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JACOBI-EISENSTEIN SERIES
AND p-ADIC INTERPOLATION
OF SYMMETRIC SQUARES OF CUSP FORMS

by Pavel I. GUERZHOY

1. INTRODUCTION AND STATEMENT
OF THE MAIN THEOREM

Let
=Y ame(nr) (e(z)=e*=)

nez
n>0

be a cusp Hecke eigenform of even integral weight £ on the full modular
group SLy(Z). We denote the space of all such forms of weight k by Sy and
the space of all modular forms of weight k& by M. Let M be an integer,
3 < M < k-1, and x be a Dirichlet character modulo 7, x(—1) = (—1)¥+1.
The special values of symmetric squares of the cusp form f are defined by
the following:

a(n?®)x(n
0 DM ) = 3 ),

k+M-1
n
n>1

The values (1) are known to become algebraic numbers after multiplication
by an appropriate constant. Below we extend in a natural way this
definition for f being an Eisenstein series.

Key words: Jacobi forms — Eisenstein series — Symmetric square — Modular forms —
p-adic interpolation — Rankin’s method.
Math. classification: 11F67 — 11F85 — 11F55.
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Let {f; | 7 = 1,...,dim My} be a basis of the linear space M} of
modular forms of weight k. This basis consists of the normalized (i.e.
a(1) = 1) Hecke eigenforms. The modular form

i
<fj7 f.7>

is the kernel function for the special values of the symmetric square with
respect to the Petersson scalar product (-,-) in the following sense:

<F(k7 M, X)? f]> = ij (M7 X)'
We construct a generating function from the modular forms F(k, M, x) and
their derivatives.

dim My

(2) F(k,M,x)= Y

i=1

ij(M,X)

MAIN THEOREM. — Let M > 1 be a fixed natural number, x be a

fixed Dirichlet character modulo r, and t = (1 — x(—1))/2.
Then
(3) 22> A v)FW (v —2u+ M +t+1,M,x) = EXy (7, 2),
v>0 0<ulv

with the Jacobi-Eisenstein series EY; , (of weight M + 1 and index r on
SLy(Z)) as explained below, where A(u,v) is given by the following:
A(/'La l/) — 21—4M—3t—2uﬂ_1/2—M—t,r2u+t1-\(M + 1/2)—1
(M +2v—2u+t r -2
y Z (—1)"=H(2mi)¥ (M+2v—-2pu+t+1)I'(2M +2v —2u+1t) .
oty PM+2v—p+t+ 1)+ )20 —-2u+t+1)

We must say a few words about the Jacobi-Eisenstein series
EX; (7, 2) occuring in (3). Almost all necessary facts concerning Jacobi
forms one can find in [2]. Taking into account that our notations are slightly
different from those given in this work, we shall briefly recall some defini-
tions and propositions of this theory. Hereafter the letter H denotes the
complex upper-half plane, C denotes the whole complex plane, the letter

Z denotes the set of integers. For 7 € H and I' € SLy(Z) we assume

b
(1) = Z:Id' The formulas

(o (£ 2) 0=t (25) o (20 )
(@1 (A1) (1,2) = e(r(NT + 2X2))p(T, 2 + AT + )

define the action of Jacobi group 'Y (i.e. the semi direct product of SLy(Z)
and (Z x Z)) in the space of holomorphic functions ¢(r, z) of two variables
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(r € H,z € C). Let k and r be positive integers. A function ¢ is referred to
as Jacobi form of weight &k and index r if it satisfies the following conditions:

® |k £(,2) = ¢(7,2) for every element £ of 'Y,

o(t,2) = Z Z c(n,m)e(nt + mz).

TLZO m;nsedrzrn
Denote as Ji , the finite-dimensional linear space of Jacobi forms of
weight k and index r. For an integer & > 2 and any integer s the Eisenstein
series E , s in the space Ji , is defined, as in [2], p. 25, by the following:

Eiprs(1,2) = Z e(as’t + 2abs2) |k 7,
’ ~ETI\I7

where
I‘go ={’y€1“J l|gry=1}= {(ﬂc(é T;),(O,M) | (n, @) EZ},

and where we use a, b for the unique natural numbers such that r = ab?
and a is square-free. This series depends only on the residue of s modulo
b. A Jacobi form is referred to as a cusp form if

o(t, 2) = Z Z c(n, m)e(nt + mz).

n>0 meZ
T m2<4rn

The Eisenstein series in (3) is now given by

EX(r,z) = (4mi)7'1/2 Y x(8)Ek (7, 2).

smodr

The idea to construct generating functions connected with special
values of L-functions associated with modular forms appeared in [9]. In
this paper a generating function associated with the period polynomials of
modular forms was constructed and this generating function was calculated
in terms of Jacobi theta function.

Section 2 is devoted to the proof of the Main Theorem. In section 3
we shall derive explicit formulas for the Fourier coefficients of the series
EX(7,2) (cf. Theorem 2). In section 4 we shall use our Main Theorem
and these formulas to prove the existence of a p-adic analytic function
such that its special values coincide with those of the symmetric square
of a p-ordinary cusp form (cf. Theorem 3). The main idea for this is to
use the well-known p-adic interpolation properties of the special values
of Dirichlet L-function. These special values appear in the formulas for
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Fourier coefficients of our Jacobi-Eisenstein series. We construct the p-adic
analytic function in question as the non-Archimedean Mellin transform of a
bounded Cp-valued measure. The existence of this measure is proved using
the abstract Kummer congruences.

A similar result on p-adic interpolation of symmetric squares one can
find in [5]. Our method to prove it differs from those of [5]: we use Jacobi
forms instead of non-holomorphic modular forms.

The author is very grateful to A.A. Panchishkin for a lot of useful
discussions.

2. PROOF OF THE MAIN THEOREM

To prove this theorem we must recall some facts concerning Jacobi
forms and the Rankin’s method of calculating the symmetric square special
values.

2.1. Differential operators acting in the space of modular forms.

For two smooth functions f and g, a natural number v and real
positive k; and ky Cohen [1] defined smooth functions F}¥:*2 by the
formulas

_ L(k1+v)T(k2+v) -
Fkuka(f 0) = Z (=1)v—H (V) f) gv=mr)
“ o ) T )T ezt

— Z (_1)V <I/) F(k1+V)F(k1+k2+2V—u-—1) (fg(y_”'))(”'),
oSty p) Tki+v—p)T(k1+ko+v—1)

It is known that if f and g are modular forms on some group H C SL2(Z),
with weights k; and kg, then F¥:%2(f g) is a modular form on H of weight
ki1 + ko + 2v.

A function f(r,2) of two variables was constructed in [1] for a real
positive number £ and a smooth function f:

z (2mi)*T'(€) v ”
fi(n2) Z 1"(1/ et (r)*

Both these operators are tlghtly connected:

, (2mi) 2
“ () 2 (i) = 2 T T DT + T+ 7)

FjoR(fy, fa).
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2.2. Rankin’s method for symmetric squares.

These operators can be used for the calculation of the symmetric
square special values.

Let ’I‘r'}"2 : My (To(4r%)) — Mj be the trace operator as in [4].

PROPOSITION 1 ([10]). — Let v and M be natural numbers. Let
X be a Dirichlet character modulo r, t = (1 — x(—1))/2, and x(-1) =
(—1)M+1, Then there exists an Eisenstein series S = S(2v + M +t+1) in
the space of modular forms of weight 2v + M +t+ 1 on SL2(Z) such that

: gy (AWM 4172)
(5) S+FQu+M+t+1,M,x) = (2xi) T(M+2v+t)T(M+v+1/2)
x'n"llrzF.fH/z’MH/z(hx’ El)\(l+1/2)’
where
dim S f
Fc(kamaX) = L D J'(M’X)’
2:« Fnfi)

and the sum is carried out through all normalized cusp Hecke eigenforms of
weight k. Functions h,, and EY, +1/2 are the modular forms of half integral
weight introduced in [8]:

hy(r) = 1/2 3 x(n)nte(n?r),

nezZ
x(d) () (§)ea™ " 2
T

(e,d)=1
c=0mod 4r

Now we define the special value of symmetric square D¢(M, x) when
f is not necessary a cusp form by deleting the “addition member” S in (5).
Assuming this definition one can rewrite (5):

(47r)2"+M+tF(M + 1/2)
(M +2v+ )M +v+1/2)

Xr_[\r4117'2F5+1/2,M+1/2(hx, E]>f4+1/2)'

6) FQu+M+t+1,M,x)=(2mi)™"
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2.3. Taylor expansions of Jacobi forms.

PROPOSITION 2. — Let ¢ € Ji, be a Jacobi form. We denote by
X, (¢)(r) the Taylor expansion coefficients of the function ¢ on z:

o(r,2) = 3 X, (9)(r)2"

v>0

a) The function

. o (=2mir)*T(k+v —p—1) ()
CO0= 3 TEri-niGen @)

is a modular form of weight k+v on SLo(Z). In other words, one can define
operators &}, : Jgr — Mgy,

b) The following identities take place:

2mir)*T'(k +v M
xo0= 3 = (AL CICY

It means that the set of modular forms &],(¢)(7) defines the Jacobi form ¢
uniquely.

c) Let SLy(Z) =|J Ho; be a finite coset decomposition. Then
J

Z&ﬁ(@ lk,r 05 = 55(2‘15 | U")'

In other words, the operators ], commute with the trace operator.

d) One can construct the operators !, using the Fourier coefficients
c(n,m) of Jacobi form ¢. If

o(1,2) = Z Z Je(nT +mz) € Jy 2

n>0 mEZ
m2<4rn

then
(27T)_2u_t££u+t(¢) = Z Z Z (-
n>0meZ o<y
L(2vti+k—p—1) 2wHt—2p,,
F(u+1)F(2v+t 2u+1)T'(2v+k+t—-1)

Here one must take t equal to 0 or 1 to make the number k + t even.

Zupte(n, m)e(n).
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Parts a), b) and d) of this proposition are contained in [2], Theorem
3.2. To prove c) we consider firstly the case when k is even. Consider the
space My, of holomorphic functions ¢ of two variables with the property

¢(a'r+b 2 >=(c¢+d)ke< rcz? )¢(T,z)

ct+d er+d et +d

b
for every element (Z d> of SLy(Z). The differential operator

0?2 2k-190

maps an element ¢ of My, to an element Ly¢ of My o . It is easy to see
that

Li(lk,r0) = (Lk)|k42,r0 for all o € SLy(Z),¢ € My,
€3,(9)(1) = (Lk+20-2 © Lit20-4 0 -+ 0 Lg®)(7,0).

Part c) of the Proposition 2 in the case of even k follows immediately from
these formulas. To prove it in the case when k is odd one must consider
the function

d1(1,2) = 24(T, 2) € Miy1.r.

It has the same Fourier coefficients as ¢, the number k + 1 is even and it is
enough to apply part a) to finish the proof.

2.4.

Let x : Z/rZ — C be a Dirichlet character; t = 0 or 1, x(—1) = (—1)%.
We denote by 6, the theta-function associated with character x:

Oy (7, 2) = 1/2(4mi) ™" Y x(m)e(m?r + 2mrz).
meZ
LEMMA 1. — Let SLy(Z) = [JT'o(4r?)0; be a right coset decompo-

J
sition. Then for a natural number k > 2

B (1,2) = Y (0x(1,2) BX_, j5(7)) AL
r T

To prove this lemma we use the following assertion connected with
the action of elements of I'g(4r2) on the function 6,,.
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b
LEMMA 2. — Let (3 d) € To(4r?), and let x be a primitive

Dirichlet character modulo r. Then

at+b  z \ _ -1N\'/ey 12, [er*??
o (30 ) =@ () () eaerrarie () ortra)

where €4 = 1 or i according as d = 1 or 3mod 4.

This lemma follows immediately from the modular properties of the
function h, (cf. [8]) and the following three propositions.

b
ProprosITION 3 ([8], Proposition 2.2, p. 457). — Ify = (Z d) €
T'o(4r?), then
) =x@) () (e 4 hyto)
PROPOSITION 4. — The following identity holds true:
Oy (7,2) = (rz)tﬁ;/”t(r, rZ2).
PROPOSITION 5. — If f is a smooth function, £ a natural number,

Z 2) € SLy(Z) then

#(Fraava) =ervore(F5) [ (G0

The Cohen’s operator in the right-hand side of this equation acts on
the function in the square parentheses. Now we turn to the proof of the
propositions.

and’y=(

Proof of Proposition 4. — After differentiation and changing the
order of summation one has:

- t+ Lt+1/2) (27iz)?
1/2+t
T 2) = gz"(" e(n®7) Zru+1 I‘(t+1/2+1/)

t+2l/

To finish the proof of Proposition 4, it is sufficient to use the Legendre
formulas for I'-function and to observe that

(47mnz)2u+(1 t)
=0.
gzx(n)e n'r ZF Qv+ (01—t +1)
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Proof of Proposition 5. — We consider a function E(7) = 1/(7 —7)
on the upper-half plane. The bar denotes the complex conjugation. This
function satisfies the following functional equation:

E (Z:;) = (et + d)?E(7) — c(cT + d)

for every v = € SLy(Z). We construct a two-variable function

ab
cd
Gy (7, 2) associated with the function f(7):

Gy (T, 2) = exp(22E(1)) Z ﬁ"_‘%f(t—“”T)f )(7).
v2>0

2v

From the following identities proved by Cohen ([1], p. 281) one gets the
statement of Proposition 3:

Glr, 2V2m) = e(s°E () s (7, 2),
Cre (Z:S’ CTi d) = (o7 + &) *Gypye(7, 2).

Now we turn to the proof of Lemma 1. We claim that for every integer

k>2
B = 3 s (0 3) ()

(e,d)
where for each pair of integers (c,d) the numbers a and b are such that
(a b) € SLy(Z) and the sum is carried out through all such pairs (c, d)

c d
for which an appropriate pair (a,b) exists. One has:

Z axlk,rz ((2 z) (1,2)

(e,d)

:(C’Z;)(CT_i_d)—ke( ) (aTi-b z )
= %(m)‘t D (er+d)Fe ( or + d)

(e,d)

a7 +b z
X Z < +d>e<2mrc7_+d>
meZ

+b z cz?
4 d)~Fe (2220 popn 2 _p2
mi)~ @Z;));ZX )(eT+ ( c7'—|—d+ T or1d T po—

= EX(r,2).
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On the other side one can apply Lemma 2:

B9 = X 0l (2 )72

(¢,d)

= 51_: Z 0x|k,r2 (: ;)) (1,2) gj

(c,d)
c=0mod 472 k,r2

x(@d) () (§) e
ZJ: 0 (T,Z) ;d) (CTd_|_d)cIlc 172 0;

¢=0mod 4r2 k’r2

=Z (75 2) Ep—1/2(T) )lkr20]
j

Lemma 1 is proved.

2.5. Proof of the Main Theorem.

It is enough to calculate the Taylor expansion coefficients of the
Jacobi-Eisenstein series EY; +1- Taking into account Proposition 4 we have:

(1) 0x(7,2) Enggaya(7)

=T(t+1/2) Y _(2mi)”

v>0

(’I‘Z)2V+t )
+ )0t +1/2 +v) W Bty

We see from (7) that

VT o, 2mi)Y Y
Xo4tOx(7,2) Brrsaf2(7)) = +t1“(u+1)(r(t4)rl/2+u) W Bz

Using assertion a) of Proposition 2 and (4) we get
T 1% S\V
(8 Eovrel0y(r,2) Eagirjalr)) = L2+ (2mi

I'M+t+v) t41/2,M+1/2
T+ 1)F(M+2u+t)r(t+1/2+u)F" (s Ert1/2)-

Applying to (8) Lemma 1 and assertion c¢) of Proposition 2:

T 9, N
(9) Covie(ENyy) = —\21—;1"2 *t(2mi)
F(M +t4+ I/) 42 1t
Tyir pt+1/2,M+1/2 .
T+ DI(M + 20+ Ot +1/2+0) F (hx, Epr41/2)
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Now one can rewrite the right-hand side of (9) in accordance with (6):
Eovre(EYyyy) = p2vHtol—4M=3t+2u 11/2-M—t(_qyv
N T'(2M +t+ 2v)
(14 2v+¢t)I'(M +1/2)
Application of assertion b) of the Proposition 2 finishes the proof of the
Main Theorem.

FQv+M+t+1,M,x).

3. CALCULATION OF THE JACOBI-EISENSTEIN
SERIES FOURIER

In the simplest case of the Jacobi-Eisenstein series Fj ; of index one,
these coefficients were calculated in [2]. To prove the p-adic interpolation
theorem for symmetric squares of cusp forms we need some information
about the Fourier coefficients e, (n m) of the Jacobi-Eisenstein series

E = (4mi) EZ’(T, z) = Ze}f(n, m)e(nt + mz),
n,m
where 1) is a primitive Dirichlet character modulo r = pX, L > 0, p is a

fixed odd prime number. We denote by G(v) the Gauss sum associated
with the character ¢ and by L(s,x) the Dirichlet L-function associated

with the character x:
= 2. wlm)e(m/r),

mmod r

L(s,x) = Y_ x(mym™ (Rs>1).

m>0

We set G(vp) = 1 if the character 1 is trivial.

THEOREM 2. — . In the above notations one has:
a) e (n,m) = 0 if m? > 4r%n.

b) e}f(n, m) = W(m/2r) = (y/n) if m? = 4r?n.

c) If m? < 4r%n then

e L(k-1,¢p9)
Y _ak__ T T 2-2% LR =L,8pY) y
(10) € (n,m) ? 2k_21—\(k_1/2)r (¢) L(2k‘—2,’¢)2) gir.
In (10) D = m? — 4r®n < 0, £p is the Dirichlet character associated with
the imaginary quadratic field Q(v/D),

Y=Y{,m,n)= H

q|D
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where the product is taken over all prime numbers q dividing D and Y, is
a polynomial in the variable {1(q)q*~*}, g1 = 1 if ¢ is the trivial character
(ie. L=0). If L > 0 then

(11) 91 =q1(¥,m,n) =Y _p"F=L(p/(p — 1))Pee
>0

x Y e - am+r)/p),
Amod pL+¢
A2r—Am4rn=0mod p?

where 640 =1 or 0 according as £ =0 or £ > 0.
d) Let
HO= )  vN9QM/,

Amod pt+L
Q(A)=0mod p‘

be the internal sum in (11), Q(A) = A%r — Am + rn; r = p~, m = p°m,
a>0,ptm;n=pbn, b>2L>0,p1ln

Then H({) # 0 implies £ = a, and ¢ is equal to 0 or 1.

Remark. — One can prove that the summation over £ in (11) is
finite also in the case when b < 2L, but we do not need this fact for our
purposes.

The assertions a) and b) of Theorem 2 are contained in 2] and are
almost evident. The proof of part c) is similar to the Fourier coefficients
calculation in the case when the character v is trivial. This calculation is
contained in [2], Theorem 2.1. We will prove now the assertion d). One can
rewrite the condition Q()\) = 0mod p? as:

(12) pEA2 — prm + p*+ LA = 0mod pt.

PROPOSITION 6.
a) Ifa > L then H({) = 0.
b) Ifa < L and ¢ # a then H({) = 0.

To prove part a) of the proposition, we consider three cases: 0 < ¢ < L;
{£=1L;¢{> L.

If 0 < £ < L then (12) is true for any A but Q(\)/p® = 0 mod p yields
P(Q(A)/p) = 0.
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If £ =L then
HO= Y N\ —mrp*~ L +apb)

A mod p2L

= Y d-mp*h)
Amodpzl'

PP

= Y pA-mprE)=o.

A mod p2L

If £ > L then (12) implies A2 = 0modp and ¥(\) = 0.

To prove part b) we assume that ¢ < L and consider the cases
0<f{<aand?f>a If0 < ¢ < a, then Q(\)/p* = Omodp yields
P(Q(X)/p?) = 0. If £ > a then (12) implies A2 = 0mod p and ¥()\) = 0.

Now we assume that a = L and consider three cases: 0 < £ < L,
L <¢<2L and{¢>2L.

If 0 < ¢ < L then Q()\)/p* = 0mod p and $(Q()\)/p%) = 0.
If L <£<2L,then

HO= Y pWNP((A? - mx+nap®)/p*T)
A mod p¢+L
Q(X2)=0mod p?

= X RO - mN/pth)

/Amod p“"'L
A=rmmod pt—L

= > HA-m)ph

A mod pl+l‘
A=1h mod pf—L

= Z ¥(a) = 0.

amod p2L

Here we have done the variable change A = 71 + ap®~L.

If £ > 2L, then Q(X + p%)/p* = Q()\)/p* mod p’ implies

HO=p" Y WP —mr+ap)/p"h).
s

Let A = a + Bp*~L; amodp®~L; Bmodp’. After this variable change we
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have
H(¢) =p" > Y(a+ Bp1)P((0? — ha + np?) /p*F
o Mo pl"L mo pL
Qia)EO midp? + B(2a — 1) + g2p* L)

=pt D D U@ —rmatap’)/pF + B2a —m).
amod pt—L B mod pL
Q(a)=0mod pt
The condition Q(a) = 0 mod p? yields o — amm+7p® = 0 mod p*~L. It takes
place only if @ = 0 or /i mod p. In both cases H(¢) = 0.

Now Proposition 6 is proved and we are able to finish the proof of
part d) of Theorem 2. One can deduce from Proposition 6 that the Fourier
expansion coefficient (10) may become non-zero only if a < L and £ = a.
If 1 <a< L, then

Ho= Y Y(NP(Q(N)/p")
P A

= Z w()\)d_)(plz—a)g — M\ + flpb+L_a)

A mod pet+L
= Y Y-

A mod pa+L

ptA
=p (=) Y Y'Y
)\m:'gl‘p“
szzZ(—ﬁt)< > vt Y w(pL’“Hl)):O,
A mod p@ A mod pa—1

because for a primitive Dirichlet character ¥, both sums in the parentheses

are equal to zero if a > 1. It remains to consider only one case: a = L = £.
Then

HO = Y WO —mr+np’)

A mod p2L
= Y Q- =phu(-m) DY wpA+1)=0.
A mod p2L Amod pL—1

S
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4. p-ADIC INTERPOLATION OF SYMMETRIC
SQUARE SPECIAL VALUES

In this section we use the results of the two previous sections to
construct the p-adic interpolation of the symmetric squares special values of
cusp forms. We fix an odd prime number p and an embedding i, : Q- C,
of the algebraic closure of the field of rational numbers Q into Tate’s
field. We shall make no difference between Q and it’s image under ¢, and
omit symbol i, in formulas. One can construct a Cp-analytical function on
X, = Homcontin(Z;, C;;) as a non-archimedean Mellin transform of some
bounded p-adic measure y on Zj:

Lu(@) = (o) = | adp.
z;
We identify the elements of the torsion subgroup of th,ms C X, with

primitive Dirichlet characters modulo powers of p.

The symbol x, will denote the natural embedding Z;, — Cj, so that
zp € X, and all integers k can be considered as the characters z, : y — y*.

The existence of a special values p-adic interpolation of some zeta
function is equivalent to the existence of a p-adic measure with given special
values ([5]). We shall use the following important fact to prove the existence
of these measures. ‘

4.1. The abstract Kummer congruences.

PROPOSITION 7 ([5], [7]). — Let {f;} be a family of continuous
functions from Zj, to the ring of integers Op in Cp. Assume that the set of
finite C,-linear combinations of f; is dense in the space of all such functions.
Let {a;} be a family of elements in Op. Then the existence of a measure

with the property
/ f d/J' = aj
Y

is equivalent to the fact that the following statement is true: for every finite
set of elements b; € C,, it follows from {Z b;fi(y) € p"O,, forevery y € Y}
J

that {Z]: bja; € p”Op}.
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To formulate the theorem we need the definition of p-ordinary form.

A cusp form

f(r) = Z a(n)e(nt) € Sk,

n>1

normalized by the condition a(1) = 1 which is an eigenform of Hecke
algebra is called p-ordinary if |a(p)|, = 1.

We denote the subspace of the p-ordinary forms of weight k£ by
S9 C Sk.

For a prime number g we denote by o = a(g) and 8 = ((g) the roots
of the Hecke polynomial X? — a(q)X + ¢*~!. We define by multiplicativity
the numbers a(n) and B(n) for every natural number n.

THEOREM 3. — Let ¢ > 1 be a natural number, p { c. Let f be a
p-ordinary form of even weight k. Then there exist a Cp-analytic function
D¢ : X, — C, such that its value Dc(zg’fx) for 3< M < k —1 equals

2—4M—-2t+lﬂ.—2M—k+1rk+2M—1ik—M—2F(k 4+ M- 1)F(M)G(X)-2L(2M, X2)
x(1 = x(e)%e™*M) ——<T Dy (M, x),

a(r?)
where x € X;,"s is a Dirichlet character,1 < M <r—1, M is an integer,
T— 1, if x is a non-trivial character (r > 1)
L@ =M (A - a(p)2pMH*2) (1 - a(p)~2p*2), otherwise.

Here r is the conductor of x, G(x) is the Gauss sum, associated with x.

Proof. — One can assume that x is primitive. Using the notation

T(2M + 2v + 1)

— k—-5M—4t_1/2—M—t k—M—t—1
Alk, M,t) =2 i ¢ Tv+t+ DM +1/2)°

T k—-M-1
A](k, M, t) = %]‘):—_——M—)—A(k,M, t)_1(47l'7:)_t,

definition (2), and statement (3) one gets

dim My ]

zjc—f]‘f.—)ij(M,x) =A1(k’M’t)ZZ Z (—1)
Ll n>1 m 0<u<(k—M—1)/2
(13) I(k—p—1)I'(k—M)

X Tat )T (k—M—2p)T(k—1)

k—M—2p—1,—(k—=M—2p—1) s X

X m v+1(n,m)e(nT).
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The idea is to apply some operators to both sides of (13) to get some
“good” p-adic properties in the right-hand side of the obtained identity
keeping under control what happens in the left-hand side. We denote by V'
and U the operators

U@ = S atdn)etnr) =224 3 fiu(§4) € M),

n>0 umodd
AV@ = fidr) = 211§ 7) € M),
V(d) o U(d) =

It is known [3] that for a natural number s there exists a limit
& =1limU(p)**".

We apply the operator £ o V(r?) to both sides of (13). To calculate the
limit in the left-hand side we consider the modular forms on I'¢(p?)

fio(r) = f(r) —a;f(p7), fin(r) = f(r) - Bi f(p7).
We denote
Aj = lim o:J , Bj= lim ﬂ’p

v—00 v—00

It is clear that one of the numbers A;,B; is zero because a;3; = p*~! . For
a p-ordinary form f; one of them is non-zero. Without loss of generality
one can assume that A; # 0 (i.e. |aj|p = 1). After noticing that

fj f],l + f],Oa

Bi
ﬂ; B —

we can write
(14)  Au(k, M, x)"'F(k, M, x)IV(TZ)Igs
dim S?
- A;fia

()} -1
Z <fJ’f.1 Df’ M,x) a;(r? )(a](p) Bi(p))~".

We denote by cs(k, M, x,n) the Fourier coefficients of the modular
form in the left side of (14):

(15) F(k,M,x) = F(k’ M, X)lV(T2)I83 = Z cs(k, M, x, n)e(nT)

n>0
and consider the limit in the right side of (15). Now assume that x is
non-trivial. Using part d) of Theorem 2 and the notation

aM+1/2

— jM+1 2\—1 —(k+M 1)
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we can rewrite (15):
A2(k’ K, X)_lAl(k7 M, X)*ICS(kv M, x, n)
= lim > DMTYPR(-m)L(M, €p,x)Y (n,m, x, M)mF~ M1

v—00
m#0 mod p

D =4npsPY —m2<0

_pk_2 Z D2M_1/2>_((_m)L(M»£D2X)Y(na m, X, M)mk_M_lv
m#ZEOmod p
D2=4np51’u_2—m2<0

and apply the following assertion.

PROPOSITION 8 ([6]). — Let w be a primitive Dirichlet character
modulo A, (p,A) = 1. For an arbitrary integer ¢ > 1 such that (c,pA) = 1,
there exists a Cp-valued measure ut(c,w) on Z;,. This measure is uniquely
defined by the following condition:

/z Xyl dpt (c,w)

; AMpM 2T (M M —6)/2
= (l—Xw(C)C_M)WTX)LpA(M»XW) i )0(0287(:;154 )2

where

X,

X = 1, if x is non-trivial
Tl (1 —w(@)g™H(1 - w(q)g™™), otherwise,
§=0or1; (-1)° = xw(—1); M a positive integer.

Introducing the notation

— 1 -M -\ M
A3(M7X) - 2F(M)r G(X)( 27”’) )
one has
(1 - Xz(c)c_2M)A3(Ma X)_1A2(k’ K, X)_lAl(kvM’ X)_lcs(k’ Ma X n)
=lm Y DVAmFTG(En) (1 + xép, () )
m#ZOmod p

D, =4npsPY —m2<0

 (=D1 [ Am) M X(=Ds /Am)Y (n,m,x M) | bl du* (c,6p.)

P

—pF? Z D2_1/2mk_lG(§Dz)(1 +x€p,(c)e™)

m#EOmod p
Dy=4np3P’ —2_m2<0

 (=Da/Am) M (=Da/Am)Y (n,m, x, M) [ 3}l (c.€,).

Here we used the fact that £p(r) = 1 and x(D) = x(m?) for
D =m? — 4np*?” if v is sufficiently large.
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It remains to consider the case when x is trivial. This case is slightly
different from previous, but the calculations contain no essentially new
ideas. One must apply additionally the operator (1 — pM*+%—2V(p?))(1 —
p*2V (p?)) to keep the “good” form of the formulas.

Now we notice that in the right-hand side of the obtained equation
there are Fourier coefficients of modular forms of weight k£ on I'g(p?). They
can be expressed as follows:

(16) S [zt (e.60).
j z;

The numbers A; in (16) are p-integers; do not depend on M and x and
the sum is finite. Proposition 7 yields this Fourier coefficients to be C,-
analytic functions on X,. On the other hand the modular forms with these
coefficients belong to the finite-dimensional linear space of the modular
forms of weight k on I'g(p?). It implies the values of each functional on this
modular form to be values of some C,-analytic function. To complete the
proof of Theorem 3 it remains to consider the linear functional (-, f;) of
the Petersson scalar product with a p-ordinary form f;.
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