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LOJASIEWICZ INEQUALITIES FOR SETS DEFINABLE
IN THE STRUCTURE Rexp

by TA LE LOI

The object to be studied in this paper is the class D of subsets of
Euclidean spaces definable from addition, multiplication, and exponentia-
tion. In Section 1 we recall some properties of sets in this class; we refer
the reader to [3], [9], [11] for details. In the next sections we consider some
variants of Lojasiewicz inequalities for this class. In Section 2 we prove
the Lojasiewicz-type inequalities for D-sets and D-functions. Section 3 is
devoted to some applications of the inequalities given in Section 2. The
global Lojasiewicz inequalities with or without parameters for analytic D-
functions are presented in Section 4. The rationality of the Lojasiewicz
exponents is also proved. Some of the results of this paper were announced
in [10].

In the sequel, | || and d(:,-) denote the Euclidean norm and the
Euclidean distance in R™ respectively, d(z,0) aef 1. B(z,r) denotes the

def

open ball with center z and radius r. X = R" \ X for X C R".

1. The class of D-sets.

1.1. DEFINITION. — Let R,, denote the algebra of real-valued func-
tions on R™ generated over R by the coordinate functions and their expo-
nents, i.e.

def
R, = [#1,...,Zn,exp(z1),...,exp(Tn)]-

Key words: D-sets — Lojasiewicz inequalities — Lojasiewicz exponents.
Math. classification: 14P15 — 14P99 — 26D20.
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Let D,, denote the class of subsets of R™ each of which is of the form:
7(f~1(0)), where f € Rptm, m € N and m: R® x R™ — R™ is the natural
projection. A set A is called D-set if A € D,, for some n € N. A map
f:+ A — B is called D-map if its graph is a D-set.

Remark. — The class D contains all semi-algebraic sets. A D-set, in
1
general, is not subanalytic (e.g. {(z,y) : 2z > 0,y = exp(——z—)}). If fisa

D-function, then so is exp f. If, in addition, f > 0, then log f, f* (a € R)
are D-functions.

As a direct consequence of Wilkie’s theorem [20] this class has the
following substantial property.

1.2. THEOREM (Wilkie). — D = (Dp)nen is a Tarski system, i.e.
IfA,B € D,, then AUB, ANB and A~ B € D,,.

If A € D44, then w(A) € Dy, where m: R® x R — R™ is the natural
projection.

Proof. — See [19], [20] (see also [11]). O

Here we shall give some geometric properties of D-sets which will be
used in the next sections.

1.3. PROPOSITION.

(i) Every D-set has only finitely many connected components and
each component is also a D-set.

(ii) The closure, the interior, and the boundary of a D-set are D-sets.

(iif) The composition of D-maps is D-map.

Proof. — (i) follows from a Khovanskii result on fewnomials [6], [7]
and Theorem 1.5 below (see also [3], [8]). (ii) and (iii) follow directly from
Theorem 1.2. . O

1.4. DEFINITION.

(i) A D-map f: A— R™ with A C R" is called D-analytic if there
is an open neighborhood U of A in R™, U € D,, and an analytic D-map
F:U — R™ such thatFlAzf.
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(ii) Dn-analytic cells in R™ are defined by induction on n: D1-analytic
cells are points {r} or open intervals (a,b), —oco < a <b< 4o0. IfC isa
Dy-analytic cell and f,g : C — R are D-analytic such that f < g, then

(£,9) € {(z,7) € C xR f(z) <7 < g(2)},
(=00, ) E{(z,1) €CxR:r < f(2)},
(9,+00) E {(z,7) € C x R: g(x) < 1},
'(f) def graph f and C xR are D,;-analytic cells.

(iii) A D-analytic decomposition of R™ is defined by induction on n: a
D-analytic decomposition of R! is a finite collection of intervals and points
{(=00,a1),...,(ak,+0), {a1},...,{ax}}, wherea; <--- < ak, k€N.

A D-analytic decomposition of R**! is a finite partition of R**! into
D,.+1-analytic cells C such that the collection of all the projections m(C)

is a D-analytic decomposition of R™ (here w : R"*! — R" is the natural
projection).

We say that a decomposition partitions A if A is a union of some cells
of the decomposition.

1.5. THEOREM (van den Dries & Miller).

(I,) For Ay,..., Ay € D, there is a D-analytic decomposition of R"
partitioning Ay, ..., Ag.

(11,) For every function f : A — R, A € D,, there is a D-analytic
decomposition of R™ partitioning A such that for each cell C C A of the
decomposition, the restriction f| o is D-analytic.

Proof. — For the proof see [3], [4] or [9]. a
1.6. PROPOSITION (definable selection). — Let A C R™ x R™ be a
D-set and let m : R™ x R™ — R™ be the natural projection. Then there
exists a D-map p : m(A) — R™ xR™ such that w(p(z)) = z for all z € 7(A).

Proof. — See [3], Ch. 8, Prop. 1.2. O

1.7. DEFINITION. — The dimension of a D-set A C R"™ is defined by

dim A %< max{dimI':T is an analytic submanifold of R™ contained in A}.
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Remark. — The class of D-sets shares many interesting properties
with those of semi-algebraic sets. For example, D-sets admit Whitney
stratification, they can be triangulated, and continuous D-functions are
piecewise trivial (see [3], [9], [11]).

2. Lojasiewicz-type inequalities.

2.1. DEFINITION. — For m € N define:

def def
o expy(t) S t, exppy(t) = explexpp,(t)), t €R.

o on) s L0, 0n(0) =0

Note that exp,, and ¢,, are D-functions.

2.2. PROPOSITION.
(i) wo(t) = |t|, and for m > 0, ¢, € C* and flat at 0.

y om(tHY)
(it) Ym,£ e N, a #0, ;lélt o om(ath) —

Proof.

1
(i) Let u(t) = expm(?), t >0, m € N, m # 0. By elementary
computation we have:
r(k)

(H® - > Pl ),

where k,r(k) €N, P;x € Rlzy,...,zk), degP; < ;

910 = (b (). (1) 02,

where Q € R[zo, ..., Zm-1]-

Therefore
s(k)
®)(t) = ; e_,gﬁml(_l/t—)Rj(%’exP(%)’m’eme'l(_rlf_))’ t>0,

where R; € R[zo,...,Zm-1], 5 = 1,...,5(k), s(k) € N. So (i) follows, as
exp]-(l/t)

— = f <j .
118 oxp. (1/0) Ofor0<j<m
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(ii) is proved by induction on m. o

2.3. LEMMA (van den Dries & Miller). — Let f : (a,+00) — R
be a D-function. Then there exist £,m € N, C,r > 0 such that |f(t)| <
Cexp,,(t%), Vt > r.

Proof. — See [4], §9, Proposition 9.2 (see also [14]). a

2.4. LEMMA. — Letv: A — R, A C R", be a D-function. Suppose
that v is bounded on every bounded subset of A, i.e.
(*) Vt>0 if Ai={z€A:|z||<t}#0, then supv < +oo.
A
Then there exist £,m € N, C > 0: |v(z)| < C(1 + exp,, (||z[%)), Vz € A. In
particular, the inequality holds if v is continuous and A is closed.

Proof. — Let

At
0, if At = @
Then w is well-defined, by (*), and w : Rt — R is a D-function, by Theorem
1.2. By Lemma 2.3 3¢,m € N, r,C; > 0 : |w(t)| < C; exp,, (%), Vt > r. Let
C = max(C1,sup, v), then C < +o00 by (*) and
A

r

{supv, if A; #0,
w(t) =

lw(t)] < C(1 + exp,,(t%)), Vt>0.

That is
lv(z)| < C(1+ expm(||x||e), Vz € A. O

2.5. LEMMA. — Let A be a locally closed D-set of R™. Then there
exists a homeomorphic D-map from-A onto a closed D-set of R"*1.

Proof. — By the assumption A = ANU, where U = AU A is a
nonempty open D-set. R® 5 z +— d(z,°U) is a continuous D-function, by
Theorem 1.2. So the D-map -z — (z,d(z,°U) 1) is a homeomorphism from
A onto the closed D-set {(z,t) € R* xR : z € A, td(z,°U) = 1} of
R+, O

2.6. THEOREM. — Let f : A — R. Suppose that A is locally closed
in R™, f is a continuous D-function and g : {x € A: f(z) # 0} - R is
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a continuous D-function. Then there exist M, L € N such that @ (f*) - g
can be continuously extended to A by 0 at all x € A with f(z) =0.

Proof. — By Lemma 2.5 we can suppose that A is closed. For x € A,
u > 0 define
Acu={y€eA:lly—z| <Lulf(y)| =1}
Then Az, is a compact D-set. Let
_ SuP{lg(y)l NS Az,u}’ if Az,u # 0
v(m, ’U) - {07 if A%u = 0.
By Theorem 1.2 v: A x Rt — R is a D-function.

Claim. — v satisfies (*) of Lemma 2.4. Indeed, for ¢t > 0

sup{v(z,u) : ||(z, u)|| <t}

< sup{lg(y) : Iz,u) € Ax R, |z, 0)l <, |ly — 2] < 1, ulf(z)| =1}.
The set X ={y: 3(z,u) € AXRY, ||(z,u)|| <2, [ly— 2|l < L, u|f(y)| =1}
is the image under a projection of the set

Y ={(y,z,u):z€ A, u<0, ||(z,u)] <t, ly—zll <1, ulf(y)| =1}
But Y is compact, for A = A, f is continuous and X C {||(z,u)| < t,
{y — z|| £ 1}. Hence X is compact. The claim follows because g is
continuous. Now, by Lemma 2.4, there exist £,m € N, C > 0:

lo(2,u)] < C(1+ expp(ll(z, w)[%)), V(z,u) € AxR*.
Fix z € A, |v(z,u)| < 2C exp,, (2¢||u||¥), Yu > max(||z|, C,1). This implies
21,’

l9(y)| < 2C exp,y, (W),
1

. . 1
when y € A, f(y) #0, |ly—z|| <1 and |f(y)] < mm(m,z,l). That
1
means ¢ (55 £W)) - l9W)| < 2, when y € A4, f(y) # 0, |y ]l <1
and |f(y)| is sufficiently small. By Proposition 2.2 ¢, (f*!) - g can be
continuously extended to 0 at all z € A with f(z) = 0. The theorem is
proved. O

2.7. COROLLARY. — Let f,g: A — R. Suppose that A is closed in
R™, f, g are continuous D-functions and f~1(0) C g~1(0). Then there exist
L,M € N, a continuous D-function h on A such that pp(g*) = h- f. In
particular, there exist £,m € N, C > 0 such that

C
|f(z)] = m‘PM(gL(Z‘)), Vz € A.
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1
Proof. — From the assumption 7 :{z € A:g(x) #0} - R

is a continuous D-function. By Theorem 2.6 there are L,M € N such

L
that h = SO_M}Q__) can be continuously extended to A. Moreover, from

Lemma 2.4, 3¢,m € N, C’ > 0: |h(z)| < C(exp,,(l|z||¥), Vz € A (we can
suppose m # 0). The corollary follows. O

2.8. COROLLARY. — Let f : A — R. Suppose that A is closed in
R™, f is a continuous D-function. Then there exist £,m,L,M € N, C >0
such that

|f(z)| > om(dE(z, f71(0)), Vz e A.

expy, (I|z]|)

Proof. — Apply Corollary 2.7 to g(x) = d(z, f~1(0)). Note that g is
a continuous D-function, by Theorem 1.2. O

2.9. COROLLARY. — Let X,Y be closed D-sets of R™. Then there
exist £,m,L,M € N, C > 0 such that

d(z,X)+d(z,Y) > ———opu (X (z, X NY)), VzeR™
(z,X) +d(z,Y) expm(”x”l)w(( )

Proof. — Apply Corollary 2.7 to
f(z)=d(z,X)+ d(z,Y) and g(z) =d(z,X NY). O

2.10. Remark. — In Corollaries 2.7 and 2.8, if we suppose that A is
a locally closed subset of R™, then, from the proof of Lemmas 2.5 and 2.4,
there exist m € N, C > 0 such that
|h(z] < Cexp,,(|lz]| + d(z,°U)™!, Vz € A,
where U = °A U A. Therefore, by replacing the denominators on the right
sides of the inequalities in Corollaries 2.7 and 2.8 by exp,,, (||z|| +d(z°U) 1)
we obtain the inequalities in the case that A is locally bounded.

Similarly, Corollary 2.9 can be somewhat generalized as follows.

2.9’. COROLLARY. — Let X,Y be closed D-sets in an open D-set
Q of R™. Then there exist m,L, M € N, C > 0 such that

C L
> .
d(z, X) + d(z,Y) > o (Tl +d(a),CQ)—1)<pM(d (z, X NY)), Vz e




958 TA LE LOI

3. Applications.

As a first application of the inequalities given in Section 2 we prove
the Tietze-Urysohn theorem for the class of D-functions.

3.1. PROPOSITION. — Let A C R" be a locally closed D-set and
F C A be closed in A. Suppose that f : F — R is a continuous D-function.
Then there exists a continuous D-function f : A — R such that fIF = f.

Proof. — By decomposing f = f+ + f~, where f+ = %(lfl + f),
1

f = E(lfl — f), we can suppose that f > 0. Moreover, by Lemma 2.5, it

suffices to prove the proposition for A = R".

Now suppose that f : FF — R is a continuous D-function, F' C R"
is a closed D-set and f > 0. Applying the inequality in Corollary 2.6 to
|f(z)— f(y)| and ||z —y||, (z,y) € Fx F,wecanfind L, M e N(M >1),a
continuous D-function h : F x F — R such that op(|f(x) — f(¥)|F) =
h(z,y)|z — yll, z,y € F. By Lemma 2.4 there are m € N, C > 0:

def
h(z,y) < Cexpp(ll(2,9)l), 2,y € F (where ||(z, )|l = (=] + [ly[*)*/?).
It is easy to see that ¢ps is strictly increasing on [0,400). So there

exists the inverse function cp;,_,l which is also a continuous D-function and

1
strictly increasing on [0, 7as), where 7y def \ Ii$ em(t) = ————. Hence
—1+00

expys(0)
h(z, )|z — y|| < rm, Vz,y € F. By Corollary 2.8 there are p e N, C' > 0
!

such that rar — h(z,y)|lz — yl| > Vz,y € F. Define

eXPp(”(«Ta )’
o4 )
2eXPp(”(-Ta i/’

Then k is a continuous D-function and @ps (| f(z) — f(¥)|¥) > k(z,y) < T,
Vz,y € F. Define

k(@,y) = min(C exp, (I(z, 9) Dlle —yll, T2 - z,y €R™.

Az,y) = o3 (k(z,y)) X + |z —yll, z,y €R™
f(z) = inf{f(y) + A(z,y) : y € F}, z€R™

Then f satisfies the demands of the proposition (see for example Bochnak-
Coste-Roy, “Géométrie algébrique réelle”, Ch. 2, Prop. 2.6.9). a

In the differential analysis aspects, the behaviour of infinitely differ-
entiable D-functions, briefly C* D-functions, is quite bad.
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3.2. Examples.

(i) (Bierstone [1], Ex. 2.18). Let F' be the complement of the open
subset of R? defined by {(z,) : 0 < y < e=1/=*, z > 0}. Let f be the
function on F defined by f(x,y) = e~/ o if £ > 0, f(z,y) = 0 otherwise.
Then f is a continuous D-function on F', infinitely differentiable on int F’

and all partial derivatives of fl it F extend continuously to F' (in particular,

to zero at the origin). But f is not the restriction of a C* function on R2
because if z > 0 then the difference quotient

f@,e =) - f(z,0) _

— g 1.

(ii) (Malgrange [13], Ch. VL.2). Let f(z,y) = y + e~/ if z # 0,
F(0,y) = y2. Then f is a C*™ D-function on R2. The ideal fC*(R?) is not
closed in C*°(R?) (with the topology of uniform convergence of functions
and all their partial derivatives on compact sets), that is, there exists a C*
function g on R?, g ¢ fC>°(R?) but for each (z,y) € R? the Taylor series
of g at (z,y) belongs to the ideal generated by the Taylor series of f at
(z,y) in the ring of formal series. (In fact, f does not satisfy a Lojasiewicz
inequality in any neighborhood of the origin.)

We introduce here the notion of pr-flatness. It measures, in a certain
sense, the “degree of flatness” of the contact of the zerosets of C*° functions
with D-sets.

3.3. DEFINITION. — Let Q be an open subset of R". Let X be a
closed subset in 0, f be C* function on Q and M € N. f is called ¢p-flat
on X iff for every a € §, there exists a neighborhood U, of a such that

Va € N*,3C,, Lo > 0: |D*f(z)| < Caprm(dl=(z, X)), Vz € U, NQ.

Let ®,7(2, X) denote the set of all C* functions on Q2 which are pys-flat
on X. ‘

3.4. PROPOSITION. — Let Q be an open subset of R™. Let f : 2 — R
be a C*™ D-function. Then there exists M € N such that

Vg € (R, £71(0)), I €C™(Q) 1 g=T - f.

Proof. — By Corollary 2.8 and Remark 2.10, there are m, M > 1,
C, L > 0 such that '

|f($)| 2 CwM—l(dL(x) f—l(O))

expy(l|zl| + d(z, ) ~1)’

Vz € Q.
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Let a € f71(0) and g € ®p(Q,f"1(0)). Then there is a compact
neighborhood K of a such that Vo € N*, 3C,, L, > 0:
|D%g(x)| < Capm(dl=(z, f71(0)), Vz € K.
On the other hand, VG € N”, |8| < |ef, 3C’, N > 0, C" > 0:
1 c’
B( = <~
ID°(7)@ < ppry
"
< ¢ s
= pm-1(dh(z, f71(0))lelH
So, from Leibnitz’s formula, Vo € N®, 3C"" > 0:

vz € K~ f~1(0).

g i ‘PM(dLa_B (=, £71(0)) -1
D= <C Vz e K .
| (f)(z)l = = orm—1(dE(z, F~1(0))lel+1 ze KN\ f7(0)
S- . (pM(tL') — ! a g 1
1mce tlé{)!}F W = 0, VL' € N, D (?) can be contmuously

extended to Q to 0 at any =z € f~1(0). Then, by Hesténés lemma (see, for
example, [15], Ch. IV, Lemma 4.3), % is the restriction of a C* function

on  which is flat on f~1(0). The proposition follows. O

3.5. PROPOSITION. — Let X,Y be closed D-sets in an open D-set
Q of R™. Then there exists M € N such that: for every f,g € C*°(Q), f—g
ispm-flat on X NY, ie f—ge dpy(Q,XNY), exists 0 € C*(N) such
that alx = flx, a|y =gly.

Proof. — By Corollary 2.9’ there are m,L € N, C > 0 (M > 1) such
that

d(z, X)+d(z,Y) > ¢

expp, (||l + d(z, °2)~1)
Applying this inequality and using a similar argument as in the proof of
[15], Ch. IV, Lemma 4.5, we can find § € C*°(Q2\ (X NY)) with § =1 on
XN (XNY),6=00nY \(XNY) and Va € Q there is a neighborhood
U, of a such that:

Va € N", 3Ca, La > 0: |D*8(z)| < Caprr—1(db=(z, X NY))~1el,
Ve U, N\ (XNY).
Define o = f +6(g — f). Then le = flx, UIY = gly. Moreover, if f — g is

wpm-flat on X NY, then Va € Q there is a neighborhood U C 2 of a such
that

VB €N", 3C4, Ly > 0: |DP(f — g)(z)| < Chom(dts(z, X NY)), Vz € U.

om-1(dE(z, XNY)), Vz € Q.
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By Leibnitz’s formula and properties of 8, shrinking U if necessary, for
every v € N™ there is C' > 0 such that

o (dEr-a(z, X N Y))
(pM_l(dL“ ((B, XN Y))Ial ’

D69 - N@)| <C Y.

aly

VzeU~ (XNY).

Hence 0(g — f) is the restriction of a C* function on 2 by Hesténés lemma,
and so is 0. The proposition follows. O

4. Global Lojasiewicz inequalities for analytic D-functions.

Throughout this section, let 2 be an open D-set of R". We are
interested in the class of analytic D-functions on Q2. First we list some
properties of this class:

It is a ring containing all (restricted) polynomials.

It is a differential ring, i.e. if f is in this class, then so are
(E=1,...,n).

8:17,'

It is closed under exponentiation, i.e. if f is in this class, then so is
exp f.

If f is in this class and f > 0, then so are log f, f* (o« € R).

It has the weakly Noetherian property, i.e. if {f;, ¢ € I} is a family
of functions in this class, then there exist i1,...,%x € I such that

(710 = £ 00 £0).
i€l
(The proofs are given in [11].)

From the rationality of Lojasiewicz’s exponent of subanalytic func-
tions on compact subanalytic sets (see [2]) and the finiteness of the number
of connected components of D-sets (Proposition 1.3), we obtain the global
Lojasiewicz inequality for analytic D-functions.

4.1. THEOREM. — Let f,g : Q@ — R be analytic D-functions.
Suppose that f~1(0) C g~1(0). Then:

(i) There exist L € N, a continuous D-function h on Q such that

h(z)f(z) = gL(a:), z €N
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(ii) There exist m € N, a, C > 0 such that

C
@) 2 o Tl + a2

=y lg(z)|*, Vz € Q.

(iii) If F C Q is a closed D-set of R™, then there exist mr € N, ap,

Cr > 0:
Cr

@l 2 S =D

lg(z)|*F, Vz € F.

(iv) The Lojasiewicz exponent of g with respect to f on Q,

La(f,9) def inf{a € Ry : there is a continuous D-function h on €,

h(z)|f(z)] = lg(=)|*, Vz €9},

is a rational number. Moreover, tberé exists a continuous D-function h on
Q such that h(z)|f(z)| > |g(z)|é/9) vz € Q.

Proof. — Let r(z) = %d(x, °Q), z € R" (d(z,0) = 1, by definition).
Then r is a D-function by Theorem 1.2. Define
{(z) = inf{a€Ry : 3C>0, C|f(z)|>|g(z')|*, Vz'€B(z,r(x))}, €.
Note that the sets which are taken infimum are not empty by the well-

known theorem on Lojasiewicz inequality for analytic functions on compact
subanalytic sets. So ¢ is well-defined. ¢ is a D-function, by Theorem 1.2.

(To assure this we can directly verify as follows: Consider
X ={(z,0):2€Q,a€R,,3C>0,V2’ € B(z,r(x)), C|f(z)| > |g(z’)|*}.
First let
X; ={(z,0,0) € A x Ry xR, :V2' € B(z,r(z)), C|f(z")| > |g(z)|*}.
Then X = m(X4), where m(z,a,C) = (z,a). Now define
X ={(z,0,C,2') e A xRy xRy x R™:
lz — 'l <r(z), Clf()l<lg(z")I"}-

Then ¢X; = m2(X2) U¢(Q x Ry x Ry), where me(z,,C,2') = (z,a,C).
Finally, let

X3 ={(z,0,C, 2", v,w) €A xRy xRy xR" xR xR:
(r(2) = llz = 2’|l = v*)% + ((l9(")|* - C|f(z"))w? ~ 1)* = 0}.

Then X, = m3(X3), where w3(z,, C,z',v,w) = (z,a,C,z'). But Xj is of
the form

X3 =SNF~1(0), where S isa D-set and F: S — R is a D-function.
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So X3 is a D-set. This implies X is a D-set. By a similar way one can check
that

graphf = {(z,)\) : 2 € Q, A=1inf X},

where X, %< {a €R:(z,a) € X}, is a D-set.)

By Bochnak-Risler’s theorem [2], §1.3, Th. 1, £(z) € Q4, Vz € Q.
Therefore, by the finiteness of the number of connected components of D-
sets, Im £ is a finite subset of Q. This implies that there exist a € €,

p,q € N such that supIm/ = ¢(a) = g So Ve > 0, Vz € Q, 3C.(z) > 0:
C.(2)f ()] > |g(a")P/9, V2’ € B(z,r(x)). Let L = [’E’] +1, where [o]
denotes the integral part of [a]. Define

h(z) = { %(z), ifzeQ, f(z)#0,
0, ifzeQ, f(z)=0.
Then h is a continuous D-function on Q and h(z) f(z) = g% (z), = € Q.
(i) is proved.
(ii) follows from (i) and Remark 2.10.

(iii) follows from (i) and Lemma 2.4.

(iv) We prove that £o(f,g9) = s = {(a). Let € > 0. Define

|g|(p/‘1)+6 )
e { (@), fzeq, f@)#0,

0, ifreQ, f(z)=0.
Then k. is a continuous D-function on Q. This implies £o(f,g) < g +e.

On the other hand, by the definition of £o(f,g), there exists a
continuous D-function h. on Q such that

he(2)|f ()] > |g(2)P9*, Ve e Q.
Therefore,

sup  (he(a') +1)|f(z)| > |g(x)|**P)*e, Vo € B(a,r(a)).
z'€B(a,r(a))

So IT; = #(a) < £a(f,g) +¢. (iv) follows. 0
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4.2. Remark.

(i) In fact, in the proof of Theorem 4.1 we only require the subana-
lyticity of f and g, so our proof can be modified to obtain similar results
in the following cases:

a) f, g, being D-functions, are continuous and subanalytic in Q with
f710) c g74(0).

b) Q is a closed D-set and subanalytic subset of R™, and f, g, being
D-functions, are continuous and subanalytic on Q with f~1(0) c g=1(0).

(Under the assumption b), instead of £ in the proof of the theorem
we define

A(r) =inf{a € R4 : 3C > 0,
Clf(z)| 2 |g(z)|*, Yz € B(0,r) N Q}, r > d(0,Q).
The remaining argument can be modified without difficulty.)

(ii) By the above remark, the rationality of Lojasiewicz exponent for
continuous semi-algebraic functions on closed or open semi-algebraic sets
follows. In [5] Fekak proved this, but his method relied upon the theory of
the real spectrum.

(iii) Similar remarks can be made for Propositions 4.3 and 4.4 below.

4.3. PROPOSITION. — Let f : @ — R be an analytic D-function.
Then:
(i) There exist m € N, o, C' > 0 such that
C
|f(z) > d*(z, 71(0)), Yz € Q.

expy, (|7l + d(z, ) 1)
(ii) There exist mp € N, ap, Cg > 0 such that

Cr
7@ 2 G el

where F is as in (iii) of Theorem 4.1.

d**(z, f71(0)), Vz € F,

(iii) £a(f) def inf{a € Ry : there is a continuous D-function h on

Q, h(z)|f(z)| = d*(z, f1(0)), Vz € Q} is a rational number. Moreover,
there exists a continuous D-function h on Q such that h(z)|f(z)] >
dt(x, f~1(0)), Vz € Q.

Proof. — Using the notation of the proof of Theorem 4.1, we now
define
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41(z) = inf{a e Ry : 3C >0,
Clf(«")| = d*(a’, f1(0), &’ € B(g,r(x))}, = € Q.

Arguing as in the proof of the theorem, now replacing £ by ¢;, we obtain

the desired result. O
4.4. PROPOSITION. — Let
X = O{z €Q: fi(z) =0, gir(z) >0,...,9i(z) >0}
and =

q
Y =|J{z €Q:h(z) =0, kju(z) >0,...,kjs(z) > 0},
j=1

where the f;, h;j,gi1,...,89r kj1,...,kjs are analytic D-functions on Q.
Suppose that X,Y are closed in 2. Then:

(i) There exist m € N, a, C > 0 such that

o
d(z, X) +d(z,Y) 2 expp, (||| + d(z, °2)~1)

(ii) There exist mp € N, ap, Cr > 0 such that

Cr
d(z, X) +d(z,Y) > —E__
(@X) +d@Y) 2 ST

where F is as in (iii) of Theorem 4.1.

d*(z, X NY), Vz € Q.

d*F(z,X NY), Vz € F,

(iii) £a(X,Y) def inf{a € Ry : there exist a continuous D-function

h on Q, h(z)(d(z, X) + d(z,Y)) > d*(z,X NY), Vz € Q} is a rational
number. Moreover, there exists a continuous D-function h on § such that
h(z)(d(z, X) + d(z,Y)) > d*X¥)(z,X NY), Vz € Q.

Proof. — Using the notation in the proof of Theorem 4.1, instead of
¢, we define

lr(z) =inf{a € Ry : 3C > 0,

C(d(@',X) +d(',Y)) > d*(2', X nY), 2’ € B(z,r(z))}, z € Q.
Once again, carrying out the same argument as in the proof of the theorem,
but now replacing £ by ¢3, we obtain the proposition. O

4.5. Remark. — Tougeron in [18] proved global Lojasiewicz inequal-
ities for functions in the exponential extensions of rings contained in a cer-
tain class of weakly Noetherian rings of analytic functions (see [16], [17]
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for the precise definition). Here we present a simple proof of these inequali-
ties for analytic D-functions, this class is much larger than the exponential
extension of the ring of polynomials.

As an application of the global Lojasiewicz inequality in Theorem
4.1, we prove the next proposition which is analogous to a theorem of
Lojasiewicz [12], Th. 3, p. 98.

Let A, denote the smallest ring of real-valued functions on R"™
containing all polynomials and closed under exponentiation. A subset X of
R™ is called A,-semianalytic, iff it can be globally described by functions
in A,, i.e.

p
X =|J{z eR*: fi(x) =0, gij(z) >0, j=1,...,q},
=1

where the f;, g;; are in Ay, p,q € N.

Note that functions in A, (resp. A,-semianalytic sets) are D-func-
tions (resp. D-sets).

4.6. LEMMA. — Let X be an open A,-semianalytic subset of R™.
Let

U={zeR":g1(z) >0,...,94(z) >0}
and
Z={zeU: f(z) =0},

where f,91,...,9¢ € An. If Z C X, then there exist o, m € N, C > 0 such
that

q
Z c {z € U : |f(z)|expp(l2l|?) < Clg(2)|°} € X, where g € [] g;.

Jj=1

Proof. — Apply Theorem 4.1 and Remark 4.2 (i), b) to the restric-
tions of f and g to U ~. X. There are o, m € N, C > 0 such that

T)| 22—
T2 e (TP)
Therefore Z C {x € U : |f(z)| exp,,(||1z]|?) < Clg(z)|*} C X as desired. O

lg(z)|*, VzeU~ X.

4.7. PROPOSITION. — Let X be an A, -semianalytic subset of R™.
If X is open (resp. closed), then X can be represented in the form

X =J N{eeR" : hij(e) >0} (resp. X = | [{zeR" : hij(z) 2 0})

i=1j=1 i=1j=1
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where the h;; are in A,,.

Proof. — 1t is sufficient to prove the proposition for the open case.
Suppose that X is an open A,-semianalytic subset of R™. Then X =
P
U UinNZ;, where U; = {x e R" : g;;(x) >0, j=1,...,¢9}, Z; ={z € U; :

=1
fi(z) = 0} with f;, ;5 € An,i=1,...,p,j=1,...,q. Fix ¢ and apply the
lemma with U = U;, Z = Z,. There exist a;, m; € N, C; > 0 such that

ZiCUiﬂ{mGR":Q/zi(x)>0}CX,

q
where ; = C2 [[ g2 — f2 exp,,, (||z]|?). (Note that 1; € A,.) Therefore
=1

X C LPJ ﬁ{meR” : 9i5(x) >0, ¥i(z) >0} C X.

i=1j=1
This implies that X can be represented in the desired form. 0O

The remain part of this section is devoted to Lojasiewicz inequalities
with parameters. Let

X C R" x R™ and (z,t) be the coordinate of R™ x R™,

x, < {r e R": (z,t) € X} be the fibre of X over t.€ R™,

X|T 4L X NR"™ x T be the restriction of X to T C R™.
If f: X — R, then define fi(z) = f(z,1).

4.8. THEOREM. — Let X C R™ x R™ be a locally closed D-set and
let f,g: X — R be D-functions. Let T' = w(X), where 7 : R® x R™ — R™
is the projection on the last m coordinates. Suppose that for allt € T, X; is
open and f;,g; are analytic on X; with f71(0) C g; *(0). Then there exist
a D-analytic decomposition of T into cells Cy,...,Cx and rq,...,7x € Q4
such that:

(i) Foreacht € C;, £x,(ft,9t) =m (1=1,...,k).

(ii) For eachi € {1,...,k} there exists a continuous D-function h; on
XlCi.'

hi(z,t)|f(z,8)] > |g(=)[*, V(,t) € X|Ci.
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Proof. — Define
r(z,t) = %d(:c, °X:), € R" and t € R™,
{(z,t) = inf{a e R}y : 3C > 0,
Clf (@', )| 2 lg(a’,8)|*, V2’ € B(z,r(x,1))}, (2,t) € X,

L(t) = sup 4(z,t), teT.
T€EX¢

Then r, ¢ are D-functions. From the proof of Theorem 4.1, for each t € T
the set {£(z,t) : x € X} is a finite subset of Q. So L(t) e Qq, Vt € T, It
can be verified that L is a D-function (as in the proof of Theorem 4.1). By
the finiteness of the number of the connected components of D-sets, Im L
has finitely many components. So ImL = {ry,...,r5}, where n, € Q,
i=1,...,s.

Let T; =TNL™Y(r),i=1,...,s Then, from Theorem 4.1,
ext(ft,gt) =n, VteT;, i=1,...,s.
Now fix ¢ € {1, ..., s}. Define

k(o) = { ———lf}ffﬁh , ifzeX, filz)#0
0, ifre X, fi(z)=0
and
Ci(z,t) = sup{ki(2’,t) : 2’ € B(z,r(,t))}, (z,t) € X|T;.

Then k;, C; are D-function. Note that r is continuous in z for each fixed
t € T. By the cellwise triviality theorem (3], Ch. 10 (2.6) and Theorem 1.5,
there exists a D-analytic decomposition of T; into finite number of cells T;;
such that r|(X|T;;) are continuous.

The theorem follows from the following

4.9. LEMMA. — Let Yij = {(.’L',t) € Xan : kZI(XlT,,J) is not
bounded in every neighborhood of (z,t)}. The Y;; is a D-set and
d1m7r(Y,] < dlmT’z]

Let us suppose that the lemma is true. Then, by Theorem 1.5, Tj;
can be partitioned into finite cells T;;3 such that for each Bk;|(X|T;;g) is
locally bounded. Since the Tj;z are cells, they are locally closed in R™.
Then X|T;;s are locally closed in R x R™. By Lemmas 2.4 and 2.5, for
each (i, 7,3) there is a continuous D-function h;;g : X|T;;s — R such that
ki|(X|Tijg) < hijs. The cells Tj;z and the functions h;;g satisfy (i), (ii)
(with the exponents r;jg := 13).



LOJASIEWICZ INEQUALITIES... 969

It remains to prove Lemma 4.9. By the definition of Y;j,

Y = {(w, t) € X|Ti; : Ye > 0, ¥6 > 0, (2, ') € X|Ty;,

1
I ) - @Dl <&, ki(@,t) >}
So, by Theorem 1.2, Y;; and 7(Y;;) are D-sets. Suppose the assertion of the
lemma is false, i.e. dim7(Yj;) = dim T;;. Then, by Theorem 1.5, there is a
cell U C n(Y;;) with dim U = dim T;;. By Proposition 1.6 there is a D-map
p: U — Y;;|U such that p(t) = (z(t),t), t € U. By theorem 1.5, shrinking
U, we may suppose that p is analytic. So p(U) is a cell contained in Y;;|U.
Since C|p(U) is a D-function, by Theorem 1.5, we may also suppose that
C|p(U) is analytic. Let (zo,t0) € p(U) and K be a compact neighborhood
of (zg,t0) in p(U). Then there are §, M > 0 such that
r(z,t) > 6 and Ci(z,t) < M, V(z,t) € K.
Since (xo,t0) € Yi;|U and K is its neighborhood, there exists (z,t) € X|T;;
such that
6 6
I(z,2) = (2o, o)ll < 5, kilz,t) > M, t € n(K), |lo(t) ~ plto)ll < 5-
From the last inequality « € B(z(t), 7(t),t)). This implies
ki(z,t) < sup{ki(z’,t) : 2’ € B(z(t),r(z(t),t))} = Ci(z,t) < M.
It is a contradiction. The proof of the theorem is complete. O

The following propositions have a similar argument.

4.10. PROPOSITION. — Under the assumption of Theorem 4.8,
there exist a D-analytic decomposition of T into cells Ci,...,Cy and
T1,...,Tk € Q4 such that:

(i) Foreacht € C;, £x,(fi) =mn,i=1,...,k.
(ii) For eachi € {1,...,k} there exists a continuous D-function h; on
XlC,'.’
hi(z,0)|f(2,8)] 2 d*(z, £71(0), V(z,t) € X|C;.

4.11. PROPOSITION. — Let A C R™ x R™ be a locally closed D-set.
Suppose that A, is open for each t € R™. Let

P
X = U{(:z:,t) € A: fi(x,t) =0, gi(z,t) >0,...,gi(x,t) >0},
i=1
q
Y =
j=

{(z,t) € A: hj(z,t) =0, kji(z,t) >0,...,k;s(z,t) > 0},
1
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where the f;, hj, gi1,...,8ir, kj1,- .., kjs are D-functions.

Suppose that (fi)t’ (hj)t, ey (gil)t: ey (gir)t, (kjl)t, ey (kjs)t are
analytic on A; and X;, Y; are closed in A, for all t € T. Then there exist
a D-analytic decomposition of T into cells C,...,Cx and r1,...,7x € Q4
such that:

(i) Foreacht € C;, £4,(Xe,Y3) =m,i=1,...,k.

(if) For eachi € {1,...,k} there exists a continuous D-function h; on
A‘Ci:

hi(z,t)(d(z, X;) + d(z,Y2)) > d"(z, X: N Yy), V(z,t) € A|C;.
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