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1. Introduction and overview.

The present paper investigates two notions — the classical notion
of nilpotent part and the novel concept of distinguished form — that arise
naturally in the parallel study of (local, analytic) resonant vector fields and
resonant diffeomorphisms. For simplicity, however, we forget about diffeos
in this introduction, and discuss only vector fields. Throughout, localness
and analyticity are tacitly assumed.

The nilpotent part is intrinsical, i.e. chart-invariant. Indeed, any
resonant vector field decomposes canonically into a diagonalizable part X 41
and nilpotent part X™! each having a simple geometric characterization.
The distinguished form X%t on the other hand, is a special prenormal
form, i.e. a formal vector field conjugate to X and with nothing but resonant
terms in it. In its own way, X9t too, is undisputably “canonical”, and
this is even the whole point of introducing it, since the existence of merely
prenormal forms is a triviality. Like X ™, it is also generically divergent and
resurgent. But unlike X™!, the distinguished form X 9%t is chart-dependent.
Above all, it results from an analytical construction (see (1.2) infra) and
doesn’t appear to be capable of any simple geometric characterization.

We investigate X! and X9 successively under three viewpoints:

(i) the analytical viewpoint, which is concerned with deriving the
Taylor expansions of X™! and X4t from that of X.

(ii) the analytic viewpoint, which aims at understanding the diver-
gence/resurgence properties of X! and Xdist,

(iii) the algebraic viewpoint, which focuses on the case of algebraic
data (e.g. polynomial vector fields X) and attempts to use the analytical
expressions for X™! and X%t to make some headway in certain long-
standing problems, like the center-focus problem (see below).

The analytical study (§§2,3,4,5,6) culminates in the following expres-
sions of X™! and Xdist:

(11) Xnil — Z$O ]B. — Zz$w1,...,wr Bn,, . 'Bnl

lS'r ng
(1.2) xdist — xlin + ZE.BO — xlin + 22$w1,...,wr B,, - ‘B,
IST '

in terms of the homogeneous components B,, of the vector field X:
13) X=X"4)"B, (neN)
n
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(1.3*) X" = X218, + -+ + M\2,0s,; Baz™ = B ma™t™,

(n,m € N; Bm,n € C)

and of some well-defined universal coefficients $“ and §“ indexed by
finite sequences w = (wy,...,w,) with w; = (n;, A) € C. Functions of such
sequences w are known as moulds. Moulds constitute a non commutative
algebra, with a rich structure and numerous derivations. Above all, they
facilitate the construction and study of “useful universal coefficients”.
In the present instance, the relevant moulds, namely $° and §°, are
related to the moulds S°® and S$° (useful in the linearization of non-
resonant vector fields and the study of diophantine small denominators)
and even more so to the “compensators” Sg (t) and S5, (t) (useful in the
study of quasiresonance, i.e. of liouvillian small denominators). In fact, the
moulds $° and §° come up rather naturally in the study of “degenerate
compensators”. Or, to put it another way, they shed light on the passage
from quasiresonance to resonance. It should be noted, however, that §°
is definitely more elementary that § °: the construction of §° is rather
painstaking, to say nothing of the study of certain generating functions
(the so-called amplification and coamplification) attached to § °. But no
matter how technical these developments, they are indispensible to an in-
depth understanding of Xdist,

After the analytical spadework, we are in a position to tackle the
analytic study (§§7,8,9). It turns out that both X™! and X9t are generi-
cally divergent and resurgent, though each in its own way. The resurgence
equations which govern the divergence of X™! and describe its resurgence
pattern, are merely a variant (but a rather interesting.one) of the so-called
Bridge Equation. Like the usual Bridge Equation, they yield, as a byprod-
uct, a complete system of holomorphic invariants for X. The distinguished
form X4t on the other hand, satisfies resurgence equations which do not
involve the holomorphic invariants, but the original field X itself, and are of
“rigid” or “universal” type. The resurgence “lattice” Q4 also is different,
and the singularities much “worse”.

These features are often met with in “man-made” divergent series,
i.e. divergent series which are not obtained as formal solutions of natu-
ral (meaning analytic) equations or systems, but are rather defined by
analytical means, to meet certain demands — such as finding canonical
representatives in analytic congugacy classes. Summing up, one would like
to say that the resurgence of X™! and Xdist illustrates the prevalence of
resurgence not only among the divergent series that one encounters, but
also among those that one constructs.
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The algebraic part (§10) is more than sketchy: it outlines a program of
investigations without really tackling it. It originated, as indeed the whole
paper, in a question by one of us (see [S1], [S2]) about the center-focus
problem for polynomial vector fields of degree d in R?:

(1.4) X =20, —y0, +(---)

One natural question which comes to mind about such fields (and which
can be rephrased so as to make sense for all resonant vector fields, in
any dimension) is this: what is the minimal number nil(d) of polynomial
identities between the Taylor coefficients of X, that guarantee the existence
of a center-focus at the origin? The whole thing, of course, boils down to the
study of certain finitely generated ideals, but the moulds $° and § * make
it possible to replace commutative ideals by more tightly structured Lie
ideals; to produce explicit generators for those ideals; and even to suggest
an approach, based on the splitting properties of the Lie elements ]Bg and
BE constructed by “contraction” with §° and §°.

We are keenly aware that the present paper, such as it stands, is
somewhat lopsided, with more than half its length being devoted to the
analytical prerequisites, i.e. $°, §° and the whole mould apparatus that
surrounds them. But the analytic study (§87,8,9) already shows to what
use these tools can be put, and we cherish the hope that the algebraic
program outlined in §10, when implemented, will further reinforce their
claim to “usefulness”.

2. The alternal moulds §° and § * in the context
of symmetral compensation.

Reminder about moulds.

As usual, a mould M*® denotes a family of elements M“ of a
given commutative ring or algebra, with upper indexation by sequences
w = (w1, ...,w,). These sequences have arbitrary length r = r(w) > 0 and
their components w; range over a set {2 that may be any abelian group or
semigroup. Moulds multiply (non-commutatively) according to:

(21) C® = A® X B® — C¥irwr = Z AWLs oW BWit 1y

0<i<r
with a sum beginning with A? B¥1-%r and ending with A“*»«r B, The
symbol () denotes of course the empty sequence, to which we assign zero

length (r(0) = 0).
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Useful moulds tend to display certain symmetries. Thus, a mould A®
is said to be symmetral (resp. alternal) if it verifies A? = 1 (resp. = 0) and:

(2.2) ZA“’ = A AY"  (resp. =0), (Vw!,Vw?)
w

with a sum extending to all (r; + r2)!/(r1!72!) sequences w obtainable by
shuffling two given, non-empty sequences w' and w? of length r; and ry,
ie. by intermixing their components under preservation of the internal
order of each sequence. (N.B.: throughout, we shall use boldface with upper
indexation for sequences w or w’, and plain print with lower indexation for
their components w; or wf ).

Similarly, a mould A® is said to be symmetrel (resp. alternel) if it
verifies (2.2), but relatively to the “contracting shuffling” of w' and w?,
under which one or several pairs of consecutive elements (w},w?) from w!
and w? may contract to w} + w?. As a consequence, for a symmetrel (or
alternal) mould, the left-hand side of identity (2.2) involves exactly Q"*'"2
terms, with:

(2.3) QM = ZQ:‘“ (sup(r1,72) <7 <711+ 72)
T

(2.3 bis) QT def rl((r=r)(r —ro)l(r1 + 72 — )7L

where Q712 denotes the number of sequences w of length r(w) = r.
Thus, whereas any symmetral mould A® verifies identities like:
(2.4) AW AW2W3 — AW1,W2,03 | AW2,W1,W3 4 AW2,W3,W1
(2'5) AW W2 AW3,Wa — AW1,W2,W3,Ws + Aw1,ws,w2,wa + AWsW1,w2,we
+Aw1,w3,w4,w2 +Aw3,w1,w4,w2 +Aw3,w4,w1,wz
etc., any symmetrel mould A® verifies identities like:
(2.4*) A“1A¥2%3 = 35 above + AY1TwW2ws 4 AUnwitws

(2.5*) A¥1W2 AW3Wa —  ag ahoye + AW W2twswa 4 fws,witws,wr

+ Aw1+W3,w2,w4 + Aw1+w3,w4,wz + A¥1ws,wztws

+Aw3,w1,w2+u4 +Aw1+w3,w2+w4

etc.

Trivial moulds, i.e. moulds M*® such that M“ depends solely on the
length  of the sequence w, are of no direct interest, but they keep cropping
up in equations that serve to define important moulds. Foremost among
trivial moulds is of course the unit mould 1° :

(2.6) 1°=1 and 199 =0 (Vr>1)
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and the four moulds:

(2.7) I® = alternal ; I3 (t) = symmetral

(2.8) J® = alternel ; J3 (t) = symmetrel

which are defined as follows:

(29) I°=0; I*=1; [“vvr =0, (Vr >2)
(2.10) J®=0; Jevwr =(=1)"/r, (vr >1)
(211) I2.t)=1; ILo@r ()= 1/, (Vr>1)
(212) JB(t)=1; Jever(t)=1/r)tt—1)(t—2)---(t—T+1),

(Vr > 1).

The mould exponential of any alternal (resp. alternel) mould is a
symmetral (resp. symmetrel) mould, and the above examples are a case in
point, since:

(2.13) I3 (t) = exp(tI®) and Jg(t) = exp(tJ®)

with exp(: - -) denoting the mould exponential:

(2.13%) exp(M*) L 19 M*+(1/2!) (M* x M*)+(1/3) (M* x M* x M®)+ - - -

Two useful operators on the mould algebras, which we shall constantly
require, are the derivation V and the automorphism tV, which operate as
follows:

(2.14) (B* = VA®*) = (BY = ||lw|A%)
(2.14%) (C* =tV A*) = (C¥ = tIwll 4«
with t on C, (the Riemann surface of the logarithm) and:
(2.15) lw|| E o+ Fwr if w=(w,...,w).

We shall now construct three alternal moulds 7°, §$°, §°* and eight
symmetral, pairwise inverse moulds:

(216) 1. = S. X S. = S;xt X S;xt = S(:o(t) X S(.:o(t) = S;co(t) X S. (t)

aco

Some of these will exhibit discontinuities or singularities for certain
“degenerate” sequences w, which have to be singled out. If a sequence
o = (0;) contains exactly n elements, but these assume only n* distinct
values, the difference n—n* is said to be tk ' repetitiveness of o. Similarly,
we define the degeneracy dgn(w) of a sequence w = (w;) as being equal to
the repetitiveness of the sequence:

(2.17) 0,001,002, ..,&r With @& = w1 +ws+ -+ +w;
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or, equivalently, of the sequence:
(2.18) 0,01, @2, .., 0 With @; L w; +wipr + - + wp.

Lastly, the vanishing order van(w) of w = (w;) is taken to be 0 if
|lw|| # 0 and, if ||w|| = 0, van(w) is equal to the number of zeros in either
of the sequences (&;) or (@;).

The elementary moulds S°, $°, T°.

They are defined for almost all sequences w = (wi,...,w,) by the
relations:
(2.19) S L (—1)" (@1 @)t with &; as in (2.17)
(2.20)  S% &L (g @) with @; as in (2.18)
2.21) T 0 if [lw]| # 0

(221%) T (a3 -+ 6r) ™ = (-1 A @ar- - @r1)™ i ] = 0
and of course:
(2.22) S0y §0y; 0y,

The alternality of T or symmetrality of S® and S$° is easily
checked by induction on r, but can also be inferred from the equations:
(2.23) VS =-8*x1I* { (I* as in (2.9))

(2.24) VS =I*"%xS® (V as in (2.14)).

From the two scalar-valued moulds S® and $°* we shall now derive
two others, the so-called symmetral compensators Sg,(t) and S¢,(t), which
depend on a variable t in C,, but have the advantage of being defined for
all sequences w. Then, by investigating the behaviour of the compensators
close to degenerate sequences w, we shall stumble upon the moulds $°* and
§ °, which are central to our purpose.

The compensators and compensation-related moulds.

DEFINITION 2.1 (Symmetral compensators). — For t in C, and t¥
as in (2.14*), we put: :
(2.25) Se.(t) < £V 8°%) x (S*)
(2.26) S (1) & (8°) x (¢tVS*).

Clearly, S8 (t) and Sg,(t) are mutually inverse and, as products
of symmetral moulds, they are symmetral themselves. They also satisfy
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equations analogous to (2.23) and (2.24):

(2.27) (V = 18,)5%(t) = =S5, (t) x I*
(2.28) (V —t0;) 8%, (t) = +I° x S, (t).
Furthermore:
PROPOSITION 2.2 (Continuity of the compensator moulds). — For

sequences w of a given length r, both S¥(t) and S%(t) are continuous
functions of t in C, and w in C". Moreover, for a fixed w of degeneracy s,
SY(t) and S¥(t) are polynomials of degree s in logt (apart from involving
various powers of the form twit +i),

Proof. — There are three steps. First, we introduce the so-called

symmetric compensators tZ , which for non-repetitive sequences o are given
by:

(2.20) toorr ST 40 T[(0s - 0)7Y, (t € Ca,0i € C, 030;)

0<i<r  j#i
with unambiguously defined powers t%¢ (since ¢t is in C,).

Second, we observe that the compensator t7 extends to a continuous
function of (t,o) defined on the whole of C, x C'*", with the following
expression in case of a repetitive o

(1+s9) v0§1+31) .. .,U£1+sr) _

(2.30) t% : = (050 /50!) (051 /81!) - - - (057 [ s )70 209
(1+s:)

where of course o; means that o; is repeated (1 + s;) times.

Third, we check (recursively on r) the following relations between
symmetric and symmetral compensators, under which the repetitiveness
of o translates into the degeneracy of w:

(231) Stcuol,...,w,. (t) = tO,d)l,th,...,dJ,.
(232) S:Jé,...,w,.(t) = (_1)rt0,01,02,...,®,--
O

Non-degenerate compensators are quite useful in so-called “small
denominator problems”, in particular for the study of quasiresonant local
objects (see [E4], [E8], [E10] and also §7 infra). Here, however, we are
concerned with resonance rather than quasiresonance, and so what we
require is above all a closer analysis of degenerate compensators. The
requested information will be provided, on the one hand, by the lateral
decomposition of degenerate compensators (Proposition 2.2), which is
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easily derivable and uniquely defined, but somehow “less than complete”,
and on the other hand, by the central decomposition (Proposition 2.3),
which is much more thoroughgoing, but correspondingly more costly.

PROPOSITION 2.2 (The §° mould and the lateral decomposition of

compensators). — There exists a uniquely defined, alternal, scalar-valued
mould §° such that:
(2.33) Seo(t) = exp((log t)t¥ §°) x Spo(t)
= S3.0(t) x exp((logt) §°)
(2.34) 82 (t) = exp(—(logt) §°) x S3c0(t)

= 8%, (t) x exp(—(logt)t¥ §°)

where the symmetral moulds S5 (t) and Sg.,(t) denote the logarithm-free
part of S3(t) and Sg,(t) (a for alogarithmic; co for compensated) and
where exp should be construed, as usual, as the mould exponential (see
(2.13*)). For any non-degenerate sequence w, .$w vanishes and, for any
fixed degeneracy type, § “ s a homogeneous function of w of degree 1 —r(w)
and, more precisely, a polynomial in some of the variables (w; +- - -+w;) ™.

Proof. — See after Proposition 2.3.

PROPOSITION 2.3 (The §°* mould and the central decomposition of
compensators). — There exist scalar-valued moulds S2,, Soy; (Symme-
tral) and § * (alternal), which remain defined for all sequences w, no matter
how degenerate, and verify:

(2.35) Seo(t) = (t¥ Sexe) x exp((logt) B ) x (See)
(2.36) Seo(t) = (Sexs) x exp(—(logt) §*) x (t¥5gy).

For non-degenerate sequences w, the moulds Sg,, and Sg., (ext for ex-

tended) coincide with S® and S° but, unlike the latter, they remain de-
fined for all w. They also provide a factorization of the logarithm-free part
of compensators:

(2.37) Saco(t) = (£7 S2e) X (Sexs)
(2.38) Saco(t) = (S5) x (t7S2)
which, unlike (2.25) (2.26), is valid for all w.
As for the mould § °, it is conjugate to $° under S2,,:

ext*
(2.39) Sewe X $° = F* xSg
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oy . . . w .
but it is much “slimmer” than §°, since §* vanishes unless w be of zero
. w .
sum (i.e. ||w|| =0), whereas $ vanishes only for non-degenerate w.

The triplet (S8, Se, §°) is not uniquely determined by the above
equations, but it becomes so if we add the further requirement that, for
any sequence w of a fixed vanishing pattern:

(2.40) S%, be a polynomial of degree r in the acceptable variables (1/w;)
(2.41) 8%, be a polynomial of degree r in the acceptable variables (1/:;)

(2.42) §“ be a polynomial of degree (r — 1) in the acceptable variables
(“Acceptable” means of course that we must discard those w; or

@; which vanish. For §°, the two sets of variables clearly coincide, since

F =0 unless ||w|| =0.)

S;xt’ ‘ﬁ' *

From now on, unless stated otherwise, the symbols S2,,

shall refer to those three unique and perfectly canonical moulds.

Remark. — Were it not for the constraints (2.40), (2.41), (2.42), we
might replace the canonical triplet:

(2'43) (S(;xm S;xt? &'.)
by the triplet:
(2.44) (A® x 85, So.xB*, A*x§°xB°)

for any pair (A®, B®) of scalar-valued, symmetral, mutually inverse moulds
such that:

(2.45) A% = B¥ =0 whenever |w| =0.

But, as we shall show in section 4, the imposition of conditions
(2.40), (2.41), (2.42), or even any one of the three, suffices to remove
the indeterminacy. For the time being, however, we must be content with
proving Proposition 2.2 and the “existence part” of Proposition 2.3.

Proof of Proposition 2.2 and the first part of Proposition 2.3. — The
argument will rely on mould-comould contractions, i.e. on formal sums of
type:

(2.46) S MB, =) MYBy=> Y MrB,,
w 0<r w; €N

relative to a given mould M*, a given comould B, (see below) and a given
subset Q of C.
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But first we observe that the symmetral moulds P*(t) and Q*(t)
characterized by:

(2.47) Seo(t) = Saeo(t) x P2(t) = (tYQ"(2)) X Speo(t)
satisfy:

(2.48) Q°(t) x P*(t71) =1°.

Indeed, we have on the one hand:

(2.49) P*(t) = Saco(t) X Seo(t)

and on the other hand:

(250)  Q(t) =7V (S&(t) X Saco(t)) = (7Y Se (1)) X (7Y Seo(t))
which in view of (2.25), (2.26) reads:

(2.51) Q°(8) = S5 (t7) X Speo(t™)-

Pairing (2.49) and (2.50), we find precisely (2.48).

We now fix some (enumerable) additive semigroup 2 in C, and we
introduce the free associative algebra A and the free Lie algebra L generated
by the same set of symbols B, (w; € Q). Both A and £ possess a natural
coproduct induced by:

(2.54) cop(Bw) Z]Bwn ® By (w € shuffle (w!,w?)).
By setting :
(2.55) grad(]Bw) ||w|| =wi+- - twr

we turn A and £ into graded algebras, and we then enlarge them into A
and £ by allowing enumerable (rather than finite) sums of base elements
Bw, and also by introducing one additional Lie element X!, of gradation
0, along with the bracket rules:

(2.56) (X' By] € |wl|Bw (@ =(wi,---,w;)).
We first assume that 0 is not in €2, and consider the following mould-

comould contractions relative to Q:

(2.57) XEXm 43N B, =X+ S B, €L

w; EQ
(2.58) oYY 5B, 4
(2.59) 0 1=y 5*B.cA
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(The sums in (2.58) and (2.59) extend to all sequences w, including w = ().
The moulds S* and $* being symmetral and mutually inverse, it is plain
that © and ©~! are two mutually inverse, formal automorphisms:

(2.60) cop(©*!) = 6*! ® 6*!

and that we have the conjugacy equation in L:

(2.61) X =oxlng~!

which readily follows from (2.56) combined with (2.17) and (2.18).

However, the operators © and ©~!, involving as they do the moulds
S® and S°, are defined only if, as we assumed, 0 ¢ Q. To get rid of this
restriction, we introduce the compensators S, (t) and Sg,(t) relative to an
auxiliary variable t in C,, and we construct two new formal automorphisms:

(2.62) Oco = ) _ S (t)Bs € A
(2.63) O =Y S5%(t)B, € A

Still assuming (provisionally) that 0 ¢ ©Q, we deduce from (2.61) or (2.27),
(2.28) the new conjugacy:
(2.64) X — t8; = O (X" —18,)07! (8, = 9/0t)

which (unlike (2.61) and due to the continuity of compensators: see
Proposition 2.1), retains both its meaning and validity even when 0 € Q.

Now, in view of the lateral decomposition (2.33) and of the obvious
inversion rule, valid for any two scalar moulds (M*®, N*®):

(2.65) > (M* x N*)B, = (> _N°B.) x ()_ M°B,)
the conjugacy relation (2.64) becomes:
(2.66) X — t0; = (Qaco) (Orog) (X — t3;)(O10g) " (Oaco) "

with a neat separation into two logarithm-free and two logarithm-ridden
factors:

(2.67) Oaco = ) Seeo(t)Bs
(2.68) G0 = D Sacolt)Be
(2.69) Olog = Y _ Q°()Bs
(2.70) Olog = Y _(t7Q"(t))Bs

with Q°*(t) as in (2.47).
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If we now introduce the Lie element tX ™! defined by:
(2.711) XMl = [19)5g, X — 0]
(beware of mixing up nil and lin), the conjugacy relation (2.66) becomes:
(2.72) X — 10y = Ouco(X"™ — 18,)07L + Ouco (X" O7L.

But (2.72) involves three summands, two of which, namely X — t8; and
Oaco(X'P — t8,)O1L, are patently logarithm-free, meaning that they have
no logt in them. So the third summand O, (*X™!)©;! must also be
logarithm-free, and since ©,., is logarithm free, the commutator tXnil
introduced in (2.71)must itself be logarithm-free. This clearly compels ©joq

to be of the form:

(2.73) ©10g = exp((logt) (X))
with a Lie element tX™! of the form:
(2.74) txnil = "tV §°)B,

relative to some alternal, t-independent mould $°. If we now recall (2.47)
and (2.48), this implies:

(2.75) P=Q* =5

which establishes Proposition 2.2 along with the relation:
(2.76) (t7 §°) X Saeo(t) = Saeo(t) x $°.

The above identity in turn shows that:

(2.77) BacoX ! = X100

with X! as in (2.71) and:

(2.78) X" =" §°B,.

Thus, equation (2.72) becomes:

(2.79) X — 18, = Oaco(X1™ — 18,)0; L + X™!

with two t-independent Lie elements X and X™!. Therefore the difference
X — X7l jtself has to be t-independent, which is patently impossible unless
©,co be of the form:

(280) eaco = eext (@ext)_:l
with

(281) ext - Z ext . ext - Z‘sext
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(2.82) Oext = 3 _(tVS%:)Be ;5 ©O5, =Y (t¥ 52)B.

relative to two symmetral, mutually inverse and t-independent moulds S2,;

and Sg,; that verify (2.37) and (2.38). If we now define a (necessarily
alternal) mould § °* by the relation:

(2.83) Seo(t) = (t¥ Ses) x exp((logt) F*) x (Sgye)

we see, in view of (2.33), that §° and § ° are mutually conjugate under
S2., as in (2.39), which implies that § °, like $° and S2,,, is t-independent.
Moreover, again by comparing (2.83) with (2.25) and (2.33), we infer that
tV §* = §°, which means that V §° = § °. Thus, § “ necessarily vanishes
when ||w|| # 0. This establishes (2.35), (2.36) and completes the proof of
the “existence part” of Proposition 2.3. ]

3. Construction and properties of the $° mould.

The compensation-related moulds introduced thus far fall into two
quite distinct classes.

On the one hand, we have the $° mould and all the “soft” moulds

involved in the lateral decomposition of Proposition 2.2. They are rather el-
ementary and fairly easy to calculate, because they are entirely determined
by the equations (2.33) or (2.34).

On the other hand, we have the §°* mould and the other two
“tough” moulds S2,, and Sg,, involved in the central decomposition of
Proposition 2.4. These more elusive moulds, as we observed, are not
unambiguously characterized by equation (2.35) or (2.36), unless we add
the rationality requirements (2.40), (2.41), (2.42). These latter conditions,
however, aren’t too easy to translate analytically, and this considerably
complicates the study of the three “tough” moulds.

The corresponding construction will be postponed to the next section.
In this section, we shall deal with the properties of the “soft” moulds, and
indicate several ways of calculating them.

Direct calculation of the “soft” moulds.

The logarithm-free parts S3.,(t) and Sa.,(t) of S (t) and Sg,(t)

0
may be obtained directly, by translating the symmetral compensators into

symmetric ones according to (2.31), (2.32) and then applying (2.30), but
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letting the differential operators 0,, act only on the variables o; sitting in
the denominators [[(o; — o)™, not in the powers t°¢. Similarly, §° may
be calculated by letting the 8,, act once on the powers, and all the other
times on the denominators. In fact, from (2.33), (2.34) we derive:

(3.1) S20(t) = Saeo(t) + (logt) §3(¢) + o(logt)
(3.2) 82(t) = S2co(t) — (logt) §3,(t) + o(logt)
with:

(3.4) Fi(t) = Sio(t) x §° 5 FL(1) = §° x S5o(t)
(3.5) Seo(1) = 850(1) = Seo(1) = $3e0(1) = 1°
and therefore:

(3.6) $° =800 =§.0).

Inductive calculation of the “soft” moulds.

There is also a more convenient, induction-based alternative for
calculating our moulds — which moreover is intimately related to their
geometric meaning (see the proof towards the end of the section). But in
order to spell out that induction, we require moulds I} similar to I*, and
mould operators V,,, similar to V. For any simple index wyp, the alternal
mould I is defined by:

(37) I:,’; =1ifw1 =wp Ig; =Oifw1#wg

(3.7 bis) [ = 0if r # 1.

Again, for any simple index wg, the operator V,,, acts on any mould
M?* according to the rule:

(38) (VwoM)wl,...,w,- d;f Z {wiMwl,...,wr+Mw1,...,wi+w,—+1,...,wr

wi=wo _Mwl,...,wi_1+wi,...,wr}

the term M--wi-1+wi - (pesp. M--Witwi+1,) being systematically omitted
ifi =1 (resp. i =r).

Like V, the operator V,,, is a derivation of the mould algebra:
(3.9) Vo (A® x B*) = (V,,A®%) x B* + A* x (V,,B°®)

and the notation parallelism between (I*,A) and (I
only by the obvious relation:

I"=)"I5; V=) Vi
wo wo

A,,,) is justified not

0!
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but, more pointedly, by the fact that, for many important moulds, equations
involving V and I*® tend to specialize to similar-looking equations with V,,
and I . Such indeed is the case with our “soft” moulds (but, significantly,
not with the “tough” moulds).

Induction rules for S°® and $°.

We have
(3.10) VS8® =-8°x1I*
(3.10%) VoS = =8 x I,
(3.11) Vs =1I*x8*
(3.11%) Vi 8° =15, x 8°

with the induction-starting conditions S? = sP=1.

Induction rules for S3, and $¢,.

(3.12) VSeo(t) = (V%) x S2(t) — Se(t) x I*
(3.12%) Vo Seo(t) = (¢ I5,) X Seo(t) — Sea(t) x I,
(3.13) V S5,(t) = I* x S2,(t) — Se(t) x (tVI°)
(3.13%) Vi Seo(t) = I3, X Se(t) — 8%(t) x (tVIS,)
with the induction-starting conditions:

(3.14) S¥(t) = (logt)"/r! if w=(0,...,0) (r times)

(3.14%) 89 (t) = (=logt)"/r! if w=/(0,...,0) (r times).

and $°

Induction rules for Sj aco-

aco

The logarithm-free parts S3.,(t) and S5, () satisfy exactly the same
induction as S2 (t) and S, (t), but with different induction-starting condi-
tions:

(3.15) S2o(t) = Sheo(t) =1
(3.15%) SY ()= 8¥ (1) =0 if w=(0,...,0).

Induction rules for §°.

(3.16) V=TI x §°— §° xI°
(3.16%) Vo $° =15, x §*—§° <13,
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with the induction-starting conditions:

(317) $ﬂ =0 : $0 =1 : $0,0 — SO,O,O — $0,0,0,0 —.=0
(beware that @ # (0)). In view of the importance of $°, let us explicit the
compact formalism of (3.16*). For wy = w; and wy = w, we get:

(3.18) w1 $w1,...,wr +$w1+wz,w3,...,wr — $w2,W3,...,w,.

(3‘19) Wy Swlvnywr _ $w17"~7wr—2;wr—1+wr - _ $wly-uywr—21wr—1

and for wy = w; with 1 < i < r we get:

(3.20) w; $w1,...,wi,...,wr _ $w1,...,w,~_1+wi,...,wr +$w1,...,wi+w,~+1,...,wr — O

Proof of the induction rules for the “soft” moulds. — Let us first
recall the main decomposition rules established in §2 for the graded Lie
algebra L. In the special case when 0 ¢ €2, we found the conjugacy relation:

(3.21) X =ex'irg~!

with

(3.22) X=X"1+%"B,, (wieQ)
(3.23) ©=) SB.; ©'=) S°B..

In the general case, i.e. when the semi-group 2 may contain 0, we
introduced an auxiliary variable ¢, which led to a more stable conjugacy
relation:

(3.24) X — t0; = Oco(X'™ — 18,)0

(3.25) X = x4 4 xml

with

(3.26) Oco = Y So(t)Bs ; OL =) S5, (t)B,
(3‘27) xdia _ xlin + Z(Io _ $.)]B.

(3.28) x"=3"$"B,.

However, due to the uniqueness of the decomposition (3.21), valid in
the special case when 0 € Q, if we subject X to an automorphism U, of £
of the form:

(3.29) X — X =UXU;!

(3.30) U. = exp(eByy,), (e€eC, weN)
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the conjugacy equation(3.21) still holds, provided we effect the simultane-
ous change:

(3.31) 0+— 0 =U.0.
By an easy continuity argument, we see that, in the general case also

(when 2 may contain 0), the decompositions (3.24), (3.25) retain their
validity after the simultaneous changes:

(3.32) Oco — O, = UcOco
(333) Xdia — &dia — UeXdiaUe_l
(334) Xnil — Xnil — Uexnier—l.

However, it is plain, from the construction at the end of §2, that the
conjugacies (3.21), (3.24) and the decomposition (3.25) hold not just for a
Lie element X of the form (3.22), but for any Lie element X of the form:

(3.35) X=X"+%"B,, withB,, € £ and grad(B,,) = w;.

Now, the particular Lie element X introduced in (3.29) admits an expansion
of type (3.35) with:

(3.36) B, — B, “© By, + £[Bug, Bu,—wo] + 0(¢)

and this affords us with a second means of calculating ©, ©.,, X dia - xnil
namely by applying the formulae (3.26), (3.27), (3.28) with B, instead of
B.,, but with the same universal moulds S*, S (t), §°. Now, comparing
the result of these calculations with the direct formulae (3.31), (3.32),
(3.33), (3.34), and equating, in each instance, the coefficients in front of €
(viewed as an infinitesimal parameter) we obtain all the rules (from (3.16)
to (3.20)) that govern the V,, -derivation of the “soft” moulds — which
is what we had set out to prove. (As we shall see in the next section, the

“tough” moulds § *, 52, Sey, do not possess such simple V,, -derivatives.)
4. Construction and properties of the § * mould.

General scheme.

Just after (2.18) we defined the vanishing order van(w) of a sequence
w = (w1,...,wr). When ||w|| # 0, van(w) is automatically 0, but we still
have a forward (resp. backward) vanishing order, defined by:

(4.1) van (w) = #{@; =0} (resp. van (w) = #{@; = 0}).
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We shall require all three notions for the construction of the three “tough”
moulds, and shall proceed as follows:

o qe ey Tes . ° . iff ° ° .
(42) (S ’S 7T) '_t) (Srest7Srest7Trest) 'd—) (Sext’Sext’W )

The step rest (“restriction”) will rid us of the vanishing denominators
w; or w;. It will also decrease the homogeneous degree by an integer s
equal, respectively, to van (w), van (w), van(w). But at the next step diff
(“differentiation”) we shall apply to the “restrictions” suitable differential
operators:

(4.3) Rad“, Rad“, Ral

of order s in the variables w;, so that the right degree will be restored. This
will also take care of the rationality conditions (2.40), (2.41), (2.42). The
main point, however, is to ensure the symmetrality (resp. alternality) of
the resulting moulds S2,, and S2,, (resp. § *) and of course to check that
they relate to one another in the same way as in Proposition 2.3. Those

requirements happen to totally determine the shape of the operators (4.3),
but in order to construct these, we shall need three auxiliary moulds:

(4.4) rad%, rad™, ral¥ (w=(wi,...,w,),w; = <:f.),ui € C,v; €N)

which, though rather elementary, are interesting in their own right.

The restrictions Spg;, Srests Lrest:
DEFINITION 4.1. — For any sequence w = (w1, . ..,wr), We put:
(4.5) S T (~w)™ (withds = w1+ +wi)
@i #0
(4.6) 82, L T (+o)™t  (with @ = w; + -+ +w,).
G; £0

For ||w|| # 0, we put T, “< 0 and for ||w|| = 0, we adopt either of the
alternative definitions:

def . \— .
4.7 Tiow = [[ (@)™ (with ||| =0)
@ #0
def a N — .
(4.8) 179, = [] (+@)™  (with |w] =0).
@; 70

Remark. — Although &; is removed from the product (4.5), (4.7)
if @; = 0, the variables wq,ws,...,w; constitutive of @; remain inside
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Wit1,Wit2,- ... Similarly, @&; is removed from the products (4.6), (4.8) if
w; = 0, but the variables w;,w;1,... must be kept inside w;_1,w;—2,...
(see example (4.35)—(4.38)).

Construction of the auxiliary moulds rad¥, rad™, ralV.

In this subsection, we will have to do with moulds indexed by
sequences W = (wy,...,w,) with w; = (’;‘), u; € C, v; € R*. On such
moulds, there act the operators (0, , which are defined as the V,,, in (3.8),
but with differentiation by vod,, in place of multiplication by wq. Thus we

have:

(49) (DwiM)wl""’wr — viauiMwl,.,.,w,. + Mw;,...,w,~+wi+1,...,wr

_,Mwly~~«ywi—1+wiy~"ywr

and the term with the contraction w;—; + w; (resp. w; + w;+1) should of
course be omitted if ¢ = 1 (resp. ¢+ = r). Each operator O, is a derivation,
relative to the non-commutative mould product.

We also require moulds I3, , which we define exactly as in (3.7),
(3.7bis), but with wp in place of wy. We may note (for future use) that
the straightforward application of (3.8) to I*® yields:

(4.10) Owel® =I5, x I* —I° x I

wo?

(Vo).

PROPOSITION 4.1 (Characterization of the moulds rad®, rad®, ral®).
The mould equations:

(4.11) O, rad® = —rad® xI3_, (Vi)
(4.12) Ow, rad® = +I, x rad®, (Vi)
(4.13) Oy, ral® =0, (Vi)

along with the initial conditions:
(4.14) rad’ =rad’ =1; ral’=0
(4.15) rad” =rad™ =ral¥ =0 ifw = (w1,...,w,)
with0=u; =ug = -+ = u,, (Vvy)

admit, as their unique solution, two symmetral moulds rad® and rad®, and
an alternal mould ral®, which are related as follows:

4.16 1* = rad® x rad®

(

4.17 ral® =rad® xI°® x rad®.
(
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Short proof. — To clarify the convenient but all too concise formal-
ism of Proposition 4.1, let us first write out in full the equations (4.11) for
r(w) =3 and ¢ = 1,2,3. We find

10y, rad¥V¥>™3 4 rad*1 %3 = (
'U23u2 rad¥1 w2 ws + rad®! ,2wetws rad’”1+"’2’w3 =0
v36’u,3 rad¥ W2 Ws _ paqWi ywetws _ rad¥r ¥z

Clearly, the equations (4.11), (4.12), (4.13), along with the initial conditions
(4.14), (4.15), amount to an overdetermined differential system. So we must
first check its consistency, by establishing the relations:

(4.18) Ou; Ou, MY = 8,,0,, M™ for M™ =rad™, rad"™, ral™.

This is easily done, through applying the rules (4.11), (4.12), (4.13) twice
in succession, for w; and then w; (resp. for w; and then w;), but we have
to distinguish the case when |i — j| > 2 from the case |i — j| = 1.

Then we must check the alternality of ral® (resp. symmetrality of rad®,
rad®). As earlier with the “soft” moulds, this is a matter of straightforward
induction on 7, but we may note that the conclusion (i.e. alternality and
symmetrality) follows from the very shape of the system (4.11), (4.12),
(4.13), not from its ingredients: it would remain in force even if we replaced
O, by some other mould derivation, and I}, by some other alternal mould
(provided, of course, the self-consistency of the system is preserved).

Lastly, the relations (4.16), (4.17) follow from the uniqueness of the
solution of the system (4.11), (4.12), (4.13). Indeed, if we take rad® to be
the solution of (4.11), and then define rad; as the mould-inverse of rad®
(as in (4.16)) and ral; as the conjugate of I* under rad® (as in (4.17)), it is
a easy matter to check that rad} and ral} automatically verify the systems
(4.12) and (4.13) along with the corresponding initial conditions. Therefore
rad] = rad® and ral} = ral®. a

Remark. — Tt is plain that for sequences w of fixed length r(w) = r,
the functions rad"™ and rad™ (resp. ral®) are homogeneous polynomials of
degree r (resp. r—1) not only in the variables u; (1 < ¢ < r) but also in the
variables:

(4.19) (Vi +vip1+-+v)7t (1<i<ji<r).
Thus, if we introduce the short-hand notations:

(4.20) wij =u; +uj; Uk =Ui +uj +up; etc.; vy =v;+v;; etc.
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we find as first values of rad® and rad®:

rad”* = —rad”* = + 2
(%1
rad¥"? = 4 rad¥* ¥ = 1@3 — 1&1_)3
2 V2V12 2 V1V

1 ud 1wl 1
rad@t W — _ padWswawi — 4 - 123 _ - 12 - 1

6 v3v23v123 6 vov3vi2 3 v1v2v23
2 2
_ Luggguy | 1 uppug

2 V1V3V23 2 V1U2V3
etc.,

and as first values of ral®:

Ui U2
ral** =1; ral“v"? = —— + =,
(%1 V2
lu%z lugs _lu% _l“g _ Wnus

ral¥r w2 ws —

2 V1V12 2 V3V23 2 V1V2 2 V23 V1V3 )

Construction of the operators Rad*, Rad“, Ral®.

We shall have to factorize each sequence w = (wi,...,w,) into
unbreakable, zero-sum factors w?t, i.e. into factor sequences:
(4.21) W= (W), Wjt1,- - Wk—1,Wk), (wq € C)
such that:

(4.22) o' Cwj 4w =0, butw;+ - +wy #0ifj < gq<k.
To any such factor w' we associate an ordinary differential operator u; and
an integer v;:

(423)  wi L Dy Lo, + 80, B0y (B, L 8/0w,)

def

(4.24) v Er(Ww')=k—j+1= length of w'.

For a general sequence w, we must distinguish the forward and backward
factorizations:

(4.25) w=ww? w'w (forward)

(4.26) w=w'ww  w (backward)

with unbreakable, zero-sum factors w' and either w* = ) or ||w*|| # 0. Both
factorizations coincide iff ||w|| = 0, since in that case w* = @ and:

(4.27) w=ww? W
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DEFINITION 4.2 (Operators Rad“, Radw, Ra.lw). — To each se-
quence w = (wsy,...,w,) we associate three differential operators by
putting:

(4.28) Rad“ < rads
with w = w' - - w*w* as in (4.25) and w; = () as in (4.23), (4.24)
(4.29) Rad® < radvrvs
with w = w*w' - - w* as in (4.26) and w; = (}) as in (4.23), (4.24)
(4.30) Ral® %2 rafwiws

with w = w' - --w* as in (4.27) and w; = (') as in (4.23), (4.24).

Remark 1. — Since the moulds rad", rad™, ral" depend polynomi-
ally on the variables u;, and since the operators D, commute pairwise,
the substitution u; — Dy,: offers no difficulty.

Remark 2. — If the forward (resp. backward) decomposition of w
reduces to the one factor w*, the above definitions yield s = 0 and
Rad“ = 1 (resp. Rad” = 1). Likewise, if ||w|| # 0, we get s = 0 in
(4.27) and Ral“ = 0, but if ||w|| = 0 and w is itself unbreakable, we get
s=1and Ral¥ = 1.

Remark 3. — It should be noted that even those components w;
(inside an unbreakable, zero-sum factor w') that vanish (i.e. w; = 0)
nonetheless contribute a term 9, to the operator u; = Dy of (4.23).

Construction of the “tough” moulds.

PROPOSITION 4.2 (Expression of the canonical moulds Sg, Se

ext)?

§°). — The unique, canonical mould triplet S3,, Sey. (symmetral) and
§° (alternal) of Proposition 2.3 is explicitely given, for any sequence
w = (w1, ...,w,) of any given vanishing pattern, by the relations:

(4.31) Se. = Rad“ .S,

(4.32) 89 = Rad“.8¥,

(4.33) F¥ =Ral” T2,

with the same notations as in Definition 4.1 and 4.2.
Remark. — In (4.33), one may take for %, either of the alterna-

tive definitions (4.7) and (4.8). The choice doesn’t affect the end result.

Checking this makes for a nice exercise, which we leave to the reader.
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Important caveat. — In all three instances (4.31), (4.32), (4.33), one
should take the restricted moulds S%.,, §% ., T%, with all their variables
w;, without simplifications; then apply the operators Rad*, Rad®”, Ral*;
and then only, at the last stage, effect the simplifications that stem from
the identities:

(4.34) 0= flw'l| = fw?]| = - = [|lw’]|.

Thus, if we consider a sequence w with the factorization:

(4.35) w = w'ww if w! = (wi,ws), w? = (w3),w* = (wg,ws)
the rules of Definition 4.1 yield:

(4.36) Rad“ = +1M C 1(uw)?

y (w12 = urtug;vi2 = vi+vg)
2 V1012 2 V1V2

(4.37) U =0y, + 00, ; U2=00,; V1 =2; va=1
We must apply the operator Rad* to the “restriction”
(4.38) Spey = —(W1wa@s)
= —(w1) " Hwi twetws+ws) (W1 Hwatwstwstws) 7!
and only then may we simplify by taking into account the fact that

0 = w; + wy = ws. This procedure alone yields the right result, which
reads:

1 o 1
(4.38") 5%, = —(@1a5) " { 2 (@1) 25 @1000) !
1 _ v N— . N— . e N—
5 (@15) " (@0) 72 + (@5) 2+ (@as) ' |-
Let us now examine what shape S%, assumes depending on the number s

of “unbreakable” factors in the forward factorization (4.25).

If s = 0, then of course S, = S¥, = S¥.

ext = res

If s =1, ie. if w = w'w* (with |w!| =0, r(w!) = r;) we find:

(4.39) s ={IT (~o0 {3 @@}

with

(4.40) Q; = 7% ifw; ew! and Q; =1 if w; € W*.

Here, the star = atop [] and Y signals that we omit the “inacceptable”
terms w; = 0.

If s =2, i.e. w=wlw?w* (with [|w| =0, r(w’) = r;) we find:

(4.41) s, = {H*(—azi)‘l}{Z*Qij(aziwj)“}

(2
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with the same omission rules as above, and with coefficients Q;; given by:

(442) Qi = rfgm if (w;, w;)€(wh, wh) or (w!,w?)
i (-r)@-m) .
442%) Q=2 £ (wiyw;)€(w?, w?
( ) Qi 112 T if (wi, wj)€(w?, w?)
Kk _ ! . *
(442 ) Qij = ;”—1 if (wi,wj)e(wl,w )
(4.42**) Q=1 if (ws,w;)€(w?, w*) or (w*,w*).

In the general case, for w = w!'w? - ww* (with ||w?]| = 0, r(w?) = 7;) we
get:
* *
(4'43) Seth = {H (_d"i)_l}{ Z Qiyi,..sis (wilwi2 o 'a)is)_l}
i 11K <<t

with nearly s! different expressions for Q,, such as:
d1dg i
4.43* e
( ) Q’llﬂz,m,ls TiT12 " T12.s

if (Wiy, Wig, .- wi,) € (Who!,... W)
(443") Qiyjig,.i = 1

if (wiy,Wig, ... ws,) € (W, ...,w%).

We observe (first in the case s = 1, s = 2, etc.) the following continuity
property: although the outward shape of the coeflicients Q; ;... depends
on which factors w' ,wi’,w* ... the components w;,w;,wk, ... are taken
from, these coefficients coincide in the boundary cases, i.e. when i, j, k, . ..
assume the “prohibited” values r1,712,7123, etc. For instance, in the case
s =2, we get the same value for Q;;:

- by putting ¢ = r; in (4.42) or (4.42%)
— by putting j = r12 in (4.42*) or (4.42***)
— by putting ¢ =7 in (4.42**) or (4.42***).

Proof of Proposition 4.3. — The conditions (2.40), (2.41), (2.42) of
Proposition 2.3 are obviously fulfilled by construction, and the main point
to prove is the symmetrality (resp. alternality) of Sg, and S5, (resp. §°).

We first establish the symmetrality of S¢,, with the help of the following
lemma:

LEMMA 4.4 (Arborification). — The relation (4.32) still holds after
arborification

< < <
(4.44) §¥ = Rad¥ s¥

X rest
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i.e. after replacing the fully ordered sequence w by any partially ordered

sequence & such that each wj in & has at most one direct antecedent; and
after setting:

(4‘45) ext - Z S'ext

with a sum extending to all sequences w whose full order is compatible

<
with the partial order of &. The operator Rad® is still defined by (4.29),

(4.23), (4.24), but relatively to the backward factorization which is the
<
exact analogue of (4.26) for the arborescent structure of 3. Lastly, 8% is

defined as in (4.29), but with sums &; = ) w; that are now relative to the

partial order of w (i.e. they extend to all w; posterior to w; in (f:, including
w; itself).

To prove this lemma, we fix some unbreakable, Zero-sum sequences
wh w? w3, ... and denote the product—sequences( w?), (w'w?w?), etc. by
the short- hand w!? w123 etc. Then, to each w' or w, etc. we associate
pairs w; = (Z:) or wy = (’;?’), etc. with operators u; or w;;--- as in
(4.23) and integers v; or v;; - - - as in (4.24). With such components w;, the
polynomials rad” become ordinary differential operators, and the system

(4.12) translates into the following Leibniz type rules:

(4.46) rad”* (lw!|l1) = o1

(4.47) rad” 2 ([|w?||z) = rad™ ((y2)
(4.48) rad”™"? (||lw'?|lp2) = rad™ ((p2)
(4.49) rad" " (||w®|lps) = rad™""**((¢3)
(4.50) rad" " (|lw'?||ps) = rad™>™* ((¢s)
(4.51) rad” "> ([w!®||ps) = rad™>™* ((gs)

etc., and more generally, for ¢ > 2 (resp. ¢ = 1):
(4.52) radwl’ ,wr(“wz i+1 Ws”(Ps) Eradwl,...,wi+wi+1,...,ws((ps)
(resp. =rad“®™* " ()

with sums ||w?|, |w¥]| = ||w'w?|| = ||| + ||w’]|, etc. defined as usual (see
(2.15)) and with test functions ¢, that may be any (almost everywhere
smooth) function of the variables w; appearing in the sequences w!,w?,...

Now, since in the case when all sums @; are # 0, one has the
elementary arborification rule:

(4.53) §¥ = Zl(@-)—l — SY = Zz(d}i)—l
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with sums @; = ) w; relative to the full order of w in 21 (resp. to the
partial order of & in 22), it is sufficient to show, by induction on s, that
the identity (4.44) holds for each & that has s vanishing sums @; in it, but
such that each of the subordinated sequences w in (4.45) (whose full order
is compatible with the partial order of cf:) has s or s+ 1 vanishing sums @;
in it.

Let us start the induction with s = 0. It is enough to consider
an arborified sequence o= (w1,---,wr)< beginning with a fully ordered
sequence (w1, . .. ,wq) Whose last component w, has at least two immediate

successors w;. If we now assume that the only set of components w; of &
whose sum vanishes is the set of all w; strictly posterior to wq, in other
words:

(4.54) Wa —wa =0 (&, relative to the partial order of cf:)

it is plain that & has only non-vanishing sums &;, but that each of
the subordinated, fully ordered sequences w in (4.45) has exactly one
vanishing sum, namely @&,41. However, applying the Leibniz rule (4.46)

with w! = (Wat1,--.,w,) and the following test function ¢;:
(4.55) i‘e’st def Z 8% . (w compatible with cf’)

and using the identity:

(4.56) o1 = |l H(&),-) (&; relative to @)

i=1
we find that the non-arborified identity (4.32) implies the arborified iden-
tity (4.44).

Similarly, whenever the de-arborification & — w entails a jump from
1 to 2 (resp. 2 to 3, or s—1 to s) of the backward vanishing number (i.e.
the number of vanishing sums @;) one resorts to the relevant Leibniz rule
(4.47) or (4.48) (resp. (4.49), (4.50), (4.51) or (4.52) in the general case)
and verifies, once more, that the non-arborified identity (4.32) implies its
arborified counterpart (4.44), without any change of outward form.

To deduce from this the symmetrality of Se, all we have to do is
consider the special case of an arborescent sequence & consisting of the
juxtaposition (not succession!) of two fully ordered sequences w! = (wq, - - -)

and w? = (wg,...). (In other words, each w; in & has exactly one direct
antecedent w;, except for the two minimal elements w, and wg.)
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Lastly, to establish the uniqueness of the mould Sg,, under the
rationality requirement (2.41), one must also resort to the Leibniz rules
(4.52) and observe that, in order to ensure stabilility under arborification
(or even mere symmetrality) the operators Rad® should be invariant
under any internal reordering of the components of any of the unbreakable
sequences w' in the backward factorization (4.26).

One deals with the moulds S2,, and § * in exactly the same way, and
winds up by proving all identities from (2.35) to (2.39) by induction on the
number s of unbreakable factors w® in (4.25), (4.26), (4.27).

PROPOSITION 4.3 (V,,-derivatives of §°). — Under the V,,-
derivation (see (3.8)) the “tough” moulds behave as follows:
(4.57) VioSsa = —Sexe X I3, + 8§ o, xSe  (Ywo)

(458) Vwo Se.xt = +Ic:vo X Se.xt - S;xt X #':)0 (VWO)
(459) Vi B* =HL xE°-F" <K, (Vuwo)
where (for each wg € C) § :)0 denotes a well-defined alternal mould such
that §“*“" = 0 as soon as one of the following three conditions is fulfilled

wo
(4.60) wo=0
(4.60*) wit-+w #0
(4.60**) Wi 7& wo (V’L)
Proof. — For each wy € C, we may regard equations (4.57) and

(4.58) as defining two (a priori) distinct moulds §;, . But if we apply the
mould derivation to the mould identity:

(4.61) Soet X Seyt = 1°

we see that the two aforementioned moulds §
Likewise, applying V,,, to the mould identity:

(4.62) $° =85 x B xSo

o, do in fact coincide.

and bearing in mind that:
(4.63) Vo $° =I5, x §*—§° I3 (see §3)
we see at once that (4.57) and (4.58) imply (4.59). So we may regard

ﬁ';o as being defined by, say, equation (4.57) and prove, with the help

of the properties of §* and recursively on van (w), that § or o does
indeed vanish when either (4.60) or (4.60*) or (4.60**) is fulfilled. As for
the alternality of § ;0, it also follows from (4.57), but has nothing to do
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with the particular nature of the mould Sg,,, only with its symmetrality.
Indeed, it is an easy matter to show that for any three moulds A®, B®, C*®
the relation:

(4.64) Vi, A® = A® x B* + C* x A®

determines C*® (resp. B®) in terms of A®* and B® (resp. A* and C*®) and
automatically guarantees the alternality of C*® (resp. B®) if A® is symmetral
and B® (resp. C*®) is alternal. O

To conclude this section, let us review some of the differences between
$° and §°. § vanishes more often than §, since §* = 0 as soon as
lw|| # 0. §“ has only singularities of the form:

wi+ o wi=0=wi41+ -+ w,
whereas §“ may have singularities of the form:
Wi +wit1+--+w;j=0 (4,5€{1,...,7})

.$w has rational coefficients, whereas $w has only integral coefficients,
and those tend to be much larger (see Tables at the end of §11). Above all,
§° is an incomparably more complex object than $°, as borne out by the
respective definitions of these two moulds; their modes of calculation; and
the shape of their V,,,-derivatives. That impression will further deepen in
the next section, when studying certain useful generating functions (known
as amplifications and coamplifications) attached to §° and § °.

5. Amplification of the moulds §° and § °.

Moulds and their amplification.

When investigating the convergence/divergence properties of mould-
comould expansions Y, M“B,, one is often led to regroup all terms
that correspond to sequences w’ obtained from one given sequence w =
(w1,...,wr) interspersed with any number of copies of a given element wy
which is usually 0, and in our case will always be 0. The natural way to
study such regroupings is to introduce generating functions:

(no) (n1) (n2) (nr)
(5.1) E MO O w1,00 w2,0827, . wr, 0T bgob;n T

with bg, by, ...,b. denoting independent complex variables, and with the
symbols 0(™) standing for sequences (0, . . ., 0) of n; consecutive zeros. Now,
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if the mould M*® happens to be alternal (or again if it is symmetral but
with M = 0), the alternality (resp. symmetrality) relation (2.2), when
applied to the pair w!, w? with:

(5.2) W =(0); w?=(0) wy,00m) W,y 02) . w, 0)

yields rightaway:

(53) Z (1 +ni)MO("O),Wl,0(‘"1)>...ywi,0(1+‘ni)’wi+1,...7wry0("r) =0.
0<i<r

As a consequence, the generating function (5.1) is seen to depend only on
the differences:

(54) a1=b1—b0, a2=b2—b1,...,a,.=br—b,_1.

This motivates the introduction of sequences wo of the form:
WiyeooyWp

5.5 w=(w1y..., W) =

9 @) = (0

and of an zo-indexed mould:
(5_6) Mwl""’w'dgz Mwl,()(’"l),...,wr’o("r) (al)nl .

amp
n; >0 . (a1+a2)"2 e (a1+ N _i_aq‘)""’r

dezfz MO("“,wl,..-,O("T),wr(_l)n1+~~+nr (@14 - - +a,)™-
n; >0 . (a2+ cee +ar)n2 . (ar)n"’.

The mould M, thus defined is known as the amplification of M*. 1t is
automatically alternal if M*® is alternal (resp. symmetral if M*® is symmetral
and M° = 0).

As it happens, most natural moulds M*® possess convergent amplifi-

cations My, .. More precisely, for a fixed sequence w = (wr,.. .,w,) and
a variable sequence a = (ay,...,a,), the generating function M5 does

not only converge for small values of a but, as a rule, the corresponding
analytic germ can also be continued endlessly (i.e. along almost any broken
line drawn in C" and originating from 0), and thus gives rise to an analytic
function of a = (a;), uniform or multiform, but defined everywhere on C",
except on a singular set of complex dimension < r.

If we now revert to the topic of mould-comould contractions
3> M%“By,, the fact that the terms B, (being usually concatenations of
r(w) derivations) tend to grow (in norm) roughly like r(w)!, means that
the sum Y M“By, usually diverges (in norm). Nevertheless, most of the
time, one Borel transform z — ( (relative to a suitable variable 2) can-
cels off the noisome factorial 7(w)!, and the endless continuability of M35,
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translates into the resurgence of 3 M“B, relative to the z variable. We
shall soon enough (see §8 and §9) come across striking examples of this

very general phenomenon, but first we must investigate the amplifications
of our key moulds $° and £ °.

Amplification of the §°* mould.

In (2.14) and (3.8) we introduced derivations V and V,,, operating on
w-indexed moulds. We obtain analogous derivations V and V4, operating
on wo-indexed moulds, by replacing the sum ||w| in (2.14) by ||wo| =
lw||+ lall, and each term w; M- on the right-hand side of (3.8) by the
term (w; + a;) M-,

PROPOSITION 5.1 (Rationality of § ;). — The amplification §
can be calculated inductively by means of the relations:
(5.7) Vo .S;mp =1, X $;mp — $;mp xIg (Vo)
(5.8) VS;mp=I'x$;mp—$;mpxI°

which have the same outward form as the induction (3.16), (3.16*) for §°,
but with an induction-starting condition:

(5.9) Fomp =a1(wr +a1)7} (Vw{; wy = (wl))

ai

.
amp

which is valid for both w; # 0 and w; = 0, unlike the corresponding
condition for $°, for which we had a dichotomy:

(5.9bis) SleOifwl#O; »Su)l:lifwl =0.

As a consequence, each § ij is a rational function of the variables w; and

a;, with singular loci of the form:

(5.10) (witwigr+-+wj)+(ai+taip1+---+a;)=0 (1<i<j<r)

but the analytical expression of § gnp, unlike that of § w, doesn’t depend

on the actual degeneracy pattern of w. It is given explicitely by:

(5.11) $omp = I* + (Stmp) X (V*S3mp)

with:

(5.11%) Smmr W gurtanerter (seq (2.20)
(5.11*%) §@is@r O guitawetar (ge0 (2.19))

*kk * def
(5.11***) v SZ"I‘I’J o 2 (w1+...+wr)sgéf) T
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Thus, putting 7; def w; + ag; Mij def w; +wj + a; + aj, etc., we get:

$w1yﬁ72

amp | = w1 (7)17)12)_1 - w2(7727712)_l

$w1 y W2, W3

amp = —wi (Mmmamzs) ™! + wa(nemanes) !

+ wa(Mame3mes) ™ — 0-’3(773172377123)—1
etc.

But due to cancellations within (5.11), for any fixed sequence w, no
matter how degenerate, § gnp is always a regular function of the sequence
a at the origin a = 0 of C", whereas the factors Sa,mp and S on their
own, may clearly possess poles at a = 0. In other words, for any fixed w,

e amp has only singular loci of the form (5.10) and with w; +---w; # 0.

Proof of Proposition 5.1. — The induction (3.16*) for $° yields:
n (nj_1-1) . . o(ni—
(512) w;i $u1,0( 1),...,w,., - _ $...,0 1—1 SWiyene +$...,w,,0 b

if 1 <ni_q1,1 < mn; and 0 < ¢ < r. These relations (along with their
analogues in the fringe cases when 7 = 1 or r or when some of the
components n; vanish) translate precisely into the rules (5.7) for the V-
derivatives of § ;mp. Adding these identities for wy = w@;,...,wo = w@,,
we find the rule (5.8) for the V-derivatives. Written out in full, the latter
reads:

0("1‘)

(613) (ol + lal) 557" = §2=r — §Ths
and since we may always divide by the function ||w| + ||a||, even when
lw|| = 0, (5.13) is an effective recursion for calculating § amp> and leads

rightaway to (5.11).
Moreover, for any fixed w, whatever its degeneracy pattern, we have:
(5.14) lim .$amp =$“

a—0

and this is even the simplest direct means for calculating a given § w

Amplification of the § * mould.

PROPOSITION 5.2 (Endless analyticity of § - ). — For any fixed

amp

sequence w = (wy, . . .,w,), the amplification § &, amp 18 an analytic function of
a=(a,...,a.), deﬁned almost everywhere on C", and with ramifications
ifr(w) > 3.

If van(w) = 0, ie if ||w| # 0 (see after (2.18)) there is of course

nothing to prove, since in that case both §“ and its amplification § = amp aT€
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= 0. To establish Proposition 5.2 in the non-trivial case (when van(w) > 1),
we need to know the power series expansions of § gnp at a = 0, as well
as integral representations valid in the large. We shall first calculate the
power series expansions in the case when van(w) = 1, i.e. when |w|| = 0
but all partial sums w; and &; (other than @&, and @;, which by definition
coincide with ||w]|) are # 0.

PROPOSITION 5.3 (Power series expansions of § :np). — Ifvan(w) =
1, the power series expansion of .ﬁ':ﬂp (as a function of a) admits no
compact expression in terms of the original variables ay,as,...,a, but it

can be easily calculated from either of the following expansions:

(5.15) Fomp =llall=eD 3" D (@) @)
1<i<r—-1 (0<p;
{ 1<n;

o (Tpo1)" N XG)P P Pyg - Piy
(5.16) .ﬁfﬂp:(_nr-l"a”—(r—l) Z Z (Yi)Pi(yo)™ 2 -

25 (0 <
1< n;

c(ys)™ T () T Qi Qi Qi

which involve the (non-independent) variables:

zi Lagfalmt = (et e (et ap) Tt (1<i<r-1)
X; L exp(llall/@:) = exp((ar+- - +ar) (@it +wi)™l) (1<i<r-1)
i L aglall ! = (ai+---+a,)(a1+- - +a,) 7} (2<i<r)

Y: Eexp(llall/@:) = exp((ar+--+a)(wit- - +w)™l) (2<i<r)
and the following coefficients:

1<i<r—1
T (1471 —pi(@;/@3)) <j<
517) P, = ik T 1=gsr
(5.17) Fi; P(1+7j-1—pi(@j-1/@:)) %
: i#J
1) By = (e sisr1)
: Yt piD (491 —ps (Wim1 /@3) )T (pi—Toi—1) ;_
<ilr
T(1+7;41—-pi(@; /@) <j<
5.18 ij = — Y il
(5.18) Qi L(1+R41-pi(@)41/@i)) 7]
: i#]
. (_l)ni+1—Pi .
(5.18*) Qi (2<i<r)

Pl (141 —pi(@j41/@5) )T (s —Pig1)
with the usual notations:

(5.19) wi=wit o Ftwi; y=ng+-+ny
(5.20) Wi=wi+-twr; Ay=ni+--+n,
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supplemented by the natural convention:

(521) (Z)(]‘:O; ’fLO—_—O; L:)T+1=O; flr+1=0.

Remark 1. — There exist similar expansions for the case van(w) > 2,
but they involve a larger number of “exponential” variables, namely:

(5.22) X;; °S exp(ai/@;) withie Ibutj¢l
(5.23) Y;; °L exp(ai/@;) withie [butj¢l
where I (resp. I) denotes the set of all indices i such that @; = 0 (resp.

@; = 0).

Remark 2. — Instead of extending the sums (5.15) and (5.16) to all
p; > 0, we may restrict them to the intervals:
(5.24) 1471 <p; <Ny (if1<i) and 0 <p; <My (ifi=1)
(5.25) 14741 <pi<n; (fi<r)and 0<p, <A, (ifi=r7)

because, for other values of p;, the coefficients P;;P; ;11 and Q;;—1Q:;
vanish. But beware that, in spite of the convention (5.21), we must include
in (5.15) (resp. (5.16)) the term corresponding to p; = 0 (resp. p, = 0).

Remark 3. — Applying the convention (5.21) to (5.17) and (5.18),
we find for P;; and Q;, the simplified expression:

(5.26) Py =T(1 = pi(@01/@5)) 5 Qir = T(1 = ps(@r/@5)).

On the other hand, the values for P;; and Q;; as given in (5.17*), (5.18*)
depart from the rule (5.17), (5.18) but remain close to it. Indeed, if we take
w;/w; and @; /@; equal to 1+ ¢ instead of 1, and let £ go to 0, we find:

(5.27) (P as given by (5.17*)) = lin(l)(ePi,,- as given by (5.17))
£—
(5.28) (Q: as given by (5.18*)) = lin(l](sQi,i as given by (5.18)).
, e

Remark 4. — As soon as we translate the expansions (5.15) or (5.16)
into power series of the original variables aq,...,a,, the negative powers
|la]|~" disappear, and so do the apparent poles of the form:

(5.29) ((my/a;) = (mi/@:)) ™" or ((my/@;) — (ms /i)~

which are contributed by the gamma functions sitting in the numerators
of the coefficients P; ; or Q; ;. What we are left with is an entire power
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series in the variables a; and (;)~! (resp. a; and (@;)~!), with the obvious

homogeneousness:

(5.30) Foieo®r = =D g oo if o = twy, af = ta.

Thus, if we take r = 3 and calculate the first terms in (5.16), we find:

(5.31) BT = 3" N (a1) T2 (42) ™ (88)™ Ay ms

0<mg 0<mga

with w; + we + w3 = 0; w; # 0; 41 = a1 + az + as, dz = az + as, 43 = as,

and:

Agp = (@2 — 203) " [—pe?81/%2 4 203e81/%3 4 (y — 205

Ar o = ((212 - 2&)3)_1((2)2 - 3(:)3)_1[4'2(2)2((2)2 - 2&)3)63&‘/&2 e

B0 30 (@ — 3s)ea1/2 — 6(dg)2e81 /@3 4 (g — 20) (@ — 303)]

(202 — 3w3) "1 (W2 — 3W3) T [—2(wo)2e3a1/ %2 ...

Ao = { —3W3(@o — 3w3)e?31/s 4 605 (2we — 3d3)ed/@s . ..
+(20 — 3@3) (@2 — 3d3)]

etc. But after expanding the exponentials and doing away with illusory

poles, we find the following expressions, whose alternality is easy to check:

(5.32) Foumr™ =N (@) T (@s) T By
0<i 0<j
with:
Bypo =1
Bip =(1/3)(2a1 — az — a3)
By, = (1/3)(a1 + a2 — 2a3)
B = (1/12)(4a} + a3 + a% — Ta1az — Taa3 + 2a2a3)
By = (1/12)(2a% — a2 + 2a2% + a1a2 — 8aja3 + aza;3)
Boo = (1/12)(af + a% + 4a§ + 2a1a2 — Taja3 — Tazas)

etc.

Remark 5. — Only for 7 < 2 does the amplification § fnp assume the

form of a simple function. For r = 1, it is utterly trivial, since § Z:lp =1

(resp. = 0) if w; = 0 (resp. # 0). For r = 2, the expansions (5.15) and
(5.16) lead respectively to the following, clearly equivalent expressions:

(5.33) Foie® = (1 - e®2/“1)(are™?/“ + ap) ™
— (eau/wz _ 1)(&1 + azeau/wz)—l

with a;2 = a; + az, w1 #0, we # 0 but w; +ws = 0.
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Remark 6. — For r > 3, the amplification § g‘p is of a far more
complex nature, with features reminiscent not only of the hypergeometric
functions (as obvious from the shape of coefficients P;; and Q;;) but also
of the hyperlogarithms. This latter, more recondite kinship shows in the
following fact. If we regard the variables z; and X; (resp. y; and Y;) as
being independent, and denote by ¢;(X;) (resp. ©¥;(Y;)) the power series
inside the sum (5.15) (resp. (5.16)) that involves the variable X; (resp.
Y;) as well as the corresponding function, the alternality relations for the
mould .ﬂ»‘;mp translate into functional equations of “logarithmic type”,
which relate ,(X’X") to the various ¢,(X’) and ¢, (X"); or 9,(Y'Y")
to the 4;(Y”) and 9, (Y"); or again ¢,(X) to the ;(X~1).

Short proof of Proposition 5.2 and 5.3.
Due to alternality we have:

(5.34) B oL@ @ (—1)7 L f T @

amp amp
so that (5.15) is clearly equivalent to (5.16). We shall establish the latter
formula. To that end, it is convenient to start from this definition of the
amplification:

(5.35) B =S B (—a)™ (=)™ (—a)r

with @ = (wy,...,w,), n = (ny,...,n.); n; > 1; and:
(5.36) W™ % (0m=D) 02Dy L 0D ),
Then we calculate § w* by the standard rule:

(5.37) B =Ral”" .TY, (see (4.33)).

. . . n .
To obtain the “restriction” T, we must replace each zero in the sequence
w™ by an auxiliary variable ;. In other words, we must write w™ in the

form:

(5.38) W= (N1,M2y s Mgy e -+ » Mgy -+ - » Mty

with 2; =ny + -+ +n; and n; = 0 except if j = 7;, in which case 7; = w;.
Applying (4.8) we get the factorization:

(5.39) TY, = ToTs--- T,
with T; = I1 (7;)7" and 7 = n; +nj41+ -+ + 7a,. As for the

1+7;-1<j<n;
differential operator Ral“”, the rule (4.30) shows it to be of the form:

(5.40) Ralwn = rgl¥Wes Wy
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with w; = (u,) and:
U

(5.41) u;=0,, if 1 <i < n; and u,, = 3,,n1+<9m+n1+ o 3,,n1+n2+”_nr
(5.42) v;=1 if1<i<m; and v,, = l+ng+ns+---n, = 1+n,.

However, there being no factor 73 in (5.39) nor, by the same token, any
variable 7; of index ¢ < n;, each one of the operators u; (for 1 < i < n;)
annihilates Tr‘;’S:, leaving only u,, to act non trivially. So in ral**» %1 we
may ignore all terms but u,,. But from the induction (4.13) we easily infer
that:

(543) ra]¥riWzs s Wny =(u"1)n1_1 )
(mi—1)! (va+vst -V, ) (U3t Vpy) -+ (Vg )
modulo the terms ui, uz, ..., Un, 1. In view of (5.42) this reads:

ig! (um )"1 -1
(’fll - 1)‘ (n1 - 1)'
Using (5.44) and applying Rad®“” to the various factors T} of T,“gs:, we find:

we _ ()M (un)*
(5.45) §% = <ﬁ1-1>!("2°{sizoz (29@{ (s:!) T}

s2+---spr=mn1—1
sgt+-sr=mn1p—1

(5.44)  ralsom =

(modulo uy,ug,...,Up, —1)-

After differentiating and annihilating (in this order) all auxiliary variables
n; of index j not of the form j = 7;, (5.45) becomes:

w" — (_1)1’11—1 a1 83 Ay, —(si+n,~)
(5‘46) '$ - (’I‘Lz.) Z 01+'ﬁi+1,’ﬁi (w"r)

7y — 1)!
(1 —1) 00
s2+--8pr=n1—1

with integers 63, defined by

(5.47) 07, ., LD (M) (L4 m) @+ )B4 ) (r)
for 0 < 0,0 < 11 < 7y, and a sum extending to all integers o; > 0 such that

oo+01+--0r,—r, =0. However, we easily find (5.47) to be equivalent to:

7.0-}—7'2—71

(5.48) Bn= 2 Gom o

T1<7<T2

1)

Plugging (5.48) into (5.46) and (5.46) into (5.35), we may now proceed to
sum inside (5.35), first over all values of s9, s3, ..., S, whose sum is n; —1,
by using the identity:

(5.49) Yo apepar =3 o [ (ai-ay)
{8,‘20 2<ilr 2<j<r
sg+83+-8r =n1—1 J#i
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and then over all multiintegers n = (ng,ng,...,n,) of components n; > 1;
with functions R™ and R™ of the form:

(551) R™ =|la|2(az)) [] (a5/@5)™ "

2<j<r
(5.52) R™ =elal/as. (g)2-r+he T ((1/@5) - (1/@;))
{2 <j<r
Jj#i

and lastly with operators K ](-n) of the form:

_1)m—1—ﬁj+1
5.53 K™ = ( 2 __dil™
I P I e e e A

14741 <m<h;
where dil;m) denotes a dilatation operator acting on the sole variable @;:

(5.54) dill™ (@1, .., @jy .-, 0r) E (@, ..., @5/m, ., Or).

We further transform the sum (5.50) by applying, to each given summand
Rl(-“), all operators K J(-") of index j # 4, and by using the easily proven
identity:

K™ (@) ((1/) — (1/@;))71}
(5.55) = —(@iwy)'" I1 )((1/@1) = (m/@;))~

(I+7i41Sm<

= —(@) (@) T+ fjpr — (@5/@5)) /T A+ 7y — (/@)

Then, as a last step, we apply the one still unused operator, namely
Ki(n). Eventually, after switching to the variables y; and Y; of Proposition
5.3, we find that in (5.50) the coefficient in front of:

(1) Hla "I (Y)P ()™ (ya)™ T ()™
is none other than:
(=1)Pir P 11 P(1+Aj41 — pi(@;/@4))
Pl (14 Rip1 — pa)T(ps — 7s) {2 Ji<r T(147; — pi(@;/@;))
J#i
which tallies exactly with the coefficient Q;1Q;2 - - - Qi of (5.16).

This completes the proof of Proposition 5.3.

Now, for any fixed sequence w, the expansion (5.15) is clearly a power
series with positive (but finite) radius of convergence in the variables z;
and X;, and so too in the variables a;. Its sum is therefore an analytic germ
at the origin 0 of C" and, in order to prove Proposition 5.2, we have to show
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that this germ admits an endless analytic continuation, with a singular set
of zero measure.

To do this, it is more convenient to reason on auxiliary power series
® of the form:
(5.56)

AlyeeeyOp_1,0p\ def — —1—1
@( yrr =D p § zh 1...];:‘:11 2PRy---R,_1R,
T1y--yTr—1,Tx
1<n,;
0<p

P(l + 'ﬁj +pdj+1)
T(1+ 7 + pa;)T(1 +peji1)’
def T'(1 +pa1)l'(1 + pag) - - T'(1 + pay)

~ T(r+pay+pog+---+pa,)

Here a = (a3, ...,q,) is any sequence of complex numbers independent
over Z(as usual, &; = a3 +--- + ;) and 1,...,Tr_1,Z, are regarded as
variables. The last one is denoted by z, rather than z,., because it is not
at all on a par with the rest, as we shall see in a moment.

with coefficients:
(5.57) R; <

G=12...,r=1)

(5.58) R,

But right now, to motivate the introduction of ®, let us observe that
if we put:

(5.59) T =Xi; aj=e—pwi/&; (=1,2,...,7)
and let € go to 0, then due to (5.27):
(5.60) el(r)® — Fop; (ase—0)

where § a?nw. denotes of course the inside series in (5.15) that involves the

variable Xj.

So we may proceed with ® and assume for a start that Re(a;) > 0 for
each j. Under that assumption, and by classical gamma function theory, we
find for the coefficients R; and R, the convergent integral representations:

1 lhtico

(5.61) Rj (Uj)_l_ﬁj_paj (1 - ’Ll,j)—l_patj"'1 duj

- % l/2—’ioo

1

(5.62) R, =] wi wh®? - wP* dwidws - - - dwr_q
0

with wy +wy + -+ - +w, = 1.

If we plug these integral representations into (5.56); then sum over
ni,M2,...,Nr—1,p; and then change from u; to v; with:

(5.63) v (1w )ujuieruy (f2<5<r—1)

def def
(563*) V1 =UIU2 " Upr—1 5 VUp = 1- Upr_—1
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we find for ® the following integral representation:

(5.64) d= /Hdvl---dv,._ldwl---dwr_l
with a simple integrand H = H; --- H,._1H,:

(565) H (271”&) Ly 1(2)1 +v2+--4v; — .’L'J')_l
(5.66) H.,=(1- a:*('wl/vl)"“ . (u)r/'v,)"")—l

and with variables v;, w; bound by:
(5.67) v+t =1; wi+---+w.-=1

The w; range over the same finite multipath of integration as in (5.62),
while the v; range over an infinite multipath deducible from that of the u;
under (5.63), (5.63*).

For z; and z, small enough, the integrand H doesn’t vanish: the series
(5.56) and the integral (5.64) converge to one and the same germ ®, which
clearly has the property of endless analytic continuation, with a singular
set of zero measure.

It is but an easy step to see that this property survives even without
the assumption Re(a;) > 0, and that the limit (5.60) also leaves it in force.
However, if we object to taking limits, we can also find for each single
B gnp , a direct integral representation akin to (5.64), though slightly less
tidy, and conclude in this way. The advantage of proceeding as we did lies
not only in the greater simplicity of @, but also in the fact that, via the
specialization (5.59) and the limiting process (5.60), ® disposes at once
of all .ﬁ'ampl, for all 7. But whatever the means chosen, the argument
establishes Proposition 5.2.

Coamplification of moulds.

Let us revert to the case of a general alternal mould M*® with its

amplification My, and the corresponding power series:

(5.68) MZipTr =Y M@rowral..alr (with w; = () € C?).

n; >0
For reasons that shall become apparent in §8 and §9, it is often useful to
attach to M*® yet another alternal mould, the coamplification Mg,,m,(2),
which is indexed by sequences 7 similar in form to zo:

(5.69) n=(n,...,m) with 5 = (‘:) : w; €C,0;€C.

A



THE NILPOTENT PART AND DISTINGUISHED FORM 1447

but which takes its values in the algebra of formal power series of 27! (2
being regarded as large):

(5.70) M (2) € Otz if gy = (wi).
i

The coamplification admits of a concise definition:

(5.71) M (2) “EAMZ ™ o 27 s

= (2) - (3)

In plain words: we turn Mgﬁp into an operator by replacing each
variable a; in w; by the derivation 0; = 0,,; then we let this operator
Mgp act on the monomial 277! ---27°"; and lastly we replace each z;
by z.

With the help of the expansion (5.68) we get the more explicit formula
(where 0 = 0,):

(5.72) Mg&éﬁiﬁ"' (z) = Z M@ (0™ 2z71) ... (0" z7T)

’n,‘ZO
— Z M;:u,.-.,:r(_1)n1+~~~+nrz—(01+-~ar)—(n1+-~~nr)
1y--0yNr
n;20 H F(O'i+’n,i)

[(o3)

1<i<r
Unless the power series (5.68) has infinite multiradius of convergence, (5.72)
usually diverges as a series of z~!. But if we subject it to the Borel
transform:

(5.73) 27T = (7T T(0) 5 MEBgap (2) —— MEga (€)

(5.73%) z large ; ¢ small,

and remember that Borel turns the derivation 0 = 8, into multiplication
by (—¢), we find for ¢ close to 0:

¢ g1—1 or—1
AS sy — Wlyeeey@r , 31 L
(5'74) Mcoamp (C) /0‘ Mamp F(O’l) F(O’,-) dCl dC'r—l

Wi

with n; = (:i) as usual but with w; = ( ), and with integration along
i i

the complex multipath symbolized by:

(5.75) {0<G<Cv); G+G+-+G=(¢

so that (5.74), despite the missing d¢,, is perfectly symmetrical in

¢1,¢2,..-,¢ Since Mg, as we saw in the case M* = §° or §°, often
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tends to be more easily expressible in terms of the variables (; or C}, we
may also replace (d¢; - --d(r—1) by (d{; ---dr_1) or (dls---d(,) and inte-
grate along the multipaths:

def

(6.75*) {0<b<l<-<1<Cwith&E G+ +G)
(5.75%) {0<Cr<Cror << <CHwithE=¢G o+ + ).

But whatever the mode of integration, it is plain that if we have
endless analyticity (in the sense of Proposition 5.2) of MZl®" as a

function of its several variables (; (recall that here w; = (wé )), we
—Gi

automatically have endless analyticity of M" (¢) as a function of its

one variable ¢; and therefore resurgence of M%:."(z) as a formal power

coamp
series of 271,

We should note that definition (5.74) works well for complex numbers
o; such El\lat Re(o;) > 0. But even for general complex numbers o;, the
_minors Mc‘oamp(C) may still be defined unambiguously via the majors

M;oamp(g). For the notions of minor and major of a resurgent function,
we refer to [E5] or [E7] or [E10](*)

In §8 and §9, we shall turn to good profit the resurgence properties
of the coamplifications §_, and § ¢

coamp coamp*

6. The alternel moulds §° and § * in the context
of symmetrel compensation.

At the beginning of §2, we recalled the twin notions of symme-
trel/alternel moulds, which are akin to symmetral/alternal moulds, but
intervene in different contexts: the latter (mainly) in the study of vector
fields, the former (mainly) in that of diffeomorphisms.

In the present instance, and parallel to the symmetral/alternal
moulds:

(6.1)  S°,8°% 82 Sextr Seo(t), 826(1); Sico(t), Saco (), (symmetral)

(6.1%) T*,$°,8° (alternal)

(*) Majors and minors are signalled respectively by V and A. Needless to say, this has
nothing to do with the use of these symboles in the notations @; and @; for the partial
sums, forward and backward, of a sequence W.
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we require a series of 8 symmetrel and 3 alternel moulds, which we denote
by the same symbols, but with cursive letters:

(62) S. 'S. ngt’ ext7 (t) S (t)’ a.co(t) Saco(t) (symmetrel)
(6.2%) 7°,8°,8° (alternel).

We define them in much the same way as their models, but with automor-
phisms exp(V) and exp(V —td;) in place of the derivations V and V — t9;.
More precisely, we begin with the counterparts of S®, $°, T, which are
defined (almost everywhere) by the formulae:

(6.3) SY =e IWl(e=@1_1)"1...(e=9r—1)"1 with @y=wi+ - +w;
(6.4) SY =(e“1—-1)71... (e —1)"1 with @;=w;+ - - +wr
(6.5 T« =0 if ||w|| #0

(6.5*) TY = (e¥2—1)"1(e*>—1)"1---(e*r—1)"1 if |w| =

The analogues of (2.23), (2.24) read:

(6.6) eV -8 =8"x(1*+1)""

(6.7) eV -8 =(1"+1I")xS".

We then introduce an auxiliary variable ¢t € C, (C, denotes the Riemann
surface of logt) and construct the symmetrel compensators:

(6.8) 82, (t) % (tV 8%) x (S*)
(6.9) 8%, (t) € (8%) x (t7S*)

which, unlike S® and 8°, are defined for all sequences w. In the case
of degenerate sequences w (see (2.17), (2. 18)), we denote by S¥ (t) and
8% _(t) the logarithm-free parts of S (t) and S (¢). This leads smoothly to
the lateral and central decomposmons of symmetrel compensators, which
faithfully mirror the symmetral models on which they are patterned. Thus:
(6.10) S&(t) = S2o(t) x exp((logt)$°) (right-lateral)

= exp((logt)(tV §*)) x S2.,(t) (left-lateral)

= (tV 82,,) x exp((logt) § *) x S& (central).
The proofs also mimick the earlier arguments (see at the end of §2 and
§3) and rely on mould-comould contractions Y M ']B;, but since M* is
now either symmetrel or alternel, it should (always) be contracted with a
cosymmetrel comould B,, i.e. one that obeys a cosymmetrel coproduct:

(6.11) cop(Bw) = Y Bun @By

wt,w?
with w obtainable by contracting shuffling (see (2.4*), (2.5*)) from w!
and w?.
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The only point in need of elaboration is the construction of the canoni-
cal “tough” moulds S2,,, So.¢, § ° that appear in the central decomposition.
As in §4, we follow a two-stepped procedure:

(8°,8%,T*) 5 (Stunts Stests Trtar) = (S5

rest? rest ext?

S;xm .)
We define, predictably enough, the “restrictions” Sgo;, Srest, Zrest Py the
earlier formulae (6.3), (6.4), (6.5-5*), but under omission of the factors
for which @; = 0 (resp. &; = 0). Then we subject the “restrictions” to
suitable differential operators Red”’, Red“, Rel® that are defined as in
(4.28), (4.29), (4.30), but relative to new auxiliary moulds red™, red",
relV, which instead of verifying (4.16), (4.17), interrelate as follows:

(6.12) 1°* = red® x red*
(6.13) rel® = red® xJ® x red® (J® asin (2.10))

and are defined by an induction markedly different from (4.11), (4.12),
(4.13). That new induction reads for 1 < r (resp. 2 <17 <r):

(evlaul +'U28u2+ 'Urau,- _ 1) red"”lv-u"’r — redw2aw37-~~y’wr
( ViOu; +Vit10u; 3+ VrOu, _ 1) edWir W — redwl;u-ywi—1+wiv~-y'wr
(emaul +v20u, + - VrOu, __ )rel"’l""’"’r =0

(e'"iaui+’Ui+13u,-+1+~-‘vraur _ 1) relWirwr — relwl,...,wi_1+w,~,,,.,wr

(there are similar formulae for red®). Thus, whereas the old induction
(4.11), (4.12), (4.13) involved derivations v;0,,, the new induction involves
automorphisms exp(v; 0y, ), i.e. shifts u; — u; + v; on the u; variables. As
a result, red™, red™, rel” (unlike rad™, rad™, ral") are non-homogeneous
polynomials of uy,us,...,u,, although their constant terms vanish, and
their highest order parts coincide with those of the symmetral/alternal
case. Indeed, if we mark with a lower index s the homogeneous part of
degree s, we find:

(6.14) red® =red® =1; rel® =0

and for sequences w = (wq,...,w,) of any length r > 1:

(6.15) red™” = Y redy  with red) =rad™

(6.16) red™ = 15%9 red;  with red) =rad"™

(6.17) rel™ = :isér lrel:" with rely’ = J%¥ and rel ; =ral%.

For 1 < r < 3 and with the usual short-hand u;; = u; + u;, etc., the
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lower-order terms read:

1 ui2
redrlul,uu - _ redllvl,wz = 4-—
2 V12
Uy | Uz
relfV"? = —— + =
v1 V2
1uj23
red"ivhwz,‘wa — _ red‘ivhwzywa _
3 v123

lul 1 us 1 Uui2 1 U23

relwhwz,ws —
1 2 V1 2 V3 2 V12 2 V23

2 2 2
red? ¥ ¥s = _ Tufys {l 1 1 ug 1 ujg
4vi23 Lvy  wypg 4vzvia  4vives
2 2 2
quiwzws _ lufsp 1 1 1 vy 1 ujy
reds =g +— +
4vi3 Lvg U3 4v1v93 4 v3v12
1u2y 1w 1wl 142

rel¥r w2 ws -
2 2 V3V12 2 V23 2 V112 2 V1V2

7. The nilpotent part and distinguished form of
a resonant vector field or diffeomorphism.

From now on, we are going to apply the mould apparatus of the
previous sections to the study of the so-called analytical local objects. More
precisely, we shall be dealing with local analytical vector fields (or fields
for short) on C at 0:

(7.1) X= ) Xi(2)d:, (Xi(0)€0; Xi(x)€C{z})

1<i<v

and with local analytic self-mappings (or diffeos, short for diffeomorphisms)
of C¥ with 0 as fixed point:

(72)  frizi— fiz) (=12,...,v; fi(0) =0; fi(z) € C{z})

or again, equivalently, with the related substitution operators (capital-
lettered):

(7.3) F:pr—Fp®ypof (p(z)andpo f(z) € C{z}).

Throughout, we will assume the linear part to be diagonalizable, and
work with “prepared forms”, i.e. consider analytic charts where the linear
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part assumes diagonal shape. Thus, we will consider fields of the form:
(74) X=X"4+>"B,

(74%) X" =3 "\z:i8,, 1<i<vy, N €C)

(7.4**) B, = B,,,. ., = homogeneous part of degree n (n;>—1)

and diffeos of the form:

(75) F={l+) B,}F'"

(7.5*)  Fling(z,,... , Zy) def o(l1z1,- .-, 4zy) (Vo3 4; € C¥)

(7.5**) B, = Bj,,,....n, = homogeneous part of degree n (n;>—1).

Of course, n-homogeneousness means that for each monomial z™ we have:
(7.6) By, 2™ = Brmz"t™ with B,m € C; 2™ = H:c;""; 2" = Hmf

Note that, for any given B,, at most one component n; may assume the
value —1.

The eigenvalues \; or ¢; will be referred to as multipliers. We say
that the local object (field or diffeo) is resonant, if there exist non-trivial
relations of the form:

(7.7) Z m;N; =0 (OI' )\j) (mi € N)
1<i<v

(7.8) I @™ =1(ore;) (mieN.
1<i<v

If (7.7) or (7.8) are “very nearly” fullfilled for an infinity of multiintegers
m, that is to say, more precisely, if the multipliers do not meet A.D.
Bryuno’s diophantine condition (see [B], [M] or [E7], p. 78), we speak of
quasiresonance.

Lastly, nihilence (which presupposes resonance) amounts to the exis-
tence of a “first integral”, in the form of a (formal) power series H(z) €
C[[z]] with the invariance property:

(7.9 X -H(zx)=0 (for a field)
(7.10) Hof(z) € F-H(z) = H(z) (for a diffeo).

If the Taylor expansion of the object under consideration involves only
resonant monomials or, what amounts to the same, if each homogeneous
part B, in (7.4) or (7.5) commutes with the linear part X'® or Fln
we say that the object is given in a prenormal form (or chart). If the
number of these resonant monomials is minimal (with formal invariants as
coefficients), we speak of a normal form.
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For a resonant vector field X, there is a classical decomposition
(see [B]):

(7.11) X = X% 4 xnil with (x4 xmil) =0

into a diagonalizable part X4 and nilpotent part X™. The decomposition
is fully characterized by chart invariance meaning that for any substitution
operator © expressive of a change of variables we have:

(7.12) (6x0~1)dia — gxdiag—1
(7.13) (exe )™ =ex™lo

and by the condition that in one, and therefore every, prenormal chart, X412
should reduce to the linear diagonal part X'* (and X™! should contain only
higher-order resonant monomials).

We have a similar decomposition for all resonant diffeos, but for
simplicity we restrict ourselves to torsion-free diffeos, i.e. to diffeos whose
eigenvalues ¢; admit a system of logarithms A\; =log¢; € C, (i =1,2,...,v)
such that any multiplicative resonance relation (7.8) translates into a
corresponding additive resonance relation (7.7). (Even if F is not torsion-
free, suitable iterates FP are.) For any torsion-free diffeo F', we have the
decomposition (in operatorial notation):

(714) F= FdiaFnil — Fnileia
characterized by chart-invariance:

(7.15) (6Fe~1)¥* = eFire!
(7.16) (oFe~1)ril = gfrilg!

and by the condition that in one, and therefore any prenormal chart, Fdi2
should reduce to Flin,

The existence of prenormal charts is immediate to establish (by induc-
tive coefficient identification) and the consistency of the above definition
(for the diagonalizable and nilpotent part) follows from the fact that any
substitution operator © that takes us from one prenormal chart to another,
automatically commutes with the object’s linear part X'® or Fin,

PROPOSITION 7.1 (Analytical expression of the nilpotent part and
distinguished form of a vector field). — Any resonant vector field X =
Xlin 4 N*B,, decomposes intrinsically into X% 4 X with:

(7.17) X0l — Z $°B. (= nilpotent part)
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and it admits a canonical (though non-intrinsic) prenormal form:

(7.18) Xxdist — xlin 4 Z §°B, (=distinguished form)
to which it is conjugate:

(7.19) X = O X0 L

under the reciprocal changes of variables:

(7.20) Oext = Z ext B

(7.20) Ot =Y St Be

PROPOSITION 7.2 (Analytical expression of the nilpotent part and
distinguished form of a diffeo). — Any resonant, torsion-free diffeo F' =
{1+ 3" B, }F"" decomposes intrinsically into F™!Fdia = pdia pnil yijtp.
(7.21) Fmil = exp(X ™) = exp(2$° B,) (=nilpotent part)
and it admits a canonical (though non-intrinsic) prenormal from:

(722) Fdist — Flin . exp(XdiSt)
= exp(X9t) . Flin (= distinguished form)
(1.22%)  XU=3"§°B,

to which it is conjugate:

(723) F @exthlSteext
under the reciprocal changes of variables:
(724) ext - Z ext
(7.24%) Ont = StxBe
Remark 1. — All the above formulae involve mould-comould contrac-

tions of type:
(725) ZM.]B. — ZZMWIqu.yWrIBnb.“’nT
'I‘EO ng
with indices:
(7.26) ni = (N1, ..+, Niv); Wi = (N3, A) = naA+ - Ny
relative to the spectrum A; of the field (resp. A\; = log¥; for a diffeo) and
to the cosymmetral (resp. cosymmetrel) comould:

(7.27) Boy,.n, =

=B, - -Bp,B, (n, €Ny
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constructed from the homogeneous parts B, of the vector field X (resp.
diffeo F'). In the case of a diffeo, we may note that the various moulds
M®“1»-“r being used are rational functions of e“?,...,e“r and therefore
independent of the determination \; = log¥¢;, provided this determination
is coherent (i.e. respectful of all resonance relations; see above (7.14)), so
that the degeneracy type or vanishing pattern (see (2.17) and below) of
a sequence w = (wy,...,w,) associated to n = (ny,...,n,) depends on n
alone (not on the determination).

Remark 2. — Like the homogeneous parts B,,, but unlike the nil-
potent part X™! or F™! the distinguished form X%ist or Fdist and the
corresponding changes of variables O¢x and Ge_xlt are not intrinsic, i.e. not
chart-independent, because the moulds § °, S2,., S¢,. don’t behave like the
moulds §°, S°, $°* under V,-derivation: compare (4.57), (4.58), (4.59)
with (3.10%), (3.11*), (3.16*). Nonetheless, for a given chart, the distingui-
shed form is well-defined, with a transparent analytical expression (7.18) or
(7.21), and there is no denying that it is “canonical”: it is just as canonical
among the various prenormal forms, as the mould § ® satisfying (2.42) is
among the various solutions of (2.35). The distinguished form is especially
valuable in two cases:

(i) For local objects with multiple resonance, because such objects
tend to possess several (finitely many) normal forms, each of them marred
by a degree of arbitrariness, and riddled with an infinite number of
coefficients (since multiple resonance induces an infinite number of formal
invariants).

(ii) For objects endowed with an additional structure, e.g. symplectic
or volume-preserving, especially with extrinsic resonance (i.e. with more
degrees of resonance than those induced by symplecticity or volume-
preservation) because in that case the conjugating change of variables
Ocxt that goes together with the distinguished form, is itself symplectic
or volume-preserving, as apparent from its expansion (7.20) or (7.24).

In view of the importance of the distinguished form, the lack of
a simple characterization for it is rather frustrating. Mere rationality
conditions like (2.42) would not do. The closest one might come to such
a characterization would be by investigating the effect of an infinitesimal
change of chart:

(7.28) X — X +€[Y, X] +o(e) (Y fixed)

(7.29) Xdist , xdist 4 c[y*, X484 4 o(e)
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because, due to equation (4.59), Y* has a simple expression in terms of X,
Y and the moulds § ;0. But since successive derivations V,,, V%, ng,
etc., when applied to § *, seem to generate ever new moulds, the prospects
for a useful characterization (such as a simple link between X, Y, Xdist,
Y™, without the involvement of any mould) appear to be very remote.

The truth of the matter seems to be that the distinguished form
belongs to those notions that admit of no other workable definition than
analytical ones, and this peculiarity will find its reflection in the very
distinctive type of divergence and resurgence that distinguished forms
exhibit (see §9).

Proof of Proposition 7.1 and 7.2. — Let us deal with vector fields
first. We closely follow the proofs of Proposition 2.2 and 2.3, at the end
of §2, except for two things. First, we can, right at the outset, make use
of the mould factorizations (2.33)-(2.36), whereas the whole point of the
earlier proof was to establish those factorizations. Second, the mould-
comould contractions, instead of involving the comould (2.53) made up
from elements of the free Lie algebra £, now involve the comould (7.27) built
from the homogeneous parts B,, of the vector field X. But since we may
now take the lateral and central factorizations (2.33)—(2.36) for granted,
the freedom of £ matters no longer, and the only material points are the
cosymmetralness of B,, along with the gradedness property (which is now
relative to the scalar product w = (A, n) with A € C¥ and n € N¥) so that
we can duplicate all the steps of the earlier proof.

More precisely, for any non-resonant vector field X, equation (2.61)
provides an explicit linearization of X, with local coordinate changes (2.58),
(2.59) that are not merely formal, but also convergent (i.e. analytic) if
X is non-quasiresonant as well as being non-resonant. If, however, X is
quasiresonant, the only way to restore convergence is by means of the
compensation technique, i.e. by introducing one or several variables ¢t and
allowing non-entire powers of those variables. Now, when one studies the
quasiresonant case for its own sake, as in [E8], it is advisable to work
exclusively with real positive powers of ¢ (so as to handle only infinitesimal
quantities) and this may call for the introduction of several (upto three) new
“ramified” variables. Here, however, we are interested in quasiresonance
merely as a stepping-stone to resonance, and for our purpose one additional
variable ¢ is enough, even if that may entail working with negative or
non-real powers %l of t. The “compensated” linearization equation is
none other than (2.64), and the corresponding coordinate changes are
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given by (2.62), (2.63). “Compensated” linearization, however, unlike plain
linearization, survives even in the limit-case of resonance, and there the
careful separation of the logarithmic and logarithm-free parts in (2.62),
(2.63) leads successively to the conjugacy relations (2.66), (2.71), (2.72),
(2.78), (2.79), which establish the analytical expression (7.17) for X,

There is also a more direct, if less natural, way of establishing the
formal expansion (7.17) of X", Using the fact that $“ =1 (resp. 0) if w
is a sequence consisting of one (resp. several) zeros (see (3.17)), we see at
once that, in any prenormal chart:

(730) Xdia — Xlin; Xnil =X — Xlin.

Then, using the formula (3.16*) for the V,-derivatives of $°, and reaso-
ning as in §3 (see towards the end, after (3.36)), we observe that, under
any change of coordinates ©, the formal vector field X™! as defined by
(7.17) transforms precisely as in (7.13). Both properties, taken together,
show that the sum (7.17), calculated in any chart, is indeed the nilpotent
part of X.

Paradoxically, the results pertaining to Xt are quicker to prove than
those pertaining to X ™. Indeed, the conjugacy equation (2.39) between the
moulds §° and § * immediately translates, due to the inversion (2.65), into
the conjugacy equation:

(7.31) (Z $. Bo)eext = eext(z ‘$ * B')'

8. Divergence and resurgence of the nilpotent part.

It has been known for a long time (see [B]) that the nilpotent part of
a resonant vector field (and a fortiori of a diffeo) is generically divergent.
For an exhaustive description of that divergence, we require the notion of
resurgent function and alien derivation (see for ex. [E1], [E5], [E7], [E10])
and the Bridge Equation (see [E3], [E6], [E7]) which in its usual form reads:
(8.1) A= F(z,u) = Ayi(z,u) (VaeN)
and involves the following three ingredients.

First, we have a so-called formal integral:

(82) 5:(z, ’U,) = {:El(z, Uy, .- ,U,,__l), . ,:E,,(z,ul, - ,’LL,,_])}
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which is a general (i.e. parameter-saturated) formal solution of the diffe-
rential system associated with the field X = ) X;0,,:

(8.3) 0:%i(z,u) = X;(Z(z,u)) (t=1,...,v)

or of the system of difference equations associated with a diffeo f : z; —

fi(z):
(8.4) Zi(z+ 1L,u) = fi(@(z,u) (=1,...,v).

It thus provides a formal (hence the twiddles, which from now on will signal
formalness) non-entire chart (z,uy,...,u,—1) in which the object assumes
the simplest conceivable form, namely:

0
(8.5) X—B‘; or f:zr—2z+1.

Second, we have the symbols Aw on the left-hand side of (8.1), which
denote (pointed) alien derivations of index w € C, (with projection &
on C). For a straightforward definition , see [E1] or [E7] or [E10]. The
raison d’étre of alien derivations is to analyse divergence and measure
singularities. Indeed, divergent-but-resurgent power series $(z) = Y. a,z™"
have endlessly continuable Borel transforms 3(¢) = 3~ an¢("~!/I'(n), and
the singularities of @({), which are responsible for the divergence of ¢(z),
are described with complete accuracy by the successive alien derivatives

Ay P(2), Au,Auy P(2), ete.

Third, we have the symbols A,, on the right-hand side of (8.1), which
denote ordinary differential operators in z and u. These are (completely
and constructively) determined by the Bridge Equation, but are subject to
no other a priori constraints than:

(i) preserving the general form of Z(z,u)

(ii) satisfying the commutativity relations:

(8.6) [Ay, 9] =0 forafield (9=20,)

(8.7) [A,expd] =0 foradiffeo (expd = unit shift z — 2z +1).
For a vector field, the operators A, always assume the form:

(8.8) Ay, =u"{A0, +)  Aluidy}

with indices w ranging over an enumerable set Q2 generated by the multi-
pliers A;:

(8.9) o= Zni’\i; u" = Hu;“ (w € Co; we C; ny > —1)
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and for a diffeo it assumes the form:

(8.10) A, =ure ™27 {A00, + > ALuidy, }

with indices w ranging over a set {2 generated by the multipliers A; = log ¢;:
(8.11) d=mnodo+ Y midi; Ao € 2mi; u = J[ul (i #0) (ni > -1)

relative to a coherent determination (see after (7.13)) of log £;. Note that in
(8.9) and (8.11) at most one component n; may be = —1, all others being
>0.

Moreover, the operators A, are analytic invariants of the object
(diffeo or field) under investigation. In the case of one (resp. several) degrees
of resonance, the formal integral Z(z,u) is essentially unique (resp. there
exist essentially a finite number of them, each with its own invariants
A,) and the coefficients A?, of the operators A, are scalar-valued (resp.
dependent on some of the parameters u;).

If we now resort to the formal change of variables z; = #;(z,u) and
denote by:

(8.12) Ap =) A (2)0:,  (i=1,...,v)

the operators A, expressed in the original, analytic chart z = (z;), we are
in a position to analyse the divergence of the diagonalizable and nilpotent
parts of local objects with the help of resurgence equations. We use the
same notations as in Proposition 7.1 and 7.2.

PRroPOSITION 8.1 (The Bridge Equation for the diagonalizable and
nilpotent part). — For a resonant vector field X, we have two systems of
resurgence equations:

(8.13) (A, X9) = —[ A, X99) = + & A,

(8.13) [Au, X = ~[Au, X = — & A,
with w of projection @ as in (8.9).

For a resonant diffeo F, we have four systems:

(8.14) [Aw,Fdia] — —[.Aw,Fdia] — (e:) _ l)Adeia
(8.14*) [Aw,Fnil] — _[A‘J’Fnil] — (ez:) _ 1).Aanil
(8.15) Ay, X% = —[A,, X9 = + & 4,

(8.15%) [Au, X7 = —[Au, X™1] = (nodo— &) Au
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with w, & and ngXo as in (8.11).

Before proceeding with the proof, a few words of elucidation are in
order.

Remark 1 ((Interpretation of the Bridge Equation). — In the above
L[]

equations, the alien derivations A, are of course relative, not to the variable
z of the normalizing (2, u) chart (see (8.3), (8.4)), but to a variable z, which,
in the case of one single degree of resonance Y \;m; = 0 (with mutually
prime integers m;) always assumes the form:

(8.16) 2o = TP =P g P
for some well-defined integer p > 1 (generically, p = 1).

In the case of multiple resonance, there are several such z, (as many
as there are formal integrals Z(z,u)). However, the variables z and 2z,
though distinct, are formally equivalent (in the sense that z ~ z, formally
when z goes to infinity) when we relate them under the formal change of
coordinates:

(8.17) zi = Zi(2,10); 2e = 2e(8i(2,0)).-

Remark 2 (Consistency of the Bridge Equation). — Adding (8.13)
and (8.13*) we find for a field:

(8.18) [Aw, X] = 0.
Similarly, applying Aw to F' = Fdiafmil we find for a diffeo:
[ Aw’ Fl=| /&w, pia] puil e Au, i)
_ (ei: _1)AF + Fdia(e—& — 1) A, P
= (% — 1) AF + (e — 1)e® A F
so that here also we have:
(8.19) (A, F] = 0.

This is no surprise: (8.18) and (8.19) merely reflect the analyticity of the
vector field X or diffeo F' in the original (z;)-chart. On the contrary,
for a diffeo F' of infinitesimal generator X (relative to some coherent
determination of the various log¢;; see above after (7.13)) we find after
adding (8.15) and (8.15*):

(8.20) [Au, X] = —[Au, X] = noroAs
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with a third term that vanishes if @ has no component ngAo (see (8.11))

(]
but otherwise is generically # 0. This non-vanishing of [A,, X], in turn,
simply reflects the generic divergence of the infinitesimal generators X of
resonant diffeos F'.

Remark 3 (Double completeness of the Bridge Equation). — Apart
from being consistent (we couldn’t expect less!), the Bridge Equation is
also complete, and that too in a double sense. First, its form is such that
it can be indefinitely iterated. In other words, we are in one of those cases
when it is enough to know the first order alien derivatives to be capable of
recovering all alien derivatives, of all orders. Thus, for a field X with its
invariants A, expressed in the (z;)-chart, we find:

(8.21) [Aurs Auo] = ~[Auy, Au) (oo, wi)
(822)  [[Auss Aunls Aol =+, Aun] Au] (Voo w1, w2)

etc., so that:

(8.23) Bz A1 X42) = —(S1 + 82) [ Aup s Ao

(8.23%) [[AwwAwl]Xnil] = +(‘:jl + “.12)[-AW2’Aw1]
etc. (compare with (8.13), (8.13*) and note the reversal of signs).

But more than that: we can also express all successive alien deriva-
tives, without brackets:

(8.24) Au, -+ Ao, Ay, X¥2 (or X7

in terms of the sole invariants Ay, , Aw,,- - -, As, and X42 (or X™) which
means that the Bridge Equation formalism encapsulates all the information
needed to understand the divergence-cum-resurgence of the diagonalizable
and nilpotent parts (at least in the absence of quasiresonance or nihilence)
and, in particular, to describe the highly intricate behaviour of their Borel
transforms (z. — («) on all the leaves of their severely ramified Riemann
surfaces.

The “second completeness”, which of course is intimately connected
with the first, has to do with the collection {A,; we Q} of invariants produ-
ced by the Bridge Equation: they happen to constitute a complete system
of holomorphic invariants, and also (barring quasiresonance or nihilence)
a complete system of analytic invariants. See for instance [E3] or [E7]. We
recall that analytic invariants are invariants relative to analytic changes
of coordinates; while the nearly homonymous holomorphic invariants are a
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special subclass of analytic invariants — those namely which depend holo-
morphically on the object X or F, i.e. on its Taylor coefficients (except for
the first few coefficients that determine the resonance pattern, the level p,
etc.).

Remark 4 (Differences between fields and diffeos). — For a field X,
we have the two systems of resurgence equations (8.13) and (8.13*), each
yielding all the invariants A,,. But for a diffeo F', we have four systems:
(8.15), (8.15*), which again yield all the invariants; and (8.14), (8.14*),
which yield only the invariants of index @# 0 (mod 2m7).

Remark 5 (Comparison with the classical Bridge Equation). — Alt-
hough, from the point of view of analysis, the classical form (8.1) of the
Bridge Equation, which involves the formal integral Z(z,u), and the other
classical form:

(825) [Awa @nor] = _Aw@nor = _@norAw
(see [E7]), which involves the normalizing change of coordinates ©y;:
(8.26) X = 0,0: X" O 1 (resp. F = O, F*0,L)

are both equivalent to the Bridge Equation of Proposition 8.1, which
involves the diagonalizable or nilpotent part, the new variant has its special
merits, because its ingredients Xdi2, xnil pdia  pnil are expressible in
terms of formal but entire power series (unlike the non-entire formal series
inside Z(z,u)) and are also intrinsic (unlike ©y,,, which depends on the
choice of the normal form X™°" or F"°", to which there attaches a degree
of arbitrariness, especially in the case of multiple resonance).

Admittedly, for the actual calculation of the alien derivatives, we
must, here also, introduce some variable z, like (8.16), which has the effect
of ultimately destroying the “entireness” of our objects, but this doesn’t
show in the Bridge Equation itself .

In any case, the end result remains unaffected, and this brings home,
once again, the flexibility of alien calculus, which enables us to “read” all
the invariants A,, in a simple, constructive manner, on practically any
divergent object deduced in a natural way from X or F'.

Things change, however, when the object in question is defined by
analytical rather than geometric means, as in the case of the distinguished
forms X4t and Fdist: we shall see in §9 that we still have resurgence, but
of a different nature altogether.
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First proof of Proposition 3.1. — Let us begin with vector fields. In
any of the normal charts referred to in (8.5) and Remark 5 (above), the
fields X, Xdi2) X reduce respectively to 9,, X", 9, — X!i" so that, in
addition to (8.26), we have the conjugacies
(8.27) X9 = 040, X0,
(8.28) XM = 0,6:(8; — X"™)O .

But the normalizing transformation ©,,, verifies the resurgence equations
(8.25). So its inverse O verifies:

(8.29) [Aw,em] =A,0.1 =021

nor nor

Applying the alien derivation A to (8.27), we find:
(8.31) [A , Xdia] = 4 [Aw, eno,]X“"e
+ enor[Aw, X'inje 1
+ Oner X'M[A,,, 0

nor
nor

nor] °

04 .
In view of (8.26) and (8.29), and since A, commutes with X' this
becomes:

(8.31) [Aw,Xd“‘] = —A,Ono: Xm0 + 0, X' MO L
— _[ Aw» ana]
which establishes (8.13). Equation (8.13*) follows in the same way from

°
alien-differentiating (8.28) and using the commutation of A, with 9,. The
argument is exactly the same for diffeos.

Sketch of a second proof. — The shortness of the first proof is slightly
deceptive, because it presupposes equation (8.26) and all the work that
goes into establishing it (see [E3] or [E7]). But Proposition 8.1 may also
be proven from scratch, directly from the mould expansion (7.17) for X™il.
We shall explain the method in some detail in §9, to study the resurgence
of X498t from its own mould expansion, because for X9t there seems to
be no other approach. For X" however, this “direct” method is just one
among others, and so we shall be very brief.

Using the same notations as in §9, but with §° instead of § *, we find
for X™! the formal expansion'

(8-32) x™ = 9; +ZZ Zé;m’:r (WH— w,)z[ nr"'[anDm”

r>1 mn;
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deduced from (7.17) essentially by regrouping all terms that differ only by
the number of occurrences of the lowest homogeneous component B,, of X
(see (9.5), (9.16)). Here, n; = (;?) as in (5.70) and (9.17*) but w1 +- - - +w,
may be # 0, which explains why (8.32), unlike its counterpart (9.20), has an
exponential term. As for the operators ID,,, they are deduced in a simple
way from the homogeneous components B, of X (see (9.18)). But the
crucial ingredient of (8.32) is of course the coamplification § :oamp(z) of
the mould §°, which is defined as in (5.71), (5.72) and contains in nuce
all the resurgence properties of X™!. Indeed, the mould equation (5.11)
valid for the amplification § ;mp translates into an entirely similar mould

equation for the coamplification §J,,,.:

(8.33) § coamp(2) = I* + (8%0amp(2) X (V" Seamp(2))-

The factors Sg,amp(2) and $2,,mp(2) are symmetral moulds, and resurgent
in z. In fact, they coincide with the classical resurgence monomials V*(z)
and ¥*(z), whose alien derivatives involve the scalar-valued moulds V5 of
“hyperlogarithmic” type:

(8.34) AL V0 (2) = +V5 x V*(2)
(8.35) ALYt (2) = =¥°(2) x V3.
For details, see for instance [ET7], §6, p. 104-108.

In this way, the Bridge Equation for X™! (and so too for X%#) can
be recovered directly from (8.32) with the help of (8.33), (8.34), (8.35) and
some analysis. We even get as a premium a nice expression of 4, in terms of

V® and $°, which mirrors the classical expression (see [E7], p. 116, (7.62))
of A, in terms of V; alone.

9. Divergence and resurgence of the distinguished form.

The present section aims at suggestiveness rather than completeness.
It is meant as an appetizer — a means of whetting the reader’s curiosity
for the stunning breadth and variety of resurgence phenomena that anyone
trafficking in divergent series is bound to encounter at every step.

We restrict ourselves to vector fields (although the picture isn’t much
different for diffeos), and, to simplify still further, we assume that there is
only one degree of resonance:

(9.1) Zmi’\i =0 (m; >0 and the non-zero m; are mutually prime).
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As usual (see §8 or [E7]) we denote by € the set of all complex numbers w
of the form (9.2) or (9.2*):

(9.2) w= Y. n\ (n; €N)
02)  w= -N+YmAh (i#4meN)
but (in order to avoid the complications that come from everywhere-

dense singularities in the Borel plane) we assume 2 to be discrete. For
definiteness, we may think of the case (9.3) or (9.4):

(9.3) miA; + mede =0, with m; > 1 and Re(/\j) >0for j=3,4,...,v

(9.4)
miA1 +mal2 +mai3 =0, with m; > 1 and Re();) >0 for j =4,5,...,v

In (9.4) we assume \j, A2, A3 to be non-aligned.

Lastly, we assume that X admits the simplest possible (non linear)
normal form compatible with its resonance type, namely:

(95) X" = X" 4 B X0 =3 M\igiBe,; B =2™ Y i,
with:
(9.5*) 2™ =z -z 0= (m,\) = Zml i —1=(m,T) Zmn’l

and we agree to express X in a prepared chart; i.e. an analytic chart that
“isolates” the normal form:

(95%) X = X" 4By, + > By with ng + -+ +ny > 2(my + - +m,).
n

These assumptions aren’t essential, but they will make life easier.

PROPOSITION 9.1 (Divergence of the distinguished form). — The
distinguished form X8t of the resonant vector field X is resurgent with
respect to the same variable z, = t~™ as the nilpotent part X! but with
a resurgence “lattice” Q45 much larger than §:

(9.6) Qdist = 279Z* . Q  (2* = Z\'{0})
and with alien derivatives [Aw,Xdi“] which are strikingly different from
the earlier derivatives [A,,, X™] in so far as:

(i) they do not involve the holomorphic invariants of X, whether in
the form A, or A,;

(ii) they are expressible as “bilateral” power series of the form
3 an(2,)"™ "), with n running through the whole of Z, not just N;
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(iii) they make it possible (save in one trivial case, mentioned below)
to reconstruct the actual field X, in its original analytic chart, from the
sole knowledge of X4t and its alien derivatives.

Main steps of the proof. — We begin with three easy lemmas, which
involve the following ingredients:

(i) an alternal mould M* with its amplification My, :

(0. M* = (M50 € Ch My = (M55 = (&) e €2,

(ii) a free associative algebra A (resp. a free Lie algebra £) generated
by elements (3, 81, B2, - . ., with the following notations:

98) BB < (6o, (V3 in £ or B)

(9.9) ﬂz{n] o (50)” “Bi=[Bo-" [ﬁo[ﬁo,ﬂi]]] (Bo repeated n times).

LEMMA 9.1. — For any two sequences w',w? of length 1,73 and
any wy € C, we have:
(9.10)

Mw1w0w2 — (_l)rl Z Mwow — (_1)7'2 Z Mwwo‘
wesh(@!,w?) wesh(w!,w?)

Here the notations wlwow?, or wwy, or wow, stand for the usual

juxtaposition of sequences, and the tilda denotes order reversal:

~ def
(9.11) (W1, w2y ..y wr)™~ = (Wry . - - w2, w1).

The first (resp. second) sum in (9.10) extends to all sequences w obtained
by shuffling @' with w? (resp. w! with @?). (See (2.2)). These identities
can be checked inductively on r; (or 72) under repeated use of the identity
(2.2) for alternal moulds (with 0 on the right-hand side).

LEMMA 9.2. — For any given sequence w = (wy,...,w,), each of
these three finite sums defines the same element of L:

(912*) Z MWe)rWo(r) ﬂa(r) e /60(2)160(1)

(9.12**) rt Z M©Po@)rWalr) [,Ba(r) Tt [ﬁa(Z)/Ba(l)]]

g

(9_12***) Z M¥1¥Wo(2)r-sWa (r) [/30’(7‘) e [/30(2)/81]]'

o(1)=1
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All three sums are over all permutations o of the set {1,2,...,7},
except that in (9.12***) we allow only permutations that leave 1 fixed.
Though each summand in (9.13*) belongs to B rather than £, due to the
alternality of M*®, the sum belongs to £, and so it admits the classical
projection (9.12**) in terms of Lie brackets, with a factor r~! reflecting
the homogeneous degree. Then we resort to identity (9.10) with wp = w; to
rewrite each summand of (9.12**) in terms of sequences beginning with w;,
and we check that (9.12**) transforms into (9.12***), without the factor
rL.

LeEMMA 9.3. — For any given sequence w = (wy,...,w,), each of
these four infinite sums defines the same element of L (the natural closure
of L):

(9.13)
(o) 4 (1) o W (nr) n ni n,
Z Z MO o), 0w @) wo(r) 0T (BN B 3o (B)™ B1(Bo)™
o n;>0
* We(1)Wo (2) 1+ Wo (r [nr] [n ] [n ]
1) 35 MR8 SR
(0.13) w7y Y Marin e B - 1Y B
ag ’niZO
O3 30 3 MmO 87 - g A

o(1)=1n;>0

The sums are over all integers n; > 0 and all permutations o of
{1,2,...,7} or, in the last instance, of {2,...,r}. The ﬁz!"] are defined as
in (9.9) and the coefficients M2 as in (5.68). It is plain that (9.13%),
(9.13**), (9.13***) relate to each other exactly as (9.14*), (9.14**), (9.14***)
do. So the only thing left to prove is the equivalence of (9.13) and (9.13*).
This is done by rewriting (9.13) in terms of (3o)™ rather than (8;)™, and
by using the Leibniz identity:

]
(9.14)  (Bi---Bafpr)™ = > MT;:“—;;%_—!@M] o el gl
nitnz+--+n;=n
successively for i = 1,2,...,r.

We now revert to our vector field X and its decomposition (9.5**)
into homogeneous components. If we introduce the non-entire chart (z,u)

defined by (*):
(9.15) x; = u;2" exp(Aiz) (i=1,2,...,v; u™=1; 2™ =21

(*) Denoting the new chart (2«,u«) rather than (z,u) would be more consistent with
the notations of Proposition 9.1, but all too cumbersome.
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(with 2 large and u suitably small), and express the fields X!®, Xmor B .
and X in the new chart, we find:

(9.16) X" =" Nwdy; X " =0,; Bp=0,—Y Auidy,
(917 X=8,+B

* wz , —0 14 w
(9.17%) B=;Bn=§n:e 2 B, (neN*;n=(0)€C2)
(9.17*) B, = B3, + Y  Biuidy, (Bj€C).

Each operator B, is elementarily calculable from (at most) two homo-
geneous parts B,, and obviously commutes with 9,. But we require yet
another set of operators D, which have the same outward form (9.17***)
as the B,,, and derive from them according to the simple rule:

(9.18) D=(1+B-2)"'B

which relates the generating function B of the B, to the analogous genera-
ting function for the D,:

wz , —0 w
(9.19) D= En:e 27D, (n= (0) € C?).
LEMMA 9.4. — With the above notations, the distinguished form
of X admits in the (z,u) chart the formal expansion:
is 1 R
(9.20) Xt = 0. + Z Z . ‘&'Z;am: (z)[Dnr T [D"Iza Dm”
r>1 n;

where § :oamp(z) denotes the coamplification of the mould § °, defined as

in (5.71), (5.72).

To establish (9.20), we isolate in (9.5**) the linear part X!" and
the lowest homogeneous component B,,, which in the (z,u) chart assume
the form (9.16). Then we fall back on the expansion (7.18) that actually
defines X9t and regroup therein all terms that differ only by the number

of occurences of B,,. Then we fix a sequence (71, . ..,7,) and apply Lemma
9.3 with:
(9-21) Bo=Bm; Br=By; B2=By;--; B =By,

More precisely, we use the identity of (9.13) and (9.13**), together with the
remark that:

(9.22) (Bo)"(u"(“’)e“’z 2279 = u"(“’)e“’z(anz_").
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In the end, everything turns out to be expressible in terms of the coampli-
fication of § * and of the operators D,,. A little effort is required to justify
the change from B, to D, by means of suitable rearrangements. We may
proceed as in [E7], p. 114. But this point is inessential, and if we want to
concentrate purely on the analysis difficulties, we can think of the situation
when, except for the lowest homogeneous component B,,, all the other B,
annihilate the resonant monomial z™ = 27!, in which case B, = Dy, for
all n.

At this stage, two more things are required to complete the proof of
Proposition 9.1:

() We must show that each single term § 7. (2), as a formal
power series in z~ (71t +97)C[[21]], is resurgent in z, with a Borel trans-
~0 .
form § (¢) that has no singularities outside the set Q9! introduced in

(9.6); and then calculate the alien derivatives A, § :oamp(z) for @ in Qist,

coamp

(i1) 'We must check that the term-by-term Borel transform z — ¢ of
expansion (9.20) converges uniformly on each compact set of the universal

L] .
covering of C — Qdist,

We shall leave the second point alone (it is routine work but stupe-
fyingly boring) and shall settle only part of the first point. The resurgent
quality of § 7o.7"(2) follows from the endless analyticity of F Z;am:r ©)
as a function of ¢, which itself follows (as observed after (5.74), (5.75))
from the endless analyticity of § fn‘];“’w' as a function of ay, ..., a,, which
in turn follows from the integral representations (5.64). The precise shape
(9.6) of Q4ist is also deducible therefrom. So the only point left to elucidate
is the nature of the resurgence equations verified by the mould § :oamp (2).
We shall describe these only in the simplest non-trivial case. This rules out

sequences 7) = (1) of length 1, since for such sequences:
(923) B2 p(2) =1 (resp. 0) if m = (L:l> with w; = O(resp. w; # 0)
1

so that the linear part in (9.20) is in fact trivial, and merely reintroduces
the whole collection of resonant terms B,, (with (n, A) = 0) present in (7.4).
Thus the simplest non-trivial terms in (9.20) are bilinear, and correspond
to sequences 1 = (n1,72) of length r = 2, with of course w; + ws = 0. To
further simplify, let us assume that 0,02 are both in N*. The resurgence

properties of § Z(‘);'r’:p(z) are completely described by the following lemma.

LEMMA 9.5. — Let 01,02 be integers > 1 and let w; + w2 = 0 but
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w; # 0, so that §“*“* = —(w;)™! = (wp)~!. Then:

~n1,7M2 o1 toa—2 (1_6—C/w1)1—01 (l_e'—C/wz)l—ag
(924) B coamp(C) =¢ ey o
{CF +Pmm(())

where P"™"2(({) is a polynomial in the variables exp(—(/w;) and
exp(—(/ws), of degree (01 — 1) and (o2 — 1), and such that:

(9.25) CR +PMm(0) = O(¢7*727Y) as ¢ — 0.

Proof of Lemma 9.5. — By (5.74) we have:
m,nz w1,z (€ — C2)7 71 ()72 !
9.26 1,2
(6.26) ¥ conms( / H amp I(o1) I'(o2) a2
with w; = (fé,) and for ¢ close to 0. But due to (5.33):

(9.26*) B om’? = —(¢2 — B)™" with B = (1 — exp(—(/wz)) ™"

So we find at first for (01,02) = (1,1):
1,M2

(927) ‘ﬁ'coamp(C) = C‘Ewl W2 = C/Wz (01 =02 = 1)
Next, by using the identity:

(928) (¢3*' =B ) (¢-B)'=) (¢B* (withp+q=02—2)
we can reduce the case (1,02) to the case (1,1). Lastly, by expanding
(¢ —¢2)°* ! inside (9.26) into a sum of powers of (2, we reduce the general
case (01,02) to a superposition of cases (1,05). As for the behaviour of
(9.25) when ¢ — 0, it follows from the fact that § 7 7% = §“V** for
§1 = Cz =0, so that:

MmNz wy,w C”
(929) ‘Wcoamp(() = ‘$ v m{ + 0(()} as C — 0.
We may now use Lemma 9.5 to understand the resurgence properties. The
only singularities of the function (9.24) correspond to points ¢ = w* of the
form:

(9.30) w* = 2mikwy = —2mikw, (with k € Z%).

Combining the periodicity of P™"2({) with the estimate (9.25), we see
that for ¢* small and ¢ = w* + ¢*:

~71,m2 . “ ) . \o1402—2 (1 — e‘(‘/wl)l—dl
(931) '&'coamp(w + C ) - (27!‘2]6)((4) + g ) 1'\(0.1)

(1 _ e—C'/wz)l—dz
['(o2)

(mod. REG)
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modulo the space REG = C{{(*}} of all regular analytic germs of (*.
Going back to the z variable, we find an alien derivative:

(9.32) Ay B (2) = Q™ (2) € Clz] (not z71)

coamp

with a polynomial Q(z) of degree exactly o7 + 02 — 3 (except when
01 = 02 = 1, in which case @ = 0) and of simple coefficients (involving no
transcendental constants).

Things would change slightly for non-integral values of o1, o2, but the
leading term in @ would still be 29:%°2~3 with o, + 09 € N, because each
sequence 7, . . . , N in (9.20) corresponds to a sequence wy, . . . ,w, such that
>~ w; =0, and therefore to a sequence oy, ...,0, such that }_ o; € N, even
though the individual o; may not be in N or even Z.

Thus, even for a sequence length r = 2, we may glimpse at several stri-
king differences between the resurgence properties of the mould $ :oamp(z)
which is relevant for X™! and those of the mould §° ,_ (z), which is

. coamp
relevant for Xdist,

First, whereas the alien derivatives of § ::oamp
dental constants V3 (see (8.34), (8.35)), those of §

(2) involved transcen-
(2) do not.

::oamp
Second, for a given resonant field X and any fixed w; in ©, there
is a lower limit 7(w;), but in general no upper limit to the values which
the corresponding o; may assume in the pairs 7; = (‘;’:) that index the
expansions (9.17*) and (9.19): generically, these o; will run through an
entire set of the form 7(w;) + N. So, looking back at (9.32) and the degree
of @, we see that for a generic resonant vector field X, and any point
w* in Q¥t the Borel transform z — ¢ of X9t will possess an essential
singularity at w*. In the z variable, this means that the alien derivatives of
X4t will involve truly bilateral power series of the form ) Az~ "W,
with n running through the whole of Z, not just N as in the case of X™il.

These peculiarities, and many more which we gloss over, seem to be a
standing feature with divergent power series that are “constructed” (by
analytical means) rather than “found” (as formal solutions of analytic
equations, or as formal expansions into power series of small singular
parameters). For another instance of “artificial resurgence”, coming from
a rather different context but displaying very similar features, see [E3],
p. 537-550 (especially Prop. 11.3.7).

To conclude this section, let us emphasize that the interest of the
distinguished form X9t lies, not in its relative simplicity compared with
other prenormal forms (i.e. forms having only resonant terms in them),
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but in its handy analytical expansion (7.18) and very special resurgence
properties (see above). But the distinguished form X9t doesn’t claim to
be, and is not, a particularly “simple” prenormal form — quite the opposite,
in fact. Indeed, according to [E7] (see p. 152, after (11.30)), in order for a
resonant analytic vector field X to admit an analytic prenormal form or,
more accurately, to be conjugate to an analytic XP™"°" under an analytic
change of variables ©:

(9.33) X = @xPrenorg!

it is necessary (and, barring quasiresonance or nihilence, sufficient) that
the 9,-component of all holomorphic invariants should vanish, that is to
say:

(9.34) A, -z=0 (Voe)

but even when that condition is fulfilled, the distinguished form Xdist is
generically non-analytic.

10. Explicit criteria for linearizability or nihilence.
Remark on the size and splitting of Lie ideals.

Let the B,, be elements of a graded Lie algebra, with indices ng in
some abstract set N and with a gradation grad(B,,) = wp = w(ng) € C.

For any (fully) ordered sequence n = (ny,...,n,) with n; € N" and
its image w = (w1, ...,w,) under n; — w; = w(n;), we denote by n and w
the corresponding unordered sequences, and we put:

def
(10.1)  By=Bn,, ., 5Bn, B, Bn,

d f wu " 1“’!7 T
(10.2) ]B$ 2 Z v " Ba- -—Z‘$ @ O Brgayyeenor

n*=n

(103) Bf < ¥ 59 B, —ZW"‘”’ " By 1y,

n*=n
with sums Y * over all sequences n* equivalent to n upto order, or
with sums Y over all permutatlons o of the set {1,2,...,7}. Due to the
alternality of §° and § *, both ]B%n and ]Bn are (contrary to the individual
summands B,+) Lie elements, with gradation |w| = w; + - - - + w;.. Clearly,
Bf =0if |lwl #0.

We now fix a sequence A = (A,...,\,) € C” and we specialize both
N and w(no) as follows:

(10.4) N ENY; w(ng) & (no, ) =3 noidi (Vg € N).
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As in §§7,8,9, N¥ denotes the set of all multiintegers n = (nq,...,n,) such
that ny +---+mn, > 1 and n; > 0 (except for at most one component n;,
that may assume the value —1) and (n, \) denotes the usual scalar product.

For any resonant vector field of spectrum A:
(10.5) X=X"14%"B,, (no€N; X" = X\z;0,,)

the nilpotent part and distinguished form decompose into series of mg-
homogeneous components:

(10.6) x*I =Y xpi (no €N wo = (ng,A) € C)
(10.7)  Xxdt = Xlin p XA (g € N wo = (no, ) =0)
which in turn, due to Proposition 7.1, are expressible as finite sums of
§$ -contractions or § -contractions:

(10.8) Xmi= %" Bf (noeN)
lInfl=no

(10.9) Xdst= %" B (noeN)
llnjl=no

with of course:

(10.10) n=(ny,...,n.) € N” =N" symmetrized
(10.10*) |ln||=n1+n2+---+n. eN.

Let us further denote by N the set of all n € A such that (n,\) = 0.
Monomials z" with n € Ny will be referred to as resonant monomials.

The preceding notations enable us to write down explicit criteria for
various properties, such as linearizability, or nihilence, or total nihilence
(we say that a resonant vector field X is totally nihilent if the number of
independent formal integrals H(z) € C[[z]] is equal to the resonance degree
of, what amounts to the same, if in one, and therefore any, prenormal chart,
X annihilates all resonant monomials).

For any resonant vector field X, we have the obvious criteria:
(10.11) {X formally linearizable} <= {X2! = 0,¥n € N}
(10.12) {X formally linearizable} <= {XJis* = 0,vn € N'}
(10.13) {X totally nihilent} <= {X3i¢ . z™ = 0,¥n € Ny, Vm € Np}.

These criteria verge on the tautological, but in combination with the
decompositions (10.8), (10.9) they open up interesting vistas. Indeed, if
on top of resonance we now assume that our vector field is polynomial of
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degree d (i.e. with a finite number of homogeneous components B,,, for
|In|| < d) two important questions arise:

Q1) What is the smallest number lin(d, \) of relations X2 = 0 (or
Xdist — () that guarantee formal linearizability?

Q2) What is the smallest number nil(d, \) of relations XJdist. g™ = 0
that guarantee total nihilence?

Obviously, both numbers are finite, since the formal linearizability
(resp. total nihilence) of a polynomial X is equivalent to the annihilation
of a suitable ideal I in the algebra A generated by the (finitely many) Taylor
coefficients of X, and since any such ideal is known to be finitely generated.

A special instance is the so-called center problem, namely the question
of determining the smallest number of polynomial identities that guarantee
the existence of a center-focus for a polynomial vector field on R2, of the
form:

(10.14) X =210, — 2205, +(--) (deg X =d).
After changing to “isotropic coordinates” we get:
(1014*) X = iylayl - iy2ayz + ( ' ) (A = (la _Z))

and the problem “reduces” to finding the number nil(d, \) of conditions
that ensure the nihilence (necessarily total in this case) of X. See on the
subject [S1] and [S2].

However, in the center problem as in the general case, the numbers
lin(d, A) and nil(d, \) remain unknown (except for the lowest values of d,
such as d = 2 in the center problem) and seem to be very elusive, not
least because the ideals I mentioned above are unwieldy, unstructured, and
lacking in truly canonical bases.

But the considerations at the beginning of this section suggest ano-
ther, possibly more promising approach, namely:

(i) to replace the commutative ideals I mentioned a moment ago, by
the Lie ideals J generated by the homogeneous components X;L‘(‘)‘ or Xg(‘ft
of (10.6) or (10.7);

(ii) to use the explicit decompositions (10.8), (10.9) of these homo-
geneous components into the elementary Lie elements ]Bi and IBE di-

rectly constructed from the homogeneous components B,,, of X (see (10.2),
(10.3));

(iii) to investigate the splitting properties of the Lie elements ]Bﬁ and
]Bg (see below).
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The reasons for reposing some hope in this approach are three:

First, the Lie ideal J is more tightly structured, and closer to the
nature of X, than the commutative ideal I.

Second, the components X3! and X3t while more intrinsic than
anything in the commutative ideal I, are still highly “composite”. The
truly simple objects to focus on are the Lie elements ]Bi and Bﬁ, and
any regularity that the components X2 or X2is* may possess, is probably
inherited from, and more easily detectable on, the Lie elements Bg and
BE .

Third, if we define the upper (resp. lower) degeneracy of an unordered
sequence w = (wi,...,wr) as being equal to the highest (resp. lowest)
degeneracy attained by the ordered sequences w corresponding to w, and if
we fix the degree d and spectrum )\, we observe that the blocks lBi and ]Bg
tend to split (i.e. to decompose into Lie brackets of simpler blocks) more
and more as the upper or lower degeneracy of the sequence w (associated
with n) increases.

As a very elementary instance of this phenomenon, let us mention the
following fact:

LEMMA 10.1. — Any ]Bg, indexed by any sequence n = (ny,...,n,),
belongs to the Lie ideal generated by the blocks ]B‘T"m indexed by sequences
m = (myq,...,ms) such that:

(10.15) 0= (|ml|,A) %< (m1, \) + - + (my, ).

Proof. — From the identity (3.16) we deduce:
(10.16) lwliBy = > [By:,By,]

1<i<r
with w corresponding to n, and with n* denoting the sequence n =
(ny,...,n,) deprived of its component n;. Then we use (10.16) repeatedly,
so as to decompose the elements By: into brackets of By:s, then the By
into smaller elements, etc., until we get rid of all sequences n*/* such that

w3 | # 0. o

The above lemma is only a pointer towards a very general splitting
tendency, which inheres in the Lie elements ]Bg and ]Bg , and which would
seem to warrant a systematic investigation. We intend to pursue this
question in a follow-up paper.
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11. Synopsis. Main formulae. Tables.

The basic notions about moulds (multiplication, symmetral/alternal,
symmetrel/alternel, etc.) are recalled at the beginning of §1, along with
the definitions of the trivial moulds 1°, I®, J®, I3, J3, (see (2.1)—(2.12))
and mould derivations V and V,, (see (2.14) and (3.8)). Most moulds
here are indexed by sequences w = (w1, ...,w,) written in bold-face, with
components w; in ordinary print. The degeneracy dgn(w) and vanishing
order van(w) of a sequence w are defined before (2.17) and after (2.18).
The main moulds used in this paper are:

S® and S° (resp. T°): symmetral and mutually inverse (resp. alternal).

S (t) and Sg,(t): symmetral and mutually inverse.

0 and Se., (resp. T°): symmetral and mutually inverse.

$° and B °: alternal and mutually conjugate.

1* =5 x S. = S:o(t) x S(.:o(t) = S;xt X S;xt

SW, 8% TW are defined for almost every sequence w.

All other moulds are defined for every sequence w.

Direct definition of S®, $°, T*:

Swrrewr G (@ @)"! with @ Ly 4+ wg
Gwiy-wr def (@1 Gp)~2 with &; def Wi+ +wp
Tw1,wr 9Ef () if0# || Lwy + - +wy

Terwr & (Gog - @p) 7L = (=1 H@ndn - - roy) "t i 0 = |Jw].
Direct definition of the compensators S5, (t) and Sg.(t):

Se(t) (27 8%) x (5%)

82(1) € (8%) x (195%)
with ¢ on C, (Riemann surface of logt) and tV as in (2.14%).

Link between symmetral and symmetric compensators: see (2.29)—(2.32).
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Lateral decomposition of compensators (see Proposition 2.2):
Seo(t) = exp((logt)t” §°) x Sgco(t)
= Sgco(t) x exp((logt) §°)
820 (t) = exp(—(logt) §°) x S5, (t)
= Speo(t) x exp(—(logt)t” §°)
with exp(---) denoting the mould exponential (see (2.13*)) and with

Saeo(t), Saco(t) denoting the logarithm-free parts of S (t), Seo(t). The
above relations characterize the alternal mould $°.

Central decomposition of compensators (see Proposition 2.3):
Se(t) = (tV S%) x exp((logt) §°) x (Sg)
Seo(t) = (Sex) x exp(—(logt) B *) x (tVS%,)-

The above relations, together with the rationality conditions (2.40), (2.41),
(2.42), characterize simultaneously the alternal mould § * and the symme-

tral, mutually inverse moulds S, Sey;.

Conjugacy of $° and § °.
‘S‘ =S;xtx‘$.xse.xt
$.=ngt x$.xszxt
$w =0 as soon as dgn(w) =0

$“ =0 as soon as van(w) = 0 (i.e. when ||w|| # 0).

V and V,, derivatives of $° and §° (see §3 and §4):
VE =I"x$§°*—§°xI*
Vo §° =I5, x §° = §° xI3,  (with I3 as in (3.7))
VET =0
Vo §° = ﬁ':,o xF*—F°x -ﬁ':,o (with .ﬁ':,o alternal).

Construction of the “tough” moulds S&, Sey, §° (see §4):

@ 9 Radgw sw

ext rest

w def W ow
Sext - Ra‘d Srest

§< € Ral” TY

rest
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with “restrictions” S¥,, S T%., defined as in (4.5), (4.6), (4.7) or (4.8)
and with differential operators Rad“, Rad®, Ral® (of degrees van (w),
van (w), van(w)) defined with the help of the auxiliary moulds rad®, rad®,
ral®, which in turn are characterized by the systems (4.11), (4.12), (4.13)
and verify:

1* =rad® x rad* (rad®,rad® symmetral)

ral® =rad® xI*® x rad® (ral® alternal).
The “restrictions” Sfhg, Srest, Lrest D€INg elementary, all the complexity
of the “tough” moulds is concentrated in the auxiliary moulds rad®, rad®,
ral®.

Amplification My, and coamplification M,,,,,(z) of an alternal mould
M*® (see §5):
The amplification is indexed by sequences ws,...,w, with w; =

(£%) € C?, and is defined as follows:

MP1LsTr dg Z Mwl,O("l),...,w,.,O("")(al)nl (al + a2)"2 .

amp
n; >0 ,.(al +...+a,r)n7'
_ Z Mo(ﬂl)’wl,._.,o(""),wr(_1)n1+“‘+nr(a1 44 ar)nl cee
n; >0 .. (a2 4+ 4 ar)"z e (ar)"’“

=3 M@ (@)™ - (an)™

ng ZO

The coamplification is indexed by sequences 71,...,7m, with n; =
(4%) € C?, and is defined as follows:

Mg (2) 8 3 Muir (@270 (0 27)
n; >0
with @ = 8,. It assumes values in the space |Jz~?C[z7!] of formal power
o
series of 27!

For natural moulds M*®, the amplification My, tends to be “endlessly
analytic” in a = (aq, ..., a,) and the coamplification tends to be divergent
and resurgent in z. Such is the case in particular when we take as M*® the
mould §° or § °: the respective coamplifications are resurgent, but of very

different type (much less elementary for § * than for $°).

The symmetra]/alternal moulds:

S. co(t) S () ext? ext’ ‘5 $
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are particularly helpful in the study of local vector fields.
They possess symmetrel/alternel analogues:

S, 8% S5H(t), Seot), o Sexrr §°, F°

ext) “ext)
which are particularly helpful in the study of local diffecomorphisms. These
latter moulds are defined and investigated in §6.

Local, analytic, resonant vector fields X on CY:
X =Xxi"4+5"B,
n
Xlin — Y™ \;x,8,, = resonant linear part
B,, = homogeneous component of degree n = (n,...,n,) € N¥

and local, analytic, resonant diffeomorphisms f of C¥, viewed as substitu-
tion operators F":

F= {1 + E]Bn}F““
n

Flf“go(zl, cenxy) = @bz, ..., 0x,) (Ve € C{z}})

F'in — resonant linear part

B, = homogeneous component of degree n = (ny,...,n,) € N¥
admit each an intrinsic decomposition into a diagonalizable and nilpotent
part:

X = Xxdia + Xnil (With [Xdia’Xnil] — 0)

F = Fnileia — FdiaFnil
as well as a non-intrinsic, but canonical prenormal form (made up solely of

resonant monomials), known as the distinguished form:
{ X = O XUst@ L (fields)

ext

F = Qe FUt@ L (diffeos).

ext

The nilpotent part has an explicit expansion:

X" =3 §°B, (see §7)
Fril = exp(X™) = exp(3° $°B,) (see §7)
and so does the distinguished form:

Xdist = Xlin 1 5" §°B, (see §7)

Fril = Flin exp(X7il) = Flinexp(3" F*B.) (see §7).
The nilpotent parts are generically divergent, but resurgent, and satisfy a
variant of the Bridge Equation:

(Ao, X™ = — & A, (fields)

[Ay, FHil] = (e=% — 1) A, F™!  (diffeos)

[Au, X = (noAo— @) A, (diffeos again)



1480 J. ECALLE & D. SCHLOMIUK

with (pointed) alien derivations Aw (*); with indexes w of the form (8.9)
for fields (resp (8.11) for diffeos); and with ordinary differential operators
A, which, when expressed in the normal chart (z,u) (where X = 9, and
F = exp(9,)) reduce to the holomorphic invariants A, that appear in the
classical Bridge Equation:

A, F(z,u) = AvB(z,u) (D€ Q)
along with the so-called formal integral Z(z,u) of X or F.

The distinguished forms X%s* and F4st are resurgent, too, but with
a richer “resurgence lattice” Q%) and a markedly different regimen of
resurgence: “rigid” and “universal” (see §9).

Lastly, for non-ordered sequences n = (ny,...,n,) with n; € N¥,
the Lie elements ]Bi and ]B?_; constructed in (10.2) and (10.3) from the
homogeneous components B,, of a resonant vector field X, provide neat
and explicit conditions (necessary and sufficient) for the linearizability
or nihilence of X. In the case of polynomial vector fields X, this may
hopefully lead to explicit bounds for the codimensions of the corresponding
“linearizability ideal” and “nihilence ideal”.

We conclude this synopsis with tables listing the values of $w, B w
SYW., 8. for sequences w of length 7(w) < 5 and of various degeneracy
types (we use the usual shorthand: w;; for w; +wj, etc.).

(*) not to be confused with the mould derivations V..
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& [1)
w B G Seat 5%

(w) 0 0 —w™1 4wl
(0) 1 1 0 0
(w1,w2) 0 0 +wi gy Hwigwy |
(w,0) +w™1 +w™? +w2 —w™?
0,w) —w™! —w™1 —w™? +w=2
(w, —w) —w™l —w™! —%w'z ——%w‘z
(0,0) 0 0 0 0
(w1,w2,w3) 0 0 e Bt

—T — —1 1 —3 — 1 -2 2 2 — -1 —
(1,92, w8)uwya5=0] +wip3 Wy HHwps Wy [HEwW Wy '+ 3wy Wi - 3WasWs | — 53 W
(w1, w2, w3)w;2=0 --}-wl_lws_I 0 +%w;2wa_r+wl_rwa_2 +w2_31w3'2
(w1,2,w8)wgs=0 | +wi w3 | 0 —wi Wiy Wi Wy o —wy wy
(w, —w,w) +2w2 0 +%w'3 —3,-3
w,0,0 —w™2 0 —w™3 4w™3
(
(0,w,0) +2w2 0 +2w™3 —2w3
(0,0,w) —w™? 0 —w™3 +w™3
(w, —w, 0) —w2 —%w_z —%w“3 —%w‘3
(w70; —w) +2w‘2 +w_2 +w_3 +w—3
0, w, —w) —w2 —%w‘z —%w‘s —%w‘a
w,0,0,0 +w3 0 +wt —wt
( b k] )
(0,w,0,0) —3w—3 0 —3w™* +3w—4
(0,0,w,0) 1353 0 1301 304
(0,0,0,w) —w™3 0 —w? 4w™?
(w, —w,0,0) —w 3 | -tw3 —mwd -8,
(UJ, 0, ~w, 0) +3W_3 +w‘3 +%w—4 +%w—4
(O’ w, ~w, 0) _w—3 —%w‘3 —%w_4 —%UJ_4
(w701 0, —w) —3w™3 —w™3 —%w—4 _%w—4
0,w,0, —w) +3w=3 | 4w3 +28w1 +5wt
(0,0,w, —w) —w™3 —%w'a —%w""’ —2—14w‘4
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w [ had
T -1 -1 =T -1 -1
(w1, w2, ws,ws)w1234 = 0 twaz W3y Wy twazqWag Wy
w23 =0 -1 -2 -1 -2 -2 -1
(“’1’“’2’“’3’“’4){wl4=0 twg wp+wy w twy twy,
w12 =0 -2 -1 -1, -1 1,,-2 —-1,1 -1 -2
(wlyw2;w37w4){w34=0 —W; Wy +UJ1 Wy —§w1 Wy +§wl wy
—2 -1 -1 —2|_1 -2 -1 _32 -1 -2
(w1,w2,ws, 0)wizz =0 —wogwy | —wywy | —twiws  —2wos wg
T 2 -1 —2 T =2
(w1,w2,0,ws)wi24 =0 twy twif—w] Wy —wi lwj
2 -1 —2 -1 7 -1
(w1,0,ws,ws)wizs =0 Fw] fwy —wl fws +wy %w)
2 -1, -1 -2 3 —1,1 -1
(0, w2, w3, ws)wazs =0 —wy fwy T twy wy | —Fwy “wy Tt gwy Twy
— T —
(wv—“JvO’OaO) —w 4 _ﬁw 4
(w’0> —w, 0)0) +4w_4 +{§w‘4
= 11—
(0,w, —w,0,0) —w™4 —Hw 4
(w,0,0, —w, 0) —6w—4 —%w—4
(O’w’o)_w’o) +40J_4 +%(d_4
(0,0,w, —w,0) —w™4 —hw 4
(w7 09 07 Oy —w) +4w_4 +w'4
(0,w,0,0, —w) —6w—4 —%w—‘i
(0,0,,0, —w) +aw +igw
- -
(0,0,0,w,—w) —w—4 —5qw 4
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