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EXTENSIONS OF CERTAIN REAL
RANK ZERO C+-ALGEBRAS

by M. DADARLAT®), AND A. LORING **)

Introduction.

In this paper we study extensions of C*-algebras
0-A—-FE—->B—-0

where A and B are what we call AD-algebras. These AD-algebras are the
C*-algebras studied by Elliott in the first of his recent classification papers
[Ell]. Under the assumption that A and B have torsion-free K-theory, Lin
and Rgrdam [LR] showed that a necessary and sufficient condition for E to
again be an AD-algebra is that it has real rank zero and stable rank one.
This generalized an earlier result of Brown [Brl] involving AF algebras
where these conditions were automatically fulfilled. For a C*-algebra A let
RR(A) denote its real rank (see [BP]) and let tsr(A) denote its topological
stable rank (see [R]).

We exhibit extensions where F is not an AD-algebra even though
RR(E) =0, tsr(F) = 1 and A and B are AD-algebras. In fact, E is not
even a limit of homogeneous algebras [BD], so is not covered by the more
general classification schemes now emerging. Despite this, U ® F is an AF
algebra when U is an appropriate UH F' algebra.

The obstruction that prevents E from being an AD-algebra is an
element of Ext(T, K1(A)) where T denotes the torsion subgroup of K;(B)
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(see Propositions 4.2 and 4.4). This is a K; analog of the obstruction
to quasidiagonality discovered by L. G. Brown [Br2] and will be further
explored in [BD]. See also [Sa).

We conjecture that the vanishing of this obstruction implies that F is
an AD-algebra. We were able to prove this under stronger assumptions—
namely if K;(A) is trivial or K;(B) is torsion free— (see Theorem 3.1).

Let us now describe explicitly the C*-algebras we will be working
with. The so-called building blocks are the scalars, C; the circle algebra,
C(T); the unital dimension-drop interval, defined below; and all C*-
algebras arising from these by forming matrix algebras and taking finite
direct sums. The collection of all building blocks will be denoted D. A
C*—algebra will be called an AD-algebra if it is isomorphic to an inductive
limit of elements of D. If only circle algebras are involved, we call such a
limit an AT-algebra.

By the non-unital dimension-drop interval we mean
L, ={f € C([0,1],M,) | f(0) =0, f(1) is scalar}.
Let ]fn denote the unitization of I, ;

I, = {f € C([0,1], M) | £(0), f(1) are scalars}.

It is automatic that an AD-algebra has topological stable rank equal
to one. The real rank must be either zero or one.

Elliott showed that ordered K-theory is a complete isomorphism
invariant for the simple AD-algebras of real rank zero. In particular the
AD-algebras that have torsion free K;-groups are exactly the AT-algebras
and those that have vanishing K;-groups are exactly the AF-algebras.

The importance of fn is that it introduces torsion in K3, a feature
lacking in AT-algebras. If one wishes to use a commutative building
block that has K; equal to Z/n, one can use the mapping cone of a
degree-n x-homomorphism Co(R?)— Cy(R?). This will be Cp(Y") for some
three-dimensional CW complex. Unfortunately, a commutative C*-algebra
behaves rather badly with respect to inductive limits if the dimension of
its spectrum is greater than one (see [DL1]).

A nice description of I, is that it is the mapping cone of the unital
x-homomorphism C — M,(C). From this, (or from the exact sequence
involving the ideal SM,,) one sees that
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and thus

Ko(I,) = Z, Ki(I,) = Z/n.

It is quite reasonable to think of I, ® K as a deformed version of
Co(Y) ® K. (We argue this point in [DL3] ).

The advantage of I, over Co(Y) is that it is generated by stable
relations (cf [Lol], [Lo3]) and so is very well behaved with respect to
inductive limits. For example, see Proposition 1.2. This gives an alternate
characterization of AD-algebras that does not mention inductive limits.
The test is to approximate a finite set of elements by an appropriate
subalgebra with no regard to whether the various subalgebras are nested.

These building blocks also seem to be key from the point of view of
K-theory. Since C(S?) is universally generated by a unitary, it is essentially
by definition that there is a natural isomorphism

[Co(R), A® K| — Ki1(A)

where we use [—, —] to denote homotopy classes of x-homomorphisms. We
have shown [DL2], using a “suspension theorem” in E-theory that there is
an analogous isomorphism

Lo, A® K] — K, (A; Z/n) = KK (I, A).

That this involves actual *-homomorphisms rather than asymptotic mor-
phism is a consequence of stable relations. In contrast, all that can be said
(cf [DL2]) using Co(Y) is

[[Co(Y), A® K]] = K1(4; Z/n).

Here [[—, —]] denotes homotopy classes of asymptotic morphisms [CH].

The proof of our main theorem requires that we generalize several
results regarding unitaries in a C*-algebra A, i.e. maps from C(S!) to
A, to the context of *-homomorphisms from I, to A. For example, we
extended a result of Lin on finite-spectrum unitaries [Lil] to show that when
RR(A) = 0, any ¢ : I, — A that is zero on K-theory can be perturbed
slightly to have finite-dimensional range.

We also need a result, Theorem 2.3, regarding lifting homomorphisms
from Hom(I,, E/A) to Hom(L,, E) when E has stable rank zero and real
rank one. This is much more involved than the analogous result about
lifting unitaries.
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1. Perturbation results.

Recall from the introduction that D denotes the class of C*-algebras
isomorphic to C*-algebras of the form ié M, iy(D;) where D; = in(,-) or
D; = C(T), for some r,m(i),n(i) € N. It was proven in [Lo3] that any
C*-algebra D € D is isomorphic to some universal C*-algebra C*(G, R)
with finitely many generators G = {g1, ..., gn} and exactly stable relations
R = {p1,...,pm} with p; polynomials in g;, g}. See [Lol] for the definitions
regarding stable relations. Using results in [Lol] one easily derives the
following perturbation result.

THEOREM 1.1. — Let D = C*(G,R) be a C*-algebra with exactly
stable relations. Then for any n > 0 there is § > 0 such that for any C*-
algebras E, B and *x-homomorphisms ¢ : D — B, m : E — B, with 7
surjective and for any y1,...yn € E satisfying

llpj(yr, .-yl <6 j=1,....M
lwall <llgsll +6 i=1,...,N

there is a *-homomorphism ¢ : D — E such that 7y = o and

llo(ge) —will <m, i=1,...,N.

Proof. — Since  is onto there are z3,...zy € E with ||z; —y;|| < 6
and m(2;) = o(g;) for i =1,..., N. The relations p; are polynomials. Thus
there is a real continuous function @ = a(6), @(0) = 0 such that

llpj(z1,.. ., 2n)l| < a(8) j=1,...M
l|2:]] < lgill + a(6) i=1,...,N.
For the rest of the proof we will write o for a(6). Let Dy = C%(G, R)

denote the universal C*-algebra generated by g¢, ..., g% subject to

gl < llgall + e, [Ipi (9T, gl < @

By the universality of D, the map g — z; extends to a well defined
*-homomorphism ¢, : Do — E. If po : Dy — D, p(9%) = g; is the
canonical surjection it is clear that mp, = op,. By hypothesis D has
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exactly stable relations. This means that if @ = «(6) is small enough, then
there is a *-homomorphism o, : D — D, such that p,o, = idp and
lloa(gi) — g%l < u(a) with p(a) — 0 as @ — 0. Setting ¢ = pa04: D — E
we have T = TYa0, = Opads = o and

[1p(g:) = ¥ill = llpacalgi) — valgf) + 2 — yil|
S p(ab) +6<n

for small enough é. O

The following proposition gives a characterization of AD-algebras.

ProposiTiON 1.2. — A C*-algebra E is an AD-algebra if and only if
for any finite subset F' of E and € > 0 there is a C*-algebra D € D and a
x-homomorphism ¢ : D — E such that dist(z, p(D)) < € for all z € F.

Proof. — We omit the proof which is based on Theorem 1.1 and is
very similar to the proof of Theorem 3.8 in [Lol]. a

ProrosiTionN 1.3. — If A is an AD-algebra of real rank zero then
every hereditary C*-subalgebra of A is an AD-algebra.

Proof. — The proof is very similar to the proof of Proposition 3 in
[LR] and is omitted. O

THEOREM 1.4. — Let D € D andlet ¢ : D — B be a x-homomorphism
to a real rank zero C*-algebra. Suppose that ¢, : K1(D) — K;(B) is the
zero map. Then for any finite subset G C D and € > 0 there exists a
x-homomorphism 1 : D — B with finite dimensional image such that

llp(a) —Y(a)|| < e for all a € G.

The proof of Theorem 1.4 is divided into a number of lemmas.

LeEmMMA 1.5. — Suppose that D is a C*-algebra with exact stable
relations and B is a real rank zero C*-algebra. Suppose that ¢ : M, (D) —
B is a x-homomorphism. For any € > 0 and any finite set G C D there exist
matrix units p;; € B and g : D — p11Bp11 such that the x-homomorphism
wo ®idp, : D — Mp(p11Bp11) C B approximates ¢ within € on G.

Proof. — Let D = C*{Gy, R) for exactly stable relations R. Clearly
we may assume that Go = G. The lemma is trivial if D has a unit. If not,
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we may still apply Propositions 3.1 and 3.2 of [Lo2] to conclude that ¢ has a
factorization ¢ = yo (¢1 ®idp,, ) where ¢; : D — By is a *-homomorphism
to some hereditary subalgebra By of B and v : M,,(By) — B is such that
v(b®e11) = b for b € By. By Theorem 2.6 in [BP], By has an approximate
unit (gx) consisting of projections. Choosing Ag large, we may assume that
o 1(a)gy, is close to ¢i(a) for all @ € G. The map a — gx,1(a)gy, is
an approximate representation of D in ¢y,Bgy, which is close to ¢; on
G. By Theorem 1.1 this implies that there exists pg : A — g»,Bgqy, with
llpo(a)—¢i(a)|| < efor alla € G. Let p;; = y(gr, ®eij). Clearly yo(po®id)
factors through M, (p11Bp11)) is in the desired fashion. O

LemMA 1.6. — Suppose that B is a real rank zero C*-algebra and
¢ : M,(Co(0,1)) — B induces the zero map on K;. Then for any finite set
G C Cy(0,1) and € > 0, there exists ¢ : Mp(Co(0,1)) — B with finite
dimensional image and ||¢(a) — ¥(a)|| < € for all a in B.

Proof. — For n = 1, this is basically a result of Lin (see [Li2]). In
the general case the previous lemma allows us to assume, without loss of
generality that ¢ factors as

®id i
AZS MBS B

where By is a corner in B. Also M, (By) is a corner. Using Lemma 2.3 in
[Lil] one can show that ¢ induces an injective map on K;j. Therefore g
must be injective on K; and we have reduced the problem to the (proven)
case n = 1. O

We now proceed to the proof of Theorem 1.4. Arguing as in the proof
of Lemma 1.6 we reduce the proof to the cases D = I, and D = C(T).
To be specific, let e be a central projection in D and set f = ¢(e).
By Theorem 2.5 in [BP], fBf has real rank zero. Using Lemma 2.3 of
[Lil] it is easily seen that the restriction of ¢ to eDe induces the zero
map Kj(eDe) — K;(fBf). Thus we may assume that D is of the form
Mm(ffn) or D = M,,(C(T)) and ¢ is unital. Using matrix units one can
put ¢ in the form ¢ = 9 ® idys,,, where ¢ maps I, (or C(T) ) into the
commutant of ¢(M,,) in B. This commutant is a real rank zero C*-algebra
and 9 induces the zero map on Kj. Since the case D = C(T) is covered
by [Li2], it suffices to consider the case when D = I, and ¢ is unital.
Equivalently it is enough to consider the restriction of ¢ to I,. Write
I, = C*(G,R) where G = {ag,...,an,Z1,...,Zn, h} is the canonical set
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of generators with a;,z; € My,(Co(0,1)) and h corresponding to t ® 1j,
(see Proposition 2.3 in [Lol]. There v = ¢** was used rather than h.) The
restriction of ¢ to M,(Cy(0,1)) is zero on K;. Lemma 1.6 implies that
there is a finite dimensional subalgebra By C B and a *-homomorphism
%o : M (Co(0,1)) — By such that yp(a;),vo(z;) are close to ¢(a;), p(z:).
Our basic strategy is now to apply the “stable relation operation” given in
the proof of Theorem 6.2 of [Lol]. With a small modification (discussed
below) this operation yields elements A;, X;, H in B that are close to
Yo(a;),%o(x;), p(h), are an exact representation for the relations of I,
and also A;, X; € By. This last condition forces H to have finite spectrum
since e*™ — 1 € By. The map ¢ : I, — B determined by A4;,X;, H
must therefore have finite-dimensional image, so we are done modulo the
following. The required modification of the proof of Theorem 6.2 is to
replace the map G in the proof by

0 t e [-6,6]
t—96
By =\ 755 te€l61-9]
1 te[l-61456.

The construction now keeps the first 2n — 1 generators inside any given
subalgebra. O

LeEmMA 1.7. — Let A be a C*-algebra and let ¢ : I, — A be a
x-homomorphism. Then diag(y, ¢, ..., ¢) : I, — My(A) is null homotopic.

Proof. — Let a : I, — M,(I,) be given by a(a) = (a,...,a).
Since diag(yp,. .., ) factors through « it is enough to prove that « is.null
homotopic. Let 1,, denote the unit of M,,. There is a unitary v € M,, ® M,
such that v* (1, ® M,) u= M, ® 1,,. Then

Ys : I — Mn(]In)’ (’78)36[0,1]
vs(a)(t) = u diag(a(ts),...,a(ts)) u*

defines a homotopy of *-homomorphisms connecting the null map to
ad(u) o a. Let us; be a continuous path of unitaries connecting u to the
identity. Then ad(us) o  is a homotopy joining ad(u) o @ with a. O

ProrosiTioN 1.8. — Let A be a unital C*-algebra of real rank zero
and let ®; : I, — A, (®t)¢e[0,1), be a homotopy of *-homomorphisms. Fix
€ > 0 and let G be a finite subset of I,,. Then for any r > 1 there is a *-
homomorphism 1 : 1, — M,,.(A) with finite dimensional image and there



914 M. DADARLAT and A. LORING
is a unitary u € My,+1(Cl4) such that

||diag(®o(a),7(a)) — u diag(®1(a), 7(a))) u*||

< €+ 2max sup | ||<I> (b) — ®4(b)|| foralla € G.
beG '3 tl

Proof. — Let m = nr and for 0 < kK < £ < m + 1 define
Vo Lo — Mo y(A) by Uy = d1ag(<I>k,<I>k LB, 1) We
also need to consider I' : I, — M,.(4), I' = diag (I‘O,l"l, 1)
where Ty : I, — M,(A) is given by I'y = dla.g(q)k,@k, .. <I>$) Let

a(G,r) = max sup ||@5(b) — @4(b)]|. One can check easily that

|s—t]<d

max{||¥(1,m+1)(a) — T(a)]], [[¥1o,m)(a) — T(a)||} < (G, 1)

for all a € G. Since

Uio,m+1) = diag(®o, Y(1,m+1)) = diag(¥(o,m), P1)
it follows that

¥(0,m+1)(a) — diag(®o(a),T'(a))|

| <a(G,r)
1¥10,m+1)(a) — diag(T'(a), @1(a))[| < (G, 7

a(G,7)

whence
|[diag(®o(a), I'(a)) — u diag(®1(a), T(a)) v’|| < 20(G, )

for a suitable permutation unitary u € Uy,y,41(C).

I' is null homotopic by Lemma 1.7 hence it induces the zero map on
K-theory. Using Theorem 1.4 we can perturb I to a *-homomorphism 7
with finite dimensional image. O

2. A lifting result.

LemMA 2.1. — Let A be a closed ideal of a real rank zero algebra E.
If F is a finite dimensional C*-subalgebra of E, then there is an increasing
sequence of projections (px)x, which forms an approximate unit for A such
that each py commutes with F'.
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Proof. — Let FF = F; & ... ® F, be the decomposition of F into a
direct sum of factors. If f; is the unit of F; then f;Ef; has real rank zero
(see [BP]) and f;Af; is a closed ideal in f,E fi. Thus it will suffice to find
an increasing sequence of projections (p,c )r which form an approximate
unit for f;Af; and which commute with F; C f;Ef;. Indeed it is clear that
Pk = pg) +.. .+pg) will have the desired properties. Thus we have reduced
the proof of the lemma to the case F' & M,,.

Let (e;;) be matrix units in M,,. Then both e;;Fe;; and its closed
ideal e11Ae;; have real rank zero. By [BP], Theorem 2.9 or [Z] Theorem 6,
e11Aej; has an increasing sequence of projections (gx)x which form an

m
approximate unit. Then p, = Y e;1qxe;; defines an approximate unit

=1

having the desired properties. O

LEMMA 2.2. — Let
0A—E—3B—0

be an extension of C*-algebras. Suppose that A, B and E have real rank
zero and stable rank one. Then for any x-homomorphism 7 : D — B with
finite dimensional image there is a x-homomorphism 7' : D — E with
finite dimensional image such that 7' = 7. If E, B are unital and 7 is unit
preserving then one can arrange that 7' is unit preserving.

Proof. — The proof is based on results in [BP] and [Zh] and is formally
similar to the proof in the case of AF-algebras (see [Eff]). One needs to lift
matrix units in B to matrix units in F. The whole argument is essentially
contained in the proof of Lemma 6 in [LR]. a

THEOREM 2.3. — Let
0—A— EL»B —0

be an extension of separable C*-algebras. Suppose that A, B and E have
real rank zero and stable rank one. Suppose that E and B have units
and let 0 : My(I,) — B be a unital *-homomorphism. If the map
Ox : Kl(in) — K;(B) lifts to a morphism of groups Kl(fn) — Ki(E)
then there is a x-homomorphism ¢ : Mm(ﬁn) — MRg(FE), for some R > 1,
such that (7 ® idp,,) o ¢ = diag(o,0,...,0).

Proof. — First we prove the theorem for m = 1. For most of the proof
we deal with the restriction of o to I, which is denoted by o too. For the
sake of clarity we divide the proof in several stages.



916 M. DADARLAT and A. LORING

a) Lifting o at the level of K K-theory.
By [K] there is an exact sequence of K K-groups

T )
KK(I,,E) — KK(I,, B) — KKi(I,,, A).

Thus [0] € KK(I,,B) lifts to an element in KK(L,, E) if and only if
6glo] = 0. By the universal coefficient theorem of [RS]

KKy (In, A) = Hom(K1(I,), Ko(A)) & Ext(K:1(I,), K1(A)).

According to this decomposition §g[o] has two components h € Hom(K (L),
Ky(A)) and e € Ext(K;(L,), K1(A)). The first component h is equal to
61 0 04 where 81 : K;(B) — Ko(A) is the index map. Since A, B and E
have real rank zero and stable rank one it follows from Proposition 4 in
[LR] that both index maps §; and &y : Ko(B) — K1(A) are the zero maps.
In particular this shows that A = 0. The second component of §g[o] is
given by the isomorphism class e € Ext(K;(L,), K1(A)) of the pullback by
o« : K1(I,) — Ky(B) of the extension

0— K;(A) — K1(E) — K1(B) — 0.

Note that the above extension occurs since the index maps éo and §; are
vanishing. Since o, lifts to a morphism K (I,) — K1(FE) it follows that e
is the isomorphism class of a split extension hence e = 0. This proves that
lo] € m KK (I, E).

b) Lifting o up to a homotopy.
By Corollary 7.1 in [DL2] for any C*-algebra D

KK(In, D) = [In, D ® K] = lim[L,, M,.(D)].

In view of a) this implies that there is a *-homomorphism % : I, — M, (E)
such that ®, def 1 is homotopic to ®q def diag(o,0,...,0) via a homotopy
o, : I, - M.(B), t € [0,1]. Here 7, stands for the *-homomorphism
m ®idpy,. @ M, (E) — M,.(B).

¢) Producing approximate liftings.

Let 6 > 0 and let G be a finite subset of I,. Using Proposition 1.8

we find a *-homomorphism 7 : I,, — M, (B) with finite dimensional image
and a unitary u € M, ,,(Clg) such that

||diag(®o(a), 7(a)) — u diag(®1(a), 7(a)) u*[| < &
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for all @ € G. Using Lemma 2.2 we lift 7 to a *-homomorphism 7’ : I,, —
M, (E) with finite dimensional image. Let V' € M,,,(Clg) be the obvious
lifting of w. Then the formula

ps(a) =V diag(y(a), 7'(a)) V*
defines a *-homomorphism s : I, — M, (E) such that

||diag(o(a), 0r—1,7(a)) — Trirps(a)ll < 6
for all a € G.
d) Perturbing approximate liftings to exact liftings.

Choosing § > 0 and G in step c) to be as in Theorem 1.1, one can
perturb s to a *-homomorphism g : I, — M, (E) with

T4 o = diag(o,0r—1, 7).

Next we modify ¢ in order to get a lifting of diag(o, 0y4,/—1). By Lemma
2.1 there is an approximate unit of projections (gi)x in Mr4r—1(A), which
commutes with diag(0,_1,7'(a)) for all a € I,,. Since for all a € I,

mr4r (po(a) — diag(0r, 7'(a))) = diag(c(a), Or4r—1)

it follows that all the entries, but the (1, 1) entry of po(a) — diag(0,,7'(a))
lie in A. If fx = diag(1g, gx) this is easily seen to imply that

lim [[o(a) i — frpo(a) = 0

for all a € 1,,.

Let Ey, = fx M4+ (E) fi. By compressing g by the projections fi we
get a sequence of linear self-adjoint maps @y : I, — Fg, vx(a) = frpo(a)fx
such that ||pk(ab) — pr(a)ek(d)|]| — O for all a,b € I, and Trqrpx =
diag(o, 04+ —1). We conclude from Theorem 1.1 that if k is big enough
then ¢y can be perturbed to a *-homomorphism ¢ : I, — Ex C M4, (E)
such that 7,4 ¢(a) = diag(o(a),0r4r—1) for all a € I,,. Finally we extend
( to a unital *-homomorphism ¢ : I, — Ej by setting ¢(1) = fx. The
proof for the case m = 1 is complete. However, we choose to perturb ¢
once more in order to arrange that (1) is of the form diag(1lg,p,...,p) €
M, (E) for some projections p € A. Let (pg)x be an approximate unit
of A consisting of projections and let gx = diag(lg,pk,-..,pr). Then g
commutes asymptotically with ¢ and 7(gx) = (15,0,++—1). As above we
can perturb gi¢(-)gx to a *-homomorphism I, — gx My (E)gs which lifts
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diag(o, Or4r/—1). Then we extend this *-homomorphism to a unital one that
sends 1 to gi.

e) The general case m > 1.

Let (ef;) be a system of matrix units for M, C M (I,) and let
€ = a(e?j). Lemma 2.2 shows that there are matrix units (€;;) in E such
that 7(€;;) = e;; and €11 + ... 4+ Emm = 1. Consider the extension

0 —e€14€11 —» €11E€; — e;1Be;; — 0

and the *-homomorphism o : I, — e11Bey; given by oo(d) = o(d @ €%,).
This extension and og do satisfy all the hypotheses of the Theorem in the
case m = 1. Indeed by [R] and [BP] full corners of a given C*-algebra C
have the same stable rank and real rank as C. Thus by the first part
of the proof we find a *-homomorphism ¢o : I, — Mpg(E) such that
mrypo = diag(op,0r—1) and ¢o(1) = diag(es,p,...,p) for some projection
p € €11A€11. Setting a;; = €;1pe1; € A we define ¢ : Mm(in) — Mg(E) by

o(d® e?j) = gi1po(d)g1;

where g;; d—gfdiag(éij,aij,...,aij) € Mg(E). It is clear then that ¢ is a
lifting of o. O

3. A result on extensions.

THEOREM 3.1. — Let
0-A—E—>B—0

be an extension of C*-algebras where A and B are AD-algebras of real
rank zero. Suppose that either K1(A) = 0 or K1(B) is torsion free. Then
the following are equivalent :

(i) E is an AD-algebra of real rank zero.
(ii) E has real rank zero and stable rank one.
(iii) The index maps 8o : Ko(B) — K1(A) and 6, : K1(B) — Ko(A) are

zero.

Proof. — (ii) <« (iii) follows from Proposition 4 in [LR] while (i) =
(ii) since all AD-algebras have stable rank one. It remains to prove that
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(if) = (i). Consider the extension

1(®id}c
0 AQQK - EQK——B®K -0

and let

Eow={ye E®K:7®idx(y) € BQei1}.

We form the extension
0 A®K = By —+B -0

where 7, is the restriction of 7 ® idx to Fs. Note that E = E ® e;; is
a hereditary subalgebra of E,. Therefore by Proposition 1.3 it suffices to
prove that E, is an AD-algebra. For the sake of clarity we divide the proof
into several stages.

a) We prove that for any finite subset F' of E,, and any € > 0, there
is a C*-algebra D € D and a *-homomorphism ¢ : D — E., such that
dist(z,p(D) + A®K) <eforall z € F.

Since Eoc = E® e13 + AQ® K it is clear that we may assume that
F C EQe;; & E. Since B is an inductive limit of C*-algebras in D, after a
small perturbation of F', we may assume that w(F) is contained in the image
of some *-homomorphism o : D — B with D € D. Decompose D into a
direct sum D = D1 ®...® Dy with D; & M, (fn(i)) or D; = Mp,;y(C(T)).
Let f? be the unit of D; and let f; = @(f?). Using Lemma 2.2 we lift
fi,... fr to mutual orthogonal projections fi,...,f, € E. All the C*-
algebras in the extension

0— 7iA?i - TiE?i L’fiBfi -0

have real rank zero (see [BP]) and stable rank one (see [R]). In particular,
the index maps 6, : K.(f;Bf;) — K.41(f;Af;) are zero by Proposition
4 in [LR]. Consider now the case K1(A) = 0. By Proposition 2.3 in
[Lil] K;(f;Af;) is isomorphic to a subgroup of K;(A) hence is zero.
Consequently

T : Ki(F,Ef;) — Ki(fiBfi)

is an isomorphism. Thus if D; & M@ (]In(i)) we can use Theorem 3.3
in order to produce *-homomorphisms ¢; : D; —» M R(fiE-fi) such that
mp; = diag(o;,0r—1) where o; denotes the restriction of o to D;. In the
case D; = Mp,;)(C(T)) we use Lemma 6 in [LR] to get a lifting ¢; for o;.
Note that Lemma 6 in [LR] is valid for an arbitrary short exact sequence
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that involves only C*-algebras with real rank zero and stable rank one -
with the same proof. Consider now the case when K (B) is torsion free. By
Elliott’s classification theorem [Ell] this implies that B is an AT-algebra.
Thus we may assume that each D; is a matrix algebra over C(T). As above
Lemma 6 in [LR] will provide the desired lifting of o;.

It is clear then that the formula

‘p(dlv . 7d7‘) = (Pl(dl) +...F (Pr(dr)

defines a x-homomorphism ¢ : D — Mg(E) such that mre = diag(o,0r—1).
We conclude that 7(F) C ¢(D)+ AQ K.

b) Let ¢ : D — Mgr(E)NE be as above. We prove that for any y > 0
and any finite subset G of D there is an increasing sequence of projections
(pk)x which form an approximate unit of A and such that

(%) lp(a)px ~ prep(a)l| < p for all a € G.

The case when K;(B) is torsion free is solved by Lemma 10 in [LR]
which is valid for any C*-algebra A of real rank zero and stable rank one.
Thus we need to consider only the case K;(A) = 0. For the beginning we
assume that A ® K is an essential ideal of E.,. Thus we can regard F
as a subalgebra of the multiplier algebra M(A ® K). Since K;(A) =0 it
follows by a result of Lin [Li2] that M (A ® K) has real rank zero. On the
other hand K;(M(A®K)) = 0 (see [Bl]). But then Theorem 1.4 shows that
we can perturb ¢ to a s-homomorphism ¢ : D — M (A ® K) with finite
dimensional image and ||¢(a)—%(a)|| < p for all @ € G. Lemma 2.1 gives an
increasing sequence of projections (pg)x which form an approximate unit
of A ® K commuting with the image of 1. It is immediate that each pg
satisfies ().

The general case when A ® K is not necessarily an essential ideal of
E, follows from the special case when A ® K is an essential ideal. One can
argue as in the proof of Lemma 9 in [LR].

c) Let F = {x1,...,2¢} C Ex and let € > 0. We prove that there
is C € D and there is a *-homomorphism ¢ : C — E, such that
dist(z;,9(C)) < 3e for all z; in F. By Proposition 1.3 this will imply
that Fo, (and therefore F) is an AD-algebra.

Let D and ¢ : D — E,, be given by a). It follows that there are
dy,...,d¢ € D and ay,...,a¢ € A® K such that ||z; — ¢(d;) — a;]| < € for
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i=1,...,¢ Let G be a set of generators of D such that {d;,...,d¢} C G.
Using b) we find an approximate unit of projections (gx)x for A such that

llgep(d) — ¢(d)g|| — 0 for all d € D.

For big enough k&

llzi — (1 — qr)e(di) (1 — qr) — ar(o(di) + ai)gx|| < €

for i = 1,...,4. The sequence of linear selfadjoint maps ¢, : D —
(1 — gk)Foo(l — qk), pk(d) = (1 — gr)e(d)(1 — g) satisfies : ||px(dc) —
er(d)pr(c)]] — 0 for all d,c € D. Theorem 1.1 shows that if k is big
enough, then we find a *-homomorphism 9; : D — (1 — gx)Eoo(1 — gx)
such that ||11(d;) — vk(d;)|] < € for ¢ = 1,...,¢. Since A is an AD-
algebra, there exist D’ € D and a x-homomorphism 5 : D' — qxEooqk
such that dist(ge(¥(d;) + ai)gk, Y2(D’)) < € for all ¢ = 1,...,£. Setting
Y(ddd') = 1(d) +12(d’) we obtain a x-homomorphism ¢ : D& D’ — E,
such that dist(z;, (D ® D)) < 3efori =1,...,~. m

4. Examples.

The purpose of this section is to produce examples of extensions
0-A—-F—-B—-0

where A, B, E are C*-algebras of real rank zero and stable rank one and
such that A and B are AD-algebras but E is not an AD-algebra.

LemMA 4.1. — The K;-group of any proper quotient of Mm(fn) or
M,.(C(T)) is zero.

Proof. — It suffices to consider the case m = 1. We give the proof
only for dimension-drop interval algebras. The proof for circle algebras is
similar and easier. Let 7 : I, — B be a surjective *-homomorphism with
nonzero kernel J # T,,. It follows that

J={fel,| flr=0}

for some closed proper subset F of [0,1]. Write F = ﬂ F; where F; D

F5 D ... and each F; is a finite union of closed submtervals of [0,1]. Setting

Jiz{fel[nl fIFi=O}
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it is clear that J; C J; C ... and UJ; = J. It follows that B = UB; where
B; 21, /J;. Since K is a continuous functor we have K1(B) = lim K;(B;)

hence it suffices to prove that K;(B;) = 0 for all large enough ¢. But for
large ¢, B; is isomorphic to a direct sum of C*-algebras, each of which is
isomorphic either to C([0,1], M,,) or to

{f € C([0,1], My)|£(1) € Cln}.

Since the Kj-group of these algebras is zero we conclude that
K 1 (Bz) =0. O

ProposiTION 4.2. — Let
0—-A—F = B—-0

be an extension of separable C*-algebras. If E is an AD-algebra then
7« : K1(F) — K;(B) is surjective and any torsion element of K,(B) lifts
to a torsion element of Ki(E).

Proof. — By assumption F is the inductive limit of a sequence
D1 nd D2 — ...

of C*-algebras D; € D. This gives canonical maps ¢; : D; — E with
E = Up;(D;). Setting B; = mp;(D;) one has B = U B;. This shows that
the e)ztension in the statement of the proposition is z‘che inductive limit of
the extensions

(+%) 0— J; — D; — B; — 0.

Since the K functor is continuous it suffices to prove the proposition for
the extensions (xx). Write D; ~ E; & ... @ E, with E; ~ Mm(j)(fn(j)).
Accordingly B; decomposes as B; = C1 @ ...® C, where C; ~ E;/J;NE;
and mp; = diag(y1,...,¥r) with ¢; : E; — C; surjective. By Lemma 4.1
we conclude, for each j, that either Ki(C}) is zero or 1; (hence K1(;)) is
an isomorphism. This proves that K (mp;) has a right inverse. O

Remark 4.3. — One can conclude from Proposition 4.2 that we can
replace (i) in Theorem 3.1 by
(i"’) E is an AD-algebra.

Indeed if E is an AD-algebra then 7, is surjective hence the index
map 61 : K;(B) — Ko(A) is zero. Thus (i') = (iii) of Theorem 3.1.
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THEOREM 4.4. — Let A, B be AD-algebras of real rank zero and let
e € Ext(K1(B), K1(A)). Suppose that K,(B) has a finite subgroup H such
that the image of e under the restriction map

Ext(K,(B), K1(A)) — Ext(H, K;(A))
is nonzero. Then there is an extension
0-AQQK —-FE —-B—0

representing e € KK1(B, A) such that E has real rank zero, stable rank
one and E is not an AD-algebra.

Proof. — The universal coefficient theorem of [RS] gives an exact
sequence

0 — Ext(K.(B), K.(A))—— KK1(B, A) —— Hom(K,(B), K.(A)) — 0.

The map ~ has degree zero and the map j has degree 1. Each e €
Ext(K1(B),K1(A)) gives an element j(e) € KK;(B, A) represented by
some extension

0—-AQK—-FE — B —0.

The index maps in the long exact sequence in K-theory associated with
this extension are given by

(60,61) =j(e) =0

hence are vanishing. By Proposition 4 in [LR]| this implies that E has real
rank zero and stable rank one whenever A and B have real rank zero and
stable rank one. On the other hand e corresponds to the isomorphism class
of the extension

0— K;(A) — K,(F) — Ky(B) — 0.

If e is chosen such that its image in Ext(H, K;(A)) is non-zero then we
conclude from Proposition 4.2 that E is not an AD-algebra. O

Example 4.5. — Let A be a real rank zero AD-algebra with K¢(A) =
Z [%] and K1(A) = Z/2. By a result of Elliott [Ell] such a C*-algebra

exists and is unique up to an isomorphism. Let e be the generator of
Ext(K;(A), K1(A)) = Z/2. Theorem 4.4 shows that there is an extension

0 AQQK—-E—-A—0
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such that F has real rank zero, stable rank one and F is not an AD-algebra.
Futhermore it can be shown that E is not isomorphic to an inductive limit
of homogeneous C*-algebras [BD].

However U ® F is an AF-algebra if U is a suitable UH F-algebra
(cf. [EK]). To be specific, let U be a UH F-algebra with Ko(U) = Z [%]
Then

0 UQRARQRK—-UQRE—-U®A—0

is an extension where U ® A is an AD-algebra with K;(U ® A) = 0.
Elliott’s classification theorem [Ell] implies that U ® A is an AF-algebra.
We conclude from Brown’s theorem on extensions of AF-algebras [Brl]
that U ® F is an AF-algebra.
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