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REFINED THEOREMS OF THE BIRCH AND
SWINNERTON-DYER TYPE

by Ki-Seng TAN

Introduction.

In their paper [MT2], B. Mazur and J. Tate propose conjectures
which are analogues of the classical Birch and Swinnerton-Dyer conjecture
for each Weil curve E defined over Q. In this paper we will generalize the
context of their conjectures by replacing Q by any global field, even of
finite characteristic, and sharpen, in a certain way, the statement of their
conjectures. Our main result, then, will be to establish the truth of a part
of these new sharpened conjectures, provided that one assume the truth of
the classical Birch and Swinnerton-Dyer conjectures. This is particularly
striking in the function field case, where these results can be viewed as
being a refinement of the earlier work of Tate and Milne (see [T2] , [M11]),
who establish the classical Birch and Swinnerton-Dyer conjecture in that
context, subject only to the hypothesis that some ¢-primary component of
the Shafarevitch-Tate group is finite (for any £).

As in the classical Birch and Swinnerton-Dyer conjecture, the main
part of the Mazur-Tate conjectures also contains two parts: one is about
the «order of vanishingy and the other, the «leading term» (the refined
formula). In the Mazur-Tate conjectures, the analogue of the classical
L-function is the theta element. For each positive integer D, the theta
element ©p is defined via the modular form associated to E. It is an
element of the group ring Z[M~!|[(Z/ + DZ)*], where M is an integer
which depends only on E. The theta element interpolates the special values
of the L-series attached to the characters of the group (Z/ + DZ)*, and is

Key words: Elliptic curve — L-function — Birch and Swinnerton-Dyer conjecture —
Mazur-Tate conjecture — Height pairing — Corrected discriminant.
Math. classification: 11G40 — 11G05 — 11G07 — 14G25 — 14K15.
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in fact characterized by this property. This theta element can be viewed as
a « D-adic L-function », in the sense that if we take D = p™ for a prime p,
and n > 1, and take the projective limit of ©,~, then essentially the p-adic
L-function studied in [MTT] is obtained.

The «order of vanishing» conjecture says that for D admissible
(see Section 3.1) ©p should be in the r-th power of the augmentation
ideal I. Here r is the rank of the associated ertended Mordell-Weil group
(see 2.2).

In the refined formula (see conjecture 1 in Section 3.1), the analogue
of the elliptic regulator is called the corrected discriminant. It is defined via
the Mazur-Tate global pairing which depends on D. There is a canonical
mapping sending the corrected discriminant into an element of I” /I"+1. The
right-hand side of the refined formula is a product of this element and other
arithmetic data of the elliptic curve such as the orders of III, E(Q);or, etc.
The left-hand side is just the image of ©p in I"/I"*!. The conjecture can
be viewed as the finite « exponentiation » of the conjecture raised by Mazur,
Tate and Teitbaum in [MTT] (see also [MT2] ). An interesting feature of
these conjectures is the possibility of the «extra order of vanishing », which
occurs when r > rk(E(Q)). In this case, the extra rank of the extended
Mordell-Weil group comes from the number of split-multiplicative primes
dividing D, and the local Tate period is involved in the conjecture. For
result about the case r = 1 and rk(E(Q)) = 0, see [GSt].

To generalize the conjecture to each elliptic curve E,x over a global
field K, we need to define the theta element and the corrected discriminant
in the general context. The Mazur-Tate pairing and the associated corrected
discriminant are actually defined for every global field as long as D is
admissible [MT?2]. Over the function field, Deligne has shown [D] that every
non-constant elliptic curve is modular. Using this, in [M], Mazur defines an
associated theta element. In [Tn2| the theta element for any elliptic curve is
studied. It is shown that the theta element is in the group ring Z[p~!][Wp],
where p is the characteristic of the field. The coefficients of ©p have
bounded denominators. For certain cases, a bound can be obtained as a
function of the genus of the field and the arithmetic conductor of the
elliptic curve.

Over number fields, not much about the theta elements is known
except for the case discussed in [MT2] .

In this paper, for each extended divisor D of K (see 1.1), we define
the theta element ©p as an element of the group ring of the Weil group Wp
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characterizing the abelian extensions of K with the conductors dividing D,
provided that the analytic continuations of some L-series exist. It is defined
to interpolate special values of the L-series attached to characters of Wp.
Notice that this definition makes sense for the number field case as well.

For each quotient group G of Wp, we define, via the quotient map,
the theta element ©¢. Assuming that there is an integer M such that
©¢ € Z|M~)[G] (this is true in the Mazur-Tate case and in the function
field case) and that D is admissible, we then propose the conjecture
(conjecture 1), which generalizes the main part of Mazur-Tate conjecture.
Over the function field, this conjecture generalizes the classical Birch and
Swinnerton-Dyer conjecture (see 3.2).

Conjecture 1 depends on the chosen integer M. If r > 0 and G is killed
by M, then it is easy to show that ©¢ € I' for every i > 0 and conjecture 1
is trivially true (see 3.3). It is then natural to multiply ©¢ by an integer 2
such that z - ©¢ € Z[G] and to try to sharpen the conjecture using z - O¢.
In this paper, we treat the case where G is of the type (¥,...,£) for some
prime number £ (the horizontal case). The reason for choosing this type of
group is that the augmentation quotient I /I**+! (I being the augmentation
ideal of Z[QG]) is well studied. A theorem of Passi and Vermani (see [PV],
restated as Proposition 3.8 in this paper) identifies this Fy-space with the
space of Fy-valued ith degree homogeneous polynomial functions on the
space G’ = Homp,(G,F,). Using this, we are led to believe that z - O¢
should be in I¢, for some e > r defined in 3.4, and hence, the sharpened
conjecture, conjecture 2, is of a refined formula of two elements of I¢/I¢*1,
We have e > r if and only if £ divides z. If this is the case, then conjecture 1,
which deals with I”/I"*1, is trivial while conjecture 2 usually is not.

The main results proved in this paper concern conjecture 2. Assume
that G is horizontal. Let L/K be the field extension with Galois group
equal to G. To obtain our main theorems, we need to assume that
the Birch and Swinnerton-Dyer conjecture is true for E, g, and in the
number field case, it is also true for E,;, for every intermediate field
extension L'/K. As our conjectures relate the analytic and the arithmetic
feature of an elliptic curve, this kind of assumption seems inevitable unless
we are expecting to prove some result about the Birch and Swinnerton-
Dyer conjecture. To simplify the argument and to avoid certain difficulties,
we also assume that £ is outside a finite set of primes which depends only
on E/k (see Definition 3.13). Under these assumptions, we have z-O¢ € I°
(Theorem 3.12) and the eth degree homogeneous polynomial functions
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corresponding to both sides of the formula in conjecture 2 have the same
zero set (Theorem 3.14). These are the main theorems of this paper. They
imply that if either G is cyclic or e = 1, then conjecture 2 is true up to a
non-zero constant in F; (Theorem 3.16). Theorem 3.21 says conjecture 2
is true, if K is a function field with characteristic ¢, rk(E(K)) = 0 and
©p € Z[G]. For the examples of elliptic curves satisfying these additional
conditions, see [Tn2].

This paper is organized in the following way. In Section 1, we discuss
the definition of the theta element. In Section 2, we recall briefly the
Mazur-Tate pairing, and the associated corrected discriminant. We also
derive some related results to be used in the proofs contained in Section 4.

In Section 3, we discuss the conjectures and state the main results
of this paper. Conjecture 1 is proposed in 3.1. In 3.2, we show that in the
function field case it generalizes the classical Birch and Swinnerton-Dyer
conjecture. In 3.4, we propose conjecture 2 and show that in some special
case we can use the main theorems to deduce the truth of conjecture 2.

The proofs of the main theorems, Theorem 3.12 and 3.14, required
some preliminary developments. The necessary technical tools are given in
Section 4 and 5 and the proofs of the main theorems then follow easily, and
thus are postponed until Section 5. The proofs of the main theorems rely on
the thorough understanding of the possible degeneracies of the Mazur-Tate
pairing. This is the main content of Section 4.

Section 5 then concludes the paper by using the results of Section 4,
the Birch and Swinnerton-Dyer Formula, and a product formula for the
L-functions (in 5.2) to complete the proofs of the main theorems.

We should remark that some of our main results and their method
of proof are analogous to those used by Gross [G], in his formulation of a
conjectured refined class number formula, which itself is an analogue of the
Mazur-Tate conjecture. In this conjecture, the theta element interpolates
the special values of the abelian L-functions and the counterpart of the
corrected discriminant is the G-regulator. Gross also uses the product
formula of the L-function, the classical class number formula, and the
genus theory to obtain a result for the horizontal case. As the Birch
and Swinnerton-Dyer formula is an analogue of the class number formula,
our theory in Section 4 can be viewed as «the genus theory for elliptic
curves ». Recently in [Tn4], new results about the Gross conjecture for the
«vertical casey (e.g. G ~ Z;) have been obtained. We hope to discuss the
vertical case for the Mazur-Tate conjecture in a forthcoming paper.
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1. The theta element.

In this section, we define the theta element associated to an elliptic
curve over a global field and discuss some of its basic properties. To
make such a definition, we need to assume the existence of the analytic
continuations to s = 1 of certain associated L-functions. When the global
field is a function field or the elliptic curve is a Weil curve over Q, the theta
element will have good rational and integral properties.

1.1. Notations and assumptions.

Let K be a global field. We use the usual notations A = Ak,
A* = A}, for the adele ring and the idéle group of K. For each place v,
use respectively the notations K, O,, ky, ¢, for the completion of K at v,
the v-integers of K, the residue field (for non-archimedean v) and its order.
The notation S, will denote the set of all archimedean places of K.

An extended divisor is a formal sum

with the restriction that ord,(D): = a, is 0 for complex v and either 0 or 1
for real v. The finite (non-archimedean) part and the infinite (archimedean)
part of D will be denoted by Dy and D, respectively. The support of D,
denoted Supp(D), is the set consisting of places v such that ord, (D) # 0.

Throughout, whenever we refer to a quasi-character, we assume that
it has the following property.

AssumpTIiON 1. — Each quasi-character x of the ideéle class group
K* \ A) is assumed to be trivial on the connected component of K for
each archimedean v.
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Thus for real v, the component x, depends only on its value at —1.
This is either 1 or —1, in which case we write a,(x) = 0 or 1, and call x
even or odd at v, respectively. For each finite v, use a,(x) - v to denote
the conductor of the v-component x,. From this we define the extended
conductor of x as the extended divisor

Dy = Zav(X) ‘v

For a non-archimedean place v ¢ Supp(Dy), the value x,(m,) for a prime
element m, of O, is independent of the choice of m,. Thus define

x(v) = x(my)-

Analogously, we also define the extended conductor of an abelian
extension L/K in the obvious way.

For an extended divisor D, let

Up, = [ 03 - JI @+=r+®.0,),

v¢Supp(Do) v€ESupp(Do)

Vo= ( I %)~ IL %)

v¢Supp(Doo) vESupp(Deo)

where only the non-archimedean (resp. archimedean) v are taken in the first
(resp. second) formula. Let Up = Up_ x Up,. Then Up can be embedded
into A* in the obvious way. The (discrete) Weil group is defined as

Wp = K* \ A*/Up.

The Weil group is finite in the number field case. In the function field case,
it is an extension of Z by a finite group. For a place v ¢ Supp(D) the prime
element 7, determines an element [v] € Wp called the Frobenius element.
This is independent of the choice of .

A quasi-character x of the Weil group Wp can be pulled back to
a quasi-character (also denoted by x) of the ideéle class group K* \ A*.
The quasi-characters obtained from Wp are those whose extended
conductors divide D. A quasi-character x of Wp is called primitive
if D, = D.

Let R be a subring of C. A quasi-character x of Wp can be extended
uniquely to an R-algebra homomorphism from the group ring R[Wp] to C.
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All the R-algebra homomorphisms from R[Wp] to C can be obtained in
this way.

Let E be an elliptic curve defined over K. For each non-archimedean
place v, let E/o, be the Néron model of E/k, and let E/;, be the special
fibre of E/o, at v. Denote by Eo, the connected component of E,,
Eo(Ky) the part of E(K,) whose reduction at v is in Eo,, , and E;(K,)
the part of Eo(K,) with trivial reduction. The number of k,-rational
components of E/;, will be denoted by m,. The arithmetic conductor
of E/ g will be denoted by N.

For a real place v, let m,, denote the number of components of E(Ky,)
regarded as a topological group. Then m, is either 1 or 2. Denote the
identity component of E(K,) by Eo(Ky,).

For a non-archimedean place v, let A, be the integer defined by

1+ gy — |Eo(ky)| for good reduction,
(1) Ay =

Gv — |Eo(ky)| for bad reduction.

For each quasi-character x and each non-archimedean v not in
Supp(x), let

1= x() - ¢5° + x(v)? - ¢572° if v ¢ Supp(NV),

(2) Lu(x,s) = { 1= Ay x(0) - g=* if v € Supp(N).

For other v, let L,(x, s) = 1. The associated L-series

L(X7 3) = LE/K (X7 3)
is defined as

L(Xa 3) = H Lv(Xa 3)'
If xo is the trivial character, we denote
L(s) = Lg,, (s) = L(xo, 5)-

In this paper, a field extension L/K is always abelian, with its Galois
group usually denoted by G. For a place v of K, we will fix a place w
of L, which is sitting over v. Denote G,, = Gal(L,,/K,). Sometimes we
denote L,, = L,, when the choice of w is not important.
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1.2. The global period.

In this section we define the relative global period Q2 of E,k associated
to a character x of A*/K*. The basic idea comes from Tate’s paper [T2].

Let u = (uy), where for each place v of K, u, is the Haar measure
such that

{ po(0y) =1 if v non-archimedean,

I = Lebesgue measure if v archimedean.

Let dk, m2 and gx denote respectively, the absolute discriminant, the
number of complex places and, in the function field case, the genus of K.
Recall (¢f. [W1]) that the measure |u| of the compact quotient A/K can be
evaluated as

@) u { lldx]|=2/22="2 in the number field case,
/J, =

g9k 1 in the function field case.

For z € K,, let |z|, denote the normalized absolute value, i.e.,
Uy (zU) = |z|y - o(U) for U C K,,.

Choose a nonzero K-rational first degree invariant differential form w on E.
Then w and u, determine a Haar measure |w|,u, on the compact analytic
group E(K,) in a well-known way (cf. [W2]).

For archimedean v, define the local period

(4) Q= / lwlo o
E(K,)

For non-archimedean v, let wg ,, be a local Néron differential, i.e. a first
degree invariant differential form on the Néron minimal model E o, such
that the restriction @g , of wg, on the special fibre Ei  is nonzero. On the
generic fibre, we have w/wp , € K, and define the local period 2, as

(5) Qv =

‘ w

Wo,v v

We put these local data together to define the global period.
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DEFINITION 1.1. — With the notation of (4) and (5), the global period
is defined as

(6) Q=0g, =% = [[.
v

By the multiplication formula of the norms, [] |z|, = 1, for all z € K*
v
and we see that the definition of €2 is independent of the choice of w.

Consider a Weierstrass equation of E over K,
y? + a1zy + agy = 72 + a22” + a4z + ag,
and the differential w (see [T3]),
w= dz/2y + a1z + a3 = dy/3z? + 2027 + ag — a1y.

Let 6 be the discriminant associated to this equation. For each non-
archimedean place v, choose a minimal Weierstrass equation and take the
corresponding invariant differential w), in the similar way and let 6, be the
discriminant of this equation.

DEFINITION 1.2. — Define the global discriminant A = Ak by

(M A= Z ord,(6,) - v.

v¢Soo

Since each w!, can be extended to a Néron differential over O,, we
have the following equality of divisors

(8) A— 12-2 ord,,(

V€ Seo

w

)-v=10).

wo,v

Note that if K is a function field with constant field Fg, then €2 is just

the norm of Y ord,(w/wpy) - v, so (8) and the multiplication formula
v€Soo
together imply

(9) Q= q—deg(A)/12.

Let x be a character of the idele class group and L/K the cyclic
extension determined by x. Let Odd, be the set of real places where x
is odd. For each v € Odd,, let w be the unique complex place of L sitting
over v.
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DEFINITION 1.3. — The relative global period {2, is defined as

(10) Q = H (=1)2/m . MM‘ 1_[ 0.

v€Oddy Jew.y lwlo - o v¢0ddy
The definition depends on x and E. It is independent of the choice of w.
DEFINITION 1.4. — For each finite separable extension L/K, define
the relative discriminant (of the elliptic curve E) as
(11) AL/K = AK—AL
Here we view Ag and hence Ay as a divisor of L.

Notice that Ak is an effective divisor supported only on places which
are both ramified (under the extension) and bad (for the elliptic curve).
Using (8), one can easily see that Ay, is divisible by 12.

For an abelian extension L/K, by the class field theory we identify
each character of Gal(L/K) with a character of the idéle class group of K.
By the definitions of 2 and §2,,, the multiplication formula and (8), we have

(12) Q= Akl [] 2
xeGaﬁ\/K)

1.3. The Gauss sum.

Let ¥ be a non-trivial character of the additive group K \ Ax and ¢
a differential idele attached to ¥ [W1]. The Gauss sum is now defined as
follows.

DErFINITION 1.5. — For each place v and quasi-character x, we
define 7, as follows. If v is non-archimedean and o, = ord,(D) > 0, define
(13) Txv = Z ¥, (z)x(z).

z€ ¢35 my V(03 /1475Y Oy)
Otherwise, define

(14) Tx,v = (2\' -1 )auX((ﬁ;l)'
The Gauss sum is defined as
(15) = [ v-

v

It is easy to see that the definition of 7, is independent of the choice
of ¥, ¢ and m,.
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Note that our Gauss sums are slightly different from the usual ones.
When K = Q, for each positive integer D we can identify (Z/D)* with
Wb+ by identifying each prime number p, such that (p, D) = 1, with
the element [p] € Wp4oo- In this case, for any primitive character x of
Wp+eo = (Z/D)*, our Gauss sum 7, equals 21/—1 times the usual Gauss
sum of x~!. We define the Gauss sum so as to avoid the appearance of x ™!
in the definition of the theta element (see [MT2] and Section 1.4).

The following lemma can be proved by the usual method (see for
example [L]).

DEFINITION 1.6. — For an extended divisor D, define its norm as
(16) 1Dl := [IDol| - 27#5uep(Pes).

LemMA 1.7. — Let x be a character and T, be the complex conjugate
of T, viewed as complex numbers. Then 7,1 = 7, and

Tx - Tx = IDx I 7

1.4. Theta elements.

In this section, we define the theta element by identifying its
characteristic properties.

Throughout, whenever we refer to a quasi-character xy of Wp
(¢f. Assumption 1) we assume that it has the following property:

AssuMpPTION 2. — For any extended divisor D, we assume that the
analytic continuation L(x, 1) is defined for each quasi-character x of Wp.

Examples in which Assumption 2 is satisfied include Weil curves and
curves over function fields.

Let R be a subring of C. Suppose D and D’ are two extended divisor
of K such that D’ = D. Let

17 Zp: R[WD/] — R[WD]
be the ring homomorphism induced by the projection. Also let
(18) VD/ :R[WD] i R[WDI]

be the trace map.

Using the above notations we may now define the associated theta
element ©p € R[Wp] using the following characteristic properties.
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DEerinITION 1.8. — The theta element ©p is the unique element
of R[Wp] which satisfies the following properties:

(i) The compatibility property: for D' = D, we have the following:
(a) If v ¢ Supp(IN) U Supp(D) is non-archimedean, then

Zp(©v+p) = (A — [v] = [v]7!) - Op.
(b) If v € Supp(N) and v ¢ Supp(D), then
Zp(©v+p) = (Aw — [v]7!) - Op.
(c) If v is non-archimedean, v ¢ Supp(N) and v € Supp(D), then
Zp(©y+p) — Ay - Op + Vp(Bp_y) = 0.
(d) If v € Supp(N) and v € Supp(D), then
Zp(©y+D) = Ay - Op.
(e) If v ¢ Supp(D) is real, then

ZD(ev+D) = (_1)2/mu TMy - eD-
(ii) Special Values: for each primitive quasi-character x of Wp, we have

x(€p) =7 - Q1 - |ul - L(x, 1),

where Q. and T, are the relative global period and the Gauss sum.

Note that the defining properties determine the values x(©p) for each
quasi-character x of Wp. In fact, from the compatibility property, there is
an algebraic number C,, which is a polynomial (with rational coefficients)
in x(v) and Ay, v € Supp(D), such that

(19) X(©p) = Cy - 7 - " - |ul - L(x, 1)

Since the group ring C[Wp] is reduced, by (19) Op is uniquely determined
as an element of it. In the number field case, the existence of Op € C[Wp]
follows from using the inverse Fourier transform. In case that K = Q
and E is a Weil curve, our definition agrees with the formula given by
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Mazur and Tate (see [MT2], [Tnl]). In this case, there is an integer M
depending only on E such that ©p is in Z[M~!][Wp]. If K is a function
field of characteristic p and E is not a constant curve, then, after a slight
modification (see [Tn2]), our definition agrees with the formula given by
Mazur [M]. In the function field case, for each elliptic curve, the theta
element ©p always exists inside Z[p~!][Wp], and the denominators of the
coefficients of ©p are bounded for all admissible D. In particular, when K
is a rational function field and E is semi-stable, the denominators of the
coefficients are all bounded by

qOeE(N)/2—deg(8 ) /1291 -1,

2. The Mazur-Tate pairings.

2.1. Local trivializations.

In [MT1] and [MT2], Mazur and Tate introduce various local Néron
type pairings for abelian varieties. As pointed out by Zarhin in [Z], the
Néron type pairings between zero cycles and divisors are equivalent to
splittings of the canonical biextension. This is the method used in the
above papers. These local pairings can be put together to define a system
of global pairings which are the analogues of the global Néron-Tate pairing.
In this section, we recall some basic definitions and constructions of local
trivializations.

Let E ; denote the dual elliptic curve of E/x and P/x the canonical
biextension (see [Mu], [SGA7 I]), associated to the duality, of E/x and E/
by G,,. We can identify ]E'/ x With E/ . But in the global pairing they do
not play symmetric roles. As in [MT?2], different notations for them will
be used. If P is a biextension of commutative groups A and B by the
commutative group C, then for a € A, b € B, we denote by (4} P, P(s) the
subsets of P which sit over {a} x B and A x {b} respectively. By identifying
{a} x B with B and A x {b} with A, (4} P and Py} become group extensions
of {a} x B and A x {b} by C.

DEFINITION 2.1. — Let v be a place of K. A local modification
of P(K,) is a triple (o, By, pv) of morphisms:

a, : A, — E(K,),
By : By, — E[(K,),
pv + K5 — C.
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Let P,: = (a*,8,")P(K,) be the biextension obtained from P(K,)
by pullback via homomorphisms a,, and 3,.

DEeFINITION 2.2. — A local trivialization, (o, By, pv,¥»), of P(K,)
consists of a local modification (o, By, py) and a local splitting v, ie. a
map from P, to C, such that (cf. [MT1])

(a) Yu(c-z) = py(c)-Y(z) forc € K} and z € P,;

(b) for each a, € A, (resp. b, € B,) the restriction of ¥, to {4,}Py
(resp. Pys,}) is a group homomorphism.

In (L1)—(L5) below are five canonical local trivializations

by = (avn@vapm"/’v)

used for defining the global pairings. For the explicit definition of the
canonical splittings and their expressions in terms of the zero cycles and
divisors, see [MT2] (also the following remarks).

Let S be a finite set whose elements are real or non-archimedean
places of K, and let S,,, C S denote the subset of S consisting of all the
split multiplicative places of E inside S.

Example: five important local trivializations.

(L1) The trivial trivialization, for v archimedean and not in S. Here
A, = E(K,), B, = E'(K,), C, = {1}, ay, By, pv are the obvious
homomorphisms and %, is the trivial mapping.

(L2) The real ramified trivialization, for v real and in S. Here A, = Eo(K,),
B, = Ey(K,), C, = R*/R% ~ %1, oy, By, py are the obvious
homomorphisms, and 1, is the unique continuous splitting.

(L3) The Néron unramified trivialization, for v non-archimedean and not
in S. Here A, = E(K,), B, = E{(K,), C, = K}/O} ~Z, ay, By, pov
are the obvious homomorphisms, and %, is the unique splitting. This
corresponds to the non-archimedean local Néron pairing.

(L4) The tamely ramified trivialization, for v non-archimedean and
in § — Sy,. Here A, = E(K,), B, = E|(K,), Cy, = K}/(1+ my - Oy),
Qy, By, Py are the obvious homomorphisms, and 1, is the unique
splitting.

(L5) The split multiplicative trivialization, for v € S,,. Let Q, be the
multiplicative period of the Tate curve E,g, . The Tate parame-
trization gives exact sequences (of rigid analytic groups)
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0—(Q,) — K} = E(K,)— 0,

(20)
0— (Q,) — KX -2 E/(K,) — 0.
Here A, = B, = C, = K}, ay, (,, py are the obvious homomor-

phisms, and %, is the unique analytic splitting.

Remarks.

(1) By Definition 2.2, for each a € A,, the splitting 1, induces a
splitting of the following extension of either topological groups or rigid
analytic groups

(21) 0 — Cy — {a}(puPy) — {a} x B, — 0.

These splittings of group extensions for all a € A, also determine the
splitting 1,. It is true that in any of the cases (L1)-(L5), the group
Hom(B,,Hom(B,,C,)) (for either topological groups or rigid analytic
groups) is trivial. Therefore the local splitting 1, is canonical (see [MT1],
Lemma in p. 721 and p. 726).

(2) By the canonical property, the splitting in (L4) «extends» the
splitting in (L3) in the following sense. If x € P, is eligible for both
splittings in (L3) and (L4) (for different S), then the splitting on z in (L3)
can be obtained by applying to z the splitting in (L4) and then applying
the quotient map K /(1+ m, - O,) — K /Oj.

(3) In any of the cases (L1)-(L5), we can identify E’ with E, and B,
with a subgroup of A,. Then P, and P): = (6}, a})P(K,) are subgroups
of (af,a’)P(K,). On P), we have the canonical splitting ¢/ : P, — C,
(the «mirror image» of 1,). By the uniqueness of the splitting of (21),
on P, N P/, we have ¢, = v,.

(4) Note that for a fixed S, each place v satisfies exact one of the
conditions of (L1)—(L5). A place v is said to be of type i, if it satisfies the
condition of (L¢) for ¢ =1,...,5. Let L/K be an abelian extension. For a
place v, the associated local extension L,,/K, is called compatible with the
set S, if a finite set S(L) of places of L can be chosen such that if v is of
type i (with respect to .S), then w is also of type ¢ (with respect to S(L)). In
this case, the set S(L) is called compatible with S atv. If v is complex or split
multiplicative, or w is neither complex nor split multiplicative, then L,, /K,
is compatible with S. In particular, if [L,, : K,] is prime to 2, then L,,/ K, is
compatible with S (see [T5]). For the rest of this paper, if an extension
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L/K is given, we will always assume that a set S(L) has been chosen. Thus,
for each place w of L, there is the associated trivialization &,,. If L,,/K,
is compatible with the set S, then we assume that the set S(L) is also
compatible with S at v. Suppose that either L,,/K, is compatible with S
or v is archimedean. Then we have a natural embedding of P, into P,. For
points a, € A, and b, € B,, the Galois group G, = Gal(L,,/K,) acts on
the groups (4,} P and Py} with the groups of fixed elements containing
{av} Pv and P, 3, y respectively. Furthermore, the canonical property implies
that except for the case in which K, = R and L,, = C, the restriction to P,
of the splitting on P, equals the original splitting on P,.

Let Ng, denote the norm mapping for a G,-module.

DEeFINITION 2.3. — Let a, € A, and b, € B,. An element of K, A,,
By, {a,}Pv or Py, will be called a G,-norm, if it is in the image of the
norm mapping Ng, on the corresponding group Ly, Ay, Bw, {a,}Pw OF
Pw{bv}.

The following lemma is a direct consequence of Remark 4.

LEMMA 2.4. — Suppose that L, /K, is compatible with S. If either
pE {a,,}Pw and Ng, (p) € {a,,}Pv, orp € Pw{b,,} and Ng, (p) € Pv{b,,}v then

¥y © Ng, (p) = Na, © %w(p)-

LEMMA 2.5. — Suppose that v is real and L,,/K, is not compatible
with S. If an element p,, of the groups (4,} Py (resp. Pyg3,}) is a Gy-norm,
then we have ¢, (p,) = 0.

Proof. — We have K,, = R and L,, = C. Then both (4,} Py and Py, (3,3}
are connected. Since the norm mapping and the splitting are continuous,
1, () must be in the identity component of +1. a

2.2. Global pairings.

In this section, We recall the definition of the global pairing and also
discuss some of its useful properties.

For given K and S, the extended Mordell-Weil group is defined as
follows. For each v, let i, : E(K) — E(K,) be the canonical map. Also let
(Ay, By, Cy) and 6, = (w, By, pv,¥w) be one of the local trivializations
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defined in (L1)—(L5) in Section 2.1. The group Ag is the abelian group such
that the following diagram is cartesian,

Asg E(K)

(22) | [ =

14 e [TEk.)

Thus, a point a € Ag is described by a point z € E(K) together
with an element (a,), € [] A, such that a,(a,) = iy(z) for all v. Write

a = (z,(ay)). Similarly, define the group Bg ( and the homomorphism £)
associated to {B,},. Then Ag and Bg fit into the exact sequences

(23) 0— ] (@) — As — E(K) =0,

and

249 0- J[(@) —BsS E (K)

vESm
— (I Be)) < ( TI®/E)k)):
VES—(SooUSm) v&(Soo—S)U(S—Soo)
Let
o= (1) < (TT) = ()
VESe—S VESNS v¢SUSx
(- TIa+m-00)x (TIW),
VES—(SooUSm) VESm
and define

Cs = K*\ Ak /Us.

The Mazur-Tate canonical S-pairing (-, -); : AsxBs — Cg is a pairing
induced from (L1)—(L5). It is defined as follows. Let Ps = (a*, 3*)P(K).
Then Ps is a biextension of Ag x Bg by K*, and we have

s

0 — K* > PS Asts—>0

w 1 e

0 — K* P(K) E(K) x E/(K) — 0.
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The injection ¢ = (4,) (see [M]], p.111) and the map [] ¢, induce

i Yo
(26) w:PS—’»Hij"———)HC,,—»CS.
v v

Let a € As and b € Bs. By (25), there is an element p € Pg such that
ms(p) = a x b.

DEerINITION 2.6. — For a € Ag, b € Bg, let p € Ps be such that
ms(p) = a x b. Then

(a,b)s = ¥(p) € Cs.

Since p is unique up to elements of K*, and V(K*) = 0 € Csg, the pairing
is well-defined.

Suppose that vy € S,, and @,, is the local Tate period. Using the
embedding A,, — [] Ay, we can view Q,, as an element [] A,. By the

self-duality of E, we ‘can also view Qu, as an element of [] B: .

v

DEFINITION 2.7. — Define

[Q‘Uo] = (0,Qu,) € As, [Qvo]/ = (Ov Qvo) € Bs.

Denote by Q,, the image of Q,, under the natural map
K; — Ay — Cs.
Then we have (see [MT2])

(27) <[Qvo], [Qvo]/>s = Qvo .

DEFINITION 2.8. — Suppose that for a fixed S, G is a quotient of Cg
and Cs 2= G is the quotient map. We define the G-pairing (- ,-)¢ by the

composition of maps

(-,-)G:AstSL’.)—S>CS£>G.

Note that the G-pairing depends on the set S, too.

Denote by (-, -) the Néron-Tate pairing. If K is a function field with ¢
equal to the order of the constant field, then (-,-) is related to (-,-)¢ for
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some special S and G. Namely, if S = ) and G = Z is the quotient of Cg
defined by the degree map, then we have

(28) (a,b)z (a(a),B(b)), foralla€ Ag, b€ Bg.

-1
~ log(q)

For the rest of this section, we assume that G is a finite quotient
of Cs. Then G is the Galois group of a finite abelian extension L/K which
is unramified outside S and at most tamely ramified at each v € S — S,.

DEFINITION 2.9. — Suppose that L/K is compatible at every non-
archimedean place of K (see Remark 4 in 2.1). Let a x b € Ag x Bg. Call
an element p €4} Ps (resp. Ps{b}) a locally normed element (with respect
to G) if each v-component of ig(p) is in Ng, ({a} Pw) (resp. Na, (Puw{s}))-

Then Lemma 2.4 and Lemma 2.5 together imply the following.

LEMMA 2.10. — Suppose that L/K is compatible with S at every non-
archimedean place of K. Let p be an element of Ps such that ws(p) = a x b.
If p is a locally normed element of Ps with respect to G (viewed as an
element of either {5 Ps or Psy)), then (a,b)g = 0.

The formula (27) can be generalized in the following way.
LEMMA 2.11. — Suppose that a = (z, (ay)y) € As, b= (y, (by)») € Bs
and vg € Sy, Then the following are true:
(a) The pairings (a, [Qu,]")s and ([Qu,], b)s depend only on a,, and b,,.

(b) Suppose that G is a cyclic quotient of Cs. Then (a,[Quy,) )¢ = 0
(resp. {([Qu,), b)c = 0) if and only if a,, (resp. by,) is a Gy,-norm.

In order to prove Lemma 2.11, we need the following result. The
diagram (25) induces

0 — K* —— (4Ps ——— {a} xBs — 0

T N

f
0 — K* —— ()P(K) —— {z} xE'(K) — 0.
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Locally at each v, we have

0 — K} —— (a)Pr ——— {ay}xB, — 0

(30) ' l Yo l ay X By

fo
0 — K, — (P(K,) —— {z} x E'(K,) — 0.

Since G is cyclic, taking cohomology groups, we have the following
diagram

(31) K,/Ng,(L;,) — {(a,}Po/Na,({ay}Pw)

I |-

HY (Go, {z} X E'(Lw)) — K3/Nay (L) - @P(K.)/Na, (2 P(Ku)).-

Recall that there is a local duality pairing (see [M12], p. 53, p. 354 and
[T1]), which is a perfect pairing

(32) () :E(K,) x HY(K,,E) — Q/Z.

The inflation map identifies H'(G,,E(L,)) with a subgroup of
H(K,,E). Directly from the definition of the local duality pairing, we
have the following lemma.

LEMMA 2.12. — Let v be a place of K. Suppose that ¢ € E(K,),
¢ € HY(Gy,E'(Ly)) and (z,£), € Q/Z is the value of the local duality
pairing. Let 8 be the map in (31). Then (z, &), equals the image of £ under
the following composition of maps

H'(Gy, E'(Ly)) — H'(Gy, {z} x E/(Ly))

-2, K /Ng,(L%,) C Br(K,) = Q/Z.

Proof of Lemma 2.11. — We show part (a). Part (b) follows similarly.

Note that the diagrams (29) and (30) are nothing but pullbacks of
the group extensions via the right vertical arrows. With the notations used
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there, since a x B(a x [Qy,]’) is the identity of the group {z} x E/(K), there
is a unique p €4} Ps such that,

Ts(p) = a X [Qu,]' and ~ys(p) = identity in (;}P(K).

Suppose that is(p) = (py)v € [] Po- Then p,, is the unique element
of (4,,}Fv, such that ’

oo (Pve) = Qug X Que  aNd Yy Py, ) = identity in {x}IP’(K,,O).

If v # vy, then p, is the identity of the group (,,)} P, and ¥, (p,) =0 € C,.
It follows that (a, [Qu,])s equals the image of ¥, (py,) in Cs and depends
only on a,,. This shows the first statement.

To evaluate 1, (py, ), We consider the diagram

Ty
0 = Ky — P,y —— Avx{Qu} — 0

' Jv Yvo J{ Qyq xﬂvo

fo
0 — Kj —— P(Ky)p —— E(Ky)x {0} — 0.

Note that we can identify P(Ky,)o, with E(Ky,) x K;,. The element
z x 1 € P(Kuy,) g} is also in {;}P(K,). Using the expressions in terms of
zero cycles and divisors, we can show directly that x x 1 is the identity of the
group (;}P(K,). As a consequence, py, is the unique element of P,, {Quo}
such that

o (pvo) = Qyy X Q‘vo and ’)’vo(pvo) =z x 1.

Fix a place wyg of L sitting over vy and let G,, be the decomposition
subgroup associated to wp. Then L,,,/K,, is compatible with S (see
Remark 4 in 2.1). We also identify P(Luw,) o} With E(Lw,) X L3,,. Suppose
that a,, = Ng, (aw,) is a Gy,-norm. Let p,, be the unique element
of Py, (Quo} such that

Twe (Pwo) = Gw X Quy  a0d Yapg (Puy) = Qg (@) X 1 € P(Lwo){o}-

Then py,, = Ng,, (Pwo)- By Lemma 2.4, 1y,(py,) is & Gy,-norm and
(@, [@u,))e = 0. This shows the «if» part of the second statement.
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Consider the diagram (31) for v = vo. Let 5, be the image of p,, in
{ave} Pro /Ng,, ({auo}Pwo)- Then p,,, generates the kernel of the map 7,,. By
Lemma 2.4, the local splitting ,, induces

Do * {auy} Poo/ NG ({auy} Pwo) — Kao /NG, (L, )-
If (a, [Qu,)c) = O then 9, (py,) = 0 and the map v, induces a map

'F"UO : {I}]P(KUO)/NGI;O ({x}]P(Kwo)) — K:;o /NGvo (L:Uo)

such that j o 7,, is the identity map. It then follows that the map 0 is
trivial. By Lemma 2.12 and the local duality, we see that z is a G,,-norm.

Since z is a Gy,-norm, we can find an a,, € Ng, (Aw,) such that
Qo (ay,) = z. Let @’ = (z,a;) € Ag be such that a;, = a, for v # vo. Then
a' = a+n-[Qy,] for some integer n, and by the «if» part of the second
statement of the lemma, we have (a’, [Q,]')a = 0. As a consequence, we
have (n - [Qy,], [Qu))e = 0. By (27), Q7 € K, must be a Gy,-norm and
SO iS @y, - O

2.3. The corrected discriminant.

In this section we recall the definition of the corrected discriminant
(see [MT?2] ) associated to the global pairings defined in 2.2. The corrected
discriminants are the analogues of the regulators for the Néron-Tate pairing.

According to the recipe detailed in [MT?2] , we have to choose a pair
of compatible orientations on the real vector spaces As ® R and Bs ® R.
In our situation, these two spaces are naturally isomorphic and a pair
of orientations on them is compatible if and only if under the natural
isomorphism, they become the same orientation.

Let (a;) and (b;) be a pair of compatible bases of As and Bs modulo
the torsion elements, i.e., they give compatible orientations on As ® R
and Bg ® R. Note that by (23) and (24) the groups of torsion elements of
both Ag and Bg are embedded into E(K)sor-

DEerINITION 2.13. — Denote
Tk = I‘k(]E(K)),
r:=rg + #Sm = rk(As) = rk(Bg),

w = IE(K)tOI"'
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Define the discriminant of the S-pairing as
. -1 -1 1
discg = I(As)to,-l I(BS)torl detlSi,er((ai,bﬁs) € Z[a}-] ® Sym,.(Cs).

If (a;) and (b}) are another pair of compatible bases, then the induced
determinant det1<m<,((a1, b;)s) differs from that induced from (a;)
and (b;) by at most an element of Sym,(Cs), and this element is killed
by w. So the definition of the discriminant is independent of the choice of
the basis.

Suppose that S,, C T C S. For each positive integer n, the projection
Cs — Cr induces the Z[w~!]-morphism

(33) Zrs: z[ | ®Sym,(Cs) — z[ | ® sym,(Cr).
There is a unique Z[w~']-morphism

(34) Usz :z[é] ® Sym, (Cr) — Z [%] & Sum, (Cs)

such that for all ¢; € Cg,

(35) UsroZrs5(c1@c2® - ®cp)

=2|Soon(S—T)| . ( H (qv_l)) -C1 ®C2®"‘®cn-
v€ES~T—Sco

DEeFINITION 2.14. — Denote
js = |cokernel(Bsm — H Eg(ky) x H (E'/Eg) (ko ))‘
VES—Sm—Se0  VESNSe

The corrected discriminant of the S-pairing is defined as

(36) Ds=Ds(E)

= 2( 1)#T=5m) Y5 1(j,. discr) € Z[ ] ® Sym,.(Cs).
SmCTCS

Then Dg is corrected in the sense that when S varies, the Dg are
related by desirable compatibility formulae (see [MT2] and [T4]). We
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conclude this section by recalling these formulae. Let S’ = S U {v}, and 7’
the rank of Ag/. Then

r if v is not split multiplicative for E,
(37) r = { P P

r+1 if v is split multiplicative for E.

Suppose that v is a non-archimedean place of K. Let n, = #(Eo(k,))-
If v is not a split multiplicative place of E, then (see [MT2])

(38) Zs,5'(Ds') = (qv — 1 —ny) - Ds.
Let ¢(Sm,v) be the order of the image of the natural mapping

Bs,u(v} — (E'/E)(kv)-
If v is a split multiplicative place of E, then (see [MT2])

= 1
(39)  c(Smyv)- Zs,5/(Ds) = Qy-Ds € Z[E] ® Sym,.(Cs).
If v is a real place, then (see [T4])

(40) Z5,5/(Dsr) = (-1)*/™ -m, - Ds € R® Sym,(Cs).

3. The Mazur-Tate conjectures.

3.1. The Mazur-Tate conjecture

In this section, we describe the Mazur-Tate conjecture. To do this, we
need to make an assumption about the theta element (see Assumption 4
below). This assumption is satisfied when E is a Weil curve over Q or E is
defined over a function field.

DEeFINITION 3.1. — Let D = ) ord, (D) -v be an extended divisor. We

v
say that D is admissible, if ord, (D) < 1 unless v is a split multiplicative
place of E.

Suppose that S is a finite set of places of K containing the support
of an admissible divisor D. Then the Weil group Wp is a quotient of the
group Cs defined in 2.2. Recall that the definition of the theta element
depends on the divisor D, while the definition of the corrected discriminant
depends on the set S.



REFINED THEOREMS OF THE BIRCH AND SWINNERTON-DYER TYPE 341

AssuMmPTION 3. — For the remainder of this paper, assume
S = Supp(D).

Let G be a quotient group of Wp, and consider the quotient maps

pr pr
Wp —> G, prg:Cs — Wp —>G.

These maps can be extended to morphisms of the group rings and
morphisms of the symmetric tensors.

DEFINITION 3.2. — We define the theta element as

O¢ = prD(eD)a

and the corrected discriminant as
D¢ = prg(Ds).

AssuMmPTION 4. — There is a positive integer M such that B¢ is in
the group ring Z[M ~'][G] and M is large enough such that it is divisible
by w.

Recall that w is the order of the group E(K);or. Under Assumption 4,
we have

L

(41) Dg € z[ -

| ® Sym,(G).

Let I be the augmentation ideal of the group ring Z[M ~!|[G]. The
natural morphism

(42) {G—)I/I2

g—1l—g

can be extended to a homomorphism of graded algebras
. 1 —z[L 2.0/ ..
d.QnBz[M]®symn(G) Z[M]GBI/I @ -@I"/I

We denote
detg =d(Dg) € I" /T,
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DEeFINITION 3.3. — Let ord(©¢) be the maximal n such that 8¢ € I™.
If ord(©¢) > n, we denote by Og' ) the image of ©¢ under the quotient
map I™ — I™/I"+1,

DEFINITION 3.4. — Define

(43) b5 = $s,, = |coker{E(K) — ] E'/Eq (ki) } .

VE€SmUSoo

Let Il i be the Shafarevich-Tate group of E k.
The Mazur-Tate conjecture is the following:

CoNJECTURE 1 (see [MT2]). — We have ord(©¢) > r, Il k finite, and

(44) 63 = k|- ¢s - detg .

Note that ©¢ and detg depend on the admissible divisor D. But
conjecture 1 basically depends only on G, as we have the following
compatibility lemma. It can be proved directly by using the compatibility
property of the theta element together with (1), (38), (39), (40).

LEMMA 3.5. — Suppose that D', D are two admissible divisor and
D' = D. Let G be a quotient of Wp and G’ a quotient of G. If conjecture 1
is true for (D, G), then it is also true for (D', G’).

3.2. The conjecture of Birch and Swinnerton-Dyer.

This section begins with the review of the Birch and Swinnerton-Dyer
conjecture for elliptic curves over a global field. The basic reference is [T2].
When K is a function field, this conjecture is a special case of conjecture 1.
We will show this at the end of this section.

Recall the notations in 1.2. For a fixed invariant differential w, a place v
is said to be bad if either it is archimedean or ord,(w/wpy) 7# 0. Let S
be a finite set of places containing all the bad places for w and all the
places where E has bad reduction. For such an S there is an associated
L-function L%(s) (see [T2]). Let R(E,k) be the regulator defined by using
the Néron-Tate canonical pairing on the Mordell-Weil group.
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BIRCH AND SWINNERTON-DYER CONJECTURE. — The Shafarevich-
Tate group Il is finite, and at s = 1, the associated L-series Ls(s) has
order of vanishing equal to r,. . Further more, we have

; 5(s) _ k|- R(E/k)
(45) 31_’111 (3 _Sl)rx - w2 ’

Let xo be the trivial character and L(s) = L(xo, s) denote the Hasse-Weil
L-function. Recall the measure |¢| and the period 2 defined in 1.2. We have
(see [T2])

lul - E[SLv(l)
5(s) = Y L(s).
S() QHmanv(S) ()
v vES
It follows that formula (45) is equivalent to
R M il P
(46) sl (s — D w? o

When K is a function field, the Birch and Swinnerton-Dyer conjecture
reduces to a conjecture about the finiteness of Il k.

THEOREM 3.6 (see [T2], [M11]). — Suppose that K is a function field.
Then the following statements are true:
(1) At s =1, the order of vanishing of L(s) is always > rg.
(2) The following statements are equivalent:
(a) The conjecture of Birch and Swinnerton-Dyer is true.

(b) The £-primary part of the Shafarevich-Tate group is finite for
some prime number £.

(c) The order of vanishing of L(s) at s = 1 equals ri.

Remark. — Recall that 7 = 7, + #Sn,. If > 0 and xp is the trivial
character of A}, then by using the defining properties of the theta element
(see Definition 1.8), we see that the Birch and Swinnerton-Dyer conjecture
implies that ©p € I. If » = 0, then by using the same method, we see
that conjecture 1 is just a consequence of the Birch and Swinnerton-Dyer
conjecture.

We conclude this section by showing that when K is a function field,
conjecture 1 generalizes the Birch and Swinnerton-Dyer conjecture. Let
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D =0,S =0, G = Z and the quotient map Wp — G be the map induced
by the degree map on A}. Let x; denote the quasi-character of Wp which
sends each element z € Wp to ||z||°. Then x, induces a ring isomorphism

xo: 2[ 32|61 — 2[ 22|l

This isomorphism sends I” to (1 — ¢~*)". Apply xs to the equation (44)
of conjecture 1. Then by Definition 1.8, the left-hand side of equation (44)
becomes

-t |u| - L(s+1) (mod (1— q_s)"'K'f'l).

By (28), the right-hand side of (44) becomes

|Mk|- ¢s-w™?- [E'(K): Bs]- % (1—¢™*)™  (mod (1—q~*)T™=+1).

Directly from Definition 3.4, we have ¢g - [E'(K):Bg] = ]'[m,, It then
follows that (44) is equivalent to (46).

3.3. The horizontal case.

Suppose that G is a finite group with order dividing M. Then it is true
that if I is the augmentation ideal of the group ring Z[M ~!][G], then I = I"
for every positive integer n. Furthermore, as explained in the remark at the
end of 3.2, if r > 0 and the Birch and Swinnerton-Dyer conjecture is true,
then we should have ©¢ € I = I"™. In this case, conjecture 1 is a consequence
of the Birch and Swinnerton-Dyer conjecture. This phenomenon would not
occur, if we can work over Z[G] instead of Z[M ~!}[G]. For this reason, we
would like to modify ©¢ and D¢ in a way such that their « coefficients » are
all integers. For instance, when G is finite, we can find an integer z such
that 20¢ € Z[G] and z - Dg € Sym,(G), and then study this new theta
element and new discriminant. For the rest of this paper, we will consider
this for the case where G is «horizontal », i.e., it is a group of (¢, .. ., £)-type
for some fixed prime £. We will raise a conjecture (conjecture 2) similar to
conjecture 1, and prove some partial results about it.

For the remainder of this paper, we assume that G is horizontal.
In this section, we will reprove a theorem of Passi and Vermani concer-
ning the augmentation quotients of the integral group ring (see [PV]).
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Let I be the augmentation ideal of the group ring Z[G]. Define the
associated graded algebra

gr(Z[G)) =Zo (I/I*)® (I*/I®) & ---.

As in 3.1, there is a canonical epimorphism of graded algebras

(47) d: @ Sym,(G) — gr(Z[G)).
n
Let z = {z1,%2,...,Zx} be a basis of G as a vector space over F;
and t = {t1,...,tx} a set of k variables. Then the assignment t; — x;

extends to a non-canonical isomorphism of graded algebras between
Fe[t] and @ Sym,,(G). Composing this isomorphism with d, we get a
n

noncanonical epimorphism
d(z):Felt] — gr(Z[G]).
The theorem of Passi and Vermani says that the kernel of d() is the ideal

generated by

Y VA s
br;, iz — iz for 4,5,=1,2,... k.

In the following, this result will be restated as Proposition 3.8.

Consider the dual space of G,
G' = Hom(G, Fy).
Via the isomorphism

]Fl[t] = @Symn(c)a

we view each polynomial f(t) € Z[t] as a Fy-valued function f on G'.
Suppose that ¢ is a chosen primitive ¢-th root of 1. Then via {, we
can identify G’ with the dual group G and also identify f with a C-
valued function on G. Namely, if x € G and s = (s1,...,8k) is such that
x(z;) = (%, then

(48) Flx) =¢fe).

DEFINITION 3.7. — For an element © € Z[G), denote by ord(©) the
maximal n such that © € I". Also, denote by o(x,©) = ord(1_¢)(x(©)) the
valuation of the element x(©) at the prime ideal (1 — () of the Dedekind
domain Z[(].
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If ord(©) > n, then we have o()x, ©) > n for every x € G. Therefore x
induces a map from Z[G]/I" to Z[{]/(1 — ¢)™. By abuse of notation, we also
denote this map by x. Thus for an element 6 € Z[G]/I™, it still makes sense
to say either o(x,6) = i for i < n, or o(x,0) > n. Suppose that f € Z[t] is
a homogeneous polynomial of degree n. Let

0 =d(z)(f) € I"/I™H.

Then 6 is the image of f(1 — z1,...,1 — zx) under the quotient
I™ — I"/I™*+1. We can relate x(6) and f(x) in the following way. Note that
for z,y € Z[G], we have

l-2)-1-y)=1-2)+(1-y)-(1-2z-y),

and consequently,
1-¢"=n-(1-¢) (mod (1-¢)3).

Using this, we obtain

(49) x(6) =F(x)- (1= (mod (1-¢)"*).

ProposiTiON 3.8 (see [PV]). — Suppose that f € Z[t] is a
homogeneous polynomial of degree n > 0 and 0 = d((f) € I"/I"* .
Then the following statements are equivalent:

(a) 8 is trivial in I™/I™*1,

(b) o(x,0) > n+1 for all characters x € G,
(c) f=0.

(d) f isin the ideal J generated by

Lx;, a:f:vj —xga:i for i,5,=1,2,..k.

Proof.
(a) = (b): trivial.
(b) = (c): by (49).

(¢) = (d): We prove this by induction. It is obvious for n = 1. In general,
write f = f; + t1 - f2 such that f; contains only the variables ts, ..., tx.
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By taking t; = 0, we see that f; = 0. By the induction hypothesis, we have
f1 € J. Since t; - fo = 0, we have
fo(l,s2,...,8) =0 (mod ¢) forall so,...,s; € Z.

- Thus by a theorem of Chevalley (see [BS], Section 1.1), fa(1,t2/t1,. .., tx/t1)
is in the ideal of Z[ta/t1, . . ., tx/t1] which is generated by the elements £ and
(t;/t1)t — ti/t; for i = 2,...,k. So there are polynomials g;,i = 2,...,k,
such that

k
fa(t,t2, ... t) = Zgi St =it (mod £).
i=2
This shows that ¢; - fo is in J and so is f.

(d) = (a): for z € G, we can write

1= (1+(:c—1))‘=1+(z—1)‘+e-(x—1)(1+(x—1)h(:c)).

Since 1+ (z — 1)h(z) = 1 — (z — 1)h(z) + - -- is invertible in the I-adic
completion of Z[G], we have

(50) 0-(1-2z)=1-x)¢ (mod I**Y),
and consequently,
1-z)t-(1-z5)=0-1—z:)-(1—=z;) (mod I*+2)
=(1-=z)-(1-x;)° (mod I**2).
Therefore, if f € J, then 6 is trivial. O

By (50),if © € I" and n > 0, then £-© € I"*+*~1. This multiplication
by £ induces a homomorphism of groups

Z:In/In+1 N In+£—1/In+L’.
In fact, we have the following.

LemwMmaA 3.9. — The following are true:

(a) For every n > 0, the map £ : I"/I**! — [n+e-1/[n+E s an
injection.

(b) If z is an integer prime to ¢, then the multiplication by z induces an
isomorphism I™/I"t1 = [ /1,
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Proof. — Let 6 € I"/I™*1  and f, g € Z[t] homogeneous of degree n,
n+ € — 1 such that d(;)(f) = 6 and d(z)(g) = £(6). Then by (50) and
Proposition 3.8 , f = g as functions on G’. The first statement then follows
from Proposition 3.8 .

Since z is invertible in Z,, the second statement follows after we tensor
everything with Z,. O

3.4. Conjecture 2.

In this section, we will propose a refinement of conjecture 1. Then we
will discuss the main results about this refined conjecture. Their proofs will
be postponed untill Section 5. As in 3.3, we continue to assume that G is of
the (4,...,£)-type for a fixed £. Let I be the augmentation ideal of Z[G].

DEFINITION 3.10. — Suppose that z is an integer such that 20 € Z[G|
and z-Dg € Sym,.(G). As before, if 20 is in I™, then we denote by (20g)™
its image in I™ /I™*!. Also denote

zdetg =d(2-Dg) and e= (£—1)-ordy(2z)+r.

Then Lemma 3.9 and conjecture 1 together suggest the following
conjecture.

CONJECTURE 2. — Assume that G is horizontal, ©¢ € Q[G] and
r > 0. Then we have ord(20¢) > e and

(51) (206)® = |llig| - ¢s - zdetc .

Note that the number e and hence the conjecture depend on z. But
by Lemma 3.9, we see that for every 2’ divisible by z, conjecture 2 is true
for the pair (G, 2’) if and only if it is true for the pair (G, 2).

As before, we denote by L/K the field extension corresponding to G.

DEeFINITION 3.11. — When K is a number field, we say that the
conjecture of Birch and Swinnerton-Dyer is true for (E, G), if the conjecture
is true for E/k, and for every cyclic subextension L'/K of L/K, it is also
true for E/;,. When K is a function field, we say that the conjecture of
Birch and Swinnerton-Dyer is true for (E,G), if it is true for E k.

In 5.1, we will show the following theorem.
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THEOREM 3.12. — Assume that £ # 2, 3. If the Birch and Swinnerton-
Dyer conjecture is true for (E,G) and r > 0, then we have 28 € I°.

Suppose that the Birch and Swinnerton-Dyer conjecture is true
for (E,G). By Proposition 3.8 and Theorem 3.12 , let fi, fo € Z[t] be
homogeneous polynomials of degree e such that

(52) d(g)(f1) = (266)
and
(53) d(z)(f2) = |Hk| - ¢s - zdetg .

Then in this case (51) is equivalent to the following.

CONJECTURE 2. — We have:

(54) fi=fa.

DEFINITION 3.13. — The pair (£,G) will be called good , if the Birch
and Swinnerton-Dyer conjecture is true for (E,G) and

(55) 6-w- k|- ] my#0 (mod e).
v¢Soo

If Il is finite, then (55) is satisfied for almost all £. In 5.1, we will
show the following theorem.

THEOREM 3.14. — Suppose that r > 0 and (¢,G) is good. If f; and
f2 are defined by (52) and (53), then their zero sets on G’ are the same.
Namely, for g € G', fi(g’) = 0 if and only if fo(g’) = 0.

Recall that S = Supp(D). Conjecture 2 depends on the choice of D.
But by Proposition 3.8 and the compatibilities of the theta element (see
Definition 1.8) and the discriminant (see (38), (39),(40)), we have the
following lemma.

LEMMA 3.15. — Suppose that D is an admissible divisor and G
is a quotient of Wp. Then any one of conjecture 2, Theorem 3.12 and
Theorem 3.14 is true for (D,QG), if and only if it is true for every pair
(D', H) where D’ is an admissible divisor such that D' = D, and H is a
cyclic quotient of G.
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Usually, Theorem 3.14 is not strong enough to imply (54). However,
if e =1, then f; and f; are linear functionals. In this case, if they have the
same zero set, then they are proportional to each other, i.e., (54) is true up
to a constant in F;. The same is true when G is cyclic, since in this case
the space of e-th degree homogeneous functions on G’ is of dimension one
over F,. Thus we have the following theorem.

THEOREM 3.16. — Suppose that r > 0 and (¢,G) is good. If e = 1
or G is cyclic, then (54) is true up to a constant in F}.

To push our results a little further, we need to make the following
considerations. Recall the isomorphisms d and d( ;) defined in 3.3. For an
element y € G, let f, € Fy[t] be the unique linear polynomial such that
d(z)(fy) = d(y)-

DEFINITION 3.17. — A homogeneous f € Fyt] is called special, if
€
there exist y1,...,Ye € G satisfying the condition that f = [] f,, and

=1
every subset of (e — 1) elements of {yi, . .., Y} spans an (e — 1)-dimensional
subspace of G.
LEMMA 3.18. — Suppose that hj,hy € TF¢[t] are e-th degree

homogeneous polynomials and hy is special. If hy and hy, have the same
zero set, then there exists a c € F; such that hy = c- hs.

Proof. — Suppose that hy = H fy. and (2) = (t1,t2,...,t). Without

loss of generality, we can assume that fys=tifori=1,...,e—1. Then we
can write

hy =t te1- fy.-

There is an (e — 1)-th degree homogeneous polynomial, h’(t), such that

hi(t) = h1(0,ta,...,tx) +t1 - A1 ().

Since h; and hy have the same zero set and hy(0,tz,...,tx) = 0, we see
that hy(0,tz,...,t;) = 0 and hy = £; - h}. We can then replace h; by ¢, - b’
if necessary and assume that h; is divisible by ¢;. Using a similar argument,
we can assume that

hi(t) =ty - te—1-h(2).

Since h; is homogeneous of degree equal to e, the polynomial h must be
a linear form. Suppose that f, is not proportional to any of the f,, for
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i=1,...,e— 1. Then the zero sets of h and f,, are the same. Since they
are both linear, they must be proportional to each other, and the lemma, is
proved. Suppose that f,, is proportional to some f,,. Since h; is special,
this can happen only when e = 2. In this case, the zero set of h must equal
to that of £; and both h; and h, are proportional to 7. O

When S = S, 7, =0 and (¢, G) is good, the polynomial f, can be
chosen as a product of linear factors. This is explained in the following.
Suppose S, = {v1,...,v.}. For v; € Sy, let y; € G be the image of Q,,
(defined in 2.2) under the projection Cs — G. Then by (27), (39), (43)
and (55), we see that if e = r, then f> can be taken to be proportional to

€

the product [] f,,.If e > r, then by (50), f2 can still be taken as a product
i=1

=
of linear forms (in this case, f2 cannot be special).

DEeFINITION 3.19. — We call a quotient group G of Cg special if G is
horizontal and fo can be taken taken to be a special polynomial.

LemMA 3.20. — Suppose that S = S, v, =0, e =1, and K is a
function field of characteristic p = £. Then each horizontal quotient of Cg
is a quotient of some special quotient H of Cy.

Proof. — By a result of Kisilevsky (see [K], or [Tn4]), as a topological

group, the pro-p completion of Cs is a countable product of Z,. It is
e—1
enough to show that in Cg, if H Q“' is a p-th power for some integers a;,

i=1,...,e—1, then each a; 1s d1v1sxble by p. Under the hypothesis, there
are u; € K;i fori=1,...,eand u € K* such that

oi=ul-u, in K,, fori=1,...,e—1,

and

—uP-u i
l1=vf-u in K,,.

By the local Leopoldt lemma (see [K], [Tn4]), the element u must be a p-th
power in K*. This implies that every @5, fori = 1,...,e—1, is a p-th power
in Kj,. Since by (55), p is relatively prime to m,, = ord,, (Qv;), a; must be
divisible by p. O

THEOREM 3.21. — Suppose that r > 0, (¢,G) is good and fi, f, are
defined by (52) and (53). Then the following are true:
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(a) If the polynomial f, can be chosen to be special, then f; and f, are
proportional to each other.

(b) Assume that K is a function field with characteristic p = ¢
and r, = 0. If S = S,,, and for every horizontal quotient H of Csg,
On € Z,[H), then conjecture 2 is true.

The first statement is a consequence of Lemma 3.18. To show the
second statement, we first use Lemma 3.20 to find a special quotient of Cg,
which has G as a quotient. By Lemma, 3.15, we can replace G by this special
group. Note that after doing so, the pair (¢,G) is still good. Then by the
first statement, there is a ¢ € F} such that

*) fi=c- fa

We need to show that ¢ = 1. By Lemma 3.20 again, we can assume that
the constant field extension of degree £ is contained in L. The Galois group
of this constant field extension is a quotient of G. We then replace G by
this quotient and still call it G. After doing so, the equation (*) still holds.
Note that since e = r, the equation (54) is equivalent to (44). The quotient
map Cs — G factors through the degree map Cs — Z. As explained
in 3.2, the Birch and Swinnerton-Dyer conjecture (for E/) is equivalent
to the formula (44) (for Z). Assuming the Birch and Swinnerton-Dyer
conjecture, the formula (44) is also true for Z. By taking the quotient map
from Z to G, we see that (44) is true for G. This implies

fi=Fa.
By Lemma 3.9, we have ¢ = 1 unless f, = 0. But by (55), both

|Ilg| and ¢g are prime to ¢, and y; # 1 € G for i = 1,...,r. Since

-— T -

fo=|k|- ¢s - (H fyi), it is nontrivial. a
=1

4. The degeneration.

To prove Theorem 3.14 , we need to compare the zero sets of the two
functions f; and f,. By Lemma 3.15, we can assume that the admissible
divisor D is the conductor of the abelian extension L/K. In this section,
we study the zero set of f; under the above assumption. For a positive
integer n, a character x € G and an element 0 € I"/T™+1, let o(x, 0) be
the valuation defined in 3.3. By Proposition 3.8 , we need to determine
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whether o(x, |III| - ¢s - zdetg) is greater than e. Since the result for the
trivial character is obvious, we can assume that x is nontrivial. As in
Section 3, ¢ is a prime number and G denotes the Galois group of the
abelian extension L/K.

AssumpPTION 5. — In this section, we assume that G is cyclic of
order ¢, (¢,G) is good, D is the conductor of the abelian extension L/K,
and y is a nontrivial character of G.

Note that by Remark 4 in 2.1, since (¢,2) = 1, the extension is
compatible with the set S at every place. Thus Lemma 2.4 can be applied.

Our main result is the following proposition, which will be proved
in 4.5. Recall that

rx = rk(E(K)).
We also denote
rp = 1k(E(L)).

PropPosITION 4.1. — Suppose that G is cyclic of order £, (£, G) is good,
D is the conductor of the abelian extension L/K, and x is a nontrivial
character of G. Then o(x, |UI| - ¢s - zdetg) > e if and only if at least one of
the following is true:

(a) L > 7K;

(b) II; has non-trivial {-primary part.

4.1. The valuation of the discriminant.

The pairing (-, -)¢ induces a pairing
(v)oF.: As®F; x Bs®F, — G.

Since (¢,G) is good and £ is prime to w (see (55)), the Fo-dimensions of
As ® Fy and Bs ® F; both equal r. By fixing a basis for these Fy-vector
spaces, we can define the discriminant of (-, ) F,

discgF, € Sym, G.

Let prg be the projection Cs — G and discg the discriminant defined
in 2.3. Then prg(discs) and discgr, differ at most by a constant in Fj.
The pairing (-, -)gF, is degenerate if and only if the discriminant discg F, is
trivial.
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DEFINITION 4.2. — We will say that the pairing (-,-)¢ is degenerate,
if the pairing (-, ") F, is degenerate.

LEMMA 4.3. — Suppose that G is cyclic, (¢,G) is good, and x is a

nontrivial character of G. Then o(x, |IL1| - ¢s - zdetg) > e if and only if at
least one of the following is true:

(a) We have

\cokernel{Bsm - H E'(k,,)}l =0 (mod ¥).
VES—Sm—Soo

(b) The pairing (-, ) is degenerate.

Proof. — By (43) and (55), the numbers |III| and ¢g are relatively
prime to £. By Lemma 3.9, we see that

o(x, || - ¢g - zdetg) = o(x,detg) — r +e.
Recall the morphisms d (defined in 3.3, (47)) and U, (defined in 2.3, (34)).

Since the support of the conductor of x is S, we can view x as a character
of Cg. For each proper subset T of S, we have

x(Us,r(c)) =1 forall ce Cr.
Therefore
o(x, detg) = o(x, js - d o prg(discg)).
By (55) and Definition 2.14, we see that (a) holds if and only if
js =0 (mod #).
It then remains to show that (b) holds if and only if
do prg(discs) = 0.

This will follow from the facts that prg(discg) is proportional to discgF,
and d is an isomorphism for G ~ F,. O
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4.2. The global duality theorem.

In this section we recall the global duality theorem of Tate and Milne.
We need only a part of it. The references are [T1] and [MI12].

Denote by E(K,¢) and E(K,,¥£) the ¢-adic completion of the groups
E(K) and E(K,). Also, denote by H'(K,E,¢) and H'(K,,E,¢) the ¢-
primary components of the cohomology groups H!(K,E) and H!(K,,E).
Using the local duality theorem, we can identify H(K,,E,£) with the
topological dual group of E(K,, £).

Let A\g and A; be the localization maps:

Xo:E(K, ) — [[E(K.,0),
A\ :HYK,E,¢) — éHl(Kv,]E,Z).
These and the above identifications induce the following sequence:
(56) HY(K,E, £) 2 (D H'(K,,E, ) 25 E(K, £)".
v
Here E(K, £)* is the topological dual of the compact group E(K,¥¢).
The global duality theorem says the following.

THEOREM 4.4 (Global Duality, [T1], [MI2]). — If the ¢-primary part
of 11 is finite, then the sequence (56) is exact.

4.3. The null space of the pairing.

DEFINITION 4.5. — Define the null space of the G-pairing as
N ={a€ As|(a,bg =0, forall be Bs}.
Then we have
£-As CN.
The pairing (-, ) is degenerate if and only if
N #£1L- Ag.

In this and the next sections, we study this degenerate situation.
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Let A2 be the kernel of the natural morphism,

As — [] Ex).

’UGSm

Then A2 is generated by the local periods [@,],v € S,. Since (£,G) is
good, the assumption about the order of the torsions (see (55)) implies that

AN Ag=1-AY.

DEFINITION 4.6. — We say that the pairing (-, -)¢ is degenerate of the
first kind, if

NNAY#e- AY.
It is degenerate of the second kind, if

NNnAY=¢-AY and N #¢-As.

Note that (-,-)g is degenerate if and only if it is either degenerate
of the first kind or degenerate of the second kind. In this section, we will
treat the first case.

DEFINITION 4.7. — A nontrivial element of H'(K,E) is called of

G-type if its image under the localization map H'(K,E) — @ H(K,,E)
is contained in @ H(Gy, E(L,)). v

LeEMMA 4.8. — Assume that G is cyclic of order ¢ and (¢,G) is good.

There is a nontrivial G-type element in H'(K,E) if and the only if the
natural morphism

E(K) — [[E(K.) — [ E(X.)/Ne, (E(L))

has nontrivial cokernel.

The natural maps
P H (Gv, E(Ly)) — P H' (K., E),
H E(Kv) I H(Kv)/NGu (Lv)
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and the local duality pairing induce a perfect pairing
@ B (G, E(Ly)) x []E(K.)/Ne, (E(Ly)) — Fe.
The natural morphism
E(K) — []E(K.) — []E(K.)/Ne, (L)
v v
has nontrivial cokernel if and only if the natural morphism

D H' (Gu (L) — D H (Ko B) 5 E(K, 0
has nontrivial kernel. Here \j is the map defined in 4.2. The lemma is then
a consequence of Theorem 4.4. O

Denote
E,) = E(K,)/Ng, (E(Lv))-

Since (¢, G) is good, by (55) and Lang’s theorem (see [T1]), E(g,) is trivial
forv € S. For v € S — Sp,, the extension L/K is tamely ramified at v, and
E,) ~ E(ky)/£ - E(ky). For v € Sp,, it is well-known that E(g,) is either
trivial or cyclic of order £. It is nontrivial if and only if the local period @,
is a Gy-norm in K;. Let

52, = {v € Sm | E(g,) is nontrivial }.

Then we have

Z/eZ for v € S,
(57) E@,) ~ { E(K,)/¢-E(K,) forveS—Spn,
0 otherwise.

LEMMA 4.9. — Assume that G is cyclic of order £, (£,G) is good and
D equals the conductor of the extension L/ K. There is a nontrivial G-type
element in H'(K,E) if and only if at least one of the following is true:

(a)

lcokernel{Bsm - H ]E’(k,,)}l =0 (mod ¢).
VES=Sm—Soo

(b) The pairing (- ,-)g is degenerate of the first kind.
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Proof. — Let
E°(K) = ker{]E(K) =1 ]E(k,,)}.
vES—Sm

Then we have the diagram,

0 — E%K) ———— E(K) ——— E(K)/E°(K) — 0

® | l l

0 — JIEe) — []E@. x [] Ek) — []E(*,) — o.

VESH, VESm vES—Sm VES—Sm

Since for v € S — S,,, the number ¢ is prime to the residual
characteristic of v, E;(K,) (defined in 1.1) has trivial ¢-primary part,
by (57) we see that

‘cokemel{]E(K ) — H ]E(Icv)}| =0 (mod ¢)
vES—Sm
if and only if
lcokernel{]E(K) - 11 ]E(Gv)}l =0 (mod £).
vES—Spm,
Also
\cokernel{]E(K) — H Eg,) X H]E(k,,)}’ =0 (mod¥)
VESm vES—Sm
if and only if
Icokernel{]E(K ) — H E(Gu)}l =0 (mod ¥¢).
vES
Since So = 0 (Assumption 3), we have
lcokernel{Bsm — H E (k,,)}, =0 (mod ¢)
YES~Sm—Soo
if and only if
|cokernel{]E(K) — H ]E(k,,)}l =0 (mod ¢).

vES—Sm
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By these and by applying the «snake lemma to the diagram (58), we see
that it is sufficient to show that (b) is true if and only if

'cokernel{]E(K)0 — H E(G,,)H =0 (mod ¢).
veSY,

Recall the map 3 defined in (24). We have the following commutative
diagram

0 — P zQ.) » Bg » E%K) — 0

-l l 1

0 —— [] Bo/Ne,(Bu) — [] Ec.)-
veSY, veSY,

It is then sufficient to show that (b) holds if and only if

(59) Icokernel{BS — H B,/Ng, (Bw)}‘ =0 (mod ¢).

vESY,
By Lemma 2.11, the global pairing (-, -)¢ induces a pairing
P z/¢-2(Qu] x Im{Bs — [I B./Ne, (Bw)} —G.
v€ESY, veSY,

By counting and by Lemma 2.11, we see that (59) holds if and only if there
is an element

ae @ ZRINN - P ¢-2[Q.]

veSY, veSY,
To complete the proof, we need to show that
Nnagc (N @ Z-1Qu.])+¢- 43
vESY,
For this, suppose that
a= Y o [Q]ENNAF—L- A
vES,

If v € S,, such that o, Z 0 (mod £), then by (27), we see that Q, is
a G,-norm and E(K,)/Ng,(Ly) is nontrivial. Therefore a is an element

of @ Z- Q) +¢- AL O
veSY,
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4.4. Schneider pairing.

In this section, we study the second kind degeneration for the
pairing (-, -)g. We will assume that the cokernel of the map

E(K) — [] E)

vES—Sm

has trivial ¢-primary part. Under this technical assumption, our theory will
be sufficient for the proof of Proposition 4.1.

To simplify the notation, we will identify E’ with E and view Bs as a
subgroup of Ag in the obvious way.

DEFINITION 4.10. — Define the pairing (-, ) : Bs x As — G as the
« mirror imagey of (-,-)g, i.e.,

(b,a) = (a,b)g, fora€ Ags, b€ Bs.
By Remark 3 in 2.1, we have
(60) (b,a)g = (b,a)g = (a,b)g, forall a,b€ Bg.

We can extend the pairing (-, )¢ to As ® Zy X Bg ® Zy, and also
make the similar extension for (-,-);;. These extensions do not change
the degenerate situation of the pairing. Since (¢,G) is good, the order
of torsion w is relatively prime to ¢, As ® Zy and Bg ® Z; are free
Ze-modules. We can choose a basis of As ® Zg, {ai,...,a,}, such that
{bp = €* -ay,...,b, = ¥ - a,} is a basis of Bg ® Zy and p1 > ... > po.
Let m be greatest integer such that u,, > 0. By (60), we have

(61) (@i, bj)g =€ - (ai,a;)g =0, i=m+1,...,r;5=1,...,m.
By choosing a generator of G, we identify G with Fy.

LEMMA 4.11. — Assume that G is cyclic of order £, (£,G) is good,
D equals the the conductor of the extension L/K, and the cokernel of the
map E(K) — [] E(k,) has trivial ¢-primary part. Then
VvES—Sm
(a) The matrix ({a;,b;)c)1<i,j<m is non-degenerate over Fy.

(b) Ifa is an element of N — (A% U£- Ag), then for each v € Sp,, a, is a
Gy-norm, and a € AsNBs ®Zy C As ® Zs.
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Proof. — Assertion (b) is a direct consequence of (a) and Lemma 2.11.
To show (a), suppose that (a) is false. Then following from (61), there is a
be (BsNt-Ag)— £ - Bg such that

(%) (a/,b)g =0, foralla’ € Ag.

Thus, we wish to show that (*) cannot happen.

Let b’ € Ag such that b= £-¥'. Since b’ is not in Bg, we can find
vo € S — Sp, such that ¥ ¢ B,, = E;1(K,,) (see (L4) in 2.1). As before,
let wo be a chosen place of L sitting over vy, and Gy, = Gal(Ly,,/Ky,). As £
is prime to the residue character (= ') of K,, and E; (L, ) is a Z;-module,
we have

]El (Kvo) = NGvo (El (L‘wo))‘

Let Ywo € E1(Luw,) be such that

NGuo (ywo) = b'

Then Ng,, (b' — Yw,) = 0 and b’ — yu, defines a class
e Hl(Gvo,E(LwO)).
Since G,, acts trivially on E(Ly,)/E1(Ly,) and b’ & Ei(Ly,), we must
have £ # 0.
By assumption, cokernel{E(K) — [] E(K,)} has trivial -primary

part, so we can find an vES—5Sm

a = (:D,, (a;),,) € Agn @ Zya;

1<i<m
with the condition that for v # vy, ai, € B,, and for v = vy, aﬁ,o € Ay, such

that the local duality pairing

(avo’E)vo 75 0.
In the following, we will complete the proof by showing that the global
pairing (a’, b)¢ is nontrivial.

Recall the map o (defined in 2.2) and the biextension P,k (defined
in 2.1). Let }~’s = (a*,a*)P(K). Then 135 is a biextension of Ag x Ag by K*.
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As we identify Bg with a subgroup of Ag, we can also identify Ps with a
subset of Pg and obtain the diagram

0 — K* — Ps — AgxAs — 0
I U U

0 — K* — Pg ——, AgxBg — 0.

Let p’ be a lifting of a’ x b in {41} Ps. Then p = £-p’ €(o) Ps is a lifting
of @’ x bin Pg. Suppose that v # vo. Then a), € B,. By Remark (3) at the
end of 2.1, we have

Yo(pv) = ¥, (0w) = £ Yy (p,,) € £- Cy.

By the definition of the global pairing, the v-component of p has no
contribution to the pairing (a’, b)¢-.

Since G is totally ramified at v, by the class field theory [AT],
G ~ Cy/t-Cy,. Let P,, be the subset of P(L,,) sitting over
E(Ly,y) X E1(Ly,). We have the following diagram of exact sequences:

0 — Ly — (@P(Lwy) —= {0’} X E(Ly,)
| U U

0 — Ly — @Pu —— {2} x Ei(Lu,)-

The lower row of the diagram induces the exact sequence
(62) 0— CUO/Z . Cvo ; {a’}P'Uo/NGuo ({a'}Pwo)
— {a'} x E1(Kv,)/Na,, (E1(Lu,)) =0.

By Lemma 2.4, 1, induces the inverse of the isomorphism in the above
sequence. If (a’,b)g = 0, then

d)vo(pvo) €L C’vm

hence
Dy € NG,,O ({a’}PwO)'
Suppose that p,, = Ng,, (1), where 1 € (41} Py,. Then

Ng,, 0y, —1) =0



REFINED THEOREMS OF THE BIRCH AND SWINNERTON-DYER TYPE 363

and (p,,, —n) defines a class

{p:;o - 77} € Hl (G’vo) {a’}P(Lwo))-

We have

Tuo o ({Phy = 1}) = {0’} x £ € H' (Guo, {0’} X E(Luy))-
Consequently,
9({a'} x ¢) =0,

where 0: {a} x HY(Gyy, E(Luw,)) = H2(Guy, Lu,) is the boundary map of
cohomology groups induced by the above diagram. By Lemma 2.12, this
implies that (a;,,£)v, = 0, a contradiction. a

Recall that for each v, we have E(g,) = E(K,)/E(Ly).

DEFINITION 4.12. — Let
©F = Ker{E(K) - [[E.) }
v

@F = Ker{E'(K) - HEI(G")}'
v

Denote

B} =Ker{Bs - [] Eig,) }-
vESM
Let a: As — E(K) be the map in (22). Then a(B}) C (G)E. At every
v € S — S, since the extension L, /K, is totally (and tamely) ramified, we

have Ng,(E(L,)) = £-E(K,). This and the assumption that the cokernel

of E(K) — [] E(k,) has trivial ¢-part imply that there exists an integer n
vES—Sn, .
such that (n,£) =1 and

(63) n-@E c £ -E(K) 4 a(Bs).
For each = € (9)E, consider the exact sequence:

(64) 0— L* — (yP(L) - {&} x E'(L) — 0.
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Locally we have the exact sequence
(65) 0 — K7 /Ng,(LY) — (=)P(K.)/Na, ((z}P(Ly)) ~L- {2} x E(g,)-

Note that in the above exact sequence we have 0 at the left end, because
z € Ng,(E(L,)) and by Lemma 2.12, we have the trivial map

HY(Gy, {2} X E'(Ly)) -2 KZ/Ng,(L?).

Suppose that y € (9)E’. We identify (¥)E’ with a subset of {z} x E/(K) and
via (64) lift y to some ¢ €} P(K). Since locally, y € Ng, (E'(L»)), by (65),
we have

f,: = (¢ (mod Ng, (zyP(Lv)))) € K3/Ne, (L3)-
By the class field theory, we have the map
Av:Ky/Ng,(Ly) — Gy — G.
DEFINITION 4.13. — The Schneider pairing,
(-,")seh : (PFE x OF — @G,

is defined as follows. For z € CE, y € CE/, the pairing (z,y)scn is defined by

(-77’ y)Sch = Z /\v(t_v)'

This method of defining a pairing is first used in [S] for the p-adic
pairing.

LEMMA 4.14. — Assume that G is cyclic of order £. Suppose that
a = (z,(ay)) € Ag, b= (y,(by)) € Bg such that a, is a G,-norm in A, for
all v and b, is a G,-norm in B, for all v. Then we have
(a) (2, ¥)seh = (a,b)a,
(b) <y) x>Sch = <b, a)'c = <aa b)G

Proof. — We prove formula (a), then (b) can be proved by a similar
method. Recall the diagrams (29) and (30). Let p € (o} Ps be a lifting
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of a x b € {a} x Bs, and t = ys(p). Locally, we have t = m,(p,). The
diagram (30) induces the following exact sequence:

0 — K;/Ng,(Ly,) — {a}Pv/NGu ({a}PW) — {a} x By/Ng, (Buw)-
Since b, is a G,-norm, we have

Py € K3 - Ng, ({a} Pu)-

Let 1, be the local splitting described in 2.1. If v € S,,,, then by Lemma 2.4,
we get

ty = ¥u(py) (mod Ng,(L})).

This shows that p and ¢ respectively contribute the same amount to (a,b)a
and ((E ) y) Sch-

Suppose that v € S,,. Then B, = K and the kernel of the map
Yo {ay} Po = {z}P(Ky) is generated by the element € € (4,} P, such that

Yo(€) =0 and wy(€) = ay X Qy.
Since a, is a G,-norm, there is a!, € L%, such that
Ng,(al,) = a,.
Let ¢ € P,, be such that
Yw(€) =0 and (') =al, X Qy.
Then as elements of Py (q,}, we have
Ng,(€) =€
By Lemma 2.4, v, (¢) € Ng, (L%,) and v, induces a splitting,
Vo (2}P(Ko)/Na, ((2}P(Lw)) — K;/Na,(L3,)-
Then by (65), we have
ty = Pu(t) = Yu(py) (mod Ng,(L3,)).

This shows that p, and ¢ respectively contribute the same amount to (a, b)g
and ((E ) y) Sch- a
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DEFINITION 4.15. — We define the null space of the Schneider pairing

NS ={z€©@E|(z,y)scn =0 forally € CE'}.

Obviously, we have £ - (G)E C N'S. We say that the Schneider pairing is
degenerate if N'S # ¢ - (C)E.

LEMMA 4.16. — Assume that G is cyclic of order £, (£,G) is good,
D equals the the conductor of the extension L/K, and the cokernel of

the map E(K) — [] E(ky) has trivial {-primary part. The pairing (-,-)g
vES—Sm
is degenerate of the second kind, if and only if the pairing (-,-)scn Is

degenerate.

Suppose that z € N'S — £- (G)E. Then z is a G,-norm for every v. We
can find a = (z,(ay)») € As such that for every v, a, is a Gy-norm. Let
b= (y, (by)v) € B§. Then by Lemma 4.14,

(a,b)c = (Z,Y)sch = 0.
By Lemma 2.11, we can find @’ € a + A2 such that (a’,b)¢ = 0, for all
b € Bg. This implies that (-, -)¢ is degenerate of the second kind.

Suppose that a = (z, (ay)y) is an element of N'— A2 U £ Ag. Then
by Lemma 2.11 and Lemma 4.11, ¢ € Bs ® Z, and for every v, a, is a
Gy-norm in A,. After multiplying a with an integer relatively prime to £ if
necessary, we can assume that a € Bg. Let y be an element of (9)E’ = (F)E.
If y = a(b) € a(B}), then by Lemma 2.11 and Lemma 4.14,

(z,y)sch = (a,b)g = 0.
Ify=£-y € £-E(K) and a(bt') = y' for some b’ € Ags, then by Lemma 4.14,
(,Y)sch = (€, £ - Y')sch = (€', a)g = 0.

By (63), z € NS. Since a ¢ AYUL- Ag, = € |- (©)F and the Schneider
pairing is degenerate. O

It follows directly from the definitions that
(66) ¢-E(K) C Ne(E(L)) C NS.
To prove Proposition 4.1, we need to study the group N'S/Ng(E(L)). Let
res : H'(K,E) — H'(L,E)
be the restriction map of cohomology groups. Denote

I,k = res(H'(K,E)) NI .
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LEMMA 4.17. — Assume that G is cyclic of order £ and (¢, G) is good.
We have

NS/Ng(E(L)) ~ II§ /I /.
Proof. — Consider the diagram
H'(G,E(L) — HYK,E) - HY(LEJC-% H?(G,E(L))

o | |

P H' (G, E(Ly)) ) P H' (K.,E) (res) P H (L, E).
v v v

Here the rows are exact, the vertical arrows are the localization maps.
For ¢ € HY(L,E), denote by (&), its image in @ H(L,,E). Since G is
cyclic, we indentify H2(G,E(L)) with E(K)/Ng(E(L)). Then an element
z € E(K) determines a class z € H?(G,E(L)).

Recall that (-, -), is the local duality pairing. Using another definition

of the Schneider pairing (see Proposition 3.1 of [Tn3]), for every z € (F)E,
we can find an ¢ in H*(L,E)® and an (n,), in @, H!(K,,E) such that

d(E) =z, resv("]v) = o,
and

(@, Y)sch = Z(y, ), for all y € OF.

The element ¢ is unique up to elements of res(H!(K,E)), and for the
chosen &, the element 7, is unique up to elements of inf, (H!(G., E(L,))).
The element z is in NS if and only if

S (wm)o =0, forall y € OF.

v
If £ € N'S, then from the above argument and the local duality, there is an
element (7)), € @ inf,(H'(G,,E(L,))) such that for every y € E'(K),
v

Z(ya "7'::)0 = Z(y: Mo)v-

v v
By Theorem 4.4, there is an n”" € H'(K, E) such that, for every v,

" o__

My =Ty — M-

By replacing £ by £ — res(n"), we see that when z is in 'S, the element ¢
can be chosen as in III¢ and vice versa. O
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The following lemma is a consequence of Lemma 4.16, (66) and
Lemma 4.17.

LEMMA 4.18. — Suppose that (¢, G) is good, D equals the conductor

of the extension L/K, and the cokernel of the map E(K) — [] E(k,) has
vES—Sm,

trivial {-primary part. Then (-,-)¢ is degenerate of the second kind if and

only if

(68) |N(E(L))/¢ - E(K)| - [IUE /Mg k| =0 (mod £).

4.5. The Herbrand quotient computation.

In this section, we finish the proof of Proposition 4.1. We begin this
section by reviewing some relevant results about the Herbrand quotient
(see [AT] for details).

Let A be an abelian group and f an endomorphism of A. Denote
by Ay and A7 the kernel and the image of f respectively. Also, let g be an
endomorphism of A such that go f = f o g = 0. Define

_ lAg/9]
|4y /4T]

if both the denominator and the numerator are finite.

a(A) = g5,4(4) :

Let G be a cyclic group and A a G-module. Let h;(A) be the order of
the cohomology group H*(G, A). Define the Herbrand quotient

h2(A)
h1(A)’
if both the denominator and the numerator are finite. If G is cyclic of

order £ and A is a G-module such that go¢(A) is defined, then (see [AT])
q0,¢(A%) and hy/1(A) are defined and

h2/] (4) =

-1 qoe(A%)* .
(©9) (o) = @
Taking A = E(L) in (69), we get
(70)  |H'(G,E(L))|- €% = |[E(K)/Ng(E(L))| - €r=-rx)/(€=1),

Note that (70) implies that the number (r — k) is divisible by (£ — 1).
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We can now easily prove Proposition 4.1.

Proof of Proposition 4.1. — Since (¢, G) is good, £ is relatively prime
to w and |IIIx|. We have

(71) |]E(K)/£-]E(K)|=£’K.
Also, IIT;, has non-trivial ¢-primary part if and only if

¢ =0 (mod £).

By the diagram (67), we see that there is a nontrivial G-type element
of HY(K,E) (see 4.3) if and only if

Iz, k|- |H(G,E(L))|=0 (mod £).

As a consequence of Lemma 4.9, the pairing (-, -)¢ is degenerate if and only
if either it is degenerate of the first kind or it is degenerate of the second

kind and the cokernel of the map E(K) — [] E(k,) has trivial £-primary
vES—Sm
part. By Lemma 4.3, Lemma 4.9, Lemma 4.18 and the above arguments we

only need to show that

e("L—"'K)/(l_l) . lmgl =0 (mod £)

if and only if
K
| |HY(G,EWL))| ( =rmro—=r ) =0 (mod £).
|- 112G EO) - (grayworeay ) =° 019
But this is just a direct consequence of (70). m|

5. The valuation of the theta element.

We now prove the main theorems (Theorem 3.12 and Theorem 3.14).
Let z € Z be such that 204 € Z[G]. We will study the valuation o(x, z6¢).
The main result of this section is the following proposition, the proof
will be postponed until 5.3. In 5.1, we will use this proposition to prove
Theorem 3.12 and Theorem 3.14. Recall that G is always a quotient of the
WEeil group Wp.
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ProposiTiON 5.1. — Assume that G is cyclic of order ¢, D is the
conductor of the abelian extension L/K, and x is a nontrivial character
of G. The following are true:

(a) If the Birch and Swinnerton-Dyer conjecture is true for (E, G), where
£#2,3andr >0, then

o(x, 26¢g) > e.

(b) Assume that (¢,G) is good. Then o(x,20¢g) > e if and only if at
least one of the following is true.

(i) r > rk.

(ii) IIT;, has non-trivial ¢-primary part.

5.1. The proof of the main theorems.

In this section, we complete the proof of Theorem 3.12 and
Theorem 3.14.

Proof of Theorem 3.12 and Theorem 3.14. — By Lemma 3.15, it is
sufficient to prove the theorems for the case where G is cyclic, D equals the

conductor of L/K. Let xo be the trivial character of G. Since r > 0, by
Definition 1.8 and (46), we have

(72) x0(©¢g) =0.

This and Proposition 5.1 show that for all x € G ,

O(Xa eG) >e.

Since z - ©g € I, Theorem 3.12 is then a consequence of Proposition 3.8.

Since z - detg € I, we have

(73) o(xo0,2 - detg) > e.

Recall that S = Supp(D). Theorem 3.14 is a consequence of Propo-
sition 3.8 , Proposition 4.1 and Proposition 5.1. O
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5.2. The product formula.

As before, assume that G is cyclic of order £. Suppose that £ is prime
to 6. By Tate’s algorithm [T5], for each non-archimedean place v of K and
a place w of L sitting over v, if E has additive reduction at v, then it also
has additive reduction at w. Because £ is prime to 2, if E has non-split
multiplicative reduction at v, then the same is true of its reduction at w.
By these and (2), we get the following product formula for the L-functions.

(714) Lg,,(s) = H Lg,, (x;s)-
x€G

Suppose that D is the conductor of the abelian extension L/K and
©¢ € Q[G]. As x runs through all nontrivial characters of G, the values
of x(6¢) are conjugate in the cyclotomic field Q[(;]. By Definition 1.8, for
a nontrivial character x of G, we have

1 -
(1) ox,6a)= ;=7 [ o, 95 lukl- L(®,1).
veG—{id}
By Lemma 1.7, we have

(76) II = =1pj=2¢".

$eG—{id}
Recall the relative discriminant Ay defined in (11). Since L/K has tame
ramification at v € S — Sy,

(77) |AL/x|#£0 (mod £).
By (10) and (12), we have
_ Q
(78) IT o' = 5’5

veG—{id}

For each v € Q*, denote by ordg(y) the ¢-adic valuation, with the
normalization that ordy(¢) = 1. Then by (75), (76), (77) and (78), we
obtain, for every nontrivial character x of G,

Q Lg,,(s)
_ DI-3ED et 2Ky ZE )Y
(19)  olx,8a) = orde (IDI 4D - luxcl* - GF - iy )
Recall that if (¢,G) is good then the Birch and Swinnerton-Dyer
conjecture is true for (E, G) (see 3.4). In this case, the Birch and Swinnerton-
Dyer conjecture is true for E/L unless K is a function field.
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LeEMMA 5.2. — Suppose that G is cyclic of order £ and (¢, G) is good.

(a) If either the Birch and Swinnerton-Dyer conjecture is not true for
E/L orrg, > rk, then

x(6g) = 0.

(b) Ifr = rk and the and Swinnerton-Dyer conjecture is true for both
E/K and E/L, then

1 ¢ ;| R(Er) [T mw
80 ‘0¢) = ord,{ D~ 2. 1kl ) Mp ) REL) b over £ }
(80) o(x,06) = or e{" || || KL wom

v over K

If the Birch and Swinnerton-Dyer conjecture is not true for E/L, then
by Theorem 3.6, (74) and (75), x(6¢g) = 0. If the Birch and Swinnerton-
Dyer conjecture is true for E/L and r; > 7k, then (45), (74) and (75)
imply that x(6¢g) = 0. This shows (a). The second statement is basically a
consequence of (46) and (79). It remains to show that the order of E(L)¢or
is prime to £. Since (¢, G) is good, ¢ is prime to

w = [E(K )tor| = [E(L)G; - o

5.3. The conductor and the discriminant.

In this section, we complete the proof of Proposition 5.1. First we
consider the following formulae about the conductors and the discriminant.

Recall that dg is the discriminant of the field K (see 1.2). Let dz/x
be the relative discriminant of the extension L/K. We have (see [W1],
Sect. 13.10, Thm. 9)

ldz/xll = [T 1Dyl = 1D
$eG—{id}
Also (see [W1], Sect. 8.4, Prop. 13 and 14),
Izl = x| - Nlde/xll =%
These imply that

~3e-  lbxl® _
@) 101 il
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Proof of Proposition 5.1. — By Lemma 5.2, it is sufficient to prove the
proposition for the case where 7 = r; and the Birch and Swinnerton-Dyer
conjecture is true for both E/K and E/L. Then we can use the formulae (80)
and (81). In (80), we have

R(EL) _
R(Ek)

K

(82)

For a fixed v, we have

[Tme 7 vgs,,

wl|v

My ={ ifveSs,.

(83)

The first statement then follows. To show the second statement,
we only note that since ¢ is prime 6, it is also prime to ( [] my)/m.,
for v & Sp. wlv O
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