.1, and in §3 we prove several special
cases of it. In §4 we give examples to show that certain other seemingly
natural generalizations of Stark’s conjecture, including one given in [9], are
not true in general.

This work began as an attempt to understand the connection between
Stark-type conjectures and Euler systems of global units, in the sense of
Kolyvagin (see [8]). In §5 and §6 we develop this connection. For example,
we show that the conjecture of §2.1 is closely related to a Gras-type
conjecture equating the orders of the different eigenspaces of an ideal class
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group with the index of a special subgroup in an exterior power of a group
of global units (Corollary 5.4).

It is a pleasure to thank Adebisi Agboola, Ted Chinburg, Dick Gross,
Cristian Popescu, and John Tate for helpful conversations. The approach
we take in this paper is greatly influenced by Tate’s book [11].

1. SETUP

1.1. General notation.

Fix a number field k£ and a finite abelian extension K of k. If w is a
place of K we write K,, for the completion of K at w and | |y : Ky —
R* U {0} for the absolute value normalized so that

+a (the usual absolute value) if K, =R,
lafw = { oa if K,, = C,
— ord(a)
Nw » if K, is nonarchimedean
where Nw is the cardinality of the residue field of the finite place w.

Fix a finite set S of places of k containing all infinite places and all
places ramified in K/k, and a second finite set T of places of k, disjoint
from S. Define

e Sk = {places of K lying above places in S}

° Tk = {places of K lying above places in T'}

e Og={a€eK:|ay<1forall w¢ Sk}, the S-integers of K
e Usr={a€Of:a=1 (modw)forallwe Tk}

° Ag, T is the ‘Sk-ray class group modulo Tk, the quotient of the group
of fractional ideals of Og prime to Tk by the subgroup of principal
ideals with a generator congruent to 1 modulo all w € Tk

° Ys = @ Zuw, the free abelian group on Sk
wESK

e Xg={>a,weYs:> a, =0}
e g7 :Usr — Xs®Risthe map defined by A(a) = Y —log(|a|w)w

wWESK

° pr is the group of roots of unity in Ug 1

° Rgs 1 is the absolute value of the determinant of Ag 7 with respect to
Z-bases of Ugr/pr and Xg.
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Note that these objects all depend on K, but except in §6, K will
generally remain fixed so we will suppress it from the notation. When
necessary we will refer to Ok s, Uk s 1, etc. If S is the set of infinite places
of k and T is empty, then Og, Us T, AsT, and Rg r are the usual ring of
integers, unit group, ideal class group, and regulator of K, respectively.

There is a natural exact sequence
(1) 0— Usr — 035 — P FJ — Asx — Pic(0s) — 0

weTK
where F, is the residue field of K at w. If we define

(sr(s)= ] @ -Np=)~* J] 1 —Np'™),

p¢SK peTK
products over primes of K, then 05% Cs,r = #(Sk)— 1 and
e As)RsT
2 lim s! #(S")( s) = —————#( 5T)%5,
() lim s,r(s) #(ig)

(see [4]).

Let G = Gal(K/k) and G = Hom(G, C*). If v is a place of k and w
is a place of K above v then we will write G, or G, for the corresponding
decomposition group in G. If x € G we define the modified Artin L-function
attached to x

Lsr(s,x) = [ (1 = x(Froby)Np=*)~" ] (1 — x(Frob,)Np'~*)

p¢S pET
where Frob, € G is the Frobenius of the (unramified) prime p.

For each x € G there is an idempotent

! -1
ey = = E
and following [11] we define the Stickelberger element

O©5,7(8) = Ok/k,5,1(8) = Z exLs1(s,X)

xeG
which we view as a C|[G]-valued meromorphic function on C. If » > 0 and
s "Og (s) is holomorphic at s = 0 we define

ey (0) = limsOsr(s) = Y e lims " Lsz(s,%) € ClC).
eG
IfkCc KC K'and S C S’ then @K,X/k,S”T is a C[Gal(K"'/k)]-valued mero-
morphic function and its image under the restriction map from Gal(K’/k)
to G satisfies
@) Ok msr(s)lk = [] (1—Frob, 'Np™*)Ox/k.s7(s)
€s'—8

(see [11] Proposition IV.1.8)’?
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1.2. Z[G]-modules.

Suppose M is a Z|G]-module. We will write QM, RM, and CM for
M®Q, M®R, and M ® C, respectively. If r is a nonnegative integer
then A"M will denote the r-th exterior power of M in the category of
Z[G]-modules. In particular A°M = Z[G)] and A'M = M.

If M’ is another Z[G]-module then Hom(M, M’) will mean the G-
equivariant homomorphisms from M to M’'. We view Hom(M, M’) as a
Z[G]-module by

(ap)(m) = p(am) = ap(m).

We will identify Hom(M, Z[G]) with a submodule of Hom(QM, Q[G]) in
the obvious way.

Every ¢ € Hom(M,Z[G]) induces a G-equivariant homomorphism
from A"M to A"71M for all r > 1

s Am, l—)Z H'lcp(m ml/\ cAMy_ 1 AMigr - Amy

which we will also denote by . Iterating this construction gives a map
(4) A*¥ Hom(M, Z[G]) — Hom(A" M, A"~ M)

QLA AP = Qg o---0p)
for every k < r; when k = r this is the map

(1 A~ Apr)(ma A~ Amy) = det(pi(m;)).

DEFINITION. — A Z[G]-lattice is a finitely-generated Z[G]-module
which is free as a Z-module.

DEFINITION. — If M is a finitely generated Z|G)-module we define
its dual M* to be the Z[G]-lattice Hom(M, Z[G]) C Hom(QM, Q[G)).
Equivalently, M* is the orthogonal complement of M under the natural
pairing

QM x Hom(QM, Q[G]) — Q[G]/Z[G].

ProposITION 1.1.

(i) If M is a Z[G)-lattice then there is a canonical isomorphism

M =M.
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(ii) If
0-M —-M-—->M'—-0
is an exact sequence of Z[G]-lattices then so is

0 N (MII)* — M* — (Ml)* N 0‘

Proof. — If M is a Z[G]-lattice there is a canonical isomorphism of
abelian groups
Hom(M, Z|G]) & Homz(M, Z),

where Homz (M, Z) denotes the group of Z-homomorphisms from M to
Z (see for example [1] Proposition VI.3.4). Since a Z[G]-lattice is a free
Z-module, both assertions follow easily. O

DEFINITION. — Suppose M is a finitely generated Z[G)-module and
r is a nonnegative integer. Then using the natural map

(5) L AT(M") — (A"M)*
coming from (4), we define
AgM = (AT (M™)))* € QA" M.
Equivalently,
ANoM ={m € QN\"M : (p1 A -+ Apy)(m) € Z[G]
for every ¢1,...,¢r € Hom(M, Z[G])}.

PROPOSITION 1.2. — Suppose M is a Z|G]-lattice and r > 0. Let
ATM denote the image of A"M in QA™M and g = #(G).

(i) AGM D A™M and [A\gM : A" M] is finite,
(i) ABM = A"M ifr <1,
(iii) Z[1/g]A5M = Z[1/g]A™M.
Proof. — The first assertion follows easily from the definition of

ALM. If r = 0 then AJM = Z[G] = A°M and if r = 1 then AJM = M** =
M by Proposition 1.1 (i), which proves (ii).

For any Z[G]-module M
Z[1/g) Hom(M, Z[G]) = Hom(Z[1/g]M, Z[1/4][G)),
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so if ¢ is as in (5),
Z[1/g|AnoM = Z[1/g] Hom(. (A" Hom(M, Z[G))), Z[G])
= Hom(«(A" Hom(Z[1/g]M, Z[1/g][G])), Z[1/9](G])

= N"Z[1/g|M

=Z[1/g]A\"M,
the third equality because Z[1/g]M is a projective Z[1/g][G]-module. This
proves (iii). O

Examples.
(1) If M is a free Z[G]-module then AGM = A"M for every r.

(2) Suppose M = Z° with trivial G-action, s > 0. Then for every
r>0,A"M = 7(7) and it is easy to check that AjM = #(G)'""ATM.
Thus if 1 <7 < s, AgM is strictly larger than A" M.

(3) Suppose G is cyclic of odd prime power order p™, I is the
augmentation ideal of Z[G], and M = [ x --- x I C Z[G])’. If 7 is a

generator of G then (o —1)P~!M = pM. If k is the smallest integer greater
than or equal to (r — 1)/(p — 1), one can show that

ASM D p~*(o — 1)kP=D+1=TAr AT 5 pl=FATM.

COROLLARY 1.3. — Suppose M is a Z[G]-lattice and r > 1. If
® € A" Hom(M, Z[G)) then ® induces a map
NoM — M.

Proof. — The construction (4) shows that every ®c A"~! Hom (M,
Z[G)) induces a map from QA" M to QA'M = QM, and it follows easily
from the definition of AJM and Proposition 1.2 (ii) that

B(ANGM) C AgM = M. O

2. CONJECTURES

2.1. Statement of the conjectures.

Suppose S and T are as in §1.1 and r is a positive integer. Before
stating our conjectures we record some hypotheses on S, T, and r.
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HYPOTHESES 2.1. — S and T are disjoint finite sets of places of k,
and r is a nonnegative integer, satisfying

2.1.1. S contains all the infinite places of k,
2.1.2. S contains all places ramifying in K/k,
2.1.3. S contains at least r places which split completely in K/k,
214. #(S)>r+1,
2.1.5. Ug,r is torsion-free.
Condition (2.1.5) means that there are no roots of unity in K con-
gruent to 1 modulo all primes in Tk . In particular this will be satisfied if T'
contains primes of two different residue characteristics or one prime of suf-

ficiently large norm. Conditions (2.1.3) and (2.1.4) ensure that s~"Og 7 (s)
is holomorphic at s = 0.

Write A" : A"Us,r — RA" X for the map induced by Ag 7.

CONJECTURE A. — If S, T, and r satisfy Hypotheses 2.1, then
6L (0)A"Xs C QA (A"Usr) in RAX.

CONJECTURE B. — If S, T, and r satisfy Hypotheses 2.1, then
05 F(0)A"Xs C XD (AUsr) in RA"Xs.

Recall Y = Hom(Yg, Z[G]). There is a determinant pairing
AN Xs x N"YS — Z[G]
and if n € A"YS we define a regulator map
T A0 T n
R”I A US,T — RA"Xg — R[G]
If w € Sk define w* € Yg by
w*(w') = Z v for w' € Sk.

yw=w’

If v € Gy, then yw* = w*, so e, w* = 0 if x is nontrivial on G,,.
Y Y X

LemMA 2.2. — Ifuy,...,ur € Usry, wi,...,w, € Sx and n =
wi A+ Awy, then

Ry(ui A+ ANuy) = det(z log }u;-y|wj'y“1).

YeG
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Proof. — By definition
Ry(ur A=+ Aur) = n(A(ur) A=+ A Mur)) = det(w] (A(us))),

and
wiw)) =wi (Y loglufuw) = 3 log [uilyu, -
wESK v€G
This proves the assertion, since log |u;|yw; = log |u:7_1 Jw; - O

Write 1 for the trivial character of G. For every x € G define a
nonnegative integer r(x) = r(x, S) by

6) rx) = (s)i(% Lsr(s,x) = dimc e, CXg = dimc e, CUg, 1
_ [ #({veS:x(Gy) =1}) ifx#1
L #(8) -1 if y =1

(see for example [11] Proposition 1.3.4). If S, T', and r satisfy Hypotheses
2.1, then r(x) > r for every x and we define a Z[G]-lattice Agr =
Ak str C QA" Ust by

Ast = {aenjUs : exa = 0 in CA"Ug 1 for every xe@
such that r(x) > r}.

CONJECTURE A’. — Suppose S, T, and r satisfy Hypotheses 2.1,
and v1,...,v, € S split completely in K/k. For each i fix a place w; of K
above v; and let n = wi A --- Aw;y. Then there is a unique egT € QAg T
such that

Ry(es,r) = ©5(0).

CONJECTURE B’. —  With hypotheses as in Conjecture A’, there is
a unique eg T € Ag T such that

Ry(es) = 57 (0).

Remark. — Note that the egr of Conjectures A’ and B’ depends
(in a simple way) on the choice of 7, but the truth of the conjectures does
not.
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2.2. Relations among the various conjectures.

We first state the relations among Conjectures A, B, A’, and B’ and
the conjectures of Stark and Tate in the literature. They will be proved in
the next section after some additional remarks.

ProprosITION 2.3. —  Conjecture A is equivalent to Stark’s conjec-
ture “over Q” (Conjecture 1.5.1 of [11]) for the characters x € G such that

r(x) =r.

PROPOSITION 2.4. —  Conjecture A is equivalent to Conjecture A’
and Conjecture B is equivalent to Conjecture B'.

PROPOSITION 2.5. — Ifr =1 then Conjectures B and B’ (for fixed
S and all appropriate T') are equivalent to the conjecture St(K/k, S) of [11]
§IV.2.

Remarks.

(1) A more obvious guess for Conjectures B and B’ might be to replace
AoUs,r by the smaller lattice A"Ug, 7. This turns out to be false; see §4.1.

(2) When r > 1, Conjecture B’ does not predict the existence of
particular units of K, as it does when r = 1. This is unfortunate but it
is to be expected, since all that the L-function gives in these cases is an
r x r regulator. However, one can use Conjecture B’ to produce units in
the following way. If eg € Ag 7 is the element predicted by Conjecture
B’, then Corollary 1.3 and Hypothesis 2.1.5 give units ®(eg 1) € Ug,r for
every ® € A"~ Hom(Us 1, Z[G)). See §6.

2.3. Proofs of the relations.

Suppose S, T, and r satisfy Hypotheses 2.1. Fix vy,...,v, € S
splitting completely in K/k and for each i fix a place w; of K above v;. Let

Sk = {w € Sk : w does not lie above vy,...,v,},

which is nonempty because of (2.1.4).

LEMMA 2.6. — Let wy,...,w, be as above and let w € S}.
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(i) If x # 1 or #(S) > r +1, then eXGfS.r,)T(O)w =0in CY.
(ii) Let x = (w1 —w) A--- A (w, —w) € A"X. Then
e (0A"X = 6%).(0)Z[G)x.

Proof. — If either x # 1 or #(S) > r + 1, then by (6),
X(Guw) = 1= e,05)(0) =0.
On the other hand, for every x
X(Gw) #1= e, w=0.
This proves (i).

Clearly the left hand side of (i) contains the right hand side, so we
need only show the other inclusion. Any element of X can be written in
the form

T
(7 Zai(w,« —w)+ Z Buww'
=1 w'GS;(
where «;, B, € Z[G]. Thus any element y € A”X can be written

(8) y=ax+) fuw

where o, fw € Z|G] and w runs over monomials wj A --- A w,. where at
least one of the w} € Sk. If x # 1 or #(S) > r + 1 then by (i),

9) exO 1 (0)y = ex®§ 1 (0)ax.

Suppose now that x = 1 and #(S) = r + 1. Then the second sum in (7) is
just a single term [, w where e13,, = 0, and it follows that e1 8 = 0 for
each of the coefficients By, in the sum in (8). Thus (9) holds in this case as
well, and (ii) follows. O

Proof of Proposition 2.3 (sketch). — Let 2= {x € G : r(x) = r}
and suppose that Conjecture 1.5.1 of [11] is true for the characters x € =.
Then there is a Q[G]-isomorphism f : QXs —— QUsr such that the
quantities

alx, f) = lim s~ Ls,r(0,0)/ det(s.r o £y,
where Agrt o f, : ,CXs — e, CXg is the restriction of Ag 7 o f, satisfy

(10) a(x*, f) = a(x, f)*
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for every x € E and every automorphism « of C. Define

p= exalx, f).

XEE

Since = is stable under Aut(C), (10) shows that p € Q[G]. From the
definition of the a(x, f) we see also that

P> exdeths.r o fi) = O (0).

Thus if x € A"Xg, and f7) : QA" Xg =5 QA"Us,r denotes the map
induced by f,

Og)T(O)/\Tx =p Z ey det(Ag1 o fy)x
=02 A7 0 D (exx) = AD(FV(x)) € QA (W Us,1)

which proves Conjecture A. The converse is similar and (as we will not use
either direction) we omit it. O

LEMMA 2.7. — Suppose w,...,w, are as above and set n =
wiA---Awy €AY

(i) n is injectve on Qg)T(O)C/\TXs = CA\"(Ag).
(ii) R, is injective on CAg r.

(iii) If u € CA"Us,r satisfies R,(u) = 0 and e,u = 0 for every x € G
such that r(x) > r, then u = 0.

Proof. — Suppose Xeé and r(x)=r. Then by (6), dimc (e, CXg)=r
and so dimc(eyA"CXg) = 1. If w € Sy then n(ey (wi—w)A- - -A(w,—w)) =
ey, S0 7 is injective on e, CA" Xg. This proves (i) and, since R, = no A("
and A\(") is an isomorphism from CA"Us,r to CA" Xg, proves (ii) as well.

If u is as in (iii), then u € CAg 7 and so (ii) shows that u=0. 0O
Proof of Proposition 2.4 (see Proposition IV.2.4 of [11]). — Fix S,

T, and r satisfying Hypotheses 2.1, and let x be as in Lemma 2.6 (ii) for
some w € Sk. Then

O F(0)A"Xs € AV (AUs ) & O51(0)x € AV (AUs 1)
& 001(0)x € XV (Agyr)
& (0% (0)x) € no X (Agr)
& 65(0) € Ry(As,r)
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where the equivalences come from Lemma 2.6 (ii), the injectivity of A(") on
QA"Us,r, (i), and the relations R,, = 1o A(") and n(x) = 1, respectively.
This shows that Conjecture B is equivalent to Conjecture B’, with the
uniqueness coming from Lemma 2.7 (iii). The proof that Conjectures A
and A’ are equivalent is the same, with AfjUg 1 replaced by QALUs r and
As,r by QAs 1. |

Proof of Proposition 2.5. — Fix a set S satisfying Hypotheses (2.1.1)
through (2.1.4) with » = 1. By Lemma 1.2 (ii), Conjecture B’ asserts that
@(T) 7(0)Xs C Agr(Us,r) for all T satisfying (2.1.5). To get back and forth
between this statement and Conjecture IV.2.1 of Tate [11], use Proposition
IV.1.2 of [11] and the relations

05(0) = [ (1—Frob;'Ng)©§}(0), ] (1—Frob; Ng)Usp € Usr. O
q€T qeT

3. SPECIAL CASES

We will denote the equivalent Conjectures B and B’ for a given S, T
and r by St(K/k,S,T,r). In this section we prove St(K/k,S,T,r) in some
special cases.

3.1. S contains more than r places which split completely.

PROPOSITION 3.1. — Suppose S contains more than r places which
split completely in K/k. Then St(K/k,S,T,r) is true.

Proof (Compare [11] Proposition IV.3.1). — In this case (6) shows
that eX@(T) (0)=0if x #1, so

@(r) r(0) = ii_rf(l)s_rgk,s,Tel-

Write Ay = Aps,r and Ry = Risr. If #(S) > r+ 1 then ©F(0) = 0
and St(K/k,S,T,r) is trivially true. Thus we may assume #(S) =7+ 1,
and by (2)

#(Ax)

05r(0) = —#(A)Rrer =~

— - RN¢
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where Ng = > 7.
ve€G

Fix a basis {u1,...,u,} of the free Z-module Uy s, r and define

o (A

#(G)"

With n as in Conjecture B’ (for any choice of {wy,...,w,}) Lemma 2.2
shows that 4(Ay)
R,(e) =% kr

Also € € (QA"Uk,s,1)€, so exe =0 for x # 1.

U A - A Up.

RiNY, = 07 (0).

To complete the proof we must verify that ¢ € AjUgk sr. In other
words, for every ¢1,...,¢, € Hom(Uk s 1, Z[G]) we must show

#(Ax)
#(G)'

(o1 A= Apr)e) = T8 det(pi(uy)) € ZIG.

For every ¢ and j,

i(u;) € Z[G)® = NgZ[G)
so det(i(u;)) € NLZ[G] = #(G)" 'N¢Z[G] and
#(Ax)
#(G)
Since #(S) = r+1, all places in S split completely in K/k. But S contains

all places ramifying in K/k, so K/k is everywhere unramified. Thus by
class field theory #(G) divides #(Ax), which completes the proof. |

(1A Apr)(e) € Z(G).

Remarks.

(1) By Lemma 2.7 (iii), %€ is the unique element of QA" Uk, s,r which
can satisfy Conjecture B'. It is not always true that ¢ € A"Uk g 1 (see §4.1),
which is why we state the conjectures with AGUgk s instead.

(2) By Proposition 3.1 we lose no generality in Conjectures B and B’
if we assume that S has exactly r places which split completely in K/k.

COROLLARY 3.2. — St(K/k,S,T,r) is true when K = k.

Proof. — Since we assume that #(S) > r + 1, this is immediate
from Proposition 3.1. O
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3.2. r=0.
THEOREM 3.3. — St(K/k, S, T,0) is true.

Proof. — We have A°Xg = AQUs r = Z[G], so Conjecture B is the
assertion that ©gr(0) € Z[G].

If k is totally real, ©gr(0) € Z[G] by the theorem of Deligne and
Ribet [2]. If k is not totally real, then S has at least one (complex) place
which splits completely, and we are done by Proposition 3.1. a

3.3. Quadratic extensions.

Fix for this section S, T, and r satisfying Hypotheses 2.1. We will
abbreviate Uy = Ug,s,1, Ux = Uk s, Ax = Arsr, Ak = Ak,sr,
Ry = Rk,sg‘, and Rg = RK,S,T- Let hg = #(AK) and hy = #(Ak)

LEMMA 3.4. — Suppose G is cyclic and S contains at least one
place v such that G, = G. Then
(i) hi | hk,

(i) #(H(G,Uk)) | hx,

(iii) if #(G) is a prime power and H(G,Ux) = H*(G,Uk) = 0 then
hx /hi is prime to #(G) if and only if hy is prime to #(G).

Proof. — Write Hy, and Hg for the (S, T')-ray class fields of k and K,
respectively, so that class field theory give identifications Gal(Hy/k) = Ax
and Gal(Hkx/K) = Ag. Since all primes in S split completely in Hy,
K N Hy = k. Thus the norm map Ag — A, which is the restriction map
Gal(Hk/K) — Gal(Hg/k), is surjective and (i) follows.

Comparing cohomology of units, ideals, principal ideals and ideal
classes of K gives an exact sequence (see for example [12] Corollary 2,
which must be adapted in our case to incorporate T')

(11) 0— H'(G,Uk) - A — A — H(G,Ux).
This proves (ii).

Suppose now that H°(G,Ux) = H*(G,Uk) = 0. Then (11) shows
that Ay = A$. If p divides both hy and #(G), then the cokernel of the
norm map A% — Ay (which we can identify with multiplication by #(G)
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on Ay) also has order divisible by p. Since Ax — Ay is surjective, it follows
that p I (hK/hk) = #(AK/A?{)

On the other hand, if hy is prime to #(G) then so is #(A%). But if
G is a p-group and p { #(A%) then p t hx. This completes the proof of
(i) O

THEOREM 3.5. — If K/k is a quadratic extension then St(K/k, S,
T,r) is true.

Proof (Compare [11] Theorem IV.5.4). — Let x denote the nontriv-
ial character of G. If S contains more than r places which split completely
then the theorem is true by Proposition 3.1. Thus we can assume that S
contains exactly r places which split, and so 25% Lsr(s,x)=r.

Write S = {v1,...,v} where v’ > r and vy, ..., v, split completely in
K/k, and fix a w; of K above each v;. Let w; denote the conjugate of w; for
1< i <r. Fix a Z-basis {u1,...,ur4r—1} of Uk such that {uy,...,upm_1}
is a basis of Uy. (This is possible because our hypothesis on T ensures that
Uk, Uk, and Uk /Uy, are all torsion-free.) If H!(G,Uk) # 0 then we also
require that N g /,u,» = 1. With respect to this basis of Ux and the places
{wr42,..., W, W1,...,Wp,w1,...,wWr} C Sk, Rk is the absolute value of
the determinant of the (r + v’ — 1) x (r + 7/ — 1) matrix (log |u|,,) which
(since |ui|w; = |ui|w; for i <r' —1, j <r) has the form

B; By, By
Bs By, Bs)’
RK = +det (31 Bz) det (B5 — B4)

Because of the way we normalize our valuations, for 1 <i <7’ —1,

) = log luil,;, ifj<r
08 [tifuw; = 2log |ugly, ifj >,

Thus

o)

det (Bl B2) =427 _T_le.
Also, if e = up A -+ AUprgr—1 € N"Ug and n = wi A---Aw} as in
Conjecture B’, then by Lemma 2.2

exRy(e_) = det (Bs — Ba)ey.
Using the fact that (x s7(s) = (k,s5,7(8)Ls,r(s,X), using (2) for the two
zeta functions, and replacing u, by u;,l if necessary to correct the sign, we
conclude that

ex@g:)T(O) = 2T’_T_l(hK/hk)exl'zn@—)~
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CaseI: v >r+1.

In this case 05(3 Ck,s,7 > T, SO @gz‘p(ﬂ) = exeg}(o). Define

e= hK/hk(T/_r‘lex)e_,
so Ry(e) = @‘(;Z‘p(o) Also € € A"Uk by Lemma 3.4 (i), and clearly e;e =0

so € € Ag,r. Thus Conjecture B’ is satisfied with eg 1 = €.

CaseII: v =r + 1.

Choose 1y, ..., € Uk so that {Ng @} is a basis for Ng/ Ux C
Ui. If H(G,Uk) # 0 then we also require that 4, belongs to Uy. Let
€4 =1 A--- AN, € N"Ug. Then (replacing 4, by 111_1 if necessary)

e1Ry(e4) = —[Ux : Ng/Uk|Ryex
so by (2)
e100(0) = hi/#(H(G, Uk))e1 Ry(e+4)-
In this case define
e = hy/#(H(G,Uk))eres + hi /hrexe - € QA"Uk.

Then R,(e) = @g)T(O), and in this case Agr = AfUk. Thus we will be
done if we show that € is in the image of A"Ug in QA" Uk.

Since ' = r + 1, Ux has a submodule of finite index which is free of
rank r over Z[G). Thus the Herbrand quotient shows that #(H®(G, Ux)) =
#(HY(G,Uk)). Suppose first that H°(G,Uk) # 0. Then our choice of
u, and %; ensures that e;ey = €4 and eye_ = e_ in QA"Ugk. Thus by
Lemma 3.4

e = hi/#(H°(G,Uk))ey + hi /hre_ € N"Ukg.
Now suppose fIO(G, Uk) = 0. It follows that Uk is a free, rank-r

Z|G]-module (see [13] Theorem 4.19), so {ur, ..., ur4r—1} is a Z[G]-basis
of Uk and eje_ = Feje4. In this case we have

€ = (hx/hrey = hier)e_,
which belongs to A"Ugk because hg /hi + hi, lies in 2Z[G] by Lemma 3.4. O

Remark. — Note that the proof of Theorem 3.5 shows that esr €
AUk, not just that egr € Ag 7.
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3.4. Changing S.

ProposITION 3.6. —  Suppose (S, T, r) satisfies Hypotheses 2.1 and
S’ D S is a finite set of places of k disjoint from T. Then (S’,T,r) satisfies
Hypotheses 2.1 and

St(K/k, S,T,r) = St(K/k,S', T, ).

Proof (Compare [11] Proposition IV.3.4). — That (S, T, r) satisfies
Hypotheses 2.1 is immediate. By (3),

08+ = J] - Frob;HOS%(0).

veS'—S
It is easy to check that [ (1—Frob, 1)Asj C Agr,r, and using Lemma
veES'—8S
2.6 (ii) the proposition follows. o

4. (COUNTER)EXAMPLES

In this section we give examples showing that certain other plausible
extensions of Stark’s conjecture are not true in general.

4.1. All places in S split completely.

We first construct K, k, S, T, and r satisfying Hypotheses 2.1 such
that @(T) (0" X ¢ A (ATUs ). Write Ay, for the ideal class group of k
and for a prime p define

gp = dime Ak/pAk.

Suppose that k and p are chosen so that g, > 3 and p, ¢ k. Let K be the
everywhere unramified extension of k such that G = Gal(K/k) is identified
with Ay /pAg by class field theory; since K/k is a p-extension u,, ¢ K as
well.

Choose primes qp,...,q, of k, n > 1, whose classes generate pAy.
Choose primes q;,1,...,q;, of K of degree 1 whose classes generate the
ideal class group of K, and let q; be the prime of k below g} for n < ¢ < m.
Define

S = {infinite places of k} U {q1,...,qm}
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and let T be a finite set of places, disjoint from S, satisfying Hypothesis
2.1.5, such that every q' € Tk satisfies p{ Nq' — 1 (possible since p,, ¢ K).
Define r = #(S) — 1.

LEMMA 4.1.

(i) S, T, and r satisfy Hypotheses 2.1,

(ii) [OI?S : UK,S,T]; [O:,S : Uk:,S,T]; and #(Ak,S,T)/#(PiC(Ok,S)) are
all prime to p,

(iii) Ogd(#(Ak,S,T)) = Gp,

(iv) O;d([Uk,s,T : Ng/wUk,s,r]) = 9p(gp — 1)/2.

Proof. — The first assertion is immediate, and the second follows
from (1) by our assumption on T. All places in S split completely in K/k,
so the subgroup of Ay generated by the classes of the g; is contained in,
and hence equal to, pAg. Therefore Pic(Ok s) = Ax/pAk, so (iii) follows
from (ii).

By our choice of S, Pic(Ok,s) = 0. It follows from a theorem of Tate
([11]) Theorem I1.5.1) that for every integer i,

H(G,0% 5) = H*(G, Xs).

Since all places in S split completely in K/k, Ys is free of rank r + 1 over
Z[G] so the exact sequence

0—-Xg—Ys—>Z—-0
shows that Hi(G, Xg) & Hi=1(G, Z) for every i. Thus
OF s/NgkOx s = H(G,0% 5) = H*(G, Xs)
= H3(G,Z) = (Z/pZ)%(9=1/2,

the last equality because H —3(G,Z) = A%G (exterior power as a Z-module;
see [1] Theorem V.6.4) and G = (Z/pZ)%. Now (iv) follows from (ii). O

PropoOSITION 4.2. — With k, K, S, T, and r as above,
O (ON" X5 ¢ AV (N Uk 5,7).

Proof. — Write S = {vg,...,v,} and n = w} A--- Aw} € Y, where
for each i, w; is a place of K above v;. Then n(A"Xg) = Z[G], so by (2)

e1n(05 1 (0)A" Xs) = €205 -(0)Z[G) = ~#(Ak,5,7)Re, 5,7 Zex.
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On the other hand, if ui,...,u, € Uk g r then by Lemma 2.2
6117()\(’") (u1 A -+ Auy)) = eq det(log |Nugy,)

S0
exn(\"(A"Uk,s,7)) C [Uk,s,r : Nk/eUx,s,7|Ri5,7Zex.

Thus by Lemma 4.1, since g, > 3, 619.(;:»)11(0)/\7')(5 ¢ el)\(")(/\’"UK,gT). ]

4.2. Sands’ conjecture.

The example of §4.1 is also a counterexample to Conjecture 2.0 of
Sands [9]. There are also counterexamples of a different sort to Sands’
conjecture, coming from the fact that when #(S) > r + 1 that conjecture
requires S’-units rather than S-units, where S’ C S is the subset of primes
which split completely. The following example shows this is not always
possible.

Let k = Q(v2) and K = k(p;)™, the real subfield of k(u;). Then K
is a degree 2 subfield of Q(pusg)*, G = Gal(K/k) is cyclic of order 3, and
K/k ramifies only at the two primes pr,p7 above 7. Let S = {w, w, pr, b7}
where w, @ are the two infinite places of k, and define n = w* Aw* € /\2Y§.
For notational convenience we will take T' to be the empty set. Write O
for the maximal order of K, so Oy is the group of global units, not the
S-units.

Fix x € G, x # 1. In this situation, Conjecture 2.0 of Sands in 9]
predicts that there are units uq,us € (9}‘{ such that
(12) g’,T(OaX)ex € Z[1/2][Glex Ry(u1 A ug).
We will show that this cannot be the case.

Define
es6 = Nq(pu,,)/x(1—Cs6),

er = Nq,)/qp,)+1 = &),
es = Nq(u,)/k(1 = s)

where (,, is a primitive n-th root of unity, and the group of cyclotomic units
of K

Ckg = Z[G]E56 + Z[G]O€7 + Z(l - T)Eg C (’);é

Here Z[G]O denotes the augmentation ideal (the ideal of elements of degree
0) of Z|G] and 7 the nontrivial automorphism of k/Q. For convenience we
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write the action of Z[G] on O additively. The class number of Q(p56)" is
1 (see [6]), so the analytic class number formula (see §2 of [3]) shows that
[Of : Ck] is a power of 2.

Classical formulas for Dirichlet L-functions (see for example [11]
§IIL.5), together with the factorization of L(Y,s) into a product of two
Dirichlet L-functions shows that

exRy(e7 Nese) = 4zex Lig (0, X)

with z = £+ for some v € G (by choosing {7 and (56 and ordering w,,ws
carefully we could have ensured that z = 1).

Suppose u1,up € Ok. Then uy,uy € Z[1/2]Ck so for ¢ = 1,2 we can
write

U; = ;€56 + Bi€7 + Vi€s

with o; € Z[1/2][G], 8; € Z[1/2][G]°, and ~; € Z[1/2](1 — 7). Then

exRy(u1 A ug) = ey det (Z; g;) R, (e7 Nese) € e, Z[1/2][G)° 5.7(0,%)-

Since [e, Z[G] : e5Z[G]°] = 3, it is impossible for (12) to be satisfied.

Remark. — Notice that this problem disappears if we allow u1,us €
O3 . In fact one can show that St(K/k, S, T,2) is true for appropriate sets
T.

5. CONNECTIONS WITH IDEAL CLASS GROUPS

In this section K and T will be fixed but § will vary, so we will
abbreviate Us = Ug 1, As = As,T, and €g = €g,T, the element of QA"Ug
predicted by Conjecture A’.

5.1. Changing S.

Suppose S, T, and r satisfy Hypotheses 2.1, and vy,...,v, € S
split completely in K/k. Suppose further that v.y1,...,v» ¢ SUT
also split completely in K/k and define S’ = S U {vr41,...,v~}. For
1 <4 <7’ fix a place w; of K above v; and let n = w} A--- Aw} € A"YS,
N =wi A Awh An € /\T'Ygf,. (Hopefully without confusion we will
view Y$ C Yg, in the obvious way.)
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There is an exact sequence

,,J

(13) 0> Us - Us —» @ Z[Glw; — As,sr — 0

i=r+1
where the center map sends an element of Ug: to its Og-ideal and Ag s is
the subgroup of Ag generated by the primes above v,41,..., v . We have

the Z[G]-lattices As = Agr, C QA"Ug and Agr = Agr 10 C QA" Ug/
defined as in §2.1.

For w € S% nonarchimedean define w : Us: — Z[G] by
(14) w(u) =Y ordy (v u)y,
v€G

ie. W = log(Nw) 'w* o Ag 7. Let ® = W41 A+ Ay € AT T Hom(Ug:,
Z[G)). Then

’
T

(15) Ry = ][] log(Nwi)R, o @.

i=r+1

If M is a finitely-generated Z[G]-module then Fitt(M) will denote its
Fitting ideal in Z[G] (everything we need about Fitting ideals, including
the definition, can be found in the Appendix of [7]). Write g = #(G).

LEMMA 5.1. — If we identify Q/\’US’ with its image in QA"Ug: via
the inclusion of Ug in Ug:, the map ® : QA" Ug: — QA"Ug: satisfies
(i) @ is injective on Agr,
(if) Z[1/g]2(As) = Z[1/g]Fitt(As,s/)As,
(iii) Q®(As’) = QAs,
(iv) Fitt(As,s/)As C ®(Ag’) C As.

Proof. — Assertion (i) follows from Lemma 2.7 (ii) and (15).
T,
Let M denote the image of Ugr in @ Z[G]w; under (13) and
i=r+1

@ =wk,, A Aw} € AT " Hom(M, Z[G)).
By definition of the Fitting ideal,
&' (A" M) = Fitt(As,s') C Z[G).
Tensoring (13) with Z[1/g] gives a short exact sequence
0— Z[1/9)Us — Z[1/g)Us — Z[1/g]M — 0
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which splits because Z[1/¢][G] is semisimple, so we can find M C Ug
such that Z[1/g]M maps isomorphically to Z[1/g]M and Z[1/g]Us =
Z[1/9)Us & Z[1/g]M. Then

Z(1/gIN" Us = @ Z[1/g]A'Us ® A"~ M.
=0
If i > r then ®(A'Us ® A" ~*M) = 0, and if i < r then Z[1/g] A" ~* M =0,
S0
D(Z[1/g|\" Us:) = Z[1/g]®(A" ""TM)A"Us
= Z[1/9)® (A" ""M)A"Ug
= Z[l/g]Fitt(AS’Sl)/\rUs.
Thus by Lemma 1.2 (iii), ®(Z[1/g]Ay Us/) = Z[1/g]Fitt(As, s )AUs. By
(13) and (6) we also have
r(x,8) =r(x,8)+r" —r
for every x € @, so this proves (ii). Since #(As,s) is finite, [Z[G] :
Fitt(Ag s/)] is finite and (iii) follows as well.
Now to prove ®(Ag/) C Ag it is enough to show that if o € /\6' Us:
and ¢1,...,r € Hom(Us,Z[G]) then (p1A---Ap)(®(a)) € Z[G].
By Proposition 1.1 (ii) and (13), each ¢ is the restriction of a ¢’ €
Hom(Ug/, Z[G]), and then
(1A Apr)(B()) = (Wry1 A -+ Al Ay A= A gr)(e) € Z[G]
by definition of A5 Us:.

Suppose A € Fitt(Ag s/)As, ie.
A= Z <I>'(m,-))\i
i
with m; € AT'="M and Xi € Ag. For each i lift m; to an element u; of

A" ~"Ug: under (13). Then ®(3"u; A A;) = A, and it is not difficult to see
that each u; A)\; € Agr, so A € ®(Ags). This completes the proof of (iv). O

PROPOSITION 5.2. —  Conjecture A’ is true for (S,T,r,n) if and
only if it is true for (S’,T,r',n). If these both hold then
Eg = @(ES/).

Proof. — By (3)

’rl
05 0 = ] log(Nv:)©$ ) (0).

i=r+1
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Thusifes: € QAg and R,y (eg/) = @)g,,)(O), then ®(es5/) € QAs by Lemma
5.1 (iif) and Ry (®(es)) = ©5(0) by (15).

Conversely suppose eg € QAg and Ry(es) = (—)‘S” (0). By Lemma
5.1 (iii) there is an element €5 € QAg satisfying ®(eg/) = €g, and we see
again that R,y (eg/) = (9(57,,):,,(0). O

THEOREM 5.3. — Suppose Conjecture A’ holds for S, T, r, and n
(or equivalently for S, T, r', and 7 ), so we havees € QAg andeg: € QAg:.
Then

(i) Egr € Asr = Eg € AS,
(ii) Egr € Z[l/g]Asf S Eg € Z[l/g]Fitt(AS’Sl)As,

(iii) Eg € Fitt(AS’S/)AS =eg € Agr.

Proof. — These assertions are all immediate from Proposition 5.2
and Lemma 5.1. O
COROLLARY 5.4. — Suppose Conjecture A’ holds for S, T, r, and

7. Then the following are equivalent:
(i) For every 8" = S U {vp41,...,v} where vpi1,...,0 ¢ SUT
split completely in K/k,
Egr € Z[l/g]Asl.

(ii) Eg € Z[l/g]Fitt(As)As.
(i) Z[1/g][Cles = Z[1/glFitt(As)As.

Proof.

(i) = (ii) Choose primes V41, ...,v~ € SUT, splitting completely
in K/k, so that the classes of the primes of K above them generate Ag
(they can be chosen to split completely because every ideal class contains
infinitely many primes of degree 1). Set S’ = SU {vr+1,...,v~}. Then in
particular Ag g» = Ag. Applying Theorem 5.3 (ii) shows that (i) implies (ii).

(ii) = (i) Suppose S’ is as in (i). Since Agsr C Ag and Z[1/¢][G]
is a direct sum of Dedekind domains, Z[1/g|Fitt(As) C Z[1/g]Fitt(As,s’).
Thus Theorem 5.3 (ii) shows (ii) implies (i).
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(ii) = (iii) Define

&= Y e €Z1/g][C]

r(x)=r

and D = e,Z[1/¢][G]. Then Z[1/g]As = DAg, D = ®&D; with Dedekind
domains D;, and D;Ag is a torsion-free rank-one D;-module for every i.
Therefore

[Z[1/g]As : Z[1/g|Fitt(As)Ag] = [D : DFitt(Ag)] = #(e-Z[1/g]As).

On the other hand, a standard combinatorial argument using formula (2)
for the zeta functions of all fields between k and K (see §5 of [8]) yields an
“analytic class number formula”

#(erZ[1/g]As) = [Z[1/gler\"Us : Z[1/g][Gles]

which is equal to [Z[1/g]As : Z[1/g][G]es] by Proposition 1.2 (iii). Thus
(if) implies (iii). Since (iii) clearly implies (ii) this completes the proof of
the corollary. a

COROLLARY 5.5. — Suppose k = Q. Then Conjecture B is true
“up to primes dividing #(G)”, i.e. es € Z[1/g]As for every S.

Proof. — First suppose K is real. By Proposition 3.1 and Corollary
3.2 we may assume that K # Q and that S contains exactly r places
{v1 = o0, v2,...,v,} which split completely. Let Sp = S — {va,...,vr}.

By §5, Chapter III of [11], St(K/Q, So, T, 1) is true with a cyclotomic
unit €g,. By Theorem 1 of §1.10 of [7], s, € Z[1/g]Fitt(As,)As, (the “Gras
conjecture”). Thus St(K/k, S, T,r) follows from Corollary 5.4 in this case.

If K is imaginary, the proof is similar, beginning with Sy =S — {v €
S : v splits completely in K/Q} and using St(K/Q, So,T,0) and Theorem
2, §1.10 of [7]. O

Remark. — Corollary 5.4 says that the “prime-to-#(G) part” of
Conjecture B is essentially equivalent to a Gras-type conjecture. For primes
dividing #(G) the situation is more subtle. For example, it is not at all
obvious that the full Conjecture B is true when K = Q.
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6. EULER SYSTEMS

6.1. Notation.

Fix for this section a totally real field k and let r = [k : Q]. Fix also
a finite set T of primes of k containing at least one prime not dividing 2.

We will compare the elements ex st € AjUk,s,r predicted by
Conjecture B’ as K varies through totally real abelian extensions of k and
S through suitable sets of places of k.

Let K denote the set of pairs (K, S) where K is a totally real, finite
abelian extension of k£ and S is a set of places of k such that S, T, r, and K
satisfy Hypotheses 2.1. We will write (K’,S’) C (K, S) if both K/ C K and
S’ C S. We will keep T fixed and we write Ux,s = Uk,s,T, €K,5 = €K,3,T-

Remark. — If K is a totally real abelian extension of k, the r infinite
places of k split completely and the only roots of unity in K are +1, so S,
T, r, and K satisfy Hypotheses 2.1 if and only if S is disjoint from T and S
contains the infinite places, the places ramifying in K/k, and at least one
finite place.

For every totally real, finite abelian extension K of k define
o Gk = Gal(K/k),
° Ng/r = > vy€Z[Gk] if kCFCK,
Y€Gal(K/F)
. Frob, is the Frobenius of q in G if q is a prime of k¥ unramified in K.

For each infinite place v; of k, 1 < ¢ < r, fix an extension w; of v; to k
and write w; i for the restriction of w; to K. Suppose for this section that
the conjecture St(K/k,S,T,r) is true for every (K,S) € Ko, and write
€k,s € Ak, s for the corresponding element satisfying the conjecture with
the choice {w1 k,...,wrx}. If ® € A""! Hom(Ug,s, Z|Gk|) then we will
write ek 5,6 = ®(ek,s) € Uk,s for the S-unit given by Corollary 1.3 (see
remark (2) at the end of §2.2).

If (K',S) C (K,S) € K then the norm element Ny, k' € Z[Gk]
induces a map

N;{/K’ : /\TUK,S — /\TUK/,S.
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6.2. Relations.

PROPOSITION 6.1. — Suppose (K',S") C (K, S) € K- Then
N;(/K@K,S = H 1- FI‘Obq—l)EK/,SI in QN"Uk .
qeS-8'
Proof. — Write n = wj g A+ Awy g and ' = wi g/ A== Aw; g

Then the following diagram commutes:
A(T)

N'Uk,s =3 RA" Xk s 4, R[GK]
N}/K, l l res l res
(r)
ATU s Rarx i
K',S — NXks — R[Gk/]
incl T T incl T
(r)
r K’,8’ r n’
A UKI,SI — R/\ XK’,S’ —_— R[GK’]

where ‘res’ and ‘incl’ denote the maps induced by restriction and inclusion,
respectively. Thus by (3)

Ry (N k,5) = Rylex,s)l = 0%, 5(0)]x

= [I @-Frob;He%, 50
qeS-S’

= Rnl( H (1 — FI‘Ob;l)EKIﬁ/).
qgeS—-S’

Further, if x € Gx C Gg and r(x,S’) > r, then r(x,S) > r so
exN% x:€k,s = 0. The proposition now follows from Lemma 27 (i). O

Suppose (K',S’) C (K,S) € Koo. Then there is a map
Ng k' : Hom(Uk s, Z[Gk]) — Hom(Uk' s, Z[G k'))
induced by the inclusion map Uk’ s» — Ugié(K/ K) and the isomorphism
Z[GK]CM /KD 2, 7Gy), Ngjgo— 1.

If S = S’ one checks easily that for ¢ € Hom(Uk,s, Z[Gk]) the following
diagram commutes:

Uk,s £, Z[Gk]

(16) Ny, xr 4 | restriction

N ’
Uk s =z Z[Gk).
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If w is a finite place of K let @ : Ux s — Z[Gk] be the map defined
by (14). Let Z[G]° denote the augmentation ideal of Z[G] and S the set
of infinite places of k.

PROPOSITION 6.2. — Suppose (K, S) € Ko and
den?! Hom(Ug,s, Z|Gk])-

(i) If#(S)>r+1thenekss € Uk,s,, -
(ii) If #(S) =7+ 1 and a € Z[G]° then ock 56 € Uk.s...-
(iii) Suppose further that (K',S’) € Ko, (K',8’) C (K, S), and let
@' = N3 ® € A" Hom(Ug, s, Z[Gx]). Then

NK/KHEK,S,(I) = H (1 — F‘I’Obq—l)&“Kl,sl’q,/,
qesS—-S’

Proof (Compare [11] IV.2.2, IV.2.4, and IV.3.5). — By Corollary
1.3, ekx,s,8 € Uk,s. Suppose v € § — So and w is a place of K above v.
If r(x, S) > r then e,W(ek,s,0) = W(exek,s,e) = 0 since ek, 50 € Ag,s. If
r(x,S) = r and x # 1 then by (6), x is nontrivial on G, and so e,w = 0.
Thus e, W(ek,s,6) = 0 unless x = 1 and (1, S) = r, which proves (i) and
(ii).

By (16) and Proposition 6.1,

II (=Frob;")®(exr,s) = &' (N grek,s) = B(Nk/xrek,s)

qesS -8’
which is (iii). O
COROLLARY 6.3. — Suppose K C K and
d e 1}_!11 AT7Y HOIII(UK,S, Z[GK]),
(K,S)eK

inverse limit with respect to the maps N;(‘/IK,. Then for every (K',S’) C
(K,S) ek,

NK/K’EK,S,<1> = H (1- Frobq_l)eK/’S/,q,.

qeSsS -8’
Proof. — This is immediate from Proposition 6.2. 0O
Remark. — Corollary 6.3 says that for each

® e lim A""'Hom(Uk,s,Z[Gk]),

(K,S)exK
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the elements ex s predicted by Conjecture B’ form an Euler system in
the sense of Kolyvagin (see [8]). Of course, this says nothing unless one can
find a ® such that these units are nontrivial.

6.3. Example.

Fix k, r, and T as above, and fix also an odd rational prime p. Define
K C Koo by
K ={(K,S) € K : K/k is unramified above p,

S contains no primes above p}.

For each finite extension K of k let Vx denote the units congruent to 1
modulo the primes above p in K®Q,. The following result is due to Krasner
[5] (note that if K is totally real then K contains no p-th roots of unity
since p > 2).

THEOREM 6.4 (Krasner). — If K/k is a finite extension, unramified
at primes above p, and K is totally real, then Vi is a free Z,[Gk]-module
of rank r.

COROLLARY 6.5. —  With notation as above,

(i) lim Hom(Vk,Zy[Gk]) is free of rank v over lim Z,[Gk],
(K,S)ex (K,S)eK

(ii) for every K’ the projection map

l'an HOIII(VK, Zp[GK]) — HOHI(VK/, ZP[GK/])

(K,S)eK

is surjective.

Proof. — Immediate from Theorem 6.4. O
For (K, S) € K define
Uks={u€Ugks:e,u=0forall x € Gk such that r(x,S) >r}.

Since S contains no primes above p, Uk, s ® Z, maps canonically to Vi so
there is a natural map

1}21 HOIII(VK, Zp[GK]) — 1}!_11 HOIII(UK,S, Zp[GK])

(K,S)ex (K,S)ex
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Thus for every ® € lim A""!Hom(Vk,Z,[Gk]) and every (K,S) € K
(K,S)ex
we get, as in the previous section,

€K,S,® € ZpUkys.

(In fact ex 5,0 € U k,s ® Zy since i g € Ak s.) The following proposition
says that for such a ® these ek g4 form an Euler system (see [8]).

PROPOSITION 6.6.

(i) If
® e lim A""'Hom(Vk, Z,[Gk]) and (K1,8:) C (K2,S2) € K
(K,S)ex
then
Ni,/K\CKsp0 = || (1—Frob; ek, s,
q€S2— 851
in ZpUKl,Sl .

(i) If (K’,S") € K and the map Uk s ® Z, — Vi is injective, then
{ex' s : @€ lim A""'Hom(Vk,Z,[Gk])}

(K,S8)ex

is a subgroup of finite index in ZpﬁK:,s/.

Proof. — The first assertion is just Corollary 6.3 with Z[Gk]|
replaced by Z,[Gk], and the proof is the same.

Fix (K’,S’) € K. It follows from Theorem 6.4 and Corollary 6.5 that
{®(v):vE AN VK, @€ lim A""'Hom(Vk,Z,[Gk])} = Vk'.
(K,S)exk
Define
er= Y. e €QGk].
r(x,S")=r
Then by (6), QU s is free of rank r over e,Q[Gg/). If Z,Uk+ s — Vi
is injective, then comparing ranks it follows that Q,Uk’ s = e,QpVk’, so
finally
{®(n):ueA"Z,Uk e,®€ lim A""'Hom(Vk,Z,[Gxk])}
(K,S)ex
has finite index in ZPUKr’Sz. Also Q/\Tfl'K:,s/ is free of rank 1 over e, Q[G k],
and since eyegrgr # 0 for every x with r(x,5) = r, QN Uk g0 =
Q[Gk)ek,s:. Combining these facts proves (ii). O



62

KARL RUBIN

Remark. — The argument of the proof of Proposition 6.2 shows

that 0: k,s C Uk,s,, (the global units) if #(S) > r + 1 and otherwise
Z[G)°U k,s C Uk,s... Thus the injectivity hypothesis of Proposition 6.6 (ii)
follows from a form of Leopoldt’s conjecture.

2]
3]
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