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A NEW PROOF OF MULTISUMMABILITY
OF FORMAL SOLUTIONS OF NON LINEAR
MEROMORPHIC DIFFERENTIAL EQUATIONS

by J.-P. RAMIS and Y. SIBUYA

0. Introduction.

In 1978-80 the first author introduced the notion of k-summability
of formal power series expansions. This notion is based on fundamental
works of Borel, Watson, Nevanlinna. He proved that power series solutions
of sufficiently generic linear meromorphic differential equations are k-
summable for some k > 0 depending on the equation. He remarked also
that unfortunately there exists some formal power series solutions of some
linear meromorphic differential equations which are not k-summable for
any k > 0 (cf. J.-P. Ramis and Y. Sibuya [10] for an example). J.-P. Ramis
proved also a factorization theorem of formal solutions (J.-P. Ramis [9],
Y. Sibuya [12] : Theorem 4.2.3, p. 237) which implies that every formal
power series f solution of a linear meromorphic differential equation can
(non uniquely) be written as a sum of products of k-summable power series,
where the occuring k’s belong to a finite set depending on the equation.
Then it is possible to get a multisum f of fina given generic direction
d. Later J.-P. Ramis proved that this multisum does not depend on the
decomposition and that, if d is fixed, the map f — f is Galois. (W. Balser
obtained also independently the factorization theorem as a byproduct of
his treatment of his first level formal solutions.)

The major inconvenient of this approach is that the factorization
theorem of formal solutions is an existence theorem and is not truly
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effective. So it does not give an explicit way to compute the sum. More
recently J. Ecalle found an explicit way to compute the sum (using
analytic continuation and integral formulas). His method is based on
his acceleration theory (which is connected with previous works of G.H.
Hardy and his student Good). He named accelerosummation the very
general corresponding process of summation [4]. For a restricted class
of functions the, at this time yet unpublished, ideas of J. Ecalle were
exposed by J. Martinet and J.-P. Ramis in the first part of [8]. In the
same paper they proved the multisummability in Ecalle’s sense of formal
power series solutions of linear meromorphic differential equations : this
multisummability property is a trivial consequence of Ecalle’s theory and of
Ramis factorization theorem. Afterwards other proofs of multisummability
of formal power series solutions of linear meromorphic differential equations
were given by W. Balser, B.L.J. Braaksma, J.-P. Ramis and Y. Sibuya [1],
B.L.J. Braaksma [2] and B. Malgrange and J.-P. Ramis [7]. The first two
papers used Ecalle’s definition of multisummability. In the third paper the
authors introduced a new equivalent definition of multisummability based
on cohomological ideas (and in particular on a relative version of Watson
Lemma due to B. Malgrange).

In the non-linear situation multisummability of formal power series
solutions was independently conjectured by J. Ecalle and the first au-
thor, but the first complete proof was only very recently given by B.L.J.
Braaksma [3]. In his proof he uses Ecalle’s definition of multisummability.
Afterwards in [11] the second author outlined another proof based on the
cohomological definition of multisummability (cf. B. Malgrange and J.-P.
Ramis [7] and W. Balser, B.L.J. Braaksma, J.-P. Ramis and Y. Sibuya
[1]). In this paper we shall present a complete version of this analysis.
As we mentioned in [11], the main problem is to prove Theorem 2.1 of
§2, since multisummability of formal power series solutions can be derived
from Theorem 2.1 in a manner similar to the proof of Theorem 4.1 of [1]
based on Lemma 7.1 of [1]. We shall present a complete proof of Theorem
2.1. Our proof is based on the methods due to M. Hukuhara [5], M. Iwano
[6], and J.-P. Ramis and Y. Sibuya [10]. We shall also derive explicitely
multisummability of formal power series solutions using Malgrange-Ramis
definition of multisummability.

Our proof is quite different from Braaksma’s. We do not use Laplace
transform, acceleration and convolution products. The idea is to perform a
sort of analytic continuation across an infinitesimal neighborhood. We get
in a finite number of steps a more and more precise estimate of the sum,
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which is defined up to exponentially small corrections of some order which
increases at each step. Our proof is not simpler than the elegant proof
of Braaksma but we hope that it will shed a new light on the problem.
In particular our approach is based on a very detailed analysis of formal
normal forms (in relation with resonances) and Stokes phenomena for non
linear systems of differential equations. This analysis extends some works of
M. Hukuhara [5] and M. Iwano [6]. It has certainly an independant interest
and it would be interesting to investigate more deeply such questions.

1. Preliminaries.

As in [11], throughout this paper we shall use the following notations :

1) M(z) is an n x n diagonal matrix :

A1(z) 0 0 - 0 0
0 A2(z) 0 . 0 0
ay @ | 0 ME 0
0 0 0 s 00 Ap(2)
where either \;(z) = 0 identically or
N;j
(1.2) A@) = Y Ner
£=1
here
0<V1<l/2<"'<1/1\',,
1 < N; <N,
(1.3)
)\j,g e C,
’\j,Nj 75 0.
2)
pr 6 0 0 0
0 M2 52 0 0
(1.4) Ay = e e ,
0 0 0 Bn-1 bn-1
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where

(i) the p; are complex numbers such that the differences p; — pp are
not equal to nonzero integers if \;(z) = A\p(2);

(ii) the 6; are complex numbers such that A\;(z) + p; = Ajy1(x) + @41
if 6]‘ 75 0 3
(i) R(p;) <0 (G=1,2,--,n).

3) The quantity u is a positive real number such that
/“+§R(/-"J _/J'h) >0 (]’h'= 1’2,"')71') .

4) Asin [11] R denotes the set of all j such that \;(z) is not identically
equal to zero; i.e.

(15) R = {j; Ai(@) #0}.
5) We set
0
if j¢R,
a9 M@= N
3o o g if jeRr,
=
and
(1.7 Tj = UN; for jeR.
6) Let
(1.8) 0 < ky < kpg < -+ < ky < k1 < +00

be all of the distinct real numbers in the set { 7; ; j € R }; i.e.

{k1,-- - kp} = {75 ; j€R}

7) We fix an integer ¢ such that 2 < ¢ < p and set

(1.9) k= ky K o= kg1
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8) We also set

(1.10) R = {jeR; 1=k}

Throughout this paper, all sectorial domains are considered on the

Y1

Riemann surface of log z. Also, for an m-vector ¥ = | --- |, we define a
Ym

norm |3] by

(1.11) 171 = max [yl

Furthermore, for every o = (p1,---,pm) where the p, are nonnegative

integers, we set

(112) lpl = pr+pet - +pm, T = y'y5* - -yhr.

2. Main problem.
As in [11], we consider a differential equation :
dy - - v A
(2.1) T = Go(z) + [ M=) + A ] 7 + z¥ G(z,9),

where

(I) the n-vector Go(z) is holomorphic in an open sector D(a,b,ro) =
{z;a<argz<b, 0<|z|<ro};

(II) for every closed subsector D{e, 8,7] = {z; a<argz < B, 0< |z | <
r} of D(a,b,rp), there exists a positive number p(c, 3,r) such that
the power series

G, = Y. 7#C,la)

|pl>1

is uniformly convergent for

(2.2) z € D{a, B,7], 71 < pla,B,7),

where the coefficients ép are holomorphic and bounded in D(a, b, o).
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We assume that the following conditions are satisfied :
(1) there exists a direction argz = d such that

™ ™
(2.3) a<d—ﬁ<d+ﬁ<b,

(2) for each j € Ry, there exists a direction arg x = d; such that

™ ™
(2.4) d—ﬁ<d]‘<d+§k‘
and that R[A;(z)] changes its sign across the direction arg z = d;
(cf. figure 1). This means that the direction arg x = d is not singular
on the level k.

d; d;
d+§,; _% d+% d—%c—
+ - S
0 0
Case A Case B

Fig. 1 : the sign of R[A;(z)].

We consider the following situation : for any positive number r, set

us

(2.5) Wo(r)={z € C; |argz —d| < %

0< |z|<r}
and let

Z’{l/('r) = D(al'?ﬂ"’r) (V= 1727"'7N)»
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be a covering of Wy(r) , i.e.
T

2. l l L (r _— = n
( 6) Wo(’l‘) C N U, (r) C D(d ok €0,d + 2 +€0,’I'),

where ¢ is a sufficiently small positive number. Let us assume that the
covering {U,(r) ; v =1,2,---, N} satisfies the following conditions :

B0 < B —a < kl (v=1,2,--,N);
1

(ii) a<ar<ag<---<ayand f1 < P2 <--- < fPn <b;

(iif)

# @ if |v—-17v] <1,
U, (r) N Uy (r
l/() V(){=Q 1f|1/—l/l|>2,
(iv) there exists a positive number r; and N functions f1(z), - -, fz(z)

such that
(a) for each v, the function f, is holomorphic in U, (r1);
(b) for each v, we have lim f,(z) = 0 asz — 0 in U,(r1);

(c) for each v > 2, we have
@7 | f@) - foor@) | < Ke o= 1™ in U, (r) nUy_1(r)

for some positive numbers K and e; ;

(d) for each v, f, is a solution of differential equation (2.1) in U, (ry), i.e.

(2.8l
T dfcxl/im) - G"o(x) +[A(z) + Ao f_;(x) + M é(w,ﬁ,(w)) in Uy,(r).

We can choose the o, and the 8, so that, if j € R and R [A;(z)] <0
on

(2.9) W,(r) = {z; ay <arg < by, 0<| 2| <7}

for sufficiently small r > 0, then R [A;(z,€v)] < —6 on W, (r) for some
positive number § and a sufficiently small » > 0 . In particular, we can
choose the a,, and the (3, so that

a # d and By # dj for 7€ Ry, v=1,2,---,N.
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Also we can assume that the directions argz = d; are not in U,(r1) N
Uy,—1(r1) for any v (> 2).

We can further assume that R[A;(z)] # R[A; ()] on U, (r) N U (T)
if Aj(x) # Ay (z) on Uy (r) N U (T).

As in [11] the main purpose of this paper is to prove the following
theorem :

THEOREM 2.1. — We can modify the N functions f1,-- -, fN by some
quantities of O (e"" z |_k), where € is some positive constant, so that these

modified functions also satisfy conditions (a),(b) and (d) of (iv) given above
and that moreover they satisfy the following condition (¢’) : (¢’) for each
v > 2, we have

(2.10)

fi(z) - f;,_l(x)' < K el 1™ in 1 (re) NUy—1(ra)

for some positive numbers K', 5 and ;.

3. A formal solution by means of a formal normal form.

As in [11] we consider a differential equation :

U1
(3.1) mj—i = o) + Add + o# Fz,@), @ = |2,
Un
where F' is a power series in uy, -, Uy :
(3.2) F(z,il) = A(@)d + Y @ Fy(z),
lpl>2

satisfying the following conditions :

(i) A(z) is an n X n matrix whose entries are holomorphic and bounded
in a sectorial domain :

(3.3) D(e,B,r) = {z; a<arg z<pf,0<|z|<T},

(ii) the 13’;, (x) are n-vectors whose entries are holomorphic and bounded
in D(a, B,71),
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(iii) the power series F is uniformly convergent for

(3.4) z € D(a,B,r), il < 2.

There exists a nonnegative number L such that

(3.5) F(z,@) — F(z,@)| < Llg — @|
for
(36) z € D(e,pyr), @] < p, |T] < p

In particular,

(3.7) ‘ﬁ(m,ﬁ)‘ < Lid|
for
(3.8) z € Da,B,r), | < p.

Let us also assume the following conditions :

. .
(iv) B—a< &

(v) if, for some j € R, R[Aj(z)] < 0 in D(e, B,7), then R[Aj(z)] < —6
in D(a, B,r) for some positive number §;

(vi)
(39) T = {jeRk; R[Aj(x)]<0 in D(o,B,7)} = {1,--+,n0}.
Let us set :

(3.10)
[/\(IL‘) + AO ]no

/\1(.’1}) + @1 61 o --- 0 0
0 Xo(z)+p2 b2 - 0 0
0 0 o - /\no—l(-z') + fng—1 6”0-1

0 0 o --- 0 Ano (Z) + Lng



820 J.-P. RAMIS AND Y. SIBUYA

and
w1
w2

Wn,

Utilizing notations and assumptions given above, we shall state the
following lemma which will be proved in §7.

LeMMA 3.1. — For every p = (p1,- - ,Pn,) Where the p, are nonneg-
ative integers such that |p| = p1 + -+ + pn, > 2, we can find an n-vector
P,(x) and an ny-vector ¢, :

Py (z) ap,1(z)

P,(z) = , dp =
Pp’n(.'l}) aP,no (fL’)
together with an n X ng matrix Py(x) in such a way that

(i) the matrix Py(z) is holomorphic in D(«, 3,r) and

2| |Po(z) — C| (c - [IS"] )

is bounded in D(a, B,r) for some positive number u' such that
W+ Rp; —pp] >0 for (jh=1,---,n),
where I, is the ng x ng identity matrix and O is the (n — ng) X ng zero
matrix;
(ii) the ﬁp(x) and &, (x) are holomorphic and bounded in D(a, 8,7) ;
(i) Ppj(z) =0ifAj(z) = 3 pede(2);

1<l<no

(iv) ap,j(z) =0if Xj(z) # > pede(z);

1<€<no

(v) the formal power series :

(3.11) P(z,w) = Po(z)@ + z* Y  w¥P,()
lpl>2
is a formal solution of differential equation (3.1) if
dw - " o
(3.12) T = A(Z) + AolnoW + Z WA, ().
: ' lo]>2
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Note that power series (3.11) in  is a formal solution of differential
equation (3.1) in the sense that the following condition is satisfied as power
series in W (cf. (7.1)) :

L0B(,®) 9Pz, ) (

U o G
o o | M@) + Adlno @+ 3 ap(x))

|pl>2
= [\(z) + Ao] P(z, @) + a*F(z, P(z, D)),

where _01’(‘(9_:;,‘@ is an n X ng matrix defined by
0P(z,w) _ |0P(z,w)  0P(xz,w)
aw | ow Own, |

The left-hand side of this condition comes from a chain-rule by means of
differential equation (3.12).

Observation 3.2. — In order to find the structure of formal solution
(3.11) of Lemma 3.1, let us first look at differential equation (3.12). Since
condition (iv) of Lemma 3.1 is satisfied, differential equation (3.12) becomes

dv . .
(3.13) 2= = [Adln,¥ + o > ®d,(x),
[p|>2
if we set
(3.14) wj = Y@ v; (j=1,-++,n0),
where
pp 6 0 -~ 0 0
0 pp b2 --- 0 0
(3.15) [Aoln, =
0 0 0 - o1 Bng
o 0 0 --- 0 Hing
1
Let &= | © | bean arbitrary constant ng-vector. If we arrange the

Cno
Aj(z) in such a way that

R [A1(2)] < R[A2(2)] < -+ < R[Ano(2)]
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in a direction argz = 0 in D(e, 5,7), a general solution of (3.13) is given
by

(316) v; = ¢j(m;é) = ij“j + 1/;]'(2";0]‘-1-1,"'70710) (j=1,"‘,7l0),

where the zﬁj are holomorphic in D(a, 8,r) and

(3.17) P = Y. & P(a)
| o |21
where
(3.18) Yip(®) = 0 if A\ # Y pede
=1
and
(3.19) i (z)] < Yolz|#

in D(a, B3, ) for some positive number o and some real number 4. In fact,
the 9; are polynomials in ¢, - -, cp,-

Putting (3.14) and (3.16) together, we can find a general solution of
(3.12), i.e.

(3.20)
$1(z;¢)

G=3w0) = | 7T | @ =M@ g@d) (=10
bno (5 )

By utilizing (3.18), we can write 5(1:, ¢) in the following form :

(321)  f;d) = alhlroeh@logy $ (e“‘“‘”"@)p (),

| o122
where
[A(x)]’no = dia‘g(Al (-'1:)’ Tt ’A‘no (:L‘))
and
(3.22) |6 ()] < Yolz|*

for some positive number -y and some real number o in D(a, 8, 7).
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As an analytic justification of Lemma 3.1, we shall prove the following
lemma :

LemmMmA 3.3. — For any positive integer M and any positive number
p, differential equation (3.1) admits a solution of the form :
(3.23)

in(z;8) = Po(@)d(z;8) + z* Y. $(2;0°Po(x) + Em(z;0),
2<|pl<M -1

where

(a)  E(z;&) is holomorphic in a domain :
(3.24) z € D(a,B,r(M,p))  and [o] < p

where r(M, p) is a suitable positive number depending on M and p,

(b) we have
(3.25) B (z;0)] < K @M eooMl=l™

in domain (3.24) for some positive numbers 8y and K r. Furthermore
bo is independent of M and p.

Proof. — Set
Um(;8) = Po(2)d(w;@) + a* Y G(@;8)°Py(a) .
2<|pl<M -1
Then, since

Po(z)(z;8) + 2* Y 4(x;0)°Pylx)

lpl>2
is a formal solution of differential equation (3.1), we have

de'M(x;é') _

= (Mz) + Ao)Unt (23 0) — 2#F (2, Upn(2;0))| < Hur |6(z;0)|M

-

for z € D(e,B,rm) and |p(z;¢)| < pm, with sufficiently small positive
numbers 7); and pps, where H)s is a suitable positive number. Note that

B(z;8)| < H(lazl* e=lel™)
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in domain (3.24), where § is a suitable positive number and pg is a
suitable real number. Therefore, changing (3.1) by the transformation
@ = Up(; @) + Epr and utilizing the results of J.-P. Ramis and Y. Sibuya
[10] on the differential equation for E M, we can prove Lemma 3.3. (See, in
particular, §3.3 (pp.78-79) of [10].)

4. A normal form of a linear system.

The results in this section will be used in §5 where we shall consider
the situation on the intersection of two sectors D(a1, 81, ) and D(az, B2, 7).
Actually Lemmas 3.1 and 3.3 will be used in Step 2 of the proof of Lemma,
5.1, whereas Lemma 4.1 will be used in Step 3 of the proof of Lemma 5.1.
We shall finish the proof of Lemma 5.1 by utilizing Observations 4.2 and
4.3 in Steps 4 and 5. In this section the intersection of these two sectors
is denoted by D(a,3,7). The notation ng of this section and that of §3
are totally unrelated. Rather, ng of §3 corresponds to n; and ng of this
section. Keeping these in mind, we start explaining a normal form of a
linear system.

As in [11] let us assume that

{1,---,m1} € Rx and {ng +1,---,np + n2} € Ri and that
(4.1) R[A;(x)] <0 in D(e, B,7)

forj=1,---,n1 and j =ng+1,---,n0 + ng. Let

¢1(z; ¢1) Pro+1(; &)
- o z; C: - i - T; Cs
o1(z;¢1) = ¢2(_ . 1) y o pemide) = ¢ °+_2_(_ )
Pny (1;; 61) q’Sno-l-nz (ZII; 62)
be general solutions of the following two differential equations :
dw, " =
T—— = [ A=)+ A ), + z¥ Z W@ ,(z)
lpl>2
and
d, o =
== [ M=)+ Ag |, W2 + z* Z a0 (2),

lpl>2
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respectively where

[AMz) + 4o

)\1(1‘) + p1 6 o .- 0
0 A(x)+pe b2 - 0
0 0 0 - bps
0 0 0 - Ay (z) + Hny

and

[AMz) + Aoz

Ang+1(Z) + Bng+1 Ongt1 0 --- 0
0
0 0 0o - Ong+ng—1
0 0 0+ Angtna(®) + tngtng
Set
alypyl(x) a21pvn0+1(w)
ah,p(7) = al’?zz.(w) ) Gz,0(2) = a2’P’TL?T2(x)
alypynl (x) a2yp;"0+n2 (x)

We assume that

01,p,,5(x) = 0 if A # Z D1,eAe,
(4.2) . 1<l<n,
a21@72;n0+j (:C) = 0 lf )‘n0+J ;é Z p2,’n0+l)‘no+l
1<l<ng

where p1 = (p1,1,**,P1,n,) a0d P2 = (P2no+1," " * s P2no+nz)-
The following lemma will be proved in §8.

LEMMA 4.1. — Let an n X n matrix.

(4.3) A, d1,62) = D IG5 Ap, ()

[p1]+]p2]|>0
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be given as a power series in ¢, and ¢, , where the Ay, p, () are holomor-
phic and bounded in D(c, 3,7). Then for every o1 = (p1,1,"-*,P1,n,) and
92 = (P2,n0+1>" "y P2,no+nz), Where |p1| + |p2| > 1, we can find n x n ma-
trices @y, o, () and By, p, () together with another n X n matrix ®y(z)
in such a way that

(i) @pips() , Bp,p,(x) and ®o(x) are holomorphic and bounded in
D(a,B,T)

(ii) if we denote by @, ij'(z) and By, o, i’ () the (4, j')-th entries of
®,, 0, and B, ,, respectively, then

(4.4)
Ppppji () =0 i Aj— Ay = Z Prede + Z D2,no+2Ano+8s

1<€<ny 1<l<ny

Boipris @) =0 if Aj=Xjp # Y predet Y. PrmgttAnote;

1<8<ny 1<8<n2

(iii) there is a positive number p' such that p' + R[u; — pjr] > 0 for
Jyj' =1,---,n and that, if we put

@(.’1}, 51; 52) =TI+ ;1;"’,4)0 + zH z 5?1 $g2®9192’
|p1]+]p2]>1
(4.5)

B($,$1,$2) = Z 5?15523371@2,

|p1]+]p2/>1

we have

(4.6) x% — [A®@) + Ao+ 2#B]® — B[ A(x)+ Ao + 4 A]

as formal power series in ¢1 and ¢s.

Observation 4.2. — We can construct a fundamental matrix ¥(z, ¢, ¢3)
of the system :

1% .
(4.7) x(;—m- = -V [ XNz)+ Ao+ z'B],
where V is an n-dimensional row vector, in such a way that
© P
A U(z,8,8) = Z (emlal) ! (e[Alz 52) 2 Uy, (2)
lp1|+p2]>0
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where
A(z) = diag(A1(x),- -, An(z)),

(4.8) [A(z)], = diag(A1(2),- -, An,(2)),
[A($)]2 = diag (Ano+1(2), -+, Angtna (%)),

and the ¥, ., () are holomorphic in D(e, B, 7); furthermore

(4.9) [¥pr0,(T)| < Vprp, |[He202

in D(a, B, ) for some positive numbers v, ,, and some real numbers py, o, .
Observation 4.3. — More precisely speaking, if we set

(4.10) V = Wz oA,

differential equation (4.7) changes to

(4.11) zﬂV- = —W gtz Bgo,
dz

where

(4.12) B = e 2@ BeA@),

Since the matrix B satisfies condition (4.4), we have
(4.13) 1B| <0 |a|*

in D(a,B,r) for some positive number vy and some real number .
Furthermore if we assume that

(4.14) R[A1(2)] < R[A2(2)] < --- < R[An(2)),
and if we denote by B]‘]" the (j,')-th entry of B, we have
(4.15) Bjy =0 if  RA;()] > RA;(2)]

The matrix ¥(z, ¢1,c2) has the following form :
(4.16)

¥(z,C1,C) = [I + / EHETRB(E, 8, E)eM0dE + - zT A0 M)

where - - - denotes terms of O(|&|* + |&[%).
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5. Stokes multipliers.

We shall utilize the same notations as in §2, and consider the following
situation : let

UV(T) = D(CY,,,,B,,,T) (v= 1a2)
be two subsectors of D(a, b, 7o) of §2 which satisfy the following conditions :

)0<B —a < —  (v=1,2);
k1

(ii) Us(r) NUs(r) # 2;

(iii) there exist a positive number 7, and two functions fi(x) and fa(z)
such that

(a) for each v, the function f, is holomorphic in U, (r1);
(b) for each v, we have lim f,(z) = 0asz — 0 in U, (r1);

(c) we have

(5.1) fa@) — filz)| < Keal =™ in Uy(r) NUa(ry)

for some positive numbers K and ¢; ;

(d) for each v, 7, is a solution of differential equation (2.1) in Uy (r1), i.e.

(5.2)_‘
df,(z)
dz

z = Go(2) + M) + Ao fule) + 2 Gz, fu(z)) in U(r).

As in [11] we want to prove the following basic lemma :

LemMA 5.1. — We can modify the two functions f1 and fo by some
quantities of O (e“' z |_k), where € is some positive constant, so that these

modified functions also satisfy conditions (a),(b) and (d) of (iii) given above
and that moreover they satisfy the following condition (c’) :

(c’) - we have

(5.3) fi@) = f@] < K e =™ in Ui(re) NUs(rs)

for some positive numbers K', ro and e;.
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Proof.
Step 1 : For each v = 1,2, changing differential equation (2.1) by

(5.4) 7= f@ + i,
we derive another differential equation :

(5.5-v) x% = [Mz) + Ao)@, + z* F,(z,1,) in U,(r),

respectively, where
F(z,@) = G(=,fu®) + @) — G(z,fu(2)) = > @ F,u(a)
lpl>1

is a power series which is uniformly convergent in the domain :
T € ul/(rl), |ﬁ| < po

for some positive number py and the coefficients F_“,,,p(a;) are holomorphic
and bounded in U, (r1).

Step 2 : We shall apply Lemmas 3.1 and 3.3 to each of two différential
equations (5.5.v). To do this, let us assume that
(5.6)

Je(1) = {j € Ri; R[Aj(2)] <0 in Ui(r)}={1,---,m},

Tk (2) {7 €Ri; R[Aj(2)) <0 in U(r1)} ={no+1,---,n0+n2}.

Then we can construct two differential equations :

( dw - o
xd_ml = [Mz) + Ao, W1 + z* Z W a,p(T),
lp]>2
(5.7) {
dwo S " o
:L'% = [/\(.’I)) +A0]2 we + x Z Wy 012,;7(37):
Ipl>2

respectively, where
wW1,1 W2 no+1
(i) why=| - |,and Wy =
W1,n, W2,no+nz
(ii) the two matrices [A(z) + Aol; and [A(z) + Ao|, are the same as in
84;
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(i) if we set

o1,0,1(2) 02,p,n0+1()
o «a T . «a T
a,p(z) = 1’72-( ) ) O,p(z) = 2’p’7?T2( )
a1,0,n, (T) Q2,0,n0+n;, (T)
then
a1,p,,5(2) = 0 it A # Z P1,eAe,
(5.8) . 1<8<ny
az»@z»"o-l'j(x) =0 if )‘no+j 7é Z p2,no+l)\no+l7
1<<n2

where o1 = (p1,1,-**,P1,n,) a0d P2 = (P2,no+1," ", P2,no+ns) - Let

¢1(z;¢1) Pro+1(x; &)
¢1(z;61) = ¢2(f;_ ) ; bo(2;8) = ¢n°+?,(?;02)
¢n1 (:L'; é.1) q;no+n2 (.’E; 62)

be general solutions of differential equations (5.7) respectively as con-
structed in §3.

The most important meaning of differential equations (5.7) is that
there exist two formal power series

(5.9) B,(z,%,) = P,o(z)d, + z* Z WP, o (T
lp|>2

such that

(1) the P.,,,g,(w) are n—vectors and the P, o(z) are n X n, matrices
respectively ;

(2) the entries of P'yp(x) and P, o(x) are holomorphic and bounded
in U, (1) respectively;

(3) moreover the quantities
lz|™* [Poo(z) — Cul
are bounded in U, (r;) respectively for some positive number y’ such that

g+ Rl — ] > 0 for j,h=1,2,---,n
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where
I, 0
C, = o | Cy = I, |;
0

here I,,, is the n, X n, identity matrix and the O are the zero matrices of
suitable sizes;

(4) if we set

N Pu,(p,l(x)
Py’p(x) = e ,
Py pon(2)
then we have
ni
P, i(z) =0 it A= preds,
(5.10) =
P2,(o,n0+j(z) =0 if ’\no+j = Z p2,n0+l)\no+l§

£=1

(5) the formal power series

B,(2,4,(x,8)) = Po(@)d(x,8) + a* D $,(2,8)°P, ()
|p]>2

are formal solutions of differential equations (5.5.v) respectively.

Set

(5.11) Umo(@,8) = Poo(@)du(z,8) +2* Y. ¢(2,8)°P, o(2).
2<|pl<M -1

Then each of differential equations (5.5-v) admits a solution of the form :
'D:M,V(z, é’u) = ﬁM,u(w, Eu) + EM,V($)6V)

such that

(a) E'M,,,(a:; ¢,) is holomorphic in a domain :
(5.12-v) z € U(r,(M,p)) and el < p

where 7,(M, p) is a suitable positive number depending on M and p,
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(b) we have
(5.13) Br(236,)] < K |@M e~SoMlel™

in domain (5.12-v) for some positive numbers &y and Ky ; further-
more 6y is independent of M and p.

Now we modify the two solutions f_i and fg by

(5.14-v) Vmp(@,6) = fulz) + Guu(z,),
respectively.

Step 3 : If we set

(5.15) Yu = ¥uz(z,8) — Yumale,é)
in the domain

(5.16) z € U(ri(M,p)) NU(r2(M,p))  and |

N

p

Y satisfies a linear homogeneous system :

dY; _
(5.17) xd—;” = [Mz) + Ao + z*Hu(,E1,8)] Yar,

where

- YoG, - >
Hy(z,6,6) = / 5&:(58, toae + (1 —t)Yar,1) dt
0

Go(z) + D> V88 Gpr () + Wi(z,81,8);
1] +|p2]>1

I

here

(i) Go(z) is holomorphic and bounded on U;(rar) N Ua(rar) for some
positive number 7z ;

(ii) the Gy, e, () are holomorphic and bounded on U; (rar) \U2(rar) and
the series on the right-hand side of (5.17) is uniformly convergent for

(5.18) z € Ui(rp) NU2(Thr), |61(z;61)| < par, |b2(z; 62)| < ps

for some pps > 0;
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(i) Wan(z,¢1, &) is holomorphic in (z,¢;,c2) and
JER _ -k
(5.19) [Wat(z,81,8)| < Ka [gM e %oMlzl

in domain (5.16) for some positive numbers & and Ky ; furthermore &, is
independent of M and p.

Set
gl(w761762) = Z (lp1 —.52 g@l,Pz(z)'

[p1l+]p2]>1

Let us apply Lemma 4.1 to the differential equation :

(6520) 252 = \@)+ Ao +a#B& — B[A(@) + Ao +2*(Go + )]
Then we can construct two n x n matrices ® and B of the form (4.5)
which satisfy conditions (i) and (ii) of Lemma 4.1 (in particular (4.4)) and
equation (5.20). Note that the matrix ® is a formal power series. However by
utilizing an idea similar to the proof of Lemma 3.3, for any given sufficiently
large positive integer M and any positive number p, we can construct an
actual solution ®ps(z, €1, C2) of the differential equation

d® ' -
(5.21) x—&—wy— = [AMa)+Ao+2*B]®p — Pm [N (z)+Ao+2*Hp (2, C1, Co)]
of the form :
dy(z,E,8) = I+z* &+t > P P82,y + Vi (2,81, 8)

I<|pa|[+lp2l<M -1
such that Vas(z, ¢, ) is holomorphic in (z, ¢, ) and
(5.22) |I7M(1;, ¢, &) < Ku 151M e—boM|z|*

in domain (5.16) for some positive numbers §y and Ky ; furthermore &y is
independent of M and p.

This means that, if we set
Z = QM(Q:7 61) 62)YM($v 815 62)1
then Z satisfies the linear homogeneous system :

m% = [Mz) + Ao + z*B]Z.
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Therefore, if we utilize the fundamental matrix ¥(z, €1, ¢3) of system (4.7),
ie.
@

(4.7) T

= —V M)+ 49 + z*B],

the vector I’ M (€1, C2) defined by
(5.23)
1-\M(é‘la 62) = \II(.’E, Ela EZ)Z = ‘I’(l‘, 61, E2)¢M($7 61) é‘2)YM(x, 61, 62)

is independent of z. Furthermore
rOT (@, &) = r@PU(2,8,8)0um(z,é1,8)Vu(z,é, )

can be written in the following form :

(5.24)
= [ P2 - —
6A(z)rM(51,52) = Z (C[A]lé’l) ' (e[A]262) : Fplpz(.’l,‘)-l-gM((L‘, 51,62),
[©1|+]p2]>0
where
@)

A(z) = diag(A1(z), -+, An(T)),
[A(z)]l dla'g (Al ((E), e aAn1 ($)) ’
[A(‘T)]2 dla'g (Ano-i-l(x)a Ty Ano+n2 ((L‘)) )

I

(i’) the fmm (z) are holomorphic and

|F§71pz(x)| S'Ymm Imll‘mm

in Up(rar) U1 (rar) for some positive numbers 7,, ,, and some real numbers
Hpip2)

(iit") En(z, &1, &) is holomorphic in (z, &, &) and
(5.25) \En (2,81, 8)| < K |M e~CoMl=l™

in domain (5.16) for some positive numbers §y and Ky ; furthermore & is
independent of M and p.

Remark. — If we set &, =0 and & =0 in (5.23), we get

(6526 Fu(@.0) = 2@ [I + 2 00(2)] (ale) - fi(a).
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Step 4 : Suppose that M is sufficiently large. Then letting z tend to zero

in Us(rar) NUsL(rpr) We can compute fM(El,Eg). To start calculation, let
us denote by I';(¢1,C2) the j-th entry of ', i.e.

I'y(c1, )

. B To(&:. &
I‘M(EMCZ = 2(C1,C2) )

and look at (5.24) or

(5.24-5) T(61,8) =

13 P2 -
S N (Mhg)” () Mg @)t @bz, 00,0))s
|o1]+]p2|>0

where []; denotes the j-th entry of a vector ¢. Note also that we have
(5.26). From (5.24-j) we can derive immediately

(527) Fj(é‘l,é‘g) =0 if Tj <k.

If ; =k and j¢ Jk(1)UJk(2), then R[A;(x)] > 0 on U(rrr) NU(T11).
Here we use assumption (2) of §2 (cf. figure 1 of §2) and assumption that
the directions argz = d; are not in U, (r1) NU,—1(r1) for any v (v > 2).
Hence we have

(5.28) Fj(é‘l,é‘z) =0 if 7;,=k and Jj ¢ Je(l) U Jx(2).

Let us look at I'; for j such that 7; = k and that j € Jx(1) U Jk(2).
For such j, we have

(5.29) Ij(é,¢) = Z o1
lp1]+]p2]>0
where I'; ;. o, = 0 if
ni n
(5.30) R|Aj) — D prebe(x) — O Prngsthnere(z)| >0
=1 =1

in U(rpr) N Usz(rar). This means that the right-hand side of (5.29) is a
polynomial in ¢; and ¢ if M is sufficiently large.
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Step 5 : More precisely speaking, for j € Ji(1) U Jx(2) we can derive
(5.31)

§ + co5 + oo if je€ Jk(2) and j & J(1),
[;(@,8)=4& + c2j — ey + - if jeTu(l)NTk(2),
§ — ey + o if j€ Jk(1) and j ¢ Jk(2),

where ¢; = I';(0,0) and - -- denotes terms containing only those ¢, ¢ such
that R[A;(z)] < R[Ae(z)] in U (rar) NUs (Tar). In fact, (5.31) can be derived
by a straightforward computation based on the following facts :

(1) p+ R[pj — pn] > 0 for j,h=1,--+,n,
(2) '+ Rlpj — pn] >0 for jh=1,---,n,
(3) (5.26),

(4) the quantities |z|™*" |P,o(z) — C,| are bounded in U, (rar)
respectively,

(5) (3.21), (4.15) and (4.16).

The main ideas behind this calculation are

(a) we look only for those terms with |p1| + |p2| = 1 and

ny n2
R |Aj(z) = Y prebe(r) — Y PrmottBnoe(z)| =0,
=1 =1

(b) we ignore those quantities that tend to 0 as x — 0 in Ua (rar) NU1(Tar1).
For example, if we ignore those terms of O(|¢1|? + |¢2|?), we have
(Yu(@,@) = faz) = file) +[C2+O0@H)]ga(z, c2)
—[C1 4+ Oz )| (2, 1) + - -
Oy (z,81,8) = I+0()
$ +z#[terms linear in ¢; and ¢ with bounded coeffi-

cients] + -,
‘PM($,€1,62) = [I + fz guf—AoB(g, 51762)§A0d§:| w—Aoe—A(a:) +eee
 ¢u(z,C,) = zlAoly lA()]y Co 4,

where [Ag], = [M«) + Ao)u |a@)=0 (cf. §4) .

Now if we further ignore those terms which tend to 0 as z — 0 in
Us(rar) NUi(rar) and those terms corresponding to R[A;(xz)] < R[A¢(z)],
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we conclude that the terms from CoCz — C;¢; are the only contribution to
the terms linear in ¢; and ¢ of I';(¢1,C2). In this last step we utilize (1),
(2), and (3) together with the structure (4.15) of the matrix B . Thus we
can derive (5.31).

Therefore we can fix arbitrary constants ¢j, ¢; in such a way that
I‘j(é‘l,é‘z) =0 for j€ Jk(l)UJk(2).

This completes the proof of Lemma 5.1.

6. Proof of Theorem 2.1.

We shall utilize the same notations as in §2, and apply Lemma 5.1 to
{U,(r1), Uy—1(r1)} and {f,(z), fu-1(z)} for each v. To do this, set

(6.1) Jk(v) = {j € R; R[A;(2)] <0 in U (r1)} = {Gv1, - Jun. }»
and

Cv\jun
(6.2) g = | i

Cv.umy

Then for each v, we have the following system of equations :

(6.3-v)
0 = T;(¢-1,8)

& + cuy + oo if jeJk(v) and j ¢ Je(v—1),
=4q& + i — -1 + - if jeTw)NTk(v-1),

& — c—15 + - if jeJk(v—1) and j¢ Ji(v)

where §; =T, ; (0,0) and - - - denotes terms containing only those c, , and
¢y—1,¢ such that R[A;(z)] < R[A¢(z)] in Uy (r1) NUy—1(r1) (cf. (5.23)).

Let us classify those j in Ry according to Case A and Case B of figure
1 of §2. Then, since the direction d is not singular on the level k, we can
choose, for each v, a point z,, in U, (ry) NU,_1(r1) in such a way that

< R[Aj(zv41)] if j is in Case A,

(6.4) R[A;(z,)] { > R[A;(zy11)] if j is in Case B
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(cf. Lemma 1.4.1 on p. 56 and Lemma 1.7.1 on p. 66 of J.-P. Ramis and
Y. Sibuya [10]). Let us order all of equations (6.3-v) (v = 2,3,---,N) by
the order of {R[A;(z.)] ;5 € Jk(v), v=2,3,---,N }. Then we can solve
those equations successively. Thus we can complete the proof of Theorem
2.1.

7. Proof of Lemma 3.1.

Let us consider the following partial differential equation :

OP(x,w) OP(z,w)
T + p
(7.1) Oz o

N@) + Aol +2# 3 0¥ ap(w)

|p]>2
= [A(z) + Ao)P(z, @) + z*F(z, P(z, 7)),

AP (z, D)
B2

where is an m X ng matrix defined by

0P(z,w) _ |0P(z, %)  OP(z,w)
0w '

8’11}1 Bwno
Denote by (Pp)e¢(x) the /~th column of Py(x) and set

1 if h=Y¢,

= (eg1,€02," ", €lng), here ey =
er = (ee1,er2 o) where egp {O )

Then
dP(z,w)

o, = (Poe(®) + 2D pe @ Po(a),

[pl>2
and hence
AP (z,w)

o = PO("B) + z# Z P‘[vs(x)[plu—ﬂp—‘31 paw®Te2 ... pnou')"”e"t)].

lp|>2
Also we have
(M(z) + p1)wy + w2
(A2(z) + p2)wz + Sows
@) + Aol = e
()‘no—l(x) + uno-—l)wno—-l + 6no—1'wng
(Ano (Z) + Hno)Wng
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Therefore
8P (z, )

5% A(z) + Ao, W

(@)[M=) + Aolno@ + Y [(i e (/\z($)+,uz)> ¥

lpl>2 L \e=1
‘no—l

+ ) pe b WPt Po(x).
=1

Thus we derive from (7.1) the following recurrence relations :
(7.2)

' m%@ = [Az) + Ao + z* A(z)] Po(z) — Po(z) [Mz) + Ao)ne,
z‘f%’g—) = [A(z) + Ao + 2* A(2)]®, (z)
< - (;j pe (e(o) +ue)> 8,(2)
- ef e+ 1) 6 Bprereens @)
\ - (Po(@) Gola) + Fola) ),
where

Bp(z) = z*Py(a),
a_pd, for each g, the entries of F,(x) are polynomials in the entries of
®, and dy (|p/| < |p|) with coefficients holomorphic and bounded in
D(a, B,7). Note that <I>3,+ee o1 = 0 if some entries of p + e, — egy; are
negative. We shall determine P, <I> and &, by (7.2).

Step 1: Set Py(z) = C+ X, where C = [Ig] (cf. condition (i) of Lemma
3.1). Then from (7.2) we derive
dX
T~ = A(z) + Ag + 2 A(z)] X — X[A(z) + Aolno
(7:3) + [A(®) + Ao + 7*A()]C — C[A(®) + Aolng

= [Az) + Ao + T A(2)]X — X[A(@) + AoJn, + 2" A(z)C.

Choose any positive number u’ < . Then by utilizing the assumption that
p+ Rp; —pn] >0 (j,h =1,---,n) and the method in §2 of [10], we



840 J.-P. RAMIS AND Y. SIBUYA

can construct a solution X (z) of (7.3) such that z=# X (z) is bounded on
D(a, B,r). Actually, we can choose p' so that

B+ Rl — pup] >0 for j,h=1,---,n.
Step 2 : Let us denote by P(m) the set of all p = (p1,---,Pn,) such that
the py are nonnegative integers and |p| = m, i.e.
P(m) = {p = (p1, - ,Pno) ; the p¢ are nonnegative integers and |p| = m}.
For p, p' € P(m), we define an order :
p=(p1,-"sPno) > ¢ = (1, Pn,)
if and only if, for some £y € {1,2,---,np}, we have
Do =Dy for < { and  pg, < Py,
Let

1 < p2 < < PM(@m)
be all p’s in P(m), where

g91=(m,0,--~,0) and pM(m)=(0a70’m)
Furthermore

p > p + e — epqa.

We determine <I-5gJ and @, starting from p = gp; successively according
with this order. Note that @, 1e,—e,,, () =0for £=1,---,n9— 1. We set

no
B,i(x) = 2*Poj(z) = 0 if MN(@) =) pere(a),

=1
Gpj(z) = 0 it Xi(2) # Y pedel).
=1
Then, if \j(z) = %02 DeXe(z), we derive
(7.4) -
’I‘Lo—l
0=0"[A@)8Bp(@)]; = Y (e +1) 8 Bprererss,i(@) = 2'[Po(2) Gp(@));
=1

~ e [Fo(@)s,
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where [)7] ;j denotes the j—th entry of the vector Y. It is easy to see that
no
JE€Te={L2,---,no} if  XN(z) =) pede(x)
=1

and
[Po(z) dp(2)]; = [Cap(2)]; + [(Po(2) — C)ap(x));
= ap,j(z) + [(Po(z) — C)dp(2)];-
Also we can assume recursively that ®pye,—e,,, () = T#Poie,—epy, (T),

where the entries of P,ic,_e, +1(z) are holomorphic and bounded in
D(a, B,r). As a matter of fact, we have

no
Bprermcrnj(@) = 0 if Xj(@) =) pede(z) and & #0
=1

since Ay = Ag41 if 8 # 0. Therefore, (3) determines &, in a form :
Gp(@) = Gp(2)Bp () + Ep(a),

where G,,(z) is an ng xn matrix whose entries are holomorphic and bounded
in D(o, B,7) and &, (x) is an no—vector whose entries are holomorphic and
bounded in D(e, 3,7) (because of recursive assumption).

Now (7.2) yields a system of differential equations :

dd,, ;

no no
s—2L = |\i(z) — Y pede(®) + py — Y popse| By
dz — £=1

(7.5) + 6;®p 41 + 2V [(A(x) + Po(x)gp(ﬁ))‘isp]j

+ 2#Qy i(z)

|
for j such that \;(z) # 20: peAe(z), where the Q,, j(x) are holomorphic
=1
and bounded in D(e, B,1).
Finally we can construct &,(z) = 2#P,(z) in such a way that the
}3p (z) are holomorphic and bounded in D(«, 3,r) by utilizing the methods

and results in J.-P. Ramis and Y. Sibuya [10]. ( In particular, see, §2.1 (pp.
66-70) and Lemma 1.7.2 (p. 66).) Note that, in equations (7.5), we have

@) = polz) £0.
=1



842 J.-P. RAMIS AND Y. SIBUYA

8. Proof of Lemma 4.1.

Let us determine two formal series ®(z, 51,52) and B(z, 51,52) of
(4.5) by differential equation (4.6). Note first that

o _dlrw) o (e
dzr - dx dx P12
|p1|+]p2]>1
o 7pr (@B 0,)
P11 102 P12
+ ) e e
lp1]+]p2]>1
where
a(Frdp) o dgy & d
= po1—ee gz 0, 7T Tp1 Tp2—e Dro+e
R - ; PLedr o3 i +ZZ=; P2no+e B P50 ¢ T
Here
ere = (61,64, ) and ez = (8%, -+, 62,,),
with
1 it j=¢
b = { e v=1,2.
0 if j#4,

Note also that

d_‘ g T =
x_d%l =[ A=)+ Ao 1 b1 + 2H 3 15 BT Gre(2),

déy = 5 " o =
i [AM@)+ Ao ]2 ¢2 + 243 150 63 ap(2).

Therefore,

doy

Tp1—eir 1p2
m——
Frmere e 20

|pl>2
= (Ml0) + e Y0 G + oo G

= g¥r e g ((/\l(m) + pe)de + bepos1 + Z o a1,p,z(5€))

+xu¢({71—eu¢g’2 Z ¢({7 al,p,l(x),

lpl>2
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and
q—;@l Tp2—e2e xd¢no+l
1 2 d(B
- o o og— et
= (Ang42(Z) + tingte )BT P52 + bpgq et 3>~ T4
+ T GTT Y G azpingre(@),
lpl>2
where
o1,p,1(2) @2,0,n0+1(T)
d,p(z) = and ,p(z) =
Q1,0,n; (ZL') Q2,0,n0+n2 (I)
Thus we derive
a (g% g5°)
z—
dx
ni nz
= [ D pre a(@) + pe) + D Prmore (note(@) + fingre) | 67 652
=1 =1
n1—1 ng—l
o1 —ergd - 1 oy — et
+ D e pre 6T TTNIIGE 4 D bngre Pangre 67 G50 TN
=1 =1
ni
+3 0 pred e TG D Y on ()
£=1 |pl>2

n2
+ D Ponore TETETTN N BE @ pngre(T).

£=1 lpl>2

Set ® =I+®, A= Ag(z)+ A. Then

A(z) + Ao + 2#B]® — ®[A\(z) + Ao + z*A]
=[A(z) + Ag + z*B]® — ®[\(z) + Ag + zV(Ago(z) + A)]
+2(B — Ago(z) — A)
=[A(z) + Ag)® — ®[\(z) + Ao + " Ago ()]
+2#B® — 2*®A + 2#(B — Ago(z) — A).
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If we write [A(z) + Ag + z#B]® — ®[\(z) + Ao + z*A] in the form :
[A(z) + Ao + 2#B|® — ®[A\(z) + Ao + z* 4]
=Wo(z) + Z ‘Z"im -‘5202 W02 (2),
|p1|+p2]>1
we have
Wo(z) = [A@) + Ao)(a* ®o) — (¢ @o)[A(z) + Ao + z# Ago()]
-zt Ago (),
Wo.ps () = [Mz) + AO](x“q)mm) - (1;1‘<I>mm)[)\(g;) + Ag + z+ Ago ()]
+2# By, o, () [T + 2 ®o] + THW 0, (2),

where W, o, (2) is a polynomial in By (x) and @y s (2) (|} ] + |5] <
l1] + |go2]) with coefficient holomorphic and bounded in D(a, 3, 7).

Thus we derive the following differential equations :

( d(z* @)
x—
dz
= [Ma) + Ao)(@* o) — (z* Bo)[Mz) + Ao + z*Ago(z)] — z# Ago (),

xd(zl‘@mm)
dx
= [A@) + Ao)(2H @y, p,) — (P, o, ) [A(@) + Ao + zH Ago ()]
— [0k pre (Me() + pe)
+ 22021 P2+t (Ang+e€@) + ing+e) ] (24 @y p,)
- E?é;l be (;D1,z + 1) (wﬂq)m+€1e—eu+1yp2)
- Z?i;l 6no+€ (pZ,no+€ + 1) (x#®@1,92+621—€2£+1)
. +2# By, p, (x)[I + o+ ®o] + ¥, 0, (T),

where ¥, ., (z) is a polynomial in By g (z) and @y or (z)  (101] + || <
lp1] + |p2]) with coefficient holomorphic and bounded in D(e, 3, 7).

Writing the equations on z#®,, ,, componentwise and utilizing an
argument similar to the proof of Lemma 3.1, we can complete the proof of
Lemma 4.1.
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9. Multisummability of formal power series solutions
of non linear meromorphic differential equations.

We will prove multisummability of formal power series solutions of
differential equation (2.1) according to the Malgrange-Ramis definition of
multisummability [7]. This definition is slightly different from those of [1],
[2], (3], [8] : one replaces the notion of multisummability in one direction
by the notion of multisummability on a family {I1, ..., I,} of nested closed
arcs of the unit circle S (or more generally of its universal covering S). In
this paragraph we will use the definitions and notations of [7].

DeFINITION 9.1. — Let I1 C ... C I, be a set of nested closed intervals
of the circle S with |I;| > % (j=1,...p). Weset L1, = S. Let ¢ € Cl[x]]

be a formal power series expansion. We will say that é is (k1y. .. kp)-
summable on (Iy,...I,), with sum ¢, if :

() b Cllall s,
(ii) there exists a sequence (¢1,. .., ¢p, Pp+1) Where :

a) ¢p+1 € T'(S; A/ AS™*») and ¢p41 corresponds to & by the natural
isomorphism

D(S; AJAS™) - Cllall 1

b) ¢; € F(Ij;A/Ag‘kJ'-‘) (4=1,...,p+1),and ¢; = #j41/1; modulo
AR forj=1,...,p.

We denote by d;; the bisecting line of I; (j =1,...,p). Ifdy = ... =
d, = d', we will say that b is (ky,.. ., kp)-summable in the direction d’.
(This definition is equivalent with the definitions of [1], [2], [3], [8].)

If f € (C[[z]])" is a formal solution of the differential equation
dj } ,
21) 2= = Go(@) + [Ma@) + 40] § + o Gl D),
then it is proved in [12] (Theorem A.2.4.2, p. 209) that f € (Cll=]] 2 )™
Observation 9.2. — We can choose ¢ = 1 in (1.9) and set k = ky, k' =

ko = +00. Then we can replace the condition (c’) by f,(z) = f,_1(z) in
U, (r2) NU,—1(r2). Then the theorem 2.1 remains true.
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Tueorem 9.3. — Let ¢ € (C[lz]])” be a formal solution
differential equation

~

d 5 -
z 2 = Go@) + @) + Ao] 7 + 2" C(a,)-

Let I C ... C I, be a set of nested closed intervals of the circle
{I;| = % (7 =1,...p). Let us assume that the bisecting line arg x =
J

I; is not a singular line of the level k; (that is R[A;(x)] does not cha
sign across the direction arg x = d;; forj =1,...,p). Then ¢ is (ky, ..
summable on (I, ... Ip).

We will build a sequence (g1, ... ,cfb},, $p+1) with
a) q% € (I'(8; A/ AS~*i~1))" by a descending recursion on j.

First we get ‘Z;p+1 from q-ﬁ' using the natural isomorphism
(Cllzl]2)" — (T(S; A ASTER))™,

Now we suppose that we know (qB}, . ,$p,$p+1) for3<r<p+1
that ¢; € (D(I;; A/AST -1)" (j=r,...,p+1), and ¢; = ¢;11), D
(AS=EY for j=17,...,p.

Then we set k,—y =k and ko =k", [=1,_1,d=d._,.

We can represent ‘;ri I._, by a 0-cochain f ={ fl, e, fN} asse
to a covering {U,(r)} of a closed sector Wy(r) = {z € C;larg z -

—2%,0 < |z} < r} (corresponding to the closed arc I on S) as in §

coboundary of f takes its values in (AS~%)™. Then applying Theor
we get a O-cochain § = {§,...,Gn} representing also $ri I._, bu
that its coboundary takes its values in (AS~*)". Therefore § defi
element ¢,_; € (T'(I,_1; A/ AS*=2))" such that ¢,_; = ¢TT11T_1 n
(ASHes)r,

Utilizing the Observation 9.2 we can do the same constructio
r = 2. Finally we get a sequence (1, ..., ¢p, $p+1) satisfying our cond
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