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ZETA FUNCTIONS OF JORDAN
ALGEBRAS REPRESENTATIONS

by Dehbia ACHAB

0. Introduction.

Riemann zeta function has been generalized by Epstein as follows :
let & be a symmetric positive matrix of order k, Epstein zeta function is
defined by

1 k
€1(6,s) = Z ————, Re(s)>
geTr 10} (9'69) 2

where ¢’ is the adjoint of g.

In [15], Kcecher has generalized Epstein zeta function as follows :

(m(8,s) = > Det(WSU)~°, (k>m).
e[Z**xm /GL(m,Z),rank(#)=m]

Kcecher zeta series converges absolutely and is analytic in the half-plane

k . . . . .
Re(s) > = , it admits an analytic continuation as a meromorphic function
on C and satisfies to the functional equation

Ron(S,5) = |63 R (6-1, . )

Key words : Jordan algebra - Symmetric cone - Reductive group - Arithmetic group -
zeta function.
Math. classification : 20.
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where R, (6, s) is a product of {,,(6,s) and some gamma factor, more
precisely

Ron(, 5) = 7™ T =T (5)T (s _ %) T (s - ﬁ;—l) (S, 5)

I'(s) being the usual Euler gamma function.

Later, in [15], A. Krieg studied the Koecher zeta function for the hermitian
matrices with quaternionic coefficients defined by

¢(s) = Z Det(AA?)™*
A€GL(m,0)\[M(m,k,0)|rank(A)=m]

where O is the ring of Hurwitz integers.

This work is situated in a more general context. In fact, we define the
Kcecher zeta series associated to a self-adjoint Euclidean Jordan algebra
representation and we obtain the above zeta series as particular cases of it.
More precisely, let V' be an Euclidean simple Jordan algebra of dimension n
and rank m, E an Euclidean space of dimension N, ¢ a regular self-adjoint
representation of V' in the space Sym(FE) of symmetric morphisms of E. Let
Q@ be the quadratic form associated to ¢, €2 the symmetric cone associated
to V and G(Q) its automorphism group

G() ={g € GL(V) | 9(?) = Q}.

(H1) We assume that V and E have Q-structures Vq and Eq respectively
and that ¢ is defined over Q.

Let L be a lattice in Eq.

We define the zeta series associated to ¢ and L by the following :
((s)= ) [det(Q)]*,VseC

lET,\ L'

where L' = {l € L | det(Q(l)) # 0} and T, is some arithmetic subgroup of
GL(E) which we will precise.

Recall that the primitive rank of a Jordan algebra is the cardinality of
a maximal complete system of primitive orthogonal idempotents. A Jordan
algebra is said to be split if its rank equals its primitive rank.
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(Hz) We assume that Vq is split.

The fundamental results in this work are :

THEOREM 1. — Under the assumptions (H,) and (H3), the zeta series

converges absolutely for Re(s) > o
m

THEOREM 2. — If the arithmetic subgroup T, is self-adjoint, then
the zeta function (; admits an analytic continuation as a meromorphic
function on the whole plane C and satisfies to the functional equation

(L (5% - 5) = VOl(L)W%L_2m3-1:‘—fg,—E%—S—)—CL* (s)

2m

where I'q(s) is the Kcecher-Gindikin gamma function of the symmetric
cone 2 and L* is the dual lattice of L.

This article is composed of three parts; the first consisting in the proof of
Theorem 1 by using reduction theory, the second is an adaptation of the
classical method to prove Theorem 2 and the last one gives some examples.

1. Construction and convergence of the zeta series.

Let V be a simple Euclidean Jordan algebra with unity e, of dimension
n and rank m, F an Euclidean space of dimension N, ¢ a representation
of V in the space Sym(FE) of self-adjoint endomorphisms of E such that

VEY eV, dley) = 5(8@)0) + 41)6()),

and @ : E — V the quadratic form associated to ¢ determined by

Q©) |z)v = (d(z)¢ | ) Ve eV, VE€E.

For z € V, we denote by L(z) the multiplication endomorphism, L(zx) :
V — V,y — zy and by P(z) the quadratic representation of V, i.e
P(z) = 2L(z)? — L(x?). Let Q be the symmetric cone associated to V
and G(Q) the automorphism group of 2,

G(Q) ={g € GL(V) | 9(?) = Q}.
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In the sequel, we assume that ¢ is regular, that is 3¢ € E such that
det(Q(&)) # 0; then Q(E) = Q where Q is the closure of Q. We assume too
that ¢>(e) = ldE

(H,) Assume that V, E and ¢ are defined over Q, that is there exists a
Q-Jordan subalgebra Vq of V, and a Q-subspace Eq of F such that

V=Vq®qR, F=Eq®qR,
and for each z € Vg we have ¢(z) € Sym(E)q.

Let L be a lattice in the space Eq. In all the sequel, we denote by det the
determinant in the Jordan algebra and by Det the usual determinant of
matrices.

1.1. Arithmetic subgroups associated to ¢ and L.

Let H = {(h,h) € GL(V) x GL(E) | Q(h.£) = h.Q(£),V¢ € E}.
H is non empty because, for each invertible z € V,

Q(¢(x)€) = P(z)Q(8)-

It is clear that H is an algebraic subgroup of GL(V) x GL(E). As ¢ is
defined over Q then it is the same for H. If m; and 7y are the projections
of H, then the groups 7 (H) and mo(H) are algebraic, defined over Q, we
denote them by G(¢) and F(¢) respectively.

Notice that G(¢) C G(2) and that w2 is injective. Denote by F and G
the identity connected components of F(¢) and G(€Q) for the ordinary
topologies respectively. Consider the map

p:F(¢) = G(¢)
f=f
p is well defined because 72 is injective and we have :
ProrosiTioN 1.1.1. — p satisfies to the following :
(1) p(F)=G.
(2) p is a surjective Q-morphism of algebraic groups.
(3) The groups F(¢) and G(¢) are self-adjoint p(h*) = p(h)*. So they are
reductive. Moreover |Detp(h)| = |Det,(h)|2'1‘fn.
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Proof. — (1) Denote by f and g the Lie algebras of F and G
respectively. It suffices to show that the differential dp : f — g is surjective.
We start by showing the following lemma. :

LEMMA 1.1.2. — For each z € V we have ¢(z) € f and dp(¢p(z)) =
2L(z).

Proof of the lemma. — For x € V,§ € E,t € R,

Q(exp(4(tz))-£) = Q(#(exp(tx)).£)
= P(exp(tz)).Q(£)
= exp(2tL()).Q(¢)

then p(exp(t¢(x))) = exp(2tL(x)), and,

Ap(9(z)) = < lecolpexp(t9(z)))] = S lemolexp(2L(2))] = 2L(2). O

As g is generated by the L(z),z € V, then the lemma shows that dp is
surjective.

(2) As p =m oiy where i is the injection F(¢) — H, f — (f, f), then
p is clearly a morphism of algebraic groups. Moreover, as

Q(fE) = p(f)REVE € E & fré(z)f = ¢(p(f)*x) Vz €V,

then, if (e;)1<i<n is a basis of Vq, and (e4)1<a<n @ basis of E, we have
N n
> foad(e)prfrs = ¢ (Z P(f)ijei) = o(f)ip(ei)as
Byy=1 j=1

The above formula shows that the coefficients of p(f) are polynomials of
degree 2, with rational coefficients, in the coefficients of f.

(3) Let h € F(¢). We know that
Q(h) = p(W)Q(E) V& € E & h*d(a)h = $(p(h)'z) Vo eV
then, for each invertible z € V, we have
BT = 8((p(h)"2) 7).
As (p(h)*z)~ = p(h)"'z~!, we find
iR T = dp(h) 27t Vo e Z(V)
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where Z(V) is the set of all invertible elements of V. It follows that

R lg(z)h* = ¢(p(h)"'z) Vz eV, ie p(h*)~t = (p(h)*)"L.

The last assertion is a direct consequence of the properties
Det(¢(z)) = det(a;)% and det(gzx) = Det(g) 7 det(z)

for x € V and g € G(Q2). a

Now consider the arithmetic subgroup I'; of F(¢) defined by
Lo ={f€F(¢)| f(L)=L}

As p is a surjective Q-morphism of algebraic groups, then I' = p(T',) is an
arithmetic subgroup of G(¢). Moreover,

Vv € T'o, det(Q(7.£)) = det(Q(€)), V€€ E.

1.2. Reduction theory.

The following hypothesis is essential to use in this context reduction
theory and to obtain some Minkowski inequality.

(Hz) In all the sequel, we assume that Vq is a split Jordan algebra,
that is, its primitive rank (which is the cardinality of maximal system of
primitive orthogonal idempotents), equals its rank.

As rank(V) = m, then the assumption (H) implies that there exists
in Vq a complete system of orthogonal primitive idempotents {ci,...,cm}
which we will fix along this paper.

The corresponding Peirce decomposition V = @ V;; is defined over Q, that
i<j
is
Vq = EB Viigq-
i<y

Let P be the subgroup of G(¢) defined by

P={ge€G(®)|(9zi;)i; = Mijzi; Vi,j (9zij)m =0 V(k,1) < (i,5)}

where the );; are reals, and for each y in V, the y;; are the Peirce
components of y, with respect to the Jordan frame {ci,...,cn}. The order
on the pairs (3, j) is the lexicographic one.
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PropPosITION 1.2.1. — P is a Borel subgroup of G(¢) defined over Q.

Proof — As the Peirce decomposition is defined over Q, then there
exists some basis of Vq whose each element lies in some V;;q,. An element
of G(¢) lies in P iff its matrix in such a basis is upper triangular. O

Now consider the subgroup A of G defined by
A= {P(a)|a=2ai.ci, a; >0 Vi,lgiSm}.

=1

ProprosiTioN 1.2.2. — A is a maximal Q-split algebraic torus of P
(cf. [15], chapter 2, proposition 3.5).

We denote by N the unipotent radical of P,

We know (cf.[15]), that
N:{n(z)lze @V]k}
i<k

where

n(z) = 7(zW)...7(z(m V)

20) = Z zjk, T(29)) =exp(221) O ¢;)
k=j+1

the operation O being defined by

z Oy = L(zy) + [L(z), L(y)]

(cf [15], Chapter 6, Theorem 6.3.6).

Let K be the maximal compact subgroup of G(¢) defined by
K={9€G(¢)|ge=ce},

where e is the unity of V. Then we have the Iwasawa decomposition of

G(¢),
G(¢) = N.AK.
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DErINITION 1.2.3. — A Siegel set of G(¢) (with respect to K,N,A)
is the cartesian product &, , = N,.A;.K with

m
A= {P(a) €Ala; <taj41,V1<i<m—-1, a= Zaici}
=1
Ny = {n(2) € N | ||z < u},

where t,u are two positive constants.

ProrosiTiON 1.2.4. — There exist positive constants t and u and
some finite subset B of G(¢)q such that

G(¢) =T.B.Gyq,
moreover, as (} = G(¢)/K, then
Q=TB.N,.A;.e.

Proof. — It is a direct consequence of Theorem 13.1 of [15], page 90,
applicated to the Q-reductive group G(¢) under the action of the arithmetic
subgroup I'. O

m
ProposiTION 1.2.5 (Minkowski inequality). — Let z = ) z;¢c; +
=1
>~ z;; be the Peirce decomposition of x € V. For positive reals t,u, there

i<j
exists a positive constant Cy ., such that, for each x € G, ,.e,

m
Hwi < Chy - det(z).

i=1
Proof. — Let £ = n - P(a)(e) be an element of the Siegel set S; ,.e

of the symmetric cone 2, i.e.

n=71(zW)...7(z(m"Y)
with

. m

D=3 ik, el <u
k=j+1

m
and a = Y a;c; such that

i=1

a; < tajy Vi,lsism—l.
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The Peirce componants of z are as follows :

13

2

zj=aj+ 5 ) _agllal®
k=1

j—1
Tjk = G?ij + 2zal2zljzlk.
=1
So we find the following inequality :
1,38 ik
2 j— 2
T < aj + 5043 th(J )||zkj“
k=1
142 1,
j— 2 2(j—
ca <1+ 1§ 20 g < a2 (1+ LS k>>>.
k=1 k=1

Otherwise, as det(z) = [] a2, we find
=1

H zj < Cyydet(z)
j=1

Cuu = (1 +

1.3. Convergence of the zeta series (f.

where

N

m—1 m
u? Y t"’(f"‘)) . ]
k=1

The zeta series associated to the representation ¢ and the lattice L is
defined by

Cls)= Y det(Q()™*, seC

1€To\ L/
where L' is the set L' = {l € L | det(Q(l)) # 0}.

THEOREM 1.3.1. — Under the assumptions (H;) (section 1.1) and
(Hs3) (section 1.2), the zeta series (1 (s) converges absolutely for Re(s) >
N

2m
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Proof. — For a € 2, we set

v(a) =#{le L' | Q(l) = a}
€(a) = #{y €T | y(a) = a}

Assume s real. By Proposition 1.2.4, there exist a Siegel set &;, and a
finite subset B of G(¢)q such that Q@ =T'B.&; ,.e and then

CL(s) = Z u(a)det(a)™° < Z v(a).det(a)™°.

a€M\Q(L") a€Q(L)NB.Sy y.e

Before getting to the proof of the theorem, we will show the following
lemma :

m
LEmMMA 1.3.2. — The series S = Y. v(a) (H a; 8) converges for
acQ(L’) i=1

s > N
2m’

Proof of the lemma. — Let E; = ¢(c;)E. We have E = 69 E; and

’ =1
this decomposition is defined over Q. Then we can find lattices R C (Ei)q
such that

LCR=@Ri.
i=1

For £ € E, denote by & = ¢(c;)€ € E;. The series S becomes

S=3, (H It II‘2S>

lel’

then

m m

SS_X; ; =111 >° i
i €

=11; i—{0} i=1 i=1 \l;€R;—{0}

Each one of these series is an Epstein zeta series which converges for
N

1
> —dim(E;) = —. 0O
s> gdim(Ey) = o7
Let’s now return to the proof of the theorem. For each equivalence

class of Q(L’) modulo I', we choose a representant of the form a = ba, b €
B, a € Gt,u.e.
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By the Minkowski inequality, we have

det(a) = Det(b)%det(a) Det(b) 7 Ha,

and if s > 0, then

m
det(a)™® < M? H a;7%, with M =C;,supDet(b)~ 7.
i1 beB

Set B ={by,...,b-},b; = p(f;), Lj=F;(L). If a = bja, then
v(a) = #{l € L; | Q) = o} = vj(a).

Otherwise, if f1, fo € F(4), then

(%) p(fi) = p(f2) @Vz €V, f.¢(z).fr = f3.6(2).f2

so, if b € G(¢), then

zeb QL)) & Ael,Af € F(¢), z=>"1.Q() =Q(f).

m

Notice that f is not unique, but if z = ) zj.c; + Y x is the Peirce
i=1 k<l

decomposition of z, then

z; =Q(f1); = (Q(f-1) [ ¢j) = (e(c;)) fL | £.I) = (f*- 8(cs) - F1 1)

and z; = ||¢(c;)f - I||* does not depend on the choice of the antecedent f
of b=1 by the map p.

Finally, we find

<MSZ > ug(aH =M*)" 8,

i=1 a€Q(L}) i=1 j=1

and the announced result is just a consequence of the above lemma. O
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2. Analytic continuation and the functional equation.

We use the classical method which consists to see the zeta series as the
Mellin transform of the theta series associated to the representation ¢
and the lattice L, and the functional equation is a consequence of the
transformation formula of the theta series.

First recall some results about zeta integrals.

2.1. Zeta integrals associated to ¢.

For each function f in the Schwartz space S(E), the zeta integral
associated to the representation ¢ is defined by

2(f,5) = /E detQ(E)]° F(€)dE, Vs € C.

ProposiTION 2.1.1. — The zeta integral Z(f, s) converges absolutely

for Re(s) > g(m -1) - N (d denotes the dimension of the subspaces

Vij for i # j in the Peirce decomposition of V). It admits an analytic
continuation as a meromorphic function on the whole plane C, and satisfies
to the functional equation

2(f.- 5) = 127,9)

where

I'q being the Kcecher-Gindikin gamma function of the cone §Q, that is

Fg(s)=/ﬂe_"(z)det(w)8_%dz,

and
fre) — —2mi(¢|n) d
f(€) /E e f(n)dn

is the Fourier transform of f (cf [15], Chapter 16, Theorem 16.4.3).
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2.2. Theta series associated to ¢ and L.

For each f € S(F), the theta series associated to ¢ and L is defined
by

O, f,L) = > flo(z?)l], Vzeq.

leL

It is clear that this series converges absolutely for z € 2.
ProprosITION 2.2.1 (Transformation formula).
8(z, f,L) = vol(L)"'det(z) #= O/(z, f, L"),

where f is the Fourier transform of f and L* is the dual lattice of L, that
is

={beE|(b|a)€Z, Vacl},

and vol(L) = vol(E/L).

Proof. — It is a consequence of the Poisson summation formula. If
1 € S(E), then

S0 = vol(L) ™ 3 ()

leL leL*

If (&) = f[p(z™2)¢], then
#(n) = Det(¢(z2)) fl¢(z?)n] = det(z) T Flg(z?)n). =

2.3. Invariance property of theta series.

LeEMMA 2.3.1. — If F is a K-invariant function defined on Q, then
there exists a kernel F'(z,vy) defined on Q x Q such that
F'(z,e) = F(z),
F'(gz,y) = F'(z,9"y),
F'(z,y) = F'(y,z), Vz,y € Q,VgeG(Q).
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Proof. — The function F; defined on Q x G(Q) by Fy(z,g) = F(g*z)
is right-invariant by K as a function of g.

The function F’ defined by F'(z,g-e) = Fi(z,g) satisfies to the
announced properties; in fact, it is clear that F’(z,e) = F(z) and

F'(g1-z,9.€)) = Fi(g1-2,9) = F(g*g1 - 2)
=F((919)" - z) = Fi(z,919)
= F'(x,979€).

Moreover, as there exists k € K such that
P(ed)y = kP(y})
(cf.[15], Chapter 14, Lemma 14.1.2), then
F'(z,y) = F(P(a?)y) = F(P(y?)z) = F'(3,3). 0

ProposITION 2.3.2. — Let F € S(Q), a K-invariant function on
and let f be defined by f(¢) = F(Q(£)). If the arithmetic subgroup T, is
self-adjoint, then the theta series O(z, f, L) is I'-invariant i.e.

©(vz, f,L) =O(z,f,L) VyeT.

Proof. — Let F’ be the kernel of Lemma 2.3.1. We have
f($(z2)e) = FQa(z2)€)) = F(P(x?)Q(€)

= F/(P(z3)Q(&),¢) = F'(Q(¢£), ),
and then
9(:13, fa L) = Z F/(z’ Q(a))

a€L

Moreover, for h in F(¢),

O(p(h)z, f,L) =Y _ F'(p(h)z,Q(a)) = Y _ F'(z,p(h)*Q(a))
ac€l a€l
=Y F'(z,Q(h*a)) = O(, f,*L),
ac€Ll

and, as we assumed that I'} =I',, then O(z, f, L) is '-invariant. O
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2.4. Mellin transform of theta series.

The Mellin transform of the theta series ©(z, f, L) is defined by

(s, f,L) = / O(z, f, L)det(z)°d*z, VseC
r\o

where d*z is the G-invariant measure on Q, d*z = det(z) mdz, dz
denoting the Euclidean measure on V.

(Hs) In all the sequel, we assume that N > m(m — 1)d and then the
image of the Euclidean measure on E under the quadratic form Q has a
density with respect to the Euclidean measure of V.

ProposITION 2.4.1. — Let F € S(Q), K-invariant, null on 89Q. Let
f be the function defined by f(§) = F(Q(§)). For s € C, if Re(s) >
max { %,(m - l)g— , then the integral Z(s, f, L) converges absolutely
and satisfies to

N
=5, f,1) = "2am) ¢, () 2 (Fo-3m)-

T2 2

Proof. — Assume f positive and s real, then

@(.’II, I L) = Z u(a)F'(a;, a’) = Z H(a) Z F/(.T, b)v

a€Q(L’) ae\Q(L") bel-a

and as

o

Z F'(z,b)

det(x)sd*:vz/F'(m,a)det(az)sd*a:
beT-a Q

= det(a)"s/ F(z)det(z)°d*z < oo,
Q
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then

E(s, f,L) = /F\n [ Z u(a) ( Z F'(x,b))] det(z)°d*z

a€el\Q(L’) beTl-a
= Z ,u(a)/ [Z F'(z, b)} det(z)°d*z
a€M\Q(L') "2 |per.a
= Y u(a)det(a)~ / F(z)det(z)*d*z
a€M\Q(L) 2

CL(S)/QF(x)det(w)“d*x < +00,

and we find
E(s, f, L) = CL(s) - [ F(z)det(z)*d*z.
Recall that for N > m(m — 1)d, the image of the measure d¢ under Q is
N

du(z) = det(z)l’%‘%dw,

T2
a (3m)

(cf.[15], Chapter.16, Proposition.16.1.1), we find
To (X
E(s, f, L) = '_Q'%)‘CL(S)/ F(©)[det(Q(€))]* T de
vl E

=F—Q-£-2%—)CL(8)'Z(f:5— 5%)

N
T2

Recall the following lemma :

LEMMA 2.4.2. — Let f € S(E) be a radial function, namely, there
exists a function F defined on (?, such that f(¢) = F(Q(¢)), then the
Fourier transform f of f is radial (cf.[15], Chapter 16, Proposition 16.2.5).

Moreover, we can find a radial function f such that f and its Fourier
transform f vanish on the set

{§ € E | det(Q(£)) = 0}

ProposiTiON 2.4.3. — Let F € S(Q), K-invariant, and f(¢) =
F(Q(€)). If f and f vanish on the set {¢ € E | det(Q(£)) = 0}, then
=Z(s, f, L)is an analytic function on its convergence domain, it admits an
analytic continuation as analytic function on the whole C, and it satisfies



ZETA FUNCTIONS OF JORDAN ALGEBRAS REPRESENTATIONS 1299

to the functional equation
N ~
= <% - s,f,L*) = vol(L)E(s, f, L).

Proof. — Set
Qp ={z € Q| det(z) > 1}
Q_ ={z € Q|det(z) <1}

and we define

=4 (s, f,L) = / O(z, f, L)det(z)*d"z

r/Q,

E_(s,f,L)= /1"/9 O(z, f, L)det(z)*d*z.

The integral defining Z, (s, f, L) converges for each s € C and is
analytic on the whole C. Indeed, for each positive constant A, B there
exists a positive constant C such that

|F(y)| < Cdet(y)~4(1 + tr(y)) 7,
and
|F'(x,a)| < C det(z)"“det(a)™ (1 + (a | z))~B.
If Re(s) < A, and det(x) > 1, then |det(z)®| < det(z)4,
and

|F'(z, a)det(z)*" ™| < C det(a) (1 + (a | z))" 5.

Otherwise,

/ (1+ (a | 2))~Bdz < det(a)~ % / (1 + tr(y))~Fdy.
Q. Q

So, if A > ﬁ, then
2m

Z ,u(a)det(a)‘"‘/Q 1+ (a]z) Bdr < .

a€MQ(L’)

On an other side, as

O(z71, f, L) = vol(L)~'det(z) 2 O(z, f, L*),
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then if E_(s, f, L) converges, i.e. if (s, f, L) converges, then

=_(s,f,I) = / O(z, f, L)det(z)~*d*z

/4

= vol(L)‘l/ O(z, f, L*)det(x)?%_sd*z
r/Q4

1=z (N ?
= VO](L) 1:.+ (%‘ - 8, f, L*)
ie.

N ~
= = -z — - *).
=_(s, £, L) = vol(L) +(2m s,f,L)

We deduce that Z_(s, f, L) is analytic on its convergence domain and as
E+(s, f,L) is analytic on C, then the above equation gives the analytic
continuation of Z_(s, f, L) as analytic function on C. It is also the same
for the Mellin transform E(s, f, L) which is given by

E(s, f, L) =E4(s, f, L) + E_(s, f, L)

N A
= —1= 2 *
—‘-‘+(37f7L)+V01(L) ‘—'+(2m safaL )

Moreover, it satisfies to the functional equation

=(N fr*x) = =
H<—2E -s,f,L ) = vol(L)Z(s, f, L). 0O

2.5. Analytic continuation and functional equation.

From the above, we deduce

N ,
G (ﬁ -5, L) = folelg, ( e S) Z(f,~s) =vol(L)E(s, f, L*)

2m Tz 2m

s .
= vol(L)FﬂLﬁm—)CL* (s)Z (f,s - i)

3 2m

— Fo (_11\'%) N _2ms FQ(S)
= VOl(L) W—é-CL* (3)71'_2_ mZ(f, —8)

and finally, we have the theorem :
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THEOREM 2.5.1. — Under the assumptions :
(H3) N >m(m—1)d,
(Hy) the arithmetic subgroup T, is self-adjoint,

the zeta function (r,(s) admits an analytic continuation as a meromorphic
function on the whole C and satisfies to the functional equation

o (g ) = ol S e B )

Remark. — If ', is a finite-index subgroup of I',, then the zeta series
defined by

CL(s)= D det(Q()~*
leTL\L'

has the same properties than (z(s).

3. Examples.
In this section we look at some examples of zeta functions.

3.1. Case of symmetric real matrices.

Let V = Sym(m, R) be the Jordan algebra with the product Ao B =
1
3 (AB+ BA), then the symmetric associated cone is the cone 2 of positive

definite symmetric real matrices. Let E = M(m,n,R) (with n > m), and
¢ the representation

¢:V - Sym(E),z — ¢(z) : { — x¢.

The associated quadratic form @ is given by Q(&) = £¢',V€ € E. (¢’ is the
adjoint of €.) Let Vq = Sym(m, Q), then Vq is a split Q-structure of V,
and let Eq = M(m,n,Q) and L the lattice L = M(m,n,Z). It is clear
that ¢ is defined over Q, moreover, the arithmetic group GL(m,Z) is a
finite-index subgroup of I',, where

Lo ={feF(¢)| f(L) =L},
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and the zeta series is

CL(s) = > Det(AA")™,

AEGL(m,Z)\M(m,n,Z),rank(A)=m

which is the classical Koecher zeta function.

3.2. Case of Hermitian complex matrices.

Let V = Herm(m, C) be the Jordan algebra with the above product
“o”, E = M(m,n,C) (with n > m), and ¢ the representation

¢(z)é =x£,Vx € V,E € E.
The associated quadratic form is given by Q(¢) = £€'.

Let K be an imaginary quadratic field and O its ring of integers.
Then Vq = Herm(m, K) is a split Q-structure of V' and the space Eq =
M(m,n,K) is a Q-structure of E. Let L be the lattice L = M(m,n, ),
then it is clear that the representation ¢ is defined over Q, and the group
GL(m, ) is of finite index in I';, and we obtain the zeta series

Co(s) = > [Det(AA")]~*,

AEGL(m,0)\M(m,n,0),rank(A)=m

and this case gives a new example of zeta function.

3.3. Case of Hermitian quaternionic matrices.

Let V = Herm(m, H) with the Jordan product, £ = M(m,n,H) and
¢ the representation ¢(z)é = z€,Vz € V,€ € E. If O denotes the ring of
Hurwitz integers, then L = M(m,n,O) is a lattice in E and the group
GL(m, O) is of finite-index in the arithmetic subgroup I', associated to ¢.
The zeta series is the one studied by A. Krieg in [15], and is given by

((s) = > Det(AA")~°.

A€GL(m,0)\M(m,n,0),rank(A)=m

The case of zeta functions of representations of rank 2-Jordan algebras gives
new examples of zeta functions and constitutes for itself an other article

(ct. [1]).
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