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p-ADIC ORDINARY HECKE ALGEBRAS FOR GL(2)

by
Haruzo HIDA (*)

In this paper, we first give a full proof of the control theorem
of the universal nearly ordinary Hecke algebra for G = Resp/qo GL(2)
(Theorem 3.2) for an arbitrary number field F, which is announced in [H5]
without proof. As a result of this, we can define the space of ordinary
p-adic (cohomological) modular forms as the p-adic dual of the Hecke
algebra. The group G which controls the algebra is isogenous to T(Z,)/tX
for the maximal F-split torus T" of G and the integer ring v of F. Then
the subspace of the space of p-adic ordinary modular forms on which G
acts via an algebraic character x of T trivial on units is the space of
ordinary modular forms of weight « for a given level N. By a motivic
and also an analytic reason, if F' has at least one complex place, the
Hecke algebra is of torsion over the Iwasawa algebra A of the torsion
free part of G. In Section 4, we study the CM component of the Hecke
algebra and clarify the relation between the annihilator in A of the CM
component and the p-adic closure of the unit group of the corresponding
quadratic extension of F (Theorem 4.1 and Proposition 4.2). Then we
will make a conjecture which implies that the codimension of the image
of the spectrum of the Hecke algebra in Spec(A) is equal to the number
of complex places o of F' (Conjecture 4.3). If one applies the conjecture
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to a CM component of the Hecke algebra, the conjecture implies the
Leopoldt conjecture for the quadratic extension corresponding to the CM
component. Thus the conjecture may be viewed as a non-abelian analogue
of the Leopoldt conjecture. In Sections 5 and 6, we study more closely
(than in [H1]) p-ordinary parabolic cohomology groups in the simplest case
where F' has only one complex place. In this case, we will show that the
Pontryagin dual of the p-ordinary parabolic cohomology group of level p>
is a torsion A-module of homological dimension 1 (Theorems 5.2 and 6.2).
This implies that the module has no non-trivial pseudo null submodules.
The characteristic power series in A of this cohomology group is divisible
by that of the nearly ordinary Hecke algebra, and we expect that these
two characteristic power series are very close to each other. In particular,
we determine the characteristic power series of CM irreducible components
when F' has only one complex place (Theorem 5.3).

In this section, we recall the definition of cohomological Hecke
operators. We use the same notation introduced in [HI1] (see corrections
listed at the end of this paper). Thus F denotes a number field. Let B
be a quaternion algebra over F. We consider the algebraic group G = B>
over Q. Thus G(A) = (B ®q A)* for each Q-algebra A. We suppose that

(Spp) G(Qp) = GLQ(FP) for Fp,=F ®q Qp.

Since the case where B is definite is already treated in [H2], we assume
that:

B ®qR is indefinite, that is, it has at least one simple
(SPeo)

component isomorphic to either M3(R) or M3(C).

We write r (resp. r2) for the number of simple components of B ®g R
isomorphic to Ma(R) (resp. M2(C)). We fix a maximal order R of B and
an identification R[ Mz(t[) as ti-algebras for primes [ of F' whenever
possible. We put R=R Rz Z. For each open compact subgroup U of R)<
we consider

Y (U) = G@Q\G(A)/UFZCoor,

where Coy is the standard maximal compact subgroup of the connected
component G4 (R) of the identity of G(R). Then Y (U) is a Riemannian
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manifold of dimension 2r+3r if U is sufficiently small. Then we take a finite
extension K/Q, with p-adic integer ring O such that R ®z O C M,(0)!,
where I is the set of embeddings of F into Q. We also fix embeddings
Q — Q, and Q — C. We consider the R,-module L(n,v; A) for each O-
module A. Here 0 < n € Z[I] and v € Z[I], and L(n,v; A) is the A-module of
polynomials in (X, Yy ),er with coefficients in A homogeneous of degree n,

~

for each o € I. We let R act on it via
oP((Xs,Y,)) = V(ap)”P((Xa,Ya)tag‘)

for a € R, where a* = v(a)a~! for the reduced norm map v : B — F. For
any Rp,-module M, we can think of the quotient space M given by

G(Q)\G(A) x M/UFXCoos
via an action which is given by
a(g, m)u = (agu, u,m).

We then consider the sheaf of locally constant sections of M, which we
again write as M. When M = L(n,v; A), we simply write L(n, v; A) for the
sheaf M. Now we specify open compact subgroups of G(A(*)). We put,

writing ey = [] v,
(N

( U(N) = {m € R¥zy = (a b)

- (1 1) mod NMy(ew)

01
for some u},

(1.1) S UL(N) = {aze R*;zy = (z’ Z) = (8 1{) mod NMs(ty)

for some u and v},

\UO(N) = {aze R*;zy = (g Z) with c € NtN}.

We fix an open compact subgroup S of R* such that S = SpS (?) and
Sp = Ry, where

S®) ={z eS|z, =1}

We write N for the level of S (that is, the ideal N in t which is maximal
with respect to the property that £ — 1 € NR = z € S). Then we put

S1(p*) = SNUL(p*), So(®@*) =SNUo(p*), S(p*)=SNUP),
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and we see that

So(p*)/S(p*) = (t/p™t)* x (t/p%t)*.

We define G* = Sp(p®)r™/S(p®)e*. Then G naturally acts on various
cohomology groups

HI(Y(S(P)), L(n,v; A)),
HL(Y(S(), L(n,v; A)),
HE(Y(S()), £(n, v; A))

introduced in [H1] 1.8 and §5. We hereafter write H! for any one of these
three types of cohomology groups. When Y (S) is compact (< B # Ms(F)),
we regard all these cohomology groups are equal to the usual cohomology
groups. Throughout this paper, we assume the following condition:

(TF) Y (S) is smooth.

Then Y (U) is smooth for any open subgroup U of S. The condition (TF)
is satisfied by sufficiently small S.

Let € be a character of G*. For each s € Sp(p*), we write ¢(s) for
the value of € of the class of s in G*. Then we twist the action of Sy(p®)
on L(n,v; A) by €, and the resulting module we write as L(n,v,e; A). We
put

G = Gg = limG°.
«
Then we see:

(1.2) G* = So(p™)r* /S(p*)r™ = So(p*)/(So(p*) N S(p*)r™).

By definition, we see that So(p®) NS(p*)t* = (SNF*)S(p*). Thus writing
SNF* as Eg, via (a,d) — (a~'d, a), we have

(1.3)  G* = ((t/p™c)* x (x/p*t)*)/Es = (x/p*t)* x ((t/p*t)*/Es).
This shows that

Gs = (v xv))/Es =) x (t;/Es),
where Es is the closure of Eg in t, . We write Zg for () / Es). We may

regard Gg as a quotient of T'(Z,) for the v,-split standard torus 7', that is,
the algebraic subgroup of G given by:

(1.4) T(A) = {(g 3);a,d € (tp®sz)X}.
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Anyway, the character group of T is given by X(T) = Z[I] x Z[I].
We normalize the identification so that (n,v) € Z[I] x Z[I] gives rise to
the character: (a,d) — a "(ad)™”. Thus the group X(Gg) of algebraic
characters of Gg is:

(1.5) X(Gs) = {(n,v) € X(T);n + 2v is trivial on Eg}.
For j,j' € Z[I], we write:

(1.6) Foy if €9~ = 1 for all units in a sufficiently
) small subgroup of finite index in t*.

If S is sufficiently small, the condition that n + 2v is trivial on Eg becomes
independent of S. It is equivalent to

n+ 2v = 0.

We call a character k of the compact group Gg arithmetic if its restriction to
an open neighborhood of the identity coincides with an element of X (Gg).
We write A(Gg) for the group of arithmetic characters. For each k € A(Gg),
we write (n(k),v(k)) for the character in X(Gg) it gives on a small
neighborhood of 1. Then we define ¢, a finite order character of Gg, by

xl9) = Klg)g™ "V,

We simply write L(k; A) for L(n(k),v(k),ex; A). As explained in [H3], §4
and [H4], §6, we have an integral operator (S(p*)zS(p®)) acting on
HXY(S(p®)), L(k; A)) for each z in the following semi-group:

(1L7) D =Do(p*) = {6 € G(A®) | 5, = (4 2) € Ma(x,),

ap €y, CE p"tp}.
Here we let D* = {§* = n(6)6~1;6 € D} act on L(k; A) by
§'P(X,,Y,) = P((Xo,Y,)'63).
The action of (UéU) for U = S(p®) is given as follows: we define
[6] : L(k; A) )y wy — L(k; A) vy (we)

by (g, P) — (96,65 P) for W =UNEUS and W = §~'W§. Then for each
section £ in L(k; A) /vy (w), [6](€)(96) = 6,£(g), and we have a morphism

[6] - HI(Y (W), L(k; A)) — HI(Y (W°),L(k; A)).
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Now we define

(1.8) ‘ (U(SU) = Tl‘y(Ws)/y(U) 0[6] OoTeSy(w)/Y(U) -

We write, for z € Fiy Nty

= (v} 2)0)

Let v : B — F be the reduced norm map. For each ideal n outside Np, we
decompose the subset of R made of z with v(z)t = nt and z,§ € Upn into
a disjoint union [[ USU with énp, = 1, and we put

]

T(n) =) (USD).
é

This operator only depends on the ideal n. Instead of using [6], we could

have used zp [((1) 2)] The operator obtained will be written as T'(z). This

operator is integral only when v > 0 and T'(z) = v(2p)"T(2).

We now interpret our operator introduced in terms of classical Hecke
operators. Choose a representative set T = T'(U) for G(Q)\G(A)/UG+(R).
We assume that ¢, commutes with 6, and t, = 1 for all ¢ € T. Then
forteT,

(t9oo, P) = (Vtgoou, up, P)

(u € U,900, 95 € G+(R) and v € G(Q)) implies that tgee = Yytgl. u.
Thus v = tgoo u~1g/g 't s and v € Ty = tUG+(R)t~! N G(Q). Moreover

Yp = tpty 't5 ! and Yoo = googhs 's and we get

(Yoo Ghor tp L (05 1) tpP) = (goos P).

Since the center has to act trivially on L(k;A) to get non-trivial
cohomology, we have (Yoo g5o, (V5 1)tpP) = (Yoogho» YptpP)- Thus writing Z
for the symmetric space G4(R)/FXCoot, We see that, via (tgeo, P) +—

(9o (20), tPP)a

L A)yywy 2 [ Te\(Z x tpL(k; A)),
teT(U)
where T'; acts on the product Z x L(k; A) by ¥(z, P) = (Yoo (2),7pP) and
2o is the fixed point in Z of Co+. Now suppose § € D and

G(Q1:UG+(R)s = G(Q):UG+(R).
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Then tgooé = Ytugl,. Thus goo = Yoogls, 6™ = v(®)tut=! and
bptpup 't = tpbpty Mtpus Mo = .

That is, (6)t = v(y)t and 718 € I';. We then see that:

UsU) = @ (TTy).

teD(U)

Here (I'yyT';) is defined as follows. The map: (z, P) — (y(2),7*P) induces
a morphism:

[V] : @\(Z x L(k; A)) = v~ @9\(Z x L(K; A).
We apply this construction to ® = yI';y~! NT;. Then we have a morphism
] : HH(Y (), L(k; A)) — HI(Y ("), L(k; 4)),
where Y (I') = T'\ Z. Now we define:
(1.9) (TivT't) = Try @7 v(ry) V] © T€sy @)/ v(r,) -
If T is sufficiently small, the fundamental group of Y (') is given by
T=r/InF*.

Abusing the notation, we write H{(T, L(k; A)) for HI(Y ('), L(x; A)) in
this paper.

We now lift the control theorem in [H1] for SL(2),r to GL(2),r. We
choose T'(S(p®)) as follows: first we fix a decomposition

h
G(A) = [] G(@t:SG+(R)

=1

so that (t;)pes = 1. Since v(S) = v(So(p*)) for all o, we have from the
strong approximation theorem that

h .
(2.1) G(A) = [[ CQ@1t:So(r*)G+(R).

=1
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Now we see

G(Q\G(Q)t:So(p*)G+(R)/S(p™)G+(R)
= 171G(Q)t: N So(p™) G+ (R)\So(p™) G+ (R)/S(p™)G+(R) (via tis — s)
= {(S(@*)G+(R)\S(p™)G+(R)(t; ' G(Q)t: N So(p*))G+(R)}

o \So(p*)G+(R)/S(p*)G+(R).
ut:

(22) X= {(Z 3) € So(p®) | ad = ¢ for some totally
positive unit € of t}.
Then again by the strong approximation theorem, the finite group X/S(p®)
coincides with {(S(p®)\S(p®)(t; *G(Q)t; N So(p™))}, and we have
(23) GQ\G(Q)t:So(p*)G+(R)/S(p*)G+(R)
= X\So(p*)/S(p%) (viat;s— s).

We choose a complete representative set S, of X\So(p®)/S(p*). We may
assume that S, is made of diagonal matrices at p. Then

T(S(»*)) = {tis; s € Sa}-

1 0) for z € FX. Note that
0 =z P

t;sS(p*)s~ ;! = t;S(p®)t;*. Thus writing I%(p®) for Ty, for U = S(p%),
we have

In particular, ¢;s commutes with (

h Sa
(24) HI(Y(SE), L(x; A)) = {@ HE(Y (T (p°)), L(x; A))}

i=1
Sa

o {é HI(T*(p*), L(k; A))} ,

i=1
where T' = I'/T' N F*. Note that
E* = Tj(p™) /T (p*) = X S(p*)e* /S(p*)* C G,
where
6(0%) = t:So(P*)t; 'G+(R) N G(Q), TH(»®) = Ty(»™)/TH(»*) NF*.
We put
E = lim E®

—
o

as a subgroup of G.
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Thus we can rewrite (2.4) as:

25)  HI(Y(S(p®)), L(k; A)) = IndGs {@Hq T (p®), L(k; A))}
= as G*-modules.

We now put

h

(26) HI(Y(S(p™)), L(K; A)) lny IndS: {@ HI(T (p), L(x; A))}
=1

"‘IndG{hm éﬂq T (p%), L(k; A))}

~ Indg{e_; HI(T(p), L 4))

where for each right E-module M, Indg M is the space of locally constant
functions on G satisfying f(ge) = f(g)e. We let G act on Inds M by
f19(z) = f(g).

Let T’ be one of I'j(p*) and I'(p*). We put A = (+*T') N G}(Q),
where G! is the algebraic subgroup of G made of norm 1 elements. We have
a natural injection: A — T' whose cokernel is finite and of exponent 2. Thus
if p > 2, we have by using Trr/a and resp/a that

HI(T,L(x; A)) 2 H*(T : A, HY(A, L(x; A))),
and in general, we have a natural morphism
HI(T, L(x; A)) — H°(T/A, HY(A, L(k; A)))

with finite kernel and cokernel of exponent at most 2. The group T'/A is
isomorphic to (¢*)?v(I)/(t*)? = v(I')/v(T') N (t*)2. Since the left-hand
side is a subgroup of E4/(t*)?, which is a finite group of exponent 2,
it stabilizes as a grows. Here E, is the group of all totally positive
units in t*. As is well known, v(G(Q)) is made of elements in F*
which are positive at all real places where B ramifies. Then for any
e € V(UG4+(R)) N F*, we can find an element 8 € G(Q) with v(8) = «.
By the strong approximation theorem, for u € UG+ (R) with v(u) = ¢, we
can find v € G*(Q) such that u8~'y~! = v € G}(A) N U. In other words,
we find By € Ty = UGL(R) N G(Q) such that v(B8vy) = e. This shows
that v(I'y) = v(UG+(R)) N F*. Thus v(T') is independent of i. We write
this stabilized group (v*)2?v(T)/(t*)? for large « as ©.
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For each linear operator T' on an O-module M of finite type, we
can define a projector er in Endp(M) so that T is invertible on er M
and topologically nilpotent on (1 — ez)M (see [H1], §1.11). This definition
of er extends to O-modules of co-finite type by the Pontryagin duality.

Since ((1) 2) for z € F commutes with ¢;s, the operator T(p) coincides

with the operator T'(p) introduced in [H1], §1.10 on H{(A, L(k; A)) under
the above morphisms. Thus we can think of the nearly ordinary part

Hg,nvord(Y(S(p ﬁ(li A @ * n,ord p ) L(K' A))
(that is the image of er(;)) and compare it with the ordinary part

* ;ord (AZ( a)’ L(K‘; A))

(that is, the image of er(y)) studied in [H1], where Af(p*) = I'"(p*)NG*(Q).
We now put:

27)  H}, (Y (S(0™)), L((5;4)) =lm H] .4 (Y(S(p)), L(x; A)).

lim
o
Then we have, if p > 2

Hgnord( ( ( 00)) (K’A))

= Indc{@ HY g (T (0%), (55 4)) }
NInd]E{HO (o, @ . Ai(pm),L(n;A)))}.
=1

If p = 2, we have a natural morphism
Hz n- ord( (S(poo)), ‘C(K’? A))

h
— mdg{H°(e, @ ? ora(B1(0™), L(x; 4))) }

whose kernel and cokernel are killed by 2. As shown in [H1], Thm I and
Prop. 2.2, we have a canonical isomorphism

v H] ora(B*(p™), L(k; K/ O)) = *ord(A’(p‘”) K/0),
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which is an isomorphism of Hecke modules and satisfies k(e)toe = eo
for e € E. By induction, we got, if p > 2

I: Hgnord(Y(S(poo)) E(K‘; K/O))

NIndG{HO (e, @ ? ord Ai(p“),L(ﬁ;K/O)))}

= mdg{ #° (8, @ ! ona B (0%), K/0)) }

= Hg - ord( (S(poo)), K/O)a

which satisfies k(g)I o g = goI for g € G. When p = 2, the above argument
only supplies us with a morphism

I: Hgn ord(Y(S(poo))’ ‘C(K'; K/O)) — Hgn ord (Y(S(poo))a K/O),

whose kernel and cokernel are killed by 2. However, we can check that I is
actually an isomorphism by the same argument in [H2]. Thus we have:

ProrosiTiON 2.1. — We have an isomorphism of O-modules for every
prime p

I: an ord (Y(S(poo)) ‘C(K’ K/O)) * ,n-ord (Y(S(poo))’ K/O)’
which satisfies, for g € G,

IoT(n)=T(n)oI, IoT(z)=T(z)ol, k(g)Iog=gol.

Now we fix an arithmetic character k : G — @: . Suppose that €,
factors through G*. We assume that ¢ = r + r2. Hereafter we assume
HI = H? or H}. It is shown in [H1], Thm II and Thm 5.1 that there is a
natural morphism:

EB ! ora (B3 (0%), L3 K/ 0)
— H°(E, EB ! ora (B (5™), L5, K/0)))
whose kernel and cokernel are finite. Note that
res : HY  oq (Y (So(p)), L(K; K/’?))
— {H°(6, @ H! s (Bo(2°), L(; K/0))) }

i=1
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has finite kernel and cokernel. Now for any G-module or E-module M,
let M[x] denotes the subspace on which G or E acts via the character .
By the definition of the induced module, we have:

{mag (1o, EB ?ora (B ™), (s K/0)) ) }id]

—HO(]E,,,HO (e, @H o B (™), L(x; K/0)) ).

On the other hand, from [H1], Thrns II and 5.1, we see that the natural
morphism

HO(GEB ? ea B5(0%) L(n-K/O»)

s HO (B 10, ) H s B55), Ll K/0)))

=1
has finite kernel and cokernel. Thus the induced morphism

H,ora(Y (So(:v")) L(k; K/0))

— 1o, Y Bi(r™), L(-K/O))) )

i=1

— {ma§ (a°e, @ " ora (B (0), L(; K/0))) }id]

= an ord( (S(poo))? ‘C(K;’ K/O)) [ld]
has finite kernel and cokernel. Then we conclude
H? | (Y (So(@), L(x; K/O))
is isogenous to
HY , ora(Y(S(p™)), L(k; K/O))lid]

and hence is isogenous to

Hg n-ord (Y(S(poo))7 K/O) [K’]
Thus we have:

THEOREM 2.2. — Suppose that ¢ = r + r, and k € A(Gg)
with n(k) > 0. We denote by H either the usual cohomology or parabolic
cohomology. Then we have a natural homomorphism of O-modules

Iy HZn ord( (So(pa))» ‘C(K‘; K/O)) - an ord( (S(Poo)), K/O) [I‘L]
whose kernel and cokernel are finite and which is equivariant under Hecke
operators T'(n) for all n prime to pN and T(z) for all e € tpn N F .
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3.

We define the Hecke algebras h,(S(p®); ©) and h™°"4(S(p®); ©) by
the O-subalgebras of

Endo (HE (Y (S(0%)), L(5; K/0))),
Endo (H} . ora (Y (S(®%)), L(; K/ 0)))

generated by Hecke operators T'(n), T(z) and the action of G. Then we take
projective limits:

he(S(™); 0) =lim h,(S(p*); 0),
Ry (S(p>); 0) = lim k" (S(p); 0).
We have the following fact by Proposition 2.1:

TueorREM 3.1. — Suppose that k is arithmetic and n(k) >
Then we have an isomorphism of compact O-algebras: h™°(S(p*); ©)
R (S(p™); ©) taking T(n) to T'(n) and T(z) to T(z).

We identify the nearly ordinary part of the Hecke algebra by the
above isomorphism for all k and write it as h™° = h™°"(S). Hereafter
until the end of this section, we assume that B = My(F'). Let

R <

M = Homo (H}, , o.a(Y (S(p™)), K/0), K/O),

that is, the Pontryagin dual module of Hf,, (Y (S(p™)), K/O). For each
O[[G]]-module X, we write X* for its Pontryagin dual, which is again

an O[[G]]-module. Then M is an O[[G]}-module. Let & : G — @, be an
arithmetic character. We use the same symbol & : O[[G]] — Q, for the
algebra homomorphism induced. Then we write P, = Ker(x). We suppose
that n(x) > 0. Then by Theorem 2.2, we have a natural map

Iy : M/PM — H} s (Y (So(p%)), £(5; K/O))",
which has finite kernel and cokernel. Thus by localizing at P = Py, we have:
It : Mp/PMp = HE (Y (So(p™)), L(5; K/0))" ®0 K.

It is known (see [H3], §§8.2a-b) that HE . 4(Y (So(p*)), L(k; K)) is free
of rank 2™ over ™" (Sy(p®); K), where 7, is the number of real places



1302 HARUZO HIDA

of F and « is given by the integer such that ¢, factors through G*. Let
Co be the standard maximal compact subgroup of G(R) containing Coo. .
As shown in [H3], §4 and [H4], p. 307 and §7, there is a natural action of
Coo/Coot = {£1}*®) on M which commutes with the Hecke operators,
where ©(R) is the set of real places of F. For each character ¢ of {£1}*®),
taking the t-eigenspace M[¢] of M, we see

M'p = @ M'p [L]
It is also known that

I3 Mplu)/PoMple] = B (S(p°); K)

as Hecke modules for all ¢ (see [H3], §§8.2a-b). Let h7»°™ be the localization
of h™° at P. Fixing one ¢ and choose an element m € Mpy,) such that
Ii»(m) mod PMp = 1, we get a morphism h%'md into Mp|e]:

i:h3 — Mp[L] given by h— hm.
This ¢ induces a homomorphism:

i mod P : k" /PR — Mp[i]/PMplt].

Since h7°™ /Ph}°" projects down surjectively to h?°"(Sy(p*); K),
i mod P is surjective. As shown in [H1], Thm 2.3, M is of finite type
over O[[G]]. Then by Nakayama’s lemma, we know that ¢ is surjective.
Thus Mp[,| = h%°/a, for anideal a, C P as h’,‘,'”d—modules. By definition,
h™°™ acts faithfully on M and hence (\a, = {0}. Anyway, for all &,

R /PR = Mp[L]/PMp[t] = R (So(p*); K).

THEOREM 3.2. — Suppose that B = M,(F). Let k : G — @: be an
arithmetic character with n(x) > 0. We have an isomorphism

RE(S)/PehB(S) = R (So(p™); K),

where « is the integer such that e, factors through G*. In other words, the
natural algebra homomorphism

Br(8)/Pah™ () — B2 (S0(p%); O)

has finite kernel and cokernel. If 1, = 0, Mp,_ is free of rank 1 over h%’:rd(S).
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When F is totally real and B = M3(F'), we have the notion of p-adic
modular forms. Here we briefly recall its definition. For each weight x, we
consider the automorphic factor

Jl(9,2) = det(9) ez + )™ forg= (¢ ) € GL(R),

wheret = Y o, and z is a variable on the product of copies indexed by I of
o€l

the upper half complex plane. Then for S = U;(N), we consider the space
S (S1(p®); C) of holomorphic cusp forms f : G(Q)\G(A) — C such that,
for u € S1(P*)FX Coots

f(zu) = En(up)f(w)t]n(uoo, i)

fori=+/—1,...,v/—1 (see [H4], §2 for a more detailed definition). Then as
shown in [HT7], §1, if f has algebraic Fourier expansion, we can associate f
a g-expansion

fla) =Y ap(€yd; gt € Qyllall,

0KEEF

which is actually a function on F{ with values in the ring of g-expansions.
Thus we have a well defined function: y — a,(y; f). Then S, (S1(p®); O)
is defined to be the p-adic completion of the space of algebraic f
with ay(y, f) € O for all y € FJ. Then the following facts are known
(see [HT], §3):

(i) The p-adic completion S(S;O) of |JSk(S1(p®); O) is independent
of k; *

(if) The space S(S; O) is canonically isomorphic to Home (h, O) as Hecke
modules, where h is the algebra in End(S(S;O)) generated topologically
by Hecke operators. Since there is no natural g-expansion for cohomological
automorphic forms over non-real field F, it would be natural to define
the space S™°'4(S;0) of p-adic nearly ordinary cusp forms on G by
8§™rd(S: 0) = Homp (h™°"(S), ©). This at least gives an analogue of the
space of nearly ordinary p-adic modular forms defined for totally real F.
Anyway by duality, the above theorem implies

§7or(S;0)k] = { f € 57"(S;0); f | 2 = v(2)f for all z € G}
= Homo (k™ (So(p*); 0), 0).

Although we do not have g-expansions for non-real F, if B = My(F),
we can define even for non-real F', using the Fourier expansion relative
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to the standard Whittaker function, the space S;(So(p®); A) of A-integral
cusp forms for So(p®) and k for any valuation ring A in C containing all
conjugates of r (see [H3], §6). Then we just put

Sk (So(p*); 0) = Sk (So(p*); 4) ®4 O
for A= 0ONQ. It is known (see [H3], Thm 6.4) that

Homo (hy (So(p*); O), 0) = S, (So(p); O)
canonically as Hecke modules.

Each linear form ¢ : h(So(p*); O) — O gives a modular form whose
Fourier coefficient at n is given by ¢(T'(n)) (see [H3]). Here we note that
the above duality is not known for S;(p®). Anyway we have:

CoROLLARY 3.3. — Suppose that B = M3(F'). Then for all arithmetic
character k with n(k) > 0, we have S™°"(S; 0)[k] = S™°rd(Sy(p*); O)
canonically as Hecke modules.

4.

Let us now construct some irreducible components of h™°4(S) by
means of Hecke characters of quadratic extensions of F'. For the moment, we
assume that B = My(F'). We now take S = U;(N) for an ideal N prime to p.
In this case, we write ™ °"4(N) in place of h™°"(S) and h™°"¢(Np®; O) in
place of h™°(Sy(p*); ©). Similarly we write Yo(Np®) for Y (So(Np?)).
Let L be a quadratic extension of F'. We assume that L contains a CM field.
Let Lom be the maximal CM subfield of L. Let ¢ be a Hecke character
of L}/L* whose infinity type is —j. That is, poo(z) = z7J. Then as is
well known, there is a rank 1 motive M(yp) defined over L with coefficients
in Q(p) whose L-function is given by L(s,y) (e.g. [H3], §1). Here Q(¢)
is the subfield of Q generated by (n) for all ideals n. Then the Hodge type
of M(p) at o € Iy, is given by (js,joc) for complex conjugation c. Now
we consider the base change of M(¢) from L to F. We write the resulted
motive as M (p) which is a rank 2 motive with coefficients in Q(p). Then
the Hodge type of Mp(p) at o € I is given by (j,,joc) and (jr, jrc) for p
and 7 whose restrictions to F are o € I. We write w for the weight of M ().
Thus j, + jpc = W = j; + jrc. We assume that Mg(yp) is regular, that is,

R) (Jp»Jpe) # (Grsre)-
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We write p, = max(jp,jr), Voc = W — pr and v, = min(js,j,). Then
the Hodge type of Mp(yp) is rewritten as (py,vsc) and (vo,Poc) for each
o € I. Since p, > v,, we can write n, + 1 = p, — v, with n, > 0. Since
Po + Vge = W = Vg + Poc, We have:

Ne +1=ps — Vs = Poc = Voc = Noc + 1.

Thus n = nc for n = ) ny,0. Let D be the relative discriminant of L/F
oel
and C be the conductor of ¢. Then it is well known by Langlands’ theory

that there exists () € Hé,s,(Yo(DNL,r(C)), L(k°; C)) such that
0¢) | T(m) = {3 (®) o),
b

where b runs over integral ideals in L whose norm are equal to n,
n(k°) = n, v(k°) = v and {k°}(2) = @(2)N(2)~! (with 2 € Zg) for
the norm character N : Zs — Z;. In other words, we have an algebra
homomorphism A, : he(DNL/r(C); O) — Qp(p) such that:

> Ao (T(m))N(n)™* = L(s, ¢).

Let N be the prime-to-p part of DNy,r(C). To have p-adic unit eigen-
value A\, (T'(p)), we need to assume several conditions. The first one is

(Sp) all the prime factors of p in F' are split in L.

We now fix an embedding i, : Q — Q, and is : Q — C. Then writing
L={o€el.|jo =1},

we have that I, = X ][] Xe. This set can be rewritten as:
L={0€IL|jo < Jjoc}

Thus X has to be a CM type in the sense of [H3], (1.9). Let Ir, be the set
of p-adic places of L, and regard ¥, = i, o ¥ as a subset of I,,. We now
need to modify () to get ©(p) which is nearly ordinary. For that, we need

to assume that
|{H w“"j"}cpp(w)l =1,
ocEX p
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where @ is an element in F¢ such that wr, is the intersection of all the
maximal ideals of v, = t ®z Z,. This is in turn equivalent to the following
condition, for the generator p of Gal(L/F):

(Ordy) I, = Zp 1 5pc = Zp [ Zpp.

It is certainly possible that o € I, and oc € Iy induce the same p-adic
valuation on F. Thus if 0 € X, the above condition tells us that the
prime p in F' corresponding to ¢, o o is split in L into P and P” so that P
corresponds to o and poc and PP corresponds to oc and po. Let R be the
integer ring of L. By (Ord,),

Rp=TRg, X Rs,c,

where Ry, is the ¥ -adic completion of R. Let @ be the p-adic avatar
of p. We write gs, for the restriction of & to R;p. Since we can identify
tp = t®z Zp naturally with Ry, we regard @s;, as a character of v). Let
be such that n(x) = n, v(k) = v and &(a, 2) = ¢z, (a){k°}(2). As seen in
[HT], §6, we can modify 6(¢) in the representation space spanned by 6(¢p)
under G(A(*)), and find ©(p) in HE,»(Yo(DNL/r(C)p), L(k; C)) whose
eigenvalue for T(w) is given by

X (T(@)) = = " T(@) = wpp(@) = { [] @ Jp().
o€ex

Thus O(¢p) is an element of H}’,’n_ord(%(DNL/F(C)p), L(k;C)).

Let X be a number field, and for an ideal a of X, we write Clx (a) for
the (strict) ray class group modulo a. Abusing the notation, we also write

Clx (ap™) = lim Clx (ap®).

We regard the class group Clx (a) as a quotient group of the idele group of X
so that an idele outside a corresponds to the class of the ideal associated.
The inclusion * C R induces two isomorphisms:

T, & RE,, and v, = RE,,c-

Regarding (R/Cp®*R)* as a subgroup of Cl.(Cp®), we have a natural
morphism:

t;,( X t;,( = R):p X Rgpc = 'R,;,( — CIL(Cpoo).
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The kernel of this map contains EFs and thus induces a morphism
Gs — Cl(Cp°). There is another description of this morphism. We have a
morphism

Clp(Np*) — CIL(Cp™)

induced by the inclusion F C L. This map induces a homomorphism
Zg — Clg,(Cp™). Under the identification (a,d) — (a~'d,a) in (1.3), the
morphism

Gs = 'c;; X ZS — ClL(Cpoo)

given by identifying v = Rgp coincides with the map already constructed.
Then the correspondence of characters: ¢ — « is induced by the twist by N
of the morphism: Gs — Cl.(Cp™), and © induces an O[[Gg]|]-algebra
homomorphism

© : K™"(N) — O[[ClL(Cp™)]].
Let p be the maximal finite subgroup of Cl;(Cp™), and put:
W = Cl.(Cp™)/ .

Then W = Z;* for a suitable m. Applying to the present situation the
argument given for totally real base field in [HT], §6 to prove Prop. 6.3
there, we conclude that Coker(©) is a torsion O[[W]]-module. Actually
writing

G=Cl,(Cp®) and H={uwu|ueRy},

we know from the proof of [HT], Prop. 6.3 that Coker(®) is a surjective
image of O[G/HI]. Since dimg, H ®z Q > 0, O[G/HI, is a torsion O[[W]]-
module. Thus © is generically surjective. Each character ¢ : p — O*
induces a surjective algebra homomorphism

¥ : O[[ClL(Cp™)]] — O[[W]]
such that ¥(u) = ¥(u) for p € p. We can regard ¥ as a character

of Cl.(Cp*™) having values in O[[W]]*. Then pulling it back to L}, we
have a decomposition
v=[]u
c
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over places £ of L. Now we consider the case of a general quaternion
algebra B,p. We write E for the set of primes [ of F' for which B ®p Fis a
division algebra. We assume the following two conditions:

(C1) For every I € E, the prime [ either ramifies or remains prime in L;
(Cq) For every [ € E, Uiop # ¥y,

where p is the non-trivial automorphism of L/F'. Since = is outside p, ¥
for [ € = induces a finite order character on the inertia group at I. Thus
Yo p # ¥y mod P for any prime ideal P in O[[W]] with characteristic 0
residue field. Then by the Jacquet-Langlands correspondence (see, for
example, [H6], 7.1.2-3), for all arithmetic characters ¢ which is a
specialization of ¥, the 6(p) and ©(¢p) exist as a cohomological modular
form on G. Then we have (cf. [HT], §6):

THEOREM 4.1. — Let the notation be as above. Suppose that (C),
(C2), (Ordy) and that L contains a CM field. Then there exists a suitable
open compact subgroup S of R* such that S D Ry, St = Ui1(N/r(C)D);
if { ¢ £, and we have an O[[Gg]]-algebra homomorphism Oy : h™°4(S) —
O[[W]] given by

Ou(T(m) = Y ()]
b:Np/p(b)=n

for the Artin symbol [b] in ClL(Cp®). Here we agree to assume [b] = 0 if b
has a non-trivial common divisor with C. The morphism Oy is generically
surjective.

We now study the homomorphism ¢ : Gg — Cl;(Cp*>). As already
described, we identify Ry, and Ry, with r, via natural inclusion.
Then «(z,y) for z,y € t is the class of (z,y) € Ry in Cl(Cp™). Write:

Ec={e€R* |e=1modC}.

Note that O(z,y) = t(z,y)N(z)~! in O[[ClL(Cp>)]]. Note that for e € RX,
O(e) = 1(e)e¥, where e = [] €. Thus O kills E¢. By definition, the image
oEX
of G5 is the image of R in Clz(Cp*). Thus we see that
the image of Ggin Cl(Cp™) = R,/Ec = (’R,gp X Rgpc)/Ec,

where the closure of E¢ is taken in R). Assuming the Leopoldt conjecture,
we conclude, for g = [F': Q),

dime ClL(Cp™) ®z, Qp=9g+1.
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On the other hand, we have:

dimg, Clp(Np™) ®z, Qp =72 + 1.
Thus the reasonable number of independent variables of CM factors
of h™°"4(S) should be:
g+1—(r2+1) =71 + 72 = # of infinite places of F.

Identifying Rs, & t, = Ry, ., we get an exact sequence

v /Bs — (R}, x R} )/Ec — RY/(ES)? — 1,
where
ES) = {e € Ec; Ny/r(e) = 1}.

The last map is given by (a,d) — ad~!, and the first map is the diagonal
map. Thus as already mentioned, the map Gs — Cl(Cp™) is realized
by sending Gs = (¢t} x tX)/Es onto (Rgp X R;:,,c) /Ec componentwisely
identifying Ry, = v, = Ry .. Since E¢ is isogenous with Eg ) x Eg, via
(a,d) — (ad~!,ad),
the image of Gs is isogenous to t,/ (Eé1 ))2 X Zs.

Thus we have:

ProposITION 4.2. — Let the assumption and notation be as above
and as in Theorem 4.1. Then the image of h™°*(S) under ©y is torsion-

free over O[[W]]. In particular its relative dimension over O is equal
to [F : Q]+ 1+ 6y, where 8y, is the defect for the Leopoldt conjecture for L.

Thus it is reasonable to speculate:
CONJECTURE 4.3. — If h™°"4(S,(p®); K) # 0 for some k and o, then

dimp K™ °"4(S) = [F : Q] + 1.

Of course this conjecture implies the Leopoldt conjecture for L as
in Theorem 4.1. Note that

dimpA=[F:Q+7r2+146p > [F:Q +r2+ 1.

Thus the image of Spec(h™°4(S)) in Spec(A) is conjectured to be of
codimension 7s.
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Let p denote the non-trivial automorphism of L over F. Then for
o € ¥ which induces a real place of F', the Hodge type of Mp(p) at o is
given by (jo, jpo) and (jpo, jo). For o € T inducing a complex place of F,
the Hodge type is given by (js,joc) and (jpo;Jpoc). This tells us that if
o € ¥ is complex, then poc € ¥ inducing oc on F' In particular, X|, = I.
Write £(R) (resp. (X(C)) for the set of elements in ¥ which induces a real
(resp. complex) place of F. Then anyway ¢ restricted to the subgroup

G- ={(a,a " );a e}
is given on a small neighborhood of 1 by
a+— H a_o(ja"jpa) X H a—a(ja_jpa)a_ac(jpac—jac)
cE€X(R) s€x(C)

— H ao‘(n,+l) x H aa(na+1)a0c(na+l) — Cln(E)+ZJ‘
o€L(R) ceX(C)

Here we have lifted n to Z[I1] by inflation. We still use the same symbol for
the inflated image, and we put:

n(X) = Z Ny0.

og€EY

We write
E~0 (resp.£=0)
for ¢ € Z[IL) if ™ =1 for all € € E(Cl) (resp. € € R*) for a sufficiently
large integer m. Restricting ¢ to the cyclotomic line
Gy ={(@,0)a€5}},
we get:
a— H a_"'(ja"'jpa) X H a_o'(ja+jpa)a_o'c(jpac+jac)
c€X(R) s€X(C)

— H a—a’(n,+l+2v.,) x H a—o’(n,+1+2v,)a—o‘c(na+1+2v,c)

oeX(R) oeX(C)
— a—(n+2v+t) .

From these arguments, we conclude that the allowable weights (n,v) are
given by

Es = {(n,v) € Z[I] |n+2v = 0 and n(Z) + = ~ 0}.
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If F' is totally real, then E(cl ) is trivial (because L is a CM field in this case),
and hence the condition: n(X) + X ~ 0 does not impose any restriction.
However, if F' is not totally real, this condition impose a strong restriction,
although we always have Ex # 0. Actually (mt, £t) € Ex for all integer m
and £. Let Loym be the maximal CM subfield of L. Then ¥ = Infy, /1, Xo
for a CM type ¥Xg of Lom. If Lo C F, then o € ¥ implies poc € %,
which is impossible because poc|, = oc. Thus in this case, there are no
CM-types ¥ which give rise to cohomological modular forms. This shows
that we have actually assumed

(NCM) Lem ¢ F.
Thus we write Fy = Lom N F which is a proper subfield of L. To determine
the condition £ ~ 0 explicitly, we look at the torus T (A4) = (A ®q L)*

over Q and the connected component T3 of the Zariski closure of E(C1 ) in Ty.
The character group of T = Ty, /T is given by
X(T") = {¢€ € Z[I.];¢ ~ 0}.
The group X(T") is spanned by all the CM-types and 1 + p, because
the 1 4 p is only the relation we imposed. CM-types span a rank g + 1
submodule if 29 = [Lom : Q], and if g > 1, 1+ p is not in the linear span of
CM-types. Thus we have rankz X (T!) = g + 2. Then it is clear that
Zx = {(n,v) € Z[I]*;n+ 2v ~ 0 and n(Z) + = ~ 0}

= {(n,v) € Z[I)*;n € Zt and n + 2v ~ 0}
if g > 1 and F is not totally real. Now suppose that F' is an imaginary
quadratic field. In this case, Lcm = L by (NCM). Since L contains a
real quadratic field Ly, L is a biquadratic extension. Thus ¥ = {0, poc}
and hence |, = {t, p}, where we identified Gal(L/F) with Gal(L/Q)
by restriction. Then it is obvious that

n(X) ~0 <= n(X) € ZY <> ny = Nge.

Now we assume that F' has only one complex place and EF 1 Q] > 2.
Then L = F(y/—d) for a positive integer d € Z. In this case, EC1 ) is rank 1
over Z. We write J for the Galois group of M/Q for M = Q(+/—d). Then
naturally Iy, = I x J via 0 + (0|, 01,,). We write p for the generator of J.
Then ES) = Ker(1+ p) in E¢. To have non-trivial ¥ satisfying (Ord,), we
need to assume that p splits in M. We have two choices of X. One is that
Y = I in I, and the other is p;. Anyway in this case, if j = m¥ + £p3, then
n=L-m—1)t and v=mt (t= ) o).
oel
This shows that =y = Zt x Zt.
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5.

We study more closely the ordinary cohomology group in [H1] when
ro = 1 and B ramifies at all real places. We have

G'(A) = {z € (B®q A)*;v(z) =1}

for each Q-algebra A, where v : B — F is the reduced norm map.
Let T be a torsion-free congruence subgroup of G!(Q) (that is, I' = I).
Then Y(I') = I'\Z is a 3 (real) dimensional Riemannian manifold. We
have fixed a maximal order R of B and an isomorphism i, : R, = Ma(rp).
For an integral ideal N prime to p, we consider a torsion-free subgroup I'

in R* N G*(Q) containing RX(N) = {y € R* |y—1€ NR, v(y) = 1}.
Then we put:
a b\ _. o
D Dy(p {7eR | ip(7y) = (c d) withc € p tp},

(5.1) { To(»*) = {’y €T |ip(y) = (Z Z) withc Ep"tp}

o . a b\ _. o
F1(P)={’7€F|zp('y)=(c d)w1thc€p tp
andd—1 Ep"‘tp}.

\

Then we consider the space X of column vectors *(z,y) with z € vy
and y € prp,. We let the semi-group Dy(p®), act on X by zy = y'z. We
consider the space C = C(K/O) of continuous functions on X having values
in the discrete module K/O. Then C is naturally a left Do(p),-module
by v¢(z) = ¢(zy). Similarly, we consider the measure space M = M(O)
of p-adic bounded measures on X having values in O. We let Dy(p®), act
on M by yu(z) = p(yx). Then M is the Pontryagin dual module of C.
Naturally v, acts on X by scalar multiplication. This action commutes
with the action of Do(p),. We identify X with v\ x pr, by ¥(z,y) — (z,u)
for u = y/x. Then we see that

e ) = (a2 (a),

where y(u) = (c + du)/(a + bu). Thus writing A = O[[r)]], M is an
A-torsion-free module. Actually M = A®eO[[pr,]] as A-modules. The
pairing [, ] : M xC — K/O induces by cup product the perfect Pontryagin
duality pairing:

(»): H{(Y(T), M) x H*=*(Y(T),C) — K/O.
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We have the ordinary idempotent e acting on these cohomology groups
(see [H1], §1.11). We write H] 4 for eH{, where H] is any one of H?, HJ

and HY, defined in [H1]. As shown in [H1], Prop. 2.1 and §3, we have a
canonical isomorphism

H rq (Y (To(p)), €) & H g (¥ (T1(p)), K/O)
= h_m_, Hg,ord (Y(Fl (p))v I{_/(Q)

Thus the study of the right-hand side is reduced to the study of cohomology
groups with coefficients in C. We know from [H4], Lemma 9.2 that
HY4(Y(®),M) = 0 and H? (Y (®),M) = 0 for any ®-submodule M
of C, where M is the locally constant sheaf associated with M. Let W be
the torsion-free part of t,. We write A = O[[W]]. Then A is a regular local
ring of dimension d + 1 for d = [F' : Q]. Actually A & O[[X;, ..., X4]] for
a suitable choice of X;. Let (T,T") be a regular sequence in the maximal

ideal of A. We have a long exact sequence for M = C or C[T"]:

ngd (Y((I>),_]\_/.I[T"]) - ngd(Y(‘I’)’M)
5 HL,(Y(®), M) — HEE (Y(®@), M[T™)

— HIH (Y(®), M) =5 HIE (Y (), M).

ord

This implies that the following sequence is exact:

(5:2) 0— HZ,y(Y(®),M @4 A/T"A) — HIEH(Y(®), M[T™)

ord
— HEH (Y (@), M)[T"] — 0.

ord

Applying (5.2) to ¢ = 0, we get the control theorem:

{ HLa(Y(®),CIT)) = HYy (Y(®),C)IT],

(5.3)
Hoa (Y(®),C[T, T']) 2 Horg (Y(®),C) [T, T').

We suppose hereafter in this section that
(D) B is a division algebra.

Then Y (®) is compact. We then know from [H1], Thm 5.2 that, for
arithmetic points P of Spec(A) corresponding to characters t; — O* of
the form z +— z™ with n € Z[I], the groups Hl ,(Y (®),C)[P] (for ¢ = 1,2)
are finite if n # nc. This shows that HZ ,(Y (®),C)* is of A-torsion.
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LEMMA 5.1. — The cohomology group HZ (Y (®),C) is A-divisible.
Similarly, H2,(Y(®),C[T,...,Ty]) is A/(T1,...,T,)A-divisible for any
regular sequence (T1,...,T,) in the maximal ideal m of A. In other
words, for any non-zero-divisor T' € A/(Ti,...,T,)A, the multiplication
by T" is surjective on H24(Y(®),C[Th,...,T,]). In particular, we have
the vanishing: H2,(Y(®),C) = 0 and H2,(Y(®),C[T},...,T;]) = 0 if
(T1, ..., Tr) ¢ Supp(H 4 (Y (®),0)*).

Proof. — Let M be an A-module of finite type. Suppose that for a
regular sequence (T1,...,T4+1) of Ain m, (T1,...,T441) is regular for M.
Then M is A-free. This follows from the fact

hda (M) + depthp (M) = dim(A) =d+1

and hda(M) = 0 & M is A-free, where hda (M) is the homological
dimension of M. The Pontryagin dual version is that M™* is A-injective if
and only if

(54) {’Tz . M*[Tl,...,T',;_l] — M*[Tl,...,Ti_l]

is surjective for alli =1,2,...,d+ 1.

By assumption, (5.4) is satisfied by C. Thus we have an exact sequence
0—C[Ty,...,Ti] — C[Ty, ..., Ti—1] — C[T1,. .., Tj_1] — 0.
Then we have the long exact sequence
H2,4(Y(®),C[Ty, ..., Tim]) — HZ4(Y(®),C[Ty,. .., Tira))
— H34(Y(®),C[Th,...,Ti]).

The vanishing H3,(Y(®),M) = H3,(Y(®),M) = 0 then shows the

ord
divisibility. We have an exact sequence:

0 — HL4(Y(®),C[Ty,...,Ti—1]) ®a A/TiA
— HZ4(Y(®),C[T,...,T;])
— HZ24(Y(®),C[T,...,Ti-1))[T:] — 0.

Since HZ 4(Y (®),C) is A-divisible and of A-co-torsion at the same time,
H? ,(Y(®),C) =0. Thus for any T,

H2,4(Y(@),CIT]) = Hia(Y (®),C) @ A/TA.
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Thus:
Supp(H24(Y (®),C[T])*) C Supp(Hayq(Y (),0)%).

By the assumption, taking T = Ti, the group H2,(Y(®),C[T]) is of
A /T A-co-torsion. Thus the A/TA-divisibility of H2 (Y (®),C[T]) shows
the vanishing H2 (Y (®),C[T]) = 0. If the ideal (T,T") (T’ = T3) is outside
the support of ord(Y((I>) C)*, we may assume that (T') is outside the
support. Then we have from the above exact sequence,

Hcl;rd (Y((I)),C[T]) A A/T,A ord (Y((I)) C[T T/])
Thus

Supp(Howa (Y (), C[T, T"])*) C Supp(Hoq (Y (2),CIT])*)
Csupp( ord(Y(Q)vc)*)‘
Since (T, T") is outside the support of H. ,(Y (®),C)*, H2 (Y (®),C[T, T"])*
is of A/(T,T')-torsion. However at the same time, it is A/(T,T")-torsion-
free and hence is trivial. We continue this type of argument to reach the
vanishing of H2 (Y (®),C[T1,...,T;]) if (T1,...,T,) is not an element of
Supp(Hgq (Y (2),€)").

Suppose that (T1,...,T,T") is a regular sequence. Let:

V= Supp(HIl’,ord (Y((I))> Q)*) .

If (Ty,...,T,) ¢ V, we get for any choice of T”

(553.) Hord (Y(q))a Q) [Tl, ey r] ® A/TI
ord(Y((I)) C[Tl, Tr,T/]).

By taking the dual, let H = H. (Y (®),C)*. If (T3,...,T,) is not an
element of V, then we have,

(5.5b) {H/(Ty,..., T)H}[T'| & H24(Y(®),C[TY, ..., T, T'])"

for any choice of T". If H has a pseudo-null submodule, we can find T’
such that H([T'] is non-zero but of A/T’A-torsion (i.e. killed by a non-
zero-divisor of A/T'A). Then it will be contained in H2 (Y (®),C[T"])*,
which is A/T’A-torsion-free. This is impossible. Thus H has no-pseudo-
null submodules. Similarly, H/(T1,...,T)H does not have pseudo-null
(A/(T1,...,T;)A)-submodules, if (T1,...,T,) ¢ V. Now we pick a regular
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sequence {T1,...,Ty4,T'} so that (Ti,...,T,) for r = 1,...,d outside V
but 7" kills H. Then we know that

H/(Ty,...,T,)H = {H/(T\,...,T,)H}[T']

is isomorphic to the group HZ (Y (®),C[T1,...,T,T’])*, and hence it is
A/(Ty,...,T,,T")-torsion-free. Thus in particular, the multiplication by

Tr+1 :H/(Tl,...,TT)H — H/(Tl,,Tr)H

is injective as long as 7 < d — 1. Thus {T1,...,Ty} is a regular sequence
in m for H. Furthermore, H/(T4,...,T4)H is finite. Thus we know that:

hda (H/(Ty, ..., Ta)H) = d+ 1,
hda (H) + d = hda (H/(Ts, ..., Ta)H) = d + 1,
hda (H) = 1.

Therefore there exists an exact sequence:
0-A"— A" H 0.

THEOREM 5.2. — Let I' be a torsion-free congruence subgroup
of GY(Q) and H = H} (Y (®),C)*. Then for ® = I'o(p*), the A-module H
is killed by a non-zero element in A and has homological dimension 1
over A. In other words, there is a regular sequence of length d for H in A.

For a while, we return to the situation in §3. We study the relation of
the characteristic power series of

M = Homo (H} ..o (Y (S(0™)), K/0),K/O)

and that of the Hecke algebra. Let W be the torsion free part of Gg. By
Theorem 5.2, M is of O[[W]]-torsion and has homological dimension 1
if p > 2 by the argument of §2. If p = 2, M may not be of homological
dimension 1 but is of O[[W]]-torsion. Thus it is meaningful to study
the characteristic power series of M and h™°(S). Since h™°"4(S) acts
faithfully on M, we can embed h™°*(S) into M. Since M is an h™°"(S)-
module of finite type, M is a surjective image of h™°"4($)™ for the minimum
number m of generators of M over h™°*4(S). Thus, writing ch(X) for the
characteristic power series of a O[[W]]-module X, we have

(5.6) ch(h™4(S)) | ch(M) | ch(h™°4(S))™ in O[[W]].
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We now consider the component induced from Hecke characters of a
quadratic extension I" of F. When [F' : Q] > 2 (hence F' is not a CM field),
we have L = F(v/=D) for a positive rational integer D. This description
of L holds even if F' is imaginary quadratic, as will be seen in the following
section. Ordinary CM types exist if

(Sp) all prime factors of p in F split in L.

Supposing the above condition, we fix an ordinary CM-type ¥. We use here
the notation introduced in Theorem 4.1. In our situation, r; = d — 2 and
ro = 1. Thus

 dimg(Es ®zQ) =d—2, dimg(Ec®zQ)=d—1,

and Eg ) is of rank 1. Then the characteristic ideal of the component
associated to Oy in §4 is basically given by the kernel of the natural map

Olles x 3)/B5]] = O[[R%, x R, )/F5]] — O[[R} /B |
which is generated by (¢ — 1) for a generator ¢ of the free part of Eg ). This

fact follows from the following two facts:

(i) the twist (i.e. ©(z,y) = ¢(z,y)N(z)™!) by the norm character to
get © from ¢ does not affect the characteristic ideal because the norm
character N is trivial on E¢, and

(ii) Coker(©) is of torsion over O[[W]] and hence is pseudo-null
over O[[W]]. We have a commutative diagram defining § : W — W

(55 x)/Bs —— R}/Fo

w W,

where p and 7 are the two projections. Since O[W]] is isomorphic
to O[[9(W)]]W:0W) as O[[W]]-module, the characteristic power series
in O[[W]] of the irreducible component of Spec(h™°(S)) associated
with Oy is given by (p(e) — 1)W:¢(W)I for a generator e of the free
part of Eg ). Thus we have:
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THEOREM 5.3. — Let the notation be as above and the assumption
be as in Theorem 4.1. We assume that ro = 1 and that B ramifies at all
real places of F. Let S be the open subgroup as specified in Theorem 4.1.
Then the irreducible component of ©, isomorphic to Spec(O[[W]]) Iifts
to a unique irreducible component of Spec(h™°"(S)). Moreover the
characteristic power series in O[[W]] of the 1rreduc1b1e component is
(p(e) — 1)W:6(W)] for a generator € of the free part of E

Now we assume that F is an imaginary quadratic field and
B = Mjy(F). We look into the boundary exact sequence for ® = I'o(p*)
and for any ®-submodule M of C:
0 HO(Y/(2), M) — H(9Y (®), M) — H:(Y(®), M)
— H'(Y(®),M) — H'(9Y(®), M) — H(Y(®), M)
— H2(Y/(®),M) — H?(8Y (®),M) — 0.

By abusing the notation, here we have written Y (®) for the boundary of
the Borel-Serre compactification of Y (®). We know from [H4], Lemma 9.2,
HY (Y(®),M) = H? .4(Y(®),M) = 0 for any ®-submodule M of C. We
thus have another exact sequence
0— ord (aY(Q) M) - Hcl,ord(Y(q)) M) - H;rd(Y(Q)?M)
- H;rd (aY(Q)’ M) - HZord (Y({)), M)
- grd (Y(Q)’M) - ngd(ay(®)7M) — 0.

By [H1], Cor. 3.14, writing C(I") for the set of equivalence classes of cusps
of I'; we have

HYL(0Y (@),0) = P C();K/0);
seC(T)
P (c)K/0) @C(xy; K/O))
(6‘1) < Ol‘d (3Y(<D) c) SGC(F) lfp — ppc With p # pc,
0 otherwise;

ord (aY(CI)) C @ C(tp ’K/O)
seC(T")
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where C(r,; K/O) is the space of continuous functions on ¢ having values
in K/O. We have a long exact sequence for M = C or C[T"]:

H::I,ord (Y(‘I))’ M[Tn]) - Hg,ord (Y(Q)’ M)
5 HY o (Y(@), M) — HELL (Y (@), M[T™)
— HITL(Y(@), M) 5 HITL(Y(®), M).

This implies that the following sequence is exact:

(6.2) 0— HY

c,ord

(Y(®),M) ®r R/T"R
— HITL (Y(®), M[T™) — HIL (Y (@), M)[T™] — 0.

c,ord c,ord

Applying (6.2) to ¢ = 0 we get the control theorem:

{ Hcl,ord (Y(q))’ Q[T]) = Hcl,ord (Y(@),g) [T])

(6.3)
Hcl,ord (Y((I)), Q[T’ TI]) = Hcl,ord (Y(Q)a Q) [T’ T/]

Since H2 4(0Y (®),C) is A-injective, we have from the exact sequence

0 — Hga(0Y (®),C) — Heora(Y(®),C) — Hpora(Y(®@),C) — 0
the splitting of A-module:
H ora (Y (®),C) 2 H,a (0 (2),C) & Hpora (Y (®),C).
Then by (6.3), we get the control theorem for parabolic cohomology groups:
(6.4) Hp o0q (Y (2),C[P]) = Hp o4 (Y (®),C) [P]

for any height 2 prime ideal P of A.

Let W be the torsion-free part of t,\. We write A = O[[W]]. Then A
is a regular local ring of dimension 3. Actually A = O[[X,Y]] for a
suitable choice of X and Y. By (6.1), Hl,(0Y(®),C)* is always of
A-torsion. Thus for (Zariski) densely populated arithmetic points P
of Spec(A) corresponding to characters ty — O of the form z — z"
with n € Z[I], the group H},(8Y(®),C)[P] is finite. We also know
from [H1], Thm 5.2, for densely populated such P, H! ,(0Y (®),C)[P]
and HY  4(Y(®),C)[P] (¢ = 1,2) are both finite. This shows that
H(:)lrd(ay(é)vg)*’ HII—’,ord(Y((I’)7Q)* and Hz,ord(Y(Q)’ Q)* are of A-torsion.
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LEMMA 6.1. — Let T be a non-constant element in the maximal ideal

of A. Then Hford(Y(@) C) and H24(Y(®),C) are A-divisible. Similarly,
HZ 4(Y(®), _[T]) and H2 (Y (®),C[T)) are A/T A-divisible. In particular,

o« H?_ ,(Y(®),C) =0 and H?

c,ord c,ord

element ofSupp(H},’ord(Y(Q),(_l’) ), and
o« H2 (Y(®),C[T,T"]) = 0 if (T,T') is not an element of

c,ord

Supp(H P,Ord(Y(CP), C)*) and (T,T") is a regular sequence.

(Y(®),C[T]) = 0 if (T is not an

Since the proof of this lemma is exactly the same as the one for
Lemma 5.1, we leave it to the reader. Since Hp (Y (®),C) is of A-co-
torsion and HC 4(8Y (®),C) is A-injective, we get:

Hg,ord (Y(q))a _C_) A A/TA = Hll:’,ord (Y(Q),Q) QA A/TA
Suppose that (T1,T%,T") is a regular sequence. Let:

V= Supp(Hll’,ord (Y((I)),Q)*)

We get:
((Hp ora (Y (®),C)[T1, T2) @4 A/T'A
= Hgord(Y(tp),Q[TlaT%T/]) if (T17T2) ¢ V7
Hp o0ra (Y(®),C)[T1] @4 A/T'A
(6.5a)

= H? a(Y(®),CIT,T')) if (T1) ¢ V,

HPord(Y(q)) ) A A/T/
0 = chord( (®),C[T"]) for any choice of T".

Here we have used the fact:
H} 0ra(Y(2),C)[T1] @4 A/T'A = H (Y (®),C)[T1] @4 A/T'A.
By taking the dual, let H = Hp  4(Y (®),C)*. Then we have
{H/(TlvTQ)H}[TI] chord( ( ) [TlvTZ’T ]) lf T17T2) ¢ V’
(6.5b) {H/T\HY[T'] = HZ 01y (Y (®),C[T1, T'))" i (T1) ¢ V,
H[TI] = Hc,ord( ( ) [ ]) )

for any choice of 7”. Then in exactly the same manner as in §5, we get:
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THEOREM 6.2. — Let T" be a torsion-free congruence subgroup
of SLy(F). Then for ® = T'o(p®), the A-module H = Hp ,4(Y(®),C)*
is killed by a non-zero element in A and has homological dimension 1
over A.

We now consider the CM component associated to a quadratic
extension L of F'. Supposing that we have an ordinary CM-type ¥. We use
the notation introduced in §4. We write Ry, for the X,-adic completion
of R. Then Ry, = r;,. We suppose the regularity condition:

(R) (jayja‘c) 7é (jpa,jpgc) for all o € I.

Since j, = jop if F' is the maximal CM field, this eliminates the case
where L is not a CM field. Thus we assume that:

(CM) Lis a CM field.

Then the existence of ordinary CM-type is equivalent to the following two
conditions:

(Sp;) all prime over p in the maximal real subfield of L split in L;
(Spy) all prime over p in F split in L (< Ep,pNE, =0).

The conditions (Sp;)—(Sp,) are equivalent to:
(Sps) The decomposition group at p in Gal(L/Q)
Ps does not contain either ¢ nor p.

Under (Sp,)—(Sp,) and (CM), we have the CM component induced by ©y,
as discussed in §4. Let £ be a generator of the torsion-free part of E¢.
We may assume that Np,p(e) = 1. Thus € € Eg = t;. Defining p and ¢
as in §5, we know similarly to Theorem 5.3 that (p(¢) — 1)W:¢(W)I gives
the characteristic power series of the CM component attached to ©y. We
can naturally identify Ry (= t,) with the p-adic integer ring of the p-adic
completion of the maximal real subfield L of L. Since c induces an automor-
phism on t,, ee¢ = 1. Thus the annihilator in O[[G5s]] of each CM irreducible
component is given by a prime ideal P,y associated to the norm character
YN : Eg — Zp[4p]™ twisted by a finite order character 1, where Z,[¢] is
the subring of Qp generated by the values of ). We may conjecture that
the same fact might be true for all irreducible components of the nearly
ordinary Hecke algebra of GL(2) over an imaginary quadratic field.
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Corrections to [H1]

Page 262, line 3:

« Hf;rd(Al(p‘”), L(n, &; O)) » should be « ngd (Ao(p*),L(n,&;0)) ».
Page 262, line 5:

«H? ((A1(p™),L(n,&;K/0)) » should be « HY ,(Ao(p®),L(n,;K£/0)) ».
Page 311, line 8: delete the phrase

«and in this case dimg(Im(res)) = % dimg H4(8Y *, L(n, C)) ».
Page 311, line 4 from the bottom:

«HY 1 (81(p*),L(n, & K/O)) » should be « HE i (Ao(p*), L(n,&;K/O))».
Page 312, line 18 from the bottom:
«H?_ . (Y1(p®),L(n,&K/O))» should be H? . (Yo(p*),L(n,&;K/O))».
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