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QUANTIZATIONS AND SYMBOLIC CALCULUS
OVER THE p-ADIC NUMBERS

by Shai HARAN

INTRODUCTION

We shall be concerned with functions f : Vy — C, defined in some
vector space Vj over the p-adic numbers @, and taking values in the complex
numbers C. One of the most basic problems encountered when trying to
imitate the classical theory — where the domain Vj is a vector space over R
or C — is the lack of derivatives. Indeed, the derivation d/9z is nothing
but F~lzF, where F is the Fourier transform, and «z» is multiplication
by the function z which is an additive homomorphism from V; to C; and
there are no such homomorphisms from V; to C when Vj is a vector space
over Q.

This problem repeatedly makes its appearance in various disguises;
for example, given a unitary representation of a p-adic analytic group on
a Hilbert space, one cannot associate with it the derived representation of
a p-adic Lie algebra. From a different perspective, the derivatives (0/0z)"
correspond to the extra poles of the co-component of the zeta function,
while the p-components have a unique pole.

There are thus no differential operators over Q. But as we will show
in this paper, there is a meaningful theory of pseudodifferential operators
over the p-adics, which parallels the classical theory over the real numbers
R. In fact, the theory over Q, is better behaved than the one over R, in
as much as in all estimates the numbers 2 = [C : R]| for the reals can be
replaced by co = [Q, : Q] for the p-adics, and one encounters here the
phenomenon expounded in [15], [16].
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Elliptic operators — Spectral asymptotics.

A.M.S. Classification : 11E95 — 11F85 — 11M41 — 11R42 — 11S80 — 12J25 - 20G25 -
35599 — 41A65 — 43A25 — 81Q99 — 81S10 — 81S30.



998 SHAI HARAN

The pseudodifferential operator 5(f) associated with the «symbol» f,
a function defined on the «phase spacey» V = Vp @ Vp, is given via
the action of the Heisenberg group (cf.0.1.10). The composition of
operators correspond to «twisted multiplication» of their symbols :
0(f1)p(f2) = p(f1#f2). The main goal of the symbolic calculus is to control
the twisted multiplication over appropriately defined symbol classes, thus
enabling the comparison of the resulting function algebra and operator
algebra. Classically, the symbol classes are defined using the Mihlin
condition which incorporates the global growth condition with the local
smoothness condition on the symbols. To define symbol classes in the p-adic
setting we encounter once again the lack of derivatives. Fortunately, this
time the problem can be overcome if one uses in place of derivatives a Besov
condition.

Chapter 0 is devoted to the Heisenberg group and its fundamental
representation. For the analogous theory over R see [6], [9], [21], [23], [32];
some of the material over Q, can be found in [11], [36]. In paragraph 0, we
fix our notations and recall the Schrédinger model, the Weyl quantization
procedure and twisted multiplication. In paragraph 0.2, we review the
lattice model and the Bargmann isomorphism [1], and we describe the
Wick symbols [4]. In paragraph 0.3, with an eye towards connection with
[14], [15], we offer a third realization of the fundamental representation
in the «positive» subspace of Ly of the p-adic circle, or the space of
«p-adic particles», giving explicit formulas for the Hermite functions,
and explaining why the Tceplitz operators over Q, have index zero. In
paragraph 0.4, we give a «mannerized » version of the lattice model, and
we present the Wigner transform, the uncertainty principle and the wave-
packet-expansions [7] in the p-adic setting.

Chapter 1 is devoted to the exposition of the various functions spaces
over Q,. For the analogous theory over R, we refer to [3], [25], [33], [34];
a good reference for some of the material over Q, can be found in [31].
In paragraph 1.1, we recall the Bessel potentials and Sobolev spaces. In
paragraph 1.2, we explain the problematics of these — the lack of the
Leibniz rule for differentiation, and offer a way out via Besov spaces.
After reviewing the elementary properties of the ordinary Besov spaces, we
present the concept of a metric-covering, and the associated « mannerized »
Besov spaces. In paragraph 1.3, we define the «smooth » functions over Q,,
and the (analytic) Schwartz spaces. We quote the Schwartz kernel theorems
and define our symbol classes (in analogy with [18]). In paragraph 1.4, we
collect the basic properties of temperate metric-coverings needed in the
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sequel, and offer as examples the Tceplitz symbols (discussed over the reals
in [12], [17], [21], [30], [35]) and the pseudodifferential symbols.

The Teeplitz symbols £*(V) consist of functions f on V which satisfy

lf(x)l < CO : Ilapx|a,

and for all 3 > 0,

|f(2) = f(z+y)| < Cs-[L,pz[*77 - |yl?

for |y| < |1,pz|. We note that our (analytic) Schwartz space, S, which
can be defines as the intersection over all a of X2, is different from the
usual (algebraic) Schwartz space of locally constant compactly supported
functions that one encounters in the literature, though it shares much of its
nice properties such as nuclearity, closure under multiplication, convolution
and Fourier transform.

Chapter 2 is devoted to the proof of the main theorem of the calculus
(2.2.8) and the basic boundedness theorems, along the lines of [18], [19].
In paragraph 2.1, we prepare the grounds by giving the short range
estimate (2.1.6), the error estimate (2.1.11) and the Long range estimate
(2.1.24) and (2.1.27). Then in paragraph 2.2, we put these together and
prove the main theorem of the calculus (2.2.8). In paragraph 2.3, we
establish the continuity of our operators on S and S’, (2.3.1), and their
boundedness on L (2.3.9), and give a proof of the Calderén-Vaillancourt
estimate [5] (along the lines of [21]).

In chapter 3 we establish the basic properties of elliptic operators.
In paragraph 3.1, we prove the sharp Garding inequality (3.1.11) and the
improved Fefferman-Phong inequality (3.1.9) (cf. [8]), as consequences of the
wave-packets theory (cf. [7]). In paragraph 3.2,, we show that every elliptic
symbol defines a Fredholm operator of index zero (3.2.9). In paragraph 3.3,
we consider positive elliptic symbols, show that they give rise to self-adjoint
operators with discrete spectra (3.3.1) ; study their complex powers (3.3.21)
(in analogy with [28]); and determine the precise asymptotic behavior of
their eigenvalues (3.3.14) (see [10], [13], [17], [20], [27], [30] for some of the
literature on the analogous theory over R).

Thus the operators on Ly(V,) corresponding to symbols in (V)
are bounded for a < 0, Hilbert-Schmidt for o < — dim Vj, and trace-class
for & < —2dim V. For f in £%(V), we can write f = f + fo, where f(z)
is the average of f over the unit ball centered at z, and fy is in the
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Schwartz space. The operator 5(f) is thus the sum of p(f), an explicitly
diagonalizable operator, and of 5(fo), a trace-class operator (in fact, a
«smoothening » operator in the sense that it maps S’ into S). As a corollary
we see that if f > 0 is positive, then the operator p(f) is positive modulo
trace-class operators and is bounded from below. If f in ¥*(V) is elliptic,
in the sense that |f(z)| > C - |1,pz|* for z outside a compact set, then
p(f) is a Fredholm operator of index zero; if f is real valued, then 4(f)
is an essentially self-adjoint operator, if, moreover, o > 0, then p(f) has
a discrete point spectrum tending to infinity and there is an orthonormal
basis for Lo(Vp) consisting of p(f)-eigenvectors all of which are in the
Schwartz space. Assuming further that both f and p(f) are positive, we
can defined their zeta functions

Couny(8) = tr(p(£)™") and  Cs(s) = / f(z)~* de

both of which are holomorphic in the right half plane Re(s) > zlx—dim vV,

have meromorphic continuation and moreover, their difference is entire.
Denoting by N()) the number of eigenvalues < A, we have the following
precise estimate :

N(A\) =vol{z | f(z) <A} + O(X°), for any &> 0.

Our motivation in developing the theory of pseudodifferential operators in
an arithmetical situation was derived from [14], [15], where it was shown
that such a theory could have bearings on the problem of the Riemann
hypothesis. Much of what we do here carries over to the global situation of
the adeles, where the zeta function not only controls the symbolic calculus,
but to some extent is controlled by it.

We note that the content of this paper generalizes easily to the case
of an arbitrary local field. Other future applications of our theory could
include the local Howe’s duality conjectures. The theory can also be made
to work over varieties where it might be useful as a tool in defining the zeta
functions of such varieties by analytic means (a basic ingredient for trying
to do Tate’s thesis for such varieties). Since we wrote this paper, we have
found some attempts to construct quantum mechanics over the p-adics in
the literature of physics, e.g. [42], but these are always wrong and lead to
strange phenomenon (e.g. the existence of two vacuum states), because the
physicists were insensitive to the basic difference between the p-adics and
the reals — the two dimensional absolute value, which for the reals is the Lo
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e: |z,y| = (|z|2 + |y|?)1/2, should be replaced in the p-adic setting by
its Loo analog : |z,y| = max(|z|, |y]).

In the one dimensional theory, Vo = Qp, V = Q, ® Qp, we can take
as a basic group of symmetries the group G = Sp(1,Q,) = SL(2,Q;),
and identify V' \ {(0,0)} with the symmetric space G/N, where N is the

1
subgroup of matrices of the form 0 I , the action of G on V, and the

resulting action on symbols, correspond to the metaplectic representation
on L2(Qp). In a similar fashion we can follow the Unterbergers, cf. [39],
(40], [41], and take as our phase space G/K, where K = SL(2,Z,) is a
maximal compact subgroup, obtaining quantizations which are relevant to

the other discrete series representations of G; or we can take as phase

space G/T = P}(Q,) x P}(Q,) \ diagonal, where T' = {(g 2—1)} is a

maximal torus, obtaining quantizations relevant to the principal and the
complementary series. Again, these constructions could be carried in an
adelic situation, and will ultimately lead to the quantization of G(A) / G(Q),
i.e. quantization of automorphic forms.

This paper was written in may-july 1990, while the author was a guest
of the department of mathematics at Cambridge, England. Special thanks
are due to Professor John Coates who gave constant encouragement and
support.

0. THE HEISENBERG GROUP

0.1. The Schrédinger model and twisted multiplication.

We denote by 1 the additive character of Q,, given by

exp(2miz)

(0.1.1) Vv:Q, —» Qp/Z, ~Z[p~']/Z ——— C*.
We let dz denote Haar measure on Q;‘fd, self-dual with respect to

P(r-y) = (Z ; - Y;), so the Fourier transform

Faply) = / ()b (zy) dz

satisfy FyFap(z) = ¢(—z). The symbol ¢ will denote the characteristic
function of Zgad, so that F3¢ = ¢. We shall usually assume p # 2, and leave
it to the reader to make the easy modifications needed for p = 2.
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Welet V, () denote a symplectic vector space over Qp, and H = V xQ,
the associated Heisenberg group, with multiplication law given by

(0.1.2) (v1,t1) - (va,t2) = (v1 +v2,t1 +ta + 3 (v1,02)), v €V, t; €Qp.

H is two-step nilpotent group, with center Q,,, and the Stone-von Neumann
theorem states that it has a unique irreducible representation with
central character 1 (up-to-equivalence). The Schrédinger model for this
representation, p : H — U(L2(Vp)), is associated with any complete
polarization V = Vj & Vi, V; Lagrangian subspaces. Fixing coordinates
we can focus our attention on the case

Vo=W= Q;?d, ((z1,11), (%2,%2)) = T1Y2 — T211,

so that p is given by

(0.1.3) p(z,y,t) p(2) = ¥ (t+z(z — 3v)) - (2 — v).

The integrated representation, p : Li(H) — B(L2(Vs)), factors through
the algebra

(014)  LiHy)={f e LiE) | f(h-1) = ¥(t) - F(h)
for te Qp, = center(][-]l)}.

Identifying V' with the subspace of H, via the isotopic cross-section

v — (v,0), we can identify L;(H, ) with L;(V) via restriction. Thus for
f € Li(V) and ¢ € La(Vp),

015)  p(Nel) = [ do f0)pw0)o(z) = [ Ky () otw)

Vo

with associated kernel given by
(0.16) Ki(ew) = [daf(oz-0)b(Satz+v).
We have p(f1)p(f2) = p(f1h f2) with twisted convolution f given by

(0.1.7) i fav) = /V ' Fo(0') Falo — v (2 (0,0 — o)),

Since (0.1.6) is essentially a partial Fourier transform, we see that p
induces a unitary isomorphism from the algebra Lo(V), § onto the algebra
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of Hilbert-Schmidt operators Ko(L2(Vp)); hence it takes Li(V), b into
the algebra of compact operators K(Lo(Vp)). We have

fib falle, < Nfille, - Nl f2lle,
(018) ”flhf2“L2 < ”fl”Lz : “f2“L2 5
Ifibfalle < Ifillc, - [1f2llL,-

We denote the symplectic Fourier transform, or isotropic symbol, by

(0.1.9) Fiw) = ) = [ a0’ ) ().

F is a unitary operator on Ly(V), satisfying F2? = id. The Weyl quantization

procedure associates with a function f on V the operator g(f) = p(f)
on Ly(Vj), which is given by

(0110)  p(f) (z) = / dyde £(&, 2@ +1) b(E - v)) ov).

We have p(f1)p(f2) = p(f1 # f2), where twisted multiplication # is
given by

(0.111)  fi# fo(v) = F(FfLi F f2)(v)
=//d’Uld’Uzfl(’U+’()1)f2(v+’l}2)’(;(2<1)1,’02>)
=$(Q(D)) f1 ® fa(v,v).

Here f1 ® fa(v1,v2) = f1(v1) - f2(v2), and ¥(Q(D)) is the unitary operator
on Ly(Va V) = Ly(V) ® Vo(V) given by

(0.1.12) $(Q(D)) = F @ F(Q(uv1,v2)) FRF

with Q(v1,v2) = 1(v1,v2) the quadratic form on V &V associated with the
symplectic form (, ) on V.

The adjoint operator p(f)* is given by :
(0.1.13)  p(f)* = p(f), f the complex conjugate of f.
(0.1.14) If f(&,z) = f(z) is independent of £, then p(f)p(z) = f(z)- p(z).

(0.1.15) If f(&,z) = f(§) is independent of z, then p(f)p(z) =
Fi (&) Fap(x).
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Setting, for example,

050 (@,y) = p~ T4 G(p%(z — 20)) D (p°(y — w0)),
320 (z,y) = ¢(p(z — 20)) (0 (¥ — v0)) D((& — 20) (¥ — ¥0)),

a straightforward calculation gives :

( Haibi . poaz,b2

(0.1.16) Z1,Y1 z2,Y2
=®g0 - @20t if ag + by, by + a2 20,
st pasts =) WUNBEL Hath202b e,
oty - oozt if a1 + by <0 < by +as,
\5211?,2'&% ifay + bo, by +bo <0.

For a lattice O C V, we denote the dual lattice by
(0.1.17) O"={veV|{v0O)CZy}

and say that O is certain if OV C O. If O is a certain lattice, and f;, fo are
O-locally-constant, i.e., they factor through V/O, then an easy calculation
shows that f1 # fa = f1- f2, i.e., twisted multiplication reduces to ordinary
multiplication. More generally, if V' = [[2; is written as a disjoint union

J
of translates of certain lattices, %; = z; + O;, O; 2 (9}-’, and fi, fo are
constant on each 2, then again

(0.1.18) h#fa=F-f

0.2. The lattice model.

If O CV is a certain lattice, then we can always find a self-dual
lattice O° = (O°)V, such that OV C 0% C O. The representation p can be
realized in the O-lattice model

~ . def . :
(0.2.1) p 2 py <= ind o g, (1) = ind§ g, (po)

where 9 is viewed as a character of the abelian subgroup 0° x Q,/Z, C
H/Zy,, via ¥(v,t) = (t), and po is the representation indon"p (¥)
of O x Qp, which is finite dimensional of dimension

(0.2.2) 0:0=[0:0]2
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In particular for V = Q$2¢, Oy = Z%2¢, we obtain a realization of p
in Ly(V)y where the subscript ¢ indicates that we are looking on the
subspace of Ly(V) consisting of ¥-holomorphic functions, i.e., functions
f € La(V) satifying the following « Cauchy-Riemann equation »

(0.2.3) fv+wo) = f(v) -w(%(v,vo)) for allv € V, vy € Oy.
The representation py, : H — U(L2(V)y) is given by

(0.2.4) py(v,) F(') = 9 (t + 5 (v,0") fF(V' = ).

To obtain the Bargmann isomorphism B : La(V)y — La(Vp), inter-
twining py and p, we notice that La(V), is also gotten by taking the
coefficients of p with respect to ¢ € La(Vp). Thus

(0.2.5) Bf(z) = p(f) $(z) = (f,p(0) 6(2)) ., v

(026) B o) = (¢,(0)0) 1,

For any v € V there is a unique function ®, € Ly(V), which is
supported in v + Oy, and normalized by ®,(v) = 1; the functions
B®, = p(v)p, v € V/Op, form an orthonormal basis for Ly(Vp); in
particular we have

(0.2.7) ®y) = B~ ¢ = ¢ ® ¢ = characteristic function of Q.

For f € Ly(V)y we have f(v) = (f, ®y), i-e., Lao(V)y is a reproducing-
kernel-Hilbert space. The orthogonal projection Py : La(V) — Lo(V)y is
given by

028 Puf() = F120(0) = [ duo f(v=00) (4 {v,).

Oo

For a function f € L (V), letting M denote multiplication by f, we
obtain the operator Py, My on Lo(V')y, having anti- Wick symbol f; but an
easy calculation gives

(0.2.9) PuMy=M;, fv) = /O duo £(v — o),

i.e. the algebra of such operators reduces to the commutative algebra
Lo (V/Op) acting on Ly(V)y by multiplication.



1006 SHAI HARAN

For any bounded operator 7" € B(La(V)y), we denote its Wick
symbol by

(0.2.10) ET(v) = (T®,, ®,).

E is a norm-decreasing positive projection B(La(V)y) — Loo(V/Oo).
The integrated representation associated with py is given by

(0.2.11) py(f) fo = fh fo, fo € La(V)y,
and the Weyl quantization py(f) = py(p) = B~15(f)B is given by
(0.2.12) pp(f) fo=F#fo,  fo€ La(V)y.

The relations between the Weyl, Wick, and anti-Wick symbols are
easy to obtain

(0.2.13) { Epy(f)v) = f(v),

My = py(f) for f € Loa(V/O).
0.3. The Toeeplitz model.

In this section we take d = 1, so that we are dealing with operators on
L(Qp) and Ly(Q,@®Qp)y. Choose e € Z2\ (Z)?, and identify V = Q,[vz],
the unramified quadratic extension of Q,, via (z,y) < z + /ey; thus
O¢ = Zpy[\/€] is the ring of integers of V, and the associated norm is
given by

(0.3.1) |z,y] = |z + Vey| = |2 — ey?|*/? = max{|z|, |y|}.

(0.3.2) Let Uy =ker{N:V* - Q;}
={z+veye O} | 2> —ey® =1} = ppi1 x exp(VepZy).

By Hilbert lemma 90, we have a commutative diagram with exact rows

" Nu=u-u «
* U1 _— OO E—— Zp —_— %k

“] N [

u/t —— U
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Hence we may also identify
(0.3.4) Uy = 0;/Z;, = V*/Qp = PH(Qy).

U; may also be identified with the isometry group of the Hertmitian
form on V, given by
1 - U2 = qe(v1,v2) + VE (v1,v2)
with symmetric part g, (zl +Vey, T2+ Ve yz)
= T1%2 — €N1Y2,
and symplectic part (v1,vs) = tr((2v) ™! D1v2).

(0.3.5)

Note that the metric induced on U; via U; <« V is given, under the
above identification, by any of the following metrices

. 5(6 eﬁpw‘,fze‘/g’"”’) _ { 1 ?ffl # &2,
lpwi — pwe| if & = &2,
where Uy ~ ppt1 X exp(VepZy) ;
8(z1,22) = |21/%1 — 22/Z2|» whereU; ~ V*/Q,
— |z1y2 — 291 ,
|z1, 91 - |72, vl
The group Sp(V') = SL2(Q,) acts on H as automorphisms inducing

the identity on the center, hence by the uniqueness of the representation p,
we obtain a projective representation R of Sp(V') such that

(0.3.6) T

{ 6(z1: y1,%2 : Y2) where U; ~ IPI(Q,,).

(0.3.7) Rap()R' = p(Av), A€ Sy(V), veV.

R in fact lifts to a true representation of the double cover of Sp(V'), the
metaplectic group Sp(V'). We have an embedding

(0.3.8) Uy — SLy(Z,), z+ ey — (z Ey) ,

x

by which we view U; as a maximal abelian subgroup of Sp(V); in the
terminology of [22] : (Uy, Uy) is a dual reductive pair. The metaplectic group
splits over SLy(Z,), hence we obtain a true representation R of SLa(Zp),
and a posteriori of U;. This can be summarized in the following diagram :

— R
Sp(V) — U(L2(Qp))

l

(0.3.9) Uy < SLy(Z,) — Sp(V)
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Explicitly, R : Uy — U(L2(Qy)) is given by the Mehler kernel
_ (z,y) T 2 2 2122
(0'3'10) R:B+\/E‘y(z17z2) - ’Y(y) . |y|1/2 ¢(2y(zl + ZZ) y )

for z + ey € Uy \ {£1} and Ri1¢(2) = p(£2).

Here (z,y) denotes the quadratic symbol, vy(y) denotes Weil’s root of
unity, and they are given by (p # 2)

(0.3.11) (pekr, piek?) = (—1)3(p~D) drizthijztinks
(0.3.12) (2] { ! ifj 15 even,
Y N £ =
7 (—i)3E-D+2k  if j s odd.

Denote the dual group of U; by Z = (U1)Y = (up+1)¥ X Qp/Zyp, and
write a typical character x € Z as

(0.3.13) X(€eY¥P™) = x4(€) - P4 gxpw),

where  x € (Hpt1)” and gy € Qp/p~'Z,.
We put Z = [[ 2V), Z(0 = {50} the identity, Z() = {x; # x°}
N>0
the non-trivial tame characters, and for N > 2 : ZV) = {y; |q,| = p"}.
A straightforward calculation gives that Ly(Q,) decomposes under the Uy
action given by R as

(0.3.14) Ly(Q) = €D C-¢%, Rug¥ =x(u)- ¢,

x€Z+

where Z+ = [[ Z (2N)  In particular, $X° = ¢ is the unique U;-invariant
N>0

vector. For x € Z@N) N > 1, the Hermite function ¢* is the unique
Xx-covariant vector (up-to a constant of absolute value one), and is given
explicitly by

(0.3.15) 7= @ Y2 [ druxu)pue 509

Uy

where ¢, = Nz, , and d*u is Haar measure on U; of total mass 1.
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Comparing the orthonormal basis {¢X | x € Z*} with the

orthonormal basis {p(z,y)¢ | z,y € Qp/Zy} of the lattice model, we
note that

(0.3.16) #ZCN) = p2N(1 - p~?)
= #{(x,9) €V/Oo; Iyl =p"}, N 21,

and each ¢X is a linear combination of p™ (1 + p~!) p(z,y)¢’s, and vice
versa. More precisely,

(0.3.17) @X(v) = B™'¢*(v) = (¢, p(v)9)

is supported in VX = {v € V | Nv = ¢, (modp~NZ,)} = Uy - z, + O,
where it is given by

(03.18)  X(u- 2 +v0) = (1 +p7)pY) 2 %) (4 u- 2y, v0),

with u € U; and vg € Oyg.

Using (0.3.14) we obtain the Teplitz model p, : H — U(Lo(U;)™h),
where Lo(Up)t C Lo(Uy) is the subspace corresponding to £2(Z71) C £5(Z2)
under Fourier transform Lo(U;) ~ ¢3(Z). The orthogonal projection
P+ : Ly(Uy) —» La(Uy)7 is easily seen to be given by the singular integral

(0.3.19) Pt f(up) =p.v./U d*u f(u) 6(u,up) ™,

where 8(u, ug) = (—p)~N if 8(u,up) =p~ V.

If f € C(Uy)* is a continuous non-vanishing function, the associated
Teeplitz operator P My is Fredholm of index zero. Indeed, any such function
is homotopic to 1, the constant function 1, since U; is totally disconnected
and compact. This can be partially explained by considering the problem
from a dual point of view : if x € Z(N) | translation by x followed d by
the projection Pt 02(Z) — £a(Z7T) mduces a Fredholm operator P+x
on £3(Z%), which has index zero since,

(0.3.20) dim ker P+x = dim coker P+ = pN -1 N>1.

)

Remark. — The material in paragraph 0.3. works equally well for the
case of a totally ramified quadratic extension of Q.
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0.4. Wave packets.

We can consider more general coefficients of the representation p than

those of ¢. Thus for ¢1,p2 € La(Vo) let ¢y, 0, (V) = (p2, p(v)p2). After
Fourier inversion we obtain

04D  Co@n) = [dede)on(e+ 30) e - 3.
A direct calculation gives

(0.4.2) (Co1,025 Cos,0a) La(v) = (01,93) Ly (Vo) * (92, P4) Lo (Vo)

showing that p is square integrable modulo the center. The Schwartz
inequality gives

(0'4'3) "ctplyﬁpz "Loo < "‘plan . ”902||L2'

Hence the map ¢; ® @2 — ¢y, ,, induces

¢ La(Vo) ® La(Vo) — La2(V) N Co(V).
USing (042) we get’ ((P,, p(ccpl,cpz)‘P) = (c<p’,<p’ c‘Phkpz) = (SDI’ (‘P’ QDZ)'(pl)) i'e'v
(0.4.4) p(Cpy,p;) is the rank 1 operator p(cy, 4, )@ = (@, ¥2) - 1.

Hence ¢y, o, 1l Coa 00 = (92,93) * Coy 04

Taking the symplectic Fourier transform of c,, ,,, we obtain after
Fourier inversion

(0.4.5) Co1,p2 &)= /dz "Z)(fz) ¥1 (II) + %z) P2 (-’E - %Z)
&y, o, Satisfies (0.4.2), (0.4.3), and again induces

&: Lo(Vo) ® La(Vo) — La(V) N Co(V).

Moreover, by direct verification we have

(0'4'6) é}_d‘Ply}-d‘PZ (67 iL') = é‘Pl,Wz (iL', _6)7

(047) égal,cpz = étpz,épl'



QUANTIZATION AND SYMBOLIC CALCULUS OVER THE p-ADIC NUMBERS 1011

We define the Wigner transform by Wy = é, , € Lo(V)NCo(V), and
by (0.4.7) it is real valued. It also satisfies the following properties :

2
©048) [ deweten) = o),
(0.4.9) / de Wp(€,z) = | Fap(6) [,
(0.4.10) Wy = Wpa <= 1 = - s for some A, || = 1.

Note that Wp(€,z) # 0 implies that there exists z such that

x + z € suppy, and hence z € A(supp ) cii—f{%(yl +y2) | ¥i € suppe},
thus we have

(0.4.11) proj, (supp Wip) C A(supp ),

and using (0.4.6),
(0.4.12) proje (supp Wip) C A(supp Fap).

We have the following inequalities :

(0.4.13) Wello <llel, = f/ de dé Wip(é, ),
< [Wel|L., - vol(supp We)

from which we obtain the uncertainly principle

(0.4.14) vol(supp Wy) > eI, > 1.

N ||W<P“L
We have further
(0.4.15) Wy = cy,6 = $o = characteristic function of O,
(04.16) W (p(v0)e)(v) = Wip(v — vo),
(0.4.17)  W(Rap)(v) = Wp(A '), A€ Sp(V), by (0.3.7).
Since Sp(V') acts transitively on the collection of self-dual lattices, we

deduce using (0.4.15), (0.4.16), (0.4.17) that for any translate of a self-dual
lattice 2 = vg + O, 0¥ = O, there exists a unit vector pg € Lo(Vy) such
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that Wy = characteristic function of 2 ; by (0.4.10) pg is unique up to a
constant of absolute value one.

For any unit vector ¢g € La(Vp), the map Cy, (¢) = ¢y 0, is by (0.4.2)
an isometry c,, : La(Vp) < L2(V'). The adjoint map

C:’o . L2(V) —» LZ(V())
is given by C3 f(z) = p(f)wo(z), f € L2(V) N L1(V). Since C; Cy, =

idg,(v,), we obtain the wave packet expansion of ¢ as superposition
of the p(v)po’s

(0.418) ola) = [ dv(pup(0)p0) - (o) g0(o).

For f € Loo(V) N L1(V), denoting by M; multiplication by f, we get the
operator C, M;Cy, on La(Vp). We have

(C;oMfC‘PO(ph (p2)L2(V0)
= (Mfc¢0(p17 C<P0902)L2(V)
= / dv £(v) €y 00 (V) €z 00 (V)

— [ a0 1) (e p0)e0) - loaplo)0)

_ / a0 £(0) (6pr.00, W(p(®)g0)) by (0.4.2)

— [0 [av1 £(0) a0 Wil =) by (04,16
_ / dv f * Wipo(01) gy s (01)

= f dv F(f * Weo)(—v) (1, p(v)¢2)

= /dv F(f » Wipo) (v)(p(v)p1, 92) = ((f * Wepo) 1, 2)-

(0.4.19) Hence : C;, M;Cy, = p(f * Wipo).

(0.4.20) If V = ][, is written as a disjoint union of translates of self-

J
dual lattices, ; = z; + O, O = Oj, and if for each j, ; € La(Vp) is a
unit vector such that Wy; = ®; is the characteristic function of «;, then
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the ¢; form an orthonormal basis for Ly(V;). Indeed, we have by (0.4.2),
for j1 # jo

2
l(‘Pju‘pj;)Lz(vo)l = (cbjx’(bjz)Lz(V) =0;
moreover, letting ¢ = p(—z;)p;, so that by (0.4.16), ®) = Wi? is the

characteristic function of Oy, <I>2 * ®; = ®;, and for any locally constant
compactly supported function ¢ in Ly(Vp), we have by (0.4.19)

0421)  p=pM o= p@)e=> APYxd;)¢
J J
= ZC’* Mo Cy, 0
= Z [25(V) - (0, p(0)05) La(vi)]
-3 [ @080 (o)) p0)e;
=) (#,95)La(vo) - P5-
J

If f is a function on V, assuming a constant value, say \;, on each of
the A;’s, so that f = ) \; - ®;, we have as in (0.4.21) : p(f)p; = A; - ¢j,

J
i.e., p(f) is diagonalizable with respect to the orthonormal basis ¢; with
associated eigenvalues the A;’s.

1. FUNCTION SPACES OVER Q,

1.1. Soboleff spaces.

The local zeta function of Q,, is denoted by
(1.1.1) C(s)=1—-p = / #(z) |z|°d*z, Res>0.
@

It is a meromorphic function of s, (27i/logp)Z periodic, with a unique
simple pole at s = 0. We denote by I* the operator of multiplication by the
function

(1.1.2) |1, z|~* = max{1,|z|} *
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and we denote by J the operator F; 1o F,, which for Rea > 0 is given
by convolution with the L; function

(1.1.3) J%(z) = A (]1,€]7%)(2) = ﬁlg—)(lﬂfl"‘1 -p*7") o(2),

where Rea > 0 and @ # 1 mod (27i/ log p)Z.

The J%*’s form an entire family of distributions, and we have
J*x JB = Je+B_ For real a > 0, the J*’s form a semi-group of probability
measures associated with the negative definite function

(1.1.4) tog 1,6 = [ (1~ ¥(a6)) doa),
where the Lévi measure o(x) is given by the divisor function
(1.1.5) o(z) =logp- Y _p"- p(p "z)-

n>0

Note that, since J“ is supported in Z;,, and I8 is Zp-locally-constant,
we have

(1.1.6) °Je = jeIP.

All this extends to the higher dimensional case Vy = Q;‘f‘i ;
using the metric |z1,...,24] = max{|z1|,...,|z4|} we have commuting
operators I?, J* = F q LraFy: J* forming an entire family of distributions,
Jx JB = JotB: for o > 0,J“ being a probability measure supported
in Z&?; and

(d-a)

(1.1.7) J%(z) = W(lea‘d —p* %) - ¢(z),
for Rea >0, a #d mod (27i/logp)Z,

(1.1.8) J4z) = ﬁ (1 —log, |z|) - ¢(x).

Note that

(1.1.9) J* € Ly(Vy) for Rea>d-(1-q7 1)

and in particular : J* € L, Rea > 0; J* € Lg, Rea > %d; J* € Lo,
Rea > d.
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The Soboleff spaces (or Lebesgque spaces of Bessel potentials [31]) are
defined by

(1.1.10) Lg(Vo) = J*(Lg(V)),  IIfllzg =177 FllL,

and in a similar way, we can define Lg(2), where 2 C V; is any domain
such that A + Z;?d = A. We also define the weighted Soboleff spaces by

(L111)  LgP(Vo) = J*IP(Lg(Vo)),  Nfllp,ers = NPTz,

The spaces L, Lg"ﬂ are Banach spaces isomorphic to Ly, and they
satisfy the following list of basic properties [31] :

(1.1.12) Embedding Lg!(Vo) — Lg2(Vo) continuously for
0<g'<qi'<1, d-(g7'—g") <au—ay;
0<¢'<gr' <1, d- (7' —g3") <ou — .

(1.1.13) Duality (Lg)' =L;* for 1<g<oo, ¢ l+¢g '=1

(1.1.14) Relation with the Riesz potential

R* = Fl§|™* = —C—(—?-z;)—a)lxla_d, for Rea > 0,

Lg (Vo) & domain of R* acting on L¢(Vp), Rea >0,
Le. Ifllzg = IfllL, + IR7*£llL,-

In particular, let us note that we have
(1.1.15) L (Vo) — Co(Vo), for > 1d,
and that we have quasinuclear (i.e. Hilbert-Schmidt) embeddings
(1.1.16) L3*(™A) — L3?(A), a1 —ag> %d, 2A bounded domain,

(1.1.17) L3P (Vo) — L3 (Vy), a1 —aa > 1d, fi— B2 > 3d.
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Recalling the Bargmann isomorphism B : La(V)y — La(Vp), where

V =V, @ VW, (0.2.5), (0.2.6), we note that using (0.1.14), (0.1.15), and
(0.2.13), we have

(1.1.18) B7'I°B = M}y 4)--,

(1.1.19) B7'J*B = M| ¢-a.

It becomes natural to define the Schrodinger operators by

(1.1.20) B7'K®*B = M1 ¢ 4|

and the associated spaces

(1.1.21) LY (Vo) = K*(Ly(Ve)), [l e = 1K™ FllL,

since |1,£]7* - |1,z|7* < |1,&,z|7* < 1,7 and |1,z|7%, for a@ > O,
we have

ala o |0 Ol
(1.1.22) L™ — L 12100 L1,

The operators I%, J*, K belong to the algebra BLo,(V/Oy)B™1, for
Rea > 0, and hence they admit the lattice basis {p(v)¢ | v € V/Op} as
eigenfunctions. In particular, the operators I?J%, and K%, are trace class
in the following domains, with trace

(1.1.23)  tr(IPJY) = C(Z’(;)d) - C(? (,;)d), Rea,Ref > d,

ay _ $(2(a—d))
(1.1.24) tr(K2*) = e

The operators K2*, for d = 1, also admit the Hermite functions {¢*}
as eigenfunctions :

Rea > d.

(1125) K2O(¢X = (cond X)_O‘ . ¢X

where cond x = p" for x € Z(WV),

One can further generalize the above spaces by considering more
general «metrics» i.e. functions g : Vo — {0} U pZ satisfying

g9(v1 +v2) < max{g(v1),9(v2)}, vi € Vo,
(1.1.26) gA-v) =[A-g(v),A € Qp, vEW,
g(v) =0<=v=0.
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Recall that such metrics correspond bijectively to lattices O C Vj, the
correspondence given by

(1127)  O={veV|gw) <1}, gv)=inf{|A]; A\ veO}.
If O; C V; corresponds to g;,7 = 1,2, then O; &0y C V; @ V5 corresponds to

(1.1.28) 91 ® g2(v1,v2) = max{g (v1),g2(va) }.

If © C V corresponds to g, the dual lattice OV C V"V, defined in the dual
vector space by

(1.1.29) 0 = {v’ VY| (v¥,0) C Z,}

corresponds to the dual-metric gV, given by

(1.1.30) g'(vY) = inf{ KZI;};)H ; VE V}.

This holds in particular when V is a symplectic vector space identified
with its own dual by means of the symplectic form.

Given V, g we can define the operators

I3 = multiplication by max{1, g(x)} ",
Jg=FULF,

Ry = Flg"(€)°F,

Ky =Bl g,B™,

(1.1.31)

and the associated spaces

(1.1.32) L2(V,g), L35V, g), L} (V,g), and L2 (2, g)

for a domain A such that %A + O C A (note that since I, o is OY-locally-
constant, suppJy* C O). Since any metrics are equivalent by an affine
transformation (i.e. given g;,g2 on V, there exists A € GL(V) such
that g1(v) = g2(Av)), it is clear that the results (1.1.12) through (1.1.17)
remain valid for the spaces (1.1.32).
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1.2. Besov spaces.

The problem with operators J*, and the spaces Lg, is that unlike
the real case, where we have J~2N = (1 4+ 82/0z2)N, we lack in the p-adic
setting an analogue of the Leibnitz rule

o\N 0\J O \N-j
(a) (fr 'f2)=0;:§N(J;J) (%)Jfl : (%)N "1z

which follows upon taking the Fourier transform from the Newton rule :

(1.2.1) m+w)N= > (]j)y{ Yy

0<G<N

Thus, for example, in the p-adic setting fi,fo € L% does not imply
f1- f2 € L%, To see the problem more clearly, we notice that we can write
for Rea > 0 and y; € Qp,

( 2w/ log p 1
ly1 + 2| = p.v./0 dt - _%rg
L1 ¢ =14(=(1+a)
x {C(zt) “3tta ) }
(1.2.2) X {|y|“+it . |y2|—it + |y1l-it . |y2|a+it}
1)((1 + a) Z ()
) - (cond x)~
) /1 x#1
x /0 de- gp x (1) w12 - () ya|*/2~

where x varies over all non-trivial characters of Zj, but the sum }_ is

X
actually finite for y; +y2 # 0. Thus, (1.2.2) like (1.2.1), expresses |y; + y2|*
as «sum» of x1(y1) - X2(y2), with x1 - x2 = [*.

To overcome this problem we introduce the Besov spaces By, (or
Lipschitz spaces) of functions that are well approximated by locally-
constant-functions. We shall use the following notations : V' is a Qp-vector
space with a metric g corresponding to the lattice O C V,and OV C V'V is
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the dual lattice. We let

(@g.x = Fourier transform of the characteristic
function of p~*Ov, k>0;

gk = Pgk — Pgk—1 for k21, 0g0=0g0;

dgr = Haar measure in V normalized by
dgz(0) =1;
(1.2.3) J Ly = Lg(V, dgz);

djy = ¢(d) - g(y)=2 - dgy, d = dimV, so
that djy is the «multiplicative Haar
measure » with d}y(p*O\ p*10) =1;

Ly = L.(0, dgy);
£, is the usual ¢,.-space on k € {0,1,2,...}.

The Besov space By ,.(V, g) consists of functions f (or distributions, if & < 0)
such that

(12.4) Ifllzg, = [P*legs * F@)lIz,

< 00.
er

We shall only consider these spaces for 1 < g < 00,1 <7 < 00. The
By, = Bg,(V, g) are Banach spaces with the following basic properties :

Embeddings
(1.2.,5) B%, — B

a .
a1 grar T1ST2

(126) B:;,éo — Bg,zl’ a; > g,

B, L2 B%, 1<q<2,
(1.2.7) { . ! !

By — Ly — Bg,, 2<q<o00;

(1.2.8) Bgfd/at/a) ., g = < qo;

q0,7?

(1.2.9) Interpolation [Bge, ,Bg!, |, = Bg,, for the complex method;

qo,T0’ "7 q1,T1 q,7?
here0 <0 <1, ¢'=(1-60)-¢*+6-q7",
r—l = (1‘9)‘7'0—1'*’0‘7'1_1’ a=(1-60)-ap+0-a1ap # a1 ;

(1.2.10) (Lg°,Lg*)er = By, for the real method;

q,7?

(1.2.11) Duality (BS,)=B;% with ¢ l4+¢ " =1=r"t4r";

q.,T ’
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(1.2.12) Lifting Jg : B39 — B9,
(1.2.13) Characterization via approximation : for a > 0,

1£ll5g. = 161, + [P - 17@) = b0 * F@IIy,

A
(1.2.14) Characterization via differences : for o > 0,

)

1£lsg, = Ifllz, + ||o@) - 1£@) = f= + Vs,

L
(1.2.15) Pointwise multiplier : for o > 0,

If1- fallBg, < ClifiliBg,, - lIf2llBg, -

(1.2.16) BX9t* and B;i’/lq are quasi Banach algebras of continuous
functions.

(1.2.17) Remark. — Note that if supp f € O then supppg i * f C O.
Hence we can define BY,.(0,9) = {f € Bg,.(V,g) | suppf C O}, and
similary we can define By, (%, g) for any domain such that 2 + O = 2.
All the above properties remain valid for the spaces By ,.(,g). When
2 =z + O, we shall write BZ',.() for By (2, g).

(1.2.18) Remark. — The only discrepancy from the analogous spaces over
the real numbers is (1.2.14); for the reals, one has to use instead of the
difference Ay f(z) = f(z) — f(z + y), the N-fold-difference

Ay = Y () s+,

o<jen N7

N an integer greater than «. The proofs of (1.2.5) through (1.2.12) are
immediate translations of the corresponding proofs in the real case (e.g. [3]).
The proof of the equivalence of the norms (1.2.4), (1.2.13), (1.2.14) follows
as in [31], theorem (2.2), p. 180. The proof of (1.2.15), (1.2.16) follows as in
the real case (cf. [25]), or as a consequence of (1.2.14).

We shall also need the Besov spaces of a product space given by

B2L2 (V; x Vo, g1 ® g2) &= BIL(Vh, 1) ® BE2(Va, g2),
(1.2.19)

o f
B2192 (A1 X Ap, g1 ® g2) = BIL(A1,91) ® BI2(Asz, o),
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with 2, + O, = 2;, where ® denotes the completed (in the crossed-
product topology) tensor product. These are again Banach spaces, satisfying
analogous properties, their norm being given by

(1220)  Wfllggyes = [P (b, @ 0gata) * £, |,

In particular, we can restate the pointwise multiplier assertions
of (1.2.16) as trace theorems :

(1.2.21) Res: B¥gted/ate(y x V,g® g) — BIIt*(V,g), a >0,

(1.2.22) Res: BIY9(V x V,g®g) — BY(V,9)

are continuous, where Res denotes the restriction to the diagonal. The
spaces in (1.2.21), (1.2.22) are spaces of continuous functions, and we can
view the 6-functions as elements of their dual. We have

(1.2.23) ”621,;,;2”(3;1'/12@/2), = ”‘Sm,wz”B;gz'-d/? =1.

We can also define the weighted Besov space ng'f (V,g) given by
the norm

(1228) Wz = [P 1557 or x D@, |, =125 Flsg..

noting that I;# (g x * f) = gk * (I;° f), since supp ¢g . C O.
B(‘;i'rﬁ will satisfy the analogous properties, e.g.

« interpolation [Bg9\fo, B21lA1] = B2IP, as in (1.2.9) with

goTo T q1T1 q,7

B=(1-0)B+0-p;
. duality (B2)%) = B%77;
e lifting I? : Bg!Pe = p2Ifoth;
» pointwise multiplier || f; f2”Ba|a1+a2 < C'”fl”B""’l . ||f2”B""’2’
T oo, T q,7
for o > 0;
etc.

A metric-covering of V is an assignment for each z € V of a metric g,
such that

(1.2.25) 92(Y) €1 = gz = Guty-
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Letting O, denote the lattice correponding to g, and setting ™A, = x + O,
i.e.

(1.2.26) A ={yeV|g(z—y) <1}

we can choose a sequence z; € V such that V' = [[2l;,, a disjoint union.
J
Conversely, given a covering V = [[,, by disjoint sets 2;, of the form
J

A; = z; + O;, O; a lattice, we obtain a metric covering by setting

(1.2.27) gz = the metric corresponding to O;, for z € ;.

A g-continuous weight is a function m : V. — R, such that for some
constant C,

(1.2.28) 9:(¥) <1 = C7'-m(z) <m(z +y) < C-mz).

Given such g and m, we define the Banach space Bfl’,r(m, g), with norm

1
(1.2.29) I £llBe, (m,9) = 2161‘13 @) I fzll B2 (2 ,g.)

where f, denote the restriction of f to .
Choosing a sequence z; € V such that V = [[2;, &%; = z; + O,

J
and putting for z € 2; : m(z) = m(z;) = my, it follows from (1.2.28)
that Bg,.(m,g) = Bg,(m,g). Hence we may as well assume from the
start that m is g-locally-constant in the sense that

(1.2.30) 9:(y) <1 = m(z) =m(z +y)
and then the norm of B, (m, g) is given by

(1:231) 11155, m0) = 500 = 3, 30
where f; denotes the restriction of f to ;.

The spaces By, (m, g) will inherit many of the properties of BY,.(V),
in particular :
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Embeddings

(12.32)  Bg ., (m,9) — Bg, ,.(m,g), 1 <72;
(12.33)  Bgic(m,g) — Bgi(m,g), o1 > a2;
(1.2.34) Bg+d0/a=1/0) (m, g) — B (m,g), < 4o;

(1.2.35) Bg,(m1,9) — Bg,.(m2,9), m; < C-maq.
Liftings
(1.2.36) Jg : BX(m,g) — Bgot*(m,g),

where Jg' f(z) = Jg. f(z) ;
(1237) Im : Bg,r(mOyg) - Bg,r(m : mOag)y

where I, f(z) = m(z) - f(x).

Pointwise multiplier : for o > 0,

(1238) |1+ fallBg, (mmag) < CllfillBe mrg) - 1252, (mare)

and characterizations via approximation and difference similar to (1.2.13)
and (1.2.14) of which we note : for a > 0,

1
(1:239)  IflBs, o(ms) = sUD s £ ()]
+ s 1 (@) = f(z)l,

zo,z1EV m(mo) g:vo(a:O - -Tl)a
0<gzq (zo—21)<1

1.3. Symbol classes and the analytic Schwartz space.

For a lattice O C V we denote by Co.(O) the Fréchet space defined
by the norms || f|lzg , & > 0. We can also use the norms |[f||ze, @ > 0,
for any 1 < ¢ < oo, and similary we can use the norms || f| g , a > 0, for
any 1 < ¢,7 < oo. In particular, we see that C,(O) is an algebra under
pointwise multiplication, consisting of continuous functions, and that it is
a nuclear space.
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(1.3.1). — For any open set A C V, we denote by Cu(2) the Fréchet
space defined by the norms ||f|l1s (c+0); @ > 0, + O C A a translate
of a lattice contained in . Again we can use the norms associated with
Lg(z+0), or with B, (z+0), and Coo (2) is a nuclear algebra of continuous
functions. In particular, we have Coo (1 X A2) = Coo (A1) ® Coo (A2). Just
as Coo(V) = lim Coo(O), the inverse limit taken over all lattices O C V
with respect to the restriction mapping Co(01) — Cx(02), O1 D Oy,
we can define the space of compactly supported smooth functions
Coo,c(V) = lim C.(O), where now we take the direct limit with respect to
the mappings Coo(O2) — Coo(01), O1 D Oy, given by extending by zero.
Coo,c(V) is similary a nuclear algebra of compactly supported continuous
functions.

(1.3.2). — We define the (analytic) Schwartz space S(V) to be the
Fréchet space defined by the norms | f |]“'B , a, > 0. Equivalently, we
can use the norms associated with L“'ﬂ, a,B > 0, for any q; or the
norms of L{a}, a > 0, associated with the Schrodinger operator (1.1.21);

or the norms of B,‘J’,'Tﬂ(V,g), a,B8 >0, for any 1 < q,7r < oo and any
metric g on V. S(V) is a nuclear algebra of continuous functions. Fixing
some non-degenerate quadratic form, giving an identification V = VV
of V with its dual, we can view the Fourier transform F as a mapping
F: L3P (V) =5 LE'*(V), hence F defines an automorphism of S(V),
which consequently forms an algebra also under convolution. We have again
S(V1 ® Vz) = S(V1) ® S(V2). Denoting by Sag(V) the algebraic Schwartz
space of locally-constant compactly-supported functions, we have proper
dense inclusions

Satg € Cooe CSC S CCly o C Sl

We note that Saig;, Coo,cy S, Coo, as well as their duals, are all stable
under the action of the Heisenberg group given by p.

We have the Schwartz kernel theorems (cf. [33] for the similar proof
over R) :

(1.3.3) { Hom (Coo (1), Clo (A2)) = CLo (A2 x A1),

HOm(S(Vl),SI(Vz)) = Sl(V2 D Vl)‘

An operator A on functions on Vj will be called smoothening if

A: SI(V()) e S(Vo)
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continuously, or equivalently if A is given by a kernel A(z,y) € S(Vo & V).
A still equivalent condition for A to be smoothering is that A = p(f)
with f € S(Vy® Vp) = S(V), since A(z,y) and f(£,z) are obtained
from each other by a partial Fourier transform which takes S(Vp & Vp)
isomorphically onto S(Vy' & Vp).

Given a metric-covering g, and a g-locally-constant weight function m,
we define the symbol class S(m, g) to be the Fréchet space defined by the
norms || f||Bg, _ (m,g), @ > 0. These norms are given in an equivalent form

in (1.2.39), so that f € S(m, g) if and only if for some constants C, C,, we
have

(1.3.4) |f(z)| < C-m(z) forallzeV,
(1.3.5) | F(z0) — f(1)| < Ca - m(0) - gao (x0 — 1),
for all zg,z1 € V, gzo(zo — z1) < 1, and for any given a > 0.
Using the pointwise-multiplier, or by using (1.3.4), (1.3.5), we have :
(1.3.6) fi € S(ms, g) => f1 - f2 € S(mq - ma, g).

Note that Coo . € S(m,g) C Cu, but the first inclusion is not
dense, hence a continuous linear form on S(m,g) is not determined by
its restriction to Co ¢ ; such a form will be called weakly continuous if its
restriction to a bounded subset of S(m, g) is continuous in the Cy, topology.

1.4. Temperate metric-coverings.

We return to a symplectic vector space V, ( ), and we shall deal with

a metric-covering g, corresponding to V = [[2;, A; = z; + O, where g,
J
is always assumed to be certain : g, < gy, or equivalently O; 2 Oy - g,

will be said to be temperate if there exist ng, N > 0, such that

(1.4.1) gl () <p™ - gy (z)- g3, (L,z1 — m0)N, zo,21,T €V,

where g¥(1,z) = max{1,g"(z)}. Using the definition (1.1.30) of the dual
metric, one can write (1.4.1) in the equivalent form,

(14.2) o1 (%) S P™ - goo (T) - g3, (1,71 — o).
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Taking = o — z; in (1.4.1) we have in particular,
(1.4.3) 93, (L, zo — 1) < p™ - g¥, (1,21 — zo) V.
From (1.4.1) we may also deduce that
92, (T1 = Z0) <P - Gy, 42p—2(T1 — T0) - Gy 4p—zo (1, T2 — zo)N,
9Y 1 42a—z0 (1 — T0) <P - g, (1 — T0) - g5, (1,21 — mo) ™
<p™ - gy, (1,31 — zo)VH!

and similary with z;, x5 interchanged, from which we obtain

(1.4.4) gy, (z1—m0) < pBHIIm0.g¥ (1,21 —20) Nt gY, (1,22 —x0)V (VD).

Multiplying (1.4.4) with the similar expression obtained by inter-
changing 1, x2 we finally get,

(14.5) gy (z1 — 2o) - gy, (w2 — Zo)

2
S p2(2+N)no . 9;2(171'1 _ :I:o)(N+l)2 . g;l (1’:172 _ IEO)(N+1) .
LEMMA (1.4.6). — For a > d(2N + 1),

> gy, (Lz; —x)™* < p*0 - ¢(a — d(2N +1)).
J

Proof. — Set J (k) = {j | 95,(1,2; — ) < p*}. For j € J (k) we have

92, (y) <p™ Vg, (y)

by (1.4.2), and hence z; + p™+*N . O, C z; + O; = 2;. Similarly, using
9z < gy and (1.4.1), for j € J(k),

no+k-(N+1)
b

)N+1 Sp

9=(z — z;) < g3 (z —x;) <p™ 'g;j(l’wj -z

and hence 2; C z + p~Inotk(N+1)] . O Denoting by vol the Haar measure
in V normalized by vol(O,.) = 1, we get from the above two inclusions :

#J(k)= > 1= Y vol(z; +p™t*N0O,) . pHrotkh)
ieg(k)  ieg(k)

< vol( H Q(J.) . pino+kN)
jeT(K)
< Vol(x + p_["°+k(N+1)]O$) . pl(no+kN)

_ pd(no+k(N+1)) . pdlno+kN) _ 2dno _pd(2N+1)k.
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Hence

>_95,(es—2)7 =3 #H(ITW\ Tk -1) p~=e

Jj20
< p2ino . Zp(d(2N+l)—a)~k
k>0
= p?¥ . ((a — d(2N +1)). O

Using (1.4.5) we deduce the following

COROLLARY (1.4.7). — For 8 > d - (2N +1) - (N +1)2,

z gi\tljl(17mj2 - x)_ﬁ ’ g;/jz(l’le - x)_ﬁ < 00.
J1.J2

The weight function m will be called temperate if there exist C and f3,
such that

(1.4.8) m(wl) <C-: m(:Eo) : ggl(l,z‘l - il:o)ﬂ.

If m is temperate, so is m* for all & > 0, and using (1.4.3) also for a < 0.
We also have

1.4.9 h(z) & su gz_(y) is temperate.
(1.49) (=) v 9x(¥) P

Indeed, using (1.4.1) and (1.4.2), we have
h(z1) < p*™ - h(zo) - gy, (1,21 — z0)*".

Given two temperate weights mj, mq, then m; - my is also temperate;
moreover we have

mi(z1) -ma(z2) < C1-Ca-ma(xo)ma(mo)gy, (1,21 — 20)™* - g, (1, 22 — 20)*
which by (1.4.5) is smaller than
Co - mi(zo) - ma(z0) - g%, (1,21 — 0) - g}, (1,22 — zo)?

for some new constants Cy, 5y. Hence,

1410) ¥ (120 — 20) 5 - 0¥ (121 — z0)-B0 < . T(Z0) *M2(Z0)
( ) 9, (1,72 — x0) 92, (1,21 —x0) "7 < Co 1 (@1)7a (22)
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When g and m are temperate, we have 1/m(z) < C/m(0) - gy(1,2)?,
and using (1.4.2) we easily obtain BAIN(V, go) — BZ (m,g), and
hence S(V) — S(m,g). Conversely, given g, the functions mg(z) =
90(L, )Y, mi(z) = g¥(1,z)!, are temperate, and an easy estimate
gives Bgo,w(mg -m{*, g) — BB (V, go). Thus we conclude that

(1.4.11) S(V)=()S(m,g),

where the intersection is taken over all temperate weights m, i.e. the
topology of S(V) is defined by all the norms Bg . (m,g), a > 0,
m temperate.

Beside the uniform metric-covering g, = go < ¢y, which we
studied in paragraph 0.2, basic metrics are the Teplitz metric and the
pseudodifferential metric which we next describe. The Teplitz symbols are
defined by

(1412) =% =5(m®%g), gu(y)=ILpz|™" lyl, m(z)=1,pz|*
It is easily verified that g, is a metric-covering (i.e. it satifies (1.2.25)), that it

is certain (i.e. g-(y) < g3 (y) = [, pz| - [y]) with A(z) = |1, pa|~2 = m~2(z),
and that it is temperate; indeed, we have a stronger inequality than (1.4.1)

{glo(w) < gy, (@) - |1, p(20 — 21),
(1.4.13)

'LP(ZO - $1)| S g;:/l(l,xl - 1‘0).

This follows from the basic inequality

(1.4.14) 1L, 90! < |L,91] - 11,90 — v1l-
Explicitly, f € £ if and only if

(1.14.15) |f(z)] < Co - |1,pz|*

forallz € V,and forall 3 > 0:

|f(z) = fz+y)| < Cs-|L,pz|*P - |y|P for |y < |1,pz|.
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Letting C% (V) = [ BA!% (V) denote the Fréchet space defined by
B>0

the norms of Bfgf’;o, B > 0, we note that since

”f"Bgo,oo(ma,g)
= sup 1, pa| ™ |f(x)] + sup |1, pz P~ |y|7? | f(z) — f(z +y)|
lyl<[1,pel
> sup |1,pz| ™ - | f(z)| + sup |1, pe| ™" [y |f(z) - f(z + )|
lyl<1

= 1fllpi=a
we have
(1.4.16) B s CZH(V).

In particular, £° consists of bounded smooth functions, and £ for a < 0
consists of smooth functions vanishing at infinity. Letting ¥~ = (X«

denote the Fréchet space defined by the norms of all the £*’s, we cflave
by (1.4.11) and (1.4.16) :

(1.4.17) T =8(V).
The pseudodifferential symbols are defined by
5% = §(m*, g),
(1.4.18) 9.0 (n,y) = max{|1,p|~" - |nl, lyl},

ma(é, iL') = |15p£|aa

where (€,z) and (7, y) refer to the symplectic coordinates associated with
the complete polarization V =V, @ V;. Again it is easy to verify that g¢ .,
is a metric-covering, certain with h(¢,z) = |1,p€|™! = m~1(¢,z), and that
it is temperate with in fact a stronger inequality

Ieo0) (M Y) < 9120y (1Y) - |1, 060 — &1)]
|1, (60 — €1)| < 9, 1) (1, €0 — 1,20 — 21).
Explicitly, f € S* if and only if
|f(§,m)l < CO ' |1,p€|a for all (5,13) € V7
and forall 8> 0: |f(§,:c) —f(§+'r],x+y)|

a - B8
for ] < |1,p€| and |y| < 1.

(1.4.19)

(1.4.20)
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For the norm associated with (1.4.20) for a fixed 3, we have

sup 1,pel ™ - |(6,2)]

+ sup |1, p€|~* max{[1,p| " |nl, Iy} ° - |£(&, @) — F(E+m 2 +y)
<L, i< 10|

> sup |1, pé|™* | f(¢, z)|
+ sup |L,pg|"* - |n,yl 7P - |f(& ) — f(€+mz+Y)]

z,y,€,m
ly,nl<1

=g fllge,
with I f(n,y) = [1,pn|™ - f(n,y). Hence, letting

CG=OWV) = () [£°BE e,
B>0

the Fréchet space defined by the norms || I¢ f|| gs o B > 0, we have
(1.4.21) 8% e C0 (V).

In particular, S° C CY, consists of bounded smooth functions, and S*
for a < 0 consists of smooth functions vanishing at oo in the £-direction.

2. THE SYMBOLIC CALCULUS

2.1. Estimates for twisted multiplication.

We fix a temperate, certain, metric-covering g, in our 2d-dimensional
symplectic vector space V,so V =[[2;,%; =2;+0;,0; 2 0. In VeV
J

we have the metric covering g ® g corresponding to
VoV =[] %5, =% xU, = (g5,,25,) + 05, ® Oy,
J1,j2

We begin by giving a short range estimate for the restriction to 2; of

(2.1.1) fi# fa(z) = ¥(Q(D)) L ® fa(z, x)
= F ® FY(Q(v1,v2)) F ® Ff1 ® faz, ),
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where f1,fa € B (%j), = € ;, and Q is as in (0.1.12). We have
for x1,x2 € A,
[ [W(Q(D))f1 ® fa(w1,22)]
< [W(QDNA ® follpgavevg, ey, By (1:223),
< ”fl ® f2"Bg:f(V@V,y,~®gj) (since ¢(Q(D)) is unitary
on Ly and commutes with convolution)

= I ® foll pgaca, ,) Since supp fi C 2

2.12) |

| =1l o) - IF2ll g, oy

Using (2.1.2) we also obtain

( “‘ng,kl ® ‘ng,kz * ¢(Q(D))fl ® f2”L°°(mj‘j)

= |[¥(Q(D))#g; k1 * f1 ® Pg, s * f2||Lw(mj,,~)

(2.1.3)
< ||<ng,k1 * f1||3g,l(mj) : ”‘pgj,kz * fznsgyl(m,-)

[ ="y, ik, * fill Loy - P g k2 * FollLa(ay)-

Multiplying (2.1.3) by p(*1t*¥2)e and taking £,-norm, we conclude that

(2'14) ”¢(Q(D))f1 ® f2”Bg°y,°;(gj’j) < ||f1||33;“(mj) : ”f2||3;’yt°(gg)~
Using (1.2.21), we obtain from (2.1.4)

(2.1.5) 11 # fell g, @) < o Ifillgtsoay - [fell pgeo ey

Note that Haar measure is normalized by (1.2.3) as dz(2;) = 1, so
that Lo (2;) — L2(?;) with norm 1, and hence ||f||Bgr(mj) < fllBe, . )5
so that (2.1.5) gives
I f1 # f2llBg ()
<\fi# fallBe )
(2.1.6) -
S Co ||f1||3'21";°(21,-) ’ ||f2||ng“(2lj)

<ca- ”fl”ng::(mj) : “f?”BZQf?(%)'

To estimate the «error», that is the difference between fi # f2 and fi - fo
we notice that for y € Q, we have
2 ify¢Z,

(2.1.7) [v(y) —1] < {0 ity ez,
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and hence in particular for any v > 1

(2.1.8) [¥(y) — 1] < JyI".

Also, using g;¥ = g, we have

(219) sup l(xl,zz I — p(k1+k2) sup |<x1,$i)|
9;’(z1)=pk1 T1,T2 g] (181) . gj (1‘2)
(z2)=p
= p(k1tks) Sup 95z )) (k1+k2) h;
95 (x

where h; is defined as in (1.4.9) with the metric g;.

(2.1.10) Applying these remarks we can now estimate

[#(QD)) 1 @ falz1,22) = f1 @ falz1,22)

IA

I@QD) =01 ® fol psvevges — PY (1:223)

= Z p(k1+k2)d“¢9;',k1 ® ’;ng,kz : (w(%(ﬂtl,wz)) - l)ffl ® ff?”Lz(VeeV)
k1,k2>0

(by the definitions (1.2.4), (0.1.12) and Plancherel)

< h;’ Z p(lc1+kz).(at+~/)”(p‘g]_Jcl ® Py, ks - Fh1 ®]:f2”L2(V®V)
k1,k2>0

(by using (2.1.8) and (2.1.9), with any v > 1),
= h;/ : "fl ”ng"f(mj) : ”fz“ng;"f(aj)
(by Plancherel again, and the definition (1.2.4)).

Using (2.1.10), we can now deduce as in (2.1.3), (2.1.4), (2.1.5) and
(2.1.6), that we have
fr# fa = f1- fallBg (o)
SWA# 2= fi- follBe 2y
S < ea b7l gl
= Co 5 1 B,_,d:t"+a(ﬁj) 2 B;’yt"’*"‘(ﬂl,-)

< ca - by - il parreayy - 12l pasyeea,):
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We next give the long range estimate for the restriction to 2; of
f1# f2, where supp f; C 2;,, and at least one of the j;’s is different
from j. We recall from (0.1.11) that we can write ¥(Q(D))f1 ® f2 also as a
convolution

(2.1.12)  ¥(Q(D)) f1 ® fa(x1,z2)
= //m dz’ dz” f1(z') f2(.’1:")1ﬁ(2(:1:’ —zy,2" — .’1:2))

1 X%

We set
(2.1.13) §;’hj2(1,m) = y'znég]jz g}’l(l,x-’.—yz)
so that we have
1. . 5. 18 .+ Oj,-locally constant, an
2.1.14 'g';mz is Oj, + Oj,-locall d
(2115) 1 S ’g"Jthz(l’x) S g]\;(lvx)
Hence if we put
(2.1.16) JJ:,ﬂjz = fgai,jz(l’x)ﬁ}-

then :];’1[;2 acting on S’(V'), preserves by (2.1.14) C.,(2,,) , the distributions

supported in 2;, ; moreover, it commutes with convolution, and by (2.1.15),
(1.2.12), and Plancherel, we have for 5 > 0

2117) | Al @y, < Vel fill sy @,y = 1fillstocy,):

. ~v T8
Similary we can define g ., and J; 7 ,

properties.

and they satisfy the same

Notice that we have in the distributional sense,
(2.1.18) Fop(2(z’ — z1,2" — 22)) = % (2(z1,2" — 22)) * 2027 —2)
and hence, letting j;‘; act through the variable z’, we have

(2.1.19) T2 9(2(2’ — z1,2" — 22))

J1,J2
=g,z - z2)51/_)(2(z' —z1,2" — 22)).
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Putting,

(2.1.20)  gj, (z2,%5,) = ”ném g5, (1,z" — z3)

=055, (12" —x2), forany z” € Uj,,

we obtain from (2.1.12) and (2.1.19),

(2121)  (Q(D ))f1®f2(x1,x2)
_g]1($2’ ]2 A w(Q(D )[ lejzfl ®f2](1§1,l‘2)

Similarly, using §;, ;, and J; 2/;1 , and the analogous formula to (2.1.19), we
have

(21.22)  $(Q(D))f1 ® fa(z1,22)
=g;l(:1:2,mj2)_ﬂg;2(:1:1, j1)_ﬂ

1,[)(Q(D))[ i szl ® 32,31f2]($1’x2)

Now we can estimate, as in the short range-estimate (2.1.2),

([$(Q(D))f1 ® fa(z1,22)|
= gj, (z2,%5,) 7" 'ggz(ffl,mjl)_ﬂ

- [¥(Q(D))J}; J,fl ®J;, J,f2($1,$2)|
< g5, (2, jz)—ﬂ’gjz(mly A5,) 7"
(2.1.23) ¢ N@DNT 5 11 ® T Poll ptsvave,, o0s)
< g, (2, 25,) 77 'gjz(xl, )"

-l szfl@ Ja 31f2||3d hHVBV.g5, ®sz)

< g5, (22, %5,) ™7 - g5, (21, %5,) 7

: ”f1||3<2{w;ﬁ(gj1) : ”lelBgtﬁ(%) by (2.1.17).

Using the fact that by our normalization we have L (%;,g;) —
Ly(2;, g;) with norm 1, and the embedding (1.2.6), we obtain from (2.1.23)
that for any 3’ > G+ d

(21.24)  |[$(Q(D))f1 ® fa(z1,22)| < C - g, (z2,%5,) P, (z1,%5,) 7P
”fl“Bgo',m(Q‘jl)“f2||3é3;’°°(mj2)'
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This, of course gives an estimate for || f1 # f2(|L.. (), but to estimate
the Besov norms of f; # fo we need a further argument since we have

different metrics g; and g;,. We remark that since we have, by (1.4.2), for
any ; € U;

(2.1.25) 9;.(y) < gi(y) - ™ - g}, (i, %;,)
an easy estimate gives

(2.1.26)  sup gJ( )"0 = &) * fill g2, (vig;,)

9;(Y)<
v N
<6-p"%gj, (i, 2A5,)" - ||fi”Bg'°f£°(v,gji)-

Hence from (2.1.24) and (2.1.26) we deduce, since ¥(Q(D)) commutes
with translations, that for x € %, ' > 3 + d, we have

sup  g;(y) |1 # fo(m) — fr# fa(z + )]

95 (y)<1
< s(u)p lgj(y)_o‘ [Y(Q(D)) f1 ® (80 — 6—y) * fo(x, z)]
9; (¥)<
+ sup g;(y)"* [Y(Q(D)) (8o — by) * L ® falz + y,z +y)|
g5 (y)<1

<C- gJYl (z,Qljz)_Bg};(x QIJ&)—'B ' ”fl“Bﬁ’ o (5))

Su)p<19] (y)~ a||(50_ y) f2”85/w(Vg])

9;\y
Y B
(2.1.27) +Cg; (»’6,913‘2)_& g5, (@, 24;,)
’ S(u)p ng Y) “(60 - 6y) * flllecf wo(Vogsy) ”f2“B§o' o (5,)
9;\y ’ s

<C'-gj (z,Qljz)_ﬁg};(x’mjl)_ﬁg;z(x’mJ'?)Na
Millge o,y Iellpeta, )
+ C'gj (z, Q[jz)_lgg;2 (z, mjl)_ﬁgJYl (z, 25,
Millpgsem,,) Melsy )
<" g, (2,25.) g, (0 25) 7 g5, (2,25,) "5, (@, 2 )™

Ml gee,, ) el poee @,

\

where the constant C” depends only on «, (8 — §'), ng and d.
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2.2. The main theorem of symbolic calculus.

We now give a global estimate for f; # f2, where f; € S(m;, g) and the
weights my,mg are temperate, i.e. they satisfy (1.4.8). We let f; (;) denote
the restriction of f; to ?;, and we note that the partial sums Z fi,)

are bounded in S(m;, g), and they converge to f; in Coo(V), since they are
ultimately equal to f; on any compact set. Letting 8y denote the constant
in (1.4.10), we deduce from (2.1.24) that for any 8’ > 8+ d + So,

(221) | f1,G0) # fo,i0) ()]
<C- g;I (xvg‘ljz)_ﬂg};(xa Q{1'1)—13 ' ml(m)m2(m)

N o sy - Im5 ol ne o,

Taking 3 sufficiently large so that (1.4.7) applies, we obtain

(222) D |10 # fain) (@)

J1,J2
< ¢ mama(@) - Millpg gm0

Ml e

,00(m2,9)"

From the estimate (2.2.2), being valid for all f; in a bounded subset
of S(mi,g) we deduce that the form fi; ® fo — fi1# fo defined on
Coo,c(V)®Coo,c(V) = Coo,.(VDV) extends uniquely to a weakly continuous
linear form on S(m1, g) ® S(ma, g), given by

fi# fa(z) = Zfl Ga) #F f2,06) ().

J1,J2

Similarly, note that the functions

(2.2.3) i(y) = mi(y) - g, (z, %y) ™"

are again temperate, with the corresponding constants in (1.4.8) depending
only on m;, g and « (and independent of z) ; letting 8, denote the associated
constant in (1.4.10) (with m; replaced by m;), and using (1.4.5), we deduce
from (2.1.27) that for any 8 > 8+ d + B, + (N + 1)? - Na, we have
(2.24) ”fl G # ]2, (Jz) ”Ba oo ()

<C" - g} (2, ¥5) P g5, (2, %5,) Prams(z)

Alme froll gese @,y - Im2 7 fa60 | e,
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Taking again a (3 satisfying (1.4.7), we conclude that with some new
constant C

(2.2.5) Z |]f1,(j1) # f2,(jz)”Bgo,m(%)
J1,J2

< C-myma(x) - || fill gor+a N f2ll g +a
00,00 00,00

(m1,9) (m2,9)°

Thus the map fi1 ® fo — fi1 # fo is weakly continuous when viewed as a
map

S(mlag) ®S(m2vg) — S(ml . m2ag)‘

Moreover, since the function x — h(z) of (1.4.9) is temperate, and since
for z ¢ A,

(2.2.6) 1 < min gj,(z —y) < hy, - g5, (2, %;5,),
yemji *
we see that, using (1.4.5), we can bound for = ¢ A; N2A;,,

(2.2.7) 95, (@, A3) P17 g5, (2, 25,) ™ < h(z)

for some (; > 0. Hence, by taking (3 large, we can replace my - ma(z) in
the right hand side of (2.2.4) by hY - m; - ma(z), for z ¢ 2A; NA;,, and
a posteriori we can similarly replace my - mg by hY - my - mg in (2.2.5) if
we sum only over j; # jo. When j; = jo = j, we can use the estimate
(2.1.11). Thus we conclude that the map f1 ® fo — f1 # fo— f1- f2 is weakly
continuous when viewed as a map S(m, g) ® S(mg, g) — S(hY -m; -ma, g),
for any v. We summarize the above discussion in the following

MaIN THEOREM (2.2.8). — Given a temperate, certain, metric-
covering g in the symplectic space V, and two temperate weights my, mg,
then

# : S(mlyg) ® S(m2ag) i S(m1m27g)

is weakly continuous. If h(z) = sup g(y)/g9)(y), then for any v the map
y
f1® fo— fi# fo— f1 - fo is weakly continuous

S(m1,g9) ® S(mz,g) — S(h” -my -my,g).
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2.3. Bounds for operators.

In this section we study the continuity of the operators 4(f) on the
spaces S(Vp) — La(Vo) — &' (W), for f € S(m,g), g,m temperate. We
first remark that since by (0.1.13) p takes complex conjugates to adjoints,
the continuity in S’(Vp) follows from the continuity in S(Vp). Secondly, we
note that the Bargman isomorphism B~! : Ly(Vy) — La(Vp), induces an
isomorphism B~! : S(Vp) — S(Vp)y = S(V) N La(V)y onto the subspace
of S(V') consisting of ¥-holomorphic functions. By the description of S(V)
given in (1.4.11), and the description of B~!5(f)B given in (0.2.12), we
deduce from our main theorem (2.2.8) the continuity in S(Vp). Thus we
have :

THEOREM (2.3.1). — For a temperate certain-metric-covering g, and
a temperate weight m, the operators p(f) are continuous in S(Vp), and in
S’ (W), for every f € S(m,g). Moreover, the map f — p(f) induces weakly
continuous embeddings

{ S(m, g) — Hom(8(Vp), S(Vo)) = S(Vo) ® S'(Vo),
(2.3.2)

S(m, g) — Hom(S'(Vo),S' (Vo)) = S'(Vo) ® S(Vo).

For the continuity on Ly(Vy) we take f € S(1,g) and write f = > f;

K2
for the corresponding decomposition of f with respect to the metric
covering g. We shall use the lemma of Cotlar-Knapp-Stein-Calderdén-
Vaillancourt, so that we need to estimate the operator norms

(23.3) (1605 50 | op = 16CF: # Fidllop = Io(F(Fi # £5)lop
<||FF# )l vy < Ca - ||fi #fj“Bgo,w(l

,9)

for « sufficiently large. From (2.2.4) we obtain for 5’ > 3, «

2.34) [|fi# fill pe, 290y < €03 (2.%) P (@, 2) 7 - U111

z:vg:c) - BEO,,OQ(]"g).

By using repeatedly (1.4.1), and the inequality of (1.1.26), one easily
obtains that for some constants Cy, M, and all z € V'

) gyr,rgg_ 9 (LY —y") < Co- g} (z, %)™ - g} (=, %)™,

y”EQlj

(2.3.5) g;/ (A, Ay
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Putting (2.3.3), (2.3.4), (2.3.5) together we obtain, with some new
constant C, for v > 8> 0,

(2.36) 16 U < C- 02 1) 1 llpy g

By an analogous proof to the proof of Lemma (1.4.6) we have, for 8> 0

(2.3.7) Zg{(ﬁli,ﬂj)‘ﬁ < 00, Zg}(ﬁi,mj)_ﬁ < o0.
i J

From (2.3.6) and (2.3.7), we obtain by applying the lemma of Cotlar
et al.,

(2.3.8) ||p”(f)||op < C-|IfllBy, (1,9 for v sufficiently large.

THEOREM (2.3.9). — For a temperate certain metric-covering g, and
a temperate bounded weight m, the operators p(f) are bounded on Ly(Vp)
for every f € S(m,g). Moreover, for some C,~ we have

(2.3.10) 16(H)lop < C - 1flIBL, womog)-

If m vanishes at infinity, the operators p(f) with f € S(m,g) are all
compact.

Proof. — The inequality in (2.3.10) follows immediately from (2.3.8),
since if m < C, then || flzy .9 < C - lflBz, (M, g). The compactness
assertion follows since the operators j(f;) are all compact, and by (2.3.8)

OpS C- “Z fi
1>7

[ZEEDIEA
i<y

<C- . SUD M
B;vm(lyg) - “f”Bz°,°°(mag) i>§') )

which converges to 0 as j — co by assumption. O

(2.3.11) Remark. — We note that if f; is a bounded sequence in S(1,g)
converging to f in Cs(V) then for any ¢ € La(Vo), p(fj)e — A(f)e
in Ly(Vp). Indeed, we may assume f = 0, and in view of the uniform
bound (2.3.8) we can take ¢ € S(V,), then by the weak-continuity assertion
of (2.3.1), p(f;)p is bounded in S(Vp), and converges to zero in S'(Vp),
hence a posteriori in S(Vp) and in Ly(V)).

The inequality (2.3.8) can be sharpened in various ways, one of
which we describe next. For a self-dual lattice O = OV, denoting by &
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its characteristic function, we know from (0.4.15), (0.4.17) that there is
a unit vector @g € La(Vp) such that Wy = ® = .. If f is such that
supp f C O, then by (0.4.19), we have p(f) = p(f * ®) = Cy,M;Cy,, and
hence ||5(f)llop < || fllz,- This also holds for f such that supp f C z + O,
since the function t,f(y) = f(y + &) = F(P, - f)(y) is supported in O,
and so

16 lop = llo(=32) (£) (= 32|l
=16 - Moy < 1z - Fliee =1 FllLwe-

Thus for a self-dual metric covering g, = gy, corresponding to
V =[1%%;, ¥ = z; + 0;, O; = Oj, letting ®; denote the characteristic

J
function of ;, we have for any function f

1) = (3225 %)

< lI6@; * ),
J J

= def
< DoN% * fllew = 1£1BY, 1 (0)-
J

“op

Here the right hand defines a norm for a Banach space By, ;(9g)
analogous to a Besov space. If for example g, = g is independent of z,
i.e., g = g¥ is a self-dual metric corresponding to a lattice O C V and

V = ]I (z+0) is the associated covering, then an easy calculation gives
z€eV/O

@2 % £, < 9(1,2)™ - 177 2.

and since Y, g(1,z)7® = {(a — 2d)/{(c) is finite for @ > 2d = dim V,
zeV/O
we obtain

) -2d
(2.3.12) 16H)op < 1FlBY, (o) < % M lleavig)-

From this we deduce the following

THEOREM (2.3.13). — For a self-dual metric g, the operators p(f)
are bounded on Ly(Vp) for every f € L% (V,g), @« > dim V. If such an f
vanishes at infinity, then p(f) is compact.

For a g-locally constant function m, we define the operator
Jir = p(m~1);if m > 1, it is bounded on Ly(Vy) by (2.3.8). We define the
m-~th Soboleff space by

(23.14)  LEV(V0) = I (La(Vo)), el yom vy = B0, 0
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Since for g-locally constant functions m;,my we have m; #mq =
my - mg, we deduce that Jg"*J"? = J"™2, and in particular, we see
that J = J% (J7'"%)* is positive, and J'J™ T = id, so that J™ is
invertible. For example, taking ¢ and m as in (1.4.12) (or as in (1.4.18))
we get essentially the operator K* of (1.1.20) (respectively, the usual J%),
and the space Léa}(Vo) of (1.1.21) (respectively, Lg(Vp)). For a temperate
weight mg if f € S(mo,g), we have f#mg' € S(1,g), hence by (2.3.8)
A(f #mg') = p(f)J is bounded.

Similarly replacing f by ml_1 # f #my € S(myo, g), we obtain the

CoOROLLARY (2.3.15). — For temperate weights mg,m;, every f in
S(mo, g) defines a bounded operator p(f) : LY™™ (Vo) — L™ (V).

3. ELLIPTIC OPERATORS

3.1. The Garding inequalities.

Fix a temperate certain metric covering g in V corresponding to
V =11%;, ™% = z; + O;, O; 2 OF, and write h; = p~% for the quantity

J
defined in (1.4.9) for the metric g;. For each j choose a self-dual lattice (9;-’
such that O; 2 O;-’ 2 Oy, and moreover such that we have

(3.1.1) p%0; 2 09,

with b; = [%aj] = (the greatest integer < %aj). To see that such a choice
for (9? is possible, write in some symplectic basis

Oj=p Zp @ - ®p “Zp®Lp®--- DLy, 0<e; <---<Loey,
O] =Zp®... Ly, ®p~ZLp® ... ®p*“Zyp, so0e1 = ay, and take

OV =p 2, @ - ®p “L,®p™ @ ®p™Ly, withec; = [Fei].

We denote by ®; the characteristic function of O?, which is by (0.4.15),
(0.4.17) the Wigner transform of a unit vector ¢; € La(Vp), ®; = Wip;. For
a function f in V, we denote, as usual, by f; the restriction of f to 2;, and
we let f(z) = ®; * fi(z) for x € A;, f is the average of f over the z + O?’s.
We have the following :
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LeEmMA (3.1.2). — For f € S(m, g), we have f — f € S(mh",g), for
any v.

Proof. — It is enough to prove that for any a,~y > 0, we have for all j
(3.1.3) hj—’y“fj - fj”Ba () = <2-|f "3““7(%)'
With the notations of (1.2.3), using (3.1.1), we have
(3.1.4) By ke * [ = Pg; i * fa and hence g, k * f = @g, & * fv
for k=0,1,...,b;. From (3.1.4) we obtain

W5 = fill g, -3

= 7“’supp suplwg,,k*( - (@)
k>0 z€

P p’Y'aj Sup p Sup |<ng,k * (f] - f’)(w)l

k>b; TEY;
< p"% sup p**[sup |, & * fj(z)| + sup |@g, x * ®; * f;(z)]]
k>b; TEY; z€;

<2-p% sup p*F sup log, k * £i ()]
k>b; x€

< 2 sup p(@*+2Mk gup IQOg, K * fi ()|

k>b; TENA;
<2- iulgp(““”"“ sup [0g;,k * £i(@)] = 2 11 £ill a2y - O
>

The operator j(f) corresponding to f is expressed by (0.4.19) as
(B.15) ) =D _pf;x®;) =Y p(fixWe;) =) Cs My, Cy,.
J J J

In particular, if f > 0 is positive, 4(f) is positive in the sense that

(3.1.6) (B(F) e, ) Lavey = 0 for all ¢ € S(Vp).

Thus we have obtained the following

CoroLLARrY (3.1.7). — If f € S(m,g) is positive, f > 0, then
f = f + fo, where the operator p(f), is positive, and f, € S(mh?,g)
for all ~y.
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COROLLARY (3.1.8). — If f € S(m, g) is positive, then for any

R 2
(P21 0) 1) 2 =€~ eI 200 (v
for all p € S(Vy).

Proof. — Writing f = f + fo as in (3.1.7), we have
(ﬁ(f)a P (‘O)Lg(Vg)

(P02 yivy = (PM™2R7 )i fo)p, (/2R 7))

=[lpm= 206 f0)¢ ||, vy - 160 2H| 1 0,

Z —C : ||S0||2Lz(m1/2h’7)(vo)

v

LQ(V())

v

I/Zh'y) —1/2h—'y)

where C denotes the norm of p(fo) : L™ (Vo) — L™ , which
is bounded by (2.3.15). o

As a special case of (3.1.8) we note that we have

CoroLLARY (3.1.9). — If f € S(h™7,q) is positive, then, for all
¢ € S(W),

(ﬁ(f)@’¢)L2(Vo) >-C- “‘P”sz(vo)

We say that f € S(m, g) is strongly-elliptic if for some A > 0, we have
(3.1.10) Re f(z) > A-m(x) for z outside a compact subset of V.

SHARP GARDING INEQUALITY (3.1.11). — For a strongly-elliptic f in
S(m, g), we have for any - :

Re(ﬁ(f)@"P)LZ(vo) >A- ||90“L2(m1/2)(Vo) -C- ||90”L2(m1/2m)(vo).

Proof. — Set fi = Ref — A-m + ®, where ® € Cy (V) is large
enough to make f; > 0. Applying (3.1.8) to fi, and noting that by (0.1.13)
Re(A(/)9, ) Lave) = (F(Re )@, 0) 1 (vi), We get the desired result. O

We can write 2; = [[2i, with 25 = zj + 09,1 = 1,...,[0;,07],
so that the decomposition V' = J]2;; corresponds to a self-dual metric

i
covering g, with g, < g, < gy. For any f € S(m,g), denoting by
fji = f(x;;) the average of f over ;;, the operator p(f) is diagonalizable
with respect to the orthonormal basis ¢;; € La(Vp), Wipj; = characteristic
function of Aj;, cf. (0.4.20) : p(f)wjs = fji - @ji- Thus we have «almost
diagonalized » 5(f).
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3.2. Fredholm operators.

By the Stone-von Neumann theorem, p : La(V) — K2(L2(Vp)) is an
isometry onto the ideal of Hilbert-Schmidt operators. Since an operator is

trace-class if and only if it is a product of two Hilbert-Schmidt operators,
we conclude that

(3.2.1) p(f) is trace-class, if and only if f € Lo(V) # La(V),

and note that La(V) # La(V) € La(V) N Co(V).

Given an invertible trace-class operator K, if X~ !5(f) is bounded
then p(f) is trace-class, so we can use the criteria for boundedness of
paragraph 2.3 to get criteria for 4(f) to be trace-class. In particular, using
(1.1.23), (1.1.24) we get :

LEMMA (3.2.2). — The operator p(f) will be of trace-class provided
either p(f #9(1,€,x)®) is a bounded operator for some metric g in V,
and some a > 2d = dim V', or if (f # go(1,£)** - go(1, z)*2) is a bounded
operator for some metric gg in Vy, and some a1, s > d.

For example, using the first criteria of the lemma, we see that the
Toeplitz symbols 3¢ correspond to trace-class operators if o < —2d.

A symbol f € S(m,g) will be called elliptic if

(3.2.3) |f(z)| > A-m(z) for z outside a compact set K of V.

For such an f we define

S, [f@)! ifzeV\K,
(324 .&(@—{0 ifz € K,

where we can take K to be a finite union of the sets %; corresponding to
the metric-covering g. Since we have for z € V' \ K, and for y such that

gz(y) <1,
IfI}l(sc)| <Al m(z)7h,

—alp=1p\ =1 _ 9:(y) " f(z +y) — f(z)]
9z(y) |fK (z) fK (w+y)| |f(a:)f(z+y)|

< A—z : Ca : m(x)_l’
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we see that fi! € S(m™1,g). By the main theorem (2.2.8) we get,
(3.2.5) 1-f#fr', 1-f'#f€S(h,g) foralln.

If h vanishes at infinity we conclude from (2.3.9), (2.3.15), that p(f)
defines a Fredholm operator : Lgm)(Vo) — Ly(Vp). Assume now that g
is global, in the sense that we have

(3.2.6) h(z) < C - go(1,z2)~% for some & > 0.

We first remark that from (3.2.6) we obtain for any temperate
weight m,

m(z) < C1-m(0) - gy(1,z)” by (14.8)

(3.2.7) <Cy-gy(1,x)Pe by (1.4.3)
< C3 - h(z)Pe by (3.2.6)
so that () S(mh?,9) = ) S(hY,g9) =S(V) by (1.4.11).
¥>0 ¥>0

To calculate the index of p(f), f € S(m,g) elliptic, we may assume
that m = 1 by the logarithmic law for the index. So let f € S(1,g),
|f(z)] > A for z ¢ K, and assume that (3.2.6) holds, so that
l_f#f}-(-lv l—flzl#fES(V),

and they correspond by (3.2.2) to trace-class operators. Hence we have,

Index(p(f))
=tr(1—p(fic" # 1)) —tr(L—p(f # fc1))
(3.2.8) =tr(p(f # ") — A(f" # 1))

_ /V da(f # f'(2) - f' # f(2).

Writing f = f + fo, it = f;}l + f1 as in Lemma (3.1.2), with
fo, f1 € S(V) by (3.2.7), so that p(f;) are trace-class, we obtain from
(3.2.8)

tndex(5(1)) = [ da(F # fi'(2) = e # fia).

_ But since f and fg! are G-locally-constant, we have f# fr' =
f ;}1 #f=7f-f ,}1, and we have proved the following

THEOREM (3.2.9). — For global g, every elliptic f € S(m, g) defines a
Fredholm operator of index zero

p(f) - LT (Vo) — La(Vp).
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3.3. Zeta functions and spectral asymptotics.

In this section we fix a global metric-covering g, temperate and certain,
so that we have from (3.2.7) : () S(mh",g) = S(V), for any temperate
¥>0

weight m. Let f € S(m,g) be a real valued elliptic symbol. By (0.1.13),
p(f) is formally self-adjoint. From (2.3.15) we know that p(f) is bounded
as an operator from Lgm) (Vo) to La(Vp). Let us denote by A the unbounded
operator on Ly(Vp) defined by p(f), with domain LY™ (V).

Note that we can write f5' # f = 1— R, with Ry € S(V) asin (3.2.5),
hence if ¢ € Lo(Vp) is any element such that p(f)p € La(Vy), then

p(m)e = p(m# ') p(f) ¢ + p(m# Ro) ¢,

showing that j(m)y € La(Vy), and so ¢ € Lgm) (Vo). From the continuity of
p(f) in 8'(Vp), we deduce that the operator A is closed. We claim that A is
self-adjoint, and to prove it we shall show that A equals the closure of its
restriction to S(Vp). Let @, denote the partial sums of the characteristic
functions of the sets 2; corresponding to the metric-covering g. The ®;
are a bounded sequence in S(1, g) covering to 1in C(V), and by (2.3.11)
we have for any ¢ € La(Vo), p(Pk)p — ¢ in Ly(Vp); moreover, since
@) € S(V) the operators p(Py) are smoothening, and so p(®x)p € S(Vp).
For ¢ € L™ (Vp) we have

Ap(®i)p = p(f # P # ")) ¢ + p(f # i # Ro) .

The f# &) # fl}l, and f # @, # Ry, are bounded in S(1, g), and converge
to f#flzl, and to f# Ry, in Coo(V), respectively, hence by (2.3.11) we
have

Ap(@r)p — p(f # F)A(f)e + p(f # Ro)o = Ap

in Lo(Vp). Thus A is indeed self-adjoint. We note that if f > 0 is positive,
so that by Garding inequality (3.1.11) A is bounded from below, and hence
for some real number )\, (A — \g) is invertible. Its inverse (A — \o) ™! is
a self-adjoint injective operator with image Lgm)(Vo). Assume now that
m~! € Cy(V) vanishes at infinity. From Theorem (2.3.9) we see that
(A — Xo)~ ! is a compact operator. From the spectral theorem for compact,
self-adjoint, injective operators, we deduce that there is an orthonormal
basis {¢;} for Ly(V}) consisting of eigenfunctions for (A — \g) ™!, with real
non-zero eigenvalues p; converging to 0. Hence the ¢;’s are eigenfunctions
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of A with the real eigenvalues \; = Ao + uj_l, converging to +o00. Moreover,
writing

(f = M) #(f = Aj) = 1 Ry,
with Ry, € S(V), we have ¢; = p(Rx;)¢; is in S(Vp). We summarize the
above discussion by the following

THEOREM (3.3.1). — For a global certain temperate metric-covering g,
and a temperate weight m, every real-valued elliptic f € S(m, g) defines an
essentially self-adjoint operator p(f). Denoting by A the unique self-adjoint
extension of j(f), Domain(A) = L™ (Vp), and if f > 0 is positive, A is
bounded from below. If moreover, m~! € Cy(V') vanishes at infinity, then A
has a discrete point spectrum, and there is an orthonormal basis for La(Vp)
consisting of eigenfunctions ¢; € S(Vo), Ad; = A - ¢;, with eigenvalues A;
converging to +00.

To study the asymptotic behaviour of the eigenvalues );, we may
assume that f(z) > c¢-m(x) > ¢ > 0, and moreover that min \; > ¢, since
we can always achieve this by adding to f a large constant. For A € C\[g, o0]
we can write

— -1 — =1 -
(33.2) {(f AT #(f-A)=1-Ry

(F=N#(F-N""=1-R)
with Ry, R} € S(V'). From (3.3.2) we obtain
(3833)  (A-N=p((f- N7
= p(Ra# (f = N)7Y) + p(Ra) (A = )2 5(RS).
For A ¢ {\;} the operator (A — A)~! is bounded, so that the right

hand side of (3.3.3) is a smoothening operator and can be written as p(rx})
for some r(} € S(V); thus we conclude that for A ¢ {);},

(3.3.4) (A=-N""=58(foy)
for some fxy € S(m™1,g) with fix; — (f = A) "' =7y € S(V).
Note that for Re(\) < e; < € we have the inequalities

((sup |[(f =N @) <le-my = AT < e = AT
TEA;
sup  gj(@1 —22) |(f = )7 @1) — (F = M) (22)]

T1,T2€YA;
_ g (z1 — 22)~*[f(z1) — f(=2)|
Tk e, 1f@) = A [f(z2) = A

| <ca-le-mj— A% <cale— A2

(3.35) 4
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Hence in particular,
3.3.6)  [[(f =N lgg (1, =O(N™") for |\l = 0o, Re(d) < e1.

From (3.3.5) and the error estimates of the main theorem (2.1.11), (2.2.4),
(2.2.7), a straightforward calculation gives for

Ryx=(f=N""f=(f-N""#f Re()<ei<g,

the inequalities

|RAllBs, . (hv,9) < Ca,y, and similarly
(3.3.7) { oot = e

||R/>\”Bg°,°°(h“1,g) < Ca,'y-

From (3.3.6) and (3.3.7), combined with (2.3.8), and with (2.3.15), we
have as |A\] — oo, Re()) < &1,
16((F = ™)., = O(A™Y),
(3.3.8) 2B [lop(nry = O),
“p(Rl)\)“op(h'y) = 0(1),

where ||R||op(n») denotes the norm of R : Lghw)(VO) — Lgh_y)(vb).
From (3.3.8) we have for the right hand side of (3.3.3) the estimate

(3839 [[8rop)llopgury = A= 27 = 5((F = N7y = OUN™)
as |A| — oo, Re(A) < e;.
For Re(s) < 0 we have

1 €1+1i00

(3.3.10) A= — M(A=XN)"1dx

2m £1—100

which converges in the operator norm since ||A — (e1 + it)|lop = O([¢]71).
From (3.3.5) we see that for Re(s) < 0 we have

1 £1+1i00
(3.3.11) ff=— X(f = N)7Hd € S(mRe®) g).

27 Jey —ico
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From (3.3.9) we see that for Re(s) < 0

1 €1+100

(3.3.12) rlsd = — Nripdi e S(V)

27['1 €1 —100

since the norms || |lop(nr)s A > 0, define the space S(V') by the remarks
after (1.3.3).

Combining (3.3.10), (3.3.11), (3.3.12) with (3.3.4) we conclude that
for Re(s) < 0

A*=p(f#°) with f#° = f* 4 i} € §(mRel) g),

(3.3.13) {,.{s} e S(v).

Since for s an integer (3.3.13) holds with f#% = f# ... # f, s times, we
see that (3.3.13) actually holds for all s € C. Thus we have proved the
following

THEOREM (3.3.14). — For a global certain temperate metric
covering g, a temperate weight m with m~! € Cy(V), and a positive
elliptic symbol f € S(m, g), denoting by A the unique self-adjoint extension
of p(f), and assuming that A is positive, A generates a holomorphic group
of operators A° (bounded only for Re(s) < 0) and given by A® = p(f#9),
f#e = fo 4+ rist € S(mR®), g), ris} € S(V).

Note in particular that s — r{¢} is an entire holomorphic function
of s with values in S(V); for Re(s) < 0 this follows from (3.3.9) (3.3.12),
and we have a «step by step» holomorphic continuation by means of the
recursion formula

et = el L (P f -1 1),
Assume now that we have

(3.3.15) m~(z) < C-go(l,2)~* for some o > 0.

It follows from Lemma (3.2.2), and from Theorem (2.3.9), that the symbols
in §(m™%,g) correspond to trace-class operators for s > 2d/ay. Thus we
can define the zeta function,

(3:3.16) Cas) = tr(A™") = 370 = / do £ # 9 (z),
j \%4
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which is a holomorphic function of s in the right half plane Re(s) > 2d/ayp.
Similarly we can define

(3.3.17) Cr(s) = /V dz f(z)~*
which is holomorphic in the same right half plane Re(s) > 2d/ap. Setting
Ns(A) =vol{z | f(z) < A},

we have the Mellin transform expressions for our zetas
(3.3.18) Cals) = / A AN 4N,

(3.3.19) C(s) = / A~*dNf(N).

Their difference is given via (3.3.14) by

(3320) () =G0 = [ A AWAN - N,) = [ aerl-I ),

and is an entire function of s. Applying the inverse Mellin transform we
obtain the following

THEOREM (3.3.21). — For a global certain temperate metric-
covering g, a temperate weight m such that

m(:r) 2> C 'gO(l"T)ao7 Qg > 07

and a positive elliptic f € S(m, g), denoting by A; the eigenvalues of the
self-adjoint extension A of p(f), we have for every € > 0

Na\) = #{); <A} = 0(\2#/0te) | a5 X — +c0.
Moreover, we have for every € > 0

NA(A) =vol{z | f(z) <A} +O(X°), as X — +oo.

This theorem should be compared with the remark at the end of
paragraph 3.1. Using the notation of the same paragraph, f is g-locally
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constant and the operator A= A( f ) is explicitly diagonalizable; denoting
by Xj its eigenvalues, we have {S\j} = f(V), so that for any positive real A
we have an equality # {S\J ; 1Aj] < A} = vol{z; |f(z)| < A} if finite, and
more precisely we have an equality of measures

(3.3.22) > 85, = ful(da).
J

Here there are no ellipticity or positivity assumptions on f. If however
the assumptions of Theorem (3.3.21) are satisfied, then f is also positive
elliptic, and so for any € > 0, combining (3.3.21) with (3.1.2) we have as
A — 400,

Na(A) =vol{z | f(z) < A} +O(X°)
(3.3.23) =vol{z | f(z) < A} +0O()°)
= Nz(A) +0(x°).

For particular examples of Theorem (3.3.21) one can take the Toceplitz
symbols defined in (1.4.12).
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