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1. Introduction and overview.

The present paper investigates two notions — the classical notion
of nilpotent part and the novel concept of distinguished form — that arise
naturally in the parallel study of (local, analytic) resonant vector fields and
resonant diffeomorphisms. For simplicity, however, we forget about diffeos
in this introduction, and discuss only vector fields. Throughout, localness
and analyticity are tacitly assumed.

The nilpotent part is intrinsical, i.e. chart-invariant. Indeed, any
resonant vector field decomposes canonically into a diagonalizable part X^
and nilpotent part X1111, each having a simple geometric characterization.
The distinguished form X^^, on the other hand, is a special prenormal
form, i.e. a formal vector field conjugate to X and with nothing but resonant
terms in it. In its own way, X^^, too, is undisputably "canonical", and
this is even the whole point of introducing it, since the existence of merely
prenormal forms is a triviality. Like X1111, it is also generically divergent and
resurgent. But unlike X1111, the distinguished form X^^ is chart-dependent.
Above all, it results from an analytical construction (see (1.2) infra) and
doesn't appear to be capable of any simple geometric characterization.

We investigate X1111 and X^^ successively under three viewpoints:

(i) the analytical viewpoint, which is concerned with deriving the
Taylor expansions of X1111 and X^ from that of X.

(ii) the analytic viewpoint, which aims at understanding the diver-
gence/resurgence properties of X1111 and X^^.

(iii) the algebraic viewpoint, which focuses on the case of algebraic
data (e.g. polynomial vector fields X) and attempts to use the analytical
expressions for X1111 and X^^ to make some headway in certain long-
standing problems, like the center-focus problem (see below).

The analytical study (§§2,3,4,5,6) culminates in the following expres-
sions of X1111 and X^:
/i -i \ \rm\ \ ^ a* TID \ ^ \ ^ r»^i,...,o/r TO ITS
(1.1) A =^4 ) 1 D•=Z^^'P i f f n , ' - - ^ n i

Kr ni

( A 0\ ydist vl1111 i \ ^ ir • in? vlin i \ ^ \ ^ ma/i,...,^ ira •rn>(1.2) A = A +^fl> B » = A +^^ft ^•••^m
Kr ni

in terms of the homogeneous components Byi of the vector field X:
(1.3) X=X l i n+^B„ ( n e N ^ )
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(1.3*) X1111 = Ai^ + ... + \^Q^ B^ = /^m^771,

(n,meN;; /3^,neC)
and of some well-defined universal coefficients ̂  and -f^ indexed by
finite sequences a; = (c<;i, . . . ̂ r) with c<^ = (n^, A) G C. Functions of such
sequences ^ are known as moulds. Moulds constitute a non commutative
algebra, with a rich structure and numerous derivations. Above all, they
facilitate the construction and study of "useful universal coefficients".
In the present instance, the relevant moulds, namely i^9 and <!'*, are
related to the moulds 6'* and S* (useful in the linearization of non-
resonant vector fields and the study of diophantine small denominators)
and even more so to the "compensators" S^(t) and S^(t) (useful in the
study of quasiresonance, i.e. of liouvillian small denominators). In fact, the
moulds ^e and ^< come up rather naturally in the study of "degenerate
compensators". Or, to put it another way, they shed light on the passage
from quasiresonance to resonance. It should be noted, however, that ^e

is definitely more elementary that ^e: the construction of ^e is rather
painstaking, to say nothing of the study of certain generating functions
(the so-called amplification and coamplification) attached to l ^ 9 . But no
matter how technical these developments, they are indispensible to an in-
depth understanding of X^^.

After the analytical spadework, we are in a position to tackle the
analytic study (§§7,8,9). It turns out that both X1111 and X^ are generi-
cally divergent and resurgent, though each in its own way. The resurgence
equations which govern the divergence of X1111 and describe its resurgence
pattern, are merely a variant (but a rather interesting one) of the so-called
Bridge Equation. Like the usual Bridge Equation, they yield, as a byprod-
uct, a complete system of holomorphic invariants for X. The distinguished
form X^^, on the other hand, satisfies resurgence equations which do not
involve the holomorphic invariants, but the original field X itself, and are of
"rigid" or "universal" type. The resurgence "lattice" ^dlst also is different,
and the singularities much "worse".

These features are often met with in "man-made" divergent series,
i.e. divergent series which are not obtained as formal solutions of natu-
ral (meaning analytic) equations or systems, but are rather defined by
analytical means, to meet certain demands — such as finding canonical
representatives in analytic congugacy classes. Summing up, one would like
to say that the resurgence of X1111 and X^^ illustrates the prevalence of
resurgence not only among the divergent series that one encounters^ but
also among those that one constructs.
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The algebraic part (§10) is more than sketchy: it outlines a program of
investigations without really tackling it. It originated, as indeed the whole
paper, in a question by one of us (see [Sl], [S2]) about the center-focus
problem for polynomial vector fields of degree d in R2:
(1.4) X = xQy - y9^ +( . . . )
One natural question which comes to mind about such fields (and which
can be rephrased so as to make sense for all resonant vector fields, in
any dimension) is this: what is the minimal number nil(d) of polynomial
identities between the Taylor coefficients ofX, that guarantee the existence
of a center-focus at the origin? The whole thing, of course, boils down to the
study of certain finitely generated ideals^ but the moulds ^e and ^ e make
it possible to replace commutative ideals by more tightly structured Lie
ideals'^ to produce explicit generators for those ideals; and even to suggest
an approach, based on the splitting properties of the Lie elements 1B£ and
BJ| constructed by "contraction" with ^e and ff* .

We are keenly aware that the present paper, such as it stands, is
somewhat lopsided, with more than half its length being devoted to the
analytical prerequisites, i.e. ^e, f f* and the whole mould apparatus that
surrounds them. But the analytic study (§§7,8,9) already shows to what
use these tools can be put, and we cherish the hope that the algebraic
program outlined in §10, when implemented, will further reinforce their
claim to "usefulness".

2. The alternal moulds ^e and f f * in the context
of symmetral compensation.

Reminder about moulds.

As usual, a mould M9 denotes a family of elements M^ of a
given commutative ring or algebra, with upper indexation by sequences
uj = (ci;i,... ,o^). These sequences have arbitrary length r = r(o;) > 0 and
their components uji range over a set fl, that may be any abelian group or
semigroup. Moulds multiply (non-commutatively) according to:
(2.1) C9 = A9 x B9 =^ C^--^ = ̂  ^i,...,^5^+i,...,^

0<i<r

with a sum beginning with A0^1'-'^ and ending with A^'-'^B0. The
symbol 0 denotes of course the empty sequence^ to which we assign zero
length (r(0) = 0).
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Useful moulds tend to display certain symmetries. Thus, a mould A*
is said to be symmetral (resp. alternal) if it verifies A0 = 1 (resp. = 0) and:

(2.2) ^A^A^A^2 (resp. =0), (Va^Va;2)
a?

with a sum extending to all (ri + r2)!/(ri!r2!) sequences uj obtainable by
shuffling two given, non-empty sequences a?1 and a;2 of length r\ and 7-2,
i.e. by intermixing their components under preservation of the internal
order of each sequence. (N.B.: throughout, we shall use boldface with upper
indexation for sequences a? or a^, and plain print with lower indexation for
their components ̂  or o;^).

Similarly, a mould A* is said to be symmetrel (resp. alternel) if it
verifies (2.2), but relatively to the "contracting shuffling" of a;1 and a;2,
under which one or several pairs of consecutive elements (c^1,^2) from a;1

and a?2 may contract to uj\ + o;J. As a consequence, for a symmetrel (or
alternal) mould, the left-hand side of identity (2.2) involves exactly Q^^2

terms, with:

(2.3) Q^ =^Q^2 (sup(n,r2) ^ r < n + 7-2)
r

(2.3 bis) O^2 dM r!((r - n)!(r - r2)!(ri + 7-2 - r)!)-1

where Q^^2 denotes the number of sequences w of length r(o;) = r.

Thus, whereas any symmetral mould A* verifies identities like:
f2 4) A^l ̂ ^2,^3 ^ /I ̂ 1,^2 5^3 I /I ̂ 2 5^1 ,̂ 3 l AIJJ2^3^1

f2 5) ^^l?^/!^?^ ^ /1^1^2»<*'3^4 I ,4 ̂ 1,^3 5^2 ,^4 I /1^3»^l»^2i^4

I ^^1^3 ,^4 5^2 1 4^3 ,^1^4 ,^2 I vl ̂ 3,^4^1,^2

etc., any symmetrel mould A* verifies identities like:
(2.4*) A^A^2'^3 = as above + A^"^2'^3 + A^2^14^3

(2.5*) A^'^A^3'^4 = as above + A^^2"^3'^4 -(- A^3'^1"^4'^2

1 ^^1+^3,^2^4 I /I ̂ i+0/3 ,^4 ,^2 1 >4^1^3,^2+(*/4

I ,4 ̂ 3 ̂ 1^2+^4 I /1<^1+^3 ,^2+^4

etc.

Trivial moulds, i.e. moulds M* such that M^ depends solely on the
length r of the sequence c^, are of no direct interest, but they keep cropping
up in equations that serve to define important moulds. Foremost among
trivial moulds is of course the unit mould I® :
(2.6) I0 = 1 and 1 '̂-^ =0 (Vr > 1)
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and the four moulds:

(2.7) I9 = alternal ; I^(t) = symmetral
(2.8) J * = alternel ; J^(t) = symmetrel

which are defined as follows:

(2.9) J^O; 7^=1; j^i-^^o, (Vr>2)
(2.10) J0 = 0 ; J^-^ =E (-1)^-1/7., (W ^ 1)

(2.11) ^=1; ^•••^-(lA1!)^ (Vr> l )
(2.12) Je^)^!; J^-UJr(t)=(l/r\)t(t-l)(t-2)-^t-r+l^

(Vr > 1).

The mould exponential of any alternal (resp. alternel) mould is a
symmetral (resp. symmetrel) mould, and the above examples are a case in
point, since:

(2.13) J:xW = exp(^) and J:,̂ ) = exp(^)
with exp(- • •) denoting the mould exponential:

(2.13*) exp(M*) d^ l•+M•+(l/2!)(M•xM•)+(l/3!)(M•xM•xMe)4- • • •

Two useful operators on the mould algebras, which we shall constantly
require, are the derivation V and the automorphism t^ which operate as
follows:

(2.14) {B9 = VA^) =^ (B^ = |H|A^)
(2.14*) (C9 = t^A9) =^ (C^ = t^A^)
with t on C, (the Riemann surface of the logarithm) and:

(2.15) |[o?|| ^ 0:1 + • • •+cc ; r if ^ = (o;!,...,^).

We shall now construct three alternal moulds T9, <p *, <y * and eight
symmetral, pairwise inverse moulds:
(2.16) !• = S9 x S9 = S;^ x S:^ = S^{t) x S^(t) = S^(t) x S^(t).

Some of these will exhibit discontinuities or singularities for certain
"degenerate" sequences c^, which have to be singled out. If a sequence
o- = (o~i) contains exactly n elements, but these assume only n* distinct
values, the difference n—n* is said to be th repetitiveness of a. Similarly,
we define the degeneracy dgn(o?) of a sequence a; = (c^) as being equal to
the repetitiveness of the sequence:

(2.17) 0, c<)i, u^^..., ujr with ^ '= uj\ + 0:2 4- • • • + ̂



THE NILPOTENT PART AND DISTINGUISHED FORM 1413

or, equivalently, of the sequence:

(2.18) 0,L(;i,C<;2, . . • ,^r With UJi ^ UJi -1-Cc^+i + • • • -\-UJr'

Lastly, the vanishing order van (a;) of c^ = (c^) is taken to be 0 if
||o;|| 7^ 0 and, if ||o;|| = 0, van(a;) is equal to the number of zeros in either
of the sequences ((2^) or (o^).

The elementary moulds 5*, 5^, T*.

They are defined for almost all sequences a? = (0:1,... ,0:7.) by the
relations:
(2.19) S^ d^ (-\Y(uj^' • ' ^r)~1 with ̂  as in (2.17)

(2.20) S^ d^ (^icc;2 • • • ̂ r)~1 with Gji as in (2.18)

(2.21) T^ d^ 0 if I I^H ^ 0

(2.21*) T^ ̂  (o;2^3 • • • ̂ )-1 = (-l)7^-1 (^icZ;2 • • • ̂ r-i)"1 if |M| = 0
and of course:
(2.22) ^^ l ; ^^ l ; T^O.

The alternality of T* or symmetrality of 6'* and S* is easily
checked by induction on r, but can also be inferred from the equations:
(2.23) W = -S9 x !• r (!• as in (2.9))
(2.24) V 5" = I9 x S9 f (V as in (2.14)).

From the two scalar-valued moulds S9 and S* we shall now derive
two others, the so-called symmetral compensators S^(t) and 5^o(t), which
depend on a variable t in C», but have the advantage of being defined for
all sequences a?. Then, by investigating the behaviour of the compensators
close to degenerate sequences a?, we shall stumble upon the moulds 4?* and
^e, which are central to our purpose.

The compensators and compensation-related moulds.

DEFINITION 2.1 (Symmetral compensators). — For t in C, and t^
as in (2.14*), we put:

(2.25) S^t)^^S9)x(S9)

(2.26) S^(t) d^ (S-) x (t^).

Clearly, S^(t) and S^(t) are mutually inverse and, as products
of symmetral moulds, they are symmetral themselves. They also satisfy
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equations analogous to (2.23) and (2.24):

(2.27) (V - t9t)S^(t) = -%(() x I9

(2.28) (V - t9t) S^(t) = +1' x S^{t).

Furthermore:

PROPOSITION 2.2 (Continuity of the compensator moulds). — For
sequences a; of a given length r, both S^(t) and S-^t) are continuous
functions oft in C» and a? in C7'. Moreover, for a fixed a? of degeneracy s,
S^(t) and S-^t) are polynomials of degree s in logt (apart from involving
various powers of the form ^+"•+a;J^.

Proof. — There are three steps. First, we introduce the so-called
symmetric compensators t^, which for non-repetitive sequences a are given
by:

(2.29) t^——- ̂  ̂  ̂  Y[(ai - a,)-\ (t € C.,a, € C,(T^)
0<i<r j^i

with unambiguously defined powers tcri (since t is in C»).

Second, we observe that the compensator i^ extends to a continuous
function of (t,a) defined on the whole of C, x C1"1"7', with the following
expression in case of a repetitive a".

(2.30) ^r50^^31^-.^3^ = (^/^!)(^/^!)...(^/^!)^o,.i,...^

where of course al1"1"^ means that ai is repeated (1 + Si) times.

Third, we check (recursively on r) the following relations between
symmetric and symmetral compensators, under which the repetitiveness
of a translates into the degeneracy of a/:

(2.31) ^'""^W = t0^1^-^
(2.32) ^-^(t) = (-I)^O,^A,...,^

D

Non-degenerate compensators are quite useful in so-called "small
denominator problems", in particular for the study of quasiresonant local
objects (see [E4], [E8], [E10] and also §7 infra). Here, however, we are
concerned with resonance rather than quasiresonance, and so what we
require is above all a closer analysis of degenerate compensators. The
requested information will be provided, on the one hand, by the lateral
decomposition of degenerate compensators (Proposition 2.2), which is
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easily derivable and uniquely denned, but somehow "less than complete",
and on the other hand, by the central decomposition (Proposition 2.3),
which is much more thoroughgoing, but correspondingly more costly.

PROPOSITION 2.2 (The ^e mould and the lateral decomposition of
compensators). — There exists a uniquely denned, alternal, scalar-valued
mould ^9 such that:

(2.33) %(t) = ex^logt)^ r) x S^(t)
= S^(t) x exp((logt) r)

(2.34) S^(t) = exp(-(logt) ̂ ) x S^{t)
=S^(t)xexp(-(\ogt)t^^)

where the symmetral moulds S^{t) and S-^(t) denote the logarithm-free
part of S^(t) and S-^(t) (a. for alogarithmic; co for compensated^) and
where exp should be construed, as usual, as the mould exponential (see
(2.13*),). For any non-degenerate sequence a;, ̂  vanishes and, for any
fixed degeneracy type, ̂  is a homogeneous function of a; of degree l—r(w)
and, more precisely, a polynomial in some of the variables (a^ + • • • +Li;j)~1.

Proof. — See after Proposition 2.3.

PROPOSITION 2.3 (The ^e mould and the central decomposition of
compensators). — There exist scalar-valued moulds S^, S^ (symme-
tral) and ff e (alternal), which remain defined for all sequences w, no matter
how degenerate, and verify:

(2.35) %(t) = (^ %J x exp((log^) F) x (%ct)
(2.36) %(t) = (%J x exp(-(logt) f f ' ) x (t^).

For non-degenerate sequences w, the moulds S^ and S-^ (ext for ex-
tended^ coincide with S9 and S9 but, unlike the latter, they remain de-
fined for all a;. They also provide a factorization of the logarithm-free part
of compensators:

(2.37) ^(^(^^Jx^)
(2.38) S^{t) = (%J x (^%J

which, unlike (2.25) (2.26), is valid for all w.

As for the mould ^ e, it is conjugate to ^9 under S^:

(2.39) ^xr=rx^
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but it is much "slimmer" than ^ 9 , since ̂  vanishes unless uj be of zero
sum (i.e. ||o/|| = 0), whereas ̂  vanishes only for non-degenerate a;.

The triplet (^xt^^xt^ff*) ls n0^ uniquely determined by the above
equations, but it becomes so if we add the further requirement that, for
any sequence a; of a fixed vanishing pattern:

(2.40) S^ be a polynomial of degree r in the acceptable variables (l/^i)

(2.41) S^ be a polynomial of degree r in the acceptable variables (l/^)

(2.42) y^ be a polynomial of degree (r — 1) in the acceptable variables
(l/o^) or (l/^).

("Acceptable" means of course that we must discard those uji or
uji which vanish. For l ^ 9 , the two sets of variables clearly coincide, since
^ =0 unless \\w\\ =0.)

From now on, unless stated otherwise, the symbols S^, S^, f f*
shall refer to those three unique and perfectly canonical moulds.

Remark. — Were it not for the constraints (2.40), (2.41), (2.42), we
might replace the canonical triplet:

(2.43) (%„ S:^ r)
by the triplet:
(2.44) (A-x^, S:^xB\ A - x ^ x B 9 )
for any pair (A*, B*) of scalar-valued, symmetral, mutually inverse moulds
such that:

(2.45) A^ = B^ = 0 whenever ||a?|| = 0.

But, as we shall show in section 4, the imposition of conditions
(2.40), (2.41), (2.42), or even any one of the three, suffices to remove
the indeterminacy. For the time being, however, we must be content with
proving Proposition 2.2 and the ^existence part" of Proposition 2.3.

Proof of Proposition 2.2 and the first part of Proposition 2.3. — The
argument will rely on mould-comould contractions, i.e. on formal sums of
type:

(2.46) ^M-B. = ̂ M^Bo, = E E M^-^B ,̂.,̂
O? 0<ra/z€^

relative to a given mould M9, a given comould B» (see below) and a given
subset 0 of C.
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But first we observe that the symmetral moulds P9^) and Q9^)
characterized by:

(2.47) %(t) = S'^t) x ?•(() = (t^Q'W) x S^(t)

satisfy:

(2.48) Q^t) x P^t-1) = !•.

Indeed, we have on the one hand:

(2-49) ^W^S^WxS^t)
and on the other hand:

(2.50) Q^t) = t-v(%^) x S^(t)) = rv%(t)) x (^-v S^(t))

which in view of (2.25), (2.26) reads:

(2.51) Q^t) = S^(t-1) x S:^t-1).

Pairing (2.49) and (2.50), we find precisely (2.48).

We now fix some (enumerable) additive semigroup fl, in C, and we
introduce the free associative algebra A and the free Lie algebra C generated
by the same set of symbols B^ (^ e fl.). Both A and C possess a natural
coproduct induced by:

(2.54) cop(Bo;) = ̂  Bo;i 0 B^2 (^ c shuffle (a?1, cc?2)).

By setting :

(2.55) grad(Ba;) ̂  |M[ = ̂  + ... + ̂

we turn ^4 and C into graded algebras, and we then enlarge them into ~A
and C by allowing enumerable (rather than finite) sums of base elements
Bo;, and also by introducing one additional Lie element X1111, of gradation
0, along with the bracket rules:

(2.56) [X^M d^ ||a;||Bo, (a; = (^... ,^)).

We first assume that 0 is not in 0, and consider the following mould-
comould contractions relative to fl,:

(2.57) X ̂  X1111 + ̂  JX = X^ + ̂  B,, e £
0/16^

(2.58) O^^^B.eA

(2.59) e-^^^S'B.e^
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(The sums in (2.58) and (2.59) extend to all sequences a;, including a; = 0).
The moulds S9 and 5'* being symmetral and mutually inverse, it is plain
that 9 and 9~1 are two mutually inverse, formal automorphisms:

(2.60) cop(e±l)=e±l^e±l

and that we have the conjugacy equation in C:

(2.61) x = ex^e-1

which readily follows from (2.56) combined with (2.17) and (2.18).

However, the operators 6 and ©-1, involving as they do the moulds
S* and S9, are defined only if, as we assumed, 0 ^ ^. To get rid of this
restriction, we introduce the compensators S^(t) and S^{t) relative to an
auxiliary variable t in C», and we construct two new formal automorphisms:

(2.62) Gee = ]>>;oW e A

(2.63) ©co'-E^oWeA

Still assuming (provisionally) that 0 ^ ^, we deduce from (2.61) or (2.27),
(2.28) the new conjugacy:

(2.64) X - id = Oco^1111 - tOt}Q^ (Ot == 9/Ot)

which (unlike (2.61) and due to the continuity of compensators: see
Proposition 2.1), retains both its meaning and validity even when 0 € ^.

Now, in view of the lateral decomposition (2.33) and of the obvious
inversion rule, valid for any two scalar moulds (M*,^*):

(2.65) ^(AT x 7V)B. = (^ 7VB.) x (^ M^B.)

the conjugacy relation (2.64) becomes:

(2.66) x - id = (eacoX^iogXx1111 - ̂ ceiogr^eaco)-1

with a neat separation into two logarithm-free and two logarithm-ridden
factors:

(2.67) 6aco=^%,(t)B.

(2-68) ©ac^E^oW®-

(2.69) ©iog=E<5W.

(2.70) '9^ = E(^Q*(*))B.

with Q*(t) as in (2.47).
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If we now introduce the Lie element tXmi defined by:

(2.71) ^^[^X^-tQt}

(beware of mixing up nil and Jin), the conjugacy relation (2.66) becomes:

(2.72) x - t9t = ©acc^x1111 - t9f)Q^ + eaco^x^e^.
But (2.72) involves three summands, two of which, namely X - t9t and
©aco(X1111 - ̂ 9t)©ac^ are patently logarithm-free, meaning that they have
no \ogt in them. So the third summand eaco^X^e^ must 9^so De

logarithm-free, and since 9aco is logarithm free, the commutator ^X1111

introduced in (2.71)must itself be logarithm-free. This clearly compels ̂ og
to be of the form:

(2.73) ^Qiog^expOlog^X1111))

with a Lie element ^X^ of the form:

(2.74) tXnil=^(^v ̂ )B.

relative to some alternal, t-independent mould ^e. If we now recall (2.47)
and (2.48), this implies:

(2.75) ?• = Q9 = ̂

which establishes Proposition 2.2 along with the relation:

(2.76) (^r)><%oM=%oM><r.
The above identity in turn shows that:

(2.77) ©aco^1111 = ̂ ©aco

with tXml QS in (2.71) and:

(2.78) X^^^^E..

Thus, equation (2.72) becomes:

(2.79) X - t9t = ©aco^1111 - ̂ )©aclo + ̂ nil

with two t-independent Lie elements X and X1111. Therefore the difference
X — X1111 itself has to be ^-independent, which is patently impossible unless
©aco be of the form:

(2.80) ©ao^Qext^ext)-1

with

(2.81) eext=E%ct».; e^=^>^B.
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(2.82) Uxt = E^xt)®. ; 'eex't - D^ ̂ xt)®.

relative to two symmetral, mutually inverse and t-independent moulds S^
and <S^xt that verify (2.37) and (2.38). If we now define a (necessarily
alternal) mould ^ e by the relation:

(2.83) S^{t) = (^v %J x exp((log^) F) x (%J

we see, in view of (2.33), that ^ and ^< are mutually conjugate under
*%ct? as m (2-39), which implies that <f e, like ^* and S^t?ls ^independent.
Moreover, again by comparing (2.83) with (2.25) and (2.33), we infer that
t^ ^ • = ^ e, which means that V ff e = ff '. Thus, ff ̂  necessarily vanishes
when ||o;|| ^ 0. This establishes (2.35), (2.36) and completes the proof of
the "existence part" of Proposition 2.3. D

3. Construction and properties of the f * mould.

The compensation-related moulds introduced thus far fall into two
quite distinct classes.

On the one hand, we have the ^e mould and all the "soft" moulds
involved in the lateral decomposition of Proposition 2.2. They are rather el-
ementary and fairly easy to calculate, because they are entirely determined
by the equations (2.33) or (2.34).

On the other hand, we have the !^9 mould and the other two
"tough" moulds S^ and S^ involved in the central decomposition of
Proposition 2.4. These more elusive moulds, as we observed, are not
unambiguously characterized by equation (2.35) or (2.36), unless we add
the rationality requirements (2.40), (2.41), (2.42). These latter conditions,
however, aren't too easy to translate analytically, and this considerably
complicates the study of the three "tough" moulds.

The corresponding construction will be postponed to the next section.
In this section, we shall deal with the properties of the "soft" moulds, and
indicate several ways of calculating them.

Direct calculation of the "soft" moulds.

The logarithm-free parts S^(t) and S^(t) of S^(t) and S^{t)
may be obtained directly, by translating the symmetral compensators into
symmetric ones according to (2.31), (2.32) and then applying (2.30), but
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letting the differential operators 9^ act only on the variables o-i sitting in
the denominators Y[((Ti - Oj)~1 , not in the powers t^. Similarly, 4^ may
be calculated by letting the 9^ act once on the powers, and all the other
times on the denominators. In fact, from (2.33), (2.34) we derive:
(3.1) S^{t) = S^(t) + (\ogt) 4?:(t) + o(\ogt)
(3.2) S^(t) = S^(t) - (logt) 4^(t) + o(log^)
with:

(3.4) ^:(t) = S:^t) x r ; ^(t) = r x S^(t)

(3.5) %(1) = 5^(1) = 5^(1) = 5^(1) = !•
and therefore:

(3.6) ^•=^:(1)=^:,(1).

Inductive calculation of the "soft" moulds.

There is also a more convenient, induction-based alternative for
calculating our moulds — which moreover is intimately related to their
geometric meaning (see the proof towards the end of the section). But in
order to spell out that induction, we require moulds 1^ similar to J*, and
mould operators V^o similar to V. For any simple index c^o, the alternal
mould 1^ is defined by:

(3.7) 1^ = 1 if 0:1 = 0:0 ; 1^ = 0 if 0:1 + ̂

(3.7bis) J^ -^=0i f r^ l .

Again, for any simple index UJQ, the operator Vo;o acts on any mould
M* according to the rule:

(3.8) (V^M)^15-'^ d^ ̂  {^ î,.,̂ ^ î,.,̂ +c^+i,...,̂
u}i=wo _^-a/l,...,o;i_i+a/i,...,a/r1

the term M-^-1^^- (resp. M•••'a;^+a;^+l'•••) being systematically omitted
if i = 1 (resp. i = r).

Like V, the operator V^o ^s a derivation of the mould algebra:
(3.9) V^A* x B9) = (V^A*) x B9 + A- x (V^B*)

and the notation parallelism between (J*, A) and (7^, A^J is justified not
only by the obvious relation:

^•-E^o; v=^v^
^0 ^0
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but, more pointedly, by the fact that, for many important moulds, equations
involving V and I * tend to specialize to similar-looking equations with V^y
and 1^ . Such indeed is the case with our "soft" moulds (but, significantly,
not with the "tough" moulds).

Induction rules for S9 and S9.

We have

(3.10) Vfi^ = -S9 x I9

(3.10*) V,^ = -S9 x 1^
(3.11) \7S9 =!• x S 9

(3.11*) V,, S9 = 1^ x S9

with the induction-starting conditions 5'0 = 50 = 1.

Induction rules for %, and S^.

(3.12) v%(i) = (^r) x %(t) - %(t) x r
(3.12*) V^W = (^v^) x %(^) - %(t) x J^
(3.13) V S^(t) = I9 x %(t) - S^(t) x (t^r)
(3.13*) V,o %(t) = J^ x S^(t) - S^(t) x (t^)

with the induction-starting conditions:

(3.14) S^(t) = (log^)7r! if a; = (0 , . . . , 0) (r times)
(3.14*) 5^(t)=(-logt)7r! if a; = (0, . . . ,0) (r times).

Induction rules for S ô an(^ ^co-
The logarithm-free parts S^(t) and S^(t) satisfy exactly the same

induction as %(t) and S^o(t), but with different induction-starting condi-
tions:

(3.15) S^t) = S^(t) = 1
(3.15*) S^(t) = S^(t) =0 if ^ = (0, . . . , 0).

Induction rules for ip*.

(3.16) V^ '=J*x^* -^ *x r
(3.i6*) v^r^o^'-r^
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with the induction-starting conditions:

(3.17) ^ = 0 ; ^ ° = 1 ; ^^^^^^^^^ . .—O

(beware that 0 7^ (O)). In view of the importance of <p*, let us explicit the
compact formalism of (3.16*). For (JQ = ̂ i and c<;o = ^r we get:
(3.18) 0:1 ^l'•••^r + ̂ 1-^2,^3....,^ ^ ^a/2^3,...,^

(3.19) ^ ̂ ^"••^r - ̂ 1-^-2,^-1+0;. ̂  _ ^a;i,...,a/.-2,^_i

and for ujo = u^i with 1 < i < r we get:
(3.20) uji ̂ i.^i^^r _ ̂ i,...,̂ -i+ ,̂...,̂  ̂  ̂ o/i,...,^+^-n,...,^ ^ Q

Proof of the induction rules for the "soft" moulds. — Let us first
recall the main decomposition rules established in §2 for the graded Lie
algebra Z. In the special case when 0 ^ f^, we found the conjugacy relation:

(3.21) x = ex^e"1

with
(3.22) X = X1111 + ̂  B^, (^ € ^)

(3.23) 6=^5^.; 6-^^^B..

In the general case, i.e. when the semi-group f^ may contain 0, we
introduced an auxiliary variable t, which led to a more stable conjugacy
relation:

(3.24) X - t9f = eco^1111 - t9t)Q^
(3.25) X = X^ + X1111

with
(3.26) 6co = ̂  %(t)B. ; O^ = ̂  5;o (t)B.

(3.27) X^ = X1111 + ̂ (r - ̂ B.

(3.28) X^^^^B..

However, due to the uniqueness of the decomposition (3.21), valid in
the special case when 0 € ^2, if we subject X to an automorphism Ue of C,
of the form:

(3.29) X — X = UeXU^

(3.30) Ue = exp(£B^), (5 € C, cc;o € ^)
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degree d (i.e. with a finite number of homogeneous components Byi, for
||n|| < d) two important questions arise:

Qi) What is the smallest number lin(d, A) of relations X^ = 0 (or
X^ = 0) that guarantee formal linearizability?

02) What is the smallest number nil(d, A) of relations X^ ' x171 = 0
that guarantee total nihilence?

Obviously, both numbers are finite, since the formal linearizability
(resp. total nihilence) of a polynomial X is equivalent to the annihilation
of a suitable ideal I in the algebra A generated by the (finitely many) Taylor
coefficients of X, and since any such ideal is known to be finitely generated.

A special instance is the so-called center problem, namely the question
of determining the smallest number of polynomial identities that guarantee
the existence of a center-focus for a polynomial vector field on R2, of the
form:
(10.14) X == x^ - x^, +( . . . ) (degX = d).
After changing to "isotropic coordinates" we get:
(10.14*) X = iy,9y, - iy^Qy, +( . . . ) (A = (z, -z))
and the problem "reduces" to finding the number nil(d, A) of conditions
that ensure the nihilence (necessarily total in this case) of X. See on the
subject [Sl] and [S2].

However, in the center problem as in the general case, the numbers
lin(d, A) and nil(d, A) remain unknown (except for the lowest values of d,
such as d = 2 in the center problem) and seem to be very elusive, not
least because the ideals I mentioned above are unwieldy, unstructured, and
lacking in truly canonical bases.

But the considerations at the beginning of this section suggest ano-
ther, possibly more promising approach, namely:

(i) to replace the commutative ideals I mentioned a moment ago, by
the Lie ideals J generated by the homogeneous components X^ or X^
of (10.6) or (10.7);

(ii) to use the explicit decompositions (10.8), (10.9) of these homo-
geneous components into the elementary Lie elements B^ and ®S di-
rectly constructed from the homogeneous components By,o ofX (see (10.2),
(10.3));

(iii) to investigate the splitting properties of the Lie elements B^ and
B|| (see below).
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The reasons for reposing some hope in this approach are three:

First, the Lie ideal J is more tightly structured, and closer to the
nature of X, than the commutative ideal I.

Second, the components X^ and X^, while more intrinsic than
anything in the commutative ideal I, are still highly "composite". The(i ip
truly simple objects to focus on are the Lie elements B£ and B£ , and
any regularity that the components X^11 or -^hst may possess, is probably
inherited from, and more easily detectable on, the Lie elements BS and
B|.

Third, if we define the upper (resp. lower) degeneracy of an unordered
sequence w == (o;i,... ,uJr) as being equal to the highest (resp. lowest)
degeneracy attained by the ordered sequences a; corresponding to a;, and if
we fix the degree d and spectrum A, we observe that the blocks Bj| and B£
tend to split (i.e. to decompose into Lie brackets of simpler blocks) more
and more as the upper or lower degeneracy of the sequence uj (associated
with n) increases.

As a very elementary instance of this phenomenon, let us mention the
following fact:

LEMMA 10.1. — AnyBS, indexed by any sequence n = (ni , . . . ,rir)?fi
belongs to the Lie ideal generated by the blocks B£i indexed by sequences
m = (mi,..., rris} such that:

(10.15) 0 = <||m||, A) d^ (mi, A) + • • • + <m,, A).

Proof. — From the identity (3.16) we deduce:

(10.16) M|Bn= ^ [Bn^Bj^n — 7 ̂  PW 5 ̂ rn
l<i<r

with a; corresponding to n, and with n1 denoting the sequence n =
(ni, . . . ,77^) deprived of its component rii. Then we use (10.16) repeatedly,
so as to decompose the elements B^i into brackets of Bnij, then the Bnzj
into smaller elements, etc., until we get rid of all sequences n 1 3 ' " such that
II^ '-H^O. D

The above lemma is only a pointer towards a very general splitting
f! K!tendency, which inheres in the Lie elements BS and B£ , and which would

seem to warrant a systematic investigation. We intend to pursue this
question in a follow-up paper.
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11. Synopsis. Main formulae. Tables.

The basic notions about moulds (multiplication, symmetral/alternal,
symmetrel/alternel, etc.) are recalled at the beginning of §1, along with
the definitions of the trivial moulds !•, !•, J 9 , J^, J^ (see (2.1)-(2.12))
and mould derivations V and V^o (see (2.14) and (3.8)). Most moulds
here are indexed by sequences a? = (ci;i,... ̂ r) written in bold-face, with
components c^ in ordinary print. The degeneracy dgn(o;) and vanishing
order van(o;) of a sequence w are defined before (2.17) and after (2.18).

The main moulds used in this paper are:

S* and S9 (resp. r*): symmetral and mutually inverse (resp. alternal).

S^(t) and S^ (t): symmetral and mutually inverse.

S^xt ana 5'̂ xt (^sp. T*): symmetral and mutually inverse.

^< and y * : alternal and mutually conjugate.

r = s9 x s9 = s^(t) x s^t) = s;^ x s:^
5'̂ , 5^, T^ are defined for almost every sequence c*;.

All other moulds are defined for every sequence w.

Direct definition ofS9, S9, T9:

S^^r ̂  (-1)^ ... ̂ )-1 with ̂  dM 0:1 + .. • + ̂
S^-^ ̂  (^ .. .^)-1 with ̂  d^ ̂  + • • • + ̂
^i.-^ d^ o if 0 ̂  |M| ̂  0:1 + ... + ̂

T^-^ d^(^2^3•••^)- l = (-l)7-1^!^---^-!)-1 i fO=H| .

Direct definition of the compensators S^(t) and S-^(t):

S^W^{t^S9)x(S•)

^W^^x^s9)
with t on C, (Riemann surface of logt) and t^ as in (2.14*).

Link between symmetral and symmetric compensators: see (2.29)-(2.32).


