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ON THE COMPLEX ANALYTIC GEL’FAND-FUKS
COHOMOLOGY OF OPEN RIEMANN SURFACES

by Nariya KAWAZUMI

Introduction.

The (continuous) cohomology theory of the Lie algebra of C*° vector
fields on C*° manifold X was originated by Gel'fand and Fuks [GF|[GF1].
Accordingly it has been called the Gel’fand-Fuks cohomology theory.
Haefliger [Ha|, Bott and Segal [BS] described the cohomology with trivial
coefficient as the singular cohomology of the section space of a certain fiber
space over X. The cohomologies with coefficients in the tensor fields on X
were described in a similar way by Tsujishita [Ts].

Our purpose is to establish a complex analytic analogue of these
theories. In the present paper we confine ourselves to the Lie algebra of
complex analytic vector fields on an open Riemann surface.

Let M be an open Riemann surface and S a finite subset of M.
We denote by L(M,S) the Lie algebra of complex analytic vector fields
on M which have zeroes at all points in S. L(M,S) is a Fréchet space
with respect to the topology of uniform convergence on compact sets. The
bracket [, ] is continuous, and so L(M, S) is a topological Lie algebra. For
S = & we abbreviate L(M, S) to L(M). In view of a theorem of Behnke and
Stein [BeSt] M is a Stein manifold, and so we can utilize some topological
methods. The uniformization theorem of Riemann surfaces supports our
investigation.

Key words : Riemann surfaces — Vector fields — Gel-fand-Fuks cohomology — Spaces of
holomorphic functions.
A.M.S. Classification : 30H05 — 57TR32 — 14H15.



656 NARIYA KAWAZUMI

Recently, on the other hand, the relations of the Lie algebra L(M) to
the moduli space of Riemann surfaces via the Virasoro action have been
clarified [ADKP)]. To investigate these relations more closely we need the
cohomology with coefficients in the complex analytic tensor fields of certain
types on the product spaces M™, on which L(M) acts by the diagonal
action. In this paper we study the cohomologies with such coefficients.

Before the result of Tsujishita [Ts|, Resetnikov [R1] determined the
cohomology of the Lie algebra of C™ vector fields on the circle S with
coefficient in the C* functions on S' in a classical way. Since we study
more general coefficients than the tensor fields on M itself, we need to
pursue Resetnikov’s classical method.

Fix a type v = (v1,...,vn) € Z" arbitrarily. Consider complex
analytic tensor fields on the product space M™ represented locally as
f(z1,- - 2n)dz1" - - - dz,"™, where z; is a local coordinate of the i-th
component. Let T'(M™) be the Fréchet space of complex analytic tensor
fields on M™ of the fixed type v. The Lie algebra L(M) acts on T(M™)
continuously by the diagonal action. Denote by 7, .. 2.,y the L(M) module
of germs of complex analytic tensor fields of the type v at the point
(1,...,2n) € M™. By a classical method coming from ReSetnikov, there
exists a spectral sequence

ER9 = HP(M™; HY)

converging to H*(L(M); T(M™)) (see §9), where H? is a sheaf on M™ whose
stalk at (xy,...,2,) € M™ is given by

Hq ) = Hq(L(M),’]'(xl,,xn))

(zly“-,xn
Our main theorem in the present paper gives a decomposition of the
cohomology group HY(L(M);T(s,.... z,)) into the global part derived from
the homology of M and the local part coming from the coefficient 7(,,, . .. ).

Denote by W := C{Z}diz the topological Lie algebra of germs of complex

analytic vector fields at 0 € C. Set T := {z1,...,2,} C M. There exists a
W1 module of germs of tensor fields N¢ for each ¢ € T such that an L(M)
isomorphism

T(wlw-,zn) = ® Né

teT
holds, where N§ is acted on by L(M) through a local parametrization
centred at t. Here and throughout this paper ® means the completed tensor
product [G,PTT] [T].
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THEOREM 5.3. — Let M be a connected open Riemann surface whose
first Betti number by (M) is finite and T a finite subset of M. Suppose a
W1 module Nt satisfying the condition (5.2) in §5 is given for each t € T.
Then we have an isomorphism

*

H*(L(M); Q@ N*) = \(E3Hy (M, T)) ® Q) H*(Wy; NY),

teT teT

where X3 H, (M, T) is the graded linear space concentrated to degree 2 given
by the 3 times suspension of the first complex valued singular homology
group Hy(M,T), and \"(X3H,(M,T)) is the free graded commutative
algebra generated by the graded space.

Now our N{¢’s stated above satisfy the condition (5.2). Consequently
the computation of H*(L(M);T(M™)) is reduced to

(1) computing the local part H*(Wy; N}) and
(2) studying the topology of the configuration space M™.

It seems very difficult to establish a general theory for computing
such cohomology groups as H*(Wi; Nt) (cf, [FF]). It would be our next
problem to investigate those groups with concretely fixed coefficients.

The outline of the paper is as follows. We explain the meaning of the
condition (5.2) in the above theorem in §2 and §4. In §3 we construct the
cohomology classes of degree 2 coming from H;(M,T) stated above. The
classes are represented by cocycles taking the form of covariant derivatives.
In §5 we formulate our main theorem and Addition Theorem of Bott-Segal
type for the Lie algebra L(M,S). The latter plays a fundamental role
throughout this paper. It is proved in §8 by replacing partition-of-unity
arguments in [BS] by Oka-Cartan’s Theorem B. Addition Theorem for the
formal vector fields is formulated by Feigin-Fuks [FF] and Retakh-Feigin
[RF]. Using Addition Theorem, we compute the cohomology of L(M,S)
with trivial coefficient in §6 and §7. In §9 a spectral sequence coming from
Resetnikov is introduced, and two easy examples (the tensor fields on M
itself and the functions on C?) are given.

The author would like to express his gratitude to Prof. Y. Matsumoto
and Dr. K. Ahara for their constant encouragement and to Prof. H. Ko-
matsu, Prof. T. Tsujishita and Prof. K. Iwasaki for their helpful sugges-
tions.
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1. Basic notations.

For a complex topological Lie algebra g, we mean by a g module
a complex topological vector space which g acts on continuously. The
continuous cochain complex of the topological Lie algebra g with coefficients
in a g module N is denoted by

C*(g; N) = P CP(g; N),

p2>0

whose cohomology group, i.e., the continuous cohomology group of g with
coefficients in N, is denoted by H*(g; N). The complex C*(g; N) is acted
on by g through the Lie derivative £(-). When N is the trivial g module C,
we abbreviate them to C*(g) and H*(g) respectively. (For details, see for
example [HS].)

Let M be an open Riemann surface (1 dimensional non-compact
complex manifold) and S a finite subset of M. We denote by L(M,S)
the Lie algebra of complex analytic vector fields on M which have zeroes
at all points in S. L(M, S) is a Fréchet space with respect to the topology
of uniform convergence on compact sets. The bracket [, ] is continuous,
and so L(M,S) is a complex topological Lie algebra. When S = &, we
abbreviate L(M, S) to L(M).
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A typical example of L(M) modules is the Fréchet space of complex
analytic k-th covariant tensor fields on M :

Ti(M) = HO(M; On ((T*M)®*)).

(O denotes the structure sheaf of the complex manifold M.) L(M) acts
on it continuously by the (usual) Lie derivative £(-). For k = 0,1,2, we
denote To(M) = F(M), T1(M) = K(M) and To(M) = Q(M).

Let M’ be an open Riemann surface, S’ a finite subset of M’ and
¢ : M — M’ a complex analytic immersion satisfying ¢(S) C S’. In an
obvious way the pullback homomorphism

¢": L(M',8") — L(M, S)

is induced. If N is a L(M,S) module, L(M’,S’) acts on N through the
homomorphism ¢*. The L(M’,S") module obtained in this way is denoted
by ¢.N. A natural cochain map

O : C*(L(M, S)vN) - C*(L(MI>S,);¢*N)

is induced.

Denote by Lg the Lie algebra of germs at the origin 0 € C of complex
analytic vector fields on the complex line C which have a zero at the origin
0,

Ly 1= 2C{z} o = lim L({}e] < e}, {0)),

e—0

which is endowed with the inductive limit locally convex topology [G, TVS]
[K] [K1]. A 1-cocycle 8§y of Ly with trivial coefficient is defined by

d
b (f(Z)d—> = £0),
z
which plays an important role in studying the cohomology of L.

A parametrization ¢s centered at s € M is a complex analytic
homeomorphism of a neighbourhood of 0 € C onto a neighbourhood of
s € M satisfying ¢5(0) = s. If s € S, the parametrization ¢s induces the
pullback homomorphism

¢s" : L(M,S) — Lo.
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Using the coordinate z; = ¢s %, we have

. d
87(X) = J(2) 5 € Lo,
z
where X'Z f(zs) d € L(M,S). For a Ly module N, a L(M,S) module

¢s,. N and a natural cochain map
bsy : C*(Lo; N) — C*(L(M, S); ¢5,N)
are induced. A 1-cocycle 63 of L(M, S) with trivial coefficient is defined by

85 i= 5,60 € C*(L(M, S)).

When X € L(M,S) is represented locally by X = fs(zs)%, we have

dfs

(1.1) 65(X) = dz

—(0).

The complex number 63(X) does not depend upon the choice of a
parametrization ¢;.

Denote by W1 the Lie algebra of germs at the origin 0 € C of complex
analytic vector fields on the complex line C with the inductive limit locally
convex topology :

Wy = (C{z}diz = lim L({|z] < €}).

e—0

A parametrization ¢; centered at ¢ € M induces the pullback
homomorphism

¢ L(M) — Wh.
If N is a W7 module, a L(M) module ¢;, N and a natural cochain map
b, : C* (W13 N) — C*(L(M); ¢, N)
are induced in a similar way.

In the sequel we consider the following situation. Let M be an open
Riemann surface and S and T disjoint finite subsets of M. A Lo module
N?¢ is given for each s € S and a W; module Nt for each t € T. A
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parametrization ¢, centered at each u € SUT is fixed. Then a L(M,S)
module

Ni= Q) ¢u.N"

ueSUT

is defined. Here and in the sequel, the tensor product ® means the
completed projective tensor product [G,PTT][T]. Our purpose in the
present paper is to give a description of the cohomology H*(L(M, S); N)
using the natural map

¢ : QH* (Lo N*) @ (R H* (Wi N') — H*(L(M, 5); N)
s€S teT

under some natural restriction of N* (v € SUT).

2. Regular Ly modules and the case of disk.

In this section we introduce a natural restriction on Ly modules to
study the case M is a disk and S is a one-point set.

Set
=z— €L
€ z .
0 ] 0

The 1-dimensional subspace Ceq is a subalgebra of Ly. For a Ly module
N, a subcomplex C*(Ly, eg; N) of the complex C*(Lo; N) is defined by

C*(Lo,eq; N) = {c € C*(Lg; N);int(eg)c = L(eg)c = 0}.

Its cohomology group, i.e., the relative cohomology group of the pair
(Lg,Ceg), is denoted by H*(Lg,eq; N) (see [HS]).

For € > 0, we denote
D.:={|z| <€} CcC.

Using the coordinates z : D, — C, we regard the algebra L(D,, {0}) as a
subalgebra of Lg. The algebra L(D,,{0}) acts on a Ly module in this way.

The multiplicative group C* = C — {0} acts complex analytically on
the Lie algebra Ly as follows :

T(f)5) = 11
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% d
where t € C* and f (Z)JZ— € Lg. Then we have

d
tﬁTt = Tte() = eoTt.

DeFINtTION 2.1. — A Lo module N is regular if the multiplicative
group C* acts complex analytically on N :

T.:N—> N (teCX),

and satisfies the following :

(1) T:(Xn) = Ty(X)Ty(n) (X € Lo,neN)
(2) t%Tt = Tte() = 60Tt.

Example. — The following Ly modules are regular :
(1) the trivial module C.

(2) the Lo module of germs at the origin 0 € C of complex analytic k-th
tensor fields on the complex line C of order > [

AC{{z}}(d2)®",
where k,1 € Z.

(3) the (completed) tensor product of two regular Lo modules.

(4) the Lo module 1, (n € Z) defined as follows. 1, is a 1 dimensional

complex vector space. By abuse of notation, we also denote its base
by 1, :

1, = Cl1,.

Ly acts on 1, by

X- -1, = TL(S(](X)ln, X € Ly.

Thus, when N is a Ly module, for t € C*, a cochain map

(Tie)(X1, ..., Xp) = Te(c(Ty ' Xy, ..., T X))
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is induced. This map satisfies

d
(22) tEtTt = Tte() = eth.
ProposiTioN 2.3. — If N is a regular Ly module, there is a natural
isomorphism
H*(L(De, {0}); N) = H* (Lo, 0; N) ® H*(L(De, {0})).

Here H*(Lg,eq; N) denotes the relative cohomology group of the pair
(Lo, Ceg) with coeflicients in the module N ([HS]).

ProPOSITION 2.4.
H*(L(D,,{0})) = C @ Céy,
where 6o = &) is the 1-cocycle defined in (1.1).

Proof of (2.3) and (2.4). — First of all we prove there is a natural
isomorphism

(2.5) H*(L(Dc,{0}); N) = H*(L(De, {0}), e0; N) ® (C & Cby).

We denote by C*(L(D.,{0}); N)* the subcomplex of C*(L(D,,{0}); N)
consisting of all cochains invariant under eg (i.e., annihilated by the action
L(ep)). Using the averaging operator

C*(L(De, {0}); N) — C*(L(De, {0}); N)*°
S -
one obtains a natural isomorphism
H*(L(De,{0}); N) = H*(C*(L(De, {0}); N)*).
Observe the interior product
int(eo) : C*(L(De, {0}); N)* — C*71(L(De, {0}); N)®
is a cochain map satisfying

int(eg)((50U) + (60U)int(€0) =1.
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Hence we obtain
C*(L(Dév {0})a N)eo = C*(L(Dea {0})7 €0, N) & (C @ C60)1

which implies (2.5).

Next, for 0 < § < 1, we consider the cochain map
ts : C*(L(Des, {0}), €0; N) — C*(L(De, {0}), e0; N)

induced by the inclusion ¢s : L(D,,{0}) C L(Dsc,{0}) C Lo. By (2.2), T}
gives the inverse of the cochain map of 5. Consequently we obtain

(2.6) C*(L(Dc,{0}), e0; N) = C* (Lo, 0; N).
When N is the trivial module C, (2.5) and (2.6) imply
H*(L(D.,{0}),e0) = C® Céo,

which proves Proposition 2.4. Proposition 2.3 follows from (2.4), (2.5) and
(2.6).

As is known,

H* (W) = \(0),
where the 3 cocycle 6 is defined by

D44 £0) £1(0) £10)
9<ﬂ@£&@b;M@a>=dﬁ 90) ¢(0) 40
h(0) K'(0) A"(0)

for f(z)diz,g(z)%,h(z)diz € Wi.

A parametrization ¢, centered at a point ¢ in an open Riemann surface
M induces a 3 cocycle

(2.7) 0" := ¢;,0 € C3(L(M)).
The 3 cocycle 6* does not depend upon the choice of parametrizations.
LeEmMA 2.8. — If M is contractible,

e, s H*(Wh) — H*(L(M))
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is an isomorphism, i.e.,

*

H*(L(M)) = \(©@").

Proof. — In view of the uniformization theorem of Riemann surfaces,
we may assume M = {z € C;|z| < 1} or C and the parametrization ¢ is
induced by the inclusion M — C. By an argument similar to (2.4), one
deduces

H*(L(M)) = H*(C™(L(M))*).
The complex C*(L(M)) is equal to C*(W;)%. Hence we have

*

H*(L(M)) = H*(Wh) = /\(6").

3. Covariant derivative cocycles.

On an open Riemann surface M, there exists a complex analytic
nowhere zero vector field 9. In fact, in view of a theorem of Behnke and
Stein [BeSt], M is a Stein manifold, and hence all complex line bundles on
M are complex analytically trivial.

For a non-negative integer k, we define a 1 cochain V9 € C'(L(M);
Ty(M)) by

V2(f0) = @1 f)o~F  fe F(M),

(k+1)!

where =% € Tj(M) is the k-th tensor product of the dual of 9. We call V¢
the covariant derivative cochain associated to 0. Using the Leibniz’ rule,
one deduces the following

LEMmMA 3.1.

av)= Y (b-aViuvy,
0<a<b<k,a+b=k

where the cocycle VO UV? € C?(L(M); T,+5(M)) is given by contracting
the coefficient in the cup product VO U V9 € C?(L(M); T,(M) ® Ty(M)).
Especially dV? = 0 if and only if k = 0,1,2.
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For £k = 0,1,2, we call V‘z the k-th covariant derivative cocycle
associated to 0.

The behavior of Vg ’s under the gauge transformation of T M needs
to be clear. Let g € F(M) be a nowhere zero function on M. By straight-
forward calculations we have

LEMMA 3.2.

1) v ?-vi=g (%dlogg) =d (%%a—l> € CYL(M); K(M)).

2
2) v§ °-vi=yd (% QZE - g (%) 8‘2) e CYHL(M);Q(M)).

Consequently the cohomology classes of V¢ and VJ do not depend
upon the choice of a nowhere zero vector field 3. We denote their cohomol-
ogy classes by V; and V3, respectively.

Remark. — For local coordinates z and w, Lemma 3.2 (2) implies
4 d 1
Vv — Vg =d 5{w,z}dz®2 ,

where {w, z} denoted the Schwarzian derivative of w with regard to z. Using
this fact, one can obtain a function theoretic proof of the correspondence
[ADKP] of the Virasoro 2-cocycle of VectS* to the Weil-Petersson Kihler
form on the moduli space of Riemann surfaces via the Virasoro action.

Next we study the behavior of the cocycle V§. Observe that the
holomorphic de Rham cohomology of a Stein manifold is naturally iso-
morphic to the (usual) de Rham cohomology. Thus we may identify
HY(M) = K(M)/dF(M). A natural map

K K(M) — CHL(M); F(M)), wr (X = w(X))

induces an injection k : H'(M) — H*(L(M); F(M)), since the coboundary
map on CO(L(M); F(M)) = F(M) is equal to the exterior derivative d.

LEMMma 3.3.

Vg 0~V = w(dlogg) € C*(L(M); F(M)).
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Consequently the set of all the cohomology classes induced by the
0-th covariant derivative cocycles V§ is just parametrized by the lattice
HY(M;2n\/-17Z).

The covariant derivative cocycles Vo and Vi are utilized for con-
structing elements of H2(L(M, S)) in the following way.

Let H,(M,S) denote the first complex valued singular homology
group of the pair (M, S). By virtue of Stokes’ theorem, for an element
v € Hy(M,S), the line integral along ~ induces a well-defined L(M, S)-
homomorphism

/ : K(M) — C (the trivial module), w — /w,
¥ v

which induces a linear map

/ L Hy(M, S) @ H*(L(M, S); K(M)) — H*(L(M, S)).
LemMA 3.4. — For v € Hy(M,S) and u € H (M),
/»;@)v1 =0¢e H*(L(M,S)).

Proof. — Put u = [h071],h € F(M). Define a l-cocycle ¢ €
CYL(M,S)) by c=— f,y uV§, that is,

c(f0) = —%/h(af)a—l, f e F(M).

Then easily we have ([ x(u)V1)(f9, g9) = dc(f0,90) for all f,g € F(M),
which shows that the cocycle f,y k(u)V1 is a coboundary.

From Lemma 3.4 follows
COROLLARY 3.5. — The linear map
/vovl :Hy(M,S) — H*(L(M, S))

does not depend upon the choice of a nowhere zero vector field 0.
We denote the image of this map by || Hi(M,S) VoVi.

The above construction may be generalized slightly.
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Let s and t be two points on M. Denote by F* (resp. F'®) the L(M)
module of germs at t € M (resp. s € M) of complex analytic functions on
M. Fix a path connecting s to t on M. Then the indefinite line integral

along the path
t+e t+e
/ K(M)— F', we / w
S S

and

t+e
/ K(M) > F'®1+1®F°*C F'® F*®
S

+e
t+e s+e€
wn—;/ w®1—1®/ w,

(where t+ € varies near ¢t on M,) are L(M) and L(M, {s}) homomorphisms,
respectively. Especially 2 cocycles

t+e
Vovyi € C*(L(M, {s}); F*)

and
t+e
/ vav? e C*(L(M); Ft ® F?)
s+e
are defined.
LemMA 3.6. — For u € K (M), we have
t+e
/ K(u)Vy = 0 € H(L(M, {s}); ')
St+e:
/ k(u)Vy =0 € H*(L(M); F* ® F*).
s+e
Proof. — There exist h; € F* and h, € F*® such that
u = dh; near t,
= dhs; near s.
Set

1 t+e
o= _5/ uV8 + kW2 € CH(L(M, {s}); F*)

t+e
&= _5/ uVe 4 (hy ® 1 - 1@ hy)VE € CYL(M); F' @ F?).
s+e
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Then one deduces dc’ = f:+€ k(u)V? and de¢” = f::: k(u)V?, as was to be
shown.

Consequently the cohomology classes f:+€ VoV1 and f::: VoV, do
not depend on the choice of a nowhere zero vector field 9.

4. Analytic preliminaries : (DFS) spaces
and (DFG) spaces.

An inductive system of locally convex spaces {N;,u! 1 N =
Nit1}ien is compact injective (resp. nuclear injective) if each linear map

’U,::_H :N; — Ni+1 (2 € N)

is compact (resp. nuclear) and injective. Since nuclear maps are always
compact, every nuclear injective inductive system is compact injective. A
locally convex space N is a (DFS) space (resp. a (DFG) space) if it can be
represented as the locally convex inductive limit li_rp N; of a compact (resp.

nuclear) injective inductive system {N;,ul,,}ien (see [K]).

Our purpose in this paper is to compute the complex analytic Gel’fand
Fuks cohomology with coefficients in the germs of tensor fields

(C{Zl, R ,zp}dzl"‘ A deVp.

This coefficient group is clearly a (DFG) space (see [T] §§50-51). Clearly a
finite dimensional space is a (DFG) space.

We begin this section by summarizing some basic properties of (DFS)
and (DFQG) spaces following [K] and [K1]. Lemma 4.3 is essential to the
definition of the support of an analytic functional valued in a (DFS) space
(88) and the computation of the cohomology of tensor fields (Appendix).
Next we review the Kiinneth formula for topological complexes. Finally
we treat the Mittag-Leffler lemma on the derived functor lix_nl, which is

utilized in the proof of Addition Theorem.

We use [G,TVS], [G,PTT], [G,DF], [K1], [T] and especially [K] as
general references.

LemMA 4.1. — Every compact injective inductive system of locally
convex spaces is equivalent to a compact injective inductive system of
Banach spaces.
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Lemma 4.1 is proved in [K|III Prop. 9.2, p.302 or [K1] Lemma 2, p.369
and p.374. 1.30.

LEmMA 4.2
(1) A (DFS) space is a complete reflexive Hausdorff (DF) space.
(2) A (DFG) space is a (DFS) space.

(3) The strong dual of a (DFG) space is a Fréchet nuclear space, and the
strong dual of a Fréchet nuclear space is a (DFG) space.

(4) A closed subspace and a quotient space (by a closed subspace) of a
(DFG) space are (DFG) spaces.

(5) A continuous linear bijection (= injective and surjective map) between
(DFG) spaces is a topological isomorphism.

(6) The tensor product of two (DFG) spaces is a (DFG) space.

Proof. — (1) See [K1] Lemma 3 and Theorem 6, p.372.
(2) A nuclear linear map is compact.

(3) See [K] III Theorem 9.8, p.309.

(4) See [K] III Theorem 11.3, p.330.

(5) Let f : E — F be a comtinuous linear mapping berween
(DFG) spaces. Suppose f is injective and surjective. Then the strong dual
f* : F* — E* is continuous, injective and surjective ([T] Theorem 37.2,
p-382). In view of Banach’s Open Mapping Theorem, f* is an isomorphism.
Since F and F are reflexive, f = f** is an isomorphism.

(6) (DFG)®(DFG) is (DF) ([G,PTT]I §1, Proposition 5.2, p.43),
nuclear and complete. Hence, by [K] III Theorem 9.10, p.313, it is a (DFG)
space.

Hom denotes the linear space consisting of all continuous linear
mappings throughout this paper.

LEMMA 4.3. — Let {Ni,u§+1}i6N be a compact injective inductive
system of locally convex spaces and F a Fréchet space. Then we have a
natural isomorphism (of linear spaces)

Hom(F,lim N;) 2 lim Hom(F, N;).
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Proof. — Our proof imitates that of [K] III Theorem 9.3, p.303 or
[K1] Lemma 3, p.372. We prove the natural map

lim Hom(F, N;) — Hom(F, lim N;)

is injective and surjective. The injectivity follows from that of each u} 1
For the rest the surjectivity is proved. We may assume each N; is a Banach
space by Lemma 4.1.

Fix an arbitrary f € Hom(F,lim N;). Using a distance d of the Fréchet
space F', set

B; = f({y € F;d(0,y) < 27'}).

We derive a contradiction under the hypothesis that B;_; is not included
in the image of any bounded subset of N; for each i. Then we can construct
z; € B; and an absolutely convex neighbourhood V; of 0 € N; inductively
satisfying the following conditions (cf. ibid. loc. cit.)

(i) i ' (Vis1) C Vi
. .—_N,' 1
(i) z1,...o2 ¢ wt (ui,, (Vi) )

—N;
(i) i (Vi) ™ is compact.

Here u' : N; — lim N; denotes the canonical injection. Then V =

‘ole V; is absolutely convex and absorbing because each V is a neighbour-
1=
hood of 0 € N;. Hence V is a neighbourhood of 0 in lim IV;. Since f is

continuous, we have x; € B; C V for some i, which contradicts the condi-
tion (ii).
Consequently B;_s is contained in a bounded set of X;_; for some 1.

.—Ni
Especially ’LLZ_I(Bi_Q) is compact. Since lim NNV, is Hausdorff by Lemma

4.2(1), u* :ui"Y(B;—2) — lim N; is an imbedding and

(u)tof:{y e Fd(y,0) <27} = N;
is continuous. Therefore f is consisted in the image of Hom(F, N;). This
completes the proof of Lemma 4.3.

Next we review the Kiinneth formula for locally convex complexes,
which is essential to the computations below. A short sequence of locally
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convex spaces and continuous linear mappings
(4.4) 0-A5BLC—0

is topologically exact if i induces a topological isomorphism of A onto the
subspace kerm and 7 induces a topological isomorphism of the quotient
space B/ kerm onto C.

LemMA 4.5. — In the topologically exact sequence (4.4), suppose B
is a (DFG) space or a Fréchet nuclear space. Then the strong dual

0—-C"—=B*—=A"—0
is topologically exact.

Proof. — When B is a (DFG) space, A, B and C are (DF) spaces
(Lemma 4.2 (4)(2)(1)). Hence, by |G,DF] Proposition 5, p.76, the strong
dual is topologically exact.

Suppose B is a Fréchet nuclear space. Then, by [G,PTT] II §2 no.1
Theorem 6 Corollary 1, p.38, B is a Fréchet Montel space. Similarly by
[G, PTT] II §2 no.2 Theorem 9, p.47, A and C' are Fréchet Montel spaces.
Thus the strong dual is topologically exact by [K] p.268.

A cochain complex of a locally convex space (F,d) is topological if
the differential d induces an isomorphism of the quotient space E/kerd
onto the subspace d(E) C E.

LEmMMA 4.6. — A (DFG) cochain complex {C*,d} is topological if it
is locally finite, i.e., for allp € N

dim HP(C*) < +o0.

Proof (cf. [G,TVS] 1§14, Ex.4, p.42). — Set BP = dCP~! and 2P =
ker(d : CP — CP*1). Since ZP/BP is finite dimensional, a lift H? C Z?
of HP is closed (from Hahn-Banach Theorem. See [G,TVS] 1,§12, Theorem
7, Corollary 2, p.38). Hence H? & (CP~'/ZP~') — ZP is a continuous
bijection of (DFG) spaces. By Lemma 4.2(5) it is a topological isomorphism.
Consequently CP~1/ZP~1 — BP is a topological isomorphism.

LEmMMA 4.7. — Let E be a (DFG) (resp. Fréchet nuclear) topological
cochain complex. Then E* is a Fréchet nuclear (resp. (DFG)) topological
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cochain complex and its cohomology is topologically isomorphic to the
strong dual of H(E) :

H(E*)=H(E)".
H(E) is a (DFG) (resp. Fréchet nuclear) space.

One deduces Lemma 4.7 by usual arguments involved with Banach’s
Open Mapping Theorem (resp. Lemma 4.2(3)) and Lemma 4.5.

The following theorem is proved in [S].

THEOREM 4.8 (Kiinneth formula). — Let E and F' be Fréchet topo-
logical cochain complexes. Suppose E or F are nuclear. Then the tensor
product EQF is a Fréchet topological cochain complex and its cohomology
is topologically isomorphic to the tensor product H(E) ® H(F) :

H(E® F) = H(E)® H(F).
Dualizing Theorem 4.8, we obtain

ProposiTioN 4.9 (Kinneth formula). — Let E and F be (DFG)
topological cochain complexes. Then the tensor product E® F is a (DFQG)
topological cochain complex and its cohomology is topologically isomorphic
to the tensor product H(E) ® H(F') :

H(E® F) = H(E) ® H(F).

Proof. — Applying Theorem 4.8 to the strong duals E* and F™*, we
have

HE®F)=H((E*® F*)*)=H(E*® F*)*
=(H(E") @ H(F"))" = H(E")" ® H(F")"
= H(E)® H(F)
by Lemmata 4.2 and 4.7. Especially H(E ® F') is a (DFG) space and

Hausdorff. Hence the coboundaries B(E ® F') is closed in the cocycles
Z(E ® F). It follows from Lemma 4.2 E ® F is a topological complex.

In §9 we need another version of the Kiinneth formula

ProposITiON 4.10 (Kiinneth formula). — Let E be a Fréchet topolog-
ical cochain complex and F' a Fréchet nuclear space. Suppose there exists
a projective system {Fy,u:*! : F;,; — F;}32, of (DFG) spaces such that



674 NARIYA KAWAZUMI
(2) the natural projection F — F; has a dense image for each i,

(3) the map ut!: F;,, — F; is compact.

Then we have

H*(Hom(F, E)) = Hom(F, H*(E)).

Proof. — From [K]III Theorem 5.13, the strong dual of F is topolog-
ically isomorphic to lim(F;)*. Since F is nuclear, Hom(F,E) = F* Q E =
lim(F;* ® E), which implies

H*(Hom(F,E)) =lm H*(F;* ® E) =lim F;* ® H*(E)
= F*® H*(E) = Hom(F, H*(E)).
Here we utilize Theorem 4.8.

It should be remarked F = AP L(M, S) satisfies all the conditions of
the above proposition.

Finally we review the Mittag-Leffler lemma. Let {A,,¢"*! : A, 41 —
Ay }nen be a projective system of linear spaces. Consider the linear map

6: HAn - HAna (an) = (an — $p* (an41))-

By definition ([M]) we have

lim A, :=keré and lim'A, := cokeré.

ProposiTioN 4.11 (Mittag-Leffler). — For a compact injective induc-
tive system of Banach spaces { B, "1},en, we have

lim'B,* =0,

where {B,,*,¢¥"*"'*},.en is the dual projective system of {B,,, " +1}.

For the proof, see Palamodov [P] or Komatsu [K] III Lemma 10.2,
p-318.

We need modify this proposition for the use in the proof of Addition
Theorem.



ON THE COMPLEX ANALYTIC GEL’FAND-FUKS COHOMOLOGY 675

ProposiTION 4.12 (Mittag-Leffler). — Let {Bn, ¥ !},en be an
inductive system of locally convex spaces satisfying the conditions (1)-(3) :

(1)  {Bn, ¥} ,en is nuclear injective.
(2) B, is a (DFQG) space if n is even.
(3) By, is a Fréchet nuclear space if n is odd.

Then we have

lim*Hom(B,,N) =0

—

for an arbitrary (DFS) space N.

Proof. — Proposition 4.11 and Lemma 4.1 imply the sequence
(4.13) 0 — lim Ban* — [[ Ban™ % [ Baa™ — 0

is exact. From Banach’s Open Mapping Theorem the sequence (4.13) is
topologically exact.

Let C be a Fréchet space. Since (®Ba2,)* = [[(B2n") is a Fréchet
nuclear space, (this isomorphism is a topological one. See [K] or [K1]) we
have ([] B2»") ® C = Hom(®Ba,,C) = [ Hom(Bsy,, C). Tensoring C to
the sequence (4.13), one deduces § : [ Hom(Bz,, C) — [[ Hom(Bz,, C) is
surjective from Theorem 4.8. It follows from the cofinality of l'}lnl

(4.14) lim"Hom(Bzy 41, C) = 0.

N is represented as the locally convex inductive limit of a compact
injective inductive system {N;, u!,,};en of Banach spaces. From (4.14) ¢ :
[THom(Ban+1, N;) — [[ Hom(Bgp41, N;) is surjective. Since the inductive
limit lim commutes with the direct product [], é : [[Hom(Bzp+1, N) —
[1Hom(Ba,+1, N) is surjective by Lemma 4.3. Thus we obtain
l’}lanom(Bn, N) =0, as was to be shown.

5. Main theorems.

In the sequel we impose the following three conditions (5.1) on a Ly
module N :

(5.1.1) N is regular as a Ly module (2.1).
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(5.1.2) N is a (DFG) space (§4).
(5.1.3) The cohomology group H*(Lg, eg; N) is locally finite (4.6).
The Lo module of all (twisted) germs of tensor fields at the origin
(0,...,0)ecCr
1y, ® C{z1,...,2p}dz1"" ---d2z,*  (p € Nywp,v1,...,1p €Z)
satisfies the condition (5.1). The locally finiteness of its cohomology is
proved in Appendix (Corollary A.2).

Let F = C{z} be the W; algebra of germs of complex ananlytic
functions at the origin 0 € C. We impose the following three conditions
(5.2) on a Wy module N. 1 is a 1 dimensional Ly module defined by

X -1, = 60(X)11, X € Lyg.

(5.2.1) N satisfies the condition (5.1) as a Ly module.
(5.2.2) 11 ® N satisfies the condition (5.1) as a Ly module.

(5.2.3) The algebra F' acts on N, and the action F®@ N — N is a W;
homomorphism, i.e., the Leibniz’ rule

X(f-n)=Xf) n+f-(Xn) XeW,feFneN

holds.

The W, module of all germs of tensor fields at the origin (0,...,0) €
cr

C{Zl, o ,z,,}dzl”‘ .- -dzp”” (p € N>, v, .0, Vp € Z)
satisfies the condition (5.2). Here F acts on it by
f(z)-g(z1,- .., 2p)dz1"" -+ -dzp"" = f(21)9(21, ..., 2p)d21"" - - dzp"?.

Now we can formulate our main theorem in the present paper.

THEOREM 5.3. — Let M be a connected open Riemann surface whose
first Betti number by (M) is finite, S and T disjoint finite subsets of M and
¢, a local parametrization centered at u € SUT. Suppose a Ly module N*®
(resp. a Wy module Nt) satisfying the condition (5.1) (resp. (5.2)) is given
for each s € S (resp. t € T). We define a L(M, S) module N by

Ni= Q) ¢u.N"

ueSUT
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Then the homomorphism

b= @ du.: QH (LoN*) @ QH" (Wi N*) — H' (L(M, S); N)

ueSUT s€S teT

induces an isomorphism

H*(L(M,S);N)

= \(Z*Hi(M, SUT)) @ R H* (Lo N*) @ Q) H* (Wi; NY),
s€S teT
where Y3H;(M,S UT) is the graded linear space concentrated to degree
2 given by the 3 times suspension of the first complex valued singular
homology group Hy(M,SUT), and \*(X3H,(M,SUT)) is the free graded
commutative algebra generated by the graded space.

Let v : ([0,1],{0,1}) — (M,S UT) be a continuous path. Then we
can give the cohomology class corresponding to $3[7y] explicitly by

if v(0) = (1)
[, VoVi € H*(L(M, S)) or v({0,1})) c §
if v(0) € S and
V) eT

JI+ 00V € HAL(M, S); 6,1y, F ® b0, F)  i£7({0,1}) C T

[L5909s € LM, 51 60,

using the covariant derivative cocycles (§3). Since each N*(¢t € T) satisfies
the condition (5.2.3), the cup product

Y(1)+e
u/ VoVi : HY(L(M,S); 1y NYD) — H*2(L(M, S); ¢ (1), NTD)
7(0)

makes sense.

We consider the case T = & first. We need formulate an addition
theorem of Bott-Segal type for the Lie algebra L(M,S), (for the formal
vector fields, see Feigin-Fuks [FF] and Retakh-Feigin [RF]) which plays a
fundamental role in this paper. We prove it in §8 by adding the cohomology
vanishing theorem of Stein manifolds of Oka and Cartan to partition-of-
unity arguments in the proof of Bott and Segal [BS] for the C* case.

We begin by recalling a simplicial cochain complex
C : [q] = an

i.e., a contravariant functor from the category of finite ordered sets to the
category of cochain complexes. The normalized complex C'q is the quotient
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Cy = Cy/Cgee where CJ°8 is the sum of the images of the degeneracy
operations. The total cochain complex {Cy — C; « Cy « ---} is denoted
by |C| and called the realization of the simplicial cochain complex C. The
following lemma introduced by Bott and Segal is a basic tool for calculating
realizations.

LeEMMA 5.4 (= Proposition (5.9) [BS]). — If C — C’ is a morphism
of simplicial cochain complexes such that C, — Cj is a cohomology
equivalence for each g, then |C| — |C'| is a cohomology equivalence.

Let M, S, ¢s and N*® (s € S) be as in Theorem 5.3. Suppose T is
empty. Let 4 = {U;}7_, be a finite open covering of M. Set I := {j;1 <
j < J}. Consider the simplicial open Riemann surface My associated to
the covering i :

Ms:lg—Msg= J[ loo01, 04U
002012204
where oy is a finite subset of I, Uy, = N Uj, and [09,01, - ,04;Us,] is a
Jj€oo

copy of the Riemann surface U,,. We denote by w, the natural projection
wg: My g — M [00,01,,0q;Usy] = Ug,.

For s € S and ¢ € Nsg, denote by s, the point in [0, --,04;Us,]
corresponding to s with labelling [os, -, 0] :

Sq = [Us,"' 70'3;3] € [O'Su‘ e ,Us§Uas] C ME,q7
where o5 = {j € I;s € U;}. We define a Lo module N* (u € w,~*(S)) by

N — N3, ifu=s4,s€8
C (trivial), if u ¢ {sq;s € S}

and a L(Ms 4, @, }(S)) module N, by

Ny= Q)  duNY,

u€wg~1(S)

where ¢, is the local parametrization centered at u € My 4 induced by
P, (u)- We obtain a simplicial cochain complex

[q] = C*(L(Ms,q, 4 (S)); Ny),

because of the naturality of the pullback cochain map (§1).
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THEOREM 5.5 (Addition Theorem). — Under the above situation, the
augumentation

[C*(I_/(]VIE,q’wq—l(S))§ Ng)| — C*(L(M, S); N)
induces a cohomo]og& equivalence.
The proof is given in §8.
Part .of the main theorem follows from Addition Theorem immedi-

ately.

ProrosITION 5.6. — Let M, S, ¢s, N° (s € S) and the homomor-
phism ¢, be as in Theorem 5.3. Suppose T' is empty. Then the homomor-
phism ¢, induces an H*(L(M,S)) isomorphism

H*(L(M, §); N) = H*(L(M, S)) ® (X) H* (Lo, e0; N*),
seS

where N = @ ¢s, N
seS

Proof. — The local parametrization ¢ is a complex analytic homo-
morphism of D, := {|z| < €5} (es > 0) onto an open subset Us; of M
satisfying ¢,(0) = s.

Since the first Betti number of M is finite, there exists a finite open
covering {U, }qcr of M — S such that the union

U= {Us}aer U {Us}ses
is a finite contractible open covering of M.
Consider the simplicial cochain complex
[4] = C*(L(Mz.q, @, (5)); Ny)
associated to the covering {{. We have an isomorphism
C*(L(Ms.q, @, (5)); Ny)
= Q) C*(L(Us, {s}); ¢s.N®)

seS

® ® c* (L( wq(u)s {wq ’U.)} ®®C* Uo))

u€wq~1(S),u#tsq

%’®C*(L(Desa {0}); N?)

seS

® ® C*(L(Dewq(u)7{0}))®®C*(L(U00))a

u€wg~1(S),u#tsq
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where the third @ runs over the set of [0g,01,---,04;Us,] satisfying
IUS 2092012 - 2o0gand ooNI # @ C*(L(D.,,{0}); N®),
C*(L(D,,.,-{0})) and C*(L(Us,)) are (DFG) complexes because N* are
(DFG) spaces (5.1.2). Since each N* is regular as a Ly module (5.1.1),
Proposition 2.3 implies

H*(L(D,,{0}); N*) = H"(L(De,,{0})) ® H" (Lo, €0; N°*).

Especially this space is locally finite by (5.1.3) and Proposition 2.4. Hence
C*(L(De,,{0}); N*) is a topological complex from Lemma 4.6. Similarly
C*(L(Dk«.,, > {0})) and C*(L(Us, )) are topological complexes from Propo-
sition 2.4 and Lemma 2.8 respectively. Consequently we have an isomor-
phism

H*(L(Ms. 4,0, (S)); N,)
= @ B (L(0, ()16,

ses

67 © Q  HLUs,w (@(w)}) ®QH" (L

u€wy =1 (S),uts,
by Kiinneth formula (4.9).

Using the cochain maps ¢s, and as : H*(Lg, eg; N°) — C*(Lo, eg; N*)
satisfying das(u) = 0 and [as(u)] = u for all u € H*(Lg, eg; N*®), we obtain
a homomorphism of C*(L(Ms 4, @, *(5))) simplicial cochain complexes

o C (L(Ms, gy, 1(8)) @ (R H* (Lo, 03 N¥)
seS
- C* (L(ME,qa wq_l(S))§ Nq)-

(5.7) means « is a cohomology equivalence. It follows from Lemma 5.4 and
Theorem 5.5 the realization of « is an isomorphism

H*(L(M, S)) ® Q) H* (Lo, 0; N°) = H*(L(M, 5); N),
seSs
which completes the proof of Proposition 5.6.
Following Bott and Segal [BS], we prove in §6

ProrosiTION 6.2.

*

H*(L(M)) = H*(Map(M, $%);C) = \(w1,...,ws,,0"),
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where degw; = 2, 1 < i < by = b;(M), Map(M, S?) denotes the space of
continuous maps of M to S® with the compact open topology, 6° is the
3 cocycle defined in (2.7), and \*(-) means the free graded commutative
algebra over C generated by (-).

For the C'*° vector fields of holomorphic type on an open Riemann
surface and the algebraic vector fields on an affine algebraic curves, the
analogues of this proposition are known (cf. Feigin [F]).

Furthermore we prove

THEOREM 6.1.

H(L(M)) = \ ( /H . v0v1,9t> .

In §7 we utilize Proposition 5.6 and Theorem 6.1 to prove

THEOREM 7.1. — If S is non empty,

H*(L(M, 8)) = /\ (/ VoVi, 6 (s € S)).

Hy(M,S)
Assembling these results, we can prove our main theorem :

Proof of Theorem 5.3. — The theorem for the case T' = & is proved
immediately. In fact, by Proposition 5.6. and Theorem 7.1, we have

H*(L(M, S); N) = H*(L(M, S)) @ () H* (Lo, e0; N*)
seS

=A ( / VoV1, 6 (s € S)) ® Q) H" (Lo, e0; N*)
Hy(M,S) ses

= \(Z*H, (M, $)) @ R H* (Lo; N*).
sesS

Next we consider the case S # @ and T # .

Fix an element sy € S and a path connecting sg to each t € T. From
the case T'= @ and the fact

t+e t t+e
V0V1 Z/ val + VOVI
S0

S0 t

t t+e
/ VoV, € HA(L(M,SUT)), / VoVi € 0. H(Lo; F),
So t
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we obtain an isomorphism

(5.8)
H*(L(M,SUT);N)
t+e

g/\(/ Vovi)eA( [ Veviten))e @ H'(LiNY)
H1(M,S) so u€SUT

where f::e VoVi € H?(L(M,S); ¢, Ft) acts on H*(L(M,S); N) and
H*(L(M,SUT); N) using the F structure on N*.

Consider the Hochschild-Serre spectral sequence of the pair (L(M, S),
L(M,SUT)). Since the cohomology class f::e VoV, lifts to H2(L(M, S);
¢¢, F), the transgression d, vanishes on the class. Therefore it follows from
(5.8)

H*(L(M,S); N)
t+e

g/*\(/H(MS)VOVl)(g/*\< VOVI’(tET))

So

® Q) H*(Lo; N*) ® (X) H*(W1; N*)

seS teT
= A(*Hi(M,SUT))® Q) H* (Lo; N*) ® Q) H* (W1; N*),
SES teT

as was to be shown.
Finally we prove the case S = @ and T # ©.

Fix a point so € M —T. Set S = {sp}. The Hochschild Serre spectral
sequence of the pair (L(M), L(M,S)) induces an exact sequence
(5.9)

= HYL(M); N) — HY(L(M, 8); N) & HY(L(M, S); L ® N) = -+,
where 1; is a 1 dimensional L(M, S) module defined by
X - 1; = 60%(X)1y, X € L(M,S).

Fix a point ¢ty € T and a complex analytic nowhere vector field 0 on M.
The theorem for the case S # @ and T # @ implies

(5.10)
H*(L(M,S);N)

* * to+e
= NE*H: (M, 7)) )\ (/ Vovl) ® H*(Lo) ® Q) H* (Wy; NY)

So teT
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and
(5.11)
H*(L(M, 5);1; ® N)

* * tote
= NE*H: (M, 7)) ® \ (/ vovl) ® H*(Lo; 1) ® (R) H* (Wi; N*).

teT

We claim
to+e€

(512) dy (/ V0V1> 268061 €H2(L(M,S);11®¢tO*F),
S0

where the cocycle ¢; € C'(L(M, S);1;) is defined by
a(f8) = (8°f)(so)lr,  f0 € L(M,S).
Using 0, we define a projector
P:L(M)— L(M,S), [0 (f—f(s0))0.

For X € L(M,S), we have P([0,X]) = [0,X] — §;°(X)0. For X,Y €
L(M, S), integrating the cocycle condition dV§V¢ = 0 along the path
from sg to tg, we obtain

0=—6e(X,Y) + (VIVI)(X,Y)(to +¢)
- (/s:0+€ V0V1> ([0, X],Y) - (/S:0+€ VoV1)(X, [0, Y]) .

Therefore

dy (/:+ vovl) (X,Y) = { (d (/tﬁ vgv?) o P) 0, X, Y)} ‘1

=65"€1(X,Y).
(5.12) follows.
As is proved in Lemma 7.4 (without the use of this theorem),
(513) d160 = —€71.

Consequently the transgression d; induces an isomorphism

*

/\ (/:ﬁ V0V1> ® H*(Lg) = /\ (/:ﬂ vovl) ® H*(Lo; 1;)
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for degree > 1 under the isomorphisms (5.10) and (5.11). It follows from
(5.9)

*

H*(L(M); N) = \(Z*Hy(M, T)) @ (R) H* (W; NY).
teT

This completes all the proof of Theorem 5.3.

6. Explicit description of H*(L(M)).

Let M be a connected open Riemann surface. Assume the first Betti

number of M is finite. In this section, we give an explicit description of
H*(L(M)) :

THEOREM 6.1.

*

H*(L(M)) = \ ( /H o vov1,0t> ,

where t € M, 6! is the 3 cocycle defined in (2.7), and \"(-) means the free
graded commutative algebra over C generated by (-).

Following Bott and Segal [BS], we show first

ProPOSITION 6.2.

*

H*(L(M)) = H*(Map(M, §%);C) = A\ (w1,...,w,,6%),

where degw; = 2, 1 <i < by = b)(M), and Map(M, S%) denotes the space
of continuous maps of M to S® with the compact open topology.

For the C*° vector fields of holomorpic type on an open Riemann
surface and the algebraic vector fields on an affine algebraic curves, the
analogues of this proposition are known (cf. Feigin [F]).

Next we prove

ProrosiTION 6.3.

2 _
H2(L(M)) _/Hl(M) VoVi.

Theorem 6.1 follows from Propositions 6.2 and 6.3 immediately.



ON THE COMPLEX ANALYTIC GEL'FAND-FUKS COHOMOLOGY 685

To prove Proposition 6.2, fix a complex analytic nowhere zero vector
field 0 on M.

LEMMA 6.4. — If an open set O in M satisfies H'(O) = 0, there exists

a complex analytic immersion z : O — C satisfying 0 = diz

Proof. — For a local coordinate w, consider the equation

dz 1
(6.5) o m(# 0),
where f(w) = Ow. Each solution z of (6.5) is an immersion into C and
satisfies diz = 0. The integral constants of (6.5) form a Cech 1 cocycle
~on O. Hence the condition H!(O) = 0 implies the existence of a desired
immersion z : O — C.

Proof of Proposition 6.2. — The fundamental map in our case is easier
than that in [BS].

Since the first Betti number of M is finite, there exists a finite
contractible covering Y = {U,}qer of M of covering dimension 1. A
cosimplicial space M* is defined by

a- I v
o=00D:+D0q
where o is a finite subset of I such that U, # @, and
U= U..
aco

Observe U7 is contractible because the covering i is contractible. Hence,
applying Lemma 6.4 to U?, we obtain a complex analytic immersion

Zs : U% — C satisfying 0 = % Forp € U?, we defineamap f,p: Uy — C
by

fop(t) = 25(") — 25 (D).
By Lemma 2.8, the homomorphism

(fo.p)s : C*(L(Us)) — C*(L(C))

is a cohomology equivalence because U, is contractible.
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Denote by A*(U° : C*(L(C))) the double complex of C* differential
forms on U? with values in C*(L(C)). Since U? is contractible and (f )«
is a cohomology equivalence, a cochain map

A~

fo : C*(L(Us)) — Q* (U7 : C*(L(C)))
defined by
ar (071 ® (fop)«int(d)a + (fop)sx

is a cohomology equivalence. By virtue of Lemma 5.4, the homomorphism
of simplicial cochain complexes

f:C* (L(Ms,g)) — AT(M™%.0%(L(C)))

induces a cohomology equivalence on their realizations. Therefore, by
Theorem 5.5, we obtain an isomorphism

H*(L(M)) = H*(|A*(M™; C*(L(C)))]),
whose RHS is isomorphic to H*(Map(M, %)) = H*(Map(\/* S?,53))
because of [BS] Corollary 4.8.

Proof of Proposition 6.3. — Our proof proceeds inductively on b; (M).

The case by (M) = 1. — In this case M is an annulus, and so we may
assume M = {r; < |z|] <12}, 0 <7 <71y < +oo. Fix a 1 cycle v on
M such that f7 z~'dz = 1. It suffices to show [[ VoVi] #0 € H?(L(M)).
Assume [[[ VoVi] = 0 € H?(L(M)), i.., there exists a 1 cochain ¢ €
CY(L(M)) satisfying

(6 [ = gz =c <(fg’ - f’sﬂ%)

for all f,g € F(M). Substituting f = 1 and g = 2z*¥*1, (k # —1) to (6.6),
d
. k“— _ _ . . .
we obtain c(z dz) =0 for k # —1, which implies

(6.7) c <f;%) = )\/fdz, (f € F(M))
gl

for some constant A € C. Substituting f = 23,9 = 271 to (6.6) and (6.7),
a contradiction is derived. Thus [ﬁ, VoVi] #0 € H*(L(M)), as was to be
shown.
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The case bi(M) > 2. — There exists an open covering {Uy,Us} of
M such that U; N U, is contractible, and U is an annulus. By inductive
assumption,

H(LU) = [ V%
H,(U2)

The proposition for the case by (M) = 1 implies

H*(L(Uy)) =/ VoVi.

Hy(Uy)

Since Hy(M) = H1(Uy) @ H1(Uz), the proposition follows from :

LeEMMA 6.8. — Let M be a connected open Riemann surface of finite
Betti number and {U;,U,} an open covering of M such that U; N Us is
contractible. Then the inclusion homomorphism

(6.9) H?(L(Uh)) @ H*(L(Uz)) — H?*(L(M))
is an isomorphism.

Proof. — Denote by My the simplicial open Riemann surface associ-
ated to the covering {Ui,Uz}. We regard H*(L(Ms 4)) as a cochain com-
plex with trivial differentials. Since H*(L(U)), H*(L(Uz)), and H*(L(U1N
U,)) are free graded commutative algebras, there exists a morphism of
simplicial cochain algebras H*(L(Myx q)) — C*(L(Ms,q)), which is a co-
homololgy equivalence for each gq. Hence, by Theorem 5.5, we have an iso-
morphism H*|H*(L(Msy))| = H*(L(M)). Easily one deduces

H2(L(Ms)) —|H*(L(Msg))|?
= H?(|H*(L(Mz))|) = HA(L(M)),

which implies the injectivity of (6.9). Since the dimensions of both sides of
(6.9) are equal, (6.9) is an isomorphism.

7. Explicit description of H*(L(M,S)).

As in §6, let M be a connected open Riemann surface of finite Betti
number and S a finite subset of M. Our purpose in this section is to show
an explicit description of H*(L(M,S)) analogous to Theorem 6.1 :
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THEOREM 7.1. — If S is non empty,

*

H*(L(M, S)) = \ (/H s, VoV, 6 (s € S)) .

To prove it inductively, fix a point ¢ € M — S and set S; = S U {t}.
For the rest of this section, we abbreviate

L=L(M,S), L, =L(M,S).

We have to compute H*(Lp) explicitly under the assumption (7.1) holds
for L. The Hochschild-Serre spectral sequence of the pair (L, L) [HS] gives
us an exact sequence of H*(L) modules

(7.2) o HYL) 5 HY(Ly) & HY(Ly;1,) — HIYY (L) — -+,
where 1, is a L1 module defined by
X1, =6§(X)1,, Xe€L.

Fix a complex analytic nowhere zero vector field @ on M. A 1 cochain
€1 € CY(Ly,1,) defined by

a(f0) =(0°f))ly, fo€ Ly
is a 1 cocycle. By virtue of Proposition 5.6 and the fact
H*(Lo, e; 11) = Cey,
its cup product

U: H9(L1) —» H (L5 1,)

€1

is an isomorphism. Substituting it to the exact sequence (7.2), we obtain
an exact sequence of H*(L) modules

(7.3) o HYL) 5 HY(Ly) 2 HY(Ly) B HYYY(L) — -
LEMMA 7.4.
A@L)=—-1 € H(Ly).

Proof. — Set V. = h0O, where h € F(M) is a function satisfying
h(t) =1 and h(s) =0 for s € S. Then a linear map P : L — L; defined by

P(f0) = fo - f(t)V, fO€L
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is a projector onto L;. We have
(7.5) PV, X] = [V, X] — 6§(X)hd = (hOf — fOoh — 65(X)h)0.
Using (7.5), we obtain
(d18p)(X) = d(85 0 P)(V, X) = —(8%f)(t) — 66(X)(OR)(t),
= (—e1 —d(dh(t) - 1,))(X),
which proves Lemma, 7.4.

Consider the case S = @ first. By the definition of E,

(7.6) E(8) = 0" € H*(L).

LEMMA 7.7.

*

H*(L(M, {t})) = \ (/H o VoVi, 63) :

Proof. — As is proved in Proposition 2.4, H*(L(D., {t})) = A" (8}).
Tensoring the algebra A* := A\"(/| Hy (M) VoV1) to the exact sequence (7.3)
for the disk D, we obtain a long exact sequence

e (A* ®/\(9t>) - (A* ®/\<63>)
* q—1 « q+1
(7.8) — (A* ® /\(63)) - <A* ® /\(at)) e

A homomorphism of the sequence (7.8) to the sequence (7.3) is constructed
in an obvious way. Applying the 5-lemma to the homomorphism, we can
prove HI(L(M, {t})) = HI(L) = (A* ® A\"(6}))? inductively on the degree
q.

Next consider the case S # @. Fix s € S and a path connecting s to
t on M. The line integral along the path defines a cocycle ag € C%(L,) :

t
Qg = / VOVI'

A(a’o) = —66

LeMMA 7.9.
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Proof. — Let V € L and P : L — L; be as in the proof of Lemma
7.4. We have the following formulae :

/t L(V)w=w(V)(t), and /t L(X)w=0

for any w € K(M) and any X € L;. Let X and Y be arbitrary elements of
L. Integrating the cocycle condition d(VoV1)(V, X,Y) = 0 and using the
above formulae, we have

{/ @ XY) + [ (F09x v},
— fhe (X, ) + (X, Y]),

where we define a 1 cocycle ¢ € C'(L1,1,) by

o(X) = / (VoV)(V. X) - 1,

for X € L. It follows

d (/t vovl) (X,Y) = {d((/: vovl) oP)(V,X, Y)} 1,

-{- (/t VoV )([V, X] - 64(X)V,Y)

~ (/t VoV1 ) (X, [V, Y] = 6§(1) } - 1,
= —6(t)€: (X,Y) —de(X,Y),
namely, dl(fst VoV1) = —6e1, as was to be shown.
From Lemmata 7.4 and 7.10 follow
(7.10) Aag™) = —nag™ 165 and  A(ag™8h) = —ap™.
Conclusion of the proof of Theorem 7.1.

We consider a free graded commutative algebra R* = \*(«,8) with
dega = 2 and degé = 1, and a derivative D on R* defined by

D(a™) = —na™é and D(a"6) = —a™.

By abuse of notation, we denote by C the trivial graded algebra defined by
(C)? = C and (C)? =0 for ¢ > 1. Then we have an exact sequence

.._,((C)qe_,RqB,Rq—lE)((C)qﬂc_,...
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Tensoring it by H* := H*(L), an exact sequence
= HY— (H*@R*) 2 (H*®@R* )11 & gotl o .

is obtained. From (7.10), the correspondence defined by o — g and § — &}
induces a morphism of long exact sequences

— HY - (H*®R)! — (H*®@R")"! —
[ l !
-~ H? —  HYL)) — H"Y(L,) —

By the 5-lemma the map H* ® R* — H*(L;) is an isomorphism. This
means

H(Ly) = B* (L) ® N\ (/t vovl,ég) .

Consequently now we can prove Theorem 7.1 inductively on #S. The
theorem for the case §S = 1 is already shown in Lemma 7.7.

8. Proof of Addition Theorem.

This section is devoted to our proof of Addition Theorem (5.5), which
is a translation of that for C*° manifolds in [BS] into the case for open
Riemann surfaces. The notation in §5 is retained. For an arbitrary complex
manifold €2, we denote by F(€) the Fréchet space of complex analytic
functions on € with the topology of uniform convergence on compact sets.

First of all we need to define the Gel’fand-Fuks filtration.

Let 0y € L(M,S) be a non-zero complex analytic vector fields on M

whose divisor is equal to Y s. 8y induces an isomorphism
seS

(8.1) F(M) = L(M,S), f+ f.

For Stein manifolds ©; and Qs, the algebraic tensor product F(;) ®¢ls
F(Q5) is dense in F(Q; x Q). In fact, by the approximation theorem
of Weil and Oka ([C] Exposé 9, Théoréme 4), it is reduced to the case
for polynomials. Hence the completed tensor product F'(;) ® F(Qg) is
topologically isomorphic to F(Q; x €2) ([T] Theorem 51.6). Thus (8.1)
induces an isomorphism

82)  CP(L(M,S);N) = (Hom(F(MP), N))®
c— (fl?"'yfp = c(fla()?"',fpa()))y
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where the symmetric group &, acts on Hom(F(MP), N) by the permutation
of the arguments twisted by the signature. In the sequel, we regard a
cochain ¢ € CP(L(M,S); N) as an element of Hom(F(MP),N), i.e., an
analytic functional on MP? (with value in N).

Recall the notion of the support of analytic functionals on a complex
manifolds. For a compact subset K of a complex manifold €2, a topological

linear space Fo(K) is defined by the inductive limit of locally convex spaces
(see [K])

Fo(K) = lim F(U),
KcU

where U runs over all the open neighbourhoods of K in 2. An analytic
functional ¢ € Hom(F(Q2), N) has its support in K :

suppqc C K,

if ¢ is contained in the image of the inclusion homomorphism
Hom(Fo(K),N) — Hom(F(2), N), namely, ¢ is contained in the image
of the inclusion homomorphism Hom(F(U), N) — Hom(F(Q2), N) for any
open neighbourhood U of K in 2. For a subset A of €2,

suppgc C A

means that ¢ has its support in some compact subset in A. It should be
remarked any analytic functional has its support in some compact subset
in Q as is shown in the following lemma.

LEMMA 8.3. — Let Q2 be a Stein manifold and N a (DFS) space (§4).
Then any analytic functional ¢ € Hom(F(2), N) has its support in some
compact subset of ).

Proof. — By definition (§4) N is represented as the locally convex
inductive limit of a compact injective inductive system of Banach spaces
{Ni,uﬁJrl : N; = Niy1}ien : N = lim N;. Since F(2) is a Fréchet space, ¢

is represented as a composite
c=u'oc

for some suffix ¢ and some ¢ € Hom(F(f2),N;) by Lemma 4.3. Here
u® : N; — N is the canonical embedding. N; is a Banach space with a
norm p. po ¢ is a continuous semi-norm on F (). Hence p o ¢’ is bounded
by the maximum norm on some compact subset K of Q.
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Since 2 is Stein, we may assume that K is F()-convex. In view of
the approximation theorem ([H] Corollary 5.2.9), F() is dense in Fq(K).
Consequently ¢’ extends to an analytic functional on Fo(K) with values in
N, which proves Lemma 8.3.

We define

M = {(z1,...,2p) € MP;{(SU{z1,...,2,}) < k+ 1S}

(ME»Q)z = {(xlv R ’ZP) € (ME,q)p;
#({sq;s € S}U{m1,...,2p}) <k + S}

and
CP = {c € CP(L(M, S); N);suppc C M;f}
Mp

Cl, = {c€ CP(L(Ms,q,,71(8)); No)i supp ¢ C (Ms )} }.
N (Ms,q)7

C; = @C} is a subcomplex of C*(L(M,S);N) and Cy , = @C} , is
P 3

a subcomplex of C*(L(Ms,q, @, '(S)); Ng). The filtrations {C}}; and
{C};yq}k are called the Gel'fand Fuks filtrations. Thus we obtain the
simplicial cochain complex

Ci t lal = Gk g = Cr(L(Ms g, w4 1(5)); No).-
The theorem is reduced to the following two assertions.

AsserTiON 8.A. — The simplicial linear space Cj , is degenerate
above dimension dk, where d is the covering dimension of 1.

AssERTION 8.B.
H.(CY,) = CR(L(M,S);N) (in dim. 0).
In fact, by virtue of (8.A), the realization |C} | is equal to the total
complex
{Cro — 02,1 o C';,kd}a

the spectral sequence associated to which converges. It follows from (8.B)
the augmentation

|Ck sl = Cp(L(M, S); N)
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is a cohomology equivalence. Taking the union for all k£, we obtain Addition
Theorem (5.5).

The proof of (8.A). — Is similar to that in [BS] §8.

The rest of this section is devoted to

The proof of (8.B). — Fix p and k. We define a simplicial linear space
B, by

[q] = By = {c € Hom(F((Ms4)?), N);suppc C (Mx q)7}

From (8.2) C} , is isomorphic to the simplicial linear space [g] — B, as
a simplicial linear space. Set B_; = {¢ € Hom(F(MP), N);suppc C M} }.
Then it suffices to show

AssgerTION 8.B.1.

H,(By) =B_; (in dim. 0).

Denote by I?Q the analytic hull of a compact set K in a complex
manifold Q. Let ¥ denote the nerve of the covering U :

Y={occC{L2,...,J1U, # @}
The partial order < on the product ¥? is defined by

= (01,...,0p) <7 =(01,...,0%)

&o0; Do’ for each .

Then we have

(ME,q)p = H [7r07--~y7rq;U7r0]~

mo<--<q

We can construct sequences of compact subsets L; and L; ;, i € N,
1<j<J,in M satisfying

J
(84) Li= U Ly,
J=1

(85) Uj = U Lij,

(8:6) Lijy, = Liy,

(8.7) Every compact subset in U; is included by some L; ;.
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We define a simplicial compact subspace K , : [q] — K; 4 of My by

p

Kiq = H [00,.-,0¢; Liwo] | N (Msq)is
00D D0q,00€EL

where L; ,, = () L; ;. For each ¢, we have
Jj€ao

(8.8) Every compact subset in (Mg ,)? is included in some K; ,.
’q k 1q

—

(8.9) Kigary .y = Kig-

When we set K; = (L;)P? N M}, we have
(8.10) Every compact subset in M} is included in some K.
(8.11) K;p» = K.

Here it should be observed that M? and (Ms )} are analytic subsets in
MP and (Msy 4)P respectively.

The inductive limit is an exact functor. Hence, by (8.8) and (8.10),
Assertion 8.B.1 is reduced to

AsserTION 8.B.2. — The augumented cochain complex

Bi . := 0 « Hom(Fy» (K;), N) « Hom(F(pzy )0 (Kio), N)
— Hom(F(psy, ,)r (Kin), N) -+

is acyclic for each i.

For the rest we may fix the suffix i. Let U ]’ be a relatively compact
open neighborhood of L; j in Uj for 1 < j < J. For mp < m < ... < my,
T € XP, set

Drq,..omg = [T0y -, Tg : Uny] N (Mso)h
D;O’_”,ﬂq = [mg, -+, g ¢ U,'ro] N (Ms,q)%
where
Ury = Ugy X -+ x U,
Upo =Upy X+ x U, , mo=(01,...,0p) € XP.

Renumber S : S = {s1,...,8m}. For m € £P, define an open set W, in M
by

W7r — Uﬂ- _ U —,,7— L—l U (Mp+m) ,

pzw g7?=7"r,g€6p+m
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where 7 = (7,04,,...,05,) € ZP*™ and ¢« : MP — MP*™ is defined by

Wx1,. . xp) = (T, ., Tpy S1y- -+, Sm)-
{Wx}resr is an open covering of MP (see [BS] §8).
LEmMmA 8.12. — If there exists an element x of W, satisfying
[0, -+, mq 2] € D;m_”mq, then m < 7o and [71, 7o, ..., 7q : ] € Dr xy....omy-
Let {¢r}resr be a partition of unity on MP subject to the open
covering {W; }resr. Fix a real valued C* function ¢, on MP? such that
Urlsuppe, = 1, suppyr C Wr, and 0 < ¢, < 1. Define a C* map ¥,
U, i (Ms )P — P2 5 MP x [0,1]

[0y ...y Tp s &) > (T, 0, . ., g, @, PVr (X))

If (M 441)P is regarded as a subset of ¥P(472) x MP in an obvious way,
from Lemma 8.12 follows

LEMMA 8.13.
(1) Ur(Kig) C Kig1 x [0,1] UXP@+2) x MP x {0}.
(2) Ifn £ mo,

U, ([mo, - .. mq 2 Ul,]) € EPOT2) x MP x {0}.

From a theorem of Grauert ([H] Theorem 5.1.6, Theorem 5.2.10) we
have

LEmMmA 8.14. — Let K be a compact subset of a Stein manifold )
such that Ko = K. Then, for any open neighbourhood O of K, there exists
a Stein open set Oy satisfying K C O; C O.

Consequently K; (resp.K;,) has a fundamental neighbourhood sys-
tem consisting of Stein open sets in MP? (resp. (Myx 4)?) by (8.11) (resp.

(8.9)).

Set K; _1 = K; and Ms; _; = M. Provide a distance d, for each space
(Ms,q)P. What we have seen so far implies

LeEmMA 8.15. — There exists a relatively compact open neighbour-
hood V,, 4 of K; 4 in (My, 4)P for n > 1 and q > —1 such that

(1) Vpq is Stein.
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(2)  For each face map 8; : (Ms 4)P — (Ms 4-1)P (0 < j <g),
0;(Vi,g) C Viyg—1-
(3) 0 (Vag, Vat1,q) = 0.

(4) dq(Kim (ME,q)p - Vn,q) <

S|

(5) For any 7 € XP,

U, (Vig1g) C Vigra X [0,1]UEPEF2) 5 MP 5 [0, 1].

(6) VagNilmo,--- g : Uno]l CUp,.
It follows from (4)

(8.16) B; 4 = Hom(F(p,, yr(Kig), N) = lgn Hom(F'(Vy,4), N).

n

A result on the projective limit of chain complexes need to be recalled.

LEmMA 8.17 (Milnor [M]). — Let {C?},en be a projective system of
chain complexes satisfying lim 1C;‘ = 0 for each q. Then we have an exact
sequence "

0 — lim'H, 41 (C™) — H,(lim CT) — lim H,(C?) — 0.
Here lim" is the derived functor of the projective limit.

In view of Proposition 4.12, Lemma 8.15(3)(4) implies
lim'Hom(F(V,, 4),N) = 0.

n

Hence we have an exact sequence
0 — lim' H, 4 (Hom(F(V,,..), N)) — Hy(B;..)
— lim Hy(Hom(F(Vy,«),N)) — 0

by Lemma 8.17. Consequently Assertion 8.B.2 is reduced to

Assgertion 8.B.3. — The inclusion homomorphism
H,(Hom(F(Vpt1,4), N)) = Ho(Hom(F (Vy, +), N))

is a zero map for all n.
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Denote by A%(Q) the C*° differential forms of (0,a) type on a
complex manifold 2. Consider the augumented double chain complex
Cle = {CF }a>04>-1, Cfy = Hom(A%(V,4), N). Using the column

a,q

filtration F)C' := @ C7, and applying Oka-Cartan’s Theorem B to the
q<p

Stein manifolds V;, 4, we obtain

(8.18) H,(TotalCy',) = Hy(Hom(F(V,, «), N)).

The spectral sequence associated to the row filtration F;/C := @ C7, is
a<p
given by
By = Hy(Hom(4° (V). N).

Hence Assertion 8.B.3 follows from

LeEMMA 8.19. — The inclusion homomorphism
H.(Hom(A* (Vas1,4), N)) — H,(Hom(A%(V,...), N)))

is a zero map.

Proof. — By the condition (6) of Lemma 8.15, the map
h: Hom(A*(Vp41,4), N) = Hom(A* (Vs g+1), N)
[7{'0,"',7I'q f] HZ[WaWO)"'aﬂ-q : f(pw]

™

is well defined. By usual calculations h is a contracting homotopy of the
inclusion homomorphism.

This completes the proof of Addition Theorem.

9. Resetnikov spectral sequence.

In this section we introduce a spectral sequence related to the Lie
algebra L(M,S) and originated by ReSetnikov [R] for C*° case, and we
calculate two examples.

Let E be a complex analytic vector bundle over a Stein manifold €.
For an open subset U in Q, E(U) denotes the Fréchet space of complex
analytic sections of E over U with the topology of compact uniform
convergence, and A%(U; E) denotes the Fréchet space of C™ sections of
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E® NT*Q over U with C* topology. Oq(E) is a sheaf of topological
linear spaces. In view of Oka-Cartan’s Theorem B ([H] Th.7.4.3),

H*(A*(% E)) = E(Q) (in dim 0).

Hence, for any Fréchet nuclear space F' satisfying the conditions of Propo-
sition 4.10, we have

(9.1) H*(Hom(F, A*(Q; E))) = Hom(F, E(R?)) (in dim 0),

where Hom denotes the complex continuous linear maps.
Denote by Hom(F, Oq(F)) the sheaf

open

U C Qw— Hom(F,E(U))

and by Hom(F, A9(E)) the sheaf

open

U C Qw— Hom(F,AY(U;E)).

Applying (9.1) to a fundamental neighbourhood system consisting of Stein
open subsets and taking the inductive limit, we obtain a fine resolution of
the sheaf Hom(F, Oq(E))

0 — Hom(F, Oq(E)) — Hom(F, A°(E)) — --- — Hom(F, A™(E)) — 0.
Using (9.1) once more, we have

LEMMA 9.2. — For any Fréchet space F' satisfying the conditions of
Proposition 4.10,

H*(Q, Hom(F, Og(E))) = Hom(F, E(2)) (in dim 0).

This Lemma allows us to apply a standard result of the sheaf
cohomology theory (see [B] IV.2.5.Theorem) to our situation.

THEOREM 9.3 (ReSetnikov spectral sequence). — Let M be an open
Riemann surface and S a finite subset of M. Suppose the Lie algebra
L(M, S) acts on the sheaf of topological linear spaces Oq(FE) continuously.
Then there exists a spectral sequence

B = HP(Q;HY)
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converging to HPT4(L(M, S); E(Q)), where HY is a sheaf over £ whose
stalk at x € §Q is given by

Hi = HY(L(M, S); Oa(E)s).

For the rest we give two examples.

The first example is the cohomology group
H*(L(M); T,,(M)),

where T, (M) is the L(M) module of complex analytic n-th covariant tensor
fields on a connected open Riemann surface M of finite Betti number.
Denote by T;, the Ly module of germs at 0 € C of complex analytic n-th
covariant tensor fields. Let ¢, be a local parametrization of M centered at
s. By Theorem 9.3 we have a spectral sequence

(9-4) EY? = HP(M; HY(L(M); ¢5,.Tn))
converging to H*(L(M); T,,(M)).

From Theorem 5.3, the homomorphism ¢;, induces an isomorphism

(9.5) HY(L(M); ¢s,T7) = /\ (/ vovl) ® H*(Wy;Ty,).

Hi (M)

In view of a theorem of Goncharova [Go][V], the dimension of HY(W7;T,) &
H9(Lo; 1,) is equal to

1 if n =e(£q) or e(£(q — 1)),
0 otherwise,

where e(q) = %(?yq2 +q).
Thus, if n & e(Z), from (9.4) and (9.5) follows
H*(L(M); T,,(M)) = 0.
In the sequel we assume
n =e(xq), qo € No.

Fix a base ¢, of H1(Lg; 1,).
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Denote by C*(Lg;1,)% the 0 eigenspace of C*(Lo;1,) under the

action of eg = z——. Using the interior product int(eg) as a homotopy,

dz
we have an isomorphism
H*(C*(Lo; 1,)%°) = H*(Lo; 15).
Consider the k-th covariant derivative cochain V¢ associated to a

nowhere zero complex analytic vector field 9 (§3). Lemma 3.1 means the
assignment 6 ® 1y — Vg defines a cochain map

V2 C*(Lo; 1n)® — C*(L(M); To(M)),
- 1 4 _
where 6y, is given by oy (z %> = 6k (Kronecker delta).

We denote by ®, € H®(L(M);T,(M)) the image of ¢, under the
map V9. For each s € M the image of ®,, under the restriction

H*(L(M); To(M)) — H*(L(M); ¢5.T)
— H*(L(M,{s}); ¢s.(Tn/2Tn)) = H*(L(M, {s}); 1n)

coincides with ¢s, (). Therefore we have

(9.6) H*(L(M); 6,,T},) = &, U /\ (/H RO Vo).

Since the RHS of (9.6) lifts to H*(L(M); T, (M)),

= HP (M) ® (B, u/\ (/ vovl,vo))q

collapses. Consequently we obtain

H*(L(M); T,,(M)) = &, UH*(L(M); (M))
9.7) —®,U ( M)® /\ (/H - vovl,vo)).

The second example treats the configuration space of the complex
line :

Pp,={(z1,...,20) €Ch 2, #2; (i#j)} (n>1)

which is a Stein manifold. For an arbitrary complex manifold 2, we
denote by F(f2) the Fréchet space of complex analytic functions on Q with
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the topology of uniform convergence on compact sets. By the diagonal
action the Lie algebra L(C) acts on the Fréchet spaces F(P,) and F(C™)
continuously.

ProrosiTION 9.8.
H*(L(C); F(Py))

* Zi41 )
=H*(Pn)®/\</ VoVi1, Vo’ (1§z<n,1§]§n))

i

Here the (holomorphic) de Rham cohomology algebra of P,, H*(FP,), is
mapped into the algebra H*(L(C); F(P,)) in an obvious way. The cocycle
[+ VoV, is defined by

i

</+ VoV) (f(z)@j;’g(z)gz‘) = Flesn) = Flz)

LR = 1)) - ()9 (2)
and Vo by

v (§)5) = £(zo)

Proof. — Consider the Resetnikov spectral sequence (9.3)
By = HP(Py; HY(L(C); Op, (,, . ,.y)) = HPTI(L(C); F(Pp)).

Theorem 5.3 implies

* zi+1t€

H(L(C); O,y o) =\ (w’, /

which the fundamental group m; P, acts on trivially. Hence we have E5'? =
E?® @ E9Y. Since every element of Ey? lifts to H*(L(C); F(P,)), the E;
term collapses. This completes the proof.

Vovl) )
it+e€

COROLLARY 9.9. — The inclusion homomorphism
i H*(L(C); F(C™)) — H*(L(C); F(Py)

is surjective.
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Proof. — By a result of Arnol’d [A], H*(P,) is isomorphic to the
subalgebra of the holomorphic de Rham algebra of P, generated by the 1
forms

dzi - de

(I<i<j<n).
Zi—Zj

Every such form lifts to an element of H'(L(C); F(C")) as follows

4 fz) - ()

dz 2 — 2j

f(2)

It follows from Proposition 9.8 ¢, is surjective.

It would be very interesting if one can determine whether the sur-
jective homomorphism ¢, is isomorphic or not. This question is answered
affirmatively for n = 2, 3.

ProrosiTioN 9.10. — The homomorphisms 5 and t3 are isomorphic.

Proof. — If n = 2, by Feigin and Fuks [FF], the Poincaré polynomial
of H*(L(C); F(C?)) is equal to (1 — ¢2)~1(1 +¢)®. This is equal to that of
H*(L(C); F(P,)). Consequently ¢z is isomorphic.

To show the proposition for n = 3, we consider the spectral sequence
abutting to H*(Lo; F® F) & H*(L(C); F(C3)) associated to the decreasing
filtration (2"F) ® F, n € Z>o, whose E; term is equal to H*(Lo; 1, ® F').
In view of a theorem of Feigin and Fuks (Lemma 3.1. [FF]), the Poincaré
polynomial of H*(Lg; 1, ® F) is given by

(1 +t)2(1—t)7! if n=e(q)
tI(1+t)+t9(1+8)2(1—t)"t if n=e(—q)

tIt(1+ 1) if e(g)<n<e(—qg-—1)
0 if e(—q) <n<e(q)

with ¢ € Z>¢. Hence the Poincaré polynomial of the E; term is equal to
o0

(141 (1 + > (6g— l)tq) = the Poincaré polynomial of H*(L(C); F(Ps)).
q=1

This completes the proof of the proposition.
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Appendix.

Fix p e Nand vg,v1,...,v, € Z. Let N be the Ly module of twisted
germs of tensor fields :

N :=1,, @ C{z1,...,2p}dz1"" - - - dz,"™.
Define a Ly submodule FyN (k € Z) of N by

FiN :={1,, @ f(2)dx"" ---dzp"" € N;
the total degree of each component of f(z) > k — v},

P

where v = Y v;. {FiN }iez is a decreasing Lo-filtration of N. The purpose
i=0

of this appendix is to prove the following theorem.

THEOREM A.1l. — For any q € N, there exists an integer kq = kq(N)
such that

H9(Lg,e,; FxN) =0

for all k > kq. Here H*(Lo,eq;-) denotes the relative (continuous) coho-
mology group of the pair of Lie algebras (Lg, Ceg).

We prove this theorem by a method of successive approximation. A
result of Vainshtein [V] plays a role of an a priori estimate. In the sequel
we regard C* (Lo, eg; FxN) as a subcomplex of C*(Lg, ep; N) in an obvious
way.

CoroLLARY A.2. — H*(Lg,eq; N) is locally finite, i.e., for all ¢ € N
dim H9(Lg, eq; N) < +o0.

Proof. — From Theorem A.1 follows
H?(Lo,e0; N) = H(Lo, e0; N/ Frykyt N )-

Since the complex C*(Lo, eo; N/Fy, 1 k,., V) is finite dimensional, the RHS
is finite dimensional. Therefore H*(Lg, ep; N) is locally finite.

CoroLLARY A.3. — The cohomology group H*(Lg, eq; N) is isomor-
phic to the projective limit of the system {H*(Lo, eo; N/FxN)}kez :

H*(Lo,e0; N) = lim H* (Lo, eo; N/ FpN).
k
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The RHS for p =1 is computed by Feigin and Fuks [FF].

To prove the theorem, we denote

Bui={(21,. 0 2) €Ch |5l <1 (Vi)
Fp:=C{z,...,2,} = lim F(pBy,)
p—0

for n € N. F(-) denotes the Fréchet space consisting of all complex
analytic functions on -. We endow F,, with the locally convex inductive
limit topology. W; acts on F,, by the diagonal action :

d n
£(8) ) f (s 20) = ;g(zi)d%f(zl,...,zn).

We need investigate the spaces of all ep-invariant continuous linear map-
pings of F, to 1, ® F,, (¢,p € N,v € Z).

LeEmMMA A.4. — The correspondence

0 € Hom(Fq, 11/ & Fp)eo — Z 0(<1i1 e quq)zlil T Zqiq € Vu,q,p
i1,miq

is a well defined linear isomorphism Hom(Fy, 1, ®F,)® =V, ... Here V, 4,
denotes the closed subspace

{Zailmiqjl--dpzlil ezt tw Tt wyr € By ® Fy = Fyygs
Qi igjrongy = 0 iF i1 + - +ig £ v+ j1 + "'+jp}

of Fpyq = li_r)n F(pBpiq)-

Proof. — We reconstruct the inverse of the given correspondence. Fix

o= > Wiy igirgp 21"t o 2g W wp?T € Vg
irtetig=v4 i+t

Since « is an element of Fp 4 = lim F(pB,,4), we have

R R 2 e e IR e
+00>§ @i, igj1...5, P a v

_ v 20j1+-+i
= Pa” Y iy igi...jplpa 01T T
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for some p, > 0. Hence the series

" 1 1
alz ,w)za(—,...,—,wl,...,wp)
21 Zq

_E T =g Tl gy T
= iy .. igjr...jp Rl Zq Twy Wp“?

converges absolutely and uniformly on any compact subsets of the domain
{(21,. ., 2gyw1,...,wp) € CPY; lwi| < pa?|z| (Vk,VI)}. Thus a continu-
ous linear map ¢, : F(2pB,) — 1, ® F(pa?pB,) is defined by

1 ! _ dz
da(f)(wr,...,wp) =1, ® (m) /sza(z l)w)f(z)?

q
1 1 1 dzy---dzg
=1, Q| —— al —, ..., —,wy,...,w ZlyeeeyBg)—.
<27r\/—1>/ (.21 2q ! p>f(1 a) 22

Passing to the limit p — 0, we obtain the continuous linear map ¢, : Fy —
1, ® F}, such that

Balz1 - 2g') = L ® Y @iy iggygywi® - wy?.
Clearly ¢, € Hom(Fy, 1, ® F;,)® and the linear map
¢: Vigp — Hom(Fy, 1, ® Fp)®  am ¢q
is injective.

By Lemma 4.3, an arbitrary 6 € Hom(Fy, 1, ® F},)° may be regarded
as a continuous linear map 6 : F(B;) — 1, ® F(pB,) for some p > 0.

. i i 1 1
The series > (C121)" -+ (Cgzq)"® = 1-Cz 1- Cazq

¢=(C1,.--,¢q) € %Bq converges in F(B,) uniformly with respect to the

with parameter

1 .
parameter € —2—Bq. Hence the series

1., ® Z@(zli‘ ez G G = alCy e gy W - W)

1

converges in F(pB,) uniformly with respect to the parameter ¢ € 5

By,
which implies o € V,, 4 ,. By our construction we have ¢, = 0.

Consequently ¢ is a linear isomorphism and its inverse is equal to the
given correspondence. This completes the proof of Lemma A.4.
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Consider the inner product on the space C[z1, ..., z,] defined by

(fa g)p

1 " ,‘ - dz---dz,
= — Z1y.-y2n)9(21, ..., 2n) ——————
(% ﬁ) /w:p /lznlzpf(l o)

f,gE(C[zl,...,zn].

We denote by H, , the Hilbert space obtained by completing Clz1,. .., 2,]
with respect to the norm |||, := ((f, f),)/2. Since F(p1B,) C Hy, C
F(pBy,) for p1 > p, we have

(A.5) F, = lim H, ,.
p—0
By Lemma A.4 we may regard C?(Lg,eo; FxN) as a closed subset of

P
Vi.ap C Fptq, where v = 3" v;. The space
i=0

Hykp:i=HppqpN C9(Lo, eo; FrN)
together with the inner product (-, -), is a Hilbert space. Observe
Cq(LOa €o; FkN) = lim Hq,k,p'
p—0

Theorem A.1 reduces to the following assertion.

AssgRTION A.6. — For every q there exists an integer ko = ko(q) with
the property that each cocycle ¢ € Hg ., is represented as the coboundary
of a cochain b€ Hy_1, : ¢c=db for any k > ko and any 0 < p < 1/2.

In fact, take an arbitrary cocycle ¢ € C%(Ly, eg; FxN). By (A.5) cis
contained in Hgy , for some p < 1/2. But ¢ is a coboundary because of
Assertion A.6. Therefore any cocycle of C%(Lg, eo; FxN) is a coboundary.
Theorem A.1 follows.

For the rest we prove Assertion A.6. Set
g
Cl:= {c € C9(Lo,eo; N);clesy, - - -, e;,) =0 if Zia + k} ,
a=1
it1d ;
where e; = 2 4 € Ly (i € N). Then we have an orthogonal decompo-
sition

Hypk,p = CZ D Hq,k+1,p'
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Furthermore the sum @ C} is dense in Hyx ,.
1>k

The cochain map d : C¥(Lg, eq; N) — C971(Lg, eq; N) is decomposed
as follows :

d=dy—-p
(doc)(Xo, ..., Xg) = Y _(=1)" e(([Xs, X;), Xo, ... 1., X,)

1<j

(Bo)(Xo, ..., Xg) = > (=1 L(X;)e(Xo, . E ., Xq)

%

where ¢ € C9(Lg, e0; N), Xo,- -+, X, € Lo. It should be remarked do® = 0,
do(Cy) C Gy, and B(C4(Lo,eo : FiN)) C C9% (Lo, eg; Fy41N).

We denote by
0 = 0gt1,kp CZH - Cj

the adjoint operator of do : Cf — C’g“ with respect to the inner product
(-,-)p and by

A = Aq,k,p =dp0 + 0dy : CZ — CZ

the Laplacian of dyp with respect to the inner product (-,-),. The following
result due to Vainshtein [V] plays a role of an a priori estimate in our proof.

THEOREM (Vainshtein [V]). — The eigenvalues of /A, .1 is given by
N (i 1 <,
. . a . . 2 .
E(zl,...,zq)=z<3>— Z za~zb=é 2k — 3k +Zza .
a=1 1<a<b<qg a=1

Here iy, ...,14 are positive integers satisfying

irg1 >4 +3 and Y ig=k.

As a corollary there exist an integer k1(g) and a constant C; 4 > 0
such that [|(Ag—1k,0) " |, < k73C1 4 for all k > ki(g), because A1y, =
Ng—1,k,1- Here || - ||, denotes the operator norm. Using the inequality
[A710u)2 = (A7 u, doA™10u), < (A~ u,u), for u € CY, we obtain for
all k > ki (q)

(A7) 1(2g=1,6,0) " g,k pllp < K73/2C1 4.
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We introduce another Hilbert space. We define an inner product (-, o)}Jon
the space Clz1,..., 24, w1,...,w,] by

. d
<E zz—f 21y 2g, W ),E z,-dZ.g(zl,...,zq,w)>
; i )

f,9€Clzy,...,2g,w1,....wp).

Under the identification induced by (A.4), (,-)plca = k?(-,)olce. Denote
by Wy, the Hilbert space obtained by completing Clz1,. .., zq, w1, ..., wp)
with respect to the norm || f||} := ((f, f)})*/2. We have

F(p1Bptq) C Wa,p C Hpig,p C F(pBpig)
for p < p;1.
Wok,p =Wy, NCY (Lo, eo; FxN)
is a closed subset of W, ,.

(A.7) implies the following,.

LeEMMA A.8. — There exist an integer k2(q) and a constant Cy 4 > 0
such that, for all k > k2(q), the operator

-1 .
(Dg,p) " Oqt1,0 t Hov1,k,0 = Wokp

is a well defined continuous mapping and its operator norm is bounded by
Cz,qk_l/z.

In terms of W, 1 , we can estimate the operator (3.

LemMA A.9. — The operator 3 defines a continuous mapping

B Wak,p = Hgt1,k,p5

whose operator norm is bounded by a constant independent of k and
0<p<1/2

Proof. — &;, € C*(Ly) is defined by 8x(e;) = 6k (ZHldi,z) = k1. We
have —f(c ® n) (6 Uc) ® L(ex)n for ¢ € C*(Lp) and n € N. Hence
k=1

B(f(z,w))dw,"* - - - dw,"” = Zﬁ(ﬂi>(f(4w)dw1”1 - dw,"?)

Iy 1-— 2iW;j dwj
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for f(z,w) € C¥(Lo,eg; N) C V, 4p. Clearly the RHS is estimated by the
first derivatives of f(z,w) and max(1 — |z;w;|)~? = (1 — p?)~2 < 16/9.

From Lemmata A.8 and A.9 follows

LEmMA A.10. — There exists an integer ks(q) such that

ﬁ(Aq—l,p)_laq “Hykp = Hopk,p
is a bounded operator and its operator norm is < = 1B(Dg=1,p) " 0]l <

% for any k > k3(q) and any p < 1/2. Especially the operator

oo

(1-pAa7l9)™t =) (BAToY

j=0
is a continuous mapping of Hg . , to itself.
The operator
P:=dyA™'0:Hyyp— Hykp

is a well defined continuous mapping. In fact P is equal to the projection
onto im dy with respect to the Hodge decomposition

Hyk,p,=Iim0®imdy @ ker A.

Let u € Hyk, (k> ks(q)) be a cocycle. We define a sequence {u;}52 in
H, 1, inductively by up = u and

Uj+1 = Us — (do — ﬂ)A‘lé‘ui.
Observe
(Alll) u; € Hq,k.ﬂ"p.

In fact, clearly ug € Hg . Assume (A.11.i). Let w; be the C{ ,; component
of u;. Since (dg — B)u; = (do — B)u = 0, we have dow; = 0 and
Uiy = w; —dgA"10w; =0 mod Hg ktit1,p- (A.11.i4+1) follows. Therefore
the sequence {u;}$2, converges to 0 in the weak topology.

On the other hand we have

i—1
= (BAT10)'u+ (1-P) > (BAT'O)u
7=0
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Hence the sequence {u;}$2, converges to (1—P)(1—B8A~19)~'u by Lemma
A.10. Consequently

(A.12)

Set

(1-P)(1-p8A710)u=0.

V= A_la(l - ﬁA‘lt’))‘lu € Wy1,kp C Hyg—1k,p-

Then by (A.12) we obtain

u—dv=(1-P)(1-BA719) " u=0,

which completes the proof of Assertion A.6 and that of Theorem A.1.
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